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ABSTRACT

The element is developed based on the degeneration concept,
in which the displacements and slopes of the shell mid-surface are
independent variables with a penalty function imposition. Biparabolic
interpolation is employed in conjuction with a reduced integration
for evaluating the element properties. With the six degrees of freedom
formulation, this element can be used for kinked shell problems. The
element is tested to demonstrate its accuracy and versatility. The
numerical examples indicate that the developed element performs
accurately for both thick and thin shell structures. This element is
capable of analyzing kinked shell structures and also representing

deep beam and membrane structures.



INTRODUCTION

The mathematical solutions for the shell problems have serious
limitations in practice because of the unusual geometries and/or
boundary conditions of the shell problems. Various numerical procedures

have been developed and employed to deal with such complexities.

More recently, the finite element method has come to the fore
as another approach to the solution of plate and shell problems. The
attemps to develop a 'finite' element for arbitrary shell structure

have generally followed three distinct approaches.

In the first approach, the actual surface of the shell is replaced
by an assemblege of flat faceted plate element which are either triangular
or quadrelateral in shape. The flat element matrices is constructed
by adding plane stress and plate bending element matrice. This approach
has been successfully applied for cylindrical shells by Hrennikoff [1],
and for general shells by Zienkiewicz and Cheung [2]; Clough and Johnson
[3] and Carr [4]. However, this approach has the disadvantage that there
is no coupling between membrane and bending stresses within each element,
and consequently a large number of elements must be used to achieve

satisfying accuracy.

In the second approach, the actual surface is replaced by an
assemblege of curved elements formulated on the basis of classical shell
theories. This approach of using curved shell element was impeded by

certain difficulties. Gallagher [5] bhas outlined these difficulties



as (1) the choice of appropriate shell theory; (2) description of
the geometry of the element; (3) representation of rigid body modes
of behavior; and (4) satisfaction of requirements related to the
continuity of displacements. Many curved shell elements were
developed which had some of these difficulties. A survey of some of

those elements is represented in References [6] and [7].

In the third approach, the actual surface is replaced by an
assemblege of three-dimensional isoparametric (solid) elements as shown
in Figure (1). This element can be used in representing thin shell
structures with certain assumptions. The basic assumptions are that no
strain occurs across the thickness and that the local (r, s directions)
stresses vary linearly also along the thickness. These assumptions
enable the elimination of the nodes in the middle surface, Figure 2.
This approach was also impeded by certain difficulties. Firstly, the
retention of three degrees of freedom at each node leads to large
stiffness coefficients for relative displacements along the thickness
which may lead to ill-conditioned equations for small thicknesses.
Secondly, using several nodes through the thickness ignores the well~known
fact that even for thick shell the normals to the midsurface before
deformation remain straight after deformation and consequently wastes

computer time.

On the basis of the third approach, special elements have been
degenerated by implying basically two constraints. These are the zero

normal stress constraint and normals constraints, Consequently, the



transverse shear strain energy is retained which permits the use of
the element for thin and thick shell analysis. This is first
developed by Ahmad [8]. Numerical integration is employed to evaluate

the matrices defining element properties.

Early tests on Ahmad plate and shell elements showed that when
full Gauss integration (3 X 3 X 2) was adopted overstiff results were
obtained [8] in thin shell structures. Improvements were obtained when
reduced integration (2 X 2 X 2) was used [9]. The eight noded reduced
integration plate element of Ahmad was later found, in certain cases,

to suffer from 'locking' phenomenon as thickness to span ratio decreases.

With the previous defects of Ahmad element in mind, and based on
another approach of adopting six degrees of freedom [10] which an
essential requirement for the analysis of kinked shells, a nine noded
element will be developed and tested based on the same original

formulation of Ahmad shell elemen:.

Thus, it is the thesis theme trying to improve the original

Ahmad shell element.



2. BiparRABoLIC ISOPARAMETRIC SHELL ELEMENT

2.1 General

" The basic concept of the finite element method is the idealization
of the actual continuum as an assemblege of discrete structural 'finite'
elements. In the present shell analysis, the actual surface of the
shell is approximated (replaced) by a system of quadritateral curved
shell elements. The solution requires first the evaluation of individual
element properties, i.e., element stiffness and load properties, etc. As
a result, the complete assemblege properties of the system are derived
by superposition of each element properties. Finally the analysis is

accompl ished by solving the simultaneous equations of the system.

It is important to state that the success of any finite element
idealization which is actually a rumerical approximation, depends on its
convergence properties. For this to occur two criteria must be met by

the assumed displacement function :

I. Completeness of the displacement field within the element.
This completeness is equivalently expressed by stating that
the displacement function should include ‘rigid body' and

'constant strain' states.

2. Conformity between elements must be met. This is the

compatibility requirement.



2.2 |l|soparametric Formulation

The basic concepts of this formulation were first introduced
by trons [11] and were later developed and popularized by Zienkiewicz
and his group at Swansea [12,13,14 ]. The name 'isoparametric’ is
derived from the use of the same interpolation function to define the
geometry of the element and to define the displacements within the
element. Many of these element have been widely used for two- and
three-dimensional analysis due to their versatility, efficiency, and

more important, their remarkable ease of programming.

Isoparametric coordinates are of the type of local curyilinear
coordinates r,s, and t. They are established such that each coordinate
varies from -1 and +| between opposite faces of the element, Fig.l.

The relation between the global coordinates at any point and curvilinear

coordinates is defined by
xl X;
y» = ZNi Y. (2.1)

Where N, are the shape functiors for node i, and i ranges over all nodes
in the element, and Xi» Yo and z; are global coordinates of node i.
These shape functions take a value of unity at node i and zero at all

other nodes :
IN, = 1 (2.2)

Using the same shape functions as used in defining the coordinates, the



displacement field in the element is now defined as

u u;
v =N, v; (2.3)
w w

That the isoparametric elements satisfy the criteria of convergence

can be shown as follows.

To show the possibility of rigid body and constant strain

states [15] we begin by considering u displacement given by

u=a_  +apx+ay + asz (2.4)

where the a; are constants. If the v- and w- displacement are given by
similar linear expressions, we see that by suitable choice of the
constants, we can have rigid body translation or rotation, or constant
strains e . or ny, etc. Because u,v, and w all use the same inter-
polation function, it is sufficient to show that u- displacement satisfy

the completeness criteria. At node i, Eq. (2.4) yields

u; = a +ayx; +agy, +asz, (2.5)

By definition

u ENiui, so Eq.2.4 becomes

u aozNi + al):Nixi + aZZNiyi + a3zﬂizi (2.6)
But also by definition

X = ZNixi’ y = ZNiyi, 2 = }:Nizi , ZNi = |

so that Eq. (2.6) reduces to Eq. {2.4). This shows that the isoparametric



elements satisfy the completeness criteria.

To show that conformity criteria is peserved during deformation,
we note that displacements along any edge are uniquely determined by
displacements of nodes on that edge and by no other nodes. This may be seen
by the substitution of r and s equal to -1 and +| into the shape
functions. Also, along a common edge (S; = +1, and S, = -] as in
Fig. 3), the shape functions of the two elements are identical. Since

rp = ro along this edge, it follows that conformity is preserved.

2.3 Ahmed Shell Element (8S)

2.3.1 Geometric Definition and Displacement Field

Ahmed shell element evolves from 16-node three dimensional
element shown in Fig.2. The parent element, i.e. the element from
which 8S is derived has its nodes on the top and bottom surfaces,
while the derived element nodes are located in mid-surface, Fig. 4.

With normal constrained to be straight, Eq. 2.1, becomes

4

N ()5S gy, (2.7)

~<

(]
™~ 00
I ™ oo

1+t
N (ras)== Qv f +

i=l i=l

N

% i
IJtop bottom

where t having a value of -1, and +1 and Ni are shape function of
the eight - node element in terms of r and s (Appendix A ).

Eq. (2.7) defines coordinates x,.y, and z on t=0 with a vector connecting



the top and bottom nodes which is equal to the shell thickness.

Eq. 2.7 can be rewritten as

rx X,
8 ! t -
ﬁ y ¢ = iilﬂi(l’,s) yi + ZNi(r,S) 7 V3i (2.8)
z z.
- J ! mid
where
. .
Vs; =Yy - Yi | (2.9)
z; top z; bottom

defining a vector normal to she’l mid-surface, Fig. 5.

At any point on the mid-surface,an orthogonal set of local
coordinates V}i, V}i and V}i is constructed. Vj; and V. are

constructed in the following manner

Vi, = 1 X V3, (2.10)
(2.11)

]
o
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is a unit vector in x-direction. Vii, V}i and v3; unit vectors

are obtained by dividing V}i, Vﬁi and Véi by their lengths.

Element displacements are completely defined by mid-surface
nodal displacements Uss Vq and W, in the x, y, and z global directions,
and by rotations “ii and aéi of a line originally normal to the mid-
surface about two orthogonal axes parallel to the mid-surface, V}i

and V}i as shown in Fig. 5.

Because of rotations aii and aéi, the relative displacements of

a point lying on V}i are

’ thia);
;o= Hif2i oy
2

(2.12)

where hi is the shell thickness at node i. These displacements are
in directions V}i and Véi, respectively. Their components in global

directions are

' 1 : @,
vi = o th, [ Vi; vzi] . (2.13)

a1 ;
W, relative

Thus, the total displacements of mid-surface is given in

the form
u u, u;
8 8
v = I NA(r,shv + I N.(r,s) Vi (2.14)
i=1 i=l

w w, w; relative
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2.3.2 Strain and Stresses

The strains and stresses have to be defined in order to derive

the basic element properties.

The shell formulation is based on the assumptions that (i) the
deflections are small, (ii) normals to the shell mid-surface before
deformation remain straight but not necessarily normal after de-
formation (‘normals' constraint) and (iii) normal stresses are
negligible (zero-normal stress constraint). With these basic

assumptions in mind, the strain components in local directions at any

point are
1 .
[ €, du'/ax' ]
e; av!/ay!
g! = 1 Y;;. ' = { au'/ay'+ av'/ax! ¢ (2.15)
Y;;, w'/ax'+ 3u'/az!
L Y;&' | § aw'/3z'+ av'/dy )

where the local directions are erected so that the z' direction
coincide with the normal to the shell mid-surface with the other two

orthogonal directions x' and y' tangent to it.

By standard transformation, the global derivatives of displacements
u, v, and w are now transformed to the local derivatives of dis-

placements u', v', and w' by



au'/ax' av'/ax' 3w'/ax! 3u/3ax av/ax 3w/ax

du'/3y' av'/ay' odw'/a3y'| =6 du/3y dv/3y 3dw/dy ] (2.16)

au'/az' av'/3z' aw'/3z' au/dz av/az awlazJ

where 6 = [eij] is the transformation matrix defined by 6 = v, va, V3,
This transformation matrix, 6, can be also constructed from the

Jacobian matrix as follows.

As Eq. 2.14 relates the global displacements u, v, w to the
curvilinear coordinates, the derivatives of these displacements with

respect to global coordinates are given by

du/ax 3v/3x Iw/dx au/ar av/ar 3w/ar
du/dy av/3y aw/dy | = Kl du/3s av/3as aw/ds (2.17)
du/dz 9dv/3z 3dw/dz du/at av/3at aw/ot

In this, J-l is the inverse of the Jacobian matrix which is defined
as

e 7
ax/3r dy/ar 3z/3r

J = ax/as dy/ds 3z/3s (2.18)

[ ax/3t  dy/at  dz/at |

and is calculated from the coordinate definitions in Eq. (2.8).

A vector normal to the mid-surface can be formed as a vector

product of two tangents to the mid-surface as
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r h r
ax(r,s)/ar ax(r,s)/3s

v
v

V3 = § ay(r,s)/ar{ x $3y(r,s)/3s (2.19)

9z(r,s)/ar 3z(r,s)/3s
*3 L . 4
Following the previous process of defining uniquely two perpendicular
vectors and reducing them to unit magnitudes, 8 transformation matrix

is constructed

0 = [ Vl’ 72, 73] (2.20)

For linear isotropic elastic material, the local stresses
components corresponding to local strains, Eq. 2.15, are obtained from

the usual elasticity matrix D. Thus

o! = De! (2.21)
where 0 = [ Gx' Gy' Yx'y' Y xtzt Y |z|] and
(2 + 20 2 o o o0 |
A A+2u 0 0 0
D = 0 0 u 0 0 (2.22)
0 0 0 u/kS 0
0 0 0 0 H/k

in which A is the plane-stress reduced Lame constant, i.e.

A = vE/(1-v2), where E is the elasticity modulus and V is Poisson ratio,
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u is the shear modulus, and ks is a shear displacement correction

factor (taken as 1.2 in Eq. 2.22).
2.3.3 Element Properties

The standard form of the element stiffness matrix, which involves
integrals over the volume of the element, as derived by the general

finite element procedure [14] is

k' = 7 YT o (8) av (2.23)
v

in which B' is the standard strain matrix relating the local strain
components to nodal displacements, Gi = [ui Vi W, a{i a&i]T, such

that

8
e' = BS§= I B.S6, (2.24)

For the integral in Eq. 2.23, the change of coordinates is

‘I"l £+lf+l (

4 )iJldrdsdt

L0 )dv=7s7( )dxdydz = f

where |J| is the determinant of the Jacobian matrix. Thus Eq.2.23

becomes

K3 = A A (e, 9) o8I (ry9)) [ (rys, 8)] drdsde (2.25)

and by this expression the basic formulation is completed.
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2.4 Biparabolic Shell Element (9L)

2.4.1 Geometric Definitions and Displacements Field

The 9L element evolves from an eighteen-node three dimensional
element. And as in Ahmad element, the 9L element is defined by the
curvilinear coordinates (r,s,t). Consequently, the relationship

between the global and local coordinates can be written in the form

x X;
9 9 t —

y = ¢ N.(r,s) < vy. + I N.(r,s) 5 Vj3., (2.26)
j=] i =1 | 2 i

z z. | mid

Now different scheme will be used to generate the orthogonal
vectors V;, Vz, and V3. Eq. 2.19 defines the normal vector V3 as a

vector product of two tangents to the mid-surface as

ax(r,s)/ar ax(r,s)/3s
Vi3 = { ay(r,s)/ar { X dy(r,s)/3s (2.27)
oz(r,s)/or 3z(r,s)/3s
Then
ax(0,0)/ar
Vo, = V3 X ¢ ay(0,0)/3r 7. (2.28)
3z(0,0)/3r

and finally

Vl = VZX V3 (2-29)



Dividing V;, V,, V3 by their lengths to get the unit vectors vy, va,
and'7§.

Just as before the displacements field is given in the form

u u, u,
9 ' 9 !
(v )= ¢ Ni(r,s) v {+ L Ni(r,s) v, (2.30)
i=1 i=1]
w w, W relative

One of the objective of this thesis is to adopt a six-deqree of
freedom formulation to analyze kinked shell problems. Thus, the

relative displacements, in Eq. 2.13, can be rewritten as

ui Q9

v = ith, [Vii. ;Ei’ ;Bi] -a] (2.31)
'

w; |rel as

]
where a3 has a value of zero.
For small rotations, the usual transformation from local a; to
global a; lead to [10]

]
ith, ¢, o (2.32)

<
]



where
0 833 =623
¢i = 633 0 613 (2-33)
| 023 =813 0

in which eij denotes the direction cosine from global to local

coordinates.

Substituting Eq. 2.32 in Eq. 2.30 yields

u Ui a]_i
9 9

v = ZIN.(r,s) v. t+ Z N.(r,s)ith.¢. < ay. (2.34)
oy i i=p | i i

W w a3

where Uis Vi» Wiy @1;,03;,03; 2re the displacements and rotations

in the global direction in the mid-surface.

2.4.2 Element Properties

As discussed in scctions 2.3.2 and 2.3.3, the element stiffness
matrix has the form

K= 2t @ e T oI (rs)) 19(r, s, ) drdsdt (2.35)

Noting that certain economy [10] in programming can be achieved
by splitting the stiffness into two parts, the bending and membrane

part, Km, and the transverse shear part, Ks’ Eq. 2.35 becomes
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k' = kJ+ kJ
m S

K = ff} ff: ff: 8 )Tom(sé ) [(r,s,t)| drdsde

m
and
ij o D H [ § J
K A AP AR IR A N (: )[4(r,s,t)| drdsdt
and Bm’ Bs, Dm’ Ds are defined according to
9 .
T i
] = =
€m [sxl eyl 'Yxlyu] iﬁle 5i
¢ .
! = = i
€ [Yxlzl Yylzl] ii]BS 6i
A4+ 20 A 0
Dm =| A A+2u O
0 0 u
and
u./KS 0
Ds =
0 u/KS

(2.36)

(2.37)

(2.38)

(2.39)

(2.40)

(2.41)

Upon the formulation of the matrices B; and B; the element

stiffness matrix is completely formulated. Substituting Eq.2.34 in

2.16 and the result in 2.15 to yield
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i i i
e (r,s) 9 |8 B, +t B3
m = I i " . (2.42)
Es(l',S) i=l BIS st + t 335
in which
Bl, = L, (N)e' (2.43)
_ T
By, = L, (N)e (2.44)
By, =% h, N L (t) eT¢i (2.45)
_ T
By, = 3 he N; L (t) o ¢; (2.46)
By =+h L (N) 6, (2.47)
m i om i i
and
- T
By, = ¥ h, L, (Ni) 0 oi (2.48)
The operator Lm ( ) and "s ( ) are gradient operators with
respect to local coordinates which are defined as
Ly 0 0
L,(f) =10 L, 0 (2.49)
L2 L, 0
and
Ls 0 L
L () = (2.50)
0 Ls Lo
in which
of of of
Ly = 811 3¢ + 821 55+ 631 57 (2.51)
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of of of
Ly, = 0;2 W + 922-3-7 + 032 3z (2.52)
and
of of af
L3 = 613 3 *+ 6233, + 833 3 (2.53)

Physically Bi corresponds to the strain contribution of the inplane
displacements at node i, ui, and Bé + tBé corresponds to the strain

contribution of rotations at node i, a;.

Because of the orthogonality condition, Ly(t) can be easily shown

to be

Lm(t) = 0

which results in

Bém = 0

Substituting Eq. 2.42 into Eqs. 2.36 and 2.37 yields
i \Ty gl i ATy opi ]
(81,) 081 t(B3 ) 0 Bl
K= shh l9(r,s,t)] drdsdt
i j i 7 j
f(Blm)DnB%m t2(B3m) DmB%mJ (2.56)

and

@ )To gl (8} )To_8j_+t(8] )To BtiT
rs S IS : S S ¢S S S Vs
I i S SRR (TGRS LR
. . ] E(Bis)TDSB£S+t(B%s)DsB£s (2.57)
8} )To 8 y+e(8l )To 8f | T R
i s’ "s s s” s Sgt(st) DSB%s+t(B%s) DsBéi
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2.4.2.1 Explicit and reduced integrations

Approximate explicit integration through the thickness can be
performed if we neglect the variation of J(r,s,t) with respect
to t at each integration point to get J(r,s,0) . This is a
consequent result from the shell assumption of straight normais[ 9].
(This can be stated also as neglecting the variation of transformation
matrix 6 with respect to t). Thus, Eq. 2.56 and 2.57 can be

explicitly integrated with respect to get

(8! )To 0
Kid = 2 /% g nonen J( )| drds  (2.58
o= -1 15 jJ(r,s,0)|drds .58)
V,oi T j
0 E(Bam) Dmﬂgm
and
B , "
T i .
) (i) DBl | (8108l
K;J = 2 ff: ft: '“""“"“”“f"""""'--'-'"--° - U(r.S.O)Idrd
i
i \Tn od tral \Th ad 2V/ei \Th ad (2.59)
-(825) D81, } (B2;) 0 B +3(83,) 0483

The numerical integration is then used to evaluate Eq. 2.58
and Eq. 2.59. This integration was carried out originally [ 8 ]
using two Gaus points in the transverse direction t and three-by-
three mesh of Gauss points in direction r, and s. |In this original
form excellent results are obtained for thick plates and shells but

completely unacceptable results obtained for thin plates and shells.
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Several investigators have shown the superior results obtained by

using reduced integration of two-by-two mesh of Gauss points in

v *

direction r and s [ 9,16,17 ]
2.4.4 Generalized Loads

The generalized loads corresponding to the body and surface
forces are computed from equating the external virtual work of them

with the external work of the nodal forces.
The general expression for these forces is [ 14 ]

P o= J, N' bdV + fsNTpdS (2.60)

where the two terms in the right hand of equation represents body

and surface forces respectively.

Employing the change in coordinates, the first term becomes

bX
Ty o o aT
P, = SN bdv= SN bt oAV

b
r 4

bx

I I ff: N 5, [ 19| drasde (2.61)
b
r 4

Similarly, the second term becomes

Pyo= £ 1 N Pds (2.62)
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and knowing that the elemental surface area can be written as [ 14 ]

. 3 r 1
i ax/ar ax/as
ds= vix V2= {a/a L x {3/ } drds (2.63)
a_/3 9./9
| 2 r‘ . z' s |
= |J2| drds
where \
=] (3% 3y _ 3x 3yy, (3% 3z _ 3x 32y, 3y 32 _ 3y 3z y2
|J2] (ar 9s as ar) +(ar 3s 3s ar) + ar 3s 3s or )

(2.64)

After performing explicit integration with respect to t, Eq.

2.60 becomes

+] .+

p =2 s st NTb |ug | drds + s st NTR| U, dras (2.65)

2.5 Shear-Locking Problem

As before, the element stiffness matrix can be split into two
parts

KD o= ke gl
The transverse shear matrix, Kii, is of order(h/L)2 higher than the
remaining terms. Thus, as thickness/span ratio decreases the computed
shear stiffness, Kig, completely dominates and no effect of the bending
stiffness remains with the finite length of the computer word. This

actually causes the element stiffress K'J to over-stiff. This
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problem was partially solved by using reduced or selective integrations

[ 9,17 1.

Very recently several investigator studied this problem. Pugh
et al [ 8 ] employed selective and reduced integrations in computing
the stiffness matrix of linear and both parabolic and Biparabolic plate
elements, respectively. They also showed that the bilinear interpolation
and biparabolic interpolation perform better than those using 8-node

parabolic elements.

2.6 Kinked Shell and Torsional Effect

The most useful development of the 9L element is the possibility
of analysing kinked shells. This is achieved by using six degrees of
freedom in the form of adding a fictitious torsional rotation about

the normal of the mid-surface at each node.

In any usual shell structure,this fictitious torsional rotation
may cause a difficulty if all the element meeting at a node are co-planar.
This is due to the assignment of a zero-stiffness to the torsional
rotation about the normal,aé. In non-planer elements meeting at a
node, the resistence to this rotation comes directly from the surrounding
rotations. As the angles of the kinks between these elements becomes
close to 2w, the rotational resistance reduces which spoils the
convergence of the solution [ 10 ] as a result of the badly-behaved
equations. This problem is common to all shell elements which adopt

six-global degrees of freedom.
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In the past, this problem was remedied by adding a fictitious
torsional spring in the normal direction which led to well-behaved
equations. In the present, a technique of employing a penalty function

is suggested by Kanoknukulchai [10] is used.

This alternative suggests the use of additional constraint
between the local torsional rotation of the normal, aé , and the
[} 1
rotation of the midsurface, %( %%T - %%T-), Fig.6. Thus, the suggested

penalty function constraint is

] ] [} {
Clos 2o, M) et (fo-Fr) -as=o0 (2.66)

Before employing the penalty function procedure, a brief
introduction to it is now presented [14]. The idea of penalty function
approach is basically.an alternative to introduce constrained equations
in any system of equations which will, at the same time, introduce
any additional equation (as the case in Lagrangian multipliers).
Zienkiewicz [14] states this as trying to obtain the stationarity of
the potential with a set of equations C(u) = 0 in domain @ (the

domain in our case is the volume of the element).

Upon introducing the penalty function, the total potential

energy is now

t¥=q + af COC dV (2.67)

in which a is a penalty number. This penalty number o should have
a large value enough to satisfy the constraint equations C(u) =0

when the stationarity of the problem is seeked.
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This new constraint approach has been first applied in
a beam element [10, 14, 31]. Usually, the beam element is

formulated based on C; continuity from the strain energy

u = f El ( ¥ )2 gx (2.68)
dx2

The idea of introducing the penalty function is to formulate the
beam element based on Co continuity where w and 8 are assumed to

be independant variables. The strain energy expression becomes

L

2
u = &f El ( )dx-l- af, cTedx (2.69)
or
2 2
- de 2 dw 2
U= 7 Bl () dxval (2 -0)dx (2.70)

Obviously the physical meaning of a is that of the shear rigidity.

a = ¥GA (2.71)

For rectangular cross-section beam, Eq. 6.70 becomes

_ ., Et3 2 126 Y, dw _ .y2
U = $% 33 [J’ ( )d *«Et2 S (g -0)2dx]  (2.72)

Consequently upon discritization and minimization of Eqs.2.67

or 2.72, a system of equations of the form
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(Ky +aKy) 6 + F=0 (2.73)

is obtained, where K, and K, represent, respectively, the stiffness
contributions of the first and third terms of 2.72, § represents nodal

variables, and f represents the nodal forces.

Eq. 2.73 is a standard forn which evolves from using penalty

function procedure. This procedure encounters two basic difficulties.

1. As a increases ( to infinity) the above equation

degenerates to
Koa = ~f/a (2.74)

Unless the matrix K, is singular such a solution will
be over-constrained and trivial answer.
2. With large but finite value of a numerical difficulties

will be arisen as a result of the finite length of the

computer word.

The remedy for such over-constraint (as a - =) is to impose
singularity on the matrix K. It is found [ 19 ] that reduced integration
is an effective way of providing such a singularity of matrix Kz

without at the same time introducing any singularity of the total matrix

1
Now, introducing the constraint [ a3 - % ( %ir - %%r)] in the

formulation of 9L element is presented.

The governing strain energy results from the above constraint is
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b v 3V, .
U, = kuh S [a3 - %( X" ay')] ds (2.74)

where Ky is a number to be determined. The Kt number should be chosen

such that the desired constrained :
ov! au'
' av .o
a3 i’ [ ax’ aY|]

is achieved at the integration points.

To be.consistent.with previous formulation of Eq. 2.59, the
local variables should be expressed in terms of the global variables.

This process will give Eq. 2.74 the form [10].

[4

= T i
Uy = (8;) K 8 (2.75)

where the torsional stiffness K;J is

(R:‘)TR;EI (1) TRJ

ke = ki =kun st st ot el fdrds  (2.76)
iVvTo] iVvToJ
(R)TRI (RD)TR]
and i i T
R, = #+[ Rz =Ry 0] e (2.77)
R':‘ = Ni[ 013 653 933] (2.78)
where
; aNi aNi 8Ni
Ri = 051 X + 0731 -a—y—--l- 031 3z (2.79)
and i QNi aNi aNi
Rz = 832 % + 03 Y + 039 32 (2.80)

A two-by-two integration should be used in evaluating Eq. 2.76 in order

to provide the singularity of matrix Kt.
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3. NUMERICAL  RESULTS

A number of structures of different types have been chosen
to demonstrate the 9L element performance, accuracy and reliability.
The selected examples are chosen to illustrate the following groups

of different structures :

1. thin and thick square plate to demonstrate mesh size
convergence and to show the absence or the presence of

shear-locking problem,

2. thin cylinderical and hyperbolic paraboloid shells to
demonstrate the reliability of 9L element in analyzing

thin shell structures,

3. kinked shells (folded plate) to show the success of adopting
six-degrees of freedom approach in analyzing such structures
where defining the normal at the kink (junction) causes

major difficulty,

4, Pinched cylindrical shells to show the effect of central
concentrated load in both the torsional penalty number and

the reduced integration.

3.1 Thin and Thick Square Plate

A series of square plates with different loadings and boundary

conditions are analyzed using three isoparametric elements, namely, the
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bilinear shell element (4L), Ahmad shell element (8S) and the
biparabolic shell element (9L). Raduced integration (2X2X2) is employed
in evaluating element properties for elements 8S and 9L, but selective
integration(3X3X2) for element 4L, Figures 7-9 show the convergence
tests for thin square plate (t/L = 0.01) and thick square plate

(t/L = 0.1) for two loadings and two boundary conditions. Because of
symmetry only one quarter of the plate is analyzed. As expected, the

9L element performs better than 4L and 8S.

Investigating the 'locking' problem in such

isoparametric is followed. For a mixed mesh size (4 X &,

quarter of plate ) Figures 9 and 10 show the behavior of
uniformly square plate with simply supported and clamped boundary
conditions as thickness/span (t/L) ratio decreases. As shown in

Figures 9 and 10, Ahmad element locks for both simply supported and
clamped boundary conditions, but it is more obvious for simply supported
case. Both 4L and 9L elements show no locking as t/L ratio decreases

from 0.1 to 0.0001.

3.2 Thin Shells
3.2.1 Thin Cylindrical Shell

This particular shell structure has become a standard shell

structure for testing the performance of any shell finite element.
The shell is simply supported by rigid diaphragms (u = w = Q) in

the transverse edges and free in the longitudinal edges,

The only loading is the gravity load of the shell. Because of
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symmetry only one quarter of the shell needs be analyzed. This
structure is of interest because both membrane and bending effects

are of importance in it.

The results of this example are shown in Figures 12-15. Different
mesh-size elements are plotted. The present element results are
very accurate with even 2X2 mesh-size giving good agreement with the
exact solutions. Convergence study of 9L element alonqg with different
finite elements is shown in Figure 15. The stress-resultants of this
example have been computed at the nodal points rather than the

integration points by smoothing technique [ 20, 21].
3.2.2 Clamped Hyperbolic Paraboloid Shell

This is another shell structure that is frequently used to test
new shell elements. The geometry and material properties are shown
in Figure 16. The shell is subjected to a uniform normal pressure.
Because of the antisymmetry only one quarter of the shell needs be
analyzed. The boundary of antisymmetry axes are also shown in Figure 16.
The deflected shape of the center line of the shell is plotted for
different mesh sizes and compared to the exact solution of Ref.[ 23 ].
The present element results are in good agreement with the exact

solution.

It should be noted that the element assembleges of the two
previous shell structures represent exactly the real shell geometry,

and identical results are obtained with or without the torsional stiffness.
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3.3 Simply Supported fFolded Plate

This example is chosen to show the performance of 9L element
to analyze kinked structures. When using the usual five degrees of
freedom (global u, v, w, and local rotation a{ and aé'), two major
difficulties arise in modelling kinked shells, namely, the difficulty
of defining the normal at the kink and the constraining of the rotation
about the normal. This example was analyzed by Bakhrebah[ 24 ] by using three

different elements as shown in Figure 18(b).

The geometry and material properties are shown in Figure 18.
The structure is simply supported by rigid diaphragms in the transverse
edges and free in the longitudinal edges. Only quarter of the structure
is analyzed by 5 elements in transverse direction and 4 in the longitudinal

direction.

The 9L element results are in good agreement with Bakhrebah results
(which are not shown) and the elasticity and lumped parameter method

reported in Reference [ 25].

3.4 Pinched Cylindrical Shell

The thin and thick forms of the pinched cylindrical shell which
demonstrate different load and boundary conditions from those
considered previously is chosen to show the efficiency of 9L element
in solving such extremes. The pinched cylindrical shell with free edges,

Figure 22, has been solved by many investigators [ 26, 27, 28 1].
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The geometry and material properties of the thin form is shown
in Figure 22. The thin form has t = 0.01548 in.with a load P = 0.1 1b,

while the thick form has t = 0.094 in,and P = 100 1b.

initially the example is solved without the adqition of a
torsional stiffness. The solution is completely travial and unacceptable.
This is because of zero-torsional mode. The adding of the torsional
stiffness with Ke large enough to provide singularity of Kt assures the
restraining of this mode. Figure 23 shows the study carried out using

kX4 mesh to determine K¢ number.

Although 9L element gives accurate results a small oscillation
in the longitudinal displacement occurs, Figure 24, for both thin and

thick forms (the thick form is nct shown).

Employing a selective integration (3X3X2 mesh) eliminate the

oscillation but gives low value for displacements.

The same pinched cylindricai shell problem is then solved with
different data and boundary condition. Now, the pinched cylindrical
shell is simply supported on diaphragms( u = w = 0 ) and has the following
data : L/R = 2, R/t = 100, v = 0.3. The exact solution for vertical
displacement at C is W_ = -164.24 X E%-[BQ]. The problem is solved using

kx4 mesh and both reduced and selective integrations, and yields

Et
(wc)reduced 213.69 P
and
= Et
(wc)selective B 15§'90 P

and more important, no oscillation occurs.
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4, DiscussioN AND CONCLUSIONS

The thin and thick square plate tests show the good performance
of the biparabolic shell element. The biparabolic shell element has
no locking problem which exists in the parabolic shell element of
Ahmad. 1ts performance in analyzing shell probelms is also shown.
Reduced integration is an essential requirement for the success of

9L element.

Although the 9L element seems to give accurate results when
applied to the pinched cylindrical shell with free edges, a small
oscillation in the longitudinal displacement occurs. The use of selective
integration in both pinched cylindrical shell (free edges and simply
supported edges ) proves the possibility of using such scheme when
reduced integrated stiffness matrix permits the assembled structure to
have zero-energy modes. This is happened when the boundary condition is

not enough constrained and thus will not suppress such modes [15 1.

Even though the oscillation problem is remedied by using
selective integration, an alternative element combined the simplicity of
the bilinear shell element and the accuracy of biparabolic element (or
parabolic element) is suggested. The suggested element uses the bilinear
interpolation (& nodes) for the definition of displacement while retaining

the biparabolic interpolation (9 nodes) for the definition of geometry.

The suggested element will be developed and tested by the author

in the near future.
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Fig. 1. Three Dimensional Thick- Shell
Elements (20 Nodes)
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TOTAL NUMBER OF DEGREE OF FREEDOM

Fig.15 Gylindrical Shell

Roof, Convergence Test.

GRAPH NO. ELEMENT TYPE DOF./ELEM REF
1 CLOUGH-JOHNSONS FLAT
- PLATE ( L-TRIANGLED)ELM. 37 3
2 AHMAD'S PARABOLICELM 40 8
- 3 AHMADS PARABOLIC ELM.
W/REDUCED SHEARINTEG 40 9
o L  AHMADS CUBICELEMENT 60 8
§  ZIENKIEWICZ, TAYLOR & TOO
i PARABOLIC W/ 2x2 INTEG. 40 9
6 SAME AS 5, BUT W/EXPLICIT
INTEGRATION THROUGH
- THICKNESS 40 10
7 COWPER'S HIGH ORDER
" SHALLOW TRIANGULARELM. 36 29
& BILINEAR SHELL 24 10
9  PRESENT ELEMENT 54
EXACT, SHALLOW SHELL THEORY (REF.18 )
EXACT, DEEP SHELL THEORY (REF23)
] — 8
4
" 3
2
1 | | | { | 1 1
0 100 200 400 600 800 1000 1200 1400
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€ = 28.500 Ib/in

= 0.4 !
t =08 P - A e
2 / /
p = 0.01 Ib/in ,

Fig.1¢ Clamped ‘hyperbolic shell

Finite Difference [231]
—0—— 2I2x2 Elements
———0---— Lx4 Elements
10 + 4 6x6 Elements

6 jExact
e e

9
0 1 i 1
174 12 3/4 ]

Fig.17 Clamped Hyper Shell, Deflection

at Center Line

X/A



53

jo——15ft —af Diaphragm

E =30 x 10° Ksi

=0.18

/
/

Diaphragm

po—B =18.107 ft —=f

(a) Geometry

q=100 b/ ftz
I T 3
' T
Element Type [C 24 1] S in
S Shell SN\~
T Transition
3 Three - Dimensional
{b) Finite Element - Idealization as wuud in

Ref [C241

Fig.18 Geometry and Loading of Folded Plate.
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L 4 Displacemeni, ft,
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Unloaded Configuration

------ Conrado & Schrobrich € 25 1
-——— § LR

Fig 19 Folded Plate, Tranverse

. Displacement Midspan

~ =—=———-—Elasticity [251]

Conrado & Schrobrich [251
————-o— 9 LR

Fig. 20 Folded Plate, Ny at Mispan



M,% Kip ft /6t

r~ o
" "

m
'

= 10.5 x 10° Psi

61

Elasticity

~————Conrado & Schrobrich
° 9 LR

Fig. 21 Folded Plate, M)’ at Midspan

~
4.953 in. . / B
D /
10.35 in R - .

e =

Fig. 22. Geometry and Loading , Pinched Cylindrical
Shell ( free ends)
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ApPENDIX A

The generation of the shape function polynomials of the
isoparametric elements are classified into two families; the
Lagrange family and the Serendipity family. Basically, the
Lagrange family elements are derived from Lagrange interpolation

polynomial.

(r-r) (r-r)) === (r-r,_)

Ny = (ra- ry) (Fi=ra) === (Pi- Fioy) (A1)

N' are (n - 1) degree polynomials. Similar Eq. (Al) is obtained

in s direction. Thus, the shape function polynomials become
N. (r,S) = 22 N, (r) N, (5)
i | J [ J

The Serendipity family elements are generated from the
boundary nodes only rather than the boundary and internal nodes as
in Lagrange family elements. The generation of such polynomials are

described in references [14, 15].

As previously, these functions Ni have a value of unity at

node i and zero at other nodes. The shape functions for linear,

parabolic and biparabolic are shown in Figs. Al - A2. Their polynomials

are given below.
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ApPENDIX (CONTD.)

Shape Functions

Bilinear Element

Ny = (1 =-r) (1 -5s)/b
No = (1 +7r) (1 -5s)/b
N3 = (1 +7r) (1 +5s)/b
Ny = (1 =-1r) (1 +5s)/b

Nt = (1 -r) (1--5s) (-r-s-1)/k
N, = (1-r)( -5s)/2

Ns = (1 +r) (1-5) (r-s-1)/4
Ny = (1 +7r) (1-5s2)/2

Ns = (1 +7r) (1 +5) (r+s-1)/4
Ne = (1 -r2)(1+5s)/2

N2 = (1 -7r) (1 +5s) (-res=1)/4
Ng = (1 -r)(1-s2)

Biparabolic Element

r) (1 - s)/4
r2) (1 - s)/2

Ng =-rs(l +r) (1 - 5s)/b

rs(1

z
—
]

Nz = 'S(]

Ny = r(1 +7r) (1 ~5s2)/2



rs(1
s(1
-rs(l
-r(1
Q!
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ApPENDIX (CONTD.)

r) (1 +s)/4
r2)(1 + s)/2
r) (1 +s)/4
r) (1 - s2)/2

r2) (1 - s2?)



Fig. Al. Shape Functions for Bilinear and Parabolic Elements



Fig. A2.

For Biparabolic Elements
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ApPENDIX B

Shell Stress-Resultants

The shell stress-resultants which are the membrane force
N1, N2, N3z, shear Ny3, N3 and couples M;, My and M;, are defined

as follows :

\
N2
h/2
N(r,s,0) =¢ Nyo ¢ = [ o' (r,s,t) dz* BI
- h/2
Nis
N
L 23
. 3\
M
h/2
M(r,s,0) =§ M, » = [ z'o(r,s,t) dz' B2
h/2
| MIZJ

Eqs. Bl and B2 define the membrane forces, shears and couples in the
local coordinates. Substituting Eq. 2.42 in 2.21 and the result in Bl

and B2 which are integrated explicitly to yield :

i B
hi(r,s) D _B] u. 3



68

ArPenDIX B (contD.)

| 3 i i
= iﬁ‘hi(r,s) D, [ B, Bz ]
9 2 .
_ h4(r,s) i
i T. Dm B

B4

BS
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AppeEnDIX C

Program

ELMTO3 routine is first written for the biparabolic
isoparametric shell element and then modified to suit 'any' isoparametric
shell element. In this version, the routine can suit 9-noded or less
shell element provided its shape function and corresponding directives

are in subroutine SHAPE9. The present elements :

1. Biparabolic shell element’
2. Parabolic shell element
3. Bilinear shell element

Program Aspect

a) Main Program : FEAP (By Prof. R. L. Taylor, University of

California, Berkeley) can be found in Chapter 24 of reference 14.
b) FEAP has been converted to double precision on IBM machine.

c) Modular Subroutines : BMTRX9, JACOB9, LOA9, LOCAL9, POINT9,

SHAPE9, TORSN9.

d) Input material data (710.0/15,2F10.0) E, v, H, LCODE, Ko 28,

p, 1BS, FLOAD, WTABL

where E = Elasticity modulus
v = Possion ratio
H = Thickness (for non-uniform thickness,corresponding nodal

thicknesses are input also)



LCODE

ZB

1BS
FLOAD

WTABL

AppenpIx C (CONTD.)

Loading Code :

1.0 dead load

2.0 uniform load

3.0 normal pressure

4.0 water pressure
torsional penalty number

ZB. NE. 0 means all out-of-plane stiffness

neglécted (membrane element)
material density

integration scheme

load intensity correspond to LCODE

water table correspond to LCODE = 4.0 only




ZASE 240

ELMTO3 DATE = 75008 11/57/55
SUBRUUTINE ELMTO3(CsUL XL o IXeTL9SsPINDFoNCMyNSToISW) 00000060
00000070
FRFFFIFERLLX AL R LEBLELELSLLERARBEALETLT LSS RIS RS 2L LTALTEREE 00000080
B33 =¥  000C0090
E%$ RN O L P U T ¥ (] =% 00000100
32 " . *%¥%  0Q00COll0
333 i# GENERAL [SOPARAMETRIC SHELL ELEMENT PROGRAM %% 00000120
Tk i * *%x¥ (000C0130
E-2-33 B N I O L S x%&¥  000C0O140
2 =% Q0000150
3 BY RIYADH AHMED ALMUSTAFA *%  000001l&C
X UNIVERSITY QOF PETROLEUM AND MINERALS =¥ 00000170
Lo DEPTe OF CIVIL ENGINEERING *x%¥x 00000180
L AUGUST 1978 *%% 000001sC
Sl *x¥ 00000200
%% THESIS SUBMITTED ON DECEMBER 264 1978 =x%¥ 00000201
-2 *¥F 00000202
FEFLFEFRFRFLL SRS SEB BV RE AR B ARRL LB LR AL AR A[E B SRS TSB LB L8222 EE 00000210
00000220
( ACKNOLEDGEMENT ~-- THE CODE CF ELMT03 RCUTINE IS BASED ON 00000220
FORTRAN CODE OF €ELMTO4 (BILINEAR SHELL ELEMENT) 00000240
PREPARED BY WCRSAK KANOKNUKULCHRAI JUNIVERSITY QF 00000250
CALIFORNIA ¢+BERKELEY.) 00000260
00000270
PROGKAM - THIS ROUTINE IS FIRST WRITTEN FOR ThHE BIPARARCLIC 000C0280
- ISOPARAMETRIC SHELL ELEMENT ANC THEN MODIFIEC TQ 00000290
= SLIT ANY ISCPARAMETRIC SHELL ELEMENT. IN THIS VERSIONQO0OOO3QO0
- ThE ROUTINE CAN SUIT A 9-NCDEC OR LESS SHELL ELEMENT.00000310
= ThE PRESENT SHELL ELEMENTS ARE : 00000320
- l) BIPARABCLIC SHELL ELEMENT. 00000330
- 2) PARABOLIC SHELL ELEMENT (AHMAD ELEMENT). 00000340
- 3) BILINEAR SHELL ELEMENT. 000€0350
-~ THE ADCITION OF CTHER NEW ELEMENTS REQUIRE THE 00000360
- FOLLOWING STEPS : 00000370
- 1) THE ADDITION OF THEIR SHAPE FUNCTIONS AND 00000380
- THEIR DERIVATIVES IN SUBROUTINE SHAPE9. 00000390
- 2) ANY SPECIAL MESH OF INTEGRATION POINTS CAN 000004C0O
- BE ACDED IN SUBROUTINE POINT9. 00000410
- (THE PRESENT MESHES ¢ 1Xly 2Xly 2X2y 3X2, 00000420
- AND 3x3 ) 00000430
- 3) ANY EXTRA ELEMENT DATA CAN BE REAC DIRECTLY 00000440
- THROUGH ROUTINE ELMTO3. 000C0450
00000460
00000470
GEQOMETRY - MAX. OF 9-NCDED QUADRILATERAL IN 3-D SPACE . 00000480
VARIABLES =~ 6 CUF/NGODEy3 DISPLACENMENTS AND 3 ROTATIGNS IN 000C0490
- GLOBAL COURDINATES, 000005¢C0
INTERPOLATION FUNCTICN 00000510
- BILINEARy PARABCLIC OR FIPARABOLIC FUNCTICNS FOR 00000520

CAPACITI

ES

GECMETRY AND NODAL VARIABLES (ISCPARAMETRIC ELEMENTS)00000530
1) LINEAR ELASTIC ISOTROPIC MATERIAL 00000540
2) THICK/THIN SHELL WITH USERsS ASSIGNED QUADRATURES 00000550
CN BENCINGyINPLANE SHEAR AND TRANVERSE SHEAR ENERGIES00000560

3) TGRSIONAL STIFFNESS CAN BE ADDEC TO RESTRAIN THE 00000570
WEAK TORSIONAL MODE CUE TO WEAK COUPLING IN FINE MESHO0000580
4) 4 TYPES CF LOADS BUILT IN 0000055C
AJGRAVITY ACTION(QPPCSITE TO GLOBAL 23 DIRECTION) 00000600
BIUNIFORM LCAC (IN 23 DIRECTION) 00000610



-EASE 2.0 ELMTO3 DATE = 7%008 11/57/55

C) NORMAL PRESSURE(IN LGOCAL X3 DIRECTION)
0) WATER PRESSURE (IN LOCAL X3 DIRECTION)
E) STRESSES WILL BE ALSQO CALCULATED AT NOCAL PQINTS
FOR PARABOLIC AND BIPARAPBOLIC ONLY .
INPUT =~ FORMATI(7F10.0/I542F10.0)
DUE1)-Dt4) D7) 9D(L0) 9DI9)9LBS/D(5)4D(E) (CNLY D(4)eNELO)
- D(1I)=E
- D(21=POISSON RATIO
- D(3)=UNIFORM THICKNESS (IF=0,THICKNESS IS INPUT FOR
EACH NCDE THRGUGH : FORMAT(IS,4Fl0.0) )
= D(4)=1e0 =-GRAVITY ACTION, 2.0 -UNIFQORM LCAC
340 -NORMAL PRESSUREy 4+C -WATER PRESSURE
= C(7) TORSIONAL DEFORMATICN CCEFFICIENT ¢ WHERE

00000620
00000630
00000640
00000650
00000660
00000610
00000680
00000690
00000700
00000710
00000720
000Cc0o730
00000740

TCRS<ENERGY=D(T)#MU=TT*INT(RELATIVE TORS ROTATIGN)*%200000750

RECOMYMENDED VALUE = Cel TG 1C00.
= C(10)eNEeO CNLY INPLANE EFFECT CONSIDERED(DIAPHRAGM)
- D€ 9)=MATERIAL DENSITY (FOR LUMPED MASS MATRIX)
= LBS=INTEGRATION SCHEMEs FaGes LBS=444 MEANS USING
TOTAL 44494 POINTS FCR BENCINGy INPLANE SHEAR
PARTS AND TRANSVERSE SHEAR PART.
CEFAULT : :
441 =-- BILINEAR ELENMENT
444 =-=- PARABOLIC ANC BIPARABGOLIC ELEMENTS

000C07¢0
00000770
60000780
00000790
00000800
00000810
0ood0o082cC
00000830
00000840

= D(S)=LCAD INTENSITY CORRESPOANCING TC LlISPECIFIC wEIGHO0000850
2) UNIFCRM LOAD/PROJECTED AREA IN GLOBAL Z3 DIRECTIGNOO0COS8&O

3)INCRMAL PRESSURE 4) WATER SPECIFIC WEIGHT

ooo00870

- D(6)=wATER TABLE IN GLOBAL Z3 CIRECTION (CASE 4 CNLY)00000880

2 she wo o ko ot Shu o ute Sy S o te e o he ol e ot SAp oS
NSRS NN R ARSI ERER
(A=-H,

[MPLICIT REALZS c-Z
CCMMON/SHAPI/VA(393) 9VI(319V3(349)48BU(393,9)98R(343,9)
LeCR(393¢9)9CT(393)eLX(3)
COMMON/CDATA/CyHEAD(29) ¢ NUMNP ¢y NUMEL ¢ NUMMAT yNENJNEQ, IPR
CCMMON/ELCATAZ CMyNsMAYMCT,IELGNEL
COMMON/ELMO3/XJACIRJIAC I3 931 9SHP(349) 9BNyB(2¢9)4CH9ISWE
UIVMENSION D(L1CoL)oP (L) gSINSToLl) oXLINDMy1)oIX({1)9yOHMI393)eTL(L),
1 ULINDF91l) 9EPS(S 9319 XN(Se9)9CHI(S5) ¢XM(399) ¢ XNN(Se4) o XMM(394),
1l SIG(543)4RGIUD)IsQGII)I4yR19)4T(F)4T(9)

LOGICAL NPRoNPLISKS

DATA R/-1e¢00G9eCe0D0¢3%1e0D09Ge00042%-1,00C50.000/

DATA Q/3%-100C90e0D0493%10D0040.0D00+C.0C0O/

ot
a2
-

IFtISwelLE«21GC TO 999
CCMMUN RQUTE

LBS=D(8¢MA)
RO=D{11lsMA)

IF QUT-0F-PLANE EFFECT NEGLECTEDyBZERC=0.C

BZERO=1.0D0
[IF(D(10yMA) «eNE.O.ODO)BZERG=0.0D0

COUNT FOR VARTABLE THICKNESSES.

IFID(34MA)eNE.Q.0DOIGA TC 3010
READ(5424C8)NsT

00000890

RN L RN L LS RN L e Ex e x5 22TE000009C0

00000910
00000920
00060930
00000940
000C0s5C
00000960
000C0970
00000980
00000990
00001000
oooo1l01icC
00001020
00001030
00001040
00001050
00001060
00001070
00001080
£0001090
goo01100
00001110
00001120
00001130
00001140
00001150
00001160
0goo1170
oco01180
00001190



-EASE

.-
-e 00
-9 09

-9 8@

34010

301

3G3u

3C3
»r & 80
G959

240 ELNMTO] DATE = 79008
GO TQ 3030
UNIFORM THICKNESS CASE.

00 301 I=1yNEL
TCI)=D0(3yMA)
CONTINUE

COMPUTE NCRMALS AT EACH NODE AND STAORE [N V3

1I=1

NELL=NEL

IF(NEL«EGe4) NELL=NEL ¢4
IFI(NEL«EQea) II=2

UC 303 I=1eNELLII
KR=R(I)

SS=QI)

I14=]

IFINELeEwen) I4=1/I1 ¢ 1
CALL LUCALS(RRySSyTToNDMyNEL sOHMyRsQsT¢XLeIX)
V3ileI4)=CHM(1s3)
V3(24¢14)=CHM(2,y3)
V3(3,14)=ChM(3,3)
CONTINUE

GO TGO (l929394959€) 915K

READ(S91100) (DT gMA) gI=194)4L(ToMA) 9C(104MA) 4D(11eMA)
READ(Ss11101LBS+D(5S¢MA) ¢DlE¢MA)

TEMP=1420C

LB=LBS/100

LPS=MOC(LBRS,100)/1C

LS=MOD(LBS,10)

IF(LBeERsQ) LB=4

IF(LS.EQ.O.AND.NEL.EQ.Q) LS=1
1F(LS.EQ.O.ANC.NEL.EG.S.GR.NEL.EQ.9l LS=¢4
IF{LPSeEwe0)ILPS=LE
ARITE(692100)(DIIgyMA)9I=192)9DU119yMA)}TEMPILRBILPSHLS
IF(D(10U9sMA} «eNEaDeCCOIWRITE(6492101)
IFIDI3yMA)eNEeQeCOU) WRITEI6,2102) D(34MA)

1F(D{4¢yMA) aNE«OeODOIWRITE(692103)C(49MA) sCISsMA) 4D 6 9MA)
CloyMA) =LRS

WRITE(6+21C4)I0(ToVA)

C6=0.000

[Snb6=eFALSE.

RETURN

IFtISWeEJe3eANDISKO)IGO TO 389

LX{1)=LBS/100

LX(2)=MOD(LESs+10)

LX(3)=MOD(LBSy100)/10

IFILX{Ll)eEQeOILX(L) =4
LFILX(2)eEQeO«ANDNELCEQe4)ILX(2)=1

IF(LX(2) eEQeOeANDeNELeEQeBeORsNELLEQeSILX(I2)=4
IF(LX(31.EQa0ILX(3)=LX(1)

11757755

00001200
gooaQli21o
00001220
gooc123c¢
00001240
00001259
000012¢&C
0g0012170
00001280
000C1290
000013CO
00001310
00001320
00001330
0goc1i340Q
02001350
0000113¢0
00001370
0000138C
00001390
000014cCO
00001410
00001420
000C143C
00001440
0000145¢C
000014¢0
000Cl1470
00001480
0000149¢C
0co015c0
cooQ1s510
00001520
00001530
00001540
00001550
00001560
goocis7o
00001580
0000159cC
00001600
00001610
00001620
G0001630
00001640
00001650
00001660
00001670
00001680
00001690
ogoglL7Cco
00091710
00001720
000C1730
00001740
00001750
00001760

ENERGIES SPLIT LGCP =~ [SP=(1,43)=(VOLUMETRICsINPLANE SHEAR INVARI.)00001770
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» 900
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36¢
364

240 ELMTO3 DATE = 7008 11/57/55

ISP= 2 =TRANSVERSE SHEAR ENERGY
ISPLT=3

IF(LX(3)eEQelLX{1)}ISPLT=2

DC 399 ISP=1,ISPLT

IBS=[SP

IF(ISPEQ«3)[BS=1

LL=LX(ISP)

CALL SPACKDID(LeMA) oCT ISP ISPLT)

FOR EACH GUASS PGINT COMPUTE [TS CONTRIBUTION
TC ELEMENT STIFFNESS MATRIX. LCOP ON GUASS POINTS.

ud 312 L=1lsLL
LOCATE PKOPER GUASS POINTS (RRy¢SS)

CALL POINTG{RR»SSewWelyLL)

CALL LOCALI(RRySSyTToNDMeNELICHMyRyQeToeXLyIX)
CALL JACGBI(RRySSeNELINDMyUOHM XLy T)

OC 3G4 I=1y.NtL

CALL BMTRXI(RRySSeTToNELJNDMyCHMyI 4T IRS)
OV=XJACX*WW*24000

CCMPUTE ELEMENTAL SURFACE AREA(SJAC) .

SJAC=DSCRT(RJACILe3)%%2+RJIACI293)*F2¢RIAC(3¢3)%%2)%XJACkWN
DO 3C2 I=1,3

OC 302 J=1l,s1

KRJACUT 9 J)=CT(I,J %DV

RJAC (I o[ )=RJAC(I 4 UJ)

[S=4-18S

IFUISWeEQe3eANCeISPeEQeleANDeD(4¢MA) NELOGDO)

1CALL LOAUG(NEL ¢NCVMyNDFoD(4 9MA) yC(SeMA)gC(E9MA) 9SUACITT 9ORHM 9P ¢ XL )

J1=0

FCR tACh IJ NCOE CCMPUTE OB = D %= 8
DO 364 IlJu=lsNEL

KL1=0

FOR EACR IK NCDE CCMPUTE S = pT % DB

UC 362 IK=lslJ

CALL TRIMUL(BU(LyL9IJ)gRJIACIBUILy19IK)I9S(JL¢LgK1*1)91leOLCyISoNST)

IF(BZERG«NELO.0CO)

LCALL TRIMUL(BRIL9y19IJ)yRUACIER(Ly1oIK)9S(JL*49K1+4)93.0D09IS9yNST)

IF(IBSeELel)GC TC 362

CALL TRIMULICR(L ¢y1yIJ)gRJUACICRILy1gIK)9S{JL¢ayK1l+4)91.0CCs2¢NST)
CALL TRIMUL(BU(L9LyIJ)eRJIACICRILsL9IKI9S(JL*+1yK1¢4)91e00092¢NST)
CALL TRIMULICR(L919IJ)9oRUACIBU(LyLoIK)9S(JL*49K1¢1)yLleOCO0924NST)

K1=K1+NDF
J1=J1l+NOF
CCMPUTE TCRSICNAL ENERGY BY RECUCEC INTEGRATION IF D(7) «GTe0

[F{ISP.NE.2)GC TO 312

00001780
000017s0
gocoo1l800
00001810
gooc1isec
00001830
00001840
00001850
000018¢0
oooo1i870
00001880
00001890
0ogo19ce
oooo1910
00001920
0coQa1s30
00001940
00001950
00001960
00o001917C
00001980
00001990
00002000
0000201¢C
00002020
00002030
00002040
00002050
0000206C
00002070
00002080
00002090
00002100
00002110
00002120
00002130
000cC2140
00002150
00002160
00002170
ococeatisc
00002190
000022cCo
00002210
00002220
00002230
00002240
00002250
000022¢0
0000227¢C
00002280
00002290
000023co
00002310
00002320
00002330
00002340

IF(D{TyMA)eNE«O«DOICALL TORSNI(D(14MA)+SsSJACTTyOHM,NSToNELyNDF) 00002350



-EASE 2.0 ELMTO3 DATE = T9008 11/57/55

312 CONTINUE 0000236(
.eee ' 000023 7¢
.eee |F B2ERO=0.0 THEN OUT-OF-PLANE EFFECT IS NEGLECTED. 0000238(
Lese 0000239¢(

IF(BZEROEQ«Q«0C0)IGO TO 398 000C240QC

399 CONTINUE 0000241¢
.eee 0000242¢C
.e0o COMPUTE LOWER TRIANGULAR PART BY SYMMETRY. 0000243
,e0e 0000244((

398 DQ 382 J=1yNST 0000245C

0O 382 K=1l,4J 0000246C

382 S(KeJd)=S1JsK) 0000247C

389 RETUKN 0000248C
PP 0000249C
.ese CCMPUTE ELEMENT STRAINSy STRESSESy AND INTERNAL FORCESe 0000254Q¢
.ese ALL ARE CCMPUTED AT THE INTEGRATICN PCINTS. 0000251C
Lese 0000252C

4 LX{2)=MOD(LBS,10) 000025 3C
IFILX({2)eEQeOsANDeNELSEQas) LX(2)=1 0000254¢C
[FILX(2)eEQeO«ANDeNELeEQe4«ORNELEQeB8) LX(2)=4 00002550
LL=LX(2) 00002560

ees 00002570
eee CCOMPUTE STRAINS AT INTEGRATION POINTS. 00002580
coe ' ' 00002590
B0 S5CO L=1l,LL 00002600
CALL POINTI(RRySSsnWWeLoLL) 00002610
CALL LCCALG(RRySSyTT oNDMyNELyCHMyRsQyToeXLyIX) 00002620
CALL JACOBI(RRySSeNELyNDMyOHMeXL o T) 000026130

DO 450 J=1,5 00002640

DO 449 JJ=1+3 00002650

449 EPS({JeJJ)=0e0 00002660
450 CHI(J)=0.C 00002670
TEMP=2,0/TT 00002680
XX=040 00002690
YY=0e0 000027C0
l2=0.0 00002710

D0 470 I=1l4NEL 000021720
SH3=SHP(3,1]) 00002730
XX=XX ¢ XL{1lg4I)%*SH3 00002740
YYSYY ¢ XL(24I)%SH3 00002750
22=22 + XLU13¢l)%SH3 00002760
CALL BMTRX9IRRsSSyTToNELINDMyCHMe I 4T,41) 00002770

D0 4060 K=1,43 00002780
TP=ULIKsI) 00002790
TQ=ULIK*¢353[)=TENMP 00002800

00 460 J=1,3 00002810
EPS(Je L)I=EPS(Jel ) ¢BUIJeKeI)=TP¢BR(JsKoI[)=TQ/TEMP 00002820
EPSUJe2)=EPS{Je2)¢BUIJyKoII%:TP 00002830
EPSUJe3)1=EPS(Js3)¢BULJyKogI)XTP-BRUJyK9I)ZTQ/TEMP 00002840
IF(BZERONE«Qe ICHI(J)I=CHI(J) ¢BRIJIKyII%TQ 00002850

460 CCONTINUE 00002860
I1F(BLERC<EQe0«Q)GC TG 47G 00002870
CALL BMTRXG(RRySSeTTyNELINDMsOHMo T 9T 421} 00002880

DC 465 K=1,3 00002890
TP=UL(KsIl) 0000290C
TRQ=UL(K+341} 00002910

D0 465 J=1,2 00002920

EPS(3¢JyL)=EPSI3¢Jsl ) +BUIJIIK9IIZTPECRIJ9K9II%TQeBRIJ9K9I)ZTC 00002930



-EASE 2.0 ELMTO3

465
4«70

471
472

473

474
eee
e ee

475
476
ese

480

DATE = 79008 11/57/55

EPS(3¢Je2)=EPS(3¢J92) ¢ BUJIWKHIIZTP ¢ CR(JoKoI)I*TQ
EPS(3¢Je3)=EPS(3¢J93)¢BUIJIIKyII=TP+CRIJsKoI)I=TC-BR(J9K¢II*TQ
CONTINUE

CONTINUE

CCMPUTE STRESSES

CALL SPACKDIDUL1¢MA)4CTyl,2)

DO 472 I=1,3

DO 472 Kl=1,3

SIGIKLsI)=0.CCO

00 471 K2=143
STU(KLYI)=SIGIKLsI)+CT(KLoK2)ZEPSIK241)
CONTINUE

CONTINUE

CALL SPACKO(D(1eMA) 4CT 42421}

DO 474 I=1,42

DC 474 Kl=142

SIGIKL+3,1)=C.0C0

DO 473 Ke=143
SIGIKL+39[)=SIGIKL*¢3yI)+CT(KL1sK2)XEPS(K2¢3,41)
CONTINUE

CONTINUE

CCMPUTE STRESS—-RESULTANT

CALL SPACKD(D(1eMA) 4CTele2)
TEMP=TT=%3/12.0

CCMPUTE MEMBRANE FORCES (Nly N2y N12) AND CCUPLES (M1, M2, M]12).

DO 476 J=143

XN(JsL)=0.0

XMUJyL)I=0.0

DO 475 K=143
XNUJoL)I=XN(J oL ) *CTUJ9KIFEPS (K92 )%=TT
XMEJoL)=XMUIJ gL ) ¢CT LI gKIFCHI(KIZTEMP
CONTINUE

CONTINUE

CCMPUTE SHEAR FORCES (N13, N23)

CALL SPACKD(D(L1eMA) ¢CT 9242}

DO 480 J=1l42

XN{(3e¢JolL)=0e0

U0 480 K=1e2
XNI{3+JoLI=XN(3+J oL ) ¢TTHCTIJsKIF=EPS(3¢Ky2)
CONTINUE

MCT=MCT-1

IF(MCTGTaG) GO TO 490

MCT=¢4

IFINELEWQe4) WRITE(642411) O4HEAD
[F(NELEQeB) WRITE(692412) OyHEAD
IFINELEWe9) WRITE(692413) O4HEAD
wRITE(642401)

490 wWRITE(692402) NoeLoXXeYYeZZoSIGe(EPS(J92)9J=195)e(0HMILyJ)9eJ=1¢3)

1
1

(CHICGJ)oJd=1e3) o (OHM(29J)ed=133),
{XNCJIoL ) oJd=LeS5) e (OHNM(39J) 90d=193) e (XM(JeL)9Jd=193)

0000294
0000295¢
000C296(
000029 7(
0000298(
0000299¢
000030a0c
000030 1¢
0000302C
0000303¢
0000304
0000305C
0000306
0000307¢C
0000308¢
0000309¢C
0000310cC
0000311¢
000031 2¢
0000313
0000314cC
0000315C
0000316C
000031 17C
00003180
00003190
0000320¢C
00003210
00003220
00003230
00003240
00003250
00003260
00003270
00003280
00003290
00003300
00003310
00003320
00003330
00003340
00003350
00003360
0000337C
00003380
000C3390
00003400
00003410
00003420
00003430
00003440
00003450
00003460
00003470
00003480
00003490
00003500
020003510



-EASE 240

500 CONTINUE

-8 80

11/57/55

-se0eeSMUOTH STRESSES BY EXTRAPOLATING GUASS FGINT STRESSES TC

~eeeeeUBTAIN NGDAL STRESSES.

-0 00

5903

505

507
501
5
o

1100
L1l
21Cu

ViUV N W e

IF(LLeNEe2)
SQ=DSQRT(3.0D0)/2.0
FACl=1.0 ¢ SQ
FAC2=-04.5
FAC3=1.0 -~
D0 503 I=1,5

GC 710 501

XKNN(Iol)=FACL=XNII oL ) ¢FAL2F(XN(TI 92 ¢XN(TI43))¢FAC3=XN(I44)
XNN(Lo2)=FAC2%#(XNILoL) ¢ XNt T 94 ) ) ¢FACL=XNII42) ¢FAC3I=XN(T43)
XNN(E93)=FAC2=(XN(Lol) ¢XN(T9a)) ¢FACI=XN(I42) e FACLEXN(TI43)
XNN(Io4)=FAC3EXN(T 9L ) ¢FAC2%(XN(I92) ¢XN(I93))¢FACLE=XN(Iy4)

CONTINUE

VC 5C5 I=1,3

XMM{L o L)=FACL=XM(T 91 ) eFAC2:(XM(TI 921 ¢XM(L93)1)eFACIEXM(Iv4)
XKMM(L92)=FAC2%(XMU Lyl )+ XM(T94) ) +FACL=XM(142)¢FAC3=XM(I,43)
XMM(I¢3)=FAC2H*(XMIIgLl)+XM{ 194} ) +FAC3=XMII42) ¢+FACL=XN(]1,43)
XMM({L94)=FAC3*XVM(Tol) ¢FAC2%(XM(I192) ¢XM(193))eFACLEXM(T44)

CONTINUE

wRITE(O492501)
UO 507 L=1+4
WRITE(64+2502)

CONTINUE
RETURN

RETURN
RETURN

FORMATS

FORMAT(TF1l0.0)

FORMAT(IS5¢7F10.0)

FORMAT(/5X 9 THMODULUS 313Xy 1H=4yG13.4
/5X¢913HPOISSON RATIO
/5X¢2CHMASS DENSITY
/5Xe LTHCONSTRAINT FACTCR¢3X9lH4=4Cl3.4

NoeLo CXNNCJoL ) 9J=10S) e (XMM(JyL)ed=1,43)

1TXolH=951304
1H=9G13e4+17H LUMPEC MASS ONLY00003880

/5X4¢20HN0 OF GAUSS POINT

/5X¢20H
/5X¢20H
/5X¢20H

BENDING
INPLANE SHEAR
TRANSVERSE SHEAR

2101 FORMAT(5X¢50HOUT-0F-SURFACE EFFECT NEGLECTED(MEMBRANE ELEMENT)

2102 FORMAT(S5Xe LTHUNIFCRM THICKNESSe3X9lH=9Gl3e4)
2103 FORMAT(SX¢12HLOADING CODEs8XslH=9Gl3e4s/,

L-SPECIFIC WEIGHT s/
LCAD/PROJ.

2104
2411
2412
2413
2401

Ll I

36X 420HL

38X924h2-UNIF,

AREA+/»

38X918H3-NORMAL PRESSUREs/»

38X¢924Ha4-WATER PRESSURE
5X914nLOAD INTENSITYe6XelH=9G1l3e49¢/ s
5SX920HWATER TABLE AT 23
FORKMAT(S5X¢35HCOEFFICIENT FOR TORSIONAL ENERGY =
FORMAT (AL 920A%+//5X923HBILINEAR SHELL ELEMENT//)
FORMAT(A1920A4%4+//5Xs20HAHMAD SHELL ELEMENT//)
FORMAT(AL1v20A449//5X926HBIPARABOLIC SHELL ELEMENT//)
FORMAT(9H ELM NODE43X,
THL-COORD 94Xy TH2-COGRD 94Xy TH3~COORC94X911H1-DIRECTION ¢4 X s
11H2-ODIRECTION 7X98H12-SHEARy 7XyBH13-SHEAR7X9B8H23=-SHEAR/)

Yo/

11H=9Gl13e4+13H(CODE=4 ONLY))
'61304,

0000352C
600035 aC
0000354C
0000355¢C
0000356
0000357¢
0000358
0000359¢C
0000136CC
0000361C
0000362C
0000363C
000C364C
00003650
0000366C
000cC3s67C
0000368C
00003690
00003700
00003710
00003720
00003730
00003740
00003750
00003760
00003770
00003780
0aoc3r90
00003800
00003810
00003820
00003830
00003840
00003850
00003860
00003870

00003890
00003scCo
00003910
00003920
00003930

100003940

00003950
00003960
00003970
00003980
00003990
00004000
00004010
00004020
00004030
00004040
00004050
00004060
00004070
00004080
00004090
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402 FORMAT (21443F11.3/
30X911H*1~STRESSESy SE15.5/
30X9llH O-~STRESSESy SE15.5/
30X¢s11H=-1~-STRESSESy 5E15¢5/ 6Xy18H DIRECTION COSINESs6X
sy LLHEPS-STRAINSy 5E155/6Xs3F642+6X
9L IHCHI-STRAINSy 3E1565/6X93F642496X
¢ LIHRESULTANTS ¢ SEL15.5/6X¢3F64246X
¢ LLHCOUPLES y 3E15.5)
501 FORMAT(//5X¢26HRIPARABOLIC SHELL ELEMENT//,
1 SX926HEXTRAPOLATED NODAL VALUES///»
1 9H ELM NODE¢36Xel1H1-DIRECTIONy4X,
2 11H2=-DIRECTIONy 7TX¢BH12-SHEARy 7TX98H13-SHEARy7TX98H23-SHEAR/ )
502 FORMAT(214¢22X911HRESULTANTS +5EL15.5/30X,
2 L1HCOUPLES 3E15.,5)
408 FORMAT(I5¢4F10.0)
END

e et s

00004100
00004110
00004120
00004130
00004140
00004150
00004160
00004170
00004180
00004150
00004200
00004210
00004220
00004230
00004240
00004250
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30

1Cu

65

&0

70

SUBROUTINE BMTRX9(RRySSeTTyNELsNDM9OHM I 9 ToISW)

SUBROUTINE TO CCMPUTE BMUy BMR WHERE
EM= BMU¥U+Z%+BMR*=ROTATION

IMPLICIT REAL*®8 (A-H,0-2)

DIMENSION OHM(343),T(1)
COMMON/SHAPI/VA(393)9VVI3)eV3(399)¢BMUI39399)¢BMR(3¢399)
L1eCRU39¢399)9CT(393)eLX(3)
CUMMUN/ELM03/XJAC9RJAC(303)95HP(399"ENQB(299l1C6'[SH6
IF(ISW.NE.1l) GO TO 100

DG 20 J=1+3

0GC 20 K=1l¢3

IF(J«EQe3) GC TO 10

BMUIJsKy [ )=B(Jel)F*OHM(KeJ)

EMR{JoeKoI )=040

DC 5 L=1,3

[IF(LsEGeK) GO TO 5

SIGN=1.000

IF(LeGTeK}SIGN=-1.0C0

LK=6=~-L~K

BC=V3(LKyI)

IF(LKeEQs2)8BC=-BC . o
BMRUJsKeLI=BMRUJyKoI) +OHMIL ¢ JISBCESIGNST(TI1/240
CONTINUE

60 TO 20
BMU(39Kol)=B(29I)*0HM(Ky1)¢B(1lyI)20HM(K¢2)
BMRU3oKo I )=Bllyl ) *BMRI2 9Ky I) ¢BI2 4T} =BMR{L9KsI)
CONTINUE

DG 30 J=1+2

UC 30 K=1¢3

BMR(UJeK el )=BMRIJ¢KoyIIXE(Jy )

RETURN

ES=BSU*U+Z¥BSR*R+CSR*ROTATION

FAC=BN=SHP(3,1)

00 60 J=1+3

00 60 K=1+3

CRIJyK9I =060

U0 65 L=1¢3

IF{LeECeK)IGO TA 65

SIGN=1.,000

IF(LeGT«k)ISIGN==-1,000

LK=6-L-K

BC=V3(LKyeI)

IF(LKeEQe2)8C==BC
CRUJyKyI)=CR(J9Ky I} +CHM(L 9 J)*BCHSIGN=TI(T) /240
CONTINUE
IFUJelTe3ICR(J9K eI )=CRIJ9yK I )%:FAC
BMUCGJsKe I 1=B(Je I 1%=0FM(K,3)

60 70 J=1+2

DB 70 K=1,3

EMR{JoKeI )=B(JsII3=CR(3 4K oI
KETURN

cNC

00004270
00004280
00004290
00004300
00004310
00004320
00004330
00004340
00004350
0000436C
00004370
00004380
0000439¢C
00004400
00004410
00004420
00004430
00004440
00004450
00004460
00004470
00004480
00004490
00004500
06004510
00004520
00004530
00004540
0000455C
00004560
00004570
0000458C
00004590
000046C0
00004610
00004620
00004630
0000464C
00004650
00004660
00004670
00004680
00004690
00004700
00004710
00004720
000G4730

00004740

00004750
00004760
00004770
0000478C
00004790
00004800
00004810
00004820



ILEASE 2.0 JACOBY9 CATE = 75008 11/57/5S
SUBROUTINE JACOB9(RRySSeNELINDMyOHMeXL,T) 0000483
IMPLICIT REAL*8 (A-H,0-2) 0000484
COMMON/ELMO3/XJACYRJIAC(393)9SHP(399) +BNeB(299)+CHE9ISWSE 0000485
COMMON/SHAPI/AJACI3¢3)9VA(3)9V3(39G)9sBU(39399)9eBR(393499) 000C486¢

LeCR(39393)9CT(343)9LXx(3) 0000487
OIMENSION OHM(3¢3) 9 XL(NDMy 1) ,T(1) 0000488

Cons 000C48S3

Ceee FIND JACUBIAN MATRIXy DETERMINANT AND INVERSEsAJAC,XJAC4RJAC 000049C

Cooe 0000491
DO 35 K=14NDM 0000492
AJAC(K931=0e0 0000493
00 35 J=1e2 0000454
AJAC(KyJ)=0e0 0000495
DO 30 I=leNEL 000049¢

30 AJACIK9J)=AJAC(K9J) *SHP(J o I)=XL(KyI) 0000457
35 CONTINUE 00004938
00 20 I=1lsNEL 000C499
TP=SHP(3,11*T(I)/2.0 00o0¢s50a
DO 25 K=1s3 0000501
25 AJAC(K93)=AJAC(K3) ¢V3(KeI)%TP 0000592
20 CONTINUE 0000503
XKJAC=0.0 0000504
DC 4C J=1,NCM 0000505
J2=J4¢1 0000506
J3=Je2 0000507
IF(J3.GTe3) J3=43-3 0000508
[F(J2eGTe3142=y2~3 0000509

40 XJAC=XJAC*AJAC(LoJ)F(AJACI24J21%AJAC(34J3)-AJAC(24J3)%AJAC(34J2)) 0000510

CALL CROSSP(AJACI192)9AJAC(L193)9RJAC(Ly1)41) 0000S511

CALL CROSSPIAJACIL93)9AJAC(Ly1)4RJUACIL1e2),1) 0000512

CALL CROSSP(AJACILeL)9AJAC(L192)9RJACI(193)41) 0000513

UC 50 J=1l+NCM 0000514

CC SO K=1yNCM 000C515

50 RJAC(J9yKI=RJIAC(JoKI}/XJAC 0000516
Coease 0000517
Ceee TG DETERMINE B=L{N) AND BN=LI(ZETA) 0000518
Coeoe BlLlel)=00M{Ll)e(NII))yX 0C00519
Ceoe Bl291)}=0HM{2)e(N(I)) X 000052C
Coee SN=0HM(3) 4 (ZETA) o X 0000521
Ceone 0000522
00 14 J=1s2 0000523

DO 14 I=l.NEL 0000524
Bl(Jel)=040 0000525

UG 12 K=1,3 040CSs2¢é
VA(K)=G.0 00005217

00 1G L=1,2 0000528

10 VA(K) =VA(K)}¢RJACIKsL)I=SHP(LsI) 0000529

12 BUJeI)=BUlJg[)¢eVA(K)FOHM(Ky J) 0000530

L4 CONTINUE 0000531
BN=0.0 00005321

OC 15 J=1,3 0C00533

15 BN=BN+OHM(J¢3)3RJAC (s 3) 0000534
RETURN 0000535¢

END 000CS53¢&d
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(-...
C...
C...

25

20

30
32

SUBROUTINE LUAD9(NEL'NDH'NDFOTYPEvFvXRQNhoTTQOHﬂyP'XL|

11/51/55

0000537
0000538

SUBROUTINE TO COMPUTE GENERALIZED LOAD CCRRESPONDING TO EACH LCADO000OS39

CASES

IMPLICIT REAL*8 (A-H,y0-2)

COMMON/SHAPI/VA(393)9VI3)eV3(39919BU(39395)9sBR{3¢3,9)

LeCR(39395)4CT(343)yLX(3)

COMMON/ELMO3/XJACIRJAC (3931 9SHP(399)9BNsB(2+9)4CE9ISWE
DIMENSION QOHM(343) oP(1)9XLINDMyl)

NJ=1

JJ=0

IFITYPEeGE«30INJ=3
H=1.0DGC

IF(TYPE«LE«340)G0 TO 20
A=Je0

DC 25 I=1sNEL
H=HeSHP (34 11 =XL(3,41)
H=E(XR=-H)
IF(HeLTeO0e«O)IH=040

DO 32 I=1leNEL

00 30 K=1¢NJ

J=4=-K

A=0OHM(Je3)*=H
IF(TYPECEQe24CIA=CHM(343)
IF(TYPECEQse 14000)A==TT
PlUJ+d)=P(JJeJ)¢eSHP (34 I)FF=WN*A
JJ=JJ¢NDF

KRETURN

END

00GC054C
0000541
0000542
0000543
0000544
0000545
0C0054¢
0000547
0000548
0000549
000055C
0000551
0000552
0000553
0000S54
000C555
000055¢
0000557
0000558
0000559
0000560
0000561
0000562
0000563
0000564
0000565!
0000566!



ZLEASE 2.0

L...
C...
('...
C...

10

11
CO..
C.O.
C...

12

(.....
L...

C‘.O

LOCALS DATE = 76008 11/51/55
SUBROUTINE LOCALI(RR ¢SSy TTyNDMsNELOHMySeReTyXLoeIX)
IMPLICIT REAL*8 (A-H,0-2)
COMMON/SHAP9/VA(393)eVI3)9V3(399)9BUI39399)¢BR(393,49)

L1oCR(39399)4CT(3¢3)9LX(3)
COMNMON/ELMO3/XJACIRJACE393)9SHP(399) yBENgB{2¢9)9CHeISKE
UIMENSION GHM(3¢31¢R (LI oSUL)oTUL) o XL INDVMol)oIX(1)
TT=0.0
CALL SHAPEGIRRySSeNEL)

00 1 I=1sNEL
TT=TTeSHP(31)%T(I)

FINC DIRECTION COSINE OF LOCAL AXES BETWEEN ANY PCINT(RR¢SS) AND

GLOBAL AXIS

00 10 J=lsNCM

CHM(Js1)=0.0

OHM(J42)=0.0

00 10 I=lyNEL

CHM(Jo 1)1 =0HM(Jyl)¢SHP{LeI)EXL(Js])
CHM(J92)1=0HM(Jg2 ) ¢SHP(241)%XL(JyI)

CALL CROSSP(QHM(1el)90HM(142)40HM(143),0)
00 11 J=1+NCHM
AQHM=DABS (OHM(Js3))
IFIAOHMeLE«1400-10}
CONTINUE

OHM(J+3)=0.0DC

FIND SHP(LleI) AT (0e090«0) AS-IN EQe (4)
CALL SHAPES(0.0CO0+0.0DOyNEL)

0O 12 J=1sNCM

CHM(Jy1)=C.0DO0

Vw0 12 I=1sNEL

CHM{Jy L )1=0HM(Jg L) +SHP( 1o IVEXL(JyI])

CALL CROSSP(QHM(193)40HM(1,41)9QHM(142),0)
CALL CROSSP(CHM(192)90HM{193)90HM(1y1),40)
RESTORE SHAPES AND CERIVATIVES VALUES AT (RR,SS)
CALL SHAPE9(RRySSyNEL)

RETUKN

ENC

0000561C
0000568C
0000569C
00005700
0000571C
0000572C
000CS573C
00005740
0000575¢C
000057¢&0
00005770
0000578C
00005790
0000580CC
00005810
000Cs582C
000cs5830
0000584¢C
¢oucseso
00005860
00005870
00ce0s58s80
goocssscC
000059CoO
000Cs910
0000592C
000059130
00005940
00005950
000059¢C
00005970
00005s98C
00005990
00006000
000cs010
0000602¢C
00006030
0000604C
00006050
00006060
00006070



‘LEASE 20 POINTS DATE = 75008 11/57/55
SUBRUUTINE PUOINTO(RR9SSeiwWeloLL) 000060¢
Cove ' 000060
Ceee LOCATE PRCPER GUASS POINT (RR¢SS) CONSISTENT INTEGRATION SCHEME o 00CO61(
Cooe 000061 |
IMPLICIT REAL*¥8 (A~H¢0-2) 000061
OIMENSION RI(9)9S(F)eRELE) 9S6(6)9REG(4)9S4(4)9S52(2)¢LI(F)eLEE) 0000Q61:
DATA RG/3%=1.0D043%0.000493%1.000/ 000061 ¢
DATA S9/-1400090¢0D0091e0D009-1e000¢0¢000¢1e0009=1e00090.00Cs1.0D0/ 000061°
DATA L9/25140925440+164940+25+40+25/ 000061¢
DATA R6/-1eCD0491e0D09=1e0D09y10D004¢-1.00041.0D0/ 0000617
DATA S6/-140009-1e000¢0e0D0¢00D09100391.0C3/ 000061¢
DATA L6/59596989595/ 000061¢
DATA R4/-140D0910D09=-10D091.0D0/ 000Cs62¢
DATA S4/-1e0DCy=-14000910D0¢1.0CGC/ 0000621
DATA S2/-1.00041.000/ 000062¢
Cene 000062:
Ceee FIND WHICH GUASS POINT IS NEEDED « 0000624
Cene 000Cs2¢
IF(LLeNE.Ll}) GO TC SO 000062¢
RR=0.000 0000621
SS=0.0C0 000062¢
WW=4.,000 0000625
RETURN 000063
50 IF(LLeNES2) GC TO 70 0000631
SQ=DSQRT(3.0D0) 0000637
RR=04000 0000633
$S=S2(L)/SG 0000634
Wk=2.000 00006135
RETURN 0000613¢
70 IF(LLeNEL4) GO TO 100 0000637
SQ=0SQRT(3.,000) 00006138
RR=R4(L)/SC 0000639
§S=S4(L)/SQ 000064C
wh=1.000 0000641
RETURN 0000642
100 IF(LLeNE&S) GO TQO 200 0000643
SQR=CSQRT{3.000) 0000644
SQS=DSCRT(0.6D0) 0000645
H=1.000/9.0C0 0000646
RR=R6(L)/SQR 0000647
$S=S6(L)I=SQS 00006438
wW=HZL6 (L) 0000649
KETURN 0000650
200 IFi(LLeNE«9) GC TO 300 0000651
SQ=DSQRT(0.600) 0000652
H=1.000/81.000 0000653
RR=RI (L }%S5Q 0000654
§$S=S9(L)*SQ 0000655
WW=H=LI (L) 000C65¢
RETUKN 0000657
3C0 WRITE(6493001)LL 0000658
3001 FORMAT(SX955H%%* FATAL ERROR %% THERE IS NC SUCH INTEGRATION SCHEMEO000659
1 =415} 0000660
STOP 0000661
END 0000662
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SHAPES

SUBROUTINE SHAPE9(RySeNEL)

THIS SUBROUTINE
DERIVATIVES FOR
CR
CR

IMPLICIT REAL=*8

COMMON/ELMO3/XJACIRIAC(393) 9SHP(3499) yBNyB(299)9CEH9ISKE

CALCULATES
THE 4-NODE
THE 8-NODE
THE 9-NODE

(A-hy0=-2)

DIMENSION RV(4)ySV(4)

DATA RV/=1200041e00041.0009-1.0D0/9SV/-1e0D049-1.00091.0D0041.000/

R2=R%*2.000
52=5%2.000
RR=R=*R

$S=5%S§

RS=R=%S
RRS=RR*S
RSS=R%*SS
RS2=R*S%24000
RRSS=RR=*SS

SHAPE FUNCTIONS

IF(NEL«NEe4) GO
LO 50 I=1ly4

CATE = 79008

THE SHAPE FUNCTIONS AND
LAGRANGIAN ELEMENT,
SERENODIPITY ELEMENT,
LAGRANGIAN ELEMENT,

«4-NODE ELEMENT,

TG 100

SHP (19 [1=0e2500%RVIII%(1e000+Sy(I)%S)
SHP (24 11=2042500%SV(I)%(1+0D0+RV(I)%R)
SHP (391120425004 (1s0D0¢SVII)%S)&(10D0+RV(IIZR)

CONTINUE
KETURN

IF(NEL.NE«8) GO TC 200

SHAPE FUNCTIONS

e8-NCDE ELEMENT.

SHP(391)=(-1.0¢RS¢*RR¢SS=RRS=RSS) /4.0

SHP(3¢2)=(1e0-S-RR+RRS)1/2.0

SHP(343)=(-1e40-RS*RR+SS~RRS*RSS)/4.C

SHP(344)=(1e0¢R-55-RS5S5)/2.0

SHP(395)=(-1e0¢RS+*RR*SS+RRS+RSS)/4.C

SHP(396)=(1e0¢S-RR-RRS)/2.0

SHP(347)1=(-1e0-RS*RR¢*SS+*RRS=RSS1/ 4.0

SHP(3¢81={1e0-R-SS*RSS)/2.0

SHAPE FUNCTION OERIVATIVES

SHP(1ls1)=(S+¢R2-R52-551/4.0

SHP(142)=-R*RS

SHP(193)=(-S+R2-RS2¢S55)/4.0

SHP(ls41=(1e0-5S)/2.0
SHP(1951=(S+R2+¢RS2+55) /4.0

SHP(146)==R=RS

SHP(1le7)=(=-S¢R2¢RS2~-5S)/4.0

SHP(198)=(-1.0+¢SS)/2.0

SHAPE FUNCTION OERIVATIVES

SHP(291)=(R¢S2-RR-RS2) /4.0

11/57/55

000066 3:
0000664!
0000665
000C666!
G00066 71
0000668!
00006691
00006 70!
0000671
000067 2(
000067 3¢
00GC6 74
00006 75¢
0000676
000067 7¢
00006 78¢
00006 75¢(
0000680¢
0000681
000068 2¢
000068 3¢
0000684
0000685¢
0000686
0000687¢
0000688C¢
0000689C¢
000069CC¢
000068951¢
0000692C
0000693C
0000694C
00006550
00006960
000065170
0000698¢C
0000699C
000070CC
00007010
00007020
00007030
00007040
00007050
00007060
00007070
00007080
00007090
00007100
00007110
0000712¢C
00007130
00007140
00007150
00007160
00007170
00007180
00007190
00007200
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200

300

SHAPES

DATE = 75008

11/57/55

SHP (292)=(~1.0¢RR) /2.0 00007210
SHP(293)1=({~R+52~RR¢+RS2)/4.0 00007220
SHP(2¢4)=-S-RS 00007230
SHP(295)=(R*S2¢*RR*RS21/4.0 00007240
SHP(2+6)1=(1e0-RR1}/240 00GC07250
SHP (29 7)1=(-R¢S2¢RR=-RS52})/4.0 00007260
SHP(298)==S*RS 00007270
RETUKN 00007280
IF(NEL.NE«S) GO TO 300 00007290
00007300

SHAPE FUNCTIONS «9-NCDE ELEMENT. 00007310
00007320

SHP(341)=0e425D0%(RRSS=RRS=RSS*RS) 00007330
SHP(392)==Ce5D0% (RRSS~SS=RRS+S) 000C7340
SHP(3431=-0+2500%(RS*RRS-RSS=RRSS) 00007350
SHP(3+4)==-0+4500%(RSS+RRSS-R-RR) 00007360
SHP(395)=0e2500%(RS+RSS¢RRS+RRSS) 00007370
SHP(396)=Ce5DC*(SS+S-RRS-RRSS) 00007380
SHP(3+471=042500%(RRSS-RSS*+RRS=RS) 00007390
SHP(398)=0e4500%(RSS-R=-RRSS+RR) 00007400
SHP(399)=RRSS-RR~-55+1.000 000C7410
00007420

00007430

SHAPE FUNCTION CERIVATIVES 00007440
00007450

SHP({1l91)=0e25D0%(20D0%RSS=S5-2.0B0%RS*S) 00007460
SHP(192)=-0e500%(2.000%RSS-2+000%RS) 00007470
SHP(143)==0e25C0%(S5¢2+0C0%RS-55-2000%*RSS) 000C748C
SHP{1l94)==0e500%(S5S¢2.0D0%RSS-1000-2.0CO*R) 000074S0
SHP(195)=042500%(S¢2,0D0%RS+55+¢2,CDO%*RSS) 00007500
SHP(196)=0e500%(-24000%RS=2.000%RSS) 00007510
SHP (19 7)1=-0e2500%(S5S+55-2.000%RS-2.,0D0%RSS) 00007520
SHP (1981=0e5D0%(SS-1.0D00-2.0D00%RSS+2,000%R) 00007530
SHP(199)=24000%RS5SS-24000%*R 00007540
00007550

SHAPE FUNCTIGN DERIVATIVES 000075¢0
00007570

SHP (2+1)=0642500%(2.0D0%RRS-RR=-2,0D0%*RS¢*R) 00007580
SHP(242)==0e500%(2+000%RRS-2.000%S=-RR*1,GCO) 00007590
SHP(293)=-0e25C0%(R-2.0D0%RS+RR=2,0D00%*RRS) 00007600
SHP (294)=-0+500%(2+0D0%RS+2.0D0%*RRS) 00007610
SHP(2951=02500% (R*+20D0*RS+RR+240D0%RRS) 00007620
SHP (2+6)=Ce500%({20D0%S5S+1,0D00-RR-2.0D0%RRS) 00007630
SHP(297)==0+42500%(R-RR+2.0D0%RS-2+.0D0%RRS) 00007640
SHP(2981=0e5D0%(2+4300%RS=2¢0D0%RRS) 00007650
SHP (299)=2.0D0%RRS-2.,0D0%S 00007660
RETURN 00007670
WRITE(6+43001INEL 00007680
3001 FORMAT(5X¢55H*% FATAL ERROR *%* THERE IS NO SUCH ELEMENT WITE NODES00007690
1 =415} 00007700
sTae 00007710
END 00007720
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TORSN9

CATE

715008

SUBROUTINE TCRSNS(DsSeWSeTT9OHMyNSToNEL ¢NCF)
IMPLICIT REAL*8
OIMENSION C(Ll)¢SINSTel)9eCHM(393)9VA(3,9)

CCMMUN/ELMO3/XJACYRJAC(1343) gSHP(399) 4BNyB(249)+CE4ISKE
COMMON/SHAPS/VVI(394) eV3(349)+BUI39349)9BR(34349)

(A-H,0-2)

LeCR(3¢399)9CT(393)eLX(3)
GG=CT(lel)*1le2

GW=WSHGG*TT=*0(7)
00 10

IJ=LeNEL

DC 10 K=143

10 VAIKsIJ)=0e50C%(CHMIKy LISB(291J)-CHM{Ko2)%B(1s1J))
J1=0

DO 1 TIJ=1leNEL

K1l=0

00 20 IK=1l,1J

GWZ2=GW*SHP (34 I1J)%=SHP (341K}

D0 40 J=le3
DO 40 K=1,3
SUJLeJgKLeKISSIJLeJoKL*KI¢VAIJGIJISVA(K9LIK)H=GHW

SUULe3¢JyKLle3¢KI=S(JL¢3¢JeK1¢3+K) ¢OHM(J 93 )=0HM(K93)FGW2
sKLe3¢K) ¢VALJ9TJYIZSHP (I IK)IZOHM (K93 )=GW
) ¢SHP (39 TJ)*0HM(J 93 )13VA(Ke IK)IZGW

StJl+d

1KLe3eK)=S{Jled

40 SUJleJe3yKleK

20

KL=KL1 +NCF
J1=J1 +NOF
KETUKN
END

1=SUJleJe39KleK

11/57/55

0000773
000C774
0000775
0000776t
0000777
0060778
000C77st
00007801
00007811
0000782t
0000783
0000784t
00007851
0000 786!
0000787
0000788!
00007891
000CT79G
0000791
00007521
000079 3(
0000794(
0000795¢
0000796
0000797(
0000758(
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106
150

2C0
250

20 TRIMUL OATE = 79008
SUBROUTINE TRIMUL(AyByCyABCoFACYIByNST)
IMPLICIT REAL*8 (A-H¢0-2)

DIMENSION A(3+3)9B(39319C(3¢3)9ABCINST$3149S(3)
DO 250 L=143

D0 150 J=1,18

TEMP=0,.0

DC 100 K=1,IB

TEMP=TEMP¢B(JoK)FCIK,4L)

SUJI=TEMP

DO 250 I=1,3

TEMP=0.0

D8 260 J=1,418B

TEMP=TEMP+A(JsI)%S(J)
ABC(IsL)=ABC(IoL)¢TEMP/FAC

RETURN

END

11/57/55

00007990
00008000
00008010
00008020
00008030
00008040
00008050
00008060
00008070
00008080
000C8090
oogos8licc
ooocsl1io
oooQsti20
000081130
00008140



//FACRIYAD  J3B 418-14CT4SENOL,'RIYACH MUSTAFA ',CLASS=W,
1y MSGCLASS=T

’/ " EXEC PGM=FEAP90

1/STEPLIB DD DSN=ACSe FAMLIB2,0ISP=SHR

'/ETO6FO01 DD SYSOUT=T

//FTOTFOOL [D SYSOUT=A

//ETOSFOI1 DD *

*FAP  ®% CYLINDRICAL SHELL TEST **

3 1 i 3 6 9
CCR
CBRT
1 2
7 0 25,0
2 3 8.5505 -1.5077
3 a 8.5505 2%.C =1.5377
2 2 16,0667 ~5,8489
< £ 16.0697 25.0 -5.8489
IATERT AL
iFLMAZ
i2Z2ef] +3 0.25 1.¢C
444 -1
LEMENT
1 ! 3 6 9 8 7 4 1 2 5
'CUNCARY
5 J
é ¢
2 -1 0 -1 1))
2 -i 0 -1 2
! j] -1 0 -1 0 =1 -1
4 =1 0 9 0 =1 -1
7 : -1 -1 u -1 -1 =1
S J -1 0 -1 0 -1
NC
‘8 CR
ANG
0LV
ISP
TQE
NC

TCP

0200001C
0006C02¢C
0000003¢
0200004f
¢000005C
0000006¢
co9ee0o7C
ooococsc
ccoccosc
00060190
00000110
0g0ocel2c
00000130
00C001 4C
000C015¢
0090016C
¢agoca1r7e
0000018¢G
€0000190
0c00020¢
00000210
¢0000220
030C023C
000G0240C
000G025¢C
000C026C
00000270
0000028¢C
00000250
000C0300
0000031¢
000€032¢C
009000330
00000340
c00C035¢C
000C03¢0
€0000370
000C038cC
00060390
€cocCo40C
00000410
00000420
00000430
00000440
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