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Abstract

Several refined theories of plates have been developed in the recent decade. All such theories
have attempted to incorporate the effects of tranverse shear stresses and tranverse normal stress and strain
which become important as the ratio of the plate thickness to characteristic length (h/L) increases. The
theory developed in this dissertation belongs to this category, except that it differs in that generalized
forms of stress are assumed initially, which leads to the formulation of a more accurate theory of bending
of hick plates.

Upon comparison of the results from this present work with the exact solution and other previous
refined theories, the present theory yields results closest to the exact solution for both deflection w and
inplane stresses, up to a ratio of h/L as high as 3.0 for the case of cylindrical bending, and up to a ratio of
h?1 as high as 1.0 for the case of rectangular plates.
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Chapter 1

INTRODUCTION

The behavior of a plate is affected greatly by its thickness.

For this reason, plates can be divided into three categories (1]:

(1) thin plates with small deflections
(2) thin plates with large deflections
(3) thick plates.

In order to simplify the theory of plates, many assumptions have
been made when developing a theory for thin plates with small deflec-

tions. These assumptions can be summarized as [1]:

(1) No stretching of the middle plane of the plate. This plane
remains neutral during bending.

(2) Points of the plate lying initially on a normal-to-the middle
plane of the plate remain on the normal to the middle sur-
face of the plate after bending.

(3) The normal stresses in the direction transverse to the

plate can be disregarded.



As a result to the above assumptions, many limitations are imposed on"
the classical theory of plates. As the thickness of the plate
increases, the effect of transverse stresses and strains on the
deflection of the plate and on the inpl.ane stresses can not be neg-
lected. Also, the resulting governing equation for deflection of the
middle surface is of the fourth order which implies that two boundary
conditions on each edge are needed for solution. This contradicts
the requirement of satisfying three boundary conditions on each edge

as elasticity theory states.

In order to overcome some of the limitations of thin or classical
plate theory, researchers have developed a number of refined theo-
ries. Reissner [2] was the first to provide a refined theory that takes
into account shear deformation. He did not include the effect of
transverse normal strain. A special variational theorem was used by
Reissner to develop his theory. As a result of his work, only mid-

plane displacement Wy and bending moments and shear forces were

modified. Stresses Oy Gy' and ‘txy were not modified in Reissner's

theory.

Some other theories [3,4,5,6] were developed to include the
effects of transverse shear, transverse normal stress, and transverse
normal strain. However as in all previous refined theories only the

displacement "w" was corrected and the inplane stresses: o
p x’ y’

and txy were left as for the Kirchoff thin plate theory.



Another refined theory was developed by Kromm [7,8]. Kromm
introduced more general stress distributions across the thickness of
the plate. But Kromm neglected the effects of the transverse normal

stress, c, and normal strain, €,-

Panc [9] had modified Kromm's work by deriving the governing

equation for the function f1 (z), used by Kromm, in a different way.

Panc called this refined theory a "Generalized Theory".

In the present work, a new refined theory will be developed
making use of Panc's generalized theory and a refined theory pre-
sented by Baluch et al. [10]. Figure 1.1 summarizes the state of the

art and highlights characterestics of present formulation.

The effect of the transverse shear stresses, the transverse
normal stress, and the transverse normal strain on the deflection "w"

and on inplane stresses: Oy Ty and Txy will be considered. Also,

a general stress distribution across the thickness of the plate will be
assumed. Solution of problems of bending for isotropic thick rectan-
gular plates with different boundary conditions (i.e.: simply sup-
ported, free or clamped at y = *b/2) will be considered. Also the
applied load will be of general form (i.e.: concentrated, uniformly

distributed or other continuous distribution).

In this present work, the importance of developing a refined

theory that takes into account the effects of normal stress O, and



shearing stresses ¢ on inplane stresses and on deflection will

y T
Xz’ yz

be illustrated explicitly. The normal stress G, for example, will be

shown to have values of the same order as the inplane stresses

L oy, and xy for plates of appreciable thickness.

A Levy type senli;inverse method will be followed to obtain the
solution for bending of isotropic rectangular plates. In order to test
the present theory, some problems of thick isotropic rectangular
plates will be considered and compared to already existing theories

and to exact solution, whenever it may exist.
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Chapter 2

THEORETICAL BACKGROUND

In this chapter, basic relations in the classical theory of iso-
tropic elastic plates will be shown. Particular simplifications are
introduced into the governing equations of the mathematical theory of
elasticity. These simplifications give results which do not differ sig-
nificantly from those obtained from the exact equations for the range

of definition of the problem.

The simplifying assumptions used in various plates theories
come from using the definition of a plate as a body which has one
dimension which is small and also from results of elementary beam

theory.

The stress-strain relations for an isotropic body are given by

[9]:
1
€ = 5 [cx - v (oy + O'Z)l (2.1)
1
F’y =¥ [O’y - v (cx + cz)] (2.2)
e. = Lo, - v(o, + o) (2.3)
z E Uz X y y
Yy = % Ty (2.4)



(2.5)

-
1l
Q-
G
”
N

Xz

Yyz = (2.6)

Q|
-y

<

N

In the classical theory of plates, the following assumptions are

adopted:
o, = 0 (2.7.1)
€, = 0 . (2.7.2)
Yz = 0 (2.7.3)
Tyz = 0 (2.7.4)

For small deflections, compared with the plate thickness h, the

strain-displacement relations in rectangular coordinates are:

e, = % (2.8.1)
&y = %v (2.8.2)
6, = ‘;—‘;’ (2.8.3)
Tay = g—; + % (2.8.4)
Vg = %‘z‘— + g—;’ (2.8.5)

Because of the assumption in equation (2.7.2) the deflection function

depends on the variables x and y, thus:



W= w(xy) (2.8.6)

Introducing equation (2.8.6) and (2.7.3), (2.7.4) into (2.8.4) and
(2.8.5) yields for the displacements u and v after performing inte-

gration with respect to z:

= -z % + u_(x,5) (2.8.7)
ve= -z % + v (%,Y) (2.8.8)

where: u,, v, are functions of integration. These functions define

a state of plane strain of the plate (i.e. deformations independent of
z). They correspond to forces acting in the middle plane of the
plate or to a uniform heating of the plate. These functions can be
neglected during bending, if the only load acting on the plate is nor-
mal to its surface, and if the edges of the plate are free to move in

the plane of the plate.

Introducing the simplifications (or assumptions) in (2.7.1-4),

the stress-strain relations become:

- 1 _
€ = ' (cx voy) (2.9.1)
s, = L o - vo) (2.9.2)
vy~ . 9.
Yo = L« (2.9.3)
xy = G xy -9
A T 0 : (2.9.4)
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The above set of equations represent the elasticity relations used in

the classical theory of isotropic plates.

Consider an element of volume dxdydz (Fig. 2.1). Then the

stress components acting on this.element must satisfy three conditions

of equilibrium which are expressed in the absence of body forces by

the equations:

do ot &
X Xy Xz _
+ + =0 .

ax 3y 2z (2.10)
dc &t &

y + YX 4+ Y% -9

- ¥ 3 (2.11)
doc ar ar

Z + X 4+ W -0 (2.12)
0z oxX cZ

The shearing stresses satisfy conditions of symmetry which result

from equations of moment equilibrium

‘Exy = ‘tyx
Ty = Tyx (2.13)
tyz = tzy

The equilibrium equations in 2.10, 2.11, and 2.12 are also known as
the Cauchy equations. In the solution of plate problems, the stress
components are usually replaced by the corresponding resultants per
unit length. These resultants are denoted by bending moments,

twisting moments, and shearing forces. They are defined by:



+h/2
oz dz

-h/2

+h/2
o._z dz

+h/2

+h/2

+h/2

v dz
-hy2 Y%
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(2.14.1)

(2.14.2)

(2.14.3)

(2.14.4)

(2.14.5)

Neglecting body forces, the equilibrium equations in terms of the

internal forces as defined by equations (2.14) and the lateral load

p(x,y) acting on an element hdxdy of a plate (Fig. 2.2) take the

form:

The relations given above

aQ

+ —Y ¢+ p =

ay

of elastic isotropic plates.

(2.15)

(2.16)

(2.17)

represent the basis of the classical theory



Figure 2.1 : Three-Dimensional Element (Note : +... = increment)

12
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Chapter 3

FORMULATION

3.1 Governing Equations for the Bending Problem

The following generalized assumption has been introduced by

Kromm [7,8] to approximate the variation of the transverse normal

1
stress !

o, = P(x,y) £, (2) (3.1)

If the load p(x,y) acts only at the upper surface z = -h/2 of the

plate, the function £ ' (z) must satisfy the boundary conditions:
£, (-h/2) = -1, f1(+h/2) =0 (3.2)
The distribution of transverse shears is assumed in the form:

Tz = x,¥) £,
(3.3)

vz = Qx,¥) E,@)

(1) See Figure 3.1 for a flowchart presentation of the theory devel-
oped.

14
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Figure 3.1 : Flowchart For Present Theory.
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where fa(z) must satisfy the stress boundary conditions at the sur-

face of the plate i.e.
E,(xh/2) = 0 (3.4)

On substituting equations (3.1) and (3.3) into the stress differential

equation of equilibrium

dt dt do
XZ vz z _
+ + =0
ox ay 0z (3.5)

one obtains

Q, R d, @ _
o T o) L@+ po—— = (3.6)
However
Q, X
p + 3y + p=20 (3.7)

Thus for identical satisfaction of equation (3.6) one should have

_ df1 (z) ' )
fz(Z) = T = fl(Z) (3.8)
Thus txz,tyz can be written as:

ep = Qucfy (2)
(3.9)
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Ty = Qf, (2)

and conditions given in equation (3.4) can be written as

f:(:L-h/Z) =0 (3.10)

The transverse normal strain ¢ z is given by:

5, = 5 19 = Bo, + o) (3.11)

Using equation (3.1) in (3.11)

_dw _ 1 _ pUaMz
2 = % - PEWE(2) - ¢ 3 (3.12)

where
M = Mx + My (3.13)

and Oy + Gy has been assumed to be of the form

_ 12M
o, + O’y = 3 / (3.14)

The above linear distribution for the stresses Oy and O’y was used

as an input stress to enable us to get an expression for €, which

on integration, yields a rational assumed form for the transverse dis-

placement w.
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Integrating (3.12) with respect to z yields the rational form for w

as:

w(x,y,2) = 1p(x,¥E,(2) - 2® + w (x,y) (3.15)
Eh
where
£,(z) = _[fl(z)dz (3.16)
wo(x,y) = transverse displacement of the surface z = 0.

(3.17)

The displacements u(x,y,z) and v(x,y,z) are obtained by making use

of the strain-displacement relations:

T

Ju aw Xz
—_—t — = =
2 Yxz G (3.18.1)
ow tyz
—_— — = = = . .
oz oy YYZ G (3.18.2)

Using equations (3.3) and (3.15) in (3.18.1) and integrating with

respect to z gives for u

ow Q
= —g_ 0 . X ~ 1 4
u= -zt g 5@ - § i ()
p 20 M3 (x,y) (3.19)
Eh3 ox o

where
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£,(z) = [ £,(z)dz (3.19.1)

uo(x,y) = u-displacement of the mid surface (3.19.2)

Proceeding similarly, one may obtain an expression for the displace-

ment v in the form

% Y -1l
v Z&y + 3 fl(z) E 3y 3(z)
+ 2 M 3 v (x,¥) (3.20)
En® %
where
vo(x,y) = v-displacement of the mid surface (3.20.1)

In refined theories taking into account influence of transverse shear

only, u and v, are taken to be identically zero.

The remaining stress-strain relations are

E ) i}
6, = ———— [ + pe_| + g (3.21.1)
X p. 4 - ¥4
(1-p%) v Qs
o, = _E_z ey * be l + (15 s 9, (3.21.2)
(1-p% H
Yy = Oy (3.21.3)

The strain-displacement relations are given by
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du av du av
= — — = e ot —
*x ax’ SY ay '’ ny ay Gx (3.21.9)

Substituting equations (3.1), (3.19), (3.20) and (3.21.4) into the set

(3.21.1), (3.21.2) and (3.21.3) yields

2
. - E _za v, . £, (z) an _ £.(2) 62p L 2 azMzs
(l—ua) ax? G ax E ex? Eh3 ax2
2
. _za W, . £ (z) 6Qy _ £.(z) azp L 2 62Mz3
B oy Gy E 42 ER® 2y°
du uév ]
E o o up
+ + — + f. (z .
P [ax By a-9 . (2) (3.22)
2
. - E _za v, . fl(z) aQy _ fa(z) 52p N 2 6aMz3
y (1_“2) ayz G Jdy E aya Eh3 ay.‘a
2
bl e BB G2y s
ay° G o E 2  En® ax®
av péu ]
E o [e) up
+ + — + f. (z .
(1-4%) [ay ) "™ (3.28)

r = B
Xy  2(1+p)
_ 2f,(z) azp . 4 M 3

E dxay ER3 Ixdy

2 -
{ ) Fw,  £(2) @, £ (2) Q
-2z + +

oxdy G ay G Gx
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E [au° avbl] (3.24)
2(1+p) | oy ox
Using the definitions for the moment stress resultants
h/2 h/2
= g zdz ; M ¢z dz
X J-h/2 x Yy J--h/Z y
_ _ch/2
Mxy = I-h/Z Xy dz (3.25)
one obtains
2
M - E _hséwo haFan_haFaz
- 3
X (l_pa) 12 5.2 12G 71 X 12E %2
2 3 3w 3 cQ
, pb® M ! h o , b’ p Ty
40Eh 3 P 12 6y2 12G 't gy
_ w®. % , _un® a"M}]
RE 3,02 40En® ay?
uh°p
20— C1 (3.26.1)
where
F, = 12 h/2 -, £ (2)dz (3.26.2)
_ h3 -h/2
F3 - 12 h/2 f3(z)dz
hd "-h/2

(3.26.3)
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- %0 50 ) )
Mg =D [=X +p a: + ”(IE b pF, (3.27.1)
" do oo T
M, =D LWV + X+ “(IE*“) pF, (3.27.2)
_ op op
My = —D(lz ) [a; + a}f] (3.27.3)
where ay .
% B Fsp, oM
Px ox G X E ox 10En ox
ow Q
= - __9° x _ 1 1M
=~ % t s Nox | Rox (3.27.4)
w Q ) ]
- _ _o , X _1ép , 1M
oy & S o * Ty (3.27.5)
in which
G
s = & (3.27.6)
Fl
E
N = £ (3.27.7)
F3
R = % (3.27.8)

In order to obtain the governing differential equation for W

(1) See Appendix (A-4) for physical interpretation of
Py and (py



one first eliminates tp# and o v

(3.27.5) in equation (3.27.1) resulting in

2 2 -
dw aw 3 dQ 3
M, =-D - te—| t %Fi = T lg‘hl—p)F1
axz aya >4 (1-—p
2 2 2 2
SRl R[]
N ax2 &yz ax oy
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by using equations (3.27.4) and

(3.28)

Similarly, one obtains for the moments My and Mxy the expressions

2
3
M = -D 6wc’+u¢3wo +h3FaQy_ uh’p o
1 - 1
y 5yz ax2 6 ay 12(1—p)
-2 2 2 2
N s - %% M , 8 Ef]
N aya x> ay ax
w 3 Q )
= 0 h X y
My = Dl-p=—2 - 3= —+.]
Xy axoy 12 1 ay ox
2 2
s DA-wdp _ DA-p) i M
N dxéy R dxdy
The remaining two equations of equilibrium are

éMx _ aMxy - q
1753 ay X
¢ d
CMy _ Mxy - q
ey ax y

(3.29)

(3.30)

(3.31)

(3.32)

By substituting equations (3.28) and (3.30) in equation (3.31), one



24

obtains
3 3
hF h3F
_ 1 - _poAw - ________.59 D.d,
U 17 2% D3 ~ T3i-max  Nox P
D &

(3.33)

Similarly, substitution of equations (3.29) and (3.30) into equation
(3.32) yields

h’F h3F
1 d 1 dp
—_ —— = —-D—=—A — ——
W 17 2%y D% ~ Ba=pay
D d D 4
- = + =-—AM
AP * 73 (3.34)

Finally, on substituting equations (3.33) and (3.34) in equation (3.7)

yields the plate differential equation in terms of displacement w

3

2 h F1 ph F
=P — — 2 Ap + ———1 A
DA, = P ~ = * s
- %%Azp + %%AZM : (3.35)

3.2 Governing Equations for the Inplane Problem

On substituting for o_,o0. and =

from equations (3.22),
(3.23) and (3.24) into

_ h/2 . _ (b/2 . h/2
N, j—h/z 0,4z ; Ny j-h/Z cydz ; ny ‘[—h/z Xydz (3.36)
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and further making use of the inplane equilibrium equation

oN oN
X . _X¥Y _ o

= 3 (3.37)

results in the following differential equation in terms of displacement

u_and v
o o
2 2 2
uy L a-w i, a7V _ arw ;oo
= -
ax2 2 6yz axcéy Eh X
2 .2
+ F4i [6zp + a"'p] (1--;12)F g Qx + g Qx
2
Eh dx ax? aya Eh %2 ayz
(3.38)
where:
h/2 h/2
F_ = £ (z)dz, F, = f_(z)dz 3.38.1
2 = S, B2z Byo= 10 £,(2) ( )
Similarly, operating on the other inplane equilibrium equation
oN oN
Yy + XV =9
5y Ix (3.39)
yields
2 2 2
d
%Yo , -p) TV, arw Y
6yz 2 o2 2 Xy
= d+twg dp E..i. [aap + ip_]
Eh 20y Eh dy ax? 6y2
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2
- _(1'_:“_2)];? 6 Qy + 9 Qy 40
Eh 2 |2 oy (3.40)

3.3 Boundary Conditions

Physical interpretation for the terms mx,q\y follows the same
reasoning previously used in [10]. Thus Py is the rotation of a verti-
cal element x = constant of the plate and (py is the rotation of a ver-
tical element y = constant of the plate. Also, average displacement
functions u, v and w are used here in all boundary conditions where

u]] (1)
w=w + .R - _!I 3.41
(o] N R ( ) )

Since the order of equations in bending is six and in inplane
problem is four, three boundary conditions are needed to be specified
for bending and two boundary conditions for the inplane problem at

each end.

Bending Problem

1. Simply Supported Edge (x = 0)

(1) See Appendix (A-4) for physical interpretation of

Ppr @ u, v, and w.

y!
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w(0,y) = O, ¢, (0,y) = 0, M (0,y) =0 (3.42)

2. Clamped Edge (x = 0)
w(0,y) = 0, 9.(0,y) = 0, 9,(0,y) = 0 (3.43)

3. Free Edge (x = 0)

M (0,y) =0, Q. (0,y) =0, M, (0,y) =0 (3.44)

Inplane Problem

1. Edge Clamped Against Stretching (x = 0)

u(0,y) = 0, v(0,y) =0 (3.45)

2. Edge Free to Stretch (x = 0)
N, (0,y) = 0, v(0,y) = 0 (3.46)
3.4 Derivation of the Function f ,(2)

In order to derive the exact form of f , (z) that satisfies the

four boundary conditions given by equations (3.2) and (3.10), one
starts with the stress differential equations of equilibrium
do at 714

X X ZzX _
+ + =0
3 i 2 (3.47.1)
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at ac dt
Xy + Yy + Zy =0
Ix 7y 3z (3.47.2)
dt ot do
XZ yz z _
Ix + 3 32 0 (3.47.3)

ot o
Solving for -a—’;-z- and ;z’z from equations (3.47.1) and (3.47.2) by

using expressions for o_, o_, 1

x’ %y Txy from equations (3.22), (3.23) and

(3.24) and then substituting the result in the derivative of equation

(47.3) with respect to z yields

£f_(z)
E 2 2—u 3 2
(1—pz) [zA w, + (ZG ) fl(z)Ap + 5 A p
_ 2 3,2, & _ @
m—sz A™M KAUO -a—;AVO:l
1
+ pfl(z) =0 (3.48)

Differentiating equation (3.48) twice with respect to z and using the
1
relation f 3(z) = f 1(z) yields the following fourth order differential

equation in f ' (z)

" £ (z)
2— 1 2 12 2
%ﬁ)l £, (z)Ap + A°p = ==HzA°M (3.49)

(1-n? Eh®

pe(V)(z) +

Expand the loading function p(x,y) in double Fourier series

P(x,y) = ) ) Pp, sin o x sinfy (3.50.1)
m n
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The solution for M can be shown to be :
M= Mh + Mp

where Mh is the homogeneous part of the solution (i.e when p = 0)

and Mp the particular solution.

Substituting for M in equation (3.49) above, one obtains for the
homogeneous part of the solution corresponding to p = 0 the relation-

ship that
A, =0 (3.50.1a)

Relation (3.50.1a) indicates that it is the particular solution of M that

plays a role in determination of the function fl(z) .

The particular solution for M(x,y) corresponding to the loading

p(x,y) given by (3.50.1) may be taken to be of the form

Mp(x,y) = ;n: ; Mpp sin o x sinf y (3.50.2)

Substituting the expansions given by equations (3.50.1) and (3.50.2)

into equation (3.49) and dividing by Pon yields

e (z) - &t (2) + Bt (z) = Tz (3.50.3)

where
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—_— 2 2

x = El :3 @ + B (3.50.4)

_ (az ¥ BZ)B

B = % (3.50.5)
(1-u7)
12uM

C = mn (u;1 + Bfl) (3.50.6)

b3 (1-up,
_ m=n _ nrn
o = 2, By = (3.50.7)

Equation (3.50.3) is a fourth order non-homogeneous differential

equation in f ' (z) whose solution is given by

fl(z) = flp(z) + flh(z) = A0+A12+A2 cosh az

+ A, sinh az +A, cosh bz + A, sinh bz (3.51)

where
a = VA —4B)/2 (3.51.1)
b = "/(_ VA -4B)/2 (3.51.2)

and flp(z) is the particular solution as given by Ao + Alz, and
flh(z) being the homogeneous solution. Coefficients in the particular

solution are readily found to be

A =0 (3.52)
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12
A = 2Mmn (3.53)

1 hapmn
and the constants A, through A  involved in the homogeneous solu-
tion are found by using the four conditions given by equations (3.2)
and (3.10).
Subsequent to obtaining f . (z), all other functions dependent on

£ 1(z) are readily obtained and given by:

A A _ A -
£_(z) = 122 + -2 sinh az + —> cosh az
2 2 - =
a a
A, _ A, _
+ — sinh bz + — cosh bz + C, (3.54)
b b
A A
= 21,3 0 72 chEz + —2 sinh B
£.(z) = Tz + = cosh az + — sinh az
a a
A, © A, _
+ —— cosh bz + — sinh bz + C .z + C (3.55)
_2 _2 1 2
b b
4 —
_ 12 |h sh _ 2 ah
F1 = A1 + == |= cosh = > sinh 5 A3
a a
.
p 12 (B _ 2 o B A, (3.56)
3 B 2 _2 2
L b
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12 |h ah _ 2 ah
F3 = Al + —3— —y cosh T :—z- sinh T A3
h a
L a
12 [n bh 2 bh
+ =2 | = cosh — — = sinh — A5 (3.57)
3 | 2 _2 2
L b
_ 12 ah 2 _. bh
Fa = [-: sinh -Z—]Az + [: sinh -2—] A4 (3.58)
a b
_ 2 _. . 8h 2 ipp PR
B‘4 = C?.h + ——3 sinh —5— AZ + ——3- sinh T A4 (3.59)
a b

The constant 01 appearing in fz(z) is found by imposing the

condition (with no loss in generality) that

w(x,y,0) = w_(x,y) (3.60)

in equation (3.15) resulting in

A A
c = - [__3_ ¥ _5_] (3.61)

! a b
Similarly the constant C2 appearing in f 3(z) is found by imposing the

condition that

u(x,y,0) = u (x,y) (3.62)

in equation (19) resulting in
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A A

_ 2(1+p I e
c, = 2 4, + A) - | £+ (3.63)
am a b

As an additional check on the particular solution for plate deflection

w,, one may differentiate equation (3.48) with respect to z and then

set z = 0 in the resulting expression which yields

3 P ’ =3 -
Yoo = 1;2 mn -~ [AAI - BC, - A, [a -8A + %]
@2 + Bp) a
m n
-3 — B
- A, |5 -BA+ = (3.64)
b
where:
w, = ; % W, sin o x sin By (3.65)

and p(x,y) is as given by equation (3.50.1).

It should be noticed that equation (3.64) give particular solution for
LA which should coincide with the particular solution obtained from
the differential equation derived for the plate deflection w i.e.

equation (3.35).



Chapter 4

SOLUTION OF PROBLEM

BY SEMI-INVERSE LEVY TYPE METHOD

4.1 Solution of the Bending Problem

4.1.1 Derivation of the Governing Equations

From work in Chap. 3, one has the following:

%, do ]
- y
M D Ry i + |
v = W B —= Kp
ap aQ
M = -Dd-p | x . 'y
Xy 2 ay éx
where:
% % 1, am
Px ax S Nox = R ox

34

(4.1)

(4.2)

(4.3)

(4.4)
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ow -
- - _©° ., x_1p 1M
¥y = vy 8 N ¢y R dy (4-5)
s = -FCL (4.6)
1
E
N = — 4.7
F,
R = 121311 (4.8)
r(1+p) F,
K = —5— (4.9)
12 +h/2
F, = — z £ (z) dz (4.10)
1 3 1
~h/2
12 +h/2
F, = Y z £,(z) dz (4.11)
h™ -h/2
Using equations (4.4) and (4.5) and the following equation:
aQ aQ
A R .12

one obtains alternate forms for Mx’ My and Mxy as:
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2 -2 2 .2
RS RGN em
ox ay ox cy
2 2 - 3
i w i w 3 Q ph™F
My = D=2 ¢ w2+ T, L - e
y ay? ax2 1
2 2 2 2
P(Ze +ule) « B[22
oy 0x ay cx
w 3 éQ éQ
M = Dl-p) —2 - 2_F X y}
Xy axay 1271 ay cx

. Da-p a®p _ DA-p &°M
N oxdy R oxdy

(4.15)

where:

M=Mx+My

Defining average transverse displacement w and average rotations

Py q)y as (Appendix A-4)
w =w°+-§-—%{— (4.16)
% T~ %w; + % (4.17)
oy = - %— + % (4.18)

the set of equations (4.4), (4.5), (4.13), (4.14) and (4.15) are



rewritten in the form

2— 2—) 3 oQ ph™F
M, = |2 > * |+ t:; FL 12(1-11)"
L dx ay"~ J
3
M = -p|&W . pazw bl By T P
1 -
y kayz ax2 | 6 ay 12(1—p)
_ 3w _ n° Ry on
M = D(1-p)—— —F +
Xy oxay 12 1 ay éx
Eliminating shears from equations (4.19), (4.20),
equations (4.17) and (4.18), one obtains:
4 3 h 3 - 3
h™F 2= 22— h™F, do h™uF
M, = | D+—>5|2¥ - Do ¥ + 5% 12(1_‘
3 3 3
- — d h pF
M. = |-pelligld®W _pafw BT Ty 12:
Yy . 6 J ayz axz 6 ay ( I.l)
I h3F 2— hF op op
M, = |Dd-p - —2s| 21X ls |-X + ¥
Xy 1 6 axdy 12 oy ax
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(4.19)

(4.20)

(4.21)

(4.21) by using

(4.24)

Using equations (4.17), (4.18) to eliminate shears in the equilibrium

equations (3.31), (3.32), one obtains:

3 3
[_D+hFls]aa _[D_hFls] e
6 ax3 6 6xaz ax
3 3
h3F 2 hiF 2
+ G‘S" + lz’sa2 - S|,
ax2 dy
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3 3
+ h'ES 52 0. = ELQP_ (4.25)
12 oxdy | 'Y 120-p) ox :
h®F s} .3 h3F_S 3 _
{-D+ 1]6 —[D—- 61]62 S‘iw
6 ot ax>ay
3 3 3
h’F s .2 hF. s hiF. s .2
3
+[ I ]“’x+ e ~ S| %
xdy ay ax
3
= &QB (4.26)
12(1-p) oy

The third equation involving w, 9., and 0y is obtained by substitut-

ing equations (4.17) and (4.18) into equation (4.12):

2 2

[31‘ ; ﬁ] T[]t [2] 0 - R (8.27)

The set of equations (4.25) through (4.27) represents a sixth order

bending problem.

By using the set of equations (4.25), (4.26), and (4.27), the gov-
erning plate differential equation in terms of the average transverse

displacement w can be obtained as'!’:

M'(A%w) + N'A%W) = AA%p + Bap + Cp (4.28)

(1) See Appendix (A-1) for derivation of this equation.
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where:
h’F SD
M = T (4.29.1)
N'= - SD (4.29.2)
a 2
n’F
2- 1
A = - EI—S[ - ] S (4.29.3)
- (3—=2p) 43
B = + {5q5h’F,S (4.29.4)
C =-S5 (4.29.5)
2 2
A = [a—a + 6_2] (4.29.6)
ox ay
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4.1.2 Solution of Bending Problem by Semi-Inverse Levy type
Method

For plates with the pair of edges at x=0, x=a being simply sup-
ported, see figure 4.1 , the solution to equation (4.28) may be

expressed in the Levy form as:

wix,y) = W (x) + w,(x,y) (4.30)

in which the governing equations to be satisfied by ;"—1 and ;v-z are

given by [with Load p = p(x)]:

+ N'— 1t =Adp+Bd—Ial+Cp (4.31)

and:

M'a%w, + N'A®w, = 0 (4.32)

Expanding the load in a half range sine series

P = ) p,sinex (4.33)
m=1
with: o = % ‘ (4.33.1)



—‘-——a____>..4

> X

Figure 4.1 : Coordinate Axis For The Plate.

a1
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and the function ?1 expressed in the form:
w, = mzlam sin a_x (4.34)

The Fourier coefficients Bm are then determined from equation (4.31)

to be:

4 2
Ag — Ba_ + C
B = |— Pm (4.35)

RV 1 4
Mam+Num

The solution for Wz may be taken in the following form:
WZ = mZIYm(y) sin a_x (4.36)

in which Ym is obtained by substituting appropriate expressions for
;z and its derivatives in equation (4.32). The function Ym(y) can be
shown to be:

Ym(y) = Am cosh a v + Bmamy sinh a v + Cm sinh @ v

+ Dmamy cosh @ .V + Em cosh YTV + Fm sinh Yo (4.37)

where:

- _ N' _
¥ a T (4.37-1)
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Restricting the development to plates with loading and boundary con-

ditions that are symmetrical with respect to the x-axis necessitates

The complete solution for w becomes:
w = z w (y) sin a_x
m=1
= ) (A cosh a y + B a y sinh a_y
m=1
+ Em cosh YV + Bm) sin a X (4.38)

where:
wm(y) = Am cosh e v + Bmamy sinh a.y

+ Em cosh YV + Bm (4.39)

In a similar way the same set of equations (4.25), (4.26), (4.27) can
be used to obtain the governing equations for the average rotations

Py and (py.
For the symmetric problem considered, the solutions are of the form:

o, = ) P (¥) cos a_x (4.40)
m=1

iw (y) sin ¢_x (4.41)
m=1 ym m

S
il
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where:
1

1
Pum(¥) = Ay cosh a y + B a y sinh ey

1 1
+ E , cosh YoV t By (4.42)

n n
Cm sinh e,y + Dmumy cosh e,y

(v)

1 n
+ Fm sinh Tm¥ + Bm (4.43)

It should be noticed that due to symmetrical loading and boundary

conditions with respect to the x-axis, ®ym IS even in "y" while ym

is odd in "y".

Relations between the constants in w, Cy and (py :

In view of the order of the plate problem, there exists a linear

"
dependence among the nine constants Am through Fm' One way of

arriving at these relationships, together with the particular solutions

t n
Bm and Bm, is by the fcllowing procedure:

Substituting equations (4.1), (4.2), and (4.3) into equations (3.31)
and (3.32) and using equations (4.17) and (4.18) to eliminate the

transverse shears yields

2 2 2
— a

dw _D%% . a-w?% ., awpl®
ox 2

| — I+ 2 (4.44)
ax ay

2 2  dxéy X
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a0 % a* Dy
w _D|°% L a-n’%  a+w + 9P
v S| a2 " 2 3 oxdy | oy (4.45)

ox

Substituting for Py (py, w and p from equations (4.38), (4.40),

(4.41), and (4.33), respectively, into equations (4.44) and (4.45),

the following coupled ordinary differential equations in ¢__(y) and

a btained:
<pym(y) re obtaine

2
Dd-p d> _ 2D _ D(+y_ d
[.g._z_.— a — 1 (pxm +

nVm S “mPm (4.46)

and:

2
D+ d Dd _Dd-w,2 _
s 2 “mdy] ®m * [s : S 2z m ym

dWm .
- = (4.47)

Uncoupling equations (4.46) and (4.47) for P and (pym results in:

([®emle - [ow®s - om3ls
(@) a2+ 2 + 1] J(orm)
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2
_ D(l-p) d~ _ D(@A-w 2 _ - _ D
= % [f_z—dyz 57 %m " 1| (Vm ~ *5Pm) (4.28)

Similarly one obtains for Pym

([@emls - [ow®s - 523]5
o (@) el « 2(3)e, + 1 }{¢ym}

3
_[pa-wd® _Du-we2d _dlg - D
_[s 2 4y° S~ 2 'm dy dy (‘”m *PmS (4.49)

The required relationships among the constants, together with solu-
t n

tions for Bm and Bm are established by substituting relations in equa-

tions (4.33), (4.39), (4.42), and (4.43) into equations (4.48) and

(4.49).

Then these relationships are given by:

oo _ 2D s

Ay = —apAL — arB (4.50.1)

1

B, = -a B (4.50.2)

1 (!m

By = ro s — E_ (4.50.3)
[S0m-ew-1]

' —am(Bm - K_Islpm)

B = (4.50.4)

m (%a; + 1)




E 2

_ _ (2D 3
(lmAm —S-Q
-2 B

y

m E
D, 2_ 2 -1 m
[Fom—om-1]
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(4.50.5)

(4.50.6)

(4.50.7)

(4.50.8)
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4.1.3 Derivation of the Non-Dimensional Form of f . (2) and

Related Constants:

Consider the governing differential equation

(equation 3-49):

£€)z) - & f:(z) + B £ (2) = Cz

where:

>l
I
1
™
}
=
—
a
8
N

|
1
1
-

R

=

)

——

]
12;1(1m Mm

it - p®) Pm
It can be shown that:

4
a

E=_.E__A1
(1 - u?

Therefore, from equations (4-51.3), and (4-51.4), we get:

h3p
- m
Mm 7 A,

where:

for f1 (z)

(3-49)

(4-51.1)

(4-51.2)

(4-51.3)

(4-51.4)

(4-51.5)
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The particular solution for M = Mx + My can be written as:

M, (x) = m21 M_ sin a_ x (4-51.6)
It can be shown that Mm will be given by:(l)
3
F
- 1+p uh 1 _
M P = 13 (4-52)
m

Substituting for F1 from equation (3-5b) and for Mm from equation

(4-51.5) into the above equation results in:

274, 12w |2 ., 8 _h 8h
[(1 Ll)]A1+—3[-—Z sinh — ECOSh A,

) _ _
P12 |2 G bR U B o BRIL =0 (4-53)
hd |2 2 5 2
5

Equation (4-53) together with equations (3-2) and (3-10) represent
the boundary conditions that the function £ 1(z) must satisfy.
From equation (3-5):

t — —_— —
fl(z) = Alz + Az cosh az + A3 sinh az + A4 cosh bz

+ Ag sinh bz

(1) See Appendix (A-3) for derivation of this equation.
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A,
A = e (4-54)
Then £ 1(z) can be rewritten as:
£, (2) = Al(%) + A, cosh az + A_ sinh az
+ A, cosh bz + Ag sinh bz (4-55)
From the boundary condition on f 1(z): f 1(—h/2) = -1

one obtains

1 ah _ ah
-—2-Al + cosh 5 A, sinh - A,
b; bh
+ cosh 22 A, - sinh 2 A, = -1 . (4-56)

and the boundary condition f 1(+h/2) = 0 results in

1 ah . ah bh
EAl + CoshTA2 + slnh—?-A3 + cosh—z—A4
+ sinh 22 A =0 (4-57)

t
the boundary condition £ L (-h/2)

0 \yields
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A, - 3h sinh % A, + 3h cosh % A, - Bh sinh % A,

+ Bh cosh %ll A, =0 (4-58)

t
And the boundary condition £ . (+h/2) = 0 results in

- ah = ah = .
Al+ahsinh—§-Az+ahcosh—2-A3+bhsmh—A

+ Bhcosh 22 A, =0 (4-59)
Thus equations (4-53), (4-56), (4-57), (4-58), and (4-59) can be
solved for the constants A1 through A 5°

]
(Note that A . in equation (4-53) has to be replaced by A1 given by

equation (4-54) ).

Therefore the function of £ . (z) given by equation (4-55) is now com-

pletely known.
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Solution for other functions and constants related to f 1(z):

The expression F, will be rewritten in the following form:

_ 1= _
F, = Y F, (4-59.1)
where:
F1=A1+12 -__i-cosh-%l-— _zzsinh-a-zl—l- A3
ah (ah)
+ 12 |1 cosh BB - —Z_ sinn BB A, (4-59.2)
bh (bh)

Similarly F 3 IS rewritten as:

F, = bF, (4-59.3)
where:
Fs =L A1 + _12 I:cosh sh _Z sinh a—zh-:l A3
40 @hy® (ah)
¢ 12 [cosh -bgi - 2 sinn %E] A, + T, (4-59.4)
(6h)® (bh) ]
in which
C. = hC (5-59.5)



and:

= 1 1
c. =L a +=2a
! [Eh * bh 5]

Fa is rewritten as:

where:

f=P&m%P,ﬂiwmﬂp4

2 |gn bh 2

F 4 is rewritten as:

F P h™F s
where:
a_}ﬁm%%+jﬁm%
(ah) (bh)
+ Ca
in which
—— z—
C2 = h C2

and:
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(4-59.6)

(4-59.7)

(4-59.8)

(4-59.9)

(4-59.10)

(4-59.11)



a;hz (ah)

+[2(1+|.1)_ lle4

a;hz (@h)®

The function f z(z) is rewritten as:

£,(z) = hE,(z)

1 ,z.2 1
= (= A +
2(“)] ' [(Eh)

£,(2) = [

— cosh Ez] A, + [
| (ah)

| (bh)

sinh az] Az

(bh)

cosh bz] As + Cl

And the function f3(z) is rewritten as:

— 2 T
f3(z) = h fs(z)
where:

= 1 ,z.3 1
f = _ (= A 4
3(%) [6 (h) ] ! [(Z{h)a

cosh ~zizjl A

sinh Ez] A

2

4
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(4-59.12)

(4-59.13)

(4-59.14)

(4-59.15)
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| @) (bh)?
+ [ "1112 sinh bz] A, +T, &) + T, (4-59.16)
| (bh)

Having all the functions and constants related to f (z) written in a

non-dimensional form, one proceeds now to write the other expres-

sions in a non-dimensional form as follows:

The constant Bm appearing in equation (4-38) is rewritten as

follows:
4
Bn = K, - (4-59.17)
where:
_2
F1 4 4
k, =48 (2 - u)(1 + p) 1aq (mr) (h/a)
Fz 2 2 2
+ 3 — 2p)(A + p) T (mr) (h/a)” + 1 — pn
5 Fx 2 2
/1 (mz) I (mn) (h/a)” + 1 (4-59.18)

The parameter Ym appearing in equation (4-43.1) is rewritten as:
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V(mnim/e? + 2
F

1

|

Yoo =

15 18 2(h/a)® + 22 -
- Ly a[h v () (h/2) +F:| (4-59.19)

1

and Ym * —':2’- (a term that will be needed later) can be written as:

vy .b

m = .l.?— i ‘/ 2 2 + iz_
T = I V@m ke - <

1

(4-59.20)
One also has the terms:
D241 = ——F‘—— mm)2(h/a)® + 1 - 1 (4-59.21)
S m 6(1 — p) : k“ )
And:

D 2 _ 2, - (1 +p 1 _
S (Ym am) 1 = kza (4-59.22)

4.1.4 Expressions For Moments and Shear Forces in the Plate

Making use of the relations in equations (4-50.1) to (4-50.8),

one can write:

Py = Am (— L cosh amy)



57

2D 3 2 .
+ Bm( 5 %m cosh ey eV sinh @ ¥ )

+ (kzz L cosh ymy) Em + Bm (4-60)

q’ym = (—-um sinh umy) Am

2D 3 . _ 2
+ [— 5 e + am) sinh a.y e,V cosh umy] Bm

+ (kzz Ym sinh ymy) Em (4-61)

Substituting appropriate expressions using equations (4-60),
(4-61) and (4-33) into equations (4-1), (4-2) and (4-3), results in

expressions for the bending and twisting moments as:

M x = { [(1 - 11)(m1r)Z cosh umy] Am

[ZFlmn)"(h/a)2
+

2
5 cosh eV - 2u(mn)” cosh e ¥

+ (1 - p)(amy)(mrt)2 sinh amy] Bm

- |K (mzt)a - 2 (mn)z(h/a)a + _J:—Z cosh vy y| E
[ 22[ (h/a)z [ F1 m m
1 ] P al
+ B+ kp_ ° sin a_x (4-62)
m m 1201 - le) m



where:

' —(mn)*k, - k,k, ,

1201 - p?

_2
2ul + ) F,

2 T 30 wEn Y

4

And:

w
o]
]

p.a’
m kpm 2 2
12(1 - u)

1l + ) F,

kp_ = (h/a)?

m (mr)

Similarly My can be written as:

2
P.a

Yo - p?

M = —2 { -(1 - p)(mn)2 cosh a.y Am

58

(4-62.1)

(4-62.2)

(4-62.3)

(4-62.4)

(4-62.5)
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[ ~2F (mm)* (b/)*
+ cosh eV

6

-2(mrr)Z cosh eV - amy(mn)z(l — ) sinh czmy— B

+k,, 1 Py (mm)®(h/a)® + _1_—2 - p(mm)® E cosh y v
(h/a) ' |
1
- uBy + "5;} sin a_x (4-63)

Similarly for Mx y:

2
p.a
o 2

M Ll){ 2(mn)” sinh a.y Am

Xy ~ 2401 +

4F, (b/2)*@mm)*
51 =1 sinh a.y

+ Z(mn:)2 sinh ey + Z(mn)a @ v cosh amy] Bm

+ [(--Zk2 2(mzt)?m sinh YV ]Em } cos a_X (4-64)

Similarly the shear force Qx can be written as:

_ o _ 3
Q. = ——{ 2(mn)”~ cosh a.y Bm
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12k, ,(mn)
+ | ————— cosh y_y Em

(h/zel)zis"1 «
6(1 — p)mn) '
+ —_pmn [E + B ] cos a_x (4-65)
F,(h/a)" mom m
where:
pa’
. (o]
B.D = k‘[Eh"‘ ] D
_ 3 Po? J
M L12a - w®
or:
Bm = k, (4-65.1)

The expression for Qy can be written as:

P,2

Qy = [m] { (—Z(mn:)3 sinh amy) Bm

. [mk,_z(?m)

— sinhy_y{ E sin a__x (4-66)
F (h/a)® "‘] m ™
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4.2 Solution of the Inplane Problem

4.2.1 Formulation in Terms of Average Inplane Displacements
u and v

To start with, expressions for average inplane displacements

u and v are derived as follows:

Define:
_ 1 +h/2
U= g udz (4-67)
-h/2
and:
_ 1 +h/2
v = i vdz (4-68)
-h/2

Substituting for u from equation (3-19) into equation (4-67), one

obtains

F F
el 2 - _4 dp -
us=u, = % T R (4-69)

Similarly substituting for v from equation (3-20) into equation (4-68),

yields

T=v +-2Q - 420 (4-70)
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Noting that:

M= Mx + My
Then from equations (4-1), (4-2) and the above equation, one
obtains:
M=D|Q1 __acp" +_~¢ ] + 2K 4-71.1
= 4 - .
( W |5 3y P ( )
Thus:
3 3
.2 a9 "o 2
0M=D[(1+p)[ X + Y] +2K—ap] (4-71.2)
.2 .. 3 a2 2
éx éx X"y ox
3 3
.2 a0 a9 2
iM _p [(1 + p) X+ y ] + 2K "—p] (4-71.3)
. 2 aia 2 3 . 2
oy exaoy ay oy
Similarly using equations (4-69), (4-70), one has:
g’. + 1t zo_ = a_u-. + i .:’i]
éx ey ax cy
F 2 2
* i%(—a R - ]
ax? ay
F aQ aQ
2 X y
- + -
Gh [ T 3y ] (4-71.4)

Also:



z—
+ [aw

Using the previous expressions

63

(4-71.5)

and equation (3-22), the stress Oy

can be written in terms of average displacements w, u, v and aver-

age rotations ¢_ and ¢_ as follows:
x y

[e] =

2— 2=
E i w i w

X 2 P -_ 2
a - wl lax
3 3
io a9
+ X + Y 4+ 4
-3 - 2a
dx ax“ oy

b2
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Noting that:

64

(4-72)

(4-73)
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Gh ay &x (4'73.1)
Q do éQ 2—
oy ax F, cy X Gxay
2 63cp osqr 2
=D A+ + + 2K (4-73.3)
oxoy axaéy Ex&ya oxdy
and
2
W,  Pw _ 1 &%p . 1 M
axay axay N dxcy R éxay
Using the above relations into equation (3-24), we get for T v :
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[azp}[z_z_ _ 2¢ _(z) . 2F4

4 3
+ 2KD |22% + 4“23]]

+[a_“.+av

5 ’a?] (4-74)

Using equations (3-36) yields expressions for inplane stress resultant

- __E A, __p ]
Nx—(1—»2)[h[6x+“5yH+(1—;01:2 (4-75)

Similarly using equation (4-73) into second of equations (3-3b)

yields:
- __E o |y __up ]
R ua)[h { ax cy” - e @

The expression for ny is given by

du a‘&]

N,y = Gh [Ey‘ + = (4-77)

Using equations (4-75), (4-76), and (4-77) into the inplane equilib-

rium equations (3-37) and (3-39), yields the inplane governing equa-

tions in terms of average inplane displacements u, v:
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Pu , A +w a°v (1 - du
ax2 2 axdy 2 ayz
- + -
_ pl + p F, o 478
Eh X ( )
v , Aty ow A -w 3V
2 2 oxay 2 D
(4-79)

Eh oy

4.2.2 Solution for U and v:

It can be shown that the inplane governing equations (4-78) and

(4-79) can be uncoupled for u and v to give:

A% @ = k, Ea; {(Ap} (4-80)
And:
2 — d
A" {v} = k, Wy {Ap} (4-81)
where:
— -p(1 + pF, A
s = T (4-81.1)
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Since from equation (4-33):

p =) P, sin o X

thus
2 ap =Y -a® p_cosax (4-81-2)
3x P m Pm m
Assume that u will be of the following form:
u =)y u (y) cos o x (4-82)
Then: AZU from equation (4-82) is:
2 212
A% = [ ad + d ] a
2 .2
ax oy
d*u d*u
_ 4 - .2 m m B
Y @ U 20 + — t | cos opx (4-82.1)
dy dy i

Substituting equations (4-82.1), (4-81.2) into equation (4-80) yields

)

the governing equation for u as

3 k (4-82.2)

The solution of the above linear differential equation is given by
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w, = up + u, (4-82.3)

From equation (4-82.2) the particular solution for u may be shown to

be
u, = - k, — (4-82.4)
It can be shown that Gh will be of the following form:

u = C, cosh a v + C2 a v sinh a v + C, a vy cosh Oy
+ C4 sinh eV (4-82.5)

Asuming that u will be symmetric with respect to the x-axis, then:

and equation (4-82.3) yields for Gm the expression

u_ = [C1 cosh a_y + C, a_y sinh a_y + up] (4-83)
Similarly:

— ! t

Voo = [C 3 sinh oY + C s ¥ cosh amy] (4-84)

Note that v is antisymmetric with respect to the x-axis.
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To find relations between the constants in u and those in Vv,
appropriate expressions using equations (4-83) and (4-84) are substi-

tuted into equation (4-78). This results in:

_ C3 = C1 - k‘ Cz (4-84-1)
1
C4 = Cz
where:
1+ k1
k4 = 5 (4-84-2)
2
and:
_ 1 - _Q4-
k1 = 3 (4-84-3)
_ 1+ -Q4-
kz = 3 (4-84-4)

Thus equation (4-84) can be rewritten for ;m as:
;m = [ C1 (sinh amy) + Ca ( a ¥ cosh a .y

- k, sinh ay) ] (4-85)
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4.3 Boundary Conditions for the Bending Problem

The plate will be always simply supported along the edges at x

=0 and x = a. The edges at y + b/2 can be simply supported,

clamped, or free.

Case I: A Plate Uniformly Loaded and Simply
Supported at y = £ b/2.

For a simply supported edge at y = + b/2, the boundary con-

ditions that need to be satisfied are:

W (x, = b/2)=0 (4-86.1)
o, (x, * b/2)=0 (4-86.2)
My (x, * b/2)=0 (4-86.3)

Using equation (4-38) for w, boundary condition in equation (4-86.1)

gives:
a b a b a_ b
m m . m
Am[cosh 5 ] + Bm[ 3 sinh 5 ]
TP
+ Em cosh 5 = —Bm (4-87)

From equation (4-17), one has:

I .
l)x ax S
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but :

=0 (since w(x,+ b/2) = 0)

2|2

y - £ b/2

Q
Thus ¢ (x, * b/2) = O implies that ?"(x, £ b/2) =0

From equation (4-65), one has:

a b 12k _ _(mn) vy b
[Z(mn)3 cosh r; ] Bm - —2::—_- cosh r; E m
(h/a) F1
el - wmr & .
= 22—~ B+ B ) (4-88)
'I-"'l(h/a)a ©° m

For the boundary condition in equation (4-86.3), one gets from equa-

tion (4-1):

= .__y + -
L D[ e Kpm] (4-88.1)

ao

The term _6}%{- ly - b2 = 0 is missing in equation (4-88.1)

since qvx(x, + b/2) = 0 which implies that

* Such modifications in boundary conditions are necessary to avoid
effects of ill conditioning
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3o

X
i, =0
x |y - + b/2

Thus expansion of (4-88.1) results in

[-—(mn:)z cosh amb] A
m

2
a b a b a b
_ 2 m m 2 . m
{Z(mn) cosh 5 + 3 (mn)~ sinh 2 ] Bm
v. b
2.2 m _ 2 v _ _
- [a T m cosh 5 ] Em + (1 E) Kpm 0 (4-89)

Case II: Plate Uniformity Loaded and Clamped at y = * b/2

w (x, £ b/2)=0 (4-87)
o, (x, £ b/2)=0 (4-88)
oy (X, * b/2)=0 (4-89.1)

from equation (4-61) and boundary condition in equation (4-89.1),

one has:

umb] [ 2(mn)*(h/2)® F
umh sinh 5 Am + 5 = 1

+ (mna)}h/a) ) sinh

amb tzmb amb
5 + 3 (mn)(h/a)cosh > Bm
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vy b
. . m = -
- {kaa({ h) sinh — ] Em 0 (4-90)

Case I1I: Plate Uniformity Loaded and Free at y = + b/2

Boundary conditions for this case are:

Mg (x, + b/2)=0 (4-91.1)
Q (x, * b/2);o (4-91.2)
M, (x, £ b/2)=0 (4-91.3)

Once again, ill conditioning of the non-modified system led to numeri-

cal problems. The following equivalent set of equations were used

instead:
My (x, £ b/2)=0 (4-91.4)
M .
. - _____xy = - [~
Qy x 0 (4-391.5)
Qy =0 (4-91.6)

Note: If Qy(x,:!:b/Z) = 0 in equation (4-91.6) then equation (4-91.5)

implies that:

M

Xy _ - )
exX Iy - + b/2 0 or Mxy (x, £ b/2)=0 (which is equa



tion 4-91.3)

Also from equation (4-65) for Qx:

p,a

an
% 121 - g

12k » a(mn) Y

+

= z) {[— Z(mn)sam sinh amy] B,

m

F . (h/a)?

=a, Y(y) cos L

where

P2

Y(y) = —2>—
12 - u?

12k ¥y
+ 22

F, (h/a)?

Also from previous work

Qy = Y(y) sin e, X

sinh Ym¥ Em cos a X

X

{[- 2(mm)® sinh umy] B_

m _.
sinh YV E m
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(4-91.7)

(4-91.8)

(4-66)

Thus the boundary condition that Qy(x, + b/2) = 0 implies that

Y(£ b/2) = 0. (from equation (4-66))

Thus equation (4-91.7) yields

that
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an
Ty 1y - « b/2

From the above ( and from equation (4.21) for Mxy) it is seen that:

M 3—
7]
oo R L e e LR )
ox dy
M P at
axy= 0 z[ _((1—p)a;sinhamy)Am
x 12(1 - %)

3 ., 4
—Bm[(l - u en sinh e,y + (1 - p)umy cosh a. v ]

- [ (1 - we’m y_ sinh y_y ] Ep ] SR apx (4-91.9)

M
Substituting for Q v from equation (4-66) and for —5%2- from equation

(4-91.9) into boundary condition in equation (4-91.5) yields

3 “mb 3 . amb
(1 — p)mr)~ sinh 3 A m + Bm - (1 + p)mn)~ sinh 5
a_b a_b
_ m 3 m
+ (1 W 3 {(mx)” cosh 7 ]
k vy b
+ E_ 12__ﬁ—z + (1 - p) (mn)?® ay_sinh —Ez‘— =0 (4-92)
F,(h/a)

Consider boundary condition as given by equation (4-91.6):



7

M éM
= y _ XY =90 -
Qy 3y I (4-93.1)
v
Since k.l 0 , it can be shown that

a3y ly - £ b/2

M 3— %%, &°Q
—Y = - D [" W] 1 _ ¥ (4-93.2)

Also it can be shown that:

3—

iw _ 3
— = [(Zam sinh amy) B m
oy
+ [—E— v, sinh v, y) E ] sin o x (4-93.3)
F, (b/a)
and:
a2 pa 144 k
QY = o 22 v _sinh y_yl| E sin a_xX  (4-93.4)
> 2 2 m m m m
dy 12(1 - p7) ]?z(h/a)"

Substituting from equations (4-93.3), (4-93.4) into (4-93.2) and then

into (4-93.1), we get:

W =ly- b2 =

b a b
[(1 ~ p)(mn)® sinhar; ] AL+ B_ [ - (1 + pmm® sinh ';‘
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a_b 3 amb
+ (1 - M_ (mr)” cosh
2 2
-12(1 — 2k_.) v b
+ Em — 222 + (1 - p (mﬂ:)2 a 'ym sinh % = Q (4-94)
F,(b/a)

4.4 Boundary Conditions for the Inplane Problem

One notes that due to the form of v which is due to the method

of obtaining solution by Levy method that:

v(0,y) = v(a,y) = 0 (4-95)

So due to the use of the Levy method for solution , the edges at x =

0 and at x = a are always free to stretch in the x-direction.Thus Nx

will vanish at the edges at x = 0 and at x = a. For this reason
boundary conditions on inplane displacements can be specified on the

edges at y = £ b/2. We have two cases:
Case I- Edges at y = + b/2 clamped against stretching:

In this case the following boundary conditions apply:
u (x, £ b/2)=0 (4-96.1)

v(x, = b/2)=0 (4-96.2)

Substituting from equations (4-83) and (4-85) into the above bound-

ary conditions yields
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v+ b a b v b
‘m m . m - _— 11 -
[cosh 3 ] C, + [ 3 sinh —2—} C, u (4-96.3)

and

v, b a b a b vy b
[Smh_nl_]c + [m cosh —— - k, sinh;'z‘- C, = 0(4-96.4)

Case II- Edges at y = + b/2 are free to stretch in the y-direction
only:
In this case the following boundary conditions apply:

N, = (x, £ b/2)=0 (4-96.5)

ux, = b/2)=0 (4-96.6)

From boundary condition as given by equation (4-96.5), and making

use of equation (4-76) yields

C1 1 - e cosh a v + Ca(l - k4) T cosh a vy

2 3 3 —_— ——— =y -
+ (1 - p) e v sinh amy) = " P + oo up (4-96.7)

where:

k = —Eb (4-96.8)

1 - u

and:
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k, = —2_ -96.
« T T (4-96.9)

4.5 Expressions for Stresses in a Non-dimensional Form

The stress o x ¢80 be written as:

s [ Po ] (4-97.1)
Gx = O’x 2 - .
(h/a)

Similarly other stresses can be written as:

S [ Po ] (4-97.2)
g =G - .
Vo e

T [ Po ] (4-97.3)
T =T = .
* AV

[ py ]
‘txz = tXZ km‘ (4‘97.4)

I ( p° ’ -97

tyz = tyzk(h/a)J (4-97.5)

2

= J——= |1 _ 1



+ L(E,(2) + Li(y»E, () + I,(9E,(2)
+ fs(y)] + fs £, (2) } sin a_x

- 1 = - 5 -
%= {2 [ WwEe - gt e

+ T (DE,(2) + T0E,(2) + T,(NE,(2)

+ 35(y)] + js fl(z) } sin a X

~ - — - B —
xy ~ @+ w [ L(e,(z) + 1,(¥)e,(2) 12(1 - w

+ 2 L,E () + T (E,(2)

+ fs(y)ga(z) + fs(y) ] cos a X

And
2— a2
Ly = 2%+ LY
x dy
63q) 63(1) aam a9
I = —X 4 Yy + X +
»(¥) " 2 B > 2
(4 ax ey oxdy ay
op oo
X y
= — 4 —_—
L) = 525+ &5
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(4-98)

(4-99)

(4-100)

(4-101.01)

(4-101.02)

(4-101.03)



And:

I,(5)

I,(y)

I.(y)

I ()

I, (¥)

4u(h/a)®
(1 — p)(mr)

- 4pz(mn) Fl
6(1 — )

2’1, (y)
2’1, ()
a’I,(v)

h°I, (¥)

(h/a)*

(4-101.

(4-101.

(4-101

(4-101.

(4-101.

(4-101

(4-101.

. (4-101.

(4-101.

(4-101.

(4-101.
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04)

05)

.06)

07)

08)

.09)

10)

11)

12)

13)

14)



Also:

J,(¥)

I,(¥)

I, (¥)

I.(¥)

2
a J.(y)
h®J, (y)
h [P——] I, (¥)
a
I.(y)
I(y)
’w o, B
ay2 éx
63<py . 63q>x 63<py . 3%
oy exdy> ox°dy x>
a(py B«px
ay B Tx
°p a°p
2 s 2
dy 6x
v du
W B ox

(4-101

(4-101.

(4-101

(4-101.

(4-101.

(4-101.

(4-101

(4-101

(4-101

(4-101
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.15)

16)

.17)

18)

19)

20)

.21)

.22)

.23)

.24)



And:

L,(y)

L,(¥)

L,(y)

L,(y)

L.(y)

L.(y)

1laa , v
2\ 0y éx

L. (y)

a’L ()
a®h’L, (y)
a®L,(y)

0 (since L4(y) = 0)

h2
a(-—z—) L.(y)
a

(4-102

(4-102

(4-102

(4-102

(4-102

(4-102

(4-102

(4-102

(4-102

(4-102.
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.01)

.02)

.03)

.04)

.05)

.06)

.07)

.08)

.09)

10)



Also;

g,(2)

g, (2)

g,(z)

g,(2)

g,(2)

g, (2)

g,(2)
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L =0 (4-102.11)
hg, (z) (4-103.1)
[—F—ll-(fi(z) - F,) - (z/h):l (4-103.2)
o - 5] (4-103.3)
_FlT[ £, (z) - %] , (4-103.4)
é[ £ (z) - Fz] (4-103.5)
h_Ez g,(2) | (4-103.6)

[ - f,(2) + ?3(%) + F, ] (4-103.7)



Chapter 5

APPLICATIONS

5.1 Cylindrical Bending

Two problems are considered to test the validity of the present

formulation.
Example §.1.1
An infinite plate strip of thickness "h" subjected to the stress field:

- _ . WX -
o, (x,¥,-h/2) = -q, sinT (5.1)

is considered first.

An exact elasticity solution exists for this problem [15]. Also this case

was used in [10] to evaluate a higher order plate theory.

The dependent variables may be assumed to be in the form:

w. =W sin X
o 00 L
X
= COS —
Y %0 L

86
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v. =V sin X
o 00 L
- X
Qx = Qox cos T,
X
= £ (5.
Qy Qoy cos (5.2)
= cos X
% = Pox L
%y = %oy T,
_ .. WX
MX = MOX sin T
= 3 .72(.
My Moy sin T
M =M sin X
Xy oxy L

The boundary conditions are as given by equations (3.42) and
(3.46).

Substituting equations (3.66) and (3.67) into equations (3.7),
(3.31), (3.32), (3.27.4), (3.27.5), (3.28), (3.29) and (3.30), one
may solve for the unknown coefficients in the set of equations

(3.67).

The solution for the transverse deflection w, is given by:

Pm (2—;1)h:'l 2 4
= + A&eTH) -
w P 1 1701 =) amF1 @ D/N
mml:
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2 2 2,5 4
pho.m “hasz

40(1—p) 480(1~p) 2

2,5 4
p h e
+ S Ftl sinamx (5.3)
240(1-p) (1+p)
where
o =@ = %, P, = P, = q, (for m = 1) (5.3.1)
Solving for the stress a,., we get:
2 z (2—u) Pm®m
. = (Balw - p £ (z) + —BT¢ ()
X m' oo —p) m 3
a-p 4w (1-p?)
ZpaaM P
_ _3;'1%_23 - —2_ [(W®-u=2)F, + o>F ) sin a_x (5.4)
h™(1—-u") h(1-u")
where
Mo = Mox + Moy (5.4.1)

If one solves the same problem using the shear deformation general-

ized theory of Panc [9], the expression for o, may be shown to be

given by

Ea me

1
- ~ - m [¢ L _
X (l—uz)wmc' (1-w) [1“‘(2) * 2] (5-5)

where
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_ m
Ymo = k o
m m
A h A_h
kK = 2E [ M _ _ tanh L] (5.6)
m 1- 2)13 2 2
(- R,
2 _ 2 2
m T Tow Cm
¢ (2 = - 1 _ kmzch(lmh/Z) - sh(lmz)
Im 2 (th/Z)ch(kmh/Z) - sh(kmh/Z)

Figure 5.1 shows results for LS and Figures 5.2 to 5.9 show results
for Oy» &S given by the exact solution [15], Panc [9], Baluch [10], and

the present work.

The effect of normal strain on W, becomes very clear for h/L >

1.0 as shown in Figure 5.1 . As h/L increases, the present work

gives results which are closest to the exact solution.

The present work, as shown in Figures 5.2 to 5.9, gives the

best results for stress o, 8s compared to the exact solution. For

h/L > 1.0, previous work by Baluch [10] and Panc [9] failed to give
good results for stresses. The present work yields almost exact
results even up to h/L = 3.0, which is representative of an extremely

thick plate. Figs. 5.4 through 5.9 show that Oy from the present

theory is almost superposed on the exact solution for h/L upto 3.0,
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whereas the other refined theories yield diverging solutions and

which are thus not plotted.
Example 5.1.2

An infinite plate strip of thickness "h" subjected to a uniformly
distributed load "p" at z = -h/2. TFor this case, the previous

expressions derived for w, and Oy in example (5.1.1) are still valid

except that for this case:

@ =D o = 4p m=1,3,57,.., (5.7)

Figure 5.10 shows results for W, and Figures 5.11 to 5.18 show
results for Oyr 8S given by the exact solution [15], Panc {9], and the

present work.

The effect of normal strain on w, is again apparent for h/L >
1.0 as shown in Figure 5.10. The present work yields w, which is

close to the exact solution as h/L is Increased.

The Oy stresses from the present theory yield results initially
indistinguishable from the exact theory for h/L upto as high as 3.0

(Figs.: 5.11 to 5.18).

Figures 5.19 to 5.21 depict the variation of the transverse nor-

mal stress o, with the ratio h/L. As with the case of Oy stresses,
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the present formulation yields results for o, almost identical to the

exact solution. It is also of interest to note that as the plate

becomes thicker, the maximum magnitude of the bending stress Sy

becomes of the same order as that of the transverse normal stress

ag_.
Z



92
5.2 Examples for Rectangular Plates

A rectangular plate of sides a (along x-axis) and b (along
y-axis) loaded uniformly and with the edges at x=0, x=a being simply
supported was considered. The following cases were chosen to give
examples for such isotropic rectangular plates (in all cases consid-

ered, Poisson's ratio p was taken to be 0.3).

NOTE :
In the figures that follow the notation
BC.h/a-I(OR II)
is used to indicate :
BC : Indicates the type of boundary condition
SS : indicates a simply supported edge.
SC : indicates a clamped edge.
SF : indicates a Free edge.
h/a : is the value of (thickness to span) ratio.
I OR I : indicates whether the edges at
y = +b/2
are not allowed to stretch ‘in the y-direction
()
OR are allowed to do so (II).
5§.2.1 A Square Plate Uniformly Loaded with AWl Edges Simply Sup-
ported (SS) :
The boundary conditions that need to be satisfied for the

bending problem for this case are given by equations (4.87), (4.88),
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and (4.89).

The boundary conditions that need to be satisfied for the inplane
problem are given by equations (4.96.3), (4.96.4) for edges at y =
+b/2 not sllowed to stretch in the y-direction (Case I) and by equa-
tions (4.96-3) and (4.96.7) for edges at y = +£b/2 allowed to stretch

in the y-direction only (Case II). Table 5.1 shows the results for

deflection w obtained by present work RTP and compared with results
given by Classical plate theory (CPT) [1], Reissner's plate theory
(RTR) [12], refined theory in reference [11] RTB, and FEM in refer-

ence [13].
The moments resultants are obtained and results are compared with
results given by other theories (Table 5.2 for Mx and Table 5.3 for

My) .

Also the stress Oy is obtained and results are compared with results
from other theories for Case I in Figures 5.22 to 5.30 and results are
shown in Figures 5.31 to 5.43 for Case II.

The variation of the transverse shear stress Tz is shown in Figures
5.44 to 5.47. The results are in qualitative agreement with the elas-

ticity solution for bending of thick curved bar by force at end [14].

The results shown demonstrate clearly the effect of including the

influence of tranverse stresses and strains and normal stress and
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strain on the deflection and on the resultant moments. This effect
becomes very clear as h/a for the plate increases up to as high as

h/a = 1.0 .

The graphs for the stresses show the non-linearity in the stresses as
h/a ratio increases. Also it is shown clearly in the graphs that the
neutral plane is shifted and it does not coincide any more with the
mid-plane as CPT and RTR predicts. The magnitude of the inplane

stresses Oy O decreases, as the ratio h/a of the plate

v’ xy
increases, to an order of magnitude similar to that of the normal

stress o, and thus c, cannot be neglected for thick plates.

5.2.2 A Square Plate Uniformly Loaded with Clamped Edges at y =
+b/2 (SC) :

Table 5.4 shows the results for deflection w obtained by
present work RTP and compared with results given by Classical plate
theory (CPT) [1], Reissner's plate theory (RTR), refined theory in

reference [11] RTB , and FEM in reference [13].
The moments resultants are obtained and results are compared with

results given by other theories (Table 5.5 for Mx and Table 5.6 for

My)°

Also the stress T is obtained and results are compared with results

from other theories for Case I in Figures 5.48 to 5.53 and results are

shown in Figures 5.54 to 5.59 for Case II.
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Observations similar to those made for the case of simply supported

plate for deflection, resultant moments, and stresses can be made

based on the above results for this case (i.e : simple/clamped plate).

5.2.3 A Square Plate Uniformly Loaded with Free Edges at y =
+b/2 (SF) :

Table 5.7 shows the results for deflection w obtained by

present work RTP and compared with results given by Classical plate

theory (CPT) [1], Reissner's plate theory (RTR) [12], refined theory

in reference [11] RTB , and FEM in reference [13].

The moments resultants are obtained and results are compared with

results given by other theories (Table 5.8 for Mx and Table 5.9 for

My) .

Also the stress o X is obtained and results are compared with results

from other theories for Case I in Figures 5.60 to 5.66 and results are
shown in Figures 5.67 to 5.72 for Case II.
Observations similar to those made for the case of simply supported
plate for deflection, resultant moments, and stresses can be made
based on the above results for this case (i.e : simple/free plate).
5.2.4 A Square Plate Simply Supported All Around and Loaded With
A Line Load At x = a/2 ( See Figure 5-A ) :
Assuming that the plate (simply supported all around) is sub-

jected to a line load at : x = x, ,in this case P, can be shown to
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be given by :

2p
Py = O gjn BEX (5.2.4-1)

Table 5.10 shows the results of deflection at center of the plate for

this case of loading.

Table 5.11 shows the results of the resultant moment Mx at the cen-

ter of the plate.

Table 5.12 shows the results of the resultant moment My at the cen-

ter of the plate. The results were compared with results from CPT.
Results from both RTR and RTB were not available. The importance
of using a refined theory such as the one presented here is clear
from the results shown in these tables. For a ratio of h/a as high as
1.0 , the deflection obtaned from this theory is almost 7 times the
one obtained by CPT.

Stresses are not shown for this case since the load does not converge
when expanded in single Fourier series but rather it's integral con-

verges.



Figure 5-A : Line Load P At x = x

1
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5.2.5 A Square Plate Simply Supported All Around and Loaded With
A Strip Load :
Assuming that the plate (simply supported all around) is sub-
jected to a strip load of width = u and centered at x = §, in this

case p, can be shown to be given by :

4po

Pn = "o sin

mng mnu

sin

(5.2.5-1)

Table 5.13 shows the results of deflection at center of the plate for

this case of loading.

Table 5.14 shows the results of the resultant moment Mx at the cen-

ter of the plate.

Table 5.15 shows the results of the resultant moment My at the cen-

ter of the plate. The results were compared with results from CPT.
Results from both RTR and RTB were not available. The importance
of using a refined theory such as the one presented here is clear
from the results shown in these tables. For a ratio of h/a as high as
1.0 , the deflection obtaned from this theory is almost 7 times the

one obtained by CPT.

Also the stress Oy is obtained and results are compared with results

from other theories for Case II in Figures 5.73 to 5.77 .
Observations similar to those made for the case of simply supported

plate for deflection, resultant moments, and stresses can be made
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based on the above results for this case.

Also it may be noted that this case of loading represents a general
case of strip loading since the width and center of the strip load can
be varied to obtain any case of strip loading including the case of

uniformly loaded plate.

For the case of distributed loading on both the top and bottom
surfaces of the plate, the problem can be solved by superposition.
The problem will be divided into two problems. The first will be a
platevloaded at top; and this will be solved as shown in the previous
sections on the type of loading (i.e. : a line load, a strip load, or a
uniform load). The second problem will be for a plate loaded at the
bottom only; and this can be solved by reversing the z-axis (i.e.
positive z-axis will be upward). Thus this second problem will be
equivalent to the first problem with the z-axis being reversed. The
solution for the whole problem will be obtained by superposing solu-

tions from the first and second problems.
5.2.6 A Plot Of w(x,y,z) Across The Plate :

Substituting for wo(x,y) from equation (3-41) in equation
(3-15), the expression for w(x,y,z) can be rewritten as follows:

BuM(x,y)z>

wx,y,2) = B () - ST

+W(xy) - B, MOGY) (5.2.6-1)
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Substiuting for N and R from equations (4.7) and (4.8), respec-

tively, in equation (5.2.5-1) and rearranging results in

2
wix,y,2) = &g (z) - F ) + M""y’{ u_ _ Suz ] + W(x,y)

E E 10h b3
Noting that
F, = hF, (4-59.3)
and
£,(z) = hE,(z) (4-59.13)

the expression for w(x,y,z) can be rewritten as follows:

2
w(x,y,z) = -é—[ PGl BE,(2) — BF, | + MGy Ly, 1}

+ w(x,y)

Making use of equation (4.33) for p(x) and noting that

wix,y) = 3 w_(¥) sin a_x (4.38)
m=1
M (y) =M _(y) + Mym(Y) (3.13)

and

M (x,y) = mZIMxm(y) sin a_x (4-62)
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M(x,¥) = ) Mg (y) sinny (4-63)

the expression for deflection w(x,y,z) can be rewritten in the fol-

lowing form :

4
= P8

m @[ E @ - F]

w(x,y,z) = 3
m=1 Eh

+ 3 (2)? M(9) [ 1 = AR ]

+ W_(y) } sin a_x (5.2.6-2)
where
¥ = Bg (5.2.6-3)
m Y + "m y b
p 8

Figures 5.78,79,80 show deflection of TOP surface of the plate given
by RTR and RTP for h/a = 0.1, 0.5 and 1.0,respectively .

Figures 5.81,82,83 show deflection of middle surface of the plate
given by RTR and RTP for h/a = 0.1, 0.5 and 1.0,respectively .
Figures 5.84,82,83 show deflection of bottom surface of the plate
given by RTR and RTP for h/a = 0.1, 0.5 and 1.0,respectively .
Figures 5.87,88,89 show deflection of top, middle, and bottom sur-
faces of the plate given by RTR and RTP for h/a = 0.1, 0.5 and

1.0, respectively .

From the graphs the effect of including the normal strain on

deflection is very clear. Also, the present work can give the deflec-
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tion as a function of z whereas RTR is giving " average deflection "
across the depth of the plate. The present theory is predicting
deflection at top to be much more than deflection at bottom of the
plate as the ratio h/a of the plate increases. This result is expected;
since as the plate thickness increases the load will be taken mostly

by the top layers and the bottom layers will hardly feel the load.
5§.2.7 Verifying Equilibrium Of The Plate In The Vertical Direction :

Edge reactions at edges of the plate should balance the applied
load:

a
I = [[Q (x,+b/2) ~ Q (x,7b/2) | dx
0

[Q, (a,y) - Q, (0,y) | dy (5.2.7-1)

+
Nl o N T

After performing the integrations in the above equation , it can be

shown that :

I =

F v. b

m

poab 24k22( cos(mn)—1 ) h.2( mn
1 a

12(1-p?)

"m | _. Ymb
- amb }smh(—z——) Em

+ illlz(gl [ B, + B Il cos(mm) — 1] (5.2.7-2)
Fy(2)
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Table 5.16 shows that total reaction of the edges of the plate is equal
to the uniformly applied loads for different types of support at
y = %xb/2. The results are satisfactory compared with classical
theory since the Ilatter gives unbalanced concentrated reaction of
about 26 % wheras there is no evidence of such unbalanced reaction

in this work.
5.2.8 Effect of inplane stretching on inplane stresses :

To study the effect of inplane stretching on inplane stresses,

cy was evaluated at the center of a simply supported plate for the

two cases :

when edges at y = +b/2 are allowed to stretch in the y-direction

{case-I)

and when edges at y = +b/2 are not allowed to stretch in the y-di-
rection (case-II). .

The results are shown in Figures 5.90 to 5.92 .

From the results it is noticed that the in-plane compressive stresses
increase by 10-15 % for case-I over those for case-II. Also it is
noticed that the in-plane tensile stresses decrease by 10-15 % for
case-I over those for case-II. For thin plates the in-plane stresses
were the same for both cases since the effect of the in-plane forces

for thin plates is extremely small.

5.3 Computer Program
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A computer progr;\m (DISS2) is developed to get the solution
for any rectangular plate that is simply supported at x=0,a and can
have any boundary condition on edges at y = £b/2. A flowchart is
given in Fig. 5-B to show the structure of this progran;. A program

listing is included in the Appendix A-5-1,

It should be noted that this program can handle solutions according
to RTB or RTP by the use of the paramecter IBALCH. (See program

listing for more details).

A similar program DISS4 is developed for the case of plate strips (i.e
for the case of Cylindrical Bending). The plate strip can have any
boundary condition at x=0,x=l (i.e at edges of the plate strip). A

program listing for DISS4 is included in the Appendix A-5-2.



FIG. 5-B : Flowchart For The Computer Program DISS2

DATA : b/a , h/a, v ,etc.

SUBROUTINE DISS1 :

Get : £1(z),£f2(2),£3(z),
F1,F2,F3,F4,etc.

SUBROUTINE BOUND :

-Get Boundary Conditions

For Bending Problem.

SUBROUTINE BENDING :

-Solve For : Am, Bm, Em'

SUBROUTINE XPLANE :

-Get Boundary Conditions
For Inplane Problem

-Solve For : Cl, C2

105
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Figure 5-B (Continued) : Flowchart For The Computer Program
DISS2

SUBROUTINE FORCE :

-Get Resultant Moments :

Mx: MY; Mxy

-Get Resultant Inplane Forces :
Nx Ny’ Nx v

-Get Shear Forces :

Q. Q

SUBROUTINE STRES :

-Get Stresses :

o cry,c

x’ z’

T T T
Xy’ Xz’ 'yz

PRINT RESULTS For :

DEFLECTION,MOMENTS,
SHEARS AND STRESSES
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5.4 Conclusions

1.

It may be concluded that the use of generalized distribution
of transverse normal and shear stresses (as originally pre-
sented by Kromm [7,8] in the development of a new refined
thick plate theory (along the lines of earlier presentation
(10,11} yields a formulation that captures all essential char-
acteristics of the exact three dimensional elasticity problem.
This is reflected in that results for stresses obtained from
the present formulation are almost identical to the exact
solution up to ratios of h/a = 3.0 (for the case of cylindri-
cal bending). This ratio characterizes a significantly thick
plate, and all previously known refined theories breakdown
at this level of plate thickness.

For the case of rectangular plates , the results are satis-
factory up to h/a = 1.0

Based on comparison of resultant moments and forces
v Mxy , Qx ' Qy from classical thin plate theory
and refined theories , a plate is considered to be thick for
a ratio of h/a 2 0.1. Thus for plates for which h/a 2 0.1
a refined theory - such as the one presented in this work -
should be used to analyze the behavior of such plates com-

pletely.
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It is shown in the results that as h/a increases (from 0.1
and above) , inplane bending and twisting shear stresses
decrease to a level where they are of equivalent order as

o, and therefore o, cannot be neglected.

This theory allows for in-plane movement of the plate,
yielding new type of boundary conditions in the form of
loosely or rigidly supported simple or clamped edges.

The case of rigidly supported edges yields in-plane com-
pression forces not present in any of the previous refined
theories .

The effect of these forces is accentuated as h/a increases.

In-plane compressive normal stress cry increases by 10-15

% if the edges at y = £b/2 are not allowed to stretch.

fl(z) is the function that is responsible for yielding 3-Di-

mensional type behavior ( in terms of stresses ) from an
essentially 2-Dimensional analysis for stress resultants and

displacements .



109

Present theory (RTP) corrects stresses as h/a becomes
large whereas Reissner's theory (RTR) predicts always lin-

ear distribution for the stresses : o_, o and

X y’cxy’

parabolic distribution for the stresses : =« , T and

XZ yz '’

assumes that : o, = 0.

Present theory gives non-linear distribution similar to exact
solution from theory of elasticity for deep beam type mem-

bers. ( For all stresses: c., 0T

G
X

G
vy’ z’' xy'’

T and t__ )

xz ’ vz

Present theory captures ' transition from " beam bending

n n 1

problem" to " column type problem " as plate gets thicker
better than Reissner's theory.

Present work solves the numerical problem of ill-condition-
ing which occurs in the previous companion refined theory
[10,11]. The.ill-conditioning in the previous formulation was
a serious shortcoming as some of the results presented in
References [10,11] are in discrepancy with those presented

by the most well known of refined theories i.e. Reissner

theory [12].
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10.

11.

110

The wvariation of the transverse shear stress ., 8grees

qualitatively with the elasticity solution for bending of thick
curved bar by force at end.

The results for vertical equilibrium of the plate are satis-
factory compared with the classical theory of plates since
the latter gives unbalanced concentrated reaction of about
26% wheras there is no evidence of such unbalanced reaction
in this work.

The tranverse normal stress o, of previous theory ([11]

(RTB) is not a function of thickness of the plate, whereas
present one is a function of thickness. This reflects clearly

the role of f ,(z) on plate behavior.



111

00x 06°2 00°1 06" | 00" | 06 §
_ 1 [ i — 1 1 i 1 _ [ i [ 1 — [l [ i 1 _ 1 i 1 1 _ 1 1 [} O
oy
B—¢ .l.
o1
n:.x —— L.
LIYXT —— mm_
gLy —— i
INVd —— -
—07
YINSS |3y —— i
| QHIYN —— B
T4
( JAX._mwz_m = 0d
( (AYO3IHL Tv21SSYTd) oM / (A¥OIHL QINI43¥) OM "XVYH = X

T/H SA X LN3I10144300 NOILOIT430 & L°G 914



112

—0%°
-0¢
-07°
0d / X-VN9IS T
0L 09 0§ Ov 0f o0Z 0! 0l- 0Z- 0¢- 0%- 0G- 09- 0L-
_ T T I I T T N I I _ I T |
dly —e—
1IYX3 —e—
INVd ——
gLy —e— —~(
SYIHI0 —— ~08"= y/7
( (1/Xs1d)NIS*0d=d‘ 1 =1/H) H/Z SA X-YA9IS SSIYLS TYNYON “XVH : Z°6 914



113

dly

12vX3

INVd

RR:

SYIHLY

((1/X*e1dINISe0d=d € =1/H) H/Z SA X-VA91S SSIYLS TYAYON " XVH

£°6°014



114

0d / X-VYN9IS

¢ Z | ¢-
_ T _ 1 _ _
dlY —e—
LVX3 ——
INVd —s—
( (1/X*1d)NIS*0d=d ‘S =1/H) H/Z SA X-VHOIS SSIULS TVAYON "XVK : +°G 914



115

~06"
09"
~0¢ "
—0Z°
0d / X-YH9IS o1
0z | 08°'0 00 OQ'0 . 0¥0- 08°0- 02'L- C09° -
— 1 1 T — L L] T _ L T ;C L 1 — ] 1 1 _ 1 T 1 _ | 1 _
| p.(
iy —a— \
LIVX] —— —0E° 7
INVd —a— ~0y" -
[O@.II\N
( (1/%*1dINISe0d=d ' 0" L=T/H) H/Z SA X-YN9IS SSIYLS TYNYON “XVK : S°S'914



116

~-06G"
~09°
- 0¢ "
07"
0d / X-VYN3IS L o1°
08°0 0v'0 040 0% 0- 08°0- 07" |-
— 1 T ¥ — T T T cc T 1 — T { T — T 1 \ —
0l -
dLy —e— ¢
10VX3 —— N
INV] —%— —0¥ ' -
lcm.ﬂ\N
(.(1/Xetd)NIS*+0d=d‘S t=1/H) H/Z SA X-VYN9IS SSIYLS TVHYON "XVA @ 9°6°914



117

06°
—0f"

—0¢ "

0d / X-YKIIS
0v'0

— T ¥

dly —e—

10YX3 ——
INVg ——

/2

( (1/X+1d)NI1S*0d=d 0" Z=1/H) H/Z SA X-YNIIS SSIYLS TVHYON " XVH

L°67914



118

0d / X-YK9IS
0g£°'0

ﬂ 1

dly —e—

LIVXY ——

INVd —=—

( (1/X*1dIN1S*0d=d G 2=1/H) H/Z SA X-VN9IS SSIULS TYNYON "XVA



119

0d/ X-YN91S
0¢°'0
_\ -

dly —&—

1J¥X3 ——

INVd ——

06’ —8

H/Z

( (1/%+1d)NIS+0d=d 0" C=1/H) H/Z SA X-VN9IS SSIULS TVYHYON 'XVYN : 6°G° 914



120

00°¢ 06°2 00°2 06" 1 00°1 0g"
_ 1 1 1 i — 1 1 1 1 — [ 1 1 1 _ [ [ 1 |l _ [ [ 1 1 _ 1 1 i c
¢
—01
dly —e— .
LIVX3 —— o)
g1y —=— i
INVd —— 07
YINSS|3Y —— ”
| GHOYN —a— I
A
( Qv0] W¥04IND = d
( A>zouzp TV31SSYTD) OM “XVA/(ANOIHL QINII3¥) OM “XVA = )
4\1 SA M INIIO144300 NOITLOIT43Q + 0L°G 914



121

0d / X-YM91S

08 .

09

0b- 09- 08-

I

I

diy

e

1JvX3

—_——

INVd

gLy

SYIHLO

—f—
——
e

—0¢”
.IO*.I

row.l

| |

H/Z

(V0T WHOSINR' L =1/H) W/Z SA ¥-VHOIS SSTULS TYHYON “XVR 117G 914



122

~0§"
- 0%
— 0§
-02"
0d / X-VA9IS YE
oL 8 9 y 0t-
| 1 | ] |
dly —e—
19VX3 —e—
INVd ——
Ly —
SYIHL0 —— =08" y/7

(V07 WHOJINNS"=T/H) H/Z SA X-VNIIS SSIULS TYRYON "XVK © 776" 914



123

0d / X-YN9IS
0¥ 0°¢ 0°'2Z 0°1
I | { ]

dly —e—

13¥X3 ——

INVd ——

(V0T WHOJINR'S =1/H) W/Z SA X-YH9IS SSTYLS TYKYON "XVYH @ €1°G°91



124

0d / X-VN9IS N

o
oN._. om.o cv.o o .o: o¢.c| om.ol om._n oo._l
_ T T y T _ i T _ T _ T _ ]

dly —e— B\
LOVXI —— —0E" -
INVd —— —~0¥°' -

-0G6'- I\N

(V0T W¥O4INN'0"1=1/H) H/Z SA X-YNSIS SSIYLS TYNYON "XVH : ¥1°G "9l



125

0d / X-YM9IS
08°0 0¥ 0
T T L T — 1 | T

dly —8—

1IVX1 ——

INVd ——

-06 "~ I\N

(Y07 WHOJINR'S 1=1/H) H/I SA X-VAOIS SSIULS TYHYON "XVK : G1'C "9l



126

0d / X-YW9IS
0y°0 07°0
| ]

0
0 0¢°0- 0% 0- 09°0- 08°0- 00" 1-
! 1 1 1 |

diy —e—

13VX3 ——

INVd ——

(QV07 WYOJINN'0"Z=1/H) H/Z SA X-VH9IS SSIULS TYRYON “XVK * 91°G "JI



127

0d / X-VNIIS
00 0z°0
| ' |

0
0 0¢°'0- 0¥ 0- 09°0- 08°0- 00" {-
v

n
v T | ! I ! | L

diYy —e—

1IVX3 ——

INVd —=—

ﬁom.

H/2

(QY0T WSOJINN'S Z=T/H) H/Z SA X-VNIIS SSIYLS TYKYON “XVK :L1°G "914



128

0d /X-VN9IS

0
0 0¢°0- 0v°0- 09°0-
v

00 0¢°0 . 08°0- 00" |-~
[ T T Uy I T | T | | ! |
dly —a—
LIVX3 —
INYd ——
H/Z
(0Y07 WYOAINN 0 C=1/H) H/Z SA X-VAOIS SSIULS TVHYON "XVK * 81°¢ "I



129

06"
zowb 1§
—01
00/ Q | 0¢ 0~ 09°0- 08°0- 00" L-
Lva Y T T I T T I T T T 1 T T T ]
|o—.l
—07" -
~0¢ "~
—0y' - JUISIIY —w—
ﬁ.om.l 190Xy ——
H/1

(poo7 wiojiun‘o 4=1/H) H/Z sA zowbis ssaiys jowsoN “xof : 61°G "I/J



130

00 09°0- 08°0- 00" 1~

— L T

06"
H/Z

(pooy wiojrun‘o-z=1/H) H/z sA zowb)g ssesys jowloN “XoN : 0Z7°G "9



131

zowb g

0q 0¢'0- 0v"0- 09°0- 08°0- 00" L-
T L Y Y Y Y T

— LIS ﬂ ¥ T — L] ] _

06"
H/1

(ppoy wiojiun‘o c=1/H) H/Z sA zowb(g ssal}s |OWION "XOf : |Z7°G "9|4



132

~0§"
0%

—0¢”°

—07°
0d / X-VK9IS

—01l°

000'ZL 000'6 000’9 000'¢ 000°¢- 000°9- 000°'6- 000°ZL-
I | | ) | | , I |

41y —»—

dlYy —— h/z -6’

(1-600°SS) H/Z SA X-VYA9IS SSIYLS TYNYON “XVK :

(AR

"914



133

0d / X-VW9IS

000°'¢ 000°7 000°1 0 000° - 000°2- 000°¢-

_ T _ 6 I _ ]

Yyly —— —0¥ " -

n_._.w_ — I\N —06"~

(1-10°SS) H/Z SA X-VA9!S SSIYLS TYWYON "XVA : £2°G "914



134

0d / X-VYN31S

0¢1L o0t 08 09 OF
_ T T _ | T

0¢- 0v- 09- 08- 00l- 0C!-
T T T 1 _ _

dLY ——

dly —— H/1 —-06"

(1-60°SS) H/Z SA X-YK9IS SSIYLS TYNYON "XVN : ¥Z°G "914



135

0d / X-VNIIS
0¢ 62 0

Gl

0l

0 G- 0= Gl- 027~ Gi-

0¢-

| 1

Y1y ——

dlY ——

T

H/1

FaWal
gV 1 1 | !

.I.O*.l

06" -

(1-1°SS) H/Z SA X-VN9IS SSIYLS TVYNYON “XVW : GZ°G "9l



136

0d / X-YN9IS

4y —e—

dly ——

(1-2°5S)

H/z —06"-

H/Z SA X-YN9IS SSIYLS TVHYON "XVN

- 9276 "3l



137

0d / X-YN9IS

¥ ¢ [4 ¢-
_ T T
lon.l
Y1y —*— —0Y ' -
. L ne--

(1-£°SS) H/Z SA X-YN9IIS SSIYLS TYNYON "XVN

RN

I



138

00" 1L-

06°1-

—0§ "
~0¥°
-0¢
~07°
0d / X-VA9IS
g
06" 1 00" 1 060 0570~
| { I 1
YLy ——
dly ——

H/z —06°

(1-6°SS) H/Z SA X-YNI1SSSIYLS TYNYON “XVN

|

8C°S

914

1



139

0d / X-YN9IS

08°0 09°0 O0¥'0 0C°0

0¢°0- 0¥°0- 09°0-

08°0-

00" L~

1 | | | 1}

YLy —w—

dLy —— Wz 08

(1-£°5S) H/Z SA X-YNOIS SSIYLS TYNYON “XVH

|

-
.

A

1

914



140

0d / X-¥YN9IS

0v°0 0¢°0 0¢°0- 0%°0- 09°0-

08°0-

| I 1 1 |

yly —»—

dly —— H/1 —-06°

(1=-"1SS) H/Z SA X-YN9IS SSIYLS TYAYON "XVN : 0€°S 914

|



141

0d / X-VN9IS

000°G! 000'01 000'G 000G~ 000°'0L- 000°'Gi-
| ] ] | ] ]
41y ——

dly —— Wz 0S8

(11-600°SS) H/Z SA X-YKOIS SSIYLS TYNYON "XYN : 1€°S “914




142

000°¢ 000'¢ 000°1 0 000'1L- 000'2- 000'¢-

I | ! 1 |

0d / x-owbis =0l "=

Y1y —w— =0y -

1y —— 4z 08"

(11-10°SS) H/Z SA X-VN9IS SSIYLS TYNYON XYW : Z€°S 914

—



143

ozt o001l 08 09 0¥ 00 ¢ _0C- 0y- 09- 08- 00l- 0Cl-
| | I | | 1 & ] ] | | 1

0d / X-YN9IS —01°-

Y1y —w— | 0V -

L gce-

(11-60°SS) H/Z SA X-YN9IS SSIYLS TYNYON “XVYN @ €€°G6 "914



144

0d / X-YN9IS

0¢ 6¢ 0¢ SI 0!
_ T T T T T

¢- 0i- Gi- 0¢- 6G¢- 0¢-
] | | {

yly ——

(11-1°SS) H/Z SA X-VYN9IS SSIYLS TYNYON "XVN ¢ ¥€°G "9l



145

0d / X-VA9IS

L o¢-

Y1y —w— —0f"’

diy —— H/Z —-06G°

(11-2°SS) H/Z SA X-YA9IS SSIYLS TYNYON "XVA : G€°G 91




146

—06°

y |- z- £-
| | { {
0d / X-VN9IS ot
07 -
o0 -
YLy —%— —07° -
dly —— w7 08°-

(11-£°SS) H/Z SA X-VNIIS SSIYLS TVNYON "XVA : 9€°S "914



147

00°C 06°1

06°¢-

_,06°0- 00°1- 06°1- 00°¢-

r I | | 1 | | |

0d / X-VN9IS :

41y ——

1y —— I\mo“.

(Y1-4°SS) H/Z SA X-YA9IS SSIYLS TYHYON "XVN ° L£°G "9I4



148

06" 1| 00°1

06°0

—0¢°

—01°
N .

06°0-

00" 1-

06" 1-

0d / X-Yn9is

YylY ——

dly ——

(11-6°SS) H/Z SA X~-VYNIIS SSIYLS TYNYON “XVN

T

H/1

—0l-
—0¢ " -
—0¢ " -
0y -

rOW.I

T

[

8¢ G

"J1d



149

06" 1-

00"} | . 06°0- 00" |-
I I | 1 ]
0d / X-VN9IS
-0 -
-0¢ " -
4Ly —— ~0¥ -
d1y —— 957~

(11-9°SS) H/Z SA X-YN9IS SSIYLS TVAYON "XYN : 6£°G "91J



150

—06°

=0y’
—-0¢ " -

07"
0d / X-YN9IS

0z'0- 0¥°0- 09°0- 08°0-

-0
f-— I T _

08°0 09°0 O0v'0 07°0

"0
_ T T T v

Yyl —e—

(11-£°SS) H/Z SA X-YN9IS SSIYLS TVNION "XVN : 0¥'G "9



151

—06°

08°0-

—0¥"
—0¢"
—-07°

0d / X-VYNIIS
01

09°0 0% 0 0Z'0 ‘0 07°0-  0¥'0-  09°0-

I T T 7o I T I _

Yy ——

dly —— h/708"

(11-8°SS) H/Z SA X-YHOIS SSIULS TVAYON “XVA

yte "9



152

0d / X-VN9IS

09°0 0y'0 0¢'0

0
0 0¢°0-~ 0¥ 0- 09°0-

08°0-

ﬁ | { | | |

YLy ——

dly —+

u79s

(11-6°SS) H/Z SA X-VN9IS SSIYLS TYNYON "XVN @ T¥°S "9l

1



153

—0l°
0y°0 0£°0 02°0 O0LY0 ™NQ°0 0L°0- 02°0- 0€°0- 0¥°0- 05°0- 09°0-

_ _ _ 0/ XSYRa/ % _ T T T 1
—01l°

~0¢
lcﬂ.l

iy —— —0¥ " -

dly —— —06°'-

(11--1SS) H/Z SA X-YKIIS SSIYLS TYNYON "XVN : €¥°G "914



154

0d / IX-YN9IS

yly —e—

dlY ——

(11-1°SS) H/Z SA (Z°0'0) LV ZX-YN9IS : ¥¥°G 914



155

0d / IX-YN9IS

yly —e—g-°|

diy ——

(11-£°SS) H/Z SA (Z'0'0) LY ZX-VYWN9IS : S¥°S "914




156

yiy —e—

0d / IX-YN9IS

0 0L°0

09°0 09°0 O0F¥°'0 0€°0

0c'0 0l

0 000

dly ——

| ] ] !

1

(11-6°SS) H/Z SA (Z'0'0) LV ZX~VA9IS

9%°G "3I4




157

0d / ZX-VYN9IS

4yl4 —e—g°

dly ——

(11--1SS) H/Z SA (Z'0'0) LV ZX-YN9IS : L¥°S 914



158

—06°
~0¥
—0¢ "
—0¢°
0d / X-VN9IS
—01"
000'9 00G'% 000°'C 006! 00G'L- 000'¢- 00S'¥- 000'9-
| [ | ] | | | 1
yly —e—
n:.m_luol.. lnon.l I\N

(1-500°3S) H/Z SA X-VA9IS SSIYLS TYWYON "XVH : 8¥°S "914



159

'

0¢-

—06G"
~09
—0¢
—07"

0d / X-VWIIS
01"

07 Gl 0l g

| | I |

yly —e—

(1-4°9S) H/Z SA X-YN9IS SSIYLS TVYWNYON " XVN

6¥°S

IR



160

0d / X-YN9IS

¢ 7-
| I !
—07" -
~0¢ "~
yLy —e— —0¥° -
diy —— -0,

(1-€°3S) H/Z SA X-VA9IS SSIYLS TYNYON “XVA : 06°GS "914



161

0d / X-VYN9IS

06° 1 00°! 06°0
| ] |

06°0- 00° - 06° 1~
I

41y —e—

diy —s— lom.ux\N

(1-6°3S) H/Z SA X-YWJIS SSIYLS IVANYON "XVYN : 1S°G "914



162

0d / X-VN9IS

0¢z'0- O0¥'0- 09°0- 08°0-

n
v | ! | 1

08°0 09°0 0" 0 0C°0
_ T 1 T

41y —e—

dly —— —-06"~ .:\N

(1-£°3S) H/Z SA X-YA91S SSIYLS TYNYON "XYN : 26°S "9I4



163

0d / X-YW9IS

0¥°0 070 . 070~ 0¥ 0- 09°0-
ﬂ T — ﬂ _
yly —e—

(1-"12S) H/Z SA X-YN9IS SSIYLS TYAYON "XVK @ €6°G "91J



164

0d / X-VYN9IS

000'9 006'¥ 000'C 00G'!
_ _ T _

1 1 |

41y —e—

(11-600°3S) H/Z SA X-VADIS SSIYLS TVNYON "XYK : ¥G°G "9l



165

0d / X-VK9IS

02

Gl

Gl-

0¢-

1y —e—

dly ——

(11-1°3s)

H/Z SA X-VH9IS SSIYLSTVHYON " XVH

GG°§

R



166

0d/ X-VN9IS
¢ 4 |

{ | |

yly —e—

(11-£°2S) H/Z SA X-YN9IS SSIYLS TVYNYON “XVN

96°G

K



167

—06°
—0v°
—0¢"

—-02"
0d / X-YW9IS

061~

0671 00°1 06°0 . 06°0- 00°1-
| | | J | { |
yly —e— .
dly —— —06° H/1

(11-6°3S) H/Z SA X-VNIIS SSIYLS TVNYON "XVN : LG°G "OHd



168

—-06"
A
—0¢
07"
0d / X-YN9IS
01"
08'0  09° 0¥'0  0Z2'0 . 02°0- 0¥'0- 09°0- 08°0-
{ [ | | v | | | 1
yly ——

(11-L°3S)

H/Z SA X-YN31S SSIYLS TYNYON "XVN : 8G°G "9I4



169

od / X-YWN9IS

0¥ 0 0¢°0

0y 0-

09°0-

41y —e—

dly —— ﬁoo.n

(11-"12S) H/Z SA X-YK9IS SSIYLS TVAYON “XVH

P 6S°S

IR



170

0d / X-VN9IS

000'0¢ 000'07 000°01 o goo‘ol- 000°'0Z- 000°0€-
_ . T . T . §— I T _ _

41y —s—

dly —— —-06° H/1

(1-600°4S) H/Z SA X-YN9IS SSIYLS TVHYON “XVM : 09°G "91



171

0d / X-YNIIS

08

09 0¥

0v-

09-

08-

| ] |

41y —e—

dly —— —06°- H/z

(1-1°4S) H/Z SA X-YN9IS SSIYLS TYNYON " XVH

19°6

914



172

—0G"
—~0% "
~0¢ "
02"
0d / X-YN9IS
0l 8 9 ¥ 0l-
| | | { |
yLy —e—
diy —— =08 4/7

(1-£°4S) H/Z SA X-YH91S SSIYLS TVAYON "XVA : Z9°S "91J



173

—0¢"
~0¥
—0¢"
-02°
0d / X-VK3IS _o1-
0’y 0°¢ 0°7 0'¢- 0¥~
| | | | i
41y —e— —0¥'-
d1y —=— =08~ /7

(1-6°4S) H/Z SA X-VH9IS SSIYLS TVNYON "XVA : £9°S 914



174

00°¢-

-0G"
—0¥°
—~0¢ "
—-07"

0d / X-VYAN9IS o1

00°7 06t 00! "0 0§°0- 00°l- 0G'l-

| { ] { | Il I
qlYy —e—

(1-L"45)

H/Z SA X-YNIIS SSIULS TVNYON "XV

¥9°G 914



175

—06°

0d / X-VNIIS _o1°
051 00" | 050
| ! | ! | '

06°0- 00" |- 06" |-
| ! |

yl1y —e— —0y " -

(1-"14S) H/Z SA X-YK91S SSIYLS TVAYON “XVA : 69°G "914



176

0d / X-YN9IS

000°0¢ 000°0¢ 000°'01 000°01-

000°'02- 000'0¢-

I ! | |

4yly —e—

dly —— —-06° n/z

(11-600°4S) H/Z SA X-VNIIS SSIYLS TVYKYON “XVH

© 99°G6 "J14



177

08-

-05"
0y
-og
0d / X-VNaIS -ov
08 09 0y 07 0z-  o0v-  09-
] | 1 ] |
¥y —e—
Ly —— =08 /7

(11-1"48)

H/Z SA X-YK9IS SSIYLS TYNYON “XVN

L9°S "9l



178

0d / X-VYN9IS

0l 8 9 1 8- 0l-
| I I 1 | 1
yly —e— —0Y

(11-¢£°4S) H/Z SA X-VA9IS SSIYLS TVNYON “XVA : 89°G 914



179

0d / X-VYN9IS

'Y

0'¢ 0°¢

r

{ i

41y —8—

dly —— —06°

H/1Z

(11-6"4S) H/Z SA X-VKNIIS SSIYLS TVYNYON "XVA * 69°G "J1d



180

—06"
—0v -
~0¢ "
—-07°
0d / X-VN9IS
—01°
00°Z 0S°L 00"} 0§50 "0 0§°0- 00°i-

06°1-

00°2-

! 1 ! |

07" -
_0¢° -

41y —e— —0¥° -

dly —— —08"y/z

(11-2°4S) H/Z SA X-VYN9IS SSIYLS TYNYON “XVN

1 _ ]

0L°G "914




181

0d / X-VN9IS

06° 1 00°1 06°0 ) 06°0- 00" 1~ 06" 1~
! ' ] ! I ' ] ! |
41y —»—
dly —— —06°'- u/z

(11="14S) H/Z SA X-YN91IS SSIULS TYNYON “XVN : LL°S "914



182

0d / X-VYNIIS

vb ¢t ot 8 g - ¥y- 9- 8- 01- - ¢

Fl

! { ( { { | l { {

1d) ——
dlYy —e— —-06"- H/1

(b Z°0 = yypim ‘poo7 di1ys ‘||-1"SS) H/Z SA X-owbiS ssa1}S |owioyN “XDH

AR



183

0d / X-VN9IS

06°1 00°1 06°0 0
_ T _ uv | _ _ _

149 —a— —0y '~

dlYy —e— lom\.m

(0 20 = yjp!m ‘pooy diays ‘[y-¢°SS) H/Z SA X-owbiS ssas)s jowsoy “xoy

06°0- 00° 1~ 06°1- 00°¢-

£L

14



184

(0 270

0d / X-YRaIS

09'0 0¥°0 00°0

07°0- 09°0- 09°0- 08°0- 00°1- 0C'I-

-

0
9

r | ]

1dd —=—
dly —8—

= yjpig ‘pooq diiyg !

) .
v ! I | | | 1

Fom.l _._\N

11-5°SS) H/Z SA x-owbis ssaiys jowloN “XoK * ¥L "JId



185

0d / X-YN3IS o1
0¢"0 "0 0¢ " 0- 09°0- 06°0- 0z -

D0
— T L Uu'l i — T T _ Lf 1 — T T —

I
;

14y —— —0y " -

dly —e— —06"-

H/1

(o z°0 = Yyipim 'poo] dii1ys ‘11-2°SS) H/Z SA X-owbis ssal)s |DwWioN "XON : G/ "9



186

0d / X-VR9IS

0z°'0 o0li'0 .o_.o.. 02°0- 0€°0- O0¥°0- 0G°0- 09°0- 0L°0- 08°0-
r I 86— I T T T I T _
14 —%
dly —e— —06°
H/Z

(0 7°0 = Yi}pim ‘poo dii3s ‘[1-"1SS) H/Z SA X-owbig ssai}g |owsoN "XOf : 9/ "9



187

060°0-

4yly —e—

diy —

V/X

(11-1°sS) 0°0=A LV 3LY1d 40 3Iv4¥nS dOL 40 NOIL33143Q : £LL°G 914

VHd TV



188

4yl —e—

dly ——

—001°0-

—080°0-

—090°0-

—0¥0°0-

~020°0-

00'F 06° 08 0L 09'° 0¢ 0¥ 0f  0¢
V/X

. (11-6°SS) 0°0=A 1V 3LV1d 40 3JY4¥NS dOL 40 NOILI31430

8L"S

"J1d

VHd 1V



189

41y —e—

dlY ——

09°0-

06 0-

(11--188)

08° 0L' 09° 06 0¥
v/X
0°0=A LV 31Y1d 40 33v3ynS doOlL

40 NOIL133743¢

6L

"J14



190

060°0-

-0%0°0-

-0£0°0-

4y —e—

dlY ——

-020°0-

-010°0-

000°0

(11-4°SS) 0°0=A LV 31V1d 40 33v4¥nS Q1A 40 NOILI3T430 : 08°G "9l

VHdTV



191

~001°0-

41y —o—

dly —%—

(11-6°sS)

08° 0L 09" 0G0 0% 07°
v/X
0°0=A LV 31V1d 40 32v4¥NnS "aIN 40 NOIL1237430

.
-

18°G

—080°0-

—090°0-

—0¥0° 0-

-020°0-

“o14

VHd 1Y



192

4Ly —e—

dlY ——

(1

|
o0't 06" 08" 0L 09" 06 0¥ 0€° 0C° Ol 00

v/X
I--1SS)  0°0=A LV 3LV1d 40 3OVI¥NS “GIN 40 NOILD31430 : 28°S

06¢°0-

~00%°0-

-0 1" 0-

0010~

~050°0-

A

YHd1V



193

060°0-

yly —e—

dly ——

V/X

(11-1°SS) 0°0=A LY 31¥7d 40 30vi¥NS NOLLOE 340 NOIL33T43Q © £8°G "9l

VHdTV



194

—001°0~-

—080°0-

-090°0-

41y —e—

dlY ——

_ _ _ _ _ ! ! _ _ .
00°'L 06 08" 0L’ 09"’ 06° oy’ 0¢’ 0¢° 0l° oo.ooo 0

v/X
(11-6°SS) 0°0=A LV 31V1d 40 3IVJIY¥NS WOLLOA 40 NOILD3T430 : ¥8°C "914

VHd1V



195

41y —e—

dlY —s—

1 |

(11-"18S)

06° 08" 0L° 09" 06" 0¥’

v/X
0°0=A LY 31V1d 40 33v3iynsS WoLLO4

40 NOI1133174340

G8°§

06¢°0-

—00¢°0-

—061°0-

—001°0-

—060°0-

A

VHd1Y



196

dly: d0l ——

dly: QIN ——

dly: 108 ——

4yly —+

00

0s0°0-

040" 0-

—-0£0°0-

-020°0-

—010°0-

(11-1°SS) 0°0 = A }V S3IIVJ¥NS AOLLOB ® '"QIN "dOL JO uol}d3j4sq

98 914

VHd1V



197

001" 0-
41y —a—
d0L:dLY —%—
080" 0-
QIN:dLY —e—
108:dLY —— |
0907 0- =
=
040" 0-
020" 0-
] | | | | | | | ] .
00°T 06 08 0L 09- 05 o0y _o0c o0z oL 002000

v/Xx
(11-6°$S) 0°0=A LV 3ILV1d 40 S3IIVI¥NS 108 ® ‘QIN ‘dOL 40 NOILJ37430 : L8 "914



198

4yl —+
d0l:dlYy —=—
QIN:dlY —
l08:dlY ——

00°1 06° 08° oL’ 09° 06" oy’ ¢’ 0¢° 0L’
v/ X
:T.va 0°0=A LY 31V1d 40 S3JvVi¥nsS log ® 'QIN "dol 40 NOILJ3T43Q

88

"Il



199

0d / A-VN9IS

0¢ G2 07 SI 0!
_ _ | _ T _

§- 0l- G- 0¢- 67— o0¢-
_ | | | _ 1

LLOO 0-=AN || —&— —07°

9610°0-=AN + | —— H/z —-06°

(1°SS) H/Z SA A-VN9IS SSIYLS TYNYON XYM : 68°GC 914



200

—0§"
—0¥
~0¢"
0d / A-VR3IS C0e
06" 1 00" 1 06°0 06" 0~ 00" 1- 06" i-
. il | | | | |
LGSO -=AN : || —&— —0
06L0°-=AN @ | —%— wz 08

(6°SS) H/Z SA A-YNOIS SSIYLS TYNYON “XVYH : 06°G "9



201

0d / A-VN9IS

0¢°0- 0¢£°0- 0¥°0- 0G°0- 09°0-
_ T _ _ _

0¥°0 0¢°0 02°0 01°0 00
| | | ]

0]~
07" -
L0¢ -
0680 ==AN - [| —&— —0%° -
0861 '—=AN + | —%— H/z —06"-

(0°1SS) H/Z SA A-VN9IS SSIYLS TVAYON “XVN : 16°G "914



Table 5.1 Coefficient a for the Center
Deflection of a Uniformly Loaded
Simply Supported Square Plate

202

h/a a, a, T, a,

0.005 0.044009 0.014366 0.04433 0.044366
0.01 0.044149 0.014380 0.04434 0.044380
0.05 0.044789 0.011819 0.04481 0.044849
0.1 0.046294 0.046315 0.04625 0.046314
0.2 0.052171 0.052176 0.05194 0.052157
0.3 0.061946 0.0619416 - 0.061867
0.4 0.075619 0.075623 0.07474 0.075312
0.5 0.093229 0.093207 - 0.092448
3.6 0.11463 0.11470 0.10853 0.11314
0.7 0.14008 0.14010 — 0.13717
0.8 0.16941 0.16941 0.15682 0.16426
0.9 0.20220 0.20262 _ 0.19428
1;0 0.24024 0.23975 0.21982 0.22679

NOTE : a = 0.04433

w

By CPT : Classical Plate Theory (For All h/a Ratios)

= FEM : Goma'a and Baluch

= RTR : Refined Theory (Reissner)

= RTB : Refined Theory (Voyiadjis and Baluch)
= RTP : Refined Theory (Present)

= (1(pa4/Eh3), p = 0.3




Table 5.2 Coefficient B for the Center
Resultant Moment Mx

of a Uniformly Loaded Simply Supported Square Plate

203

h/a B, B, B, B,
0.005 0.047477 0.047830 0.0479 0.047890
0.01 0.047659 0.047892 0.0479 0.047892
0.05 0.048072 0.047928 0.0492 0.047927
0.1 0.048285 0.018010 0.0512 0.048042
0.2 0.048776 0.048490 0.0534 0.048509
0.3 0.049549 0.049240 _ 0.049339
0.4 0.050623 . 0.050290 0.0559 0.050284
0.5 0.052003 0.051640 _ 0.051500
0.6 0.053689 0.053290 0.0640 0.052949
0.7 0.055682 0.055240 - 0.054611
0.8 0.057980 0.057490 0.0776 0.056460
0.9 0.063496 0.060040 _ 0.058593
1.0 0.063496 0.062830 0.0964 0.060833
NOTE : f = 0.0479

By CPT : Classical Plate Theory (For All h/a Ratios)
B, = FEM : Goma'a and Baluch
B, = RTR : Refined Theory (Reissner)
Bs = RTB : Refined Theory (Voyiadjis and Baluch)
B, = RTP : Refined Theory (Present)

&

M, = ppa®, p = 0.3




Table 5.3 Coefficient y for the Center
Resultant Moment My

of a Uniformly Loaded Simply Supported Square Plate
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h/a Y, Y, Yq Yy

0.005 0.047477 0.047888 0.0479 0.047888
0.01 0.047659 0.047889 0.0479 0.047889
0.05 0.048072 0.047927 0.0492 0.047927
0.1 0.048285 0.018045 0.0512 0.048043
0.2 0.048776 0.048517 0.0534 0.018498
0.3 0.049549 0.049303 - 0.049203
0.4 0.050623 0.050405 0.05359 0.050179
0.5 0.052003 0.051821 - 0.051418
0.6 0.053689 0.053552 0.0640 0.052952
0.7 0.055682 0.055597 - 0.054787
0.8 0.057980 0.057957 0.0776 0.056923
0.9 0.063496 0.060632 — 0.059369
1.0 0.063496 0.063621 0.0964 0.062159

NOTE : y = 0.0479

By CPT : Classical Plate Theory (For All h/a Ratios)

FEM : Goma'a and Baluch

RTR : Refined Theory (Reissner)

RTB : Refined Theory (Voyiadjis and Baluch)
RTP : Refined Theory (Present)

-{paa, p = 0.3




- - Table 5.4 Coefficient a for the Center
Deflection of a Uniformly Loaded
Simple/Clamped Square Plate
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h/a a, a, a, a,

0.005 0.0018120 ) 0.0019179 0.00190 0.0019179
0.01 0.0018369 0.0019201 0.00188 0.0019201
0.05 0.0019672 0.0019901 0.00176 0.0019908
0.1 0.002194 0.002201 0.00166 0.002206
0.2 0.002980 0.002982 0.00158 0.003005
0.3 0.004163 0.004165 _ 0.004197
0.4 0.005696 0.005697 0.00166 0.005703
0.5 0.007562 0.007565 - 0.007499
0.6 0.009763 0.009772 0.00182 0.009583
0.7 0.012314 0.012323 _ 0.011966
0.8 0.015206 0.015227 0.00203 0.014653
0.9 0.018517 0.018490 - 0.017647
1.0 0.022100 0.022116 0.00231 0.020946

NOTE : a = 0.0192

R R A A
w N
|

w=

By CPT : Classical Plate Theory (For All h/a Ratios)

FEM : Goma'a and Baluch

RTR. : Refined Theory (Reissuer)

RTB : Refined Theory (Voyiadjis and Baluch)
RTP : Refined Theory (FPresent)

apa‘/D, p = 0.3




- Table ‘5.5 Coefficient B for the Center
Resultant Moment Mx

of a Uniformly Loaded Simple/Clamped

Square Plate
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h/a | B, i B, B
0.005 0.023429 0.024396 0.0242 0.024396
0.01 0.023643 0.024410 0.0241 0.024410
0.05 0.024784 0.024864 0.0261 0.024871
0.1 0.034170 0.026196 0.0243 0.026250
0.2 0.035011 0.030675 0.0216 0.030959
0.3 0.036073 0.036367 - 0.036721
0.4 0.037652 0.042456 0.0210 0.042240
0.5 0.040033 0.048551 _ 0.046993
0.6 0.043359 0.054290 0.0279 0.050899
0.7 0.047662 0.058191 _ 0.054050
0.8 0.052928 0.062634 0.0411 0.056579
0.9 0.059129 0.063861 - 0.058617
1.0 0.066235 0.061985 0.0596 0.060273
NOTE : B = 0.0244

By CPT : Classical Plate Theory (For All h/a Ratios)
B, = FEM: Goma'a and Baluch
p, = RTR : Refined Theory (Reissner)
By, = RTB : Refined Theory (Voyiadjis and Baluch)
B4 = RTP : Refined Theory (Present)
M, = Bpaz, g = 0.3

X
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Table 5.6 Coefficient y for the Center
Resultant Moment My

Uniformly Loaded Simple/Clamped Square Plate
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h/a ¥y Y2 Y3 Vs
0.005 0.031350 0.033247 0.0331 0.033247
0.01 0.032372 0.033250 0.0330 0.033250
0.05 0.033628 0.033345 0.0334 0.033350
0.1 0.02631 0.033045 0.0321 0.033639
0.2 0.03089 0.034373 0.0295 0.034647
0.3 0.03652 0.035469 - 0.036160
0.4 0.04206 0.037119 0.0269 0.038228
0.5 0.04699 0.039583 - 0.040927
0.6 0.05121 0.042990 0.0322 0.044288
0.7 0.05484 0.047370 - 0.048312
0.8 0.05803 0.052712 0.0444 0.052987
0.9 0.06080 0.058996 - 0.058297
1.0 0.06357 0.066206 0.0623 0.064220
NOTE : y = 0.0332

By CPT : Classical Plate Theory (For All h/a Ratios)
vy, = FEM: Goma'a and Baluch
Y, T RTR : Refined Theory (Reissner)
Y; = RTB : Refined Theory (Voyiadjis and Baluch)
Y, = RTP : Refined Theory (Present)
M_ = ypaa, n=20.3
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Table 5.7 Coefficient « for the Center Deflection
of a Simple/Free Square Plate

h/a a, a, a, a,

0.005 0.013127 0.013095 0.01309 0.013094
0.010 0.013294 0.013098 0.01309 0.013097
0.050 0.013956 0.013174 0.01310 0.013169
0.1 0.013495 0.013407 0.01312 0.013397
0.2 0.014469 0.014328 0.01326 0.014299
0.3 0.016016 0.015859 — 0.015786
0.4 0.018163 0.017999 0.01352 0.017830
0.5 0.020913 0.020748 - 0.020406
0.6 0.024278 0.024105 0.01395 0.023487
0.7 0.028229 0.028072 - 0.027053
0.8 0.032819 0.032648 0.01457 0.031090
0.9 0.037981 0.037834 — 0.035588
1.0 0.043800 0.013629 0.01527 0.0405142

NOTE : a = 0.01377
By CPT : Classical Plate Theory (For All h/a Ratios)

a, = FEM: Goma'a and Baluch

a, = RTR : Refined Theory (Reissner)

a, = RTB : Refined Theory (Voyiadjis and Baluch)
a. = RTP : Refined Theory (Fresent)

w = upa‘/D, p = 0.3




of a Uniformly Loaded Simple/Free Square Plate

Table 5.8 Coefficient § for the Center
Resultant Moment Mx
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h/a B, B B, B,
0.005 0.12002 0.12274 0.1225 0.12255
0.01 0.12027 0.12294 0.1225 0.12255
0.05 0.12320 0.12465 0.1228 0.12260
0.1 0.12442 0.12246 0.1240 0.12275
0.2 0.12547 0.12287 0.1252 0.12332
0.3 0.12645 0.12411 - 0.12414
0.4 0.12765 0.12683 0.1270 0.12506
0.5 0.12901 0.13180 - 0.12601
0.6 0.13048 0.13980 0.1313 0.12704
0.7 0.13202 0.15165 - 0.12823
0.8 0.13364 0.16826 0.1386 0.12964
0.9 0.13534 0.19066 - 0.13134
1.0 0.13713 0.21999 0.1489 0.13338
NOTE : B = 0.1235

By CPT : Classical Plate Theory (For All h/a Ratios)
B, = FEM : Goma'a and Baluch
B, = RTR : Refined Theory (Reissner)
Ba = TRTB : Refined Theory (Voyiadjis and Baluch)
Be = RTP : Refined Theory (Present)
M_ = ppa®, pn =

X




of a Uniformly Loaded Simple/Free Square Plate

--Table 5.9 Coefficient y for the Center
Resultant Moment My
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h/a Y, Y, Yq Yo
0.005 0.026176 0.027227 0.0271 0.027080
0.01 0.026190 0.027376 0.0272 0.027081
0.05 0.026586 0.028660 0.0275 0.027115
0.1 0.026193 0.025831 0.0283 0.027222
0.2 0.024942 0.024414 0.0299 0.027644
0.3 0.023540 0.022757 _ 0.028323
0.4 0.022057 0.021013 0.0324 0.029241
0.5 0.020622 0.018373 - 0.030409
0.6 0.019316 0.017927 0.0358 0.031861
0.7 0.018163 0.016687 - 0.033635
0.8 0.017150 0.015628 0.0399 0.035764
0.9 0.016253 0.014707 _ 0.038268
1.0 0.015445 0.013882 0.0478 0.041153
NOTE : y = 0.0102

By CPT : Classical Plate Theory (For All h/a Ratios)
v, = FEM: Goma'a and Baluch
Y, = RTR : Refined Theory (Reissner)
Y, = RTB : Refined Theory (Voyiadjis and Baluch)
1, = RTP : Refined Theory (Present)
M = ‘{paz, p = 0.3
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Table 5.10 Coefficient a for the Center
Deflection of a Simply Supported Square Plate
with a Line Load at x = a/2

h/a a, a,

0.005 0.073601 0.073620
0.01 0.073601 0.073653
0.05 0.073601 0.074700
0.1 0.073601 0.0773839
0.2 0.073601 0.090682
0.3 0.073601 0.11144
0.4 0.073601 0.14031
0.5 0.073601 0.17695
0.6 0.073601 0.22124
0.7 0.073601 0.13717
0.8 0.073601 0.33156
0.9 0.073601 0.39619
1.0 0.073601 0.46787
a, = CPT : Classical Plate Theory
a, = RTP : Refined Theory (Present)
w = afpa’/Eh’), p = 0.3




Table 5.11 Coefficient"p for the Center
Resultant Moment Mx of a Simply Supported Square Plate

with a Line Load at x = a/2

h/a | B, B,

0.005 0.127 0.12405
0.01 0.127 0.12405
0.05 0.127 0.12386
0.1 0.127 0.12378
0.2 0.127 0.12505
0.3 0.127 0.12758
0.4 0.127 0.13200
0.5 0.127 0.13737
0.6 0.127 0.14366
0.7 0.127 0.15071
0.8 0.127 0.15843
0.9 0.127 0.16630
1.0 0.127 0.17515
Bt = CPT : Classical Plate Theory
Bz = RTP : Refined Theory (Present)
Mx = fpa, p = 0.3
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Table 5.12 Coefficient y for the center
of a Simply Supported Square Plate

Resultant Moment My
With A Line Load at x = a/2

h/a Y, Y,

0.005 0.092 0.091064
0.01 0.092 0.091129
0.05 0.092 0.093099
0.1 0.092 0.098766
0.2 0.082 0.11682
0.3 0.092 0.14017
0.4 0.092 0.16671
0.5 0.092 0.19565
0.6 0.092 0.22639
0.7 0.092 0.25854
0.8 0.092 0.29179
0.9 0.092 0.32599
1.0 0.092 0.36103
1, = CPT : Classical Plate Theory
Y, = RTP : Refined Theory (Present)
My = ypa, p = 0.3

213
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Table 5.13 Coefficient a for the Center
Deflection of a Simply Supported Square Plate
with a Strip Load (Width = 0.2 a) Centered at x = a/2

h/a a, a,

0.005 0.014368 0.014368
0.01 0.014368 0.014373
0.05 0.014368 0.014558
0.1 0.014368 0.015132
0.2 0.014368 0.017402
0.3 0.014368 0.021106
0.4 0.014368 0.026252
0.5 0.014368 0.032779
0.6 0.014368 0.040661
0.7 0.014368 0.048839
0.8 0.014368 0.060240
0.9 0.014368 0.071676
1.0 0.014368 0.084327
a, = CPT : Classical Plate Theory
@, = RTP : Refined Theory (Present)
w = a@®a'/Eh®), p = 0.3
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Table 5.14 Coefficient B for the center
Resultant Moment Mx of a Simply Supported Square Plate

With A Strip Load (Width = 0.2a) Centered At x = a/2

h/a | B, B,

0.005 0.020914 0.020914
0.01 0.020914 0.020915
0.05 0.020914 0.020825
0.1 0.020914 0.020940
0.2 0.020914 0.020969
0.3 0.020914 0.020999
0.4 0.020914 0.021387
0.5 0.020914 0.021848
0.6 0.020914 0.022456
0.7 0.020914 0.023192
0.8 0.020914 0.024043
0.9 0.020914 0.024925
1.0 0.020914 1 0.025983
B, = CPT : Classical Plate Theory
Ba = RTP : Refined Theory (Present)
M, =B Pa’, n=03




Table 5.15 Coefficient B for the center
Resultant Moment My of a Simply Supported Square Plate

With A Strip Load (Width = 0.2a) Centered At x

h/a B, B,

0.005 0.016841 0.016841
0.01 0.016841 0.016843
0.05 0.016841 0.016904
0.1 0.016841 0.017087
0.2 0.016841 0.017807
0.3 0.016841 0.019017
0.4 0.016841 0.020633
0.5 0.016841 0.022608
0.6 0.016841 0.024875
0.7 0.016841 0.027378
0.8 0.016841 0.030075
0.9 0.016841 0.032941
1.0 0.016841 0.035958
B . = CPT : Classical Plate Theory
B, = RTP : Refined Theory (Present)
M, = B Pa’, u=03

a/2
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Table 5.16 Total Distributed Reaction R Along Edges Of
A Uniformly Loaded Square Plate

h/a a, @, a,

0.005| -1.02 -1.02 -1.02
0.01 -1.02 -1.02 -1.02
0.05 -1.02 -1.02 -1.02
0.1 -1.02 -1.03 -1.03
0.2 -1.03 -1.03 -1.04
0.3 -1.07 -1.04 -1.05
0.4 -1.07 -1.05 -1.07
0.5 -1.08 -1.05 -1.08
0.6 -1.09 -1.05 -1.08
0.7 -1.09 -1.05 -1.08
0.8 -1.09 -1.05 -1.09
0.9 -1.11 -1.05 -1.09
1.0 -1.09 -1.06 -1.09

R
]

A
I

]
I

SIMPLY SUPPORTED SQUARE PLATE.

SIMPLY SUPPORTED / CLAMPED SQUARE PLATE.
SIMPLY SUPPORTED / FREE SQUARE PLATE.

R=a(Po),u=0.3
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APPENDIX

A-1 DERIVATION OF EQUATION (4-28) :

Equations (4-25) to (4-27), can be expressed in the form :

a;, W + 819 Oy + 83 q:y =c P (A-1)
8y W + 859 Oy + 844 q)y = cy P (A-2)
aq, w o+ 83y 0y + 833 9y, = €3 P (A-3)
Where
N N - -
ag a&xA Sax (A-4.1)
2 2
a;, = b[zi-z- + i;] ~-'s (A-4.2)
ox ay
52
813 = B 559 (A-4.3)
= adA - si -
351 a&yA S&y (A-4.4)
a2 :
833 = B 3y (A-4.5)
2 2
a.. = bl2d— + 2| - s (A-4.6)
23 2 2
ay 7
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2 2
_ @ ad -
ag = -+ L (A-4.7)
ox
a,, = 2 | (A-4.8)
32 éx ’
a. = 2 (A-4.9)
33 - Fy :
e, = o2 (A-4.10)
1 éx
e, = o2 (A-4.11)
2 iy .
e, = L (A-4.12)
3~ '
h“‘Fls
a=-D+— (A-4.13)
n’F

(A-4.14)
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To obtain the governing differential equation for w , we write :
CP 343 213
CoP 833 233
= _ ] %P %32 “33
811 %12 213
831 %22 223
331 %32 %33
or :
811 %12 13 ©1P %11 %13
891 85 83 |{W} = | CP 833 233 |(p) (A-5)
231 %32 %33 e3P 833 P33

By expanding the operators determinants in equation (A-5) , we get

for this equation:

{(2b2 —ab)a® + (as - 2bs)n*}Hw =

{A A% + BA + C}{p)

or :

M' A3W + N' A%Ww = A A%p + BAp + Cp (A-6)

Thus equation (4-28) is proved .
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A-2 DERIVATION OF THE FUNCTION Y (v) IN EQN. 4-37 : -

Substituting equation (4-36) in equation (4-32), we get :

oxX

4 4 4
| o 3 8 -\ _ i
N[;r”axz.a t - 4}{‘”2} 0 (A-T)

OR :

M'( -a® Y + 3d°

v+t v (n -3 v+ vy ) +

N'( el Y -2 Y (y) + ¥V () )=o0

Rearranging the above equation , we get :
(vi) _ 2 _ N'\y(iv) 2 2 N'
Y (3am W)Ym +ag(3a; -2 o )Ym

4 2 Nl _ a
—um(am—W->Ym—0 (A-8)
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The characteristic equation for the above differential equation is :

rs—(3a;—%:)r4 +a;(3a;—2-g—:)ra

_ 472 _ N'y\ _ -
a m(um w) = ° (A-9)
A root for the above equation is: + «

m

Thus equation (A-9) can be rewritten as:

(r2 - a:_l){ (r2 - u;)(rz - (uz - -ﬁ—:) ) } =0 From the

above equation, the roots for equation (A-8) are :

m ’ m ’ m M!
OR :
:!:am, :!:am, :!:'ym
where
2 _ 2 _ N _
Tm = %m M (A-10)

Therefore we get for Ym(y) :

oy e Y oy
Ym(y)=c1e m +czyem +03em

teye + cg e + cg e (A-11)
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Since :

sinh(y) = i _2 e’
cosh(y) = e_y_4_-2_e_-y_ And :
e¥ = sinh(y) + cosh(y)

e ¥ = cosh(y) — sinh(y)
Then equation (A-11) can be rewritten as :

Ym(y) = Am cosh a v + Bm a.y sinh a y + Cm sinh a.y
+ Dm a v cosh a v + Em cosh YV

+ Fm sinh YoV (A-13)

Thus equation 4-37 is proved .
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A-3 DERIVATION OF THE PARTICULAR SOLUTIONS FOR THE

BENDING PROBLEM :

To get the particular solutions for this case , the dependent

variables may be assumed to be of the form :

w_ = Zwoo sin @_x

(<]
]

u cos a_ X
o] ZOO m

v. =)V sin a_x
Zoo m

x ZQox cos apX
Q. = ZQoy sin o x

= cos a X
q)x Z‘pox m

S
]

v Z‘Poy sin a_x
M_=YM cosax
My = ZMoy sin a_x
Mxy = ZMoxy cos a_x

p =M y COS apX (A-14)

Substituting equations (A-14) into equation (3-7), we get :
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_ Pm
Q = _u: (A-15)

+ (A-16)
From the governing equation for wy (equation (3-35)) we get :

3 2 4
v - [1 . (2 - ph amFl _ amD
0o 12(1 - p) N

2 2 2.5 4
ph™a uhamF

. 1
40(1 - p)

480(1 — p?)

(A-17)
From equation (3-27.4), we get for Pox

_ _ 1Pm _ 1
Pox = [ ¥m 'm * Sa N 'mPm

1 1
- e o ) —
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From equation (3-27.5), we get for ‘poy

0 =0 (A-19)

6Mx B 6Mxy - q
ox ay X
we get :

de - a

dx X

From which and with equation (A-15) for Qox , we get for Mox :

_ P
Mox = = (A-20)
am

3

From equations (3-27.1), (A-18), and (A-20) , we get for Pox

- pd + ) _ 1 -
Pox ~ pm[ Ea 3 (A-21)
m amD

Similarly by using equation (3-34), we get for Qoy :

Qpy = O (A-22)

And from the equilibrium equation:



we get :

oxy
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(A-23)
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A-4 PHYSICAL INTERPRETATION FOR THE AVERAGE -

DISPLACEMENTS w, u, v, AND AVERAGE ROTATIONS

Py and q’y :

For convenience in formulation and analysis,average displace-

ments w , u , v , and average rotations ¢ and ¢ are introduced

. This is similar to introducing moment stress resultants which are

actually average stresses :

{Exact Stresses : Oy oy’.

{Average Stresses : Mx , My,...

Similarly :
{Exact Displacements : u,v,w

{Average Displacements : u, v, and w

The average displacement u is defined as follows :

u = % u dz (A-24)

Nlp‘-“-—;NIS-

And similarly :
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v dz (A-25)

<l
"
o=
0| o] &

Equating work of the transverse shear stress 7, due to dis-

placement w to the work of the transverse shear resultant Qx due to

average displacement w , one has :

(A-26)

N'&'——.NIE—
G
3
&
Il
3]
£|

On substituting for « and w from equations (3.3) and (3.15),

X7

respectively yields for the w the expression :

| =

w = B
w WO+N

(A-27)

The same result would be obtained if one were to use the work of

T stresses.
vz

Defining the average rotations of sections x = constant , y =

constant by y_ and v_ , respectively , one may equate the work of
DS Y

the resultant couple on the average rotation to the work of the cor-

responding stresses Op » @ on the displacements u and v and

y ’

expressed as :
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+h

2

f o, udz =M v, (A-28)
ch

2

+h

2 .

-{1 oy v dz = My vy (A-29)
2

The stress expressions to be used for Oy » oy are the initial linear

12M X 12M
variations (o x = z, cy = syz )
n? h

On substituting the linear form of O and u into equation (A-28)

and integrating the results , an expression for Vi is obtained as :

a‘VO Qx
\y = —-— —_— t —_— -
X ax S

']

1M
YR (A-30)

Ny

S
N

Similarly an expression for \yy is obtained as :

ow Q -
o v 1ép 1M
= = 92 4+ Y - = 4+ =—— A-
WY oy S N déy R oy (A-31)
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Py is the rotation of a vertical element x = constant of the plate .

Also on comparison of equations (A-31) and (3.27.5), one notes that

my is the rotation of a vertical element y = constant of the plate .



A-5 PROGRAM LISTING

A-5.1 PROGRAM DISS2 LISTING :

EREEEVESS 1 4 44 SETEETEXESEE LR RRETLREERRRESE

PROGRAM FOR THE ANALYSIS OF THICK PLATE BENDING PROBLEMS
USING LEVY METHOD

PROGRAM WRITTEN BY : AMMAR KHALEEL HAFEZ MOHAMMED
IN DHAHRAN , SAUDI ARARIA.

ananann0qQqacaann

c‘.""'tt".t."."'.'l‘..""t‘.ltt..tt‘l""..‘."‘.‘

C
IMPLICIT REAL®8 (A-H,0-Z)
DOUBLE PRECISION NU.KPD.K4,KS
DATA NU0.30/,BAR/1.00/,
. MTERM/25/,JBOUND/1/,IPLANE/1/ISTRES/4/,IPLOT/2/,IDEF2/,
. IPRINT/2/,NPLATE/ 1,MPLATE/I3/,IZMAX/11/,
X/0.50/,Y/0.00/,21/0.50/,UU/0.200/,ILOAD/1/

C“t'"‘.'l."...‘t."'.“"‘.‘.t.t..l..t‘.t..‘.‘.“'.
18 FoRhiAT('tlttttt‘ttttt‘ttttttttttttttttt'ttttlttt

PRI I3 231222323333 222222 Lt .l‘.t.t't.l')

GO TO (170,171) IPLANE
170 WRITE(6,175) IPLANE
175 FORMAT(IPLANE ="12,2X,: EDGE AT Y = +-B/2 IS NOT ALLOWED TO STRET
.CH IN THE Y-DIRECTION )
GO TO 177
171 WRITE(6,176) IPLANE
176 FORMAT(IPLANE="12,2X, : EDGE AT Y= +-Bj2 IS ALLOWED TO STRETCH
. IN THE Y-DIRECTION %
177 CONTINUE
GO TO (70,71,72) IBOUND
70 WRITE(6,73) IBOUND
GO TO 76
71 WRITE(6,74) IBOUND
GO TO 76
72 WRITE{6,75) IROUND
73 FORMAT({IBOUND ="J2,2X,: PLATE SIMPLY SUPPORTED AT Y = +,- B:2)
74 FORMAT(IBOUND =",12,2X," PLATE CLAMPED ATY = +,.-Bj2)
75 FORMAT(IBOUND =']12,.2X,: PLATE FREE ATY = +,.B[2)

-
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76

401
203
501
503

404
188

122
101

490

492

49

—

370

183

C

331

mn

180
18t
182

372

CONTINUE
GO TO (400,401,501) ILOAD

WRITE(6,402)
GO TO 404
FORMAT(' LOAD : UNIFORM LOAD )
WRITE(6,403) ZI
GO TO 404
FORMAT(" LOAD : LINE LOAD APPLIED AT ZI =",F8.2)
WRITE(6,503) UU,ZI
FORMAT('LOAD : STRIP LOAD ,WIDTH =',F83,,CENTERED AT ZI ="F8.3)
WRITE(6,188) NU
FORMAT('NU = "F6.3)
WRITE(6,101) BAR
WRITE(6,122) MTERM
FORMAT('M = 135,..,,12)
FORMAT{'B/A = "FI0.2)
PI1=22.0/70
PI=-1.00
Pi = DARCOS(PI)
GO TO (490,491,491) IDEF
CONTINUE
WRITE(6,141)
WRITE(6,492) X,Y
WRITE(6,141)
FORMAT('DEFLECTIONS X-M,Y-MOM : ARE EVALUATED AT X ="F8.22X,
Y ='F82)

GO TO 435
CONTINUE
GO TO (370,371,373,373,435) ISTRES
CONTINUE
WRITE(6,141)
WRITE(6,183) X,Y
FORMAT{'NOTE : SIGMAX SIGMAY & SIGMAZ ARE EVALUATED AT ("F4.1,’A,
- F4.1,B.Z)y ) '
WRITE(6,141)
WRITE(6,331)
FORMAT(SIGMAX ‘6X,SIGMAY ‘4X,SIGMAZ ")
GO TO 435
WRITE(6,141)
WRITE(6,180)
WRITE(6,181)
WRITE(6,182)
FORMAT({'NOTE : SIGMAXY IS EVLUATED AT (0 ,B/2,Z))
FORMAT('NOTE : SIGMAXZ IS EVLUATED AT (0 ,0,7))
FORMAT('NOTE : SIGMAYZ IS EVLUATED AT (A/2,B/2,Z)")
WRITE(6,141)
WRITE(6,372)
FORMAT('SIGMAXY "6X, SIGMAXZ '4X,SIGMAYZ ")
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GO TO 435
373 CONTINUE
WRITE(6,141)
WRITE(6,437) X.Y
C  WRITE(6,497)
C  WRITE(6,466) X,Y
C  WRITE{(6.479)
WRITE(4,141)
497 FORMAT{7X,Z"8X,SIGZ-B"5X,SIGZ-P)
C497 FORMAT(7X,Z' 8X,SIGXZR’",5X,SIGXZR",7X, SIGXZP’)
C497 FORMAT(7X,’H/A"8X, XSHERR',5X, XSHERB",7X," XSHERP’)
479 FORMAT(7X,'HAR",5X, XYMOMR',7X, XYMOMP")
C479 FORMAT(5X, H/A"6X, TOTAL INPLANE FORCE NY )
C  WRITE(6.440)
€437 FORMAT('NOTE :SIGMA-X IS EVALUATED BY DIFFERENT REFINED THEORIES’)
C437 FORMAT('NOTE : SIGY , SIGXY , SIGYZ : ARE EVLUATED AT FREE END:
437 FORMAT('NOTE : STRESSES ARE EVALUATED AT X ='F8.22X,Y ="F8.2)
466 FORMAT('NOTE : A CHECK FOR TOTAL LOAD ON PLATE’)
C437 FORMAT('NOTE : NU IS EVLUATED AT X=C.5A,Y =0.0")
C440 FORMAT('Z ’,10X,'NU REISSNER'6X,'NU PRESENT")
C437 FORMAT('NOTE : W(X,Y.,Z) IS EVLUATED AT X =0.5°A,Y =0.0")
C440 FORMAT(SX,’X ',10X,"W REISSNER',6X,"'W PRESENT"," AT Z/H = 0.0
C440 FORMAT('Z ",10X,'W REISSNER',6X,'W PRESENT")
435 CONTINUE

C'tt'tt‘tt"tt"ttt't""t".t“t‘.'..t'."t.t'tt‘t TET

DO 300 IPLATE=NPLATE,MPLATE
C"ttC.tt!'t""'t.'t"t.'!t‘“‘t"t.t“‘t".'ll."‘.l
IF(IPLATE.GT.4) GO TO 134
GO TO (130,131,132,133) [PLATE
130 HAR=0.005
GO TO 136
131 HAR=0.010
GO TO 136
132 HAR=0.050
GO TO 136
133 HAR=0.100
GO TO 136
C134 HAR=0.200"(IPLATE4)
134 HAR=0.100*(IPLATE-3)
IF(IPLATE.GT.13) GO TO 184
GO TO 136
124 fIAR =IPLATE-12.0
136 CONTINUE
WRITE(6,141)
WRITE(6,367) HAR
367 FORMAT(H/A = "F6.3)
WRITE(6,477)
C477 FORMAT(7X, 11/A’8X, ' YSHERR',5X, YSIIERB",7X, YSHERP")
C477 FORMAT(7X.'Z'8X,SIGXYR'S5X,SIGXYR"TX,SIGXYD)
477 FORMAT(7X,Z'9X,SIGXR’6X,SIGXB",7X,SIGXP")
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CA7T FORMAT(7X.'Z"SX, SIGMA-X(BY,5X,SIGMA-X(P))
141 FOR[‘(,\T("'"'tttttttvttttttttcttttoo'l.c-octtttt')
WRITE(6,141)
Z = -0.600000

Ctt.'."..'.t.t."".“.“.'....‘.".."""".‘."‘t.‘

DO 250 1Z=1,IZMAX

C't.tttt.tttt."ttt"lt“‘t"‘tttltt'ltt.'tttt"ttt“‘t

Z = Z + 0.100000

c'"'.""."O""""..‘."'..'...""".‘“".'.“"t

DO 200 IBALCH=1,2

C‘.""."".“.t""‘.".t"...".l‘.'tl...'.“t.'.“.‘

WBAR = 00
WBARE = 0.0
WBARR = 0.0
WBARRE= 0.0
XMOM = 0.0
YMOM = 00
XYMOM = 00
XSHER =0.0
YSHER =00
WR=0.0
WP=00
EPSXP=0.0
EPSYP =0.0
EPSZP=0.0
EPSXR=0.0
EPSYR=0.0
EPSZR =0.0
APLOAD=0.0

XMOMR = 0.0
YMOMR 0.0
XYMOMR = 0.0
VXR=00
VYR=0.0

wo =00
XMPYM = 00

C

GO TO (340,321) IBALCH

340 XSTB=0.0
YSTB=0.0
7STB=0.0
XYSTB=0.0
X7ZSTB =0.0
Y7STB=0.0
GO TO 342

c

341 XSTP=0.0

YSTP=0.0
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75TP=00
XYSTP=0.0
X7sTP=0.0
YZSTP=00
YNYP=00
C

342 XSTR=0.0
YSTR=00
ZSTR=00
XYSTR=0.0
X7ZSTR=0.0
YZSTR=0.0
XLOADR=0.0
XLOADP=0.0

CC'C"."tm.'('.tt“"'.“tt'."“'t.‘!‘."."..‘.‘.

DO 100 M = I, MTERM,2
C"m"'mlt'.tt"“lt".‘tt.‘t'.t““tlt"t'(tttttt
IF{HARLT.0.10)GO TO 222
ITHICK =2
GO TO 223
222 ITHICK =1
223 CONTINUE
GO TO (112,113,113) IPRINT
112 WRITE(®6,18)
WRITE(6,17) M
17 FORMAT(’ M =12
113 CONTINUE
GO TO {150,151) IBALCH
150 F1=6.5.
F2=-1.12.
F4=-1./48.
F3=39./1120.
GO TO 152
151 CONTINUE

CALL DISS(M,NU,HARALPHA,A1,A2,A3,A4,A5,F1,F2,F3,F4,

. Z,Fi1Z,F1ZP,F2Z,F37)
152 CONTINUE

CALL POWERS(M,HAR,BAR,PILALPHA AP, AP2,AP3,AP4,APSAP6,HAR2,
. HAR3,HHAR4,HHARS HARG6,BAR2,BAR3,BAR4,BARS,GAMA2,
. X. Y, APXAPY ,GAMY,F1,PMILOAD,ZI,UU)
CALL BENDNG(IBOUND,ITHICK M, NU,HAR,AP,APRGAMB.KPD,UU,
. BAR,BETA,BETAP,A,B,EEIPRINT,F1,X,Y,Z1ILOAD)
CALL FORCES(IBOUND,ITHICK,M HAR,BARNUAPAPBGAMB,KPD,FI,
BETA,BETAPA,B.EEWPARWPARE, XM, YM,IPRINT XY,

. ZI,UU,ILOAD,XYM,QX,QY)

CALL REISS(M,IBOUND,ITHICK,NU,HIAR,BAR,AP APB,GAMB,F1,
WPARR XMR,YMR XYMR,WPARRE,VX,VY SIGXR SIGYR,UU,
. SIGZRSIGXYRSIGXZRSIGYZR,X,Y,Z,71,ILOAD,F1ZR)
CALL XPLANE(M,IPLANE,JBOUND,NU,HAR,BAR AP APR,CI,C2,UP,

XK4,X,Y,Z1,LUU,ILOAD,F1,F2)
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CALL  STRESS(IBOUND,ITHICK AIIAR.BARNUAPAPB.GAMBKPD,FI, DIS02440

. F2,F3,F4,F1Z.F22,F3Z,BETA,BFTAP,A,B,EE,C1,C2, DIS02450
UP,XK4 SIGX SIGY SIGZSIGXY SIGXZSIGYZIBALCH, DIS02460

. . X.Y.Z.ZI,UU,ILOAD,F1ZP.QX.QY,YNY) DIS02470
WBAR = WBAR+ WPAR DIS02480
WBARE = WBARE+ WPARE DIS02490
WBARR = WBARR+ WPARR : DIS02500
WBARRE = WBARRE+ WPARRE DIS02510
XMOM =XMOM+ XM DIS02520
YMOM =YMOM +YM DIS02530
XYMOM = XYMOM + XYM _ DIS02540
XSHER = XSHER +QX DIS02550
YSHER = YSHER +QY DIS02560

C DIS02570
c DIS02580
APLOAD = APLOAD + PM*DSIN{APX) DIS02590

C  WRITE{6.330) HAR,PM,APLOAD DIS02600
c DIS02610
C DIS02620
YNYP=YNYP + YNY DIS02630

c DIS02640
XMOMR = XMOMR + XMR DIS02650
YMOMR = YMOMR + YMR DIS02660
XYMOMR = XYMOMR + XYMR DIS02670
VXR=VXR+VX DIS02680
VYR=VYR+VY DIS02690
XNU2 =12.5(1.-NU**2) DIS02700

c DIS02710
GO TO (35,36,40)lBOUND : DIS02720

35 ALFAl=WBAR DIS02730
ALFAIR=WBARR DIS02740

GO TO 37 DIS02750

36 ALFAl =WBAR/XNU2 DIS02760
ALFAIR = WBARR/XNU2 Dis02770

GO TO 37 DIS02780

40 ALFAl =WBAR/XNU2 DIS02790
ALFAIE= WBARE/XNU2 D1S02800

C40 ALFAl =WBAR DIS02810
C ALFAIE=WBARE DIS02820
ALFAIR = WBARR/XNU2 DIS02830
ALFARE = WBARRE/XNU2 DIS02840

37 RETAl =XMOM 1502850
GAMAl =YMOM DIS02860
BETAIR=XMOMR DIS02870
GAMAIR = YMOMR DIS02880

c DISN2890
GO TO (114,115,115) IPRINT DI502900

114 WRITE(6,125) ALFA1,BETAL,GAMAL DIS02910
125 FORMAT('ALFA1="E12.53X,BETAl = "E12.53X,’GAMA1 ="E12.5) DISN2920

C NIsN2930



C NOTE:
C PNR = P/N
C RMR = M/R

C WIIERE :

C M=M+M
C XY
C

115 XMPYM =XM+YM
K4=4.2F3*1IAR"4.jAP
KS=3.*NU/10.*XMPYM*HAR**2.
GO TO (30,3131)IBOUND

31 K4=K4&;XNU2

KS=KS5/XNU2
C WPAR=WPAR/XNU2
30 PNR=K4
RMR =K5

W0 = W0+ WPAR/XNU2-PNR + RMR
GO TO (116,117,117} IPRINT
116 CONTINUE
WRITE(6,102) WO
102 FORMAT("W0="E11.5)
117 CONTINUE
C'"tt'tt‘t.tl"""l'.‘t""l"tlt".tttt‘kttt’ttt't*'
C===> IPLANE: IS AN INDICATOR WHETHER THE EDGE AT (X, + -B2)
IS OR NOT ALLOWED TO STRETCH IN THE Y-DIRECTION .
IF:

IPLANE =

= => NOTE : IPRINT : INDICATOR WHETHER TO PRINT INTERMEDIATE
RESULTS FOR FORCES & DEFLECTION OR NOT

C IPRINT= 1 PRINT INTERMEDIATE RESULTS .

C IPRINT= 2 DO NOT PRINT INTERMEDIATE RESULTS .

C IPRINT= 3 DO NOT PRINT FINAL RESULTS .

O000000

C

C==> NOTE:IDEF :INDICATOR WHETIHER TO PRINT INTERMEDIATE
C RESULTS FOR DEFLECTION OR NOT

C IDEF =1 PRINT INTERMEDIATE RESULTS .

C IDEF =2 DO NOT PRINT INTERMEDIATE RESULTS .

C

c -

C==> NOTE: ISTRES : INDICATOR WHETHER TO PRINT INTERMEDIATE
C RESULTS FOR STRESSES OR NOT

C ISTRES=1 PRINT INTERMEDIATE RESULTS .

C ISTRES= 2 DO NOT PRINT INTERMEDIATE RESULTS .

C

C==> NOTE:IPLOT : INDICATOR WHETHER TO PRINT RESULTS

C FOR PLOTTING PURPOSES OR NOT

C IPLOT =1 PRINT RESULTS.

C IPLOT = 2 DO NOT PRINT RESULTS.

IPLANE = | == = >EDGE IS NOT ALLOWED TO STRETCH IN THE Y-DIRECTION .
===>EDGEIS ALLOWED TO STRETCH IN THE Y-DIRECTION .
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c"...".....‘....‘....“.‘..‘..............‘..t"".‘

C

XSTR=XSTR + SIGXR
YSTR=YSTR + SIGYR
ZSTR=2ZSTR + SIGZR
XYSTR=XYSTR+ SIGXYR
XZSTR=XZSTR+ SIGXZR
YZSTR=YZSTR+ SIGYZR

F2R=-1.14.5( 2.°Z - 3.27**2 + 2.°Z**4)
F3R=39./1120.
XMPYMR=XMR + YMR
WR=WR + PM*HAR4*(F2R-F3R)*DSIN(APX)
4 3NU*HAR2*XMPYMR®(1./10.-2.72**2) + WPARR

EPSX= SIGXR -NU*( SIGYR + SIGZR)
EPSY = SIGYR -NU*( SIGXR + SIGZR)

EPSZ= PM*FIZR*DSIN(APX) - 12*NU*XMPYMR/IIAR2*Z

EPSXR=EPSXR+EPSX
EPSYR=EPSYR+ EPSY
EPSZR =EPSZR + EPSZ

GO TO (332,333) IBALCH

332 XSTB =XSTB + SIGX

YSTB =YSTB + SIGY
ZSTB =ZSTB + SIGZ
XYSTB=XYSTB+ SIGXY
XZSTB =XZSTB + SIGXZ
YZSTB=YZSTB+ SIGYZ
GO TO 190

333 XSTP =XSTP + SIGX

YSTP =YSTP + SIGY
ZSTP =2ZSTP + SIGZ
XYSTP=XYSTP+ SIGXY
XZSTP = XZSTP+ SIGXZ
YZSTP=YZSTP+ SIGYZ

XMPYMP=XM + YM
WP=WP + PM*HAR4*(F2Z-F3)*DSIN(APX)
+ 3.*NU*HAR2*XMPYMP*(1./10.-2.72**2) + WPAR

EPSX = SIGX -NU*(SIGY + SIGZ)

EPSY = SIGY -NU*( SIGX + SIGZ)

EPSZ= PM*F1Z*DSIN(APX) - 12.*NU*XMPYMP/IIAR2"Z
EPSXP = EPSXP+ EPSX

EPSYP=EPSYP+EPSY

EPSZP = EPSZP + EPSZ

XK22 =(1.-NU)/(1. + NU)

GO TO (441,442) ITHICK

441 EFSIN=0.0

GO TO 443
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442 FEFSIN ~ EE*DSINH{GAMB)

443 XLOADP=XLOADP + 1,XNU2%( 24.*XK22°(DCOS(AP)-1.)/F1/IIAR2
. *{ AP[2./JGAMB - DSQRT(GAMA2)/IIAR/2./GAMB )*EESIN
.+ 63(1.-NU)*AP*(DCOS(AP)-1.)/F1/HHAR2*(BETA + BETAP) )

c
190 CONTINUE
GO TO (110,111) IBALCH
110 ALFAIB=ALFAl
RETAIB=BETAI
GAMAIB=GAMAL
WOB = W0
XYMOMB = XYMOM
XSHERB = XSHER
YSHERB = YSHER
GO TO 100
111 ALFAIP=ALFAl
BETAIP=BETAI
GAMAIP=GAMAI
WOP = WO
XYMOMP = XYMOM
XSHERP=XSHER
YSHERP = YSHER
Ct.'..'.t.‘ [ 3317323303232 3233433222244
100 CONTINUE
Ct't“'.'tt‘l"‘.'t."‘lt.tlttl.tt"‘tt
Ct""tttOtl.l‘("'t"'ll't'lt.t"‘.‘..
200 CONTINUE
c..."""‘“"...'t.'l'.l.llt..““"‘
GO TO (185,205,205) IDEF
185 GO TO (312,312,205) IPRINT
312 CONTINUE
C  WRITE(6,530) X, ALFAIR,WP
GO TO (504,505,505) ILOAD

504
505

18
120
140

207

165
195
187
123

119
121
205

WRITE(6,140) ALFAIR,BETAIR,GAMAIR
WRITE(6,118) ALFA1B,BETAIB,GAMAIR
WRITE(6,120) ALFAIP,BETAIP,GAMAIP

FORMAT('ALFAIB =",E12.53X,BETAIB ="EI12.53X,’GAMAIB = "E12.5)
FORMAT('ALFAIP ="Ei2.53X,/BETAIP ="EI2.53X,’GAMAIP ="E12.5)
FORMAT('ALFAIR =" E12.53X,'BETAIR =",E12.53X,’ GAMAIR =", E12.5)

GO TO (187,187,205,207)IBOUND
WRITE(6,165) ALFAIE

WRITE(6,195) ALFARE
FORMAT('ALFAIE ="E12.5)
FORMAT('ALFARE =",E12.5)
GO TO (123,205,205) IPRINT
WRITE(6,119) WOB

WRITE(6,121) WOP
FORMAT('WOB =",E12.5)
FORMAT('WOP =" E12.5)
CONTINUE
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C"'""'Il'.".""'..."‘.."'tt"'..

C
514

C

C

C

530
515

360

330
361

135
325

XSTR=XSTR / HAR2
YSTR=YSTR | HAR2
ZSTR=ZSTR | HAR2
XYSTR=XYSTR [ HAR2
XZSTR=XZSTR [ HAR
YZSTR=YZSTR [ HAR

XSTB =XSTR ; HAR2
YSTB=YSTB / HAR2
ZSTB=ZSTB / HAR2
XYSTB=XYSTB / HAR2
X7STB=X2ZSTB ; HAR
YZSTB=Y2STB / HAR

XSTP=XSTP ; HAR2
YSTP=YSTP | HAR2
ZSTP=7STP ; HAR2
XYSTP=XYSTP / HAR2
X7ZSTP=XZSTP | HAR
YZSTP=YZSTP ; HAR

GO TO (514,515) IPLOT
CONTINUE
WRITE(6,330) XYSTR,XYSTB,XYSTP
WRITE(6,530) ZXSTR XSTB,XSTP

WRITE(6,530) Z,YSTR,YSTB,YSTP
WRITE(6,530) Z,ZSTR,ZSTB,2STP

GO TO 439
FORMAT(8(F10.2,2X))
CONTINUE

GO TO (360,361,439,438) ISTRES
CONTINUE

WRITE(6,335)

WRITE(6,325) Z

WRITE(6,335)

WRITE(6,330) XSTR,YSTR,ZSTR

WRITE(6,330) XSTB,YSTB,ZSTB

WRITE(6,330) XSTP,YSTP,ZSTP

GO TO 439
FORMAT(6(F12.5,2X))
CONTINUE

WRITE(6,315)

WRITE(6,325) Z

WRITE(6,315)

WRITE(6,330) XYSTR,XZSTR,YZSTR

WRITE(6.330) XYSTB,XZSTR,YZSTR

WRITF(6,330) XYSTP X7STP,YZSTP
FoRMAT("".""“Itl.l.'.""")
FORMAT('Z/li = "F8.5)
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GO TO 439

438 CONTINUE

WRITE(6,335)

WRITE(6,325) Z

WRITE(6,335)

WRITE{6,330) HAR,YNYP

WRITE(6,330) HAR XYMOMR,XYMOMP

WRITE(6,530) Z,ZSTB,ZSTP

WRITE(6.530) ZXYSTR,XYSTB,XYSTP

WRITE(6,530) Z,YSTR,YSTB,YSTP
WRITE(6,330) ZXSTR XSTB,XSTP

WRITE(6.330) YSTR,XYSTR,YZSTR

WRITE(6,330) YSTB,XYSTB,YZSTB

WRITE(6,330) YSTP,XYSTP,YZSTP

WRITE(6,330) HAR,VXR XSHERB,XSHERP

WRITE(6,330) HAR,APLOAD

WRITE(6.478) HAR, XLOADP

anonoaanaan

no0oanan

478 FORMAT{'H/A ="F8.4,.2X, TOTAL REACTION ALONG EDGES OF PLATE = ',

F3.2)

WRITE(6,330) ZWBARR,WP
XNUR = DABS(EPSXR/EPSZR)
XNUP = DABS(EPSXP/EPSZP)
WRITE{(6.530) ZXNUR,XNUP
439 CONTINUE

C"..'.C..t....3“".““"“""."."

250 CONTINUE

c"..".','..”t".'t“.“'..t't.‘.‘.“

300 CONTINUE
C""l."..m."‘C“.ltl"t“.'t"‘.
WRITE{6,18)
sTOP
END

0000

C

C o213 d 2122232232222 22222434

C *** END OF MAIN PROGRAM ***

C 2 £ 42 2212324 2222223322222 2
C’""t".t."."tt'.’.“‘t.'.t‘..t‘t.t.t.'ttt"‘.t‘t‘
C'.Q'.C".tl""'"'Qt""'t‘t',.t‘t.‘t"""""t‘ﬁ..

C"'.""."'i".'""..t"""""l"".."".l'.“‘.

C

C*** SURBROUTINE ~ XPLANE ° TO FIND SOLUTION OF THE IN-PLANE PROBLEM

C FERSRTYE

C ILE:TO DTERMINE THE CONSTANTS CI AND C2 IN THE EXPRFESSION
C

C FOR THE INPLANE DISPLACEMENTS UBAR & VBAR .

C

SUBROUTINE XPLANE(M,IPLANE,IROUNDNU,ITAR,RARAP APR,C1.C2,UP,

. XK4,X,Y,Z1,UU,JILOADFI1,FF2)
IMPLICFIT REAL*8(A-11,0-7)
DOUBLE PRECISION NU
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C‘.t'..".'..“'.“l“.““..“.‘ll"‘t..‘t.'..“.““.

CALL  POWERS(M,HAR,BAR,PLALPHAAPAP2AP3,AP4,APSADP6IIAR2,
. HAR3,HARS,HARS, HHAR6, BAR2,BAR3,RAR4,BARS,GAMA?,
. X,Y.APX,APY,GAMY,F1,PM,ILOAD,ZI,UU)
C‘..""'.'.‘..""'."...'.."..'..'."..""‘.‘.“.‘
UP = PM*NU*(1.+ NU)*F2/AP
XK1=(1-NU)Z.
XK2=(1.+ NU)[.
XK4 =(1.+ XKIyXK2
XK7 =-1./DSINH(APB)*( APB-XK4*DSINH(APB) )
XK8 = XK7*DCOSH(APB)+ APB*DSINII(APB)
GO TO (1,2) IPLANE
1 C2=-UP/XKS
Cl=XK7°C2
GOTO3
2 All=DCOSH(APB)
A12=APB*DSINH(APB)
A21 =(1.-NU)* DCOSH(APB)
A22=(1.-XK4)*DCOSH(APB) + (1.-NU)*APB*DSINII(APB)
R1=-UP
R2=-{1-NU)*UP
Cl1=(A22*RI-A12*R2)/(A11*A22-A127A21)
C2=(A11*R2-A21*RI){(A11*A22-A12° A21)
3 RETURN
END
C"'..t'..l"“'.'."""".C.’..'l""'.""('...""
Cttttt""‘3“".."..““"""('t...’lttt'.t"t"t..

c""..'t"“'..t"...‘.‘.'. (2322232322 1F1 3223233372224

o}
C*** SUBROUTINE ° STRESS * TO EVALUATE:
ERERFTEE
THE STRESSES SIGXSIGY SIGZSIGXY SIGXZ,&
SIGYZ
AT A SPECIFIED POINT(X,Y) IN THE PLATE AND
ACCORDING TO THE SPECIFIED BOUNDARY CONDITIONS

NOO0O00ON0n

SUBROUTINE STRESS(IBOUND,ITHICK,M,HAR,BAR,NU,AP,APB,GAMB,KPD,F1,
F2,F3,F4,F1Z.F27.F3Z,BETA,BETAP,A,B,EEC1,C2,
) UP.XK4SIGX SIGY SIGZSIGXY SIGXZSIGYZIBALCH,
. X.Y.Z.ZI,UU,JLOAD.FIZP,QX.QY,YNY)
IMPLICIT REAL*8(A-H,0-7)
DOURLE PRECISION NU,KPD
C"'"l"('.'tl"&"'t“..“".'.'!'t.ttt"l’"""'.'.'.
CALL  POWERS(M,HAR,BAR,PLALPHAAPAP2,AP3 AP4APSAPEHAR?,
[IAR3,HARS, HARS, HARS BAR2,BARI,RARS,BARS,GAMA2,
. X,Y.APXAPY,GAMY,F1,PM,ILOAD,ZI,UU)
C"'"""“t"‘!'l".t".'."t.‘tt‘t.‘t"'..('..‘t"‘
XNU2 = (1.-NU**2)
XNUI1 = NU/12.[{1.-NU)
XNUPI=NU+1.
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XNUMI =NU-1.
XK1 =6.(1.-NU)/F1/HAR2
XK22 = (1.-NU)[(1.+ NU)

APY1=APY
APX1=APX
GAMY1 =GAMY
XK7=-NU*NU*F1/6./[XNUMI
XK8=-NU/12./XNUM1
GO TO (333,334) ITHICK

333 EEBAR1=0.0
EESIN=0.0
EECOS =0.0
GO TO 335

334 EEBARI! =EE*DSINH(GAMY)
EESIN = EE*DSINH(GAMY)
EECOS = EE*DCOSH(GAMY)

c
335 CONTINUE
GO TO (20,21) IBALCH
20 Gi~Z[A.-572**33.
G2=-3/10°Z + 2.°Z°*3
G3=5./4*Z-5./352*"3
G4 =- 1./a8. - Z*(-336.*NU**2-195.*NU + 195.);5600./XNUM]1
.+ Z**2f4. - Z**3*(BUNU**2 + 5.*NU-5.)20.;XNUM!
.+ 250,
FIZ=-1./8*(2. - 6.2Z + 8.37**3)
FIZP=3.2.5( 1. - 2°Z)**2)
C  WRITE(,50) G1,G2,G3,G4
GO TO 22
21 Gi=(FIZ-F)F1-Z
G2=227**3 - 30°Z
G3=(FI1Z- F2)/Fl
G4=-F3Z + F3*Z + F4
c
22 CONTINUE

DWDX2=- A*AP2*DCOSI{(APY) - B*AP2*APY*DSINH(APY)

. -EECOS*AP2 - AP2*BETA

DWDY2= A*AP2*DCOSH(APY) + B*(AP2*APY*DSINII(APY)+2.*AP2*DCOSIHI(APY?))

+ EECOS*GAMA2/HAR2

DWDXY = A*AP2* DSINH(APY)4 B*(AP2* APY*DCOSIH(APY)+ AP2*DSINII(APY))

+ EEBARI*AP*DSQRT(GAMA2)/HAR
XI1=DWDX2 + NU*DWDY2
XJ1=NU*DWDX2 + DWDY2

XLI =DWDXY

DFIX3 =-A*AP4*IIAR2* DCOSIH{APY) - B*(-2.*FI*AP2*HIAR2/6./[XNUM!1
*AP4*IIAR2*DCOSH(APY) + APY*AP4*[IAR2'DSINII(APY))

+ EECOS*XK22*AP4*11AR2 + AP4*HAR2'BETAP
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DFIXY2=A*AP4*HAR2*DCOSH{APY) + R*(-2.*FI*AP2*HAR2/6./XNUM!
. *AP4*lIAR2*DCOSII(APY) + APY*AP4*IIAR2*DSINH(APY)
+ 2.*AP4*HHAR2*DCOSH(APY) )
- EECOS*XK22*AP2*GAMA2
DFIY3 =-A"AP4*"HAR2*DCOSH(APY) - B*(-2.*FI*AP2* HHAR2/6./JXNUM1
. *AP4*HAR2*DCOSH(APY) + APY*AP4*HAR2*DSINH(APY)
.+ 4*AP4*HAR2*DCOSH(APY) )
+ EBCOS*XK22*GAMA2*GAMA2/IIAR2
DFIYX2=A*AP4*HAR2*DCOSH{APY) + B*(-2*FI*AP2*HAR2/6./XNUMI
. *AP4*HAR2*DCOSH(APY) + APY*AP4*HAR2*DSINH(APY)
+ 2*AP4*HAR2*DCOSH(APY))
- EBCOS*XK22*AP2*GAMA2
XI2 = DFIX3 + DFIYX2 + NU*DFIXY2 ¢ NU*DFIY3
XJ2 = NU*DFIX3 + NU*DFIYX2 - DFIXY2 + DF1Y3

DFIX2Y = A*AP4*HAR2*DSINH(APY) + B*(-2.*FI*AP2*HAR2/6./XNUMI
* AP4*HAR2*DSINH(APY) + APY*AP4*1{AR2*DCOSH(APY)

.+ AP4*HAR2*DSINH{APYY})
- EEBARI*XK22*AP3*HHAR* DSQRT(GAMA2)

DFIY2X =-A*AP4*HAR2*DSINH({APY) - B*(-2.*FI*AP2*HAR2/6./XNUM1
* AP4*HAR2*DSINH(APY) + APY*AP4*HAR2* DCOSH(APY)
+ 3.*AP4*HAR2*DSINH(APY) )
+ EEBARI*XK22*AP/HAR*GAMA2* DSQRT(GAMA?2)

XL2 = DFIX2Y + DFIY2X

DFIXDX= A®*AP2*DCOSH{APY) = B*(-2.*FI*AP4*HAR2'6. XNUM1*DCOSH(APY)

.+ APY*AP2*DSINH(APY))
- EECOS*XK22*AP2 - AP2*BETAP

DFIYDY =-A*AP2*DCOSH(APY) - B*{-2.*FI*AP4*HAR2/6.. XNUM1*DCOSH(APY)

.+ APY*AP2*DSINH(APY) = 2. AP2*DCOSH(APY))
+ EECOS*XK22*GAMA2/HAR2

DFIXDX + NU*DFIYDY

NU*DFIXDX + DFIYDY

]

X13
X3

DFIXDY =-A*AP2*DSINH(APY)-B*(-2.* FI*AP4*HAR2/6.; XNUM1*DSINH(APY)

+ APY*AP2*DCOSH(APY) +~ AP2* DSINH(APY))
+ EEBARI*XK22*AP* DSQRT{GAMA2)/IIAR

DFIYDX=-A*AP2*DSINH(APY)-B*{-2." FI*AP4*HAR2/6., XN UM 1*DSINII{APY)

+ APY*AP2*DCOSIH(APY) + AP2*DSINH(APY))
+ EEBARI*XK22° AP*DSQRT(GAMA2)/IIAR
X13 = DFIXDY + DFIYDX

X1a =-AP2*HAR4*PM
X4 =NU*XI4
Xi4a =00

DUDX = -CI*AP*DCOSH(APY) - C2*APY*AP*DSINH(APY) - AP*UP
DVDY = CI*AP*DCOSI(APY)

+ C2*( APY*AP*DSINH(APY) + (1.-XK4)*AP*DCOSH{APY) )
XI5 = DUDX + NU*DVDY
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XJS = NU*DUDX + DVDY
XISBAR = XI5
X15= XIS*IHAR2
XJ5 = XISTHAR2

DUDY = CI*AP*DSINH(APY)
.+ C2*( APY*AP*DCOSH(APY) + AP*DSINH(APY))
DVDX = CI*AP*DSINH(APY)
. 4 C2*{ APY*AP*DCOSH(APY) - XK4*AP*DSINI{(APY) )
XLS = DUDY + DVDX

XLS=XLS*HAR2/2

X16=-NU*PM*F1Z"HAR2/XNUMI
X16 = X16
XLs=X14

XI7=PM*NU**2* AP2*FI* HAR4/6./XNUM]
XJ7=NU*X17
Com——eeeeeeee—— e
83 CONTINUE . .
GO TO (24,25) IBALCH
24 X17=00
XJ7=00
25 CONTINUE
SIGX = I'XNU2*( XI1*G1 + XK8*XI2*G2 + XI3*G3 + XI4*G4
. + XIT*G2 + XI5) + XI6

SIGY = 1XNU2*( XJI*G1 + XK8*XJ2'G2 + XJ3"G3 + XJ4*G4
. + XJT*G2 + XI5) + XI6

SIGXY = L./ XNUPI®*( XL1*G1 + XK8*XL2*G2 + XI3*G3/2.
. + X1A*G4 + XL6*G2 + XLS)

YNY = CI*{(1.-NU)*AP*DCOSH(APY) + C2*( (1.-XK4)*AP*DCOSH(APY)
.+ (1-NU)*APY*AP*DSINH(APY))
+ (1.-NUPAP*UP
YNY =1./XNU2*XISBAR - NU/XNUMI*PM*F2

an0oo0an

0

SIGX =SIGX* DSIN(APX)

SIGY =SIGY*DSIN(APX)
SIGZ=HAR2*PM*FI1Z*DSIN(APX)
SIGXY =SIGXY*DCOS(APX)
SIGXZ=QX*F1ZP
SIGYZ=QY*FiZP

YNY = YNY*HAR*DSIN(APX)
RETURN

END

9]
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C

C*** SUBROUTINE REISS TO FIND SOLUTION OF THE PROBLEM
C USING REISSNER'S SHEAR DEFORMATION

C THEORY.

C

SUBROUTINE REISS(M,IBOUND,ITHICK,NU,HAR,BAR,AP,APB,GAMB,F1,
. WPARR XMR,YMR,XYMR,WPARRE,VX,VY SIGXRSIGYR,UU,
. SIGZR SIGXYR SIGXZR SIGYZR.X,Y,Z,Z1,ILOAD,F1ZR)
IMPLICIT REAL?8(A-1,0-2)
DOUBLE PRECISION NU
XK = (2.-NU)/(1.-NU)
ct.".“‘.“t."C‘.‘.""""“t'.‘.‘.'l-‘.’tlt"'t.tl‘t
CALL POWERS(M,HAR,BAR,PI,ALPHA AP,AP2,AP3 AP2,APSAPGHAR2,
. HAR3,HAR4,HARS,HAR6,BAR2, BAR3,BAR4,BARS,GAMA2,
. X,Y APX,APY,GAMY,F1,PM,ILOAD,ZI,UL)

Ct"’.t‘."tt"t“"‘l““‘t‘*"“."".‘l""ttt"l’t‘t

c
C===> EVALUATE THE CONSTANTS : C4,C5,C6
C FOR THE VARIOUS BC.S .
c
GAM2=AP2*HAR2+ 10.
GAMY = Y*BAR/HAR*DSQRT(GAM?)
XK = (2.-NU)/(1.-NU)
c
APY1=APY
APX1=APX
GAMY1=GAMY
APY2=0.0
APX2=0.0
GAMY2=00
GO TO (2,3,4) IBOUND
c
C ® z
C*** SIMPLY SUPPORTED PLATE AT Y=+, B/2 ***
C 3 *
c
2 CONTINUE
C4=0.0
CASHI1=00
CasH2=0.0
C4SH3=0.0
C6=1./2./DCOSH(APB)
C5=-1./DCOSH(APB)*( 1. + XK*HAR2*AP2/10. + APB*DTANIIAPD).2.)
GO TOS
C *  d
C*** CLAMPED PLATE AT Y=+, B[2 ***
c € 3

3 Rl=-2.°11AR3* AP3/5./DSQRT(GAM2)/(1.-NU)* DCOSI{APB)
*DTANH(GAMB) - APB*DSINH(APR)*DTANH(APR) + APR*DCOSII(APE)
+ (1.+2.°TIAR2*AP2/5./(1.-NU) )* DSINTI(APR)

DIS07440
DIS07450
DI1S07460
DIS07470
DIis07480
DIS07490
DIS07500
DIS07510
DIS07520
DIS07530
DIS07540
DIS07550
DI1S07560
DIS07570
DIS07580
DIS07590
DIS07600
DIS07610
DIS07620
DIS07630
DIS07640
DIS07650
DIS07660
DIS07670
DIS07680
DIS07690
DIS07700
DIS07710
DIS07720
DIS07730
D1S07740
DIiS07750
D1S07760
Dis07770
DIS07780
DIS07790
DIS07800
DI1s07810
DIS07820
DIS07830
DIS07840
DIS07850
NIS07860
D1s07870
DIS07880
N1s07890
NIS07900
D1s07910
NIS07920
DISN7930



R2=-HAR3*AP3/5./DSQRT(GAM2)/(1.-NU)* DTANH(GAMB)
.+ DTANH(APB)*(1.+ XK*HAR2*AF2/10.)
C6=R2,R1
C5=-1.;DCOSH(APB)*( 1. + XK*HAR27AP2/10. + APB*DSINIH(APB)*C6)
CASH2 =4.;AP2*( 2.°C6* DCOSH(APB) - 1.)
GO TO {6,7) ITHICK
6 C4=00
CaSH1 =00
Casii3 =00
GOTOS
7 CA=4./5 HAR2:AP/DCOSH(GAMB)*( 2.°C6*DCOSI{(APR) - 1.)
CASH1 =4.;AP2* HAR/DSQRT(GAM2)/DCOSH(GAMB)* DSINH(GAMY)
. *(2*C6"DCOSH{APB)-1.)
CASH3 =4./AP*HAR*DSQRT(GAM2)*(2.*C6* DCOSII(APB) - 1. )*DCOSHI(APY)

. /DCOSH(APB)
GOTOS
c ® L ]
C*** FREE PLATE AT Y=+,- B2 ***
C * 3

4 RS=DSQRT(HAR2*AP2+10.)
R4= 1.'-HARAP*RS
R3= 2"HAR2"AP2/5.%( 1. - R&*DTANH(APBYDTANI(GAMB) ) + 3. + NU
. 2*APB*(1.-NU)/DSINH(2.*APB)
C6=NU*(GAM2)/10./R3/DCOSH(APB)
C5=C6{1-NUY( 1. + NU ~(1-NUY*APB;DTANH(APB) )

c

c
GO TO (8.9) ITHICK

8 c4=00 .

C  CAaSHI1=8./AP3*DSINH(APB)*C6
C4SH1=0.0
CASH2=0.0

C CasH3I=00
CASH3 =8.%( DSINH(APY)*C6/AP2 )
GO TO 5

9 C4=8/S HARAP2*RS*DSINH(APB),DSINI(GAMB)'C6
C4SH1 =8.;AP3/DSINH(GAMB)* DSINH(APB)*C6* DSINI(GAMY)
C4SH2 =8, HAR/AP* DSQRT(GAM2)/AP2/DSINH{GAMB)* DSINH(APB)*C6 -
. *DCOSH(GAMY)
C  CASH3 =8,;AP2 DSINH(GAMB)* DSINII(APB)* DSINI(GAMY)*C6
Casii3 =85 DSINH(APY)*C6/AP2)
c
c
S APD2=APA.
GO TO (60,61) ITHICK
60 CA4COS=0.0
GO TO (100,100,101) IBOUND
161 CACOS =8./5.* HHAR/AP2*R5* DSINH(APR)YDTANIGAMB)*C6
100 CASIN=0.0
GO TO 62
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61

C4COS = C4*DCOSH{GAMY)

CASIN = C4*DSINH(GAMY)

62 CONTINUE

C

WPARR =48.5(1.-NU**2.)*(1./APS*(C5* DCOSH(APY)+ C6*APY* DSINH(APY)+ 1.)

+ XK*HAR2/AP3/10.)

WPARRE =48.%(1.-NU**2.)*( 1.JAPS*{C5* DCOSH(APR)+ C6* APB*DSINH(APB)

+ 1) + XK*HIAR2/AP3/10.)

XMR = C68.JAP3*(HAR2*AP2/5.-NU)*DCOSH(APY)
+ 4.JAP3*(1.-NU)*C6*APY* DSINTI(APY)
+ 4.JAP3*(1.-NU)*C5S*DCOSH(APY)
+ CACOS + 4JAP3*(HAR2*AP2*NU/10.(1.-NU) + 1.)
- PM*NU*HAR2/10.{(1.-NU)

YMR =-C6*8.JAP3*(HAR2*AP2/5.+ 1.)* DCOSH(APY)
- 4.JAP3*(1.-NU)*C6* APY*DSINH(APY)
- 4.jAP3*(1.-NU)*CS*DCOSH(APY)
+ CACOS + 43NU/AP3*(HAR2*AP2*XK/10. + 1.)
- PM*NU*HAR2/10./(1.-NU)

XYMR =-C6*4.JAP3*(1.-NU)* APB*DCOSH(APY) - 4 /AP3*(1.-NU)*(C5
+ C6)*DSINH({APY) + CASHI

VX =-4.2(2.* DCOSH(APY)*C6-1.)/AP2 + C4S1{2
VY =-8.*( DSINH(APY1)*C6/AP2 ) + CASH3
WPARR = WPARR*DSIN(APX)

WPARRE = WPARRE*DSIN(APX)
XMR = XMR*DSIN(APX)

YMR = YMR*DSIN(APX)
XYMR = XYMR*DCOS(APX)
VX = VX*DCOS(APX)

VY = VY*DSIN(APX)

FIZR = -1.J4%(2.-35(2*Z) + 8.°2°*3)

SIGXR =12.*XMR*Z

SIGYR =12*YMR*Z

SIGZR = HHAR2*FIZR*PM
SIGZR = SIGZR*DSIN(APX)
SIGXYR = 12.*XYMR*Z
SIGXZR = 3./2.°VX*(l. - 4.72**2)
SIGYZR = 3./2.*VY*(l.- 4. Z**2)

RETURN
END
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Nno0o0O

C*** SURROUTINE BOUND TO EVALUATE THE COEFFICIENT MATRIX
ACCORDING TO THE SPECIFIED BOUNDARY
. CONDITIONS
IBOUND : IS AN INDICATOR TO TELL WIIAT BOUNDARY CONDITION
JFOR THE BEDGEAT Y=+,8B/2.,IS
BEING CONSIDERED AS FOLLOWS :
IBOUND = 1 ====> [NDICATES SIMPLY SUPPORTED EDGE .
IBOUND = 2 ====> INDICATES CLAMPED EDGE
IBOUND = 3 ====> INDICATES FREE EDGE

OO0 nNaO0000n

SUBROUTINE BOUND(M,IBOUND,ITHICK,NU,HIARBARAP,APB,GAMR,FI,
. PK BETA.BETAP,AMAT,RILIFPR,FIX.X,Y)
IMPLICIT REAL*8(A-H,0-2)
DOUSBLE PRECISION NU
DIMENSION AMAT(3.3).RH(3),IFPR(3),F1X(3)
C‘""‘t"“tt"'t‘t‘tt."'tt"t'.t't'ttt't't"“.t.(’t
CALL POWERS(M,HAR,BAR,PIALPHA AP AP2,AP3,AP4,APS AP6,TIAR2,
TIAR3,HAR4,HARS, HAR6,BAR2,BAR3,BAR4, BARS,GAMA2,
X.Y.APX.APY.GAMY,F1,PM,ILOAD,ZLUU)
Cﬂ"ttt."t.""'tt“"t“t“tt"t"'t't."".'t'l‘.t’t
AHR=1./HAR
XK1 =6.5(1.-NU)/F1/HAR2
XNU2 = 12.5(1.-NU**2))
XK22=(1.-NU){(1.+ NU)
GO TO (2.3.4) IBOUND

c * =

C*** SIMPLY SUPPORTED PLATE AT Y= +,- B2 ***
c * ®

c

C===> WBAR(X,+-B2)=0.0

c

2 AMAT(1,1)= DCOSH(APB)
AMAT(1,2) = APB*DSINHI(APB)
AMAT(1,3) = 1./DTANH(GAMB)

===> MY(X,+-B/2)=0.0

naon

AMAT(2,1)= AP2*DCOSH(APB)
AMAT(2,2) = 2.*AP2:DCOSH(APB)
+ AP2*APB*DSINH(APB)
AMAT(23) = + (AP2*HIAR2 +12./F1){DTANTI(GAMB)

]

=> QX(X,+-B2)=0.0

anoan

]

= NOTE : TIHE ABOVE B.C. COMFES FROM THE B.C.:
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0O0O000n

C

PHIX{X,+-B/2)= DW/DX + QXS
AND SINCE W(X, +-BJ2) = 0.0 THEN
DW.DX = 00 = = => QX(X,+-B/2)/S = 0.0
OR SIMPLY : QX(X,+-B/2) = 0.0

AMAT(3,1)=00
AMAT(3.2) = 2.*AP3* DCOSH(APB)
AMAT(3,3)= -2.*XK1*AP/(l.+ NU)/DTANH(GAMB)

RH{1)=-BETA

RH(2)= PK*(1.-2./NU)

RH(3)= + XKI*AP*(BETA + BETAP)
GO TO 11

. ]

C*** CLAMPED PLATE AT Y= +,- B2 ***

C
Cc
C
C

000

O00O000000000

»* x

= = = > WBAR(X, +-B[2)=0.0

3 AMAT(1,1)= DCOSH(APB)
AMAT(1,2) = APB*DSINH(APB)
AMAT({1,3) = L/DTANH(GAMB)

===> PHIY(X,+-B[2)=0.0

AMAT(2.1) = AP*DSINH(APB)

AMAT(2.2) = (FI*AP3*HAR2/3./[(1.-NU) + AP)* DSINI[{(APB)
+APB*AP*DCOSH(APB)

AMAT(2.3) = {1.-NU)/(1.+ NUYHAR*DSQRT(AP2* [ IAR2 + 12./F1)

===>DQY/DY + P = 00 ;ATY = +-Bp2.

= = = = NOTE : THE ABOVE B.C. COMES FROM THE EQUILIBRIUM EQN.
DQX;DX + DQY/DY + P = 0.0
SINCE FROM THE B.C. :
PHIX(X,+-B/2)= DW/DX + QX/S
AND SINCE W(X,+-B/2) = 0.0 THEN
DW,DX = 00 = ==> QX(X,+-B2)S = 0.0
AND ALSO : DQX/DX = 0.0

AMAT(3,1)=0.0
AMAT(3.2) = 2.*AP4*DCOSII(APR)
AMAT(3.3) = -2.* XK1/(1.+ NU)/[IAR2*(AP2* HHAR2 + 12./F1)/DTANI(GAMB)

RU{I)=-BETA
RI1(2)=00

RII3) = + XNUZ*4./AP
GO TO 11
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C*** FREE PLATE AT Y=+, B2 =**
c L L

C
C===> MY(X,+-B[2)=00
C

4 CONTINUE
AMAT(1,1)= +(1.-NU)*AP2*DCOSH(APD)
AMAT(1,.2)= + (1.-NU)* APB*AP2* DSINI[(APB)
. + F1*AP4*HAR2/3.* DCOSH(APB)
. +2.*AP2*DCOSH(APB)
AMAT(1,3) = -XK22*(GAMA2/HAR2-NU*AP2)[DTANH(GAMB)

00

===> VY(X,+-B/2)=00

C THE ABOVE EQN. IS OBTAINED FROM THE EQN.:

C  VY=QY-DMXY/DX

C SINCEATY = +-B[2.:

C DMXY/DX=00 & QY=00

ct'""".t.‘t't‘.'""..‘."..I.t.."ttl't".'."".
AMAT(2.1)= (1.-NU)*AP3* DSINH{(APR)
AMAT(2,2) = 1.+ NUY* AP3*DSINH(APR)

+(1.-NU)*APB*AP3* DCOSH(APR)

AMAT(2.3)= + ((1-NU)*AP2 + 12.°XK22/FL/lIAR2)

. [HAR* DSQRT(GAMA2)

C'.‘.'..""...""’.““.‘..‘t'.“‘..“’tt.'.""’.‘

00

== => QY(X,+-B/2)=00
C  THE ABOVE EQN. IS OBTAINED FROM THE EQN. :
c DMY/DY - DMXY/DX = QY
C NOTING THAT:
] 1) DMXY/DX = 0.0 ( SINCE MXY(X,+-B/2) = 0.0)
c 2) D2W/DXY = 0.0 ( SINCE DMXY = D2W,DXY = 0.0)
C**** SEE CHAPTER 4 FOR MORE DETAILS ****
C‘"".'t.t.“"...‘l't'.“tt‘tt'..l'I.'tlt."'l..".
AMAT(3,1)=(1.-NU)*AP3*DSINH(APB)
AMAT(3,2)=-2.* AP3*DSINH(APB)
+(1.-NU)Y*AP3*DSINH(APB)
. +(1.-NU)*APB*AP3*DCOSH{APB)
AMAT(3.3) = {1.-2.*XK22)*12./F | HAR2/lIAR* DSQRT(GAMA2)
. +((1.-NU)*AP2)
[HAR*DSQRT(GAMA?2)

C""..'t...'."'.'....‘."t"."".l'.'..‘...""‘..

AMAT(3,1)=0.0
AMAT(3,2)= +2.*AP3*DSINH(ADPB)
AMAT(3.3)= + (1.-2.*XK22)"12.;/F1,HARZ/HAR'DSQ RT{GAMA2)

AMAT(3,1)=00
AMAT(3,2)=-2.*AP3* DSINII(APB)
AMAT(3.3) = + 12.XK22/F1;1IAR2, HAR* DSQRT(GAMA?2)

000000000
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RH(1)= -NU*AP2*BETAP + PK
RII(2)=0.0

RII(3)=0.0

GO TO (11,11) ITHICK

17 CONTINUE

11

IFPR(3)=1
FIX(3) =00

CONTINUE
RETURN
END

OO0 0O0

C*** SUBROUTINE POWERS TO EVALUATE TIIE POWERS OF : ALPHA , B/A , H/A

C

SUBROUTINE POWERS(M,HAR,BAR,PILALPHAAP,AP2,AP3,AP4,AP5AP6,HHAR2,
. HAR3,HAR4,HARS, HARG6,BAR2,BAR3,BAR4,BARS.GAMA2,
- X,Y. APXAPY,GAMY,F1,PM,ILOAD,ZI,UU)

IMPLICIT REAL*$(A-H,0-7)
PI=-1.00

PI = DARCOS(PI)
ALPHA=M"PI

AP=ALPHA

AP2=AP**L

AP3 = AP**3.

AP& = AP**4.

APS=AP**S.

AP6 = AP**6.
HAR2=HAR®**2

HAR3 = HAR™3.

HAR4 = HAR®*4.

HARS = HAR®*S.

BAR2 =BAR**2

BAR3 = BAR**3.

BAR4 = BAR®*4.

BARS = BAR""S.

GAMA2 = APZ*HAR2+ 12./F1
APX=AP*X

APY = AP*BAR*Y

GAMY = Y*BAR* DSQRT{GAMA2)/IIAR
GO TO (50,51,52) ILOAD

50 PM=4./AP .

51

GO TO 53
APZI=AP*ZI1

PM = 2.*DSIN(APZI)

GO TO 53

52 APZI=AP*Z

APU=AP*UUR.
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PM =4./AP* DSIN(APZI)* DSIN(APU)
53 CONTINUE

RETURN

END

O0000

C*** SURROUTINE * BENDNG * TO EVALUATE THE CONSTANTS A(M),B(M1.& E(M)
C 132 2342 77
c ACCORDING TO THE SPECIFIED BOUNDARY CONDITIONS
c
SUBROUTINE BENDNG(IBOUND,ITHICK,M,NU,HAR,AP,APB,GAMB.KPD,UU,
. BAR,BETA,BETAP,A,B,EE,IPRINT,F1,X,Y,71,ILOAD)
IMPLICIT REAL*8(A-H,0-2)
DOUBLE PRECISION NU,K1,K2K11,Ki2,KI3,K14,
. KPD
DIMENSION AMAT(3,3)SOLT(3),RH(3),IFPR(3),FIX(3),
) BMAT(3.3)
c
C*** PO : IS THE VALUE OF THE UNIFORMLY DISTRIBUTED LOAD ON THE PLATE
c
C  P=4.0"P0O/(M*PI)
C"('tttl't'.ttt‘“ttlt't‘l"t“'.tt"t.t‘"tl'.t'."t
CALL POWERS(M,HAR,BAR,PLALPHA AP, AP2,AP3,AP4 APS AP6 HAR2,
HAR3,HAR4,HARS HAR6,BAR2,BAR3,BAR4,BARS,GAMA2,
X.Y.APX APY.GAMY,F1,PM,ILOAD.ZI,UU)
C'Olt.ﬁ.tltt‘.t.l‘.'l.‘.t.t".t‘.'."t.‘t"t....t"U'.
XK1=6.2(1.-NU)/FIJHAR2
XK22 = (1.-NU)/(1.+ NU)
XNU2= 12.5(1.-NU**2)
APB=(AP/2)'BAR
AHR=1./IIAR

GAMB = .5*BAR*AHR*DSQRT(GAMA2)

K11 =(2.-NU)*(1 + NU)*AP4* HAR4*F1/144.
K12 = (3.-2.7NU)¥(1.+ NU*AP2 HAR2" F1/12.
K13=(1.-NU**2)
K14= AP4*(AP2*HIAR2°F1/12.4 1.0)
K1=12.0"PM*(K11+KI2+KI3)/Ki4
BETA =K1
K2=2*NU*(1.+ NU)YFI**2*TIAR4/3./AP/(1.-NU)* AP/4.*PM
BETAP =-(K1-K2){AP2* HAR2*F1/6.[(1.-NU) + 1.0)
PK = PM*NU*(1.+ NU)*FI*[IAR2

c

Co—{ NOTE: PK = K*P*H**2. J-me

c

C  BETA=(AA*AP**4.-BB*AP**2.4 CC)/(-MP*AP**6.+ NP*AP**4.)'P
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C BETAP=-AP*(RETA-KAP*P*DS)/U2
C  GAMA = DSQRT(AP**2.-NP/MP)
C‘I"-"t.t'..‘..""“‘.'..'.'..
GO TO (676,677,677) IPRINT
676 WRITE(6,101) ALPHA
WRITE(6,110) GAMB
C WRITE(6,309) K11,KI2
C WRITE(6311) K13,K14
WRITE(6,111) BETA
WRITE(6,310) K2
WRITE(6,112) BETAP
677 CONTINUE
101 FORMAT('ALPHA="E15.5)
C309 FORMAT(’K11="E10.52X,’K12="E10.5)
C311 FORMAT('K13="E10.5.2X.’K14 = *E10.5)
310 FORMAT('K2="E10.5)
110 FORMAT('GAMB =",EI5.5)
111 FORMAT('BETA ="EI5.5)
112 FORMAT('BETAP="E15.5)
C"I.l'."l..‘.‘...“..“‘...‘l‘.
N=3
NEQNS =N
PO 6Li=1N
REI(T) =00
IFPR(I)=0
FIX(I) =0.0
DO 64 J=1,N
64 AMAT(J)=0.0
c

CALL BOUND(M,IBOUNDITHICK,NU,}I IAR,BAR,APAPB,GAMB,FI,
PK,BETA,BETAP, AMAT,RH,IFPR,FIX,X,Y)

C't.""'.'.t‘..'.'.‘.."‘.“'.t'

DO S I=1,N
DO 315 I=1IN
315 BMAT(IJ)= AMAT(LJ)

ct'(“l'."tt“ttlttl.""...ltt.

C  WRITE(6,228) M

€228 FORMAT('M =",123X,”COEFFICIENT MATRIX BEFORE MODITICATION)

c DOnRIi=IN
C  WRITE(6,122) (AMAT(L,51)J1 =1,N)
Cl121 CONTINUE
122 FORMAT(3(E12.5,.2X))
C DO1231=1IN
C  WRITE(6,124) RIi(1)
Ci23 CONTINUE
C"”""tl't“.l'ltt.ll‘.'."'.'
C

GO TO (672,673,673) IPRINT
672 WRITE(6,22T) M

227 FORMAT('M ="12,3X,'COCFFICIENT MATRIX AFTER MODIFICATION)

"~
A
N
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DO 73 I=1,N
WRITE(6,122) (AMAT(LI1)J1 =1,N)
723 CONTINUE
DO 226 I=1,N
WRITE(6,124) RH(I)
226 CONTINUE
673 CONTINUE
124 FORMAT(EI2.5)
C'"C'."t"'.'.""".."t'.'.!'
CALL  GREDU (NEQNSAMAT,FIX,RH,IFPR)
CALL BAKSU (NEQNS,AMAT,FIX,RH,IFPR,SOLT)
C CALL  GREDUC (NEQNS.AMAT,FIX,RILIFPR)
C CALL  BAKSUB (NEQNS,AMAT,FIX,RILIFPRSOLT)
C‘"...'tt‘.".‘t"t""t.‘.“‘.'
C CALL  JORDAN{NEQNS,AMAT,RH SOLT)
C CALL DLSARG(N,AMATN,RH,1SOLT)
C CALL DLSLRG(N,AMATNRH,] SOLT)
C......tt.‘...'.‘.tﬁt.'..“..'.‘.
GO TO (674,675,675) IPRINT
674 WRITE(6.229) M

229 FORMAT('M = "12,3X,/COEFFICIENT MATRIX AFTFER SOLUTION")

DO 224 I=1,N
WRITE(6,122) (AMAT(IJ1),J1 =1,N)
224 CONTINUE
DO 525 I=1,N
WRITE(6,124) RH(I)
525 CONTINUE
675 CONTINUE
C’t"."ttt(“t’ttttt'l“.“'t".
A=SOLT(1)
B=SOLT(2)
EE=SOLT(3)
c't'..t"t.t.t‘.l."tt't..'tt.lt.
GO TO (205,206,206) IPRINT
205 RIT1 =AMAT(1.1)*A + AMAT(1,2)* B+ AMAT(1 3)' EE
RI2= AMAT(2,1)* A+ AMAT(2,2)*B + AMAT(2,3)°CE
RI13= AMAT(3,1)*A + AMAT(3.2)*B + AMAT(3.3)*EE
WRITE(6,316) RH1,RI12,RI13

316 FORMAT('RI1 ='EI12.52X,'RI12 ="E12.52X,RI13 ="EI2.5)

206 CONTINUE
C""""""..""t'tt"'!'ttttt
GO TO (665,203) ITHICK
665 CONTINUE
FE=0.0
GO TO 204
203 CONTINUE
FE=EE/DSINH(GAMB)
204 CONTINUE

C"ﬁ""""‘t’tl"'t’tttt*"t*l'

C RBETAP=BETAP*AP2
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KPD=PK
GO TO (675,679,679) IPRINT
678 WRITE(6.27) A,B.EE
WRITE(6.312) KPD
WRITE(6.112) BETAP
27 FORMAT(A =-EI242X,B ="EI242X, EE="E124)
312 FORMAT{'KPD =",E10.5)
c
679 CONTINUE
RETURN
END

O0000

C*** SUBROUTINE - FORCES ~ TO EVALUATE:
SERTFET R
(1) THE DISPLACEMENTS WBAR(M),PIIIX(M),&
PHIY(M)
(2) THE FORCES XMOM.YMOM XYMOM XSHEAR.&
YSHEAR
AT A SPECIFIED POINT(X,Y) IN THE PLATE AND
ACCORDING TO THE SPECIFIED BOUNDARY CONDITIONS

00000000

SUBROUTINE FORCES(IBOUND,ITHICK,MHIAR,BAR,NU,AP,APB,GAMB.,KPD,F1,
. BETA.BETAP,A,B,EE,WPAR,WPARE.XM,YM,IPRINT X,Y,
. ZL,UU,ILOAD,XYM.QX.QY)
IMPLICIT REAL*8(A-H,0-2)
DOUBLE PRECISION NU,KPD
C.'."l."‘."...."'t.t"."'t.‘t'.‘."t..'..."'.""
CALL  POWERS(M,HAR,BAR,PLALPHAAPAP2AP3AP4,APSAP6,ITAR2,
. HAR3,HAR4,HARS, 1IAR6,BAR2,BARI,BAR4, BARS,GAMA?,
X.Y.APX,APY,GAMY,F1,PM,ILOAD,ZLUU)
C'Ot‘l.'t.‘lt’l.tt'l.l‘..l'...""itt‘.tt'l't".‘.'tl..
APD2=AP2.0
XK1=6.5(1.-NU)/F1/HAR2
XNU2=12.5(1.-NU**2.)
XK22=(1.-NU){(1.+ NU)
APY1=Y’AP
APX1=X"AP
GAMY1=GAMY

APY2=0.0
APX2=0.0
GAMY2=0.0
C
GO TO (180,181) ITHICK
180 EFSIN=0.0
FEECOS =0.0
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FEBAR!=0.0
EEBAR2=0.0
EEBAR3=0.0
GO TO 183
181 EESIN = EE*DSINH(GAMY)
EECOS = EE*DCOSH(GAMY)
EEBARI = EE*DCOSH({GAMY)
FEBAR2 = EE* DSINH(GAMY)
183 CONTINUE
c
WPAR = A*DCOSH(APY) + B*APY*DSINII(APY) + EECOS + BETA
WPARE= 0.0
c
GO TO (162,162,163)IBOUND
163 CONTINUE
GO TO (160,161) ITHICK
160 WPARE= A*DCOSH(APB)+ B*APB*DSINH(APB)+ BETA
GO TO 162
161 WPARE= A*DCOSH(APB)+ B*APB*DSINIKAPB)+ EEBAR2 + BETA
WPARE = WPARE*DSIN(APX)

c
c
162 CONTINUE
c
XM= (1.-NU)*AP2*DCOSH(APY)*A + B*(2.*FI1*lIAR2* AP4/6.*DCOSH(APY)
. - 2°NU*AP2*DCOSH(APY) + (1-NU)*APY*AP2° DSINH(APY))
. -XK22*(AP2 - NU/HAR2*GAMA2)* EECOS
. -AP2*BETAP + KPD
c
YM=-(1-NU)*AP2*DCOSI [{APY)*A + B*(-2.*FI1*HAR2*AP4/6.DCOSII(APY)
. -2°AP2*DCOSH(APY) - (1.-NU)*APY*AP2*DSINII(APY))
+ XK22*(-NU*AP2 +1./HAR2*GAMA2)* EECOS
- NU*AP2*BETAP + KPD
c
XYM =2.*AP2* DSINH(APY)*A + B*(4.*FI*IIAR2* AP4/6./(1.-NU)* DSINH(APY)
+ 2.*AP2*DSINH(APY) + 2*APY*AP2*DCOSH(APY))
. 22 XK22* AP/HAR* DSQRT(GAMA2)* ERBAR2
XYM =XYM/24./(1.+ NU)
c
QX = 1./XNU2*( -2.*AP3*DCOSII(APY)*B + 12.°XK22*AP/HAR2,F1
*EEBARI + XKI1*AP*(BETA + BETAP))
c

GO TO (100,100,101) IROUND
100 QY =1/XNU2%( -2.*AP3*DSINH(APY)'B 4 12.°XK22/lIAR2/F1
. JHAR*DSQRT(GAMA2)*EERAR2 )
GO TO 102
101 QY = L/XNU2*( (1.-NU)*AP3* DSINH(APB)*A
+ B*( -(1.+ NU)*AP3*DSINII(APR)
+ (1.-NU)*APB*AP3"DCOSIHAPR) )
+ EFSIN*(-12./F1/HAR2%(1.-2.7XK22) + (1.-NU)*AP2)
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. *DSQRT(GAMA2):HAR )
C XYM =AvAP2°DSINH(APY)+ B (AP2* APY*DCOSI|(APY)+ AP2* DSINTI(APY))
C . + EEBARI®AP*DSQRT(GAMA2)/TIAR
C  XYM=XYMp4.[(l.+ NU)
c

102 CONTINUE
WPAR = WPAR*DSIN(APX)
XM = XM/XNU2* DSIN(APX)
YM = YM;XNU2"DSIN(APX)
XYM = XYM®*DCOS(APX)
QX =QX*DCOS(APX)
QY = QY*DSIN(APX)

RETURN
END
C
C
C
C
od
C
C
C
C*** SUBROUTINE DISS TO EVALUATE THE FUNCTION FI(Z) AND ALL
C RELATED FUNCTIONS AND CONSTANTS
C

SUBROUTINE DISS(M.;\'U,HAR,ALP[IA.:‘\I,AZ,AJ,AAAS,FI,F2.F3,F4,
. ZF1ZF1ZP,F2Z,F32)

IMPLICIT REAL*8(A-H,0-Z)

DOUBLE PRECISION NU

DIMENSION AMAT(3.3),RH{3),IFPR(3),FIX(3),SOLT(3)

NEQNS=3
P1=22.0/70
ALPHA=M"*PI

AP =ALPHA
HAR2=HAR*HAR
AP2=AP**2
AP4=AP**4.

AA = AP2*(2.-NU){(1.-NU)
BB = AP4/(1.-NU**2.)

D = DSQRT{AA**2.4.*BB)
A= DSQRT( .5*(AA+ DD))
B = DSQRT( .5*(AA-DD))
AlI=ATHAR
AlI2=AHAR/.

Bl =B*HAR
Bi12=B*HAR/.
AZ=AIP*Z

BZ=BH*Z
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C DIS13940
AMAT(L,1)=1.0 DIS13950
AMATY{1,2) = 2* DSINH(AH2) DIS13960
AMAT(1,3)= 2° DSINHI(BI12) DIS13970
AMAT(2,1)=1.0 DIS13980
AMAT(2,2)= AH*DCOSH(AH2) DIS13990
AMAT{2.3)= BH*DCOSH(BI2) DIS14000
AMAT(,1)=1.-NU**2. DIS14010
AMAT(3.2) = 122N U**2.%(2.Y DSINH(A112);A11**2.-DCOSH{AH2)/AIT) DIS14020
AMAT(33) = 12 NU**2.5(2.*DSINTI(BI 12)/BI {**2.-DCOST{(BH2)/BLI) DIS18030
DO 10 I=1,NEQNS DIS14040
RE(1)=0.0 DIS14050
FIX(1)=00 DIS14060

10 TFPR()=00 DIS14070
RH(1)=1.0 DIS14080
CALL  GREDUC (NEQNSAMAT,FIX,RH,IFPR) DI514090
CALL  BAKSUB (NEQNSAMAT,FIX,RILIFPRSOLT) DIS14100
A1=SOLT(1) DIS14110
A3=SOLT(2) DIS14120
A5 =SOLT(3) DIS14130
A2 =0.5]{ AH/BH*DSINH(AH2)/DTANH(BI12) - DCOSII{AH2)) DIS14140
A4 =-A2°AH;BH* DSINH(AH2)/DSINTI(BII2) DIS14150

C.'"‘.'tl‘tl“"‘.'t‘l“‘tt'.tt"tI't""t“".t." D'Slaléo
Cl={A3/AH + AS/BH) DIS14170
C2=2.5(1.+ NUYAP2/HAR®*25( A2 + A8)- ( A2/AH**2. + A4:BH*"2.) DIS14180

C WRITE(6,52) C1,C2 DIS14190

C52 FORMAT(C] ="E156,.2X,'C2 ="E15.6) DIS14200

c DIS14210

c DIS14220
F1= AI - 12°A3%( 2./AH**2.* DSINH(AF2) - DCOSH(AH2)/AH ) DIS14230

- 12°AS*( 2./BH**2.*DSINH(RH2) - DCOSH(BII2);BH ) DIS14240

c DIS14250
F31=AIM0. + C1 DIS14260
F32=12./AH**3.*A3 DIS14270
F33 = DCOSI{(AH2)-2.* DSINH(A2)/AH DIS14280
F34 = 12/BH**3.*AS DIS14290
F35 = DCOSH(BI12)-2.* DSINII(BI2)/BI1 DIS14300
F3=F31+ F32°F33 + F347F35 DISi4310

c DIS14320
F2=2/AH*DSINII(AH2)*A2 + 2./BI1*DSINTI(BII2)*A4 DIS14330

c DIS14340
Fa= A2°2./(AHI**3)* DSINH(AII2) DIS14350

+ AG*2HBI**3)*DSINII(BII2) + C2 DIS14360

c DIS14370

C  WRITE(6,60) AIT,BH DIS14380

C60 FORMAT('AIl ="E12.4,2X,'RH ="E124) DIS14390

C  WRITE(,12) Al DI1S14100

C  WRITE(6,13) A2 DIS14410

C  WRITE(6,14) A3 DIS14420

C  WRITE(,15) Ad DIS14430



C  WRITE(6,16) AS

Ci12 FORMAT('A1"2X, ="F20.6)

C13 FORMAT('A2'2X, =",FF20.6)

Cl4a FORMAT('A3'2X, ="F20.6)

C15 FORMAT('A4"2X, =",F20.6)

Cl16 FORMAT('A5"2X, =",F20.6)
WRITE(6,42) F1

WRITE(6,43) F2

WRITE(6,44) F3

WRITE(6,45) F4

C42 FORMAT('PRESENT WORK F1'3X,
C43 FORMAT('PRESENT WORK F2'3X,
Cas FORMAT('PRESENT WORK F3'3X,
C45 FORMAT('PRESENT WORK F4'3X,

NOn0oon

[}

" E15.5)
"E15.5)
“ E15.5)
" E1S.5)

FI1Z=AlI*Z + A2°DCOSH(AZ) + A3*DSINII(AZ)
.+ A4*DCOSH(BZ) + AS*DSINH(BZ)

FIZP=Al + A2*AH*DSINH(AZ) + A3*AH*DCOSH(AZ)
+ A4*BH*DSINH(BZ) + A5*BH*DCOSII(BZ)

F2Z=Z**22.* Al + A2*DSINH(AZ)AH + A3*DCOSH(AZ) AH
+ A4*DSINH(BZ)/BH + AS*DCOSII(BZ)/BH + Ci

FiZ=2Z**3/67A1 + A2*DCOSH(AZ)'AH**2
+ A3*DSINH(AZ)AH*"2
+ A4*DCOSH(BZ)/BH**2
+ AS*DSINH(BZ)/BH"*2
+CI*z+ Q2

RETURN

END

c

C""O..t.‘.""‘tttt"..l"tt‘.""t.'."'t""‘..'t‘

aOn0n0n0n

SUBROUTINE GREDUC (NEQNSASTIF,FIXED.ASL.OD.IFPRT)
IMPLICIT REAL*8(A-11,0-Z)
DIMENSION ASLOD(3).ASTIF(3.3),

FIXED(3).IFPRE(3)

]
i}
il

~> NOTE:NEQNS :NUMBER OF FQUATIONS TO BESOLVED = N
ASTIF(N,N) : COEFFICIENT MATRIX
FIXED(N) : VECTOR OF PRESCRIBED ( OR KNOWN ) VARIARLES;
FIXED(N)
ASLOD(N) :VECTOR OF R.ILS. OF THE EQUATIONS; ASLOD(N).
IFPRE(N) :VECTOR INDICATING WIETHR A VARIABLE IS
PRESCRIBED OR NOT ; IF :
IFPRE(I)=0 = = = > VARIABLE #1 IS NOT PRESCRIBED

noonon0ooaoon
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000

IFPRE(I)=1 = = => VARIABLE AL IS

NEQNS =3
DO 50 IEQNS = 1,NEQNS
IF(IFPRE(IEQNS).GT.0)GO TO 30

C-—— CHOOSING THE BIGGEST

JCOLS =1EQNS

IF(JCOLS.EQ.NEQNS) GO TO 50

RMAX =00

DO 101 IROWS = IEQNS,NEQNS

R = ASTIF{IROWS JCOLS)
IF(DABS(R).LE.DABS{RMAX)) GO TO 101
RMAX=R

IBIG = IROWS

101 CONTINUE

IF (IBIG.EQ.IEQNS) GO TO 500

C—- INTERCHANGING ROWS

SHIFT2 = ASLOD(IEQNS)
ASLOD(IEQNS) = ASLOD(IBIG)
ASLOD(IBIG) =SHIFT2

DO 103 J=1,NEQNS

SHIFT1 = ASTIF(IEQNS,J)
ASTIF(IEQNS J)= ASTIFK(IBIG,J)
ASTIF(IBIG J) =SHIFT1

103 CONTINUE
C——REDUCE EQUATIONS
500 PIVOT = ASTIF{IEQNS,IEQNS)

C

IF(DABS(PIVOT).LT.1.0E-50)GO TO 60
IF(IEQNS.EQ.NEQNS)GO TO 50
IEQN1=TEQNS +1

DO 20 IROWS = [EQNI,NEQNS

FACTR = ASTIF(IROWS IEQNS)/PIVOT
IF(FACTR.EQ.0.0)GO TO 20

DO 10 ICOLS = IEQNS,NEQNS

PRFSCRIBED

ASTIF(IROWS,ICOLS)=ASTIF(l ROWS,ICOLS)-FACTR*ASTIF(IEQNS.ICOLS)

CONTINUE

ASLOD(IROWS)= ASLOD(IROWS)-FACTR*ASLOD(IEQNS)

WRITF{6,124) ASLOD{IROWS)

CONTINUE

WRITE(6,229) IEQNS

C229 FORMAT('IEQNS ="12,COEFFICIENT MATRIX AFTER SOLUTION")

C
C

DO 224 1 =1,NEQNS
WRITE(6.122) (ASTIF(1J1)31 =1 NEQNS)

C224 CONTINUE

C
C

NO 225 [=1,NEQNS
WRITE(6,124) ASLOD(T)
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C225 CONTINUE DIS15440
Ci22 FORMAT(3(E12.5.2X)) DI1S15450
Ci124 FORMAT(E12.5) DIS15460 -
(o] DIS15470
(o] DIS15480
GO TO 50 DIS15490
C DIS15500
C ADIJUST RHS(LOADS) FOR DIS15510
C PRESCRIBED DISPLACEMENTS DIS15520
(o] DIS15530
30 DO 40 IROWS = [EQNS,NEQNS DIS15540
ASLOD(IROWS) = ASLOD(IROWS)-ASTIF(IROWS IEQNS)*FIXED(I EQNS) DIS15550
ASTIF(IROWS,IEQNS) =0.0 DIS15560
40 CONTINUE DIS15570
(o} DIS15580
o] DIS15590
C  WRITE(6,229) IEQNS DIS15600
C DO 324 =1NEQNS DIS15610
C  WRITE(6,122) (ASTIF(1J1)J1 = 1,NEQNS) NIS15620
C324 CONTINUE DIS15630
C DO 3251=1,NEQNS DIS15640
C  WRITE(6,124) ASLOD(I) DIS15650
C325 CONTINUE DIS15660
C DIS15670
GO TO 50 DIS15680
60 PRINT 100 DIS15690
100 FORMAT(5X,ISHINCORRECT PIVOT) DIS15700
STOP DIS15710
50 CONTINUE DIS15720
RETURN DIS15730
END DIS15740
cc DIS15750
C DIS15760
C BACK-SUBSTITUTION ROUTINE DIS15770
C DIS15780
C DIS15790
SUBROUTINE BAKSUB (NEQNS,ASTIF,FIXED,ASLOD,IFPRE,DISPL) DIS15800
C nIs15810
IMPLICIT REAL*8(A-H,0-Z) DIS15820
DIMENSION ASTIT(NEQNS NEQNS),IFPRE(NEQNS), DIS15830
FIXED(NEQNS),DISPL{NEQNS),ASI.OD(NEQNS) DIS15840
C DIS15850
NEQNI1=NEQNS+1 DIS15860
DO 30 IEQNS = 1,NEQNS DIS15870
NBACK = NEQNI-IEQNS DIS158R0
PIVOT = ASTIF{NBACK,NBACK) DIS15890
RESID = ASLOD(NBACK) DIS15900
IF{NBACK.FQ.NEQNS)YGO TO 20 NIS15910
NRACI1 =NBACK +1 DI1S15920

DO 10 ICOLS = NBACI,NEQNS DIS15930



20

C

C

30

C

RESID = RESID-ASTIF(NBACK ICOLS)* DISPL{ICOI S)
CONTINUE
IF(IFPRE(NBACK).LE.0)
*DISPL{NBACK) = RESID/ASTIF(NBACK,NBACK)

*DISPL{NBACK) = RESID;PIVOT

IF(IFPRE(NBACK).GT.0)DISPL{NBACK) = FIXED(NBACK)
IF(IFPRE(NBACK).GT.0)REACT(NBACK) = -RESID
CONTINUE

RETURN

END

C

C*** GAUSS-JORDAN REDUCTION ROUTINE

C

C

10

20
30

SUBROUTINE JORDAN(NEQNS,ASTIF,ASLOD,SOL)

IMPLICIT REAL*8(A-H,0-Z) :

DIMENSION ASLOD(NEQNS).ASTIF(NEQNS,NEQNS)SOL(NEQNS)
DO 30 IEQNS = 1,NEQNS

PIVOT = ASTIF(IEQNS,IEQNS)

DO 20 IROWS = |,NEQNS

FACTR = ASTIF(IROWS,IEQNS)/PIVOT
IF(IROWS.EQ.IEQNS.OR.FACTR.EQ.0.0) GO TO 20

DO 10 ICOLS = 1,NEQNS

ASTIF(IROWS,ICOLS) = ASTIF(IROWS,ICOLS)-FACTR* ASTIF(IEQNS,ICOLS)

CONTINUE

ASLOD(IROWS)= ASLOD(IROWS)}-FACTR*ASLOD(IEQNS)
CONTINUE
CONTINUE

DO 40 IEQNS = 1,NEQNS

SOL(IEQNS) = ASLOD(IEQNS)/ASTIF(IEQNS,IEQNS)
CONTINUE

RETURN

END

0000 0n

000

SUBROUTINE GREDU  (NEQNS, ASTIF, FIXED, ASLOD, IFPRE)

INPLICIT REAL*8({A-11,0-7)

DIMENSION ASLOD(NEQNS),ASTIF(NEQNS,NEQNS),
FIXED(NEQNS),IFPRE{NEQNS)

GAUSSIAN REDUCTION ROUTINE

DO 50 [EQNS = 1,NEQNS
IF(IFPRE(IEQNS).EQ.1) GO TO 30

REDUCE EQUATIONS
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PIVOT = ASTIF(IEQNS,IEQNS)
IF(DABS(PIVOT).LT.1.0E-50) GO TO 60
IF(IEQNS.EQ.NEQNS) GO TO 50
IEQN1 =1EQNS+1
DO 20 IROWS =IEQN1,NEQNS
FACTR = ASTIF(IROWS,I[EQNS)/PIVOT
IF(FACTR.EQ.0.0) GO TO 20
DO 10 ICOLS = [EQNS,NEQNS
ASTIF(IROWS,ICOLS)= ASTIF(IROWS,ICOLS)-FACTR* ASTIF(IEQNS,ICOLS)
10 CONTINUE
ASLOD(IROWS) = ASLOD({IROWS)-FACTR* ASLOD(IEQNS)
20 CONTINUE
c
c
C  WRITE(6,229) IEQNS
€229 FORMAT(IEQNS ="I2,COEFFICIENT MATRIX AFTER SOLUTION’)
C DO 224 I=1NEQNS
C  WRITE(6,122) (ASTIF(LJ1),J1 = | NEQNS)
C224 CONTINUE
C DO 225 I=1NEQNS
C  WRITE(6,124) ASLOD(I)
C225 CONTINUE
C122 FORMAT(3(E12.5.2X))
C124 FORMAT(EI2.5)
c
c
GO TO 50
c
C  ADIUST RHS(LOADS) FOR PRESCRIBED DISPLACEMENTS

30 DO 40 IROWS = [EQNS,NEQNS
ASLOD(IROWS)= ASLOD(IROWS)-ASTIF(IROWS,IEQNS)* FIXED(IEQNS)
ASTIF(IROWS,IEQNS)=0.0

40 CONTINUE
GO TO 50

60 WRITE(6,900) PIVOT,IEQNS

900 FORMAT(5X,18HINCORRECT PIVOT = ,E20.6,5X,131HIEQUATION NO. IS)

STOP

50 CONTINUE
RETURN
END

00000

SURROUTINE BAKSU (NEQNS, ASTIF, FIXED, ASLOD, IFPRE,XDISP)
IMPLICIT REAL*8(A-H,0-7)
DIMENSION ASTIF(NEQNS,NEQNS),IFPRE(NEQNS),
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C
C
C

. FIXEN(NEQNS),XDISP{(NEQNS),ASLOD(NEQNS)
BACK-SUBSTITUTION ROUTINE

NEQNI1=NEQNS+1
DO 30 [EQNS = 1,NEQNS
NBACK = NEQNI-IEQNS
PIVOT = ASTIF(NBACK,NBACK)
RESID = ASLOD(NBACK)
IF(NBACK.EQ.NEQNS) GO TO 20
NBAC1=NBACK +1
DO 10 ICOLS = NBACI ,NEQNS
RESID = RESID-ASTIF(NBACK ICOLS)* XDISP(ICOLS)
10 CONTINUE
20 IF{IFPRE(NBACK).EQ.0) XDISP(NBACK) = RESID/PIVOT
IF(IFPRE(NBACK).EQ.1) XDISP(NBACK) = FIXED(NBACK)
30 CONTINUE
RETURN
END
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A-5.2 PROGRAM DISS4 LISTING :

ctt't.‘t'"'t“'t't..t‘tt'ttt.t'.lt'ttlt".

C'"."."‘....'....'.-‘."..‘ﬁ.'t..‘tt.'.t'...l...".

c
C PROGRAM DISS4 : TO FIND SOLUTION ( DEFLECTION & STRESSES )
c
c IN THE CASE OF CYLINDRICAL BENDING
C DONE BY AMMAR KHALEEL HAFEDH MOHAMMED ( IN PH.D DISSERTATION )
c
c.‘..'.‘t‘.t"‘.tt‘.““..‘.“t“".‘tt"'.'..“‘..t..
IMPLICIT REAL*8(A-H,0-2)
DOUBLE PRECISION NU,NUP1,NUSM1,NUM1,LFH2,LAK,N,LAMDA,
. INCREM
DATA NU/0.30D0/,E/1.0D0;,HAR/0.00; INCREM/0.500;,
NPLATE/6 [ NTERM/15/,MP/15/,
. IPRINT/2/,IDEF[2/,ISTRES 2/,IBAL2/,ISIGZ/1/,IFOUR[2/

c

c
NUP1=NU+1.D0
NUSMI = 1.0-NU**2
NUM1 =10-NU
G = E/(2.D0*(1.D0+ NU))
PI1=22.D0/1.D0

c

C NOTE: MP = IS AN INDICATER TO TELL AT WHAT "M~ VALUE WE WANT RESULTS
TO BE PRINTED

NPLATE = IS AN INDICATER TO TELL US FOR HOW MANY PLATE RATIOS W
WANT THE RESULTS

IDEF = IS AN INDICATER FOR PRINTING DEFLECTION RESULTS
IF IDEF = {: PRINT DEFLECTIONS
iF IDEF = 2: DO NOT PRINT DEFLECTIONS

ISTRES = IS AN INDICATER FOR PRINTING STRESS SIGMAX
IF ISTRES = | : PRINT STRESSES
IF ISTRES = 2: DO NOT PRINT STRESSES

ISIGZ = 1S AN INDICATER FOR PRINTING STRESS SIGMAZ
IF ISIGZ = 1:PRINT STRESSES
IF ISIGZ = 2:DO NOT PRINT STRESSES

IPRINT = IS AN INDICATER FOR PRINTING INTERMEDIATE RESULTS
IF IPRINT = 1: PRINT INTERMEDIATE RESULTS
IF IPRINT = 2: DO NOT PRINT INTERMEDIATE RESULTS

0NN O00O000O0O0

WRITE(6,210)
210 FORMAT('CYLINDRICAL BENDING )
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GO TO (212,213) IFOUR
212 WRITE(6,211)
211 FORMAT('LOAD PO = SIN(PI*X/L))
GO TO 215
213 WRITE(6,214)
214 FORMAT('LOAD PO = UNIFORM LOAD")
215 ABAR=1.D0
WRITE(6,188) NU
WRITE(6,18)
188 FORMAT('NU = "F6.2)
GO TO (561,562) IDEF
s61 WRITE(6,102)
'ol FoRMAT("‘“'t“"““l.tt't"t"‘ttt')
102 FORMAT( DEFLECTIONS *)
WRITE(6,101)
WRITE(6,556)
GO TO 564
$62 GO TO (565,564) ISTRES
565 WRITE(6,103)
WRITE(6,101)
WRITE(6,555)
555 FORMAT(7X,’Z/H"8X,'RTP"6X,'EXACT"8X,'PANC" 8X,'RTB"8X,'OTHERS"
2)
ss6 FORMAT(SX, I'6X,RTP’7X,EXACT"6X, RTB"6X,'PANC"6X, REISS’
.6X,NAGHDI")
s64 GO TO (406,407) ISIGZ
406 WRITE(6,408)

WRITE(6,409)
408 FORMAT(®* H * PRESENT®* PRESENT* EXACT * EXACT *)
409 FORMAT(™ * SIGMAX * SIGMAZ * SIGMAX * SIGMAZ*")

407 CONTINUE

C'."t‘..".“.“.."'.“.l‘""‘..ttlt‘...

DO 200 1=1,NPLATE

Ctt'tt‘ttt.tttttt'tttttttt'tttt‘ttttttttttt

IF(1.LE.30) GO TO 31

GO TO 32
3t HAR=HAR+INCREM
C
C

C NOTE: INCREM IS THE INCREMENT IN THE A/H RATIO

c

c
AR =1.DO/IIAR
GO TO 33

32 1F(I.EQ.31) AHR=0.D0
IF(L.GE.31) GO TO 34
AHIR=AHR+2.D0
GO TO 33

38  AHR=AIIR+100.D0

33 I =ABARJAIIR
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GO TO (800,801) ISTRES

800 WRITE(6,101)
WRITE(6,25) H
WRITE(6,101)

801 GO TO (404,405) ISIGZ

404 WRITE(6,101)
WRITE(6,25) H
WRITE(6,101)

405 D=E*H**3;(12.D0%(1.D0-NU**2))
WCT =0.D0
WMT =0.D0
WOPANC =0.D0
WREIS =0.D0
WNAGD =0.D0
WPT =0.D0
WBT=0.D0
WOCHEK =0.D0
WOEXAK =0.D0

c

c
NPOINT =11

C'"‘..tt'tttl'tt"t‘t‘.""t"‘.t‘t.tttt‘.

DO 100 J=1,NPOINT
CretestrsesssesssserITasSETEETERERERTICEEINS
C

SIGMAP =0.D0

SIGMPA =0.D0

SIGMAE=0.D0

SIGMAB =0.D0

SIGMAM =0.D0

SIGMAO=0.D0

SIGZP=0.D0

SIGZE=0.D0

IF(J.EQ.1)GO TO 222
GO TO 223

222 Z=-0.50*H

223 ZH=Z/H

c

c

Cttt"‘..‘t.""'."'t't‘"""“"'O..'.'.

DO 10 M =1,NTERM,2
CrevesTessssarsratesaseasersssEatesatessese
C
C
C PRESENT WORK : DEFLECTION
C
C

ALPHA = M*PI/ABAR

AP=ALPHA
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000

C

APH2=ALPHA®H/2.

APB = ALPHA**2

APBS = ALPHA®*4

AA = APB*(2.D0-NU)/(1.D0-NU)
BB = APBS/(1.DO-NU"*2)

DD = DSQRT(AA**24.D0*BB)
A=DSQRT(.SD0*(AA + DD))
8= DSQRT(.SDO*(AA-DD))
AH=A*H

AH2=A*H/2.D0

BH=B*H

BH2=B*H/2.D0

All=H

A12=2*DSINH(AH2)

A13 = 2* DSINH{BH2)

A21=1.D0

A22=A*DCOSH(AH2)

A23 = B*DCOSH(BH2)
A31=1.0D0-NU**2

A32 =(12.2NU**2/H**3)*(2.* DSINH({AH2)/A"*2-1[* DCOSH(AH2). A)
A33 =(12.*NU**2/H**3)*(2.* DSINH(BH2)/B**2-H* DCOSH(BH2),B)
B11=1.D0

B22=0.D0

B33=0.D0

D11 = A22°A33-A23*A32
D12=A21*A33-A23%A31

D13 = A21*A32-A22*A31

D22 =B22*A33-A23°B33

D23 = B22*A32-A22°B33

D33 =A21*B33-B22°A31
DET1=A11"D11-A12°D12+A13*DI3
DET2=B11*D11-A12°D22+ A13*D23
DET3=A11*D22-B11*D12+ A13*D33
DET4=-A11*D23-A12"D33+ B11*D13
Al =DET2/DETI

A3=DET3/DETI

AS = DET4;DET1

DCOT = 1.DO/DTANH(BH2)

A2=0.5D0j( A*DSINH(ATI2)/( DTANLI(BI2)*B ) - DCOSII(AH2))
A4 =-1.D0 DSINH(AH2)* A*A2/( B*DSINII(BII2))

GO TO (500,501) IPRINT

500 WRITE(6,18)

WRITE(6,24) AHR
WRITE(6,25) 11

270

Dis01470
D1S01480
DIS01490
DIS01500
DIS01510
DIS01520
D1S01530
DIS01540
DIS01550
DIS01560
DIS01570
DIS01580
D1501590
DIS01600
D1S01610
DI1S01620
DIS01630
DIS01640
DIS01650
DIS01660
DIS01670
DIS01680
DIS01690
DISs01700
DI1S01710
DIsS01720
DIS01730
DIS01740
DIS01750
DIS01760
DIS01770
DIS01780
DIS01790
DIS01800
DIS01810
DIS01820
DIS01830
DIS01840
DI1S01850
DI1S01860
DIS01870
DI1S01880
D1S01890
DIS01900
DIS01910
DIS01920
DIS01930
DIS01940
NISN1950
DIS01960



WRITE(S,111) ZH
WRITE{6,17) M
WRITE(6,18)
WRITE(6,102)
24 FORMAT( A/H ="F8.2)
25 FORMAT(" H ="F104)
WRITE(6,101)
17 FORMAT(’ M =12
111 FORMAT(" Z/H ="F62)
WRITE(6.12) Al
WRITE(6,13) A2
WRITE(6.14) A3
WRITE(6,15) A4
WRITE(6,16) AS
2 FORMAT{'A1="EI156)
3 TFORMAT('A2="EI15.6)
4 FORMAT('A3="EIS.6)
5 FORMAT('A4="EI5.6)
16 FORMAT('AS =",E15.6)
|8 FORMAT('UQ"""..'t‘.“"“ﬁ!'t""'m't"tt')
SO1  F1=Al-(12./H**3)*A3%(2./JA**2* DSINH(AH2)}-H* DCOS H(AH2)/
AN(12./H**3)* A5*(2./B**2* DSINH(BH2)-FH*DCOSH{(RH2)/B)
Cl=-{A3/A + AS/B)
C2=2.D0%(1.D0 + NU)/APB*(A2 + Ad)}-(A2/A**2 + A4/

IR ¢ B e B ¢ B o B ¢

. B*)
c
C  WRITE(6,552) Cl
C  WRITE(6,553) C2
5§52 FORMAT('Cl =",F20.6)
553 FORMAT{'C2 =",F20.6)
c
F31 =(H**2/40.)* Al +CI
F32 = (12./H**3)*(A3/A**2)
F33 = (H/A)* DCOSH(AH2)-2.* DSINH{AH2)/A**2
F34=(12./H**3)*(A5/B**2)
F35 = (H/B)* DCOSH(BH2)-2.* DSINH(BH2)/B**2
F3=F31 + F32°F33 + F34*F35
c
c
F2=2.;A*DSINH(AII2)* A2 + 2./B*DSINH(BII2)*Ad
F&=2./A**3* DSINH(AH2)* A2 + 2./B**3* DSINH(BI12)* A4
. +cH
c
c

GO TO (600,601) IPRINT
600 WRITE(6.42) Fl
WRITE(6,51) FIB
WRITE(6,43) F3
WRITE(6,52) F3B
WRITE(6,53) F2

271

DIS01970
DIiS01980
DIS01990
DI1802000
DIS02010
DiS02020
DIS02030
DIS02040
DIS02050
DI1S02060
DI1S02070
D1502080
DIS02090
DI1S02100
DIs02110
DIS02120
D1502130
DI1S02140
DIS02150
DI1s02160
DIS02170
DI1502180
DIS02190
DIS02200
DI1502210
DIS02220
DI1502230
DI1S02240
DI1s502250
DI1502260
DIS02270
DI1502280
D1502290
DI1502300
DI1S02310
DI1S02320
DI1S02330
DI1S02340
DI1S02350
DI1S02360
DI1S02370
D1S02380
DI1S02390
DI1S02400
DI1S02410
DI1S02420
DI1502430
DIs02440
D1502450
1502460



42
43
51
52
53

601

230

noononogE
N =

O0000

C
C

C NOTE: IN EXACT SOLUTION ( E )WILL BE REPLACED BY ( E/1.-NU**2))

WRITE(6,58) F4
FORMAT(PRESENT WORK FI = "EI5.6)
FORMAT{'PRESENT WORK F3=",EI15.6)
FORMAT('BALUCH WORK FI1B=",EI5.6)
FORMAT('BALUCH WORK F3B=",E15.6)
FORMAT('PRESENT WORK F2="E15.6)
FORMAT({'PRESENT WORK F4="E15.6)

S =G/Fl

N=E/F3

R=10.*E*H/(3.*NU)

GO TO (230,231) IFOUR
P=10

GO TO 232
P =4.D0/(M*PI)

AM =M*PI1,2.D0
AM=ALPHA*ABAR/.
W00 = P/{APRS*D)
WOl =1.0+(2.-NUPH**3* APB*F1/(12.5(1.-NU))-APBS*D/N
W02 =NUH**2*APB/(40.5(1.-N L))
W03 = NU**2* H**5* APBS*F1/(480.%(1.-NU)**2)
W04 = NU**2° [{**S* APBS*F1/{240.%(1.-NU)**2*(1.+ NU))
WO = W00* (W01 + W02-W03 + W04)* DSIN(AM)
WOCHEC = P/(BB*E)*( AA*Al-BB*C1-A3*(A**3
- A*AA+BB/A ) - AS*( B**3-B*AA
+BB/B ) )’ DSIN(AM)
+BB/B ) )-P*C1/E }* DSIN(AM)
BMCHEK = H**3*P*A1/(12.*NU)

BM = D*P*(NUPI/(D*APB)}-NU*NUPI**2*FI/E+ 2.*NU*NUPI*FI/E)

BM = BMCHEK

WO =( P*( 1./(APBS*D)+ (2-NU)*NUPI*F1/(APB*E)-1./N )
;  +BM/R )*DSIN(AM)

+BMJR -P*C1/E J*DSIN(AM)

WOCHEK = WOCHEC + WOCHEK

WMT = WMT + W0

WC = P*DSIN(AM)/(APBS*D)

WCT = WCT + WC

WRP = WMT/WCT

WRCHEK = WOCHEK/WCT

EXACT SOLUTION

R3 =-P*DSINH(APH2)/(2*APB*( DSINH(APII2)*DCOSH(APH2) + APH2))
R4 =-P*DCOSIH{APH2)/(2.* APB*( DSINEI(APTI2)*DCOSH(APH2)-APII2))

R1=-R4*(APH2*DTANH(APII2) > 1))
R2=-R3*(APH2/DTANH{APH2)+ 1.)
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c

c
EEXAC= E/NUSMI
WOEXAC = (R4* AP* DSIN(AM)EEXAC)*(2.+ NUPI* API12* DTANH(APH2))
WOEXAK = WOEXAC + WOEXAK

C WREXAC= WOEXAK/WCT
WREXAC = DABS{WOEXAK/WCT)

c

c

C PANCS WORK

o]

C
LAMDA = ALPHA*DSQRT(2./(1.-NU))
LA=LAMDA
LH2=LAMDA®H/2.
K =2.*E*(LH2-DTANH(LH2))/(LAMDA**3%(1.-NU**2))
WPANC = P*DSIN(AM)/(APBS*K)
WOPANC = WPANC + WOPANC
WRPANC = WOPANC/WCT

c

C END OF PANC'S WORK

c

c't"t‘..t‘.t"ttt“‘t.

c

c

C BALUCHS WORK

c

c‘..'t"""'..’..'t"‘

c

C1B=0.D0
C2B=-NUPI/APB
F1B=6.D0/(5.D0*H)
F3B=239.D0*H/1120.D0
C F3B=39.D0*H/1120.D0 + CIB
SB=G/FIB
NB =E/F3B
W00 = P/(APBS*D)
WO1 = 1.0+ (2.-NU)*H**3* APB*F1/(12.(1.-NU))-APBS* D/N
W02 = NU*11**2° APB/(40.* (1.-NU))
W03 = NU**2* H**5* APBS* F1(480.%(1.-NU)**2)
W04 = NU**2* H**S*APBS* F1(240.2(1.-NU)* *2* (1. + NU))
WOR = W00 (W01 + W02-W03 + W04)* DSIN(AM)
BMB = D*P*((1. + NU){D*APB)-NU*(1.+ NU)**2*FIB/E+ 2.*NU*
:  (1.+NU)*FIBJE)
WOB = (P*(1./(APBS* D) + (2.-NU)*(1.+ NU)* FI B{APR* F)-1./NB)
. +BMB/R }*DSIN(AM)
WRT = WBT + WOB
WRB = WRT/WCT

C' 1222234322222 224222423

Cc

000000
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c
C REISSNER SHEAR DEFORMATION TIIEORY
c
c
C'l...."...‘.."t"...
WREISS =(1.+ APB* H**2*(2.-NU)/(10.*(1.-NU)))* P/(APBS* D)*
. DSIN(AM)
WREIS = WREISS + WREIS
WRREIS = WREIS/WCT
C"t'.'f'."""""'.‘
c
c
C NAGHDI-ESSENBURG TRANSVERSE NORMAL STRAIN THEORY
c
c
C""‘lt.t"'ttt""tt‘
WNAGDI = (1.D0 + (8. - 3.*NU*(1.-NU) )"H**2* APB/(40.*(1.-NU))
. .3.*APBS*H**4/1120.)*P/(APBS*D)* DSIN(AM)
WNAGD = WNAGDI+ WNAGD
WRNAGD = WNAGD;WCT

0

WRITE(6,19) WCT
C  WRITE(6,21) WMT
GO TO (672,503) IPRINT
672 IF(M.GE.MP) GO TO 544
GO TO 503
544 WRITE(6,22) WRP
C  WRITE[6.64) WRCHEK
WRITE(6,72) WREXAC
WRITE(6,56) WRB
WRITE(6,27) WRPANC
WRITE(6,29) WRREIS
WRITE(6,41) WRNAGD
C  WRITE(6,67) BM
C  WRITE(6,68) BMCHEK
C19 FORMAT( )W ,CLASSICAL THEORY , WCT =",F15.6)
C21 FORMAT( */’W ,MODIFIED THEORY , WMT =",F15.6)
333 FORMAT( 'RRBBBBRBBBRBBBRBBE C2B =',F15.6)
22 FORMAT( " PRESENT WORK RATIO ; WRP =",F15.6)
72 FORMAT(' '"EXACT SOLUTION RATIO;WREXAC = ",F15.6)
64 FORMAT( ""PRESENT WORK RATIO ;WRCHEK ="F15.6)
C67 FORMAT( 'BM ="T120.6)
C68 FORMAT( /BMCHEK ="F20.6)
56 FORMAT(' ""BALUCH RATIO ; WRRB ="F15.6)
27 FORMAT( *;, WRPANC ="F156)
29 FORMAT(' ‘", WRREIS =*F15.6)
41 FORMAT( 'y WRNAGD ="F155)
c
c
C PRESENT WORK - STRESSES : SIGMAX
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c

c
WRITE(6,101)
WRITE(6,103)
WRITE(6,101)

103 FORMAT(' STRESSES 9

503 AZ=A'Z
BZ=B*Z
F1Z=Al*Z+ A2*DCOSH(AZ) + A3*DSINH(AZ)+ A4*DCOSH(BZ)

= AS*DSINH(BZ)

F3Z=(A1/6.)*Z**3+ A2JA**2* DCOSH(AZ) + A3/A**2*
. DSINH(AZ)+A4/B**2*DCOSH(B7)+ A5/B**2* DSINTI(BZ)
. =crrz=Q2
C  W2P= WO/DSIN(AM)+ P*CI/E
W2P = WO;DSIN(AM)
SIGXP =( (E*APB*W2P;NUSMIY*Z - P*(2.D0-NU)/NUMI*FIZ
. + (P*APB/NUSMI)*F3Z {2"NU*APR*BM/(fi**3
. *NUSM1))*Z**3 - P(NUSMI*H)*( (NU**2-NU-2.)"F2+
APBTF4 ) *DSIN(AN)
SIGMAP =SIGMAP + SIGXP
SIGXP =SIGMAP

PRESENT WORK - STRESSES : SIGMAZ

0000

SIGZP = SIGZP + P*FIZ*DSIN{AM)

EXACT SOLUTION - STRESSES : SIGMAX

aa0noo0an

APZ=-ALPHA*Z
SIGXE= APB*( RI*DSINH{APZ) + R2*DCOSII(APZ) + R3*(2.*
. DCOSH(APZ)+ APZ*DSINI{AP7)) + Ra4*(2.*DSINH(APZ)
) + APZ*DCOSH(APZ)) }* DSIN(AM)
SIGMAE=SIGMAE + SIGXE

C SIGXE=SIGMAE

a0

EXACT SOLUTION - STRESSES : SIGMAX
SIGZE = SIGZE - APR*DSIN{AM)*{ RI*DSINH(APZ) + R2*DCOSH(APZ)
. 4+ R3I*APZ*DSINH(APZ) + R4*APZ*DCOSI(APZ))

PANC'S SOLUTION : STRESSES

NaoO00n0n0

F1ZP =0.5 *( LA*Z*DCOSTI(LI12)-DSINII(I.A*Z) )/( LI2*
: DCOSH(ILH2)-DSINT{LH2) )
W2PA = WPANC/DSIN(AM)
SIGXPA = ( (E*APB*W2PA,NUSMI J*7 - ( 2.*P/NUMI )*FIZP)
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: *DSIN(AM)
SIGMPA =SIGMPA + SIGXPA
C SIGXPA=SIGMPA
c
c
C BALUCH'S SOLUTION : STRESSES
c
c
SIGBO = APR*H**2/(48.*NUSM]1)
SIGB1 = 12./(APB*H**2) - 3.0/5.0
.+ APBTH®**2%(168.*NU**2-195.)/(5600.*NUSM]1)
SIGB2 =-APB*1{**2/(4.*NUSM1)
SIGB3 =4.+ (APB*11**2/NUSM1)*(5.-4.* NU**2),20.
SIGB4 =-APB*H**2/(10.*NUSM1)
SIGXB =( SIGBO + SIGBI*ZH + SIGB27ZH**2 + SIGB3*ZH*"3
. +SIGB4*ZH**S )*P*DSIN(AM)
SIGMAB = SIGMAB + SIGXB
GO TO(592,593)IBAL
592 WRITE(6,18)
WRITE(6,25) H
WRITE(6,111) ZH
WRITE(6,17) M
WRITE(6,590) APB,AM,P
WRITE(6,591) SIGB0,SIGB1 SIGB2,SIGB3 SIGB4,SIGXBSIGMAB
590 TFORMAT(3F10.5)
591 FORMAT(7F10.5)
C SIGXB=SIGMAB
c
c
C BALUCH'S MODIFIED SOLUTION : STRESSES
c
c
593 F1ZB=-0.5D0 + (3./2.)°ZH - 2.°ZH**3
C  FIZB=-0.257Z**2 + 0.25/H*Z**3 - 0.1/H**3*Z"*S
F3ZB=-0.25*7**2 + 0.25/H*Z**3 - 0.1/H**3"Z**5S + CIB*Z + C2B
F2B=-0.5"H
C  F4B=-11**3/48.
F4B =-H**3/48. + C2B*H
W2B = WOB/DSIN(AM)
SIGXBM = ( (EXAPB*W2B/NUSMI)*Z - P*(2.D0-NU) NUMI*F1ZB
: + (P*APB/NUSM1)*F3ZB -(2*NU*APR*BMB (11**3
: *NUSMI))*Z**3 - P/(NUSMI*I)*( (NU"*2-NU-2)*F2B +
: APB*F4R ) y*DSIN(AM)
SIGMAM =SIGMAM + SIGXBM
C SIGXBM=SIGMAM

C

C

C STRESSE BY OTHER PLATE TIHEORIES :

C KIRCHOFF THIN PLATE , REISSNER SHEAR

C DEFORMATION PLATE THEORY, AND NAGHDI-ESSENBURG
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TRANSVERSE NORMAL STRAIN THEORY

000

SIGXO =( 12.°P{(APB*11**2) }*ZI[* DSIN(AM)
SIGMAO =SIGMAQO + SIGXO
C SIGXO=SIGMAO
c
GO TO (670,10) IPRINT
670 1F(M.GE.MP) GO TO 644
GO TO 10
644 WRITE(6.104) SIGMAP
WRITE(6,105) SIGMAE
WRITE(6,106) SIGMPA
WRITE(6,107) SIGMAB
C  WRITE(6,109) SIGMBM
WRITE(6,108) SIGMAO
104 FORMAT( 'yPRESENT WORK :SIGMAP ='F15.)
105 FORMAT(" 'yEXACT SOLUITION : SIGMAE =",F15.)
106 FORMAT( '"'PANC WORK :SIGMPA ="F15.6)
107 FORMAT( "BALUCH WORK :SIGMAB ='F15.6)
1090 FORMAT(" '"BALUCH MOD. WORK: SIGMBM ="F15.6)
108 FORMAT(" ;OTHER THEORIES :SIGMAO ='F156)
c
10 CONTINUE
c
GO TO (667,668) ISTRES
667 CONTINUE
C  WRITE{(6.558) ZHSIGMAP SIGMAESIGMPASIGMAB
WRITE(6,558) ZH SIGMAP SIGMAESIGMPA SIGMAB SIGMAO
C  WRITE(6,558) ZH SIGMAP SIGMAESIGMPA
C  WRITE(6,558) ZH SIGMAP SIGMAE
558 FORMAT(7(F10.2,2X))
C668 IF(1.EQ.31) AHR=0.D0
668 GO TO (400,401) ISIGZ
400 WRITE(6,402) ZH SIGZP SIGZE
402 FORMAT(3(F10.3,2X))
C
401 Z=Z+0.0°H
100 CONTINUE
c
GO TO (502,200} IDEF
502 CONTINUE
C  WRITE(6,225) I, WRP,WREXAC,WRB,WRPANC
WRITE(6,225) H,WRP,WREXAC,WRB,WRPANC,WRREIS,WRNAGD
C  WRITE(6,225) 1|,WRP,WREXAC,WRPANC
225 FORMAT(7(F8.2,2X))
200 CONTINUE
STOP
END
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