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Abstract. This paper studies the boundary value problem of nonlinear fractional differential
equations and inclusions of order ¢ € (1, 2] with nonlocal and integral boundary conditions.
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1. INTRODUCTION

Fractional derivatives provide an excellent tool for the description of memory and
hereditary properties of various materials and processes. These characteristics of the
fractional derivatives make the fractional-order models more realistic and practical
than the classical integer-order models. In recent years, boundary value problems for
nonlinear fractional differential equations have been addressed by several researchers.
As a matter of fact, fractional differential equations arise in many engineering and
scientific disciplines such as physics, chemistry, biology, economics, control theory,
signal and image processing, biophysics, blood flow phenomena, aerodynamics, fitting
of experimental data, etc. [26,32-34|. For some recent development on the topic, see
[1-13,15,27,29,35,36] and the references therein.
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As a first problem in this paper we discuss the existence and uniqueness of solutions
for a boundary value problem of nonlinear fractional differential equations of order
q € (1,2] with nonlocal and integral boundary conditions given by:

cDIg(t) = f(t,x(t), 0<t<1l 1<q<2, )
2(0) =zo +g(z),  x(l)=allz(n), 0<n<l, '

where ©D? denotes the Caputo fractional derivative of order ¢, f : [0,1] xR —» Ris a
given continuous function, g : C([0,1],R) — R, o € R is such that o # '(p+2)/nP*t,
I' is the Euler gamma function and I? is the Riemann-Liouville fractional integral of
order p. The fractional integral boundary conditions were introduced recently in [24].

Nonlocal conditions were initiated by Bitsadze [16]. As remarked by Byszewski
[18-20], the nonlocal condition can be more useful than the standard initial condition
to describe some physical phenomena. For example, g(x) may be given by g(x) =
P cix(t;) where ¢;,i = 1,...,p, are given constants and 0 < t; < ... <t, <T. For
recent papers on nonlocal fractional boundary value problems the interested reader is
referred to [10,14,15,37] and the references cited therein.

In Section 3 we give some sufficient conditions for the uniqueness of solutions and
for the existence of at least one solution of problem (1.1). The first result is based
on Banach’s contraction principle and the second on a fixed point theorem due to D.
O’Regan. A concrete example is also provided to illustrate the possible application of
the established analytical results.

In Section 4, we extend the results to cover the multi-valued case, considering
the following boundary value problem for fractional order differential inclusions with
nonlocal and fractional integral boundary conditions

cDix(t) € F(t,z(t)), 0<t<l, 1<qg<2, (12)
x(0) = zo + g(z), 2(1) = alPx(n), 0<n<1, '

where DY denotes the Caputo fractional derivative of order ¢, F': [0,1] x R — P(R)
is a multivalued map, P(R) is the family of all subsets of R.

Existence results for the problem (1.2), are presented when the right hand side is
convex as well as nonconvex valued. The first result relies on the Nonlinear Alternative
for contractive maps. In the second result, we shall combine the nonlinear alternative
of Leray-Schauder type for single-valued maps with a selection theorem due to Bressan
and Colombo for lower semicontinuous multivalued maps with nonempty closed and
decomposable values.

The paper is organized as follows: in Section 2 we recall some preliminary facts
that we need in the sequel, in Section 3 we prove our main results for the single-valued
case and in Section 4 we prove our main results for the multi-valued case.

2. PRELIMINARIES

Let us recall some basic definitions of fractional calculus [26,32, 34].
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Definition 2.1. For an at least n-times differentiable function g : [0,00) — R, the
Caputo derivative of fractional order ¢ is defined as

t
1
“Dig(t) = g /(t — )" 1 g (s)ds, n—1<qg<nn=][g+]1,

where [¢] denotes the integer part of the real number q.
Definition 2.2. The Riemann-Liouville fractional integral of order ¢ is defined as

t

gy L g(s)
Ig(t)* F(q)/(t_s>1_qd57 q>07
0

provided the right hand side is pointwise defined on (0, c0).

Definition 2.3. The Riemann-Liouville fractional derivative of order ¢ > 0 for a
continuous function g : (0,00) — R is defined by

vty - — L (A" [ o) .
D)= g (i) [ et e

provided the right hand side is pointwise defined on (0, c0).

Lemma 2.4. For q > 0, the general solution of the fractional differential equation
¢Dix(t) =0 is given by

z(t) =co+crt +eot? + .y i t"
where ¢; €R, i=0,1,....,n—1 (n=1[¢] +1).
In view of Lemma 2.4, it follows that
I9°Di%(t) = z(t) + co + it + cot? + ...+ cpgt" ! (2.1)
for some ¢; R, i=0,1,....,n—1 (n=1[g] + 1).

To define the solution for the problem (1.1), we find the solution for its associated
linear problem.

r 2
Lemma 2.5. Assume that o # %.

solution of the boundary value problem

For a given y € C([0,1],R) the unique

Dix(t)=y(t), 0<t<l, 1<qg<2
{ (2.2)
(0)

=x0+9g(x), z(1)=alPzn), 0<n<1l,
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s given by

t
al
—_— t—sql s)ds—
Nqo

1
I'(p+2)t / .
— 1—29) " y(s)ds+
N@F@+%—awﬂhf ) (2.3)
it [T
ap\p -1
() T(p+2) ,Ompﬂ // — 1) y(r)drds+
00
+ (1= t)[zo + g(x)).
Proof. For some constants cp,c; € R, we have [26]
¢ =
(t—s
s)ds — cog — cit. 2.4
0= [ v -coe @
0
From z(0) = xo + g(x) we have ¢ = —(z¢ + g(z)). Using the Riemann-Liouville

integral of order p for (2.4) we have

t

px = (tis)pil S(Sir)qil r)jar — cp — C1S S =

1 1 p—1 q— —c tl’ —-C
I‘F(q//(ts) (s =) y(r)drds = qopp gy e gy

Applying the second boundary condition of (2.2) we get

_ Te+d [ fa-ser
= T+ 2) - ] [/ g

S

Ip+1)

1

- I'(p+2) / (1—s)7t $)ds—
- [T(p+2) — anrtl] I'(q)
0

S

_ ap(p+1) / / (n— 87" (s =) g(r)drds + [wo + g(2)].
0 0

H)W@+2—0W“

Substituting in (2.4) the values of ¢y and ¢;, we obtain (2.3).

// — 5P (s — )0 g (r)drds + (p“)_a"p[ 0+ 9(x)]
00
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We denote by C = C([0,1],R) the Banach space of all continuous functions from
[0,1] — R endowed with a topology of uniform convergence with the norm defined by
Joll = sup{J(t)| : € [0, 1]}.

In view of Lemma 2.5, we define an operator F': C — C by

t

(Fa)(0) = gy [ €97 55 w65
0
1
I(p+2)t o
- L(¢)[C(p + 2) — anpptl] / (1=9)7" f(s,2(s))ds+
0
ap(p+ 1)t i .
B L(g)[C'(p+2) —anpﬂ // — )7 f(r,x(r))drds+

+ (1 =t)[zo + g(2)], [

Define two operators from C — C, respectively, by

(Fra)(t) =
_ b

) (t—98)1""f(s,2z(s))ds—

c:\W

I'(p+2)t
L(@[(p+2) — anrtl]

(1= 8)" " f(s,2(s))ds+

S

ap(p+ 1)t

O —s O —

+ T +2) — anp™1] J (n—s)P" (s =) " f(r,z(r))drds, te€][0,1].
and
(Fox)(t) = (1 = t)[zo + g(2)], t€0,1]. (2.6)
Clearly
(Fx)(t) = (F12)(t) + (Fax)(t), te€[0,1]. (2.7)

3. EXISTENCE RESULTS - THE SINGLE-VALUED CASE

Theorem 3.1. Let f:[0,1] x R — R be a continuous function. Assume that:

(Al) |f(t,.’£) - f(tvy)| < L|$ - y|; fOT all t € [03 1]; L> 0: T,y € R;
(Ag) there exist a positive constant £ < 1/2 and a continuous function ¢ : [0,00) —
(0,00) such that ¢(z) < €z and |g(u) —g(v)| < ¢(||lu—2v]) for all u,v € C([0,1]);
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(A3)

+ 20

_ [ { T'(p+2) } Lan” T (p + 2)
I INCESY IT(p+2) — a1 [ T(p+q + )T (p + 2) — anpt]

Then the boundary value problem (1.1) has a unique solution.

Proof. For x,y € C and for each t € [0, 1], from the definition of F' and assumptions
(A1) and (A3), we obtain

[(Fz)(t) = (Fy) ()] <

1 ; ot
F(qo/ (t—s) |f S x(s))—f(s,y(s))\dH

I'(p+2)t
D(g)T(p+2) — an”“l

(1= 8)" [ f(s,2(s)) = f(s,y(s))lds+

ap(p + 1 VY (s—m)T | f(m, z(m m, 'mds
* T +2) _anp+1|//n ) Y1 £ (m, 2(m)) — £ (m, y(m))dmds-+

+ 1 =t[lg(z) — g(y)| <

1 T(p+2) _
< L||z — —_— qlds+ 1—)2ds +
< Llle =l [F(q / (q)|T(p+2) — anptl] ) =3

ap(p+1 1 ~1
+ ()‘P(p+2 _04"7p+1|// —Sp m)q dmds| +

+ 2z —yll =

*L||:E— ” 1 n 1 I‘(p+2)
- YINT+1) "T+ D) Tp+2) — apt]
1 ap(p+1)77”+qB(q+1,p)}
+ 2|z —y| =
I'(g+1) |[T(p+2)—anptl e =l
1 1 I'(p+2)
:L —
Il =l {r<q+ D Tl DT+ 2) —am™]

o pHaT +2
AR }+2£||x—y|| <
F(p+q+1)0(p+2) —anptl

L I'lp+2) }
<|l=—{1+ -
B [F(q+1) { T(p+2) —anpt?|

LanP™ T (p +2) ]
+ + 20| ||z — y|l,
L(p+q+1)T(p+2) — anptl| lz =yl

_|_
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where we used the computation

S

n
1
/ / (=7 (s = 1)1 drds = <P Bl + 1.p),
0 0

where B is the beta function and the property of beta function B(q + 1,p) =
r nyr
Dlg+DI®) e
L(p+q+1)

[Fz— Fy|| < ~llz—yll.

As vy < 1, by (Ajs), F is a contraction map from the Banach space C into itself. Thus,
the conclusion of the theorem follows by the contraction mapping principle (Banach
fixed point theorem). O

Example 3.2. Counsider the following fractional boundary value problem

c3/2 _ 1 |z| .2
D x(t)—(t+2)21+|x‘+l+sm t, te0,1], o
z(0) = % + %6:17(5), z(1) = V3I°/%z <;) .
Here, ¢ =3/2, a =3, p=>5/2, n=1/3 and f(t,z) = i _:2)2 . —|iiE|x| +1+sin?t.
As o = VB £ Dlp+ )/t = D(9/2)/(1/3)72 and |1(t,2) — f(t.9)| < Tle —yl,

4
1
therefore, (A;) is satisfied with L = T Since

Y= { { I'(p+2) } n
L(g+1) IT(p +2) — anptl]
N LonP T (p + 2)
D(p+q+1)[C(p+2) — anrt

+ 24 ~ 0.5017842 < 1,

by the conclusion of Theorem 3.1, the boundary value problem (3.1) has a unique
solution on [0, 1].

Next, we introduce the fixed point theorem which was established by O’Regan
in [30]. This theorem will be adopted to prove the next main result.

Lemma 3.3. Denote by U an open set in a closed, conver set C of a Banach space E.
Assume 0 € U. Also assume that F(U) is bounded and that F : U — C is given by
F = [, + Fy, in which Fy : U — E is continuous and completely continuous and
Fy : U — E is a nonlinear contraction (i.e., there exists a nonnegative nondecreasing
function ¢ : [0,00) — [0, 00) satisfying ¢(z) < z for z > 0, such that | Fo(z)—Fa(y)| <
é(||lx — yl|) for all x,y € U). Then, either:
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(C1) F has a fized point u € U; or B
(C2) there exist a point v € OU and A € (0,1) with u = AF(u), where U and 90U,
respectively, represent the closure and boundary of U.

Let
Q= {x € C([O, 1]7R) : ||!EH < 7"},

and denote the maximum number by
M, = maX{|f(taI)| : (tvx) € [03 1] X [7Ta T]}

Theorem 3.4. Let f:[0,1] x R — R be a continuous function. Suppose that (A;)
and (Asg) hold. In addition we assume that:

(A4) 9(0) = 0;
(As) there exists a nonnegative function p € C([0,1],R) and a nondecreasing function
1 :[0,00) = (0,00) such that

|f(t,w)| < p(t)ip(lul) for any (t,u) € [0,1] xR

r 1
A sup > , where
o) S0 Sl + ot~ 1— 28

1 1
1 T(p+2) _
= — 173‘11 s)ds + 1—8)2 p(s)ds+
m=rg ] T +2) —apry | 17970

0 0

ap p+ 1 p 1 q—1
+ T(p+2) fom”“\// —9) — )9 p(r)drds.

Then the boundary value problem (1.1) has at least one solution on [0, 1].

Proof. Consider the operator F': C — C as that defined in (2.7), that is,
(Fz)(t) = (Fiz)(t) + (Fax)(t), ¢ €[0,1],

where the operators Fy and F» are defined respectively in (2.5) and (2.6).
From (Ag) there exists a number 79 > 0 such that

To > 1
2|zl + pot(ro) ~ 1—20

(3.2)
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We shall prove that the operators F; and Fj satisfy all the conditions in Lemma 3.3.
Step 1. The operator Fy is continuous and completely continuous. We first show that
Fy(£2y,) is bounded. For any z € Q,, we have

t

|Fiz|| < F(lq)o/(t )L f (s, 2(s))|ds+
i F(Q)|F(I;J(i;)2)tanp+1| 01(1 —8)TH f(s,2(s))|ds+
I'(q )IF?Z)SI—);I—MHH // —s)P 7 (s = )T f(r,2(r))|drds <
= F(1/1 s 4 /1 ) Nds +
) T(p+2) — a1 T(g) J
! ()IFaaerp;iaan// =)' (s — )T ldrds| <
=M {F(q1+ N F(q1+ 1) [C(p i(zp)tiznpﬂ

an?T(p + 2) }
L(p+q+1)L(p+2) —anpt!

This proves that F(€2,,) is uniformly bounded.
In addition for any ¢1,ts € [0, 1],¢1 < t2, we have:

|(Fra)(t )— (Fre)(t)] <

5;/2_3 ~ (11 = )71 (s, o(s) s
0

to

1 1
*mm/@‘@ (s, 2(s))lds+

— )97 f(s, x(s))|ds
L(q)|T(p +2) — anrtl] J (1 =8)7f(s,z(s))|ds+
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ety | fom ot s

M. f —8)Tt — (t; — 5)7 1 )ds %tz — )7 ds
<F(q)0/[<t2 17— (1 — ) +F(q)/(t2 st

M,T(p+2)|ta — t1]
N@W@+%—awﬂ\

M.ap(p+1)[ta — t; P -1
T(@IT(p+2) wnﬁl\// (s =)t drds,

+

(1—5)7tds+

which is independent of x and tends to zero as to — t; — 0. Thus, F} is equicon-
tinuous. Hence, by the Arzela-Ascoli Theorem, F;(Q,,) is a relatively compact set.
Now, let x, C Q,, with ||z, — x| — 0. Then the limit ||z, (t) — z(t)]| — 0 uni-
formly valid on [0,1]. From the uniform continuity of f(¢,z) on the compact set
[0,1] x [—ro,70] it follows that || f(¢,z,(t)) — f(t,z(¢))]] — 0 is uniformly valid on
[0,1]. Hence ||Fix, — Fiz|| — 0 as n — oo which proves the continuity of F;. Hence
Step 1 is completely proved.

Step 2. The operator Fy : Q,, — C([0,1],R) is contractive. This is a consequence
of (Ag)

Step 3. The set F(Q,,) is bounded. By (Az) and (A4) imply that
[1F2(x)[| < 2(|lzo| + £ro),
for any = € Q,,. This, with the boundedness of the set F;({),,) implies that the set

F(Q,,) is bounded.

Step 4. Finally, it is to show that the case (C2) in Lemma 3.3 does not occur. To
this end, we suppose that (C2) holds. Then, we have that there exists A € (0,1) and
x € 08, such that © = AFx. So, we have ||z|| = r¢ and

£(t) = lr(qO/t—sq F(s,x(s))ds—

3 I'(p+2)t
D(g)[C(p +2) — anp™!]

(1 —5)7 1 f(s,2(s))ds+

ap(p + 1)t / r)q_lf(nx(r))drds—i—
0

T +2) — art]

O\z Ot~

+U+UMMw@ﬂ,tEMH-
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With hypotheses (44) — (4g), we have

1

t
T(p+2) _
/t—s Y1 p(s)ds + (1—8)1"1p(s)ds+
L(p+2) — appt!
) T(p +2) —anrif)

ap(p+1) -
+ T'(p+2) — anm—l‘ // — ) p(r)drds | 4 2(|xo| + ro),

which implies
ro < 20rg + 2|zo| 4 pot(ro).
Thus,
To 1
< )
2|wo| + potp(ro) — 1—2¢

which contradicts (3.2). Consequently, we have proved that the operators F; and Fb
satisfy all the conditions in Lemma 3.3. Hence, the operator F' has at least one fixed
point = € Q,,, which is the solution of the boundary value problem (1.1). The proof
is complete. O

4. EXISTENCE RESULTS - THE MULTI-VALUED CASE

Let us recall some basic definitions on multi-valued maps [21], [25].

For a normed space (X,| - |), let Puy(X) = {Y € P(X) : Y is closed},
Po(X) = {Y € P(X) : Y is bounded}, P, (X) = {Y € P(X) : Y is compact},
and Pep(X) = {Y € P(X) : Y is compact and convex}. A multi-valued map
G : X — P(X) is convex (closed) valued if G(z) is convex (closed) for all z € X.
The map G is bounded on bounded sets if G(B) = U,epG(z) is bounded in X for all
B € Pp(X) (i-e. sup,ep{sup{ly| : vy € G(z)}} < 00). G is called upper semi-continuous
(us.c.) on X if for each xo € X, the set G(xp) is a nonempty closed subset of X, and
if for each open set NV of X containing G(z), there exists an open neighborhood Ny
of xg such that G(Ny) C N. G is said to be completely continuous if G(B) is relatively
compact for every B € Py(X). If the multi-valued map G is completely continuous
with nonempty compact values, then G is u.s.c. if and only if G has a closed graph,
ie, Tn — Tu, Yn = Ys, Yn € G(z,) imply y. € G(z.). G has a fixed point if there is
x € X such that x € G(z). The fixed point set of the multivalued operator G will be
denoted by FizG. A multivalued map G : [0;1] — Py (R) is said to be measurable if
for every y € R, the function

t—d(y,G(t)) =inf{ly — 2| : z € G(¢¥)}

is measurable.
Let L([0, 1], R) be the Banach space of measurable functions z : [0, 1] — R, which

are Lebesgue integrable and normed by ||z||z: = f |(t)|dt.
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Definition 4.1. A function € AC'([0,1],R) is a solution of the problem (1.1) if
2(0) = 2o + g(z), (1) = alz(n), and there exists a function f € L'([0,1],R) such
that f(t) € F(t,2(t)) a.e. on [0,1] and

t
x(t)z%/ $)I7 f(s)ds—
0

1

B L(p+2)t et
F(Q)|P(p+2)—anp+1| (1—5)17" f(s)ds+

+1)
()|F?§§f2 —anp+1|// — )P (s — )9 f(r)drds+

+ (1= 1)[zo + g(2)].

4.1. THE CARATHEODORY CASE
Definition 4.2. A multivalued map F : [0, 1]xR — P(R) is said to be Carathéodory if

(i) t — F'(t,z) is measurable for each z € R;
(ii)  — F(t, x) is upper semicontinuous for almost all ¢ € [0, 1].

Further a Carathéodory function F is called L'—Carathéodory if
(iii) for each o > 0, there exists ¢, € L*([0,1],R™") such that
[1F(t, )| = sup{|v] : v € F(t,2)} < @a(t)
for all |z||oc < @ and for a.e. ¢ € [0,1].
For each y € C(]0,1],R), define the set of selections of F by
Spy = {v e L'Y([0,1],R) : v(t) € F(t,y(t)) for a.e. t €[0,1]}.

The following lemma will be used in the sequel.

Lemma 4.3 ([28]). Let X be a Banach space. Let F : [0,T] X R = Pgp o(X) be an
— Carathéodory multivalued map and let © be a linear continuous mapping from
L'([0,1],X) to C([0,1],X). Then the operator

©0Sp:C([0,1], X) = Pep(C([0,1], X)), z— (©0Sp)(x) =0O(Srs)

is a closed graph operator in C([0,1], X) x C([0,1], X).

To prove our main result in this section we will use the following form of the
Nonlinear Alternative for contractive maps [31, Corollary 3.8].
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Theorem 4.4. Let X be a Banach space, and D a bounded neighborhood of 0 € X.
Let Zy : X = Pepe(X) (here Pepo(X) denotes the family of all nonempty, compact
and convex subsets of X) and Zy : D — Pep (X)) two multi-valued operators satisfying

(a) Zy is contraction, and
(b) Z3 is u.s.c and compact.

Then, if G = Z1 + Zs, either

(i) G has a fired point in D or
(i) there is a point u € D and X € (0,1) with u € A\G(u).

Theorem 4.5. Assume that:

(Hy) F:[0,1] x R = Py (R) is L'—Carathéodory multivalued map;
H,) there exists a continuous nondecreasing function ¥ : [0,00) — (0,00) and
a function p € L1([0,1],R*) such that

IE @ 2)lp = sup{ly| : y € F(t,2)} <p(B)d(llzll) for each (t,z) € [0,1] x R;
(Hs) there exists a constant L, < 1/2 such that
9(z) —g(y)l < Lglw —y| forall x,y€R;
(Hy) there exists a number M > 0 such that

(1—2L, )M

RO(T) + 2] (4.2)

where

1
1 I'(p+2) _
fi (1—2s)"1p(s)d 1 - g)a 1 d
g | /(o o+ e [ (s +
0 0

ap(p+1 1 -1
+\F(p—|—2 _anp+1// — )P (s =) 'p(r)drds

Then the boundary value problem (1.2) has at least one solution on [0, 1].
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Proof. Transform the problem (1.2) into a fixed point problem. Consider the operator
N :C([0,1],R) — P(C([0,1],R)) defined by

N(x):{heC([O,l],R) ﬁ/t—sqlf s)ds—
0

~—

L(p+2)t

_ I'(¢)[C(p +2) — anptl] (1 —8)77 f(s)ds+

op(p+ 1)t / — )L (rYdrds+
0

I(g)[(p+2) —04771’+1

o\d O\H

(= o + g(x)]}

for f € Sp ..
Now, we define two operators as follows: A : C([0,1],R) — C([0,1],R) by

Ax(t) = (1= t)(zo + g(x)), (4.3)
and the multi-valued operator B : C([0,1],R) — P(C(]0,1],R)) by

B(z) = { h e C([0,1],R) : (4.4)

h(t) = ﬁ /(t ) f(s)ds—
0

1

_ I'(p+2)t et )
T(q)[T(p+2) — anr+i] /(1 VI f(s)ds+

+1“( )[F(()éz?gi?;_ianpﬂ // —5)P (s —1)* 1f(r)drds},

Then N' = A + B. We shall show that the operators A and B satisfy all the
conditions of Theorem 4.4 on [0, 1]. For better readability, we break the proof into a
sequence of steps and claims.

Step 1. We show that A is a contraction on C([0,1],R). Let z,y € C([0,1],R). Then
|Az(t) — Ay(t)] = |1 —t|lg(z) — g(y)| < 2|g(x) — g(y)| < 2Lglz —yl.
Taking supremum over t,
|Ax — Ay|| < Loljlz —y|, Lo=2L4 <1.

This shows that A is a contraction, since Lg < 1.
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Step 2. We shall show that the operator B is compact and conver valued and it is
completely continuous. This will be given in several claims.

C’lazm I. B maps bounded sets into bounded sets in C([0,1],R). To see this, let

B, = {z € C([0,1,R) : ||lz|| < p} be a bounded set in C([0,1],R). Then, for each
h € B(z),x € B,, there exists f € Sp such that

t 1
1 I'(p+2
— [ (t— ql )ds — ql )d
T T(g / S S (s)ds H@W@+2Awm“1/‘ J(s)dst
0 0

S

ap(p+ 1)t K (s — )L £ (P drds
L(q)[D(p +2) — anpt!] O/O/(’? )P (s = )T f(r)drds.

+

Then for ¢t € [0, 1] we have

1 / -1
hO)] < 7o O/(ts) If(5)|ds+

I'(p+2)

—8)1 Y £(s)|ds
JrF(q)|1ﬂ(p—&-2)—0477p+1| (1—s)77Hf(s)|ds+

Oép(p + _ S p 1 s—r q—1 rds
i F(Q)IF(p+2)—anp+1| // (s =) |f(r)ldrds <
S w(HxII) F(lq) /(t—S)q_]p(S)dS + F(q)|F(£(j—Jg_)2—) anp+1| (1—S)q_1p(8)ds+
0 0

ap(p+1) 1 -1
+ ()|F(p+2 7a,r]p+1|// —Sp T)q p(?’)drds

Thus,

1 1

Il < 32 /(t—s>q-1p<s>ds+F(pf§+2np+l| (1= 5" p(s)ds +

ap( p +1) _
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Claim II. Next we show that B maps bounded sets into equi-continuous sets. Let
t',t" €[0,1) with ¢/ <" and = € B,,. For each h € B(z), we obtain

*

t

t” _ S (t/ _ S)q—l (t” _ S)q—l \ds
()l / = [pteras +wttal) [ 5 peras] +

T(p-+ 2t — |
To+2) — an™1] J

t//_t/
e / / — )T p(r)drds.

S(ll=[]) (1—5)97"p(s)ds+

Obviously the right hand side of the above inequality tends to zero independently
of x € B, as t” —t' — 0. As B satisfies the above three assumptions, therefore
it follows by the Arzela-Ascoli theorem that B : C([0,1],R) — P(C([0,1],R)) is
completely continuous.

Claim III. Next we prove that B has a closed graph. Let x,, — x., h, € B(x,) and
hn — h.. Then we need to show that h, € B(x.). Associated with h,, € B(x,), there
exists f, € Sp,, such that for each t € [0, 1],

¢ 1
L — )9~ 1 _ L(p+2)t oo 1
I'(q) o/ (= )" fule)ds I'(q)[C(p+2) — anptl] 0/ fn(s)ds+

S

T / / (n— )71 (s — 1)~ fu (r)drds.
0

M@ +2) — o]

Thus it suffices to show that there exists f. € Sg,, such that for each ¢ € [0, 1],

I(@)[C(p +2) — anr+!]

: 1
L _ 1 _ T'(p+2)t .
He) o/t IS T S+ 2) - an) O/ )1 (s)ds+
n s
ap(p+ 1)t B B
+ (n—8)P" (s — )7L fu(r)drds.
Jj
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Let us consider the linear operator © : L'([0,1],R) — C([0, 1], R) given by

f=00)t =
- L ) ' L+ 2)t 1 )7~ 1 S
@ 0/ It " T(Q)[C(p+2) — anrtl] 0/ f(s)ds+
ap(p+ 1)t Fa e
" T(Q)[C(p+2) — anptl] O//(n —s) (s — )T  f(r)drds.

Observe that

[hn(t) — ha(t)]| =
- rL/H‘“ (5) = fuls))ds —
0
T(p+2)t :
" T(q)[T(p +2) — anptl] O/ W (8) — fi(s))ds+
+ ap(p+ 1)t _ nos () — fu(r))drds|| — 0,
I'(¢)[T'(p+2) — anrti] 0//

as n — 00.
Thus, it follows by Lemma 4.3 that © o Sg is a closed graph operator. Further, we
have h,(t) € ©(SF, ). Since x, — ., therefore, we have

t

1

_ 1 qg—1 F(p+2 q 1

at) = @/ (=) )ds = R + 2) — ] [ s
0 0

S

ap(p+ 1)t f potr
i [(g)[C(p +2) — anptl] 0//(77_8) (s =7)?7 " fu(r)drds

for some f, € Sp.,. Hence B has a closed graph (and therefore has closed values).
As a result B is compact valued.

Therefore, the operators A and B satisfy all the conditions of Theorem 4.4 and
hence an application of it yields that either condition (i) or condition (ii) holds. We
show that the conclusion (ii) is not possible. If x € AA(z) + A\B(z) for A € (0, 1), then
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there exists f € Sp, such that

t 1
L/ qlf F(p+2 / (Ilf d5+
0 0

Fa) C T(q)[T(p+2) — anrtl]
i I'(q )[F?];:S[-);_ 1— anp+] //(77 —8)P7 (s — )T f(r)drds+
0 0
+(1—t)[zo +g(x)], tel0,1]

Consequently, we have

) | g T2 [
)] < S5 O/(l PO gy ] | (7 ¢
|r<pip2pfanp+l|/ / = P s = 1) Up(r)drds | + 2ol + Lyl

If condition (ii) of Theorem 4.4 holds, then there exists A € (0,1) and = € 9B,
with z = AN(z). Then, z is a solution of (2.7) with ||z|| = M. Now, the previous
inequality implies

(1-2Ly )M
Ap(M) + 2[zo| ~
which contradicts (4.2). Hence, A has a fixed point in [0,1] by Theorem 4.4, and
consequently the boundary value problem (1.2) has a solution. This completes the
proof. O

4.2. THE LOWER SEMI-CONTINUOUS CASE

As a next result, we study the case when F is not necessarily convex valued. Our strat-
egy to deal with this problems is based on the nonlinear alternative of Leray-Schauder
type together with the selection theorem of Bressan and Colombo [17] for lower
semi-continuous maps with decomposable values.

Let us mention some auxiliary facts. Let X be a nonempty closed subset of a
Banach space E and G : X — P(FE) be a multivalued operator with nonempty closed
values. G is lower semi-continuous (l.s.c.) if the set {y € X : G(y) N B # 0} is open
for any open set B in E. Let A be a subset of [0,1] x R. A is £ ® B measurable
if A belongs to the o—algebra generated by all sets of the form J x D, where J
is Lebesgue measurable in [0,1] and D is Borel measurable in R. A subset A of
LY([0,1],R) is decomposable if for all u,v € A and measurable J C [0,1] = J, the
function ux 7 + vxj—7 € A, where x 7 stands for the characteristic function of 7.

Definition 4.6. Let Y be a separable metric space and let N : Y — P(L'([0,1],R))
be a multivalued operator. We say N has a property (BC) if N is lower semi-continuous
(L.s.c.) and has nonempty closed and decomposable values.
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Let F :[0,1] x R — P(R) be a multivalued map with nonempty compact values.
Define a multivalued operator F : C([0,1] x R) — P(L*([0,1],R)) associated with
F as

F(z) = {w e L*([0,1],R) : w(t) € F(t,z(t)) for a.e. t € [0,1]},

which is called the Nemytskii operator associated with F.

Definition 4.7. Let F': [0,1] x R — P(R) be a multivalued function with nonempty
compact values. We say F is of lower semi-continuous type (l.s.c. type) if its asso-
ciated Nemytskii operator F is lower semi-continuous and has nonempty closed and
decomposable values.

Lemma 4.8 ([22]). LetY be a separable metric space and let N : Y — P(L*([0,1],R))
be a multivalued operator satisfying the property (BC). Then N has a continuous se-
lection, that is, there exists a continuous function (single-valued) g : Y — L*([0,1],R)
such that g(x) € N(x) for every z € Y.

Theorem 4.9. Assume that (Hs),(Hs), (H4) and the following conditions hold:

(Hs) F:[0,1] xR — P(R) is a nonempty compact-valued multivalued map such that:
(a) (t,x) — F(t,x) is L ® B measurable,
(b) &+ F(t,x) is lower semicontinuous for each t € [0,1].

Then the boundary value problem (1.1) has at least one solution on [0, 1].

Proof. Tt follows from (H3) and (Hj) that F' is of Ls.c. type. Then from Lemma 4.8,
there exists a continuous function f : C([0,1],R) — L([0,1],R) such that f(z) €
F(x) for all x € C([0,1],R).

Consider the problem

(4.5)

cDiz(t) = f(z(t), 0<t<l, 1<g<2,
z(0) =29+ g(x), z(1)=calPz(n), 0<n<lLl

Observe that if # € AC'([0,1]) is a solution of (4.5), then x is a solution to
the problem (1.1). Now, we define two operators as follows: A" : C([0,1],E) —

O([Ov H?R) by
A'z(t) = (1 —t)(zo + g()), (4.6)

and the multi-valued operator B’ : C([0,1], E) — P(C([0,1],R)) by
¢
L/t_sq 1f (s))ds—
(9) )

I(p+2)t
[(g)[T(p +2) — anrtl]

(1 —s)77  f(a(s))ds+ (4.7)

ap(p + 1)t / — )4 f(x(r))drds.
0

T TG +2) — ap ]

O\z Ot~
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Now A, B : C([0,1],R) — C([0,1],R) are continuous. Also the argument in

Theorem 4.5 guarantees that A’ and B’ satisfy all the conditions of the Nonlinear
Alternative for contractive maps in the single valued setting [23] and hence the

problem (4.5) has a solution. O
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