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Abstract

In a manuscript of Ramanujan, published with his Lost Notebook [20]
there are forty identities involving the Rogers-Ramanujan functions. In
this paper, we establish several modular relations involving the Rogers-
Ramanujan functions and the Rogers-Ramanujan-Slater type functions
of order fifteen which are analogues to Ramanujan’s well known forty
identities. Furthermore, we give partition theoretic interpretations of two
modular relations.
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1 Introduction

Throughout the paper, we assume |¢| < 1 and, we use the standard notation

(@;q)o =1, (a;q)n = 1:[(1 —a¢’) and (a;q)e == [J(1 —ag).

The well-known Rogers-Ramanujan functions are defined for |¢| < 1 by

Gla):=Y (qq_

—~ (¢:q)n

n? X _n(n+1)

and H(q) := Z a

(1.1)

(4D

These functions satisfy the famous Rogers-Ramanujan identities

1 1

Clo) = (4 8°) (0% ¢°) oo and H(q) = (0% 6°)oo(@% @)oo (12
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In [19], Ramanujan remarks, I have now found an algebraic relation between
G(q) and H(q), viz.:

H{G(@)}'" = PG(@){H(9)}" =1+ 11¢{G(q)H(q)}°.

Another interesting formula is

H(9)G(¢") — ¢*G(q)H(q"") = 1.

These two identities are from a list of forty identities involving the Rogers-
Ramanujan functions found by Ramanujan. Ramanujan’s forty identities for
G(q) and H(q) were first brought to the mathematical world by B. J. Birch [11]
in 1975. Many of these identities have been established by L. G. Rogers [22], G.
N. Watson [26], D. Bressoud [12] and A. J. F. Biagioli [10]. Recently B. C. Berndt
et al. [8] offered proofs of 35 of the 40 identities. Most likely these proofs might
have given by Ramanujan himself. A number of mathematician tried to find new
identities for the Rogers-Ramanujan functions similar to those which have been
found by Ramanujan [20], including Berndt and H. Yesilyurt [9] and C. Gugg [14].

Two important analogues of the Rogers-Ramanujan functions are the
Ramanujan-Gollnitz-Gordan functions.  In addition to that, the Rogers-
Ramanujan and Ramanujan-Gollnitz-Gordan functions share some remarkable
properties. S. -S. Huang [17] has derived several modular relations analogues to
Ramanujan’s forty identities for the Rogers-Ramanujan functions. S. -L. Chen
and Huang [13] also derived some modular relations for Ramanujan-Gollnitz-
Gordan functions. N. D. Baruah, J. Bora and N. Saikia [7], offered new proofs
of many of the identities of Chen and Huang [13], their methods yields further
new relations as well. In [14], Gugg has established some modular relations
for Ramanujan-Gollnitz-Gordan functions. In [15, 16|, H. Hahn defined septic
analogues of the Rogers-Ramanujan functions as

N ¢ NN USTI™
Lo = nZ:U (% @®)n(—G Don (6% ¢) oo ’ (13)
N gty (45450035000 (0°5 4" ) oo
M) = ;0 (% (¢ Don (4% ¢?) oo ’ (14)
and
N gt (05500045470 (0% 7)o
N = ; (% @®)n(—¢ Donr (4% 4% oo - (19)

In [15, 16], Hahn has established several modular relations for septic analogues
of the Rogers-Ramanujan functions and also obtained several relations that are
connected with the Rogers-Ramanujan and Gollnitz-Gordan functions. In [6],
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Baruah and Bora have established several modular relations for the nonic analogues
of the Rogers-Ramanujan functions which are defined as

Plg) = i (6 @)3n0™™  _ (4"14")0(6% 0°) oo (4% 4w (16)
= (0% ¢°)n(@® ¢*)2n (4% ¢*)oo ’
Olg) = i (@ @31 — ¢ 2)@> " (%16°)o0(075 ) (4”5 4°)x 7)
0 (2% ¢*)n(@®; ¢*)2n 11 (7% ¢%) o ’
and
0 3n(n+1) .49 8. 9 9. .9
Z (439 3 +1q _ (@6")50(0% ¢%)0 (4”3 4")x (1.8)

(@ P)ont1 (¢% 4o

n=

They also established several other modular relations that are connected with
the Rogers-Ramanujan functions, Goéllnitz-Gordan functions and septic analogues
of Rogers-Ramanujan type functions. In [5] Baruah and Bora have established
several modular relations involving two functions analogues to the Rogers-
Ramanujan functions.

In [3], C. Adiga, K. R. Vasuki and B. R. Srivatsa Kumar have established
modular relations involving two functions of Rogers-Ramanujan type. In [25],
Vasuki, G. Sharath and K. R. Rajanna have established modular relations for
cubic functions and are shown to be connected to the Ramanujan cubic continued
fraction. In 2012, Adiga, Vasuki and N. Bhaskar [2] have established modular
relations for cubic functions. Vasuki and P. S. Guruprasad [24] have established
certain modular relations for the Rogers-Ramanujan type functions of order
twelve of which some of them are proved by Baruah and Bora [5] on employing
different method. Recently, Adiga and N. A. S. Bulkhali [1] have established
several modular relations for the Rogers-Ramanujan type functions of order ten.
They also established modular relations that are connected with the Rogers-
Ramanujan functions, Gollnitz-Gordan functions and cubic functions, which are
analogues to the Ramanujan’s forty identities for Rogers-Ramanujan functions.
Almost all of these functions which have been studied so far are due to Rogers
[21] and L. G. Slater [23].

In [20, p. 33], Ramanujan stated the following identity:

© o2 1. 2 e 2
flag’, :Zq (—a @ g gn (=ag; ) (1.9)
f(= - (@% ¢%)2n
where .
= > a2 R b < 1, (1.10)

n=—oo
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is the general theta function of Ramanujan.

The above result of Ramanujan yields infinitely many identities of Rogers-
Ramanujan-Slater type when a is set to +¢" for r € Q. In [18] J. Mc Laughlin, A.
V. Sills and P. Zimmer have listed the following Rogers-Ramanujan-Slater type
identities:

S T
B(o) f(}f{iq—s);fl) . ; ¢! (Q“(;qg‘:’)qz);n(q; Iy (1.12)
o) f(}?z_,q—s;l”) - °_°1 ¢ (qQE 555;);5—)12 n(q?’;qg’)m’ (1.13)
Dlg) =1 (;(qL;Sq;“) L jol ¢ (q;(c;z?});iq‘l; @1 (1.14)

The main purpose of this paper is to establish several modular relations involving
A(q), B(q), C(q) and D(q), which are analogues to Ramanujan’s forty identities
and further we extract partition theoretic interpretations of two modular relations.

2 Definitions and Preliminary results

In this section, we present some basic definitions and preliminary results on
Ramanujan’s theta functions.

The function f(a,b) satisfy the following basic properties [4, Entry 18]

f(a’ b) = f(b7 CL), (2'1)
f(lv CL) = Qf(a7 CL3),
f(=1,a) =0.

The well-known Jacobi triple product identity [4, Entry 19] is given by
fla,b) = (—a;ab)s (—b;ab)s (ab;ab)s. (2.4)

Using (1.10), we define

f(a,b) if §=0(mod 2),
fo(a,b) = { f(=a,=b) if §=1(mod 2), (2:5)

and, if n is an integer,

f(a,b) = @ HD/2 pn(=1/2 (g (ab)™ b(ab)™). (2.6)
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The three most interesting special cases of f(a,b) are [4, Entry 22]

p(q) : Zqz— B URT N

— 3y — - n(n+1)/2 _ (q2;q2)oo
¥(q) =1(¢:q°) nzzoq P
and
F(=q) =f(=¢,=¢") = > (=1)"¢"®"V? = (g;q)

Also, after Ramanujan, define

x() = (—¢:¢")

(2.9)

(2.10)

The following identity is an easy consequence of Entry 31 [4] when n =2 :

F(a,b) = F(ab, ab®) + af (b/a, a*}?).
For convenience, we define

Jo = [(=0") = (" 4" ) 0>

(2.11)

for positive integer n. The following lemma is a consequence of (2.4) and Entry

24 of [4, p. 39].
Lemma 2.1. We have
B f_22 B f1 B Ji fa
©(q) 7p ¥(q) R p(—q) = 7 ¥(—q) 7
_fr _ B . h
flq) = A x(q) = A and  x(—q) = W

3 Main Result

In this section, we present several modular relations involving A(q), B(q), C(q),

and D(q), in the combinations of

atp atp

AﬁAa—i—q 5 BBB —|—qa+’3050 —|—q 5 DgDa,

(28+3a) (T8—20)

AﬁBa + q 5 BﬁO — qﬁ"‘OCC'BDa —q 5 DﬁAa,
2(B+a) (78—3a)

AﬂCa —q 5 BﬁD —+ q OBAQ —(q 5 D@Ba,
(26-=7a) (78—2a)

AﬁDa —q 5 BﬁA — q C/gBa +q 5 Dgca,
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where o and (3 are positive integers and

We prove the following theorem using ideas similar to those of Watson [26]. In
Watson’s method, one expresses the left sides of the identities in terms of theta
functions by using (2.4). After clearing fractions, we see that the right side can
be expressed as a product of two theta functions, say with summations indices
m and n. One then tries to find a change of indices of the form

am+ pfn=15M +a and ~vym+dn = 15N +b,

so that the product on the right side decomposes into the requisite sum of two
products of theta functions on the left side.

Theorem 3.1. We have
R afefn s

AAr + ¢ By By + ¢ CuCh + ¢*' DDy = . (3.1

141 T q D14y T @ 1401 T ¢ 141 A= o fro q ( )

A1345 + ¢°B13 By + ¢"°C13C5 + ¢*' D13 Dy

_ 2% fis® ~qfefso [ fefso ¢ fsf7s e (3.2)
fifi0f26fe5 fiofes \| fafrs J6.f39

Proof. Using (1.11) - (1.14), (2.7), (2.8) and Lemma 2.1, we may rewrite (3.1) in
the form

(=4, =4"?) f(=q",—q )+q6 (—¢™, q154) f=q*,—q"")
+ ¢ f(—=¢*, —¢'?) f(=¢* —¢" )+q21f( ,—¢") f(—=q¢,—¢")
=f(0.4°) f(=4",—4") — af (=°) f(—=¢*") — f( °)F(=4").
Set
m+n=15M+a and m — 14n =15N +b
where a and b will have values from the set {0, &1, £2, 43, +£4, +5,4+6, £7}. Then

m = 14M + N + (14a+b)/15 and n=M — N + (a — b)/15.

It follows easily that a = b, and so m = 14M + N + a and n = M — N, where
—7 < a < 7. Thus there is a one-to-one correspondence between the set of
all pairs of integers (m,n), —oo < m,n < oo, and triple of integers (M, N, a),
—00 < M,N < oo, —7<a<7. Using (1.10) and (2.7), we obtain

o0

f(lv Q> f(_q7; —q7) = Z (_1)71 q(m2+m+14n2)/2'

m,n=—00
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Using (2.2) in the above equation, we obtain

2f(a.4%) f(—=q".—q")

7 00 00
(a2+a) 210M2+(14+28a) M 15N2—(142a)N
= Z gz Y (-D)Mgq 2 S =)Ng >
a=—"7 M=—0c0 N=—00
a2 a — a a —a a
Z (a®+ /2 q98 14 7_(]112+14 ) f(—q7 ’_q8+ )
—2{f( —¢""?) f(=4", =) + af(—=¢*, —¢"*) F(=¢°,—¢")
+q f(— O =) F(=¢*, ") + " F (¢, =) f(—¢",—¢")

+q 7 f(=q" =) f(=a’, =) + " F (=", ") f(=¢",—4")

+ ' f(=d" =) f(=a,—d")}.
Dividing both sides by f(—¢®)f(—¢™) and using the formulas G(q) = &£,
H(q) = f(]_r(q—:];f) (see for example [18, p.11]), we find that

A1 Ar + ¢°BuBy + ¢ CuCy + ¢*' DD,y
_fa @) f(=d" =d") _ af (=) f (=)

F=@) (=) (=) f(—=q7) G(*)G(¢™) + °H(¢*)H(¢*)] - ¢°.

(3.3)

The first published proof of the following identity was given by Rogers [22]:
14 3 14 x(—=¢")
GGl )+ H(QH(q") = ——- (3.4)

Employing (3.4) with ¢ replaced by ¢* in (3.3) and using Lemma 2.1, we get the
required result. Proof of (3.2) similar to that of (3.1). O

The proof of the following theorem is strongly depends upon the results of

Rogers [22] and Bressoud [12]. We adopt Bressoud’s notation, except that we use

g% f(—q") instead of P,, and the variable ¢ instead of z. Let g™ and Do gomp

be defined as follows:

o0 pr+p 2n+1) (1 . (q )pr+p+2n 1

() . o) () = go2 ity pp (1 — )
9o 9®" (q) = ¢ H T = () ) ,
(3.5)

for any positive odd integer p, integer n, and natural number «, and

a(r m2" L s42n=l
o Bamp = aﬁmp Z Z r-i-sqg{P (r+ )?+pB(s+25+)? }7 (36)

n=1 r,s=—o0

)
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where «, 3 and p are natural numbers, and m is an odd positive integer. Then
we can easily obtain the following propositions. We use the standard notation

n

(a1, a2, .- an; @)oo = | [ (a5 0)oc-

=1
Proposition 3.2. [12, eqs. (2.12) and (2.13)]. We have

(5,1) — 560G (a%)

g q % 02 = gt

and go 7 = @60
Proposition 3.3. [15, Proposition 3.6]. We have

(71) _ -« f(_q2a)

gs — q_42—La7 3.7
= 3D
2a

(7,2) _ sa f(—=¢*)
ga g q42 —Mom 38
f(=q*) (38)
2«
(7,3) _ 1a f(—q*)
Yo q* Nq 3.9
f(=q*) (39)
Proposition 3.4. [6, Proposition 6.3]. We have
3o
9.1) _ _a f(=q™)
9a =q 36 PO” 3.10
7 (310
3«
9,2) _ o f(=¢*)
gOD — g5 70 ) 3.11
f(=q*) (3.1)
3a
9,3) _ 1a f(—=q>%)
9o g3 ————Qa, 3.12
f(=q%) (3.12)
oa) _ 50 S0 (3.13)

sy - (=0°%) (3.14)

N G(q*), (3.15)
g =q5 ‘};(<__q;:), (3.16)
gUsh) = “*“f(_—qSOC)B (3.17)
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(15,5) __ 19 f(—q

9o =q Wﬂ(q “), (3.18)

9o =q WCD" (3.19)
s =g ];((__ q;:)) o (3.20)

Proof. Take p =15, and n =1 in (3.5). Then

(5.0 a ﬁ 15r+7) (1— (qa)15r+8)

Yo _q
r—o oy (1= (g7)157+F)
. q(_a/30)
- (qa q2a q3a’ q4a’ q5oz7 qﬁa’ q9a7 qloa’ qlla’ q12a’ q13a> q14a; q15a)oo
=q~ 30 30 f ( )Aa’
f(=q%)
which gives (3.14). Similarly we can prove (3.15) - (3.20). O

Lemma 3.6. [12, Proposition 5.1]. We have
g(pn) — g(p ), g( n) — g((xpn %), g( )_g((xp2p n+1)

Y

g(()pm) _ _g(()pm—p)’ g&p,n) — g((lpp n+1) g((lp7(p+1)/2) =0.
Theorem 3.7. [12, Proposition 5.4]. For odd p > 1,

(p—1)/2
E @ mn—m
(I)a,ﬂ,mp = 2q 24 f<_q )f(_qﬁ) Z g ggp (2 +1)/2)

If we use Lemma 3.6 and Theorem 3.7 with p = 5,7,9 and 15, respectively,
we then deduce the following useful lemmas.

Lemma 3.8. [12, Corollary 5.7]. We have

a+pB

Puprs =20 f(=*)f(=a") (Gla")G(a") +q"F
Dap2s =201 f(=a")f(=0") (G H(@") —a T H@)G@) . (322)

Lemma 3.9. [15, Lemma 3.10]. We have

9a+8 o 2a+8 —a+38
Dopsr =20 » f(—¢*)f(—¢*) (LﬁMa —q 7 MgNy—q 7 NﬁLa>- (3.23)
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Lemma 3.10. [6, Lemma 6.9]. We have

atB o 2a+25
Do =2¢ 7 f(—¢**)f(—q )(Pﬂp 47 4+ ¢ QuQu + RﬁR)
(3.24)
49a+03 B—5a B—2a 28—«
o570 =2¢ 7 f(—¢"*)f(—¢") (PBRa_q o +q 3 QpPy—q 3 RﬁQa>~
(3.25)

Lemma 3.11. We have

ats o
Dy p115 =2¢ 0 f(—¢° )f(_QBB)
)

{AgAa+q 5 BBy +q¢*PCsC, +q

ats f(—q3a)f(—q3ﬂ) 38 3lath) 38 3
_|_ 15 G G 5 H H q )

q f(—q5a)f(—q5ﬁ)[ (¢")G(qg™) (¢")H( )]}( |

3.26
Popr1s =20 0 [(—¢") f(—q")

{AﬁBa (2ﬁ+3a BBC _ q’g+ Cﬂ (75 20¢) DﬁA _q ga)

2 8a — - 3ﬁ 3(B—«a
_ e f( ) f(—q )[G(q?)B)H(q?)a) — T HE G,

f(=¢*) f(—¢>)
(3.27)

121a+48
o115 =2¢ = f(—¢")f(—¢>)
)

B+a (7B=30) —4a)

{AsC — ¢ 5 " BsDo + ¢ °CpAn —q 5 DsBa+q =

_ Wf(_q )f(_qgﬁ) 33 3a 33 3a
q f(_qm)f(_qw)[G(q )G(g™) + H(q™)H (q>)]},

3(8+a)
5

(3.28)
D, 513,15 =2q IG?SJﬁf( )f(_qw)
{AgDa — q(w = BﬁA — q CBBQ + q(mg%) DBCQ + q(ﬁ_‘;m)
@-na f(—¢* )f(_q?’ﬂ) 38 3 3(8—a) 38 3
— i G H(¢g) — 5 H G(g°)}.
q f(_qm)f(_qw)[ (¢")H(q™) — q (¢*")G(q™)]}
(3.29)

Proof. Applying Theorem 3.7 with m = 1 and p = 15, we have

atp 15,1 15,2 15,3
Oop115 =22 f(—q*)f(—q ){g (15,1) ( )+g(15 2)g( )+g(15 3)923 )
+g(15 4)9(15 4) +g(15 5)9(15 5) +9(15 G)g(l5 6) + g(15 7)9(15 7)} (3.30)

o «
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Using (3.14)- (3.20) in (3.30) and then simplifying, we obtain (3.26). The identities
(3.27) - (3.29) can be proved in a similar way by setting m = 7,11, 13, respectively,
and p = 15 in Theorem 3.7. [

Corollary 3.12. [12, Corollary 5.5 and 5.6]. If ®y gm, is defined by (3.6), then

Do pm1 =0, (3.31)
M (6%
Dapis =24 2 f(=q")f(=q"). (3.32)
Theorem 3.13. [12, Corollary 7.3]. Let o;, 5;, m;, p; wherei = 1,2, be positive
integers with my and my both odd. If \; := (cnm? + B1)/p1 and \g = (aem3 +
B2)/p2, and the conditions

A= Do, (3.33)
181 = afs, (334)
aymy = agma(mod A\y)  or aymy = —agma(mod ;) (3.35)

hold, then

q)m,ﬁl,ml,m = cDO@ﬁQ,mz,Pz'

Theorem 3.14. We have

2, 2
A7Bsy + ¢'B;Cy — ¢°CyDy — " D7 Ay = S + N +q, (3.36)

f2f7f10f35 f10f35

_ flfll
f5f55

i qf3f33 —l—q2 (3.37)

Ay By + C]531101 — CI12011D1 - Q15D11A1 )
f5f55

Age By + qllBZGCl - q27026D1 - q36D26A1

fafis q2f3f78 fef39 q3f3f78 5
= + — + q°, 3.38
Fofso  fofio \| Fofrs  Jofwo (3.38)
A1Cy — ¢°BuuDy + ¢ C1u A — ¢ DB, = fa/a — ¢, (3.39)
f5.fr0
1
A7D2 — B7A2 — q50732 + q9D7C'2 = f3f42 - —. (340)
qfi0fss q

Proof. In the following sequel, let N denote the set of positive integers.
To prove identity (3.36), set

oy =2u, B =Tu, my =7, p1 = 1du,

Qo = U, 52: ].4U, mo :77 p2:9u7
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in Theorem 3.13, to obtain
(I)Zu,7u,7,15u = q)u,14u,7,9u> u € N. (341)

In particular, by taking v =1 in (3.41) and then using (3.27) and (3.25),
we deduce

26]7/8f(—q10)f( 35){A7B2 + Q4B7C2 - QQC7D2 - qu7A2

)/

q
6\ 21
- - PEEIET G ) - 1)
=2¢"% f3 fio{ PraR1 + ¢*QuPr — ¢’ RuaQ1 — g} (3.42)

The first published proof of the following identity was given by Rogers [22].

G(qVH(4) - ¢G(¢*)H(d) = ;“((__;7)). (3.43)

We also need the following identity proved by Baruah and Bora [6].

fifh
fafsfrfa

Employing (3.43) with ¢ replaced by ¢* and (3.44) in (3.42), and using Lemma
2.1, we get the required result.

PR+ ¢* Q4P — " R1uQy = +q. (3.44)

To prove identity (3.37), set
ap =u, p=11lu, my =7, p1 = 1du,
g = 11u, By =u, mo =1, py = 3u,
in Theorem 3.13, to obtain
Dy 1u,7,150 = Privui3e, UEN (3.45)

In particular, by taking v = 1 in (3.45) and then using (3.27) and (3.32),
we deduce

2q1/2f(—q5)f(_955){A11B1 + q531101 - quCllDl - C]15D11A1

2_‘Zf<_q3)f(—q33) 33 3y _ 6 33 3\ 0 ,1/2
B Y ey (G(¢™)H(q") — ¢"H(q¢)G(¢")]} = 2¢7" fifir. (3.46)

The first published proof of the following identity was given by Rogers [22].
Watson [26] also gave a proof.

G(¢")H(q) — ¢H(¢"")G(q) = 1. (3.47)
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Employing (3.47) with ¢ replaced by ¢* in (3.46), we get the required result.

To prove identity (3.38), set
ar=1, 61 =5u+1, mi =7, pp =u+ 10,
ar =1, fo=bu+1, my=3, po =u+2,
in Theorem 3.13, to obtain
D 5ur1,7,u+10 = Prsut13ure, w € N. (3.48)

In particular, by taking u = 5 in (3.48) and then using (3.27) and (3.23),
we deduce

2q5/8f<—q5)f(—qlgo){A%Bl + ¢"' BysCy — 7" Cag Dy — ¥ Dyg A,
2 003\ F(_ T8

— o= R G ) - G )
=2¢"" o fsa{ Los M1 — ¢" Mg N1 — ¢"Nog L1 }. (3.49)

The first published proof of the following identity was given by Bressoud [12].

26 _ 3 26y [ X(=¢") _ x(—9)
G(¢™)H(q) —¢°G(a)H (g )_\/x(—q) ) (3.50)

and Hahn [15] proved the following interesting identity
LagMy — ¢*MagNy — ¢’ NogLy = X(—qlg)x(—q%). (3.51)

Employing (3.50) with ¢ replaced by ¢* and (3.51) in (3.49) and using Lemma
2.1, we get the required result.

To prove identity (3.39), put
ar =u, (= 14u, my =11, p; = 1du,
g =2u, By ="Tu, mgs =1, py = u,
in Theorem 3.13, to obtain
Dy 1au11,050 = Powuiu, wEN. (3.52)

In particular, by taking v = 1 in (3.52) and then using (3.28) and (3.31), we
deduce

2q9/8f(—q5)f(—q70){A14C’1 — QGB14D1 + q13014141 - q19D14B1
v ACDICT) o)y pr@) G =0, (353)
f(=a®) f(—q™)
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The first published proof of the following identity was given by Rogers [21].

G(q)G(q") + ¢*H (g H(¢") = (3.54)

Employing (3.54) with ¢ replaced by ¢ in (3.53) and using Lemma 2.1, we get
the required result.

To prove identity (3.40), set
oy = 2u, [B1 = Tu, my =13, p; = 1bu,

g = u, B = 1du, mo =3, py = u,

in Theorem 3.13, to obtain
Do 70,183,150 = Pujlaudu, U EN. (3.55)

In particular, by taking v = 1 in (3.55) and then using (3.29) and (3.31), we
obtain

2q23/8f(—q10)f(—q35){A7D2 — B7 Ay — Q5C7BQ + Q9D7C2

o (=) (=) 21 6\ 37r( 21 6\17 _
T 0 ) [G(q™)H(q") —q"H(q7)G(q")]} =0.  (3.56)

The first published proof of the following identity was given by Rogers [21].

GV H(¢?) - qH(¢)G(g) = ;‘f_‘j}). (3.57)

Employing (3.57) with ¢ replaced by ¢ in (3.56) and using Lemma 2.1, we get
the required result. O

Remark: Identity (3.1) can also be proved by using Theorem 3.13, (3.26) and
(3.24). Identity (3.36) can also be proved by using idea similar to those of Watson
26].

4 Applications to the theory of partitions
In this section, we present partition theoretic interpretations of (3.40) and (3.39).
For simplicity, we define

(0% = (¢",q

S—r

4% ) oo,

where r and s are positive integers and r < s.
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Definition 4.1. A positive integer n has k color if there are k copies of n available
and all of them are viewed as distinct objects. Partitions of positive integer into
parts with colors are called “colored partitions”.

For example, if 2 is allowed to have two colors, say r (red), and g (green), then
all colored partitions of 3 are 3, 2, +1, 2, +1, 1 +1+ 1.
An important fact (see for example [17, p. 211]) is that

1
(g5 q“)k,

is the generating function for the number of partitions of n, where all the parts
are congruent to u (mod v) and have k colors.

Theorem 4.2. Let Pi(n) denote the number of partitions of n into parts not
congruent to +£1, +2, 5, £11, £13, £17, £19, £23, +25, +28, 429, +30, £31,
+32, £37, £41, 43, £47, £49, £53, £55, £56, £58, £5H9, £60, +61, +62,
+65, £67, £71, £73, £79, 83, £85, £88, £89, £90, £92, £95, +£97, +101,
+103, 105 (mod 210), and parts congruent to £42, £70, £84 (mod 210) with two
colors.

Let Py(n) denote the number of partitions of n into parts not congruent to +1,
+5, 11, £13, 14, £16, 17, +19, £23, +25, +28, £29, 430, £31, £37, +41,
+43, +44, £46, £47, 53, £55, 59, £60, 61, £65, =67, £71, £73, £74, £76,
+77, £79, £83, £85, £89, £90, +95, £97, +101, £103, £104, 105 (mod 210),
and parts congruent to +42, +70, +84 (mod 210) with two colors.

Let P3(n) denote the number of partitions of n into parts not congruent to +1,
+5, £8, £11, £13, £14, +17, +19, £22, £23, +25, 429, £30, £31, 37, +38,
+41, +43, £47, £52, 53, £55, 59, £60, 61, £65, =67, £68, =71, £73, £79,
+82, +83, £85, £89, £90, +91, +£95, £97, +£98, £101, £103, 105 (mod 210),
and parts congruent to +42, +70, +84 (mod 210) with two colors.

Let Py(n) denote the number of partitions of n into parts not congruent to +1,
+4, £5, £7, +11, £13, £17, +19, £23, £25, +26, +£29, +30, +31, £34, +37,
+41, +43, £47, £53, £55, £56, 59, £60, 61, £64, =65, £67, =71, £73, £79,
+83, +85, £86, +89, £90, +£94, +95, £97, +£98, £101, £103, 105 (mod 210),
and parts congruent to +42, +70, +84 (mod 210) with two colors.

Let Ps(n) denote the number of partitions of n into parts not congruent to +1,
+3, £5, £6, £9, +11, 12, +13, +15, £17, +£18, +£19, +£21, £23, £24, £25,
+27, £29, £30, 31, £33, £36, £37, £39, £41, +42, +43, +£45, +47, +48,
+51, 53, £54, £55, £57, £59, £60, £61, £63, £65, £66, £67, 69, £71,
+72, £73, £75, £78, £79, +£81, £83, £84, £85, £87, +89, +90, +93, +95,
+96, £97, £99, £101, £102, £103, 105 (mod 210), and parts congruent to 70
(mod 210) with two colors.

Let Ps(n) denote the number of partitions of n into parts not congruent to +1,
+5, £10, £11, £13, £17, £19, £20, 23, +25, +29, +30, £31, £35, £37, £40,
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+41, £43, £47, £50, £53, £55, £59, £60, £61, £65, +£67, £70, £71, £73,
+79, £80, £83, £85, +£89, £90, £95, £97, +£100, £101, £103, 105 (mod 210),
and parts congruent to £42, £84 (mod 210) with two colors.

Then, for any positive integer n > 9, we have

Proof. Using (1.11) - (1.14) and (2.4) in (3.40) and simplifying we obtain

1
4 1 12 14 1 1 1 2 21 22+. 21
(3%, ¢4, ¢5F, ¢, ¢8%, @OF, 10F, ¢12F, g4, ¢15F, q16F, @18+ ¢20F 1% ¢22%; ¢210)

1

X

24 2 2 4 4 42 42 44+. 21
(q :|:7q 6:|:’q 7:t’q33:t7q3 i,q35i,q36i 38+ q39:|:7q 0:|:7q :|:7q :|:7q :I:’q 0)00

X

q
1
(q45:|:’ q46:|:’ q48:i:’ q50:i:7 q51:i:’ q52:i:’ q54:|: q57 qﬁ3:l:7 qﬁ4:|:7 (]66:|:7 q68:|:7 q69:|:; q210)oo
1
q

X
2 4 1 2 4 4+. 421
(q70:|:’q70:|:’q7 :t’q7 :t7q75:t,q76:t7q77:|: 78+ q80:|:7q8 :|:7q8 :|:7q8 :|:7q8 :I:’ q 0)00
1
X
1 4 1 102 1044+. 21
(q86:|:’q87:|:’q9 :t7q93:t7q9 i7q96:t7q98i7q99i7q 00:t7q 0 :I:’q 0 :|:7 q 0)00

1

- (qzj:7 GBE, ¢F 5 g7 BE, ¢OF, 10

12 1 1 2 21 22 24+. 21

ql2E, q15F, g18%, ¢20F, ¢21E | 22 g2, ¢210)
1

+

X

2 2 2 4 4 42 42 45+. 21
(q 6:|:’q 7:|:’q3 :t7q33:t7q3 i7q35i q36 38+ q39:|:7q O:t’q :|:7q :|:7q 5:|:’q 0)00

X

g
1
(q48:|:’ q49:|:7 q50:i:7 q51:i:7 q52:i:7 q54:t q56:|: q57 q58:|:7 q62:|:7 q63:|:7 q64:|:7 q66:|:; q210)oo
1
q

X
2 1 2 4 4 . 421
(q68:|:’q69:|:7q70:t7q70:t7q7 i7q75:t q78:|: 80+ q8 i7q8 :|:qu :|:7q8 :|:7q86:|:’ q 0)00
1
X
1 2 4 1 1024+. 421
(q87:|:7q88:|:7q9 :i:7q9 i7q93i7q9 :N:Jq96:|:7q98:|:’q99:|:’q OO:N:,q 0 :I:’ q O)OO

q5

T (2E 3t AT 6E gTE 9% 10+ 12+ 15+ 16+ 18+ 20+ 2% 24+ ,26£. 4210
(6%, %+, ¢*, ¢5%, ¢, 7%, ¢10F, ¢12F, g%, ¢19F, ¢185, 20, 21, g7, 70 P10 oo

X

27+ 28+ 32+ 33+ 34+ 35+ 36+ 39+ 40+ 42+ 42+ 44+ 454+. 210
(2™, q%%, ¢32%, ¢33+, ¢34, 3% ¢ L qA0F, 12 g1 qME g1 ¢?10) o

X

X

1
1 q
1
(q10F, @185, q19% POF (BIE (PAx (B6F (5T 58+ (62 63+ (64F 66+ (210)
1
1

69+ 70+ 70+ 72+ T4+ 75+ 76+
(q89%, q70%, q70%, 72, qT4E, ¢ g

1
86+ 87+ 88+ 92+ 93+ 94+ 96+ 99+ 100+ 1024+ 104+ . 210
(qB6%, @87, @88+, @92, @93, %1%, @O0F, ¢99%F, ¢100% 102 104, 210)

7T+ 78+ 80+ 81+ 84+ 44 . 210
,qT8E, B0 @B g81E B4 ¢210)

X
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q9

+
2+ 3% 6L 8t 9% 10 12+ 14t 15+ 416+ 18+ 20+ 21+ 22+ ,24%. 4210
(6%, %%, ¢%F, %%, ¢%F, ¢'0%, g%, g1, g1, g%, ¢15%, ¢20F, ¢?1%, 2%, ¢ ¢710) o

X

1
27+ A28+ 532+ 33+ 35+ 36+ 38+t 40+ 42+ 42+ 44+ 45+. 4,210
(@2, q%%, ¢32%, ¢33%, ¢35, 3% ¢ £, q10F, g12E, g12E gME 15 ¢210)

X

,q%
1
(q46i’ q48i’ q49i7 qSOi’ q51i’ q52i’ q54i q5 q58i’ q62i’ q63i’ q66i7 q68i; q210)oo
1
4

X
69+ 70+ 70+ 72+ 74+ 75+t 76+ 7T+ 78+ A80+ L8814+ 82+ 84+. 210
(qB9%F, q70F, qT0%, ¢72F T4 5% ¢ ,qT8E, @8O B1E 8% Bt ¢210)
1
X
87+ 88+ 91+ 92+ 93+ 96+ 99+ 100+ 102+ 104+. 210
(qBT%, @88, %1%, @92, @93+, ¢96%, ¢99%, q100% 102 gl0d, ¢210)
1
- 2+ 4+ T+ 8+ 10+ 14+ 16+ 20+ 22+ 26+ 28+ 32+ 34+ 35+ 38+. 4210
q (%%, ¢4, 7, 8%, q10F, g14F g16F q20% ¢22F ¢26F @28+ 325 @34 ¢35% 38, ¢210)
1
X
40+ 44+ 46+ 49+ 50+ 52+ 56+ 58+ 62+ 64+ 68+ 70+ 70+£. 4210
(g0, 44, 6%, g49% ¢00F @52 P6E ¢B8E 62 b4t b8% ¢T0% ¢T0%; 210)
1
X
T4+ 76+ 77+ 80+ 82+ 86+ 88+ 91+ 92+ 94+ 98+ 100+ 104+ 210
(qT4%, q76F, g7, @80%, @82, ¢86% 88+ @O1F 9% @94 98% ¢l00+ glodt, (210)
1
- 24+ 3+ 4+ 6+ T+ 8+ 9+ 124+ 14+ 154+ 16+ 18+ 21+ 22+ 244+. 4210
q (%%, 3%, ¢4, ¢5F, 7, ¢8F, ¢OF, 1%, @M, g15F, g16F @18+ @21E @22 24, g210)
1
X

26+ 427+ 28+ 32+ 33+ 34+ 36+ 38+ 39+ 42+ 42+ 44+ 45+. 4210
(q25%, @77, 28+, ¢3%%, ¢33+, ¢34+ ¢ L @30F, %, 1 gME g1 ¢?10) o

X

X

'
1
(q16%, g18% q19% (P1E 525 B4k 56E (BTH (58 62+ 63+ 64+ 66+, (210)
1
1

+ =+ 24 4+ + + +
(g%, g9, g2, g4+, g5 70+ ™7

1
X
87+ L8+ 91+ 92+ 93+ 94+ 96+ 98+ 99+ 1024+ 1044 210
(q87%, @83, O1%, @92, @93, 4%, @90F, @98, ¢99%, ¢102% ¢104%; ¢210)

78+ 81+ 82+ 84+ 84+ ,86%. 210
L @BYE, B2, @B g8AE ¢85 ¢210)

Note that the six quotients of the above identity represent the generating functions
for Pi(n), Py(n), P3(n), Py(n), Ps(n) and Ps(n) respectively. Hence, it is equivalent
to

where we set Py(0) = P»(0) = P5(0) = P4(0) = P5(0) = F5(0) = 1. Equating
coefficients of ¢" (n > 9) on both sides yields the desired result. ]

Example 4.3. The following table illustrates the case n = 10 in the Theorem 4.2.
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P,(10) = 4 10,7+3,64+4,4+3+3
Py(10)=9 10,8 +2,7+3,6 +4,6+2+24+4+2,
44+4343,34+3+24+224+2+2+2+2

P(5) =1 3+2
Py(11) =2 T+4, T+2+2

Ps(11) =8| 9+2, 8+3, 7+4, T+2+2,6+3+2,
44443, 443+24+2, 3+34+2+42

Theorem 4.4. Let Pi(n) denote the number of partitions of n into parts not
congruent to +4, +15, +19, £26, £30, +34, +41, +45, +49, +56, +60, +64,
+71, £75, £79 (mod 165), and parts congruent to +22, £33, +44, +55, +66
(mod 165) with two colors.

Let Py(n) denote the number of partitions of n into parts not congruent to +2,
+13, £15, £17, +£28, £30, £32, £43, £45, +47, +58, +60, +62, £73, £75
(mod 165), and parts congruent to £11, £22, £33, +55, 66 (mod 165) with
two colors.

Let P3(n) denote the number of partitions of n into parts not congruent to +1,
+14, £15, £16, +29, £30, £31, £45, £46, +59, +60, +61, +74, £75, £76
(mod 165), and parts congruent to +£11, £33, £55, +66, =77 (mod 165) with
two colors.

Let Py(n) denote the number of partitions of n into parts not congruent to +£7, +8,
+15, 23, £30, £37, £38, £45, +52, £53, £60, £67, 68, £75, £82 (mod 165),
and parts congruent to £33, 44, £55, 66, £77 (mod 165) with two colors.
Let Ps(n) denote the number of partitions of n into parts not congruent to +3,
+6, +9, +£12, £15, £18, £21, £24, +27, 430, £33, £36, £39, +42, +45, +48,
+51, £54, 57, £60, £63, 66, +69, £72, £75, 78, 81, (mod 165), and parts
congruent to £11, £22, £44, +55, £77 (mod 165) with two colors.

Let Ps(n) denote the number of partitions of n into parts not congruent to +5,
+10, £15, £20, 25, £30, +35, £40, £45, 50, £55, £60, 65, 70, £75, =80
(mod 165), and parts congruent to +11, +22, +33, +44, +66 (mod 165) with two
colors. Then, for any positive integer n > 15, we have

Proof. The proof of Theorem 4.4 is similar to that of Theorem 4.2. Expressing
(3.39) in g-products and after some simplification we get the desired result.
The following table illustrates the case n = 15 in the Theorem 4.4.
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P,(15) = 119
P,(10) = 20
Py(3) = 1
Py(0) = 1
P5(14) = 59

]
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