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Abstract
 The gear in an aero-engine experiences alternate loads therefore the stresses on gear root change 

significantly in meshing process. As a consequence, fatigue crack initiates on the gear root. This 
paper examined meshing process and crack propagation trajectory of the aero-engine gear based on 
explicit dynamics and linear elastic fracture mechanics. The crack on gear root affects meshing 
process and causes additional noise and vibration.The meshing impact and the peak of stress 
distribution of the gear pair is also magnified. Furthermore, the root crack propagation can cause the 
rim fracture and tooth fracture of gear system. The occurrence of rim fracture increases as the backup 
ratio (i.e., rim thickness divided by tooth height) decreases and also increases as the initial crack 
location is moved down the root of the tooth; the orientation of initial crack has little influence on crack 
propagation trajectory. 
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INTRODUCTION

Gear transmission, which is widely used to transfer the 
torque and force between any two or more axles, is the most 
important form in mechancial drive. Main accessory systems of 
the engine, such as fuel system, lbrication system and hydraulic
system, are all powered by the engine rotor though the gear 
transmission system. The tooth of the gear endures the fatigue 
loads(meshing force), which causes the fatigue crack on the 
root of the tooth during the meshing process.

Numerous studies on dynamic meshing process and the 
crack propagation trajectory of the gear have been carried out. 

Hu analyzed the dynamic characteristic (time-varying 
meshing stiffness, acceleration, error transfer, mesh force, 
friction) of gear system with root crack using the lumped 
parameter dynamic model. [1-3] Wu S used the statistical 
methods to study the vibration response of the gear pair with 
simplified linear crack. [4] Although the dynamic meshing 
process of the crack gear is analyzed, the crack propagation 

path is not further considered.

Lewicki from fracture mechanics group of Cornell studied the 
influencing factors (initial position of the crack, initial angle of 
the crack, geometic construction of the gear and the rotational 
speed of the gear) of the crack propagation trajectory. [5-8] Liu 
simulated the trend of crack propagation of the maximum stress 
area of the gear tooth using ABAQUS. [9] Curà F calculate the 
impact of the initial position and angle of crack and the ratio of 
hight and the thickness of tooth by the method of extend finite 
element method.[10]. Spievak L E investigated the crack 
trajectory prediction and fatigue life for a spiral bevel pinion 
using Finite Element Method. [11] 

Based on the aforementioned analysis, this paper focuses on 

a respective aero-engine gear pair in the accessory gearbox and 
makes the comprehensive consideration of dynamic meshing 
process and crack propagation trajectory.
1. METHODS

In the study of the dynamic meshing process of the gear pair 
with root crack, based on the method of explicit dynamics 
analysis, the time-varying parameters(the rotational speed, 
engaging force and Von Mises stress) of the cracked gear pair 
are calculated and campared with the healthy one. And the 
analyzing and processing these time-varying signals provides the 
basis to the diagnosis of the gear pair. If there appears initial 
crack on the root of gear tooth, it will grow during meshing
process. The crack propagation trajectory differs on different 
initial condition and different gear design. So, using the method 
of finite element and the code of franc2d[12], the influencing 
factors (initial position, angle of the crack and backup ratio) of 
crack propagation trajectory and corresponding different fracture 
forms(tooth fracture and rim fracture) are carried out. The entire 
process of crack propagation is divided into several steps, and 
the angle (θ ) of each crack propagation can be calculated by the 

following procedure. Firstly, with the method of J-integral[13][14]
in the finite element analysis, the stress intensity factor and the 
stress distribution can be calculated using the code of franc2d.
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Equation(1) is the J-integral around the crack tip and W in 

equation(2) is energy density which can be got by the product of 

stress and strain.T is the force acting on the integral boundary.
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Because the result of J-integral is equal to the enegry release 

rate G [15] in linear facture mechanics, stress intensity factor K

can be got  according equation(3).E is elasticity modulus of 

material.

Figure1. The crack propagation trajectory of polylines 

Then, the vertical direction
iθ of the maximum   

circumferential stress around crack tip is regared as the 
direction of crack propagation for the step i (i=1,2,…).(Figure1.)

Thirdly, the crack extends a tiny distence along 
iθ and the first 

polyline can be achieved. The codes continue to calculate the 

direction( 1iθ + ) for the next step and the second polyline. By 

cycle computing, finally, the crack propagation trajectory can be 
obtined which is composed of these tiny polylines. 

The following study of crack propagation trajectory prediction 
of the representative gear provides recommended design 
principles in order to prevent the occurrence of fracture failure 
of gears. In short, they can serve as the guidelines when 
conducting the failure prediction and fault diagnosis of gear 
system.

2. The geometry model and mesh generation
3.

The geometric parameters of gear pair are listed as 
follows.(Chart1.)  

Chart 1. Geometric parameters of gear pair

Driving gear Driven gear

Teeth number z 31 40

Module m 2.54

Pressure angle α 20°

The gear pair studied in this paper is rotated around z axis in 
the x-y plane. In order to save calculation time and improve the 
computational efficiency, the 2d gear model which is the 
projection on the x-y plane is used in the calculation. In analysis 
of dynamic meshing process and crack propagation trajectory, 
the 2d gear pair model(Figure2) and the 2d partial gear 
model(Figure3) with three teeth is used separately. In the FEM 
analysis, the elasticity modulus is 194GPa, the poission ratio is 
0.297 and the density is 7.86e-9t/mm3.Besides, the element 
type is plane stress element with midside node. 

 
Figure2. 2d Model of Gear Pair

Figure3. 2d Partial Model(driving gear)

 
Figure4. Partial Magnification of the Cracked Tooth

(driving gear)
In the process of generation of elements of the gear pair, each 

gear is divided into two parts. So the whole finite element model 
is divided into four parts shown in Figure2, driving gear part (red 
element part), driving gear rigid part (green element part), driven 
gear part (blue element part) and driven gear rigid part (yellow
element part). The rigid element parts of gear pair which can not 
be denformed are only used to transfer velocity to the driving part 
and resistance torque to driven part. The crack on the tooth root 
(Figure4.) is generated by dividing one node on the root of gear
tooth into two nodes and its length depends on the side length of 
the element on the driving gear. 

3. Analysis of dynamic meshing process
3.1 Contact dynamics method   
During the process of gear meshing which involves impact and 

contact between gear teeth, the magnitude and direction of
loads(engaging force) acting on the tooth change as time. When 
solving the contact problems, the penalty method is used for its 
simple principle, easy programing, low possibility of causing 
hourglass effect, less numerical noise and the high precision in 
the method of momentum conservation. [16] 
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The penalty method assumes that there is linear spring 
between the contact points if they have penetrated each other 
and the spring force is expressed as Equation(4), where f is the 

spring force, k is the contact stiffness. The contact stiffness as 

Equation(5), where 
s
f is penalty factor(default value is 0.1), K

is the bulk modulus of contact elements, A is elements contact 
dimension and V is elements contact volume.

The aim of dynamic analysis of meshing process is to compute 
the mechanical and time parameters of each time-step The 
dynamic parameter of next time-step is related to the meshing 
state of pervious time-step. So on the basis of the previous
meshing state, an incremental solution procedure can be used to 

solve the problem. First, we should determine the time step t∆ in 

accordance with the reference [17] and the whole analysis of 



 

meshing process can be dispersed into several time series(0,
, 2 , , ,t t t t T∆ ∆ ⋅⋅⋅ + ∆ ⋅⋅⋅ ).Second, time incremental algorithm is 

induced in the motion equation set on the concept of virtual 
displacement principle.(Equation6-9)
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Subscripts g and p are for driving gear and driven gear. 

Matrix [M] , [ ]K and [C] are for mass matrix, stiffness matrix 

and dumping matrix. u , u and u are for the acceleration, 

velocity and displacement of the element node. The

superscripts L   and C of [ ]F are for the external nodal load 

and nodal contact force. t gK［ ］ and t pK［ ］ are respectively 

stiffenss matrix of the driving gear and driven gear at the 

reference mement which is determined by the position and 

configruation of gear pair.
t
pF and t gF are the internal force 

vector of driving gear and driven gear at t  .
p
u and

g
u are 

incermental nodal displacement of drving and driven gear. tu
and

tu (t=0) can be determined by the initial condition of the 

gear engagement. According the penalty method, the nodal 

contact force vector can be written as 
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where 
C
N is interpolation function, µ is coefficient of sliding 

friction, 
T
u is tangential displacement incerment, 

1
u and

2
u

are tangential displacement incerment of the two directions 

respectively, t
N
g is normal distance of the two contact point at 

t, 
C
u is relative normal distance of contact point from t to 

t t+ , 
1

p

T
F and

2

p

T
F are tangential components of equivalent 

contact force of two directions and p

N
F is normal component of 

the equivalent contact force. Center difference method is used  

to solve Equation(6) by substituting t tu+∆ and t tu+∆ 
expressed by Equation(11) and Equation(12). Then

Equation(13) which is recursion formula of t tu+∆ can be got. 
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Through equation (11) and (13), t tu+∆ and t tu+∆  can be 

figured up and then t tu+∆  can be calculated subsenquently by 

Equation(12). Then the internal force, contact force and nodal 
foce of next increment time step can be calculated. 

 

3.2 The analysis of the meshing calculation result
The loading curves are shown in Figure5(a) and (b).The 

rotating speed(1608.6rad/s) is applied on the driving gear rigid 
part and the burden torque (141900N·mm) is applied on the 
driven gear rigid part. The value of rotating speed and torque 
match actual parameters of a genuine engine. Automatic 
surface-to-surface contact is selected as the contact principle. 

 
(a)Torque    

 
(b)Rotating Speed

Figure5. Loading Curve
The result of rotating speed of the driven gear, the engaging 

force and the element contact stress changing over time is 
analyzed in the following characters.  
3.2.1 Analysis of the rotating speed

The rotating speed applied on driving gear rigid part starts at 
zero and increases linearly to 1608.8 rad/s within 0.01 second 
shown as Figure5.(b). The rotating speed of the driven gear is 
1246.7rad/s which can be calculated through the gear ratio. And 
its rotating speed changing over time is shown in Figure6. The 
finite element model with a 1mm crack shown in Figure4. is used 
in the dynamic calculation and the time-rotating speed curve 
which is shown in Figure7 is quite different from the curve shown 
in Figure6
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Figure6. Rotating Speed of the healthy Gear

        
Figure7. Rotating Speed of cracked gear pair

The trends of the output rotating speed of both the healthy 
gear and the cracked one coincide with the input rotating speed 
of the driving gear(Figure5). After 0.01 second the rotating 
speed of the driving gear reaches the setting speed linearly and 
the rotating speed of the driven gear fluctuates around the 
theoretical rotating speed. By comparing the curve in Figure6 
and Figure7, we can see that the fluctuation amplitude of the 
rotating speed of the healthy driven gear is almost stable after 
0.04 second and the cracked gear is 0.065 second. The 
maximum rotation speed fluctuation amplitude of the cracked 
gear is about 750rad/s (point A in Figure7)which is almost ten 
times larger than the healthy one (75 rad/s) during meshing 
process. So, it can be seen that the vibration shock of the 
cracked gear pair is significantly enhanced in the process of 
engaging. Affected by the increase of vibration amplitude, the 
gear pair inevitably produces the abnormal noise during the 
meshing process, which has a seriously adverse impact on the 

normal stable transmission of gear pair.
The time domain data of 0.08 second to 0.1 second in Figure6 

and Figure7 which have been stable are subjected to Fourier 
transform to obtain the curve in frequency domain shown in 
Figure8(a) and (b) which is calculated by LS-DYNA. The first 
peak on the left of the curve in Figure8(a) and (b) corresponds 
to the rotational frequency which is 298Hz(1608.8/2π)
theoretically. The peaks of the middle part of the curve 
corresponds to the meshing frequency which is 7936.67Hz in 
theory and the possible natural frequency of the gear. The 
rightmost peak corresponds to the second frequency of the 
meshing frequency. Because of the crack on the root of the gear 
the proportion of the meshing frequency and the vibration
amplitude is significantly changed. The crack on the root of the 
gear pair that causes damage to the structure of the gear pair 
intensifies the impact in the meshing process, which causes 
abnormal noise and vibration and greatly shorten the service life 
of the gear pair

 

(a)Healthy Gear

1 

(b)Crakced Gear
Figure8. Amplitude-versus-frequency Curve



Article title  — 5

3.2.2 Analysis of the engaging force and the element contact 
stress

The output of contact force and the node force come from 
the result of the LS-DYNA calculation, the engaging force is 
extracted shown in Figure9.

In the initial stage (0.01s-0.02s) of high-speed meshing, the 
curve of the meshing force fluctuates greatly with time, and it is 
obvious that there is an impact. And with the time goes by, the 
fluctuation amplitude of the engaging force decreases gradually.
After about 0.04 seconds in Figure9(a) and 0.065 seconds 
Figure9(b), the mesh enters the stable transmission phase, 

which coincides with the result of the rotating speed in Figure8. 
The engaging force of the healthy driving gear is constant 
positive, which means that there is only unilateral meshing which 
means that only one side of the tooth is in the contact situation 
during the process but the engaging force of the cracked gear 
has both positive and zero value, based on which the engaging 
force of the driving gear should be decomposed into the x-
direction(parallel to the direction of line of centers) and y-
direction (perpendicular to the direction of line of centers) shown 
in Figure10.

            
(a) Healthy Driving Gear 

(b) Cracked Driving Gear
                                Figure9. Engaging Force

Compared with the meshing process of the healthy gear pair, 
the moment when the cracked gear pair enters the stable speed 
fluctuation which means that the vibration amplitude of speed is 
almost constant is obviously pushed backward. Moreover, the 
maximum peak-to-peak value of the fluctuation of engaging 
force of the cracked gear is 25KN, which is much larger than that 
of 5KN of healthy gear pair. The x-direction of engaging force 
shown in Figure10(a) exists both positive value and zero value 
indicates that there is a phenomenon of tooth off which means 
that there is a moment when the tooth of the gear is not in the 

contact condition in meshing process. The x-direction of the 
engaging force shown in Figure10(b) exists positive, zero and 
negative value indicates that there are not only unilateral and 
‘tooth off’ meshing but also ‘bilateral impact’ meshing which 
means that both the two sides of one tooth have an impact on 
the adjacent sides of other tooth. The cause of the occurrence 
of tooth off and bilateral impact is that the ability of gear teeth to 
resist bending deformation is reduced and the bending stiffness 
of the gears is also reduced after the initiation of crack during 
the meshing process. 

(a) X-direction
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(a) Y-direction
Figure10. Decomposition of the Engaging Force of the Cracked Gear

The equivalent stress(Von Mises stress) of four chosen 
elements on the contact surface of gear tooth changing over 
time is shown in Figure11 during the meshing process of one 
tooth. By comparing (a) and (b) in Figure11, obviously, there are 
two peaks on the curve of the cracked gear while only one on 
the curve of healthy gear, which indicates that ,because of the 

crack on the root of the gear intensifying the vibration shock, 
bilateral impact occurs on the cracked gear pair while there is 
only unilateral meshing on the healthy gear pair. The maximum 
equivalent contact stress (Von Mises stress) of cracked gear is 
660MPa, which is obviously larger than that of the healthy gear 
and this is also caused by the increased impact of cracked gear.

                        
(a) Healthy Gear                                                                             (b) Cracked Gear

 
（c）Finite element model 

Figure11. Equivalent Stress of Elemen

4. Analysis of the crack propagation trajectory
The initial crack on the root of gear will propagate during the 

meshing process. At the initial propagation stage, the crack on 
the gear is so tiny that could not cause the catastrophic failure 
of gear system. Acceleration sensor can be used to monitor data 
of the gear system and determine whether there is a failure in 
the system according the analysis of previous chapter. However, 
if the initial crack is not monitored at the initial propagation stage
and the gear system continues to work, the initial crack will 
continue to propagate in different directions and cause the rim 
fracture or tooth fracture. The rim fracture leads to more serious 
failure in the gear system than tooth fracture, so it is necessary 
to analyze the possible crack propagation trajectory.

4.1Determination of load and boundary conditions

The literature [18] combined the numerical simulation and 
experimental verification to draw the conclusion that in the 
simulation of the tooth root crack propagation trajectory, the 
crack propagation path can be obtained sufficiently accurately 
with a static load applied to the gear at the position of the highest 
meshing point instead of the moving dynamic load. The value of 
the equivalent static load is determined according to the actual 
conditions of the gear pair.

 9550T
P

N
=   (15) 

The input torque (T) of the driving gear is 184.9N·m by
equation (6) , where the rotating speed (N) is 15361.3 r/min and 
input power (P) of the driving gear is 297.5kw. The transmission 
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ratio (i) is 31/40 and the transmission efficiency is 0.99. The 

input torque
input
T can be calculated. 141 9

input
= . NT m . The 

nominal circumference force ( t
F ) and nominal radial force ( r

F )

of the gear tooth is obtained by equation (7), (8) and (9).

2
*

(z h ) m
a

d = +    (16) 
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d
=   (17) 

20tan
r t
F F=  (18) 

The force is applied on the point A and the fix constraint is 
applied to the lower, left and right sides of the rim of the partial 
gear model.(Figure12)Experiments on the finite element model 
of the whole gear and partial gear pair with three tooth have
been done ,which justifies that the constraints used on the partial 
gear pair has the same result with whole gear.

 
Figure12. Load and Boundary Condition

4.2 Influencing factor of crack propagation 
trajectory
The angle of crack propagation is obtained for each sub-step 

by calculating the stress intensity factor of crack tip.The local 
meshes of the crack region can be redivided by the ‘element 
addition and deletion’ in the FRANC program and the program 
doesn’t sotp until the crack propagation trajectory reaches the 
boundary of the finite element model. Finally, the crack 
propagation trajectory can be obtained shown in Figure13. The 
simulation results of the crack propagation trajectory coincide 
with the simulated results in the literature [2] and the 
experimental results in literature [18] show the accuracy of the 
numerical simulation of the FRANC program in literature [2].

Figure13. Crack Propagation Trajectory
4.2.1 Influence of initial crack location on crack 

propagation trajectory

The initial crack is inserted at the root of the gear model from 
point 1 to point 8 shown in Figure14(a). The initial crack length 
is set to 0.3mm along the direction of the element. The crack is 
formed using the same method with finite element model in the 
dynamic calculation, but the length is shorter because the 
element size of the partial model with three teeth is smaller in 
order to obtain preciser crack propagation trajectory. 

(a)Initial Crack Location   (b)Crack Propagation Trajectory
Figure14. Influence of the Initial Crack Loaction on Crack 
Propagation Trajectory

The simulation of 8 crack propagation trajectories which is 
integrated into one figure is completed using the FRANC 
program 8 times shown in Figure14(b). The length of the crack 
trajectory in the rim region is gradually increased as the initial 
crack position moves down, and all the fracture form is the tooth 
fracture.
4.2.2 Influence of initial crack orientation on crack 
propagation trajectory

In the process of gear processing, there are subtle scratches 
and the concentration of notch stress on the surface of the 
material and the corrosion of the working environment. When 
the local stress concentration exceeds the breaking strength, 
the atomic bond breaks and causes the initial fatigue crack in 
different directions on the surface of the material. The difference 
of the initial direction of the crack has a certain impact on the 
crack propagation trajectory.

The gears are subjected to alternating loads during the 
working process and the root is the position of stress 
concentration where there are the dangerous sections. The 
position of the dangerous section is determined by many kinds 
of methods.In this paper, the Hofer 30 ° Hazard section 
method[19] is used. According to the results of a large number 
of gears opto-elastic experiments, the tangent points (point A 
and point B in Figure 16) are obtained by drawing the line 
tangent to the tooth profile at a 30 ° angle with the centerline. 
The position of connection line between point A and point B is 
regarded as the position of the dangous section of the gear.

Figure16. Position of the Dangerous Section

Figure17. Crack Propagation Trajectory( 1
b
m = )
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(a) 0 5= .
b
m                          (b) 0 2= .

b
m

Figure18. Crack Propagation Trajectory of Different Initial 
Oriention

In order to study the influence of the initial crack angle on the 
crack propagation trajectory, the initial crack location is selected 
at the point B on the dangerous cross section, and the initial 
cracks are along the four directions of 0 °, 30 °, 60 ° and 90 ° 
with the vertical direction respectively. The initial crack length is 

0.3mm and the b
m is 1. The calculated four crack propagation 

trajectories are integrated in one figure shown in Figure17. 

When 
b
m whose value is the ratio of b and h shown in Figure.3

is changed(Figure18), the crack propagation trajectories is 
basically the same as those in Figure17. Crack propagation 
causes the tooth fracture, so the influence of the initial crack 
oriention on the crack propagation path can be used as the 
secondary design reference factors.
4.2.3 Influence of backup ratio on crack propagation 
trajectory

From the results of previous chapter, it can be deduced that 
when the rim thickness is thinned, the crack propagation may 

lead to rim fracture. When the backup ratio ( b
m ) is 0.5 and 0.2, 

the crack propagation trajectory can be calculated with the same 
method and the result is shown in Figure19. 

     

(a) 0 5= .
b
m                              (b) 0 2= .

b
m

Figure19. Influence of Backup Ratio on Crack Propagation 
Trajectory

The crack propagation results of point 8 in Figure19(a) and 
point 5,6,7,8 in Figure19(b) are rim fracture, which verify the 
above inference. With the thinning of the rim thickness, the form 
of tooth fracture caused by crack propagation is more likely to 
occur at rim, which causes a more serious catastrophic 
acciedent in the entire gear system compared with tooth fracture. 
For gears in the gearbox of aeroengine accessory gears, gear 
failure can lead to failure of the hydraulic system, the oil system, 
and the electronic control unit, which may cause the 
consequences of the crash. Therefore, in the process of  design 
and strucutral optimization of the gears, the backup ratio should 
first be considered to ensure the safe and reliable operation of 
the gear system. 

5.Conclusion
Based on the finite element program, this paper completes 

the dynamics simulation of the gear meshing and the prediction 
of crack propagation trajectory in the actual working condition, 

which provides the basis for the fault prediction and structural 
design of the gears.

The following conclusions are obtained from the study of this 
paper.

(1)The speed of the cracked gear fluctuates greater than that 
of the healthy one and is not easy to enter stable meshing 
stage.The crack changes the frequency domain characteristic of 
the rotating speed, which produces additional abnormal 
vibration and noise in meshing process. 

(2)The crack on the root of the gear affect the stiffness of the 
gear, which can cause additional bilateral impact and 
disengagement. This leads to an increase in the instantaneous 
fluctuation of the engaging force, which can cause additional 
damage to the gear system.

(3) The position of the initial crack has a great influence on 
the crack propagation trajectory of the gear. The possibility of 
occurrence of rim fracture increases as the initial crack position 
moves down along the tooth root.

(4) The backup ratio of the gear structure also has a large 
effect on the crack propagation trajectory, and the possibility of 
occurrence of rim fracture is significantly increased with the 
decrease of backup ratio.

(5) The direction of the initial crack has little effect on the crack 
propagation trajectory, which can be used as a secondary 
reference factor in the design and optimization of the gear to 
ensure the safe and reliable operation of the gear system.
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