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Abstract. This paper presents the algorithms and results
of the numerical simulation of the solution of a 2-D in-
verse problem on the restoration of seismic parameters
and electrical conductivity of local inhomogeneities by the
diffraction tomography method based upon the first order
Born approximation. The direct problems for the Lame
and Maxwell equations are solved by the finite difference
method. Restoration of inhomogeneities which are not very
weak is implemented with the use of a small number of re-
ceivers (source-receiver pairs).

1 Introduction

Diffraction tomography is an imaging technique that makes
use of a large volume of input data (recorded traces) to pro-
duce the image of underground medium parameters with
high spatial resolution. Diffraction tomography is different
from the ray tomography (travel time tomography), for which
the resolution is connected to the Fresnel zone and a large
number of the source-receiver pairs is required. Diffrac-
tion tomography (Devaney, 1984; Devaney and Zhang, 1991;
Ryzhikov and Troyan, 1994; Kiselev and Troyan, 1999) pro-
vides information about the medium parameters with sub-
wavelength resolution.

In our study the main attention is given to an estimation
of accuracy of the restoration of elastic parameters and the
restoration of an electrical conductivity, with the use of an
elastic wave and an electromagnetic wave. As a tool for
our investigation, we use the numerical simulation in a 2-D
space domain. The direct problem is solved by the finite-
difference method that allows us to take correctly into ac-
count the diffraction phenomenon produced by the target in-
homogeneities.

The applicability of the first order Born approximation
in diffraction tomography is shown by numerical simulation
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conducted on a single cylinder using analytical expressions
for the exact scattering field (Slaney et al., 1984).

Diffraction tomography, based on the hyperbolic type
equation, produces satisfactory images for inhomogeneities
which are not very weak and which have sizes comparable
with a wavelength. Low frequency electromagnetic fields in
the Earth are governed by the parabolic type equation (diffu-
sion equation) (Torres-Verdin and Bostick, 1992; Zhou et al.,
1993; Alumbaugh and Morrison, 1995; Wilt et al., 1995) and
demonstrate possibilities for mapping of the underground.

It is probable that the embodying of the monitoring of seis-
mic active areas, in practice, will interfere with a limited
number of receivers.

2 Basic equations and tomography algorithm for
anelastic case

The numerical simulation to restore the parameters of local
inhomogeneities with a smooth change in the elastic param-
etersλ andµ, and mass densityρ is carried out for a two-
dimensional model of the elastic medium containing the free
surface and plane-parallel welded interfaces with a rigid con-
tact.

The sourcef̂ ≡ f̂ (x, t), located in the point (x = xs , z =

zs) of the Cartesian system of coordinates (x, y, z;e1, e2, e3),
produces the wave fieldu ≡ u(x, z, t) ≡ u(x, t) which sat-
isfies the equation

Lu = −f̂ , Lu ≡ (λ + µ)∇∇ · u + µ1u + ∇λ∇ · u

+∇µ × u + 2(∇µ · ∇)u − ρ
∂2u

∂t2
. (1)

We introduce the differencesδλ(x) = λ(x) − λrf (x),
δµ(x) = µ(x) − µrf (x) and δρ(x) = ρ(x) − ρrf (x) of
the valuesλ(x), µ(x), ρ(x) for the unknown medium which
are connected to the wave fieldu(x, t), described by Eq. (1),
and the valuesλrf(x), µrf(x), ρrf(x) for the known reference
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(rf) medium for which the wave fieldurf(x, t) satisfies the
equation

Lrfurf = −f̂ . (2)

Assumingδλ, δµ andδρ are small, in accordance with the
first order Born approximation, we can write

Lrfδu ≈ −δLurf, (3)

whereδu = u − urf is the difference field. The right-hand
side of Eq. (3) is given by

δLurf = ∇ × (δµ∇ × urf) + 2
∑

j=1,3

∇ · (δµ∇urfj )ej

+∇(δλ∇ · urf) − δρ
∂2urf

∂t2
(4)

can be considered as a source of that field.
We shall represent the components of the difference field

δui from Eq. (3) at the observation point ofx = xr , as fol-
lows

δui(xs, xr , t) =

∫
S

∫
∞

0
ũi(x, xr , t − τ )

·δLu(x, xs, τ )dτdx, (5)

whereS is the region of restoration;u ≡ u(x, xs, t) and
ũ1 ≡ ũ1(x, xr , t), ũ3 ≡ ũ3(x, xr , t) are the solutions of
Eq. (1) and Eq. (2) with the source functions

f̂ ≡ f̂ (xs, zs, t) = δ(x − xs)δ(z − zs)f (t)e3 (6)

and

f̂ ≡ f̂ 1 ≡ f̂ 1(xr , zr , t) = δ(x − xr)δ(z − zr)δ(t)e1,

f̂ ≡ f̂ 3 ≡ f̂ 3(xr , zr , t) = δ(x − xr)δ(z − zr)δ(t)e3, (7)

respectively. The sources from Eq. (7) are located at the re-
ceiver pointx = xs and have a time dependence ofδ(t),
which is the Dirac function.

After introducing the tomography functionals

p
ρ
i (x, xr , xs, t) = −

∫
∞

0
ũi(x, xr , t − τ ) ·

∂2

∂τ2

u(x, xs, τ )dτ,

pλ
i (x, xs, xr , t) = −

∫
∞

0
∇ · ũi(x, xr , t − τ)∇

·u(x, xs, t − τ)dτ,

p
µ
i (x, xs, xr , t) = +

∫
∞

0

[
∇ × ũi(x, xr , t − τ)

·∇ × u(x, xs, τ ) − 2
∑

j=1,3

∇ũij (x, xr , t − τ)

·∇uj (x, xs, τ )
]
dτ, (8)

the components of the difference fieldδui described in
Eq. (5) can be written down as

δui(xs, xr , t) =

∫
S

[
δλ(x)pλ

i (x, xs, xr , t) + δµ(x)

p
µ
i (x, xs, xr , t) + δρ(x)p

ρ
i (x, xs, xr , t)

]
dx. (9)

Using the linear relations betweenδλ(x), δρ(x) andδµ(x)

δλ(x) = cλδµ(x), δρ(x) = cρδµ(x),

(cλ = const, cρ = const), (10)

Eq. (9) can be rewritten as

δui(xs, xr , t)≈

∫
S

[
cλp

λ
i (x, xs, xr , t)+p

µ
i (x, xs, xr , t)

+cρp
ρ
i (x, xs, xr , t)

]
δµ(x)dx. (11)

After the digitization of Eq. (11), the system of equations
for the determination ofδµ (vectordµ), cλ and cρ can be
written as

P(cλ, cρ)dµ = du, (12)

wheredu are the samples of the scattered field. The final
version of this system after introducing regularizing terms
reads as[
P ′(cλ, cρ)P (cλ, cρ) + α1(B

′
xBx + B ′

zBz) + α2C
′C

+α3D
′D

]
dµ = P ′(cλ, cρ)du, (13)

whereα1, α2, α3 are the regularizing coefficients; matrices
Bx andBz are the finite difference images of second partial
derivatives with respect tox andz; C andD are penalty ma-
trices for non-zero values ofdµ at the boundary and near the
boundary points of the restored regionS.

We finddµ, cλ andcρ by using an iterative procedure. At

the first step Eq. (13) is solved with some initial valuesc
(0)
λ

and c
(0)
ρ . By minimizing the square difference of the left-

hand side and the right-hand side of Eq. (12), we findc
(1)
λ and

c
(1)
ρ , which are the corrected values ofc

(0)
λ andc

(0)
ρ . At the

second step, the valuesc
(1)
λ andc

(1)
ρ are used for the solution

of the Eq. (13) system. The convergence of this procedure is
based on the distinctions of the scattering diagrams (Wu and
Aki, 1985) created by the elementary disturbances ofλ, µ,
ρ.

3 Basic equations and tomography algorithm for elec-
tromagnetic case

Numerical simulation to restore the local inhomogeneities
of electrical conductivityσ = σ(x), located in the uniform
space (electrical conductivityσ = const , electrical permit-
tivity ε′

= εε0 = const , magnetic permittivityµ′
= µµ0 =

const) is implemented for the 2-D problem. The link be-
tween the electrical fieldE = E(x, t) and the magnetic field
H = H (x, t) in conductive media, excited by a current den-
sity j ex = j ex(x, t), is determined by the Maxwell equa-
tions, written as

∇ × E = −µ′
∂H

∂t
, ∇ × H = j + j ex, j = σE. (14)
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Electrical fieldE = E(x, t) in the medium, containing the
local inhomogeneity ofσ = σ(x), is given by a solution of
the following equation

LE = −
∂

∂t
j ex, LE ≡

1

µ′
∇ × ∇ × E + σ

∂E

∂t
. (15)

The reference medium (rf) is supposed to be known (σrf) and
the electrical fieldErf satisfies the equation

LrfErf = −
∂

∂t
j ex,

LrfErf ≡
1

µ′
∇ × ∇ × Erf + σrf

∂Erf

∂t
(16)

As in the case of scattering by elastic inhomogeneities dis-
cussed earlier, we assume that the magnitude of the value
δσ = σ − σrf makes it possible to write an approximate
equality

LrfδE ≈ −δLErf, (17)

whereδE = E − Erf is the difference field. Thus, the value

δLErf = δσ
∂Erf

∂t
(18)

can be considered as a source of this field. With the compo-
nents of the difference fieldδEi it is possible to write down
the equation as

δEi(xs, xr , t) =

∫
S

∫
∞

0
Ẽi(x, xr , t − τ)

·δLE(x, xs, τ )dτdx. (19)

Wave fieldsE(x, xs, t) andẼi(x, xr , t) satisfy, respectively,
the following equations

LrfE = −f̂ = δ(z − zs)f (t)e1 (20)

and

LrfẼi = −f̂ i (i = 1, 3), (21)

where the sourceŝf i are the same as in Eq. (7).
Introducing the tomography functional

pσ
i (x, xr , xs, t) =

∫
∞

0
Ẽi(x, xr , t − τ)

·
∂

∂τ
E(x, xs, τ )dτ, (22)

the components of the difference field can be written as

δEi(xs, xr , t) ≡ δEi =

∫
S

δσpσ
i dx. (23)

After the digitization of Eq. (23) one can write the system
of linear equations

Pdσ = dE (24)

with respect to the vectordσ which is sought for the value
δσ (x), wheredE are the time samples of the components of
the wave field scattered by inhomogeneity. The final version
of these equations, after introducing the regularization terms,
is coincident with the system of linear equations similar to
Eq. (13).

4 Numerical simulation

Numerical simulation on the restoration of the parameters of
local inhomogeneities was implemented for a small number
of receivers (3) and a small number of source receiver pairs
(3–9). In the elastic case, an inhomogeneity is placed inside
a piecewise homogeneous medium with plane parallel inter-
faces. The seismic sources which excited the wave field are
located at the free surface and inside the half space. The
inhomogeneities of simple and complex shapes, compara-
ble in size with the longitudinal wavelength, are located at
the depth of a 2–7 wavelength. The results of the numerical
simulation are represented in Kiselev and Troyan (1998) and
Kiselev and Troyan (1999). The main consequences from
the numerical simulation are the following. For the inhomo-
geneities with contrast of 20–50% relative to the reference
medium, the error of restoration is comparable with the value
of contrast and the resolution is approximately half of the
wavelength. The multiparameter restoration using Eq. (10)
requires a high quality of input data and suitable observa-
tion schemes based on the scattering properties (Wu and Aki,
1985) of the perturbation of the medium. In the opposite
case, the input data can be uninformative concerning the de-
sired parameters. If the valuescλ andcρ from Eq. (10) are
known, then restoration is more stable. Particularly in the
case of the approximation of the desired inhomogeneity by a
simple parametric function.

For the restoration of electrical conductivity as the source
of the electromagnetic field, a thread with an electrical cur-
rent is used. The results of restoration are represented in
Fig. 1, which is obtained for an inhomogeneity (from Fig. 1a)
of the size of 8 km, with the center located at a depth of
10 km. The maximum value of the electrical conductivity
of inhomogeneity and the reference medium is equal to 10−4

S/m. An apparent frequency of the source is 10 Hz. Restora-
tion is implemented with the use of three receiver points: two
receivers are located at a distance of 10 km, reflecting in an
origin of coordinates, and one receiver is located in an origin
of coordinates. For the restoration of the electrical conduc-
tivity, we use the horizontal component of the electrical field.
We do not discuss the problem of the calculation of the wave
field for the reference medium (Mauriello and Patella, 1999)
for the case of a field experiment. The results of the restora-
tion for various degrees of account of a priori data are rep-
resented in Fig. 1. The best restoration (Fig. 1d) is obtained
for the case where the penalty function for nonzero values of
the electrical conductivity at the boundary point and near the
boundary points of the region of restoration is introduced. In
this case, the error of restoration is about 20 %. The restora-
tions without a priori data (error∼ 50%) and with the penalty
function for boundary points (error∼ 40%) are represented
in Fig. 1b and Fig. 1c, respectively. Another observation
scheme with smaller distance between the origin point and
the two receivers leads to an increase in the error of restora-
tion.

The estimation of accuracy of the restoration of the pa-
rameters are given by the results of the numerical simula-
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Fig. 1. Restoration of the electrical conductivity. The model(a) and the results of restoration without a priori information(b); introducing
the penalty function for the boundary points(c); introducing the penalty function for nonzero values at the boundary points and near the
boundary points(d).

tion, minus a noise. The presence of the noise, which distorts
the signal scattered by inhomogeneity, gives a magnification
of the errors of restoration of the parameters. For example,
in the case of adding an uncorrelated Gaussian noise with a
standard deviation of 20% from the maximum value of the
scattered signal, the magnification of the error of restoration
of the parameters at 1.5–2.0 times is observed.

As in the case of the presence of the noise and in the case
of the absence of the noise, this problem is ill-defined and
an introduction of a regularization is required. Regarding the
regularization, we consider a restriction on the magnitudes
of the second partial derivatives of the parameters which are
the spatial functions. The value of such a restriction is deter-
mined by the parameter of regularizationα1 from Eq. (13).

We choose the magnitude ofα1 so that the system of Eq. (13)
has the satisfactory condition.

5 Conclusions

The main idea of our numerical experiments consists in the
estimation of the reliability of the method of diffraction to-
mography for the estimation of the accuracy of the restora-
tion of the parameters of an underground medium with the
use of a small number of receivers. The diffraction tomog-
raphy method (at least potentially) allows us to restore the
underground seismic parameters and electrical conductivity
under this condition, and this is a premise for using diffrac-
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tion tomography as a tool for monitoring seismic active ar-
eas. It is natural that a small number of input data requires
the introduction of a priori information given for an increas-
ing in the parameters for estimation accuracy.
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