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Some separation axioms in generalized topological spaces*
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ABSTRACT: We give different definitions for g-closed sets, Ry and R spaces in gen-
eralized topological spaces, characterize such spaces and compare with the existing
definitions and results.
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1. Introduction and preliminaries

A generalized topology or simply GT u [3] on a nonempty set X is a
collection of subsets of X such that # €  and p is closed under arbitrary union.
Elements of u are called p—open sets. A subset A of X is said to be u—closed if
X — Ais p—open. The pair (X, p) is called a generalized topological space (GTS). If
A is a subset of a space (X, pt), then ¢, (A) is the smallest pu—closed set containing
A and i,(A) is the largest p—open set contained in A. If v : p(X) — p(X) is a
monotonic function defined on a nonempty set X and p = {A | A C y(A4)}, the
family of all y—open sets is also a GT (2], i, =iy, ¢, = ¢, and p={A | A =
iu(A)} [4, Corollary 1.3]. The family of all monotonic functions defined on X is
denoted by I'. By a space (X, u), we will always mean a GTS (X, u). A subset
A of a space (X, p) is said to be a—open [4] (resp., semiopen [4], preopen [4],
b—open [14], B—open [4] ) if A Ciucuiy(A) (vesp.,A C cuin(A), A Ciyc,(A),AC
ipcp(A) Ucyin(A), A C cpiyeu(A)). We will denote the family of all a—open sets
by «, the family of all semiopen sets by o, the family of all preopen sets by ,
the family of all b—open sets by b and the family of all F—open sets by 3. If
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(X, p) is a GTS, then we say that a subset A € § C p(X) [6] if for every z € A,
there exists a p—closed set @ such that « € ,(Q) C A. Then (X,J) is a GTS
[6, Proposition 2.1] such that § C u[6, Theorem 1]. Elements of ¢ are called the
d—open sets of (X, ). For A C X, is(A) and cs(A) are the interior and closure
of A in (X,d). We will denote by v (resp. &, n, €, ¥), the family of all a—open
(resp. semiopen, preopen, b—open, S—open) sets of the generalized space (X, 9). If
k€{u, o, o, m, b, B, 6, v, n, e, ¥} and A is a subset of a space (X, k), then
¢x(A) is the smallest k—closed set containing A and i, (A) is the largest k—open set
contained in A. Note that the operator ¢, is monotonic, increasing and idempotent
and the operator i, is monotonic, decreasing and idempotent. Clearly, 4 is k—open
if and only if A =i,(A) and A is k—closed if and only if A = ¢,(A). Also, for every
subset A of a space (X, k), X —ix(A4) = co(X — A). If A C p(X) is a GT, then
v €T is said to be A — friendly [5] if y(A)NL Cy(ANL)for AC X and L € \.
In [14], it is denoted that Ty = {vy | v is p—friendly where u is the GT of all
~v—open sets} and if v € Ty, the space (X,v)(resp. (X,u)) is called a y—space.
By [14, Theorem 2.1], the intersection of two p—open sets is again a p—open set
and so every y—space is a quasi-topological space [5]. By [14, Theorem 2.3], it
is established that in a y—space, i, and c, preserve finite intersection and finite
union, respectively. Later, in [5], it is established that the above result is also true
for quasi-topological spaces. A space (X, ) is said to be strong if X € u. The
following lemma is essential to proceed further where the easy proof is omitted.

Lemma 1.1. Let (X, u) be a space where p is the family of all v—open sets of a
v € I'y. Then the following hold.

(a) The intersection of two d—open sets is a d—open set.

(b) is(A)Nis(B) =is(AN B) for every subsets A and B of X.

(c) c5(A) Ucs(B) = cs(AU B) for every subsets A and B of X.

(d) i5 € I'y.

2. Strong generalized spaces

If (X, p) is any generalized space which is not strong, then in [7, Proposition
1.2], it is established that X € o and so it follows that always X € b and X € S.
The following Example 2.1 shows that in general, if X ¢ pu, then X & X for
A€ {y, 6, a, m, v, n} and Theorem 2.1 below shows that X € ¢ and hence X € ¢
and X € 9.

Example 2.1. Let X be the set of all real numbers and p = {0,{0}}. Then X & X
where A € {p, 6, a, ™, v, n}.

Theorem 2.1. If (X, u) is a generalized space which is not strong, then the fol-
lowing hold.

(a) X & 7 and hence X & .

(b) X &6 and hence X & n and X & v.

(c)X € & and hence X € € and X € 1.

Proof: (a) Suppose X € 7. But always, X € 0 and so X € 0 N7 = a. Therefore,
X Clipeyin(X) Cipeu(X) =iu(X). Hence X € p, a contradiction and so X ¢ 7
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and hence X ¢ a.

(b) Since X & pu, X ¢ ¢, since 6 C p. Since nn = 7(9), by (a), X & n and hence
X € v, since v = «a(9).

(c) Since £ =0 (d), X € { and so X € ¢ and X € 9. O

3. gy—closed sets

Let (X, p) be a generalized space. A subset A of X is said to be g, —closed
9] if ¢, (A) C M whenever A C M and M € p. Various properties of g,—closed
are discussed and characterizations are given in [9] and these properties are valid
for the generalized topologies induced by p and 6. Given a topological space (X, 7)
and a generalized topology p on X, a subset A of X is said to be gu—-closed [11]
if ¢,(A) C M whenever A C M and M € 1. If u = 7, then the gu—closed sets
coincide with the g—closed sets of Levine [8]. If T is fivred and p is any one of the
generalized topology, namely a, o, 7, b and 8 of the topological space (X, T), where
all these family contains X, then we have ga—closed, gsemi—closed, gpre—closed,
gb—-closed and gB—closed sets in (X,7) and all the results established in [11] are
valid for these sets. If p is a fixed generalized topology, and instead of T, if we
consider o, b and 3, the generalized topologies induced by u, which contains X,
then we can define go(u)—closed, gb(u)—-closed and gB3(p)— closed sets in the space
(X, u) and for these family of sets also, all the results established in [11] are valid.
The difference between the two definitions is that the definition of gu—-closed
sets uses elements of the topology T on X where X € T where as the definition of
gu—-closed sets uses elements of the generalized topology pn where X may or may
not be in p. Therefore, the definition of g,—closed sets is more general, since the
definition uses a large class of generalized topologies which also contains the class
of all topological spaces. Moreover, similar results established for gu—closed sets in
[11] are already established for g, —closed sets in [9]. We give below a new definition
for generalized closed sets in a generalized space, which is common for both strong
spaces and non-strong spaces, and discuss the relation between these three kinds
of sets in the following Examples 3.1 to 3.3. A subset A of M, = U{B | B € u}
of a generalized space (X, ;1) is said to be gj;—closed if ¢,(A) "M, C M whenever
A C M and M € pu. Note that, if the space is strong, then this definition coincides
with the definition of g, —closed sets.

Example 3.1. Let X be a nonempty set and v be a generalized topology on X.

Suppose M, = U{A | A € p} # X and 7 = p(M,,)U{X }. Then every p—closed sub-
set of X contains X — M. Therefore, every subset A of M, is neither a g,—closed
set nor a gu—closed set. gy, —closed sets depend on the generalized topology pu. Ev-
ery nonempty subset B of X such that BN (X —M,) # 0 or B C (X —M,) is not
contained in any u—open set which implies that such sets are trivially g,,—closed.
Clearly, such sets are gu—closed, since X is the only open set containing such sets.

Example 3.2. [1, Example 2.1] Let X =7,, = {1,2,3, ......,n}. Define & : p(J,,) —
©(3,) by k(A) = A if I, — {i} C A for some i € {1,2,3,.....,n} and k(A) = 0
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otherwise. Then p = {0, X}U{A cJ, | A=17,—{i},i = 1,2,3,..n}, the co-
singleton generalized topology defined on a finite set. The only pu—-closed sets are
0, X and singleton subsets of J,,. In this space, the family of all g,,—closed sets,
the family of all g, —closed sets and family of all u—-closed sets coincide. For the
topology T = {0} U{G C X | {1,2} C G} on X, the u—closed sets are precisely the
gu—closed sets.

Example 3.3. Consider the space (X, 7) and generalized topology p of the Example
2.3 of [11]. In this space, {a,c} is gu—closed but it is not g;,—closed and also not
gu—closed.

Throughout the paper, if p is a generalized topology on X, let M, = U{A| A €
uty X dpand X € {u, o, w, o, b, B, 6, v, & n, &, ¥}. Then, by Theorem 2.1,
we have My £ X if A € {u, a, 7, §, v,n} and My = X if A€ {0, b, B, &, €, ¥}.
Moreover, My = M,,, if M # X. The following Lemma 3.1 is essential to proceed
further.

Lemma 3.1. Let X be a nonempty set, p be a generalized topology on X and
A C X. Then the following hold.

(a) (X —M,) is a A—closed set contained in every A—closed set.

(b) C)\(A n M)\) NMy = C,\(A) NM,.

(c) If A is A—closed, then cy(ANMy) NMy = ANM,.

(d) ex(A4) = (ex(4) N M) U (X —My).

(e) If A is A\—closed, then A = (ANNMy) U (X —M,).

(f) (Mx,\*) is a strong generalized space where \* = X\ | My is the subspace
generalized topology.

(9) If A C My, then cx.(A) = cx(A) N My and ix.(A) = ix(A) where cx.(A)(resp.
ix«(A)) is the closure (resp. interior) of A in M.

(h) A C My is N*—closed in My if and only if A= cx(A) N M.

(i) A C My is X*—closed in My, if and only if cx(A) = AU (X —My).

Proof: (a) follows from the fact that if G is A—open, then G C M.

(b) Clearly, ex(ANM)NMy C ex(A)NMy. Let & € ¢y (A)NM,. Then = € cx(A) and
x € My. Now x € ¢)(A) implies that GN A # ) for every A—open set G containing
z and so GN (ANM,) # 0 for every A—open set G containing z. Therefore,
x € ex(ANM,y) and so x € cx(ANMy)NM,y. Hence ¢y (A)NMy C ex(ANMy)NMy.
This completes the proof.

(¢) The proof follows from (b).

(d) ex(A) = ex(A)NX =cx(A) N (MU (X —My)) = (ex(A) N My) U (ea(A) N
(X - M)\)) = (C)\(A) ﬂM)\) @] (X — M)\), by (a)

(e) If A is A—closed, by (d), we have A = (AN M) U (X — M,).

The proofs of (f), (g), (h) and (i) are clear. O

As per the present definition, the g5 —closed sets must be subsets of M. More-
over, g} —closed subsets coincide with g)—closed subsets if X is p—open. In Exam-
ple 3.2, the space is strong and the gj—closed sets are exactly the gy—closed sets.
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It is easy to note that gy —closed subsets are gi—closed subsets of the subspace
(M, A*). In Example 3.1, there is no g¥—closed subset and here also, the two con-
cepts coincide. The following Theorem 3.1 gives some properties of g5 —closed sets.
Example 3.4 shows that the converse of Theorem 3.1(a) is not true.

Theorem 3.1. Let (X, p) be a generalized space and A C X. Then the following
hold.

(a) If A is a A—closed subset of X, then ANMy is a g5—-closed set.

(b) ex(A) N My is a gi—closed set for every subset A of X.

Proof: (a) Let ANM, C M and M be A—open. Since cx(ANMy)NMy = ca(A)N
My, by Lemma 3.1(b), we have cx(ANMy) "My =cx(A) NMy=ANM, C M.
Therefore, we have cx(ANMy) "My C M and so ANM, is g} —closed.

(b) The proof follows from (a). O

Example 3.4. Let X = {a, b, ¢} and up =10, {a}, {b}, {a, b}}. Then u—-closed
sets are X, {a, c}, {b, c} and {c}. If A = {a, b}, then ANM, = {a, b} and
ANM, is a g;,—closed set but A is not p—closed.

The following Theorem 3.2 gives a characterization of gj —closed sets.

Theorem 3.2. Let (X, 1) be a space. Then a subset A of My is gi—closed if and
only if F' C cx(A) — A and F is A—closed imply that F = X — M.

Proof: Let F' be a A—closed subset of ¢y(A) — A. Since A C X — F and 4 is
gx—closed, cx(A)NMy C X —F andso F C X — (ex(A)NMy) = (X —er(4) U
(X — M,). Since F C cx(A), we have F C (X — M,). Therefore, by Lemma
3.1(a), FF = X — M. Conversely, suppose the condition holds and A C M and
M € A Suppose (cx(A) N M) N (X — M) is a nonempty subset. Then (cy(4) N
MA)NX —M) Cax(AH)NX -M) Cecx(A)N(X —A) C ex(A) — A. Thus
ex(A) N (X — M) is a nonempty A—closed set contained in ¢y (A) — A. Therefore,
ex(A)N (X — M) = X — M, which implies that (cx(A)NMy) N (X — M) =10, a
contradiction to the assumption. Therefore, cx(A) N My C M which implies that
A is a gy —closed set. O

Theorem 3.3. Let (X, p) be a generalized space. Then a gi—-closed subset A of
My is a A—closed set, if cx(A) — A is a A—closed set.

Proof: By Theorem 3.2, cy(A) — A =X — My. Then ¢ (4) = AU (X —M,). By
Lemma 3.1(i), A is A—closed. O

The following Theorem 3.4 shows that in a y—space (X, 1), the union of two
g;—closed sets (resp. g;—closed sets) is again a gj—closed set (resp. g;—closed
sets). Example 3.5 shows that the condition y—space on the space cannot be
replaced by generalized topology. Example 3.6 below shows that the intersection
of two gj—closed sets need not be a gy —closed set in a strong generalized space.
Theorem 3.5 shows that, the intersection of a g3 —closed set with a A—closed is a
g3 —closed set.
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Theorem 3.4. Let (X, pu) be a y—space. Then the following hold.
(a) If A and B are g5—closed subsets of Ms, then AU B is also a gj—closed set.
(b) If A and B are g;—closed subsets of M,,, then AU B is also a gi—-closed set.

Proof: (a) Suppose A and B are gj—closed sets. Let M € ¢ such that AUB C M.
Since A and B are gj—closed sets, ¢s(A) N1 Ms C M and ¢s(B) N M5 C M and so
(cs(A) NMs) U (cs(B) NMs) € M and so (¢5(A) Ucs(B)) NMs C M. By Lemma
1.1(c), it follows that ¢s(AU B) NMs C M and so the proof follows.

(b) The proof follows from (a) and Lemma 1.1(c). O

Example 3.5. Let X = {a,b,c} and p = {0,{b},{c}, {a,b},{a,c},{d,c}, X}.
Then u is a GT but not a quasi-topology. If A = {b} and B = {c}, then A
and B are g5—closed sets but their union is not a g5—closed set.

Example 3.6. Consider the space (X, u) where X = {a,b, ¢, d, e} with p = {0,{a, b},
{a,c},{a,b,c}, X} If A={a,c,d} and B = {b,c,e}, then A and B are g5—closed
sets. But AN B = {c}, is not a gj—closed set, since {c} C {a,b,c} but cs({c}) N
Ms = X.

Theorem 3.5. Let (X, p) be a generalized space. If A is gx—closed subset of My
and B is A—closed, then AN B is a g5 —-closed set.

Proof: Suppose AN B C M where M is A—open. Then A C (M U (X — B)).
Since A is gy —closed, cx(A) "My C (M U (X — B)) and so (cx(A)NBNM,) =
(ea(A) Nea(B))NMy € M which implies that ecx(ANB)NMy C M and so ANB
is a gy —closed set. O

A subset A of M in a space (X, p) is said to be gf—open if My — A is
gy—closed. The following Theorem 3.6 gives a characterization of g} —open sets.
Since the intersection of two g}—closed sets need not be a g}—closed set, the
union of two gy —open sets need not be a gy —open set. Theorem 3.7 below gives
a characterization of gy —open sets and Theorem 3.8 below gives a property of
gy—open sets. Theorem 3.9 below gives a characterization of gj—closed sets in
terms of gy —open sets.

Theorem 3.6. A subset A of My in a space (X,p) is gx—open if and only if
F My Cix(A) whenever F is A—closed and F N M, C A.

Proof: Let A be a gy—open subset of M, and F' be a A—closed subset of X
such that F N My C A. Then My — A C My — (FNM,) = M, — F. Since
M)y — F is A—open and My — A is g5 —closed, cx(My — A) N My C M, — F and
so F C My — (ex(Mx —A)NMy) =ManN(My —ex(My — A) =ix(A)NM, =
ix(A). Conversely, suppose the condition holds. Let A be a subset of M, and
F is A—closed such that £ N M, C A. By hypothesis, F' N M, C iy(A4) which
implies that My — iy(4) € My — (FNM,) and cx(My — A) C€ M, — F. Then
ex(My — A NMy € My — F)Nn My = My — F which implies that M, — A is
gx—closed and so A is g¥ —open. O
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Theorem 3.7. Let (X, 1) be a space. A subset A of My is gx—open if and only if
M = My whenever M is A—open and ix(A) U (M — A) C M.

Proof: Suppose A is g} —open subset of My and M is A—open such that i)(A) U
(M)\fA) C M. Then My—M C (M)\fi)\(A))ﬂA = C)\(M)\fA)ﬂA = C)\(M)\fA)f
(My—A) and so My —M)U(X —=M)y) C ex(My—A)— (M —A). By Theorem 3.2,
(My—M)U(X —My) = X —M, and so My — M = @) which implies that My = M.
Conversely, suppose the condition holds. Let F be a A—closed set such that F' N
My C A. Since ix(A)U(My—A) Cix(AUMy—F)UMx—My) = ix(A) UM —F)
and ix(A) U (M — F') is A—open, by hypothesis, My = iy(A4) U (M, — F) and so
FnMy C (ix(A)UMA—F))NF = (ix(ANE)U(My—F)NF) = ix(A)NF Cir(A).
By Theorem 3.6, A is gy —open. O

Theorem 3.8. Let (X, ) be a space and A and B be subsets of My. If ix(A) C
B C A and A is g\—open, then B is g5—open.

Proof: The proof follows from Theorem 3.7. O

Theorem 3.9. Let (X, \) be a space. Then a subset A of My is gi—-closed if and
only if (ex(A) — A) N My is g5 —open.

Proof: Suppose (cx(A) — A) N M, is gi—open. Let A C M and M is A—open.
Since C)\(A)Q(M)\*M) C C)\(A)Q(M)\*A) = (C)\(A)fA)ﬂM)\, (C)\(A)fA)ﬂM)\ is
gx—open and cx(A)N(My — M) is A—closed, by Theorem 3.6, cx(A)N(My—M) C
i)\((C)\(A) - A) N M)\) C i)\(C)\(A)) N i)\(M)\ - A) C ’L')\(C,\(A)) N i)\(X — A) =
ix(ex(A)) N (X —ex(A)) = 0. Therefore, cx(A) "My C M which implies that 4 is
gx—closed. Conversely, suppose A is g¥—closed and F'NMy C (ca(4) — A) N My,
where F is A—closed. Then F' C (cx(A) — A) and so by Theorem 3.2, FF = X — M,
and so ) = (X —My)NMy = FNMy C (ex(A) — A) N M, which implies that
FNMy Cix((ex(A) — A)NMy). By Theorem 3.6, cx(A) — A is g} —open. O

4. Ry and R;—spaces

In this section, we define and discuss generalized Ry and R; spaces which
are not strong and establish that all the results established already will follow as
a corollary. Generalized Ry and R; spaces are independently defined by Sivagami
and Sivaraj [15], Roy [12] and Sarsak [13]. Unless otherwise stated, in this section,
(X, ) is a generalized space which is not strong and A € {y, 0, a, o, 7, b, B, v, &,
7, €, ¥}. The following definitions and Lemma 4.1 are essential to proceed further.
For A C My, we define Ax(A) = {U € X | A C U and U € A} [15]. The
following Lemma 4.1 gives the properties of the operator Ay, the proof is similar
to the corresponding result in [15].

Lemma 4.1. [15, Theorem 3.1] Let (X, u) be a generalized space and A, B and
C, for v € A be subsets of My. Then the following hold.
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(a) If A C B, then Ax(A) C Ax(B).

(b) A C AA(A).

(¢) AM(AA(A)) = AA(A).

(d) A(U{C, | e e A}) =U{Ax(C,) | L € A}

(e) M(N{C, | L € A}) C N{AA(C,) | L € A}.

(f) If A € A, then A\(A) = A.

(9) A(A) = {z € My | ex({z}) N A # 0}

(h) For every z, y € My, y € Ax({z}) if and only if x € ex({y}) N M.

(i) A{a}) # A({}) if and only if ex({z}) # ex({y}) for every =, y € M.

A space (X, \) is said to be a A— Ry space [15,12,13] if every A—open subset
of X contains the A—closure of its singletons. (X, \) is said to be a A\ — Ry space
[15,12,13] if for =,y € X with ¢x({z}) # ex({y}), there exist disjoint A—open sets
G and H such that cx({z}) C G and ¢x({y}) C H. The results on generalized Ry
and R; spaces are independently established in [15,12,13]. The space in Example
3.1 is neither A— Ry nor A— R;. Example 3.2 is A — Ry, since each point is A—closed
but is not A — Ry, since no disjoint A—open sets exist. In particular, if a space is
not strong, then it is neither A\ — Ry nor A — Ry (Refer Example 3.1). To rectify it,
we redefine Ry and R; spaces as follows.

A generalized space (X, ) is said to be a A* — Rq space if for every A—open
subset G of M, and « € G, cx({z})NMy C G. (X, )) is said to be a A* — Ry space
if for z,y € M with cx({z}) # ea({y}), there exist disjoint A—open sets G and
H such that ¢y ({z}) "M, C G and ¢x({y}) "M, C H. Clearly, for strong spaces,
A* — R; spaces coincide with A — R; spaces and every A* — Ry space is a \* — Ry
space but the converse is not true (Refer to Example 3.2). Also, for i = 1,2, (X, \)
is A — R; implies that (X, ) is \* — R;. The following Example 4.1 shows that
the converses are not true and it shows that non strong generalized spaces may be
A* — Rg and \* — Ry spaces. Theorems in this section give characterizations of
A — R;,i = 1,2 generalized spaces which are true for both strong and non strong
generalized spaces.

Example 4.1. Let X = {a,b,c} and p = {0, {a}, {b},{a, b}}. Since c,({a}) =
{a, ¢} and c,({b}) = {b, ¢}, it is easy to show that (X, p) is neither p — Ry nor
w— Ry but (X, ) is both u* — Ry and p* — Ry.

Theorem 4.1. For a generalized space (X, u), the following are equivalent.

(a) (X, ) is A* — Ry.

(b) For each A\—closed set F and x ¢ F, there exists U € A such that FN My C U
and x & U.

(¢) For every A—closed set F with x ¢ F, FNex({z}) = X — M.

(d) For any two distinct points x,y € My, either cx({x}) = eax({y}) or ex({z}) N
a({y}) = X — M.

Proof: (a)=(b). Let F be a A—closed set and = ¢ F. Then by hypothesis,
ex({z}) N My € X — F and so F C (X — ex({z})) U (X — M,). Therefore,
FnMyC (X —cax({z}))nMy € X —ex({z}). U = X — ex({x}), then ¢ U
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and U € X such that £ NM, C U.

(b)=(c). Let F be a A—closed set and = ¢ F. Then by hypothesis, there exists
U € X such that z ¢ U and FNM, C U. z ¢ U implies that U Ncy({z}) = 0 and
so (FNMy) Nea({z}) = 0 which implies that F Nex({z}) = X — M.

(¢)=(d). Let z, y € M, such that c¢x({z}) # ca({y}). Then there exists z €
ex({x}) such that z & ¢x({y}). Then there exists z € V € A such that y ¢ V and
x € V. Hence x & cx({y}). By hypothesis, ex({z}) Nex({y}) = X — M.

(d)=(a). Let G be a A—open set such that © € G. If y € G, then = # y and
so x & cx({y}) which implies that c)({z}) # ex({y}). By hypothesis, ¢x({z}) N
ex({y}) = X — M, and so y € ex({z}) N M. Hence ex({z}) N My C G which
implies that (X, A) is a A* — Ry space. O

Theorem 4.2. Let (X, ) be generalized space. Then, (X, \) is a \* — Ry space if
and only if for x, y € My, Ax({z}) # A({y}) implies that Ax({z})NAN({y}) = 0.

Proof: Suppose (X, ) is a A\* — Ry space. Let x, y € M, such that Ay({z}) #
A({y}). By Lemma 4.1(i), ex({z}) # ex({y}). By Theorem 4.1, it follows that
ex({z}) Nnex({y}) = X —My. Let z € Ax({z}) N Ax({y}). Then z € Ax({z}) and
z € AA({y}) and so by Lemma 4.1(h), € cx({z})NMy and y € cx({z})NM, which
implies that {z,y} C ex({z}). Therefore, cx({z}) Uea({y}) C ea({z}. Now z €
ex({z})NMy, implies that x € ex({z})Nea({z})NMy and so ex({z})Nea({z})NMy #
(. By Theorem 4.1(d), cx({z}) = ex({z}). Similarly, cx({y}) = cx({z}) and so
ex({z}) = ex({y}), a contradiction. Therefore, Ax({z}) NAx({y}) = 0. Conversely,
suppose the condition holds. Let z,y € X such that cx({z}) # ex({y}). By Lemma
4.1(1), Aa({z}) # Av({y}). By hypothesis, Ax({z}) N Ax({y}) = 0. We prove that
ex({z}) Nnea{y}) = X — M. Suppose z € My, such that z € ex({z}) Nex({y}).
Then z € cx({z}) and z € ex({y}). Now z € cx({z}) implies that = € Ay({z}) and
so Ax({z}) N AA({z}) # 0. Similarly, we can prove that Ax({y}) N Ax({z}) # 0.
So by hypothesis, cx({z}) = ex({y}) = ex({z}), a contradiction. Thus cx({z}) N
ex({y}) = X — M,. By Theorem 4.1, X is a A* — Ry space. O

Theorem 4.3. For a generalized space (X, u), the following are equivalent.

(a) (X, ) is a \* — Ry space.

(b) For any nonempty subset A of My and a A—open set G such that ANG # 0,
there exists a A—closed set F such that ANF #( and FNM, C G.

(c) If G £ 0 is A—open, then G = U{FNMy | FNMy\ C G and F is A—closed}.
(d) If F is A—closed, then F = N{GU (X —=M,) | F C GU(X —M,) and G is
A—open}.

(e) For every x € My, ex({z}) N My C Ax({z}).

Proof: (a)=(b). Suppose (X, \) is a A\* — Ry space. Let A be a nonempty subset
of My and G be a A—open set such that ANG # 0. If x € ANG, then z € G
and so by hypothesis, cx({z}) "My C G. If F = c\({z}), then F is the required
A—closed set such that ANF # () and FNM, C G.

(b)=(c). Let G be A—open. Clearly, G D U{F NM, | FNM, C G and F is
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A—closed}. If z € G, then {} NG # 0 and so by (b), there is a A—closed set F' such
that {z} NF # () and FNM, C G which implies that z € U{FNM, | FNM, C G
and F is A—closed}. Therefore, G C U{FNM, | FNM, C G and F is A—closed}.
This completes the proof.

(¢)=(d). Let F be A—closed. By (¢), X —F = U{KNM, | F C (X -K)U(X-M),)
and K is A—closed} and so F = N{(X —K)U(X —M,) | F C (X —K)U(X —M))
and X — K is A—open}=N{GU(X —M,) | F C GU(X —M,) and G is A—open}.
(d)=(e). Let z € My. If y & Ax({z}), then by Lemma 3.1(g), {z} Nex({y}) = 0.
By (d), ex({y}) =n{GU (X —=M,) | ex({y}) C GU (X —M,) and G is A—open}.
Therefore, there is a A—open G such that cx({y}) C GU (X —M,) and z ¢ G
which implies that y & cx({z}). Therefore, cy({z}) C Ax({z}).

(e)=(a). Let G be a A—open set such that x € G. If y € ex({z}) N My, then
by (e), y € Ax({z}). Since Ax({z}) C AX(G) = G, y € G and it follows that
ex({x}) NMy C G. Hence (X, ) is a A* — Ry space. O

Corollary 4.3A. For a generalized space (X, 1), the following are equivalent.
(a) (X, ) is a \* — Ry space.
(b) For every x € My, ex({z}) "My = Ax({z}).

Proof: (a)=(b). Let x € My. By Theorem 4.3, ¢x({z})NMy C Ax({z}). To prove
the converse, assume that y € Ay({z}). By Lemma 4.1(h), z € ex({y}) N M, and
so ex({z}) C ex({y}) which implies that cx({z})Nea({y}) # X — M. By Theorem
4.1, ex({z}) = ex({y}) and so y € ex({xz}) N M. Hence ex({z}) N My = Ax({z}).
(b)=(a). The proof follows from Theorem 4.3. m|

Theorem 4.4. For a generalized space (X, u), the following are equivalent.
(a) (X, ) is a \* — Ry space.
(b) For each x, y € My, x € ex({y}) "My =y € ex({z}) N M.

Proof: (a)=-(b). Suppose (X, ) is a A* — Ry space. Let z € ¢\({y}) N M, and
G be a A—open set containing y. By hypothesis, y € ex({y}) N My C G and
so x € G which implies that every open set containing y contains x. Therefore,
y € ex({z}) N M.

(b)=(a). Let G be a A—open set containing z. If y ¢ G, then by hypothesis,
x & ex({yh) MMy and so y € ex({z}) NMy. Hence cx({z}) "My C G and so (X, )
is a A* — Ry space. O

Theorem 4.5. For a generalized space (X, p), the following are equivalent.
(a) (X, )\) is a \* — Ry space.

(b) If F is a \—closed set, then F N My = Ax(F NMy).

(c) If F is a A—closed set and © € F N My, then A({z}) C F N M.

(d) If x € My, then A({z}) C ex({z}) N M.

Proof: (a)=(b). If (X,\) is A* — Ry and F is A—closed, by Theorem 4.3, F' =
NM{GUX —M)) | F C GU(X —M,) and G is A—open} and so F N M,
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NH{GNMy) | FNMy C G and G is A—open}=Ay(F —M,).

(b)=(c). Let z € Ax({z}). Then z is in every A—open set containing z. Since
x € FNM,, z is in every A—open set containing F' N M, and so z is in every
A—open set containing F' N My. Therefore, z € Ay(F NMy) = F N M, and so
A({z}) C FNM,.

(¢)=>(d). The proof is clear.

(d)=(a). Let z € ex({y}) "M,. By Lemma 4.1(h), y € Ax({z}) and so by hypoth-
esis, y € ex({z}) N M,. By Theorem 4.4, (X, \) is a \* — Ry space. O

The following Theorem 4.6 gives a characterization of A* — R; space.

Theorem 4.6. For a generalized space (X, u), the following are equivalent.

(a) (X, ) is a \* — Ry space.

(b) For z, y € My such that Ax({z}) # A({y}), there exist disjoint A—open sets
G and H such that cx({z}) "My C G and ex({y}) "M, C H.

Proof. (a)=(b). Let =, y € M, such that Ax({z}) # Ax({y}). Then, by Lemma
4.1(1), ex({z}) # ex({y}). Since (X, ) is a \* — Ry space, there exist disjoint
A—open sets G and H such that cx({z}) "My C G and ex({y}) "M\ C H.
(b)=(a). Let 2, y € M, such that ¢y ({z}) # cx({y})- By Lemma 4.1(i), Ax({z}) #
Ar({y}). By hypothesis, there exist disjoint A—open sets G and H such that
ex({x}) "My € G and ex({y}) N My C H and so (X, \) is a A* — R; space.

5. G, —regular generalized spaces

In [11], ug—regular spaces are defined as follows. Let (X, 7) be a topological
space and p be a generalized topology on X. (X, 7) is said to be a ug—regular space,
if for each closed set F' and a point x ¢ F, there exist disjoint g—open sets U and
V such that @ € U, F' C V. The space (X, 7) of Example 3.1 with the family of all
generalized open sets u, which is not strong, is not pg—regular and the space (X, 7)
of Example 3.2 (resp. Example 3.3) with the family of all generalized open sets p,
which is strong, is also not pug—regular. Example 2.4(a) of [11] gives an example
of a pug—regular space. A space (X, \) is said to be a A—regular space [10], if for
each x € M, and A—closed set F' such that x ¢ F there exist disjoint A—open sets
U and V such that x € U, FNM, C V. The space (X, p) in Example 3.2 is not
a p—regular space. Spaces (X, ) in Examples 5.1(a) and (b) below are yu—regular
spaces. The following Lemma 5.1 is due to Min [10] where (c¢) follows from (b).

Lemma 5.1. Let (X, u) be a generalized space. Then the following hold.

(a) (X, ) is A—regular if and only if for each x € My and A—open set U containing
z, there is a A—open set V containing x such that x € V. C ex(V)NMy C U [10,
Theorem 3.12].

(b) If (X, p) is u—regular, then every p—open set is a 0(u)—open set [10, Theorem
3.13].

(c) If (X ) is p—regular, then a(u) = v(3), o(n) = £(@), 7(u) = (), b(u) = (5)
and B(u) = ¥(6).
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Let X be a nonempty set and p be a generalized topology on X. The space
(X, p) is said to be g, —regular if for each pair consisting of a point x € M, and
a g;,—closed set F' not containing z, there exist disjoint p—open sets U and V
such that z € U and F' C V. By Theorem 3.4(a), every g,—regular space is a
u—regular space and the following Example 5.1(b) shows that the converse is not
true. Example 5.1(c) gives an example of a gy—regular space. Theorem 5.1 below
gives a characterization of g)—regular spaces.

Example 5.1. (a) Let X = R, the set of all real numbers and Z be the set of all
integers. Then p= p(R—2Z) is a GT on X. Clearly, a subset G of X is u—open if
and only if G C R —7Z and a subset F of X is p—-closed if and only if F D Z. Note
that X & p, c,(A) = AUZ for every subset A of X. Then (X, ) is p—regular.
(b) Let X = {a,b,c,d} and p = {0,{a}, {b,c}, {a,b,c}}. The space (X, pu) is
p—regular. If A = {a,c}, then A is g},—closed. Since b and A are not separated by
disjoint p—open sets, (X, p) is not g,—regular.

(c) Consider the space (X, ) of Example 3.5. Then (X, p) is a g,—reqular space.
Note that this space is not strong.

Theorem 5.1. Let (X, ) be a generalized space. Then the following are equivalent.
(a) (X, ) is gr—regular.

(b) For each gi—open set G and x € G, there exists a A—open set U such that
zeUcCex(U)NM, CG.

Proof: (a)=-(b) Suppose (X, ) is gx—regular. Let G be a g¥ —open set containing
2. Then My — G is a gj—closed set such that z ¢ My — G. By hypothesis, there
exists disjoint A—open sets U and V such that x € U and M) — G C V. Since
UNV =0,cx(U)NV =0and so c,(U)NMy C (X —-V)NM, =M, -V C G.
Thus, there exists a A—open set U such that z € U C ex(U) "My, C G.

(b)=-(a). Suppose the condition holds. Let x € X and F be a g}—closed set
such that x € F. Then U = M, — F is a gi—open set such that x € U. By
hypothesis, there exits a A—open set V such that z € V C e, (V) N M, C U. Since
C)\(V)QM)\ CU=My—F, we have I' = M)\—(M)\—F) C My — (CA(V)QMA) =
Mx —ex(V) = G. Then V and G are the required A—open sets such that x € V
and F C G. Therefore, (X, \) is gx—regular. O

The following Theorem 5.2 gives another characterization of g, —regular spaces.

Theorem 5.2. Let (X, 1) be a generalized space. Then the following are equivalent.
(a) (X, ) is a gx—regular space.

(b) For each gi—closed set F' and x ¢ F, there exists A—open sets U and V such
that x € U, F CV and cx(U) Nea(V) = X — M.

Proof: (a)=-(b). Let F be a gi—closed set and = ¢ F. Then there exists disjoint
A—open sets U and V such that x € U and F C V. Clearly, (X —My) C ex(U) N
ex(V). Moreover, cx(U) Nea(V) = (ea(U) Nex(V)) N My U (X —M,), by Lemma
3.1(d) and so cx(A)Nea(B) D (UNV)NMA)U(X =My ) = 0U(X —=My) = X =M.
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Hence cx(A) Nea(B) = X — M.

(b)=(a). Enough to prove that if A and B are A—open set such that cy(A4) N
C)\(B) = X—M,, then ANB = ?. Now () = (X—M)\)HM)\ = (C)\(A)ﬂC)\(B))ﬂM,\ D
(ANB)NMy = AN B and so AN B = (). Therefore, the proof follows. O

The following Lemma 5.2 follows from the definitions. Corollary 5.2A below
follows from Theorem 5.2 and Lemma 5.2.

Lemma 5.2. Let (X, i) be a generalized space. Then (X, ) is \* — Ry if and only
if every point of My is g} —closed.

Corollary 5.2A. Let (X, )\) be an \* — Ry, gx—regular space. Then the following
hold.

(a) For distinct points x and y of My, there exist A—open sets U and V such that
zelU, yeVand ex(U)Nex(V) = X — M.

(b) For distinct points x and y of My, there exist disjoint A—open sets U and V
such that x € U and y € V.

Let X be a nonempty set and p be a generalized topology on X. A point x is
said to be in the #—closure of A [6], denoted by cg(,)(A), if ANc,(U) # 0 for
every x € U € pu. The following Theorem 5.3 gives characterizations of g)—regular
spaces in terms of the 8—closure operator.

Theorem 5.3. Let X be a nonempty set, u be a generalized topology on X. Then
the following are equivalent.

(a) X is a gx—regular space.

(b) cony(A) MMy = {F | ACF and F is gx—closed} for every subset A of My.
(c) coony(A) N My = A for every gx—closed set A.

Proof: (a)=(b). Clearly, A C N{F | A C F and F is g5 —closed}. We first prove
that N{F' | A C F' and F is g} —closed}C cy(»)(A). Let z € "{F | A C F and F is
gx—closed}. Suppose x & cy(r)(A). Then there is a A—open set U containing z such
that ANcy\(U) =0 and so ANU = 0. Since X — U is a A—closed set and hence a
gy —closed set containing A, x € X — U, a contradiction. Hence = € cy(»)(A) which
implies that N{F | A C F and F is g}—closed}C cy(»)(A). Conversely, suppose
z g€ N{F | ACF and F is g{—closed}. Then, there exists a g¥—closed set F
such that A C F and x € X — F. Then there exists disjoint A—open sets U and
Vsuch that s e U Cex(U) C X -V C X —F C X — A. Hence ANcy(U) =0
which implies that = ¢ cg(x)(A). Hence it follows that A C N{F | A C F and F is
gx—closed}. Hence N{F | A C F and F is gj—closed}=cg(»)(A) N M.

(b)=(c). The proof is clear.

(c)=(a). Let F be a g}—closed set not containing z. Then x ¢ cy(x)(F). Then
there exists a A—open set U containing z such that F Ncy(U) = (. Then U and
X —c)\(U) are the required disjoint A—open sets such that € U and FF C X —c(U).
Therefore, X is a g)—regular space. O
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