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Abstract. Magnetic reconnection is an important process diffusion region. The intensity of the reconnection process is
providing a fast conversion of magnetic energy into thermalcharacterized by the reconnection rate which is determined
and kinetic plasma energy. In this concern, a key problemby the electric field generated in the diffusion region. There-
is that of the resistive diffusion region where the reconnec-fore, the diffusion region is a central subject concerning the
tion process is initiated. In this paper, the diffusion region reconnection problem. An alternative model is that of Sweet
is associated with a nonuniform conductivity localized to a (1958) and Parker (1957) who consider magnetic reconnec-
small region. The nonsteady resistive incompressible MHDtion as a pure diffusive process.
equations are solved numerically for the case of symmetric Laboratory experiments of magnetic reconnection (Ji et
reconnection of antiparallel magnetic fields. A Petschek typeal., 1999), as well as numerical simulations carried out by
steady-state solution is obtained as a result of time relaxBiskamp (1986) and Scholer (1989) for a constant resistivity
ation of the reconnection layer structure from an arbitraryare in favor of the Sweet—Parker solution. On the other hand,
initial stage. The structure of the diffusion region is studied in cases of nonuniform resistivity localized to a small region,
for various ratios of maximum and minimum values of the the numerical simulations (Scholer, 1989; Ugai, 1999) show
plasma resistivity. The effective length of the diffusion re- the evidence of Petschek—type reconnection with plasma ac-
gion and the reconnection rate are determined as functions afeleration at the shock fronts.
the length scale and the maximum of the resistivity. For suf-  For the convective region, an analytical solution of the
ficiently small length scale of the resistivity, the reconnectionideal MHD equations can be obtained as an asymptotic se-
rate is shown to be consistent with Petschek’s formula. Byries in the reconnection rate which is considered to be a small
increasing the resistivity length scale and decreasing the reparameter. For the diffusion region, it seems to be impossi-
sistivity maximum, the reconnection layer tends to be wider,ple to find an analytical solution, and hence a solution has
and correspondingly, the reconnection rate tends to be morg be obtained numerically (Erkaev et al., 2000). The re-
consistent with that of the Parker-Sweet regime. connection rate can be determined by matching the solutions
corresponding to the diffusion and convective regions.

The aim of our paper is to study a numerical MHD model
of the diffusion region for a nonuniform conductivity, and
to obtain the reconnection electric field and the reconnection

Magnetic reconnection is a physical process in plasmas prot@t€ as functions of the amplitude and length scale of the re-
viding a disruption of current layers and a fast conversionS!StVIty- _ _ _

of magnetic energy into another kinds of energy, such as 1he paper is organized as follows: the basic MHD equa-
bulk motion of the plasma, heating, and acceleration of parti-ions, the shock jump relations, and the outer Petschek solu-
cles. This process is considered to be very important in solaion are described in Sect. 2. In Sect. 3, we present the dif-
space, and laboratory plasmas (Hones, 1984; Priest, 1085{Lision region scaling and the boundary layer equations. The
In the model proposed by Petschek (1964), the whole reconthitial and the boundary conditions, as ngl as the numeri-
nection area consists of large convective and small diffusiorfal Scheme for the boundary layer equations, are described
regions (Fig. 1). In the convective region, plasma is accel-" Sect. 4. The results of numerical simulations for the dif-

erated at the slow shock fronts which originate from a smallfusion region are presented in Sect. 5. In Sect. 6, we derive
the reconnection rate from the matching procedure. Finally,

Correspondence td4. K. Biernat Sect. 7 is devoted to the summary and discussion. Mathe-
(helfried.biernat@kfunigraz.ac.at) matical details are described in the Appendix.

1 Introduction
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Outflow region:

Inflow region vy = Vs, vy =0, B, =0, By = ¢Bo. (11)
Petschek solution
The shock front in the first quadrant is described by a linear
function
y = &x. (12)
Just upstream of the shock, the normal magnetic field com-
ponent is
By = 2¢Bo. (13)

The reconnection rate is defined as

e =Eo/Es << 1, (14)

wheree is supposed to be a small parameter in the prob-
Fig. 1. The Petschek reconnection model: the outer convective andeM- HereEy is the electric field which is constant in the 2D
the inner diffusion regions. model, andE 4 = —VABO is the Alfvén electric field, based
onVy = Bo/(471po)l/2 and By.

Expressions (9)—(13) are asymptotic solutions with respect
to ¢ (zero and first order terms in the inflow region and only
zero order terms in the outflow region) of the ideal MHD
system of Egs. (1)—(3) and the Rankine—Hugoniot shock re-
lations (4)—(8).

2 MHD equations. Petschek solution

In our model, the plasma is governed by the resistive steady=
state MHD system of equations (Landau and Lifshitz, 1984)

(pV-V)V=—VP + i(B .V)B, (1) ' Petschek did not obtain a solution for the diffusion regioq;
instead, he suggested an upper estimation for reconnection

E+ }(v x B) = ¢ curlB, ) rate_ as ~ 1/InRe, which i_s basgd on some simple physi-
4dro(x,y) cal ideas. Generally speaking, this implies that the Petschek
divB = 0, divv = 0, 3) model gives any reconnection rate from the Sweet—Parker

value ¥+/Re,, up to J/InRe,,, and for a long time, it was
unclear whether Petschek reconnection could be faster than
Sweet—Parker reconnection. This problem can be solved by
matching a solution for the diffusion region and the Petschek
solution ((9)—(13).

where incompressibility is assumed; quanthyis the total
pressure.

Outside of the diffusion region, dissipation is not impor-
tant, and we can use the ideal system of MHD equations.

In an incompressible plasma the following relations have
to be satisfied at the shock front

{B,} =0, (4) 3 Diffusion region scaling
{on} =0 () To obtain the boundary layer MHD equations suitable for the
{P}=0, (6) diffusion region, we normalize the MHD parameters to the
1 uantities taken at the upper boundary of the diffusion region
{EBnBt - PUth} =0, (7) q pp ry 9
Rey = 4no*Vagl./c?, % =x/l,
{ant - vnBt} = 0, (8) e i Ad C/c * X/ ¢
where the subscripts ands denote components normal and 5 = y/le\/ Rem, By = B,/Bu,
tangential to the shock front . — .
Within two dimensions, in Cartesian coordinatesy (x By = By/Byy/ Rey, Vi = Vi/Vaa,
is directed along the current sheet), the Petschek solution, _
which is valid in the convection region, can be presentedina Vv = Vy/Vaay/ Ren,

simple analytical form (Petschek, 1964; Vasyliunas, 1975).

Inflow region: Eq = E.c/(BgVaa)\/ Rem. (15)
vy =0, vy = —£Vy, (9)
4¢ B L . .. . o
B, = By — 220, — Hereo* is the minimal conductivity and quantity is the
T VXS+y length scale of the conductivity. Subscrit™denotes pa-

4¢Bo X rameters taken at the upper diffusion region boundary for
By =— arctan;. (10)  x = 0. The local reconnection rate definecéas: Vy4/ Vaq
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is equal to the normalized electric fiefg);. This scaling for magnetic field componen, = 0, and the non—flow con-
the diffusion region is similar to that for the Prandtl viscous dition for the normal velocity component, = 0. At this
layer (Landau and Lifschitz, 1984) and corresponds exactlyboundary, the normal component of the magnetic fé}lds

to the Sweet—Parker case. obtained from the induction Eq. (19) on the lipe= 0,
Considering 1Re,, as a small parameter, we obtain the 5 5 . . 3
boundary layer equations E(By) + a(VxBy) =52, (23)
i(‘;x) + in((/x) + Vyi(vx) whereJ, = Re,,'dB,/dx — 9B./35. The term~ Re," is
ot 0x oy included to stabilize the numerical scheme for the unsteady
N R 0« system of the boundary layer MHD equations.
_B"ﬁ(B") B Bya_y(B") - _ﬁ(P)’ (16) To solve the MHD system numerically, we use a two step
o - conservative finite difference numerical scheme with a rect-
a—y(P) =0, (17)  angular grid 145« 100 in the first quadrant. From each time
9 . 5 . o level (n), we calculate the parameters on the next time level
— (Bx> = — (VXB), — VyBx> (n + 1) in two steps. In the first stew + 1/2), diffusion
ot 9y is switched off, and we calculate the parameters for the in-
+i (77()?, ﬁ)i (E)) ’ (18) terme_di_ate time Iev_e(ln_ + _1/_2) using the equations in char-
ay ay acteristic form. This is similar to the approach used in the
9 [~ 0 [/~ = -~ Godunov method (Godunov and Ryabenkii, 1987). In the
9t (B-") = T a9 (VXB-V o VyBx) second step, we calculate the parameters for the next time
9 9 - level (n+1) using the equations in conservative form and tak-
Tax (’7()" y)ﬁ (BX)) ’ (19) ing into account the diffusion terms approximated in implicit
o~ form. The details of the numerical algorithm are the follow-
divB = 0, (20) ing. The B, component is found from the-component of
divv =0, (21)  the induction equation

whererj(x, y) is the normalized resistivity of the plasma with  gn+1 _ pn. )T + (G’.’+l/2 _ g2 ) hx —
the maximum value to be 1. It can be seen from Eq. (17) that ¢ ** / ik+1/2~ Cik-1r2 )/

the total pressure is constant across the diffusion region. This ~ . n+1
is a general feature of a boundary layer approximation. {3/39[72(&/35 - Re;ﬁlaBy/ai)} } . (24)
L
where gquantities
4 Initial and boundary conditions. Numerical scheme n+1/2
. . . . . . G:'Pl:-il-/l% = (éx ‘7y - Vxéy> (25)
Starting with an initial MHD configuration under fixed ' ik+1/2

boundary conditions, the time-dependent MHD solution are getermined by the method of characteristics at the time
converges to a steady state. The normalized total pressuligye|, + 1 /2.

is chosen to be 1. The internal reconnection Eats to be The normal magnetic field componeat, is determined
determined from the numerical solution as a result of timeqm equation di8 = 0 approximated on a rectangular grid.
relaxation. The velocity componen, is found from ther—component

The distribution of the resistivity is traditional (Scholer, of the momentum Eq. (16),
1989; Ugai, 1999)

n+1/2
NG §) = de =57 4 1 22) VL vy T+ (Qyi,k+1/2 - Qyi,k—l/2> /hy
n+1/2
withd + f = 1. +<Qxi+1/2,k - Qyi—1/2,k> /hx =0, (26)
As the initial configuration, we choose a current sheet with
a linear profile of the magnetic field, = y, Ey = 0. The  where
velocity components are assumed to be equal to zero at the n+1/2
initial moment,V, = 0, V,, = 0. ijrklfl/z = (Vx vy — Eﬂ%) ,
At the upper (inflow) boundary, the tangential magnetic i,k+1/2
field component is assumed to be constdht,=1, and the nil)2 L, o\ MTH2
tangential velocity component vanishég, = 0. At the xi+l/2k = < x Bx)i+1/2k. (27)

left boundary we have the symmetry conditians, )/dx =

0, E’y =0, V,=0.Atthe right boundary we keep free Here, the paramete(ﬁﬁ/ﬁz are determined by the method
conditions suitable for a uniform flow in the outflow region of characteristics on the level-1/2 simultaneously with the
d(By)/dx = 0, d(V,)/dx = 0. At the lower boundary calculation ofB,. The velocity componeri, is determined
(y = 0) there is the symmetry condition for the tangential from equation div = 0.
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Fig. 2. Tangential velocity component. Fig. 4. Tangential magnetic field component.
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Fig. 3. Normal velocity component. Fig. 5. Normal magnetic field component.
5 Results of the numerical simulation flow boundary due to some influence from the right-hand side

boundary conditions.
To estimate the convergence of the time—dependent solution The magnetic field lines and plasma flow steam lines are
to a steady state for eaghth time step, we use the following shown in Fig. 8. Here, the inflow and outflow regions are
criteria: max| V2 — VL) /(A Vi o) < 1078 clearly separated by the slow shock wave originating from
For the case of localized resistivity, the system reaches th¢he central part of the diffusion region.
Petschek steady state with clear asymptotic behaviour (see There is a well pronounced slow shock, as can be seen in
Figs. 2-7): V., — 1 in the outflow regionV, — & atthe the behaviour of all MHD parameters. The diffusion region
inflow boundary;B, decreases from 1 to O at the shock tran- reconnection rate is equal to the normalized diffusion region
sition; B, —  in the outflow region; and#, — 2¢ fromthe electric field £, which is obtained to be in the range40<
inflow side of the shock (compare with the Petschek solutionE,; < 0.7, as shown in Fig. 9 (top).
(9-12)). On the other hand, for the case of homogeneous resistiv-
In the 2D steady state, the total (convective plus dissipaity, the system reaches the Sweet—Parker state without any
tive) electric field must be constant. The convective and to-signatures of slow shocks, even if the Petschek solution is
tal electric fields obtained in our calculations are shown inused as initial configuration (see also Scholer, 1989; Ugali,
Figs. 6 and 7. One can see that the total electric field is nearly1999; Uzdensky and Kulsrud, 2000). This seems to imply
constant except for small perturbations localized to the outthat Petschek—type reconnection is possible only if the resis-
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Ezcon=vxB,sx=1, sy=1,d=0.95,f=0.05

Fig. 6. Convective electric field-(v x B);.
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Fig. 9. Electric field and length scale of the diffusion region as
functions of the amplitude of conductivity variation.

6 Reconnection rate

Fig. 7. Total electric field in the diffusion region.

To find the reconnection rate, we have to determine the mag-
- . . . ic fiel h f the diffusi i i
tivity of the plasma is localized to a small region, whereas netic field at the boundary of the diffusion regidiy (for

for constant resistivity, the Sweet—Parker regime is realizedd etails, see Appendix)

(Erkaev et al., 2000). de L
Figure 9 shows the normalized diffusion region electric Ba = BO( > '

field (top) and length scale (bottom) as functions of the pa-

rameterf. This parameter is introduced as the ratio of the The electric field must be constant in the whole inflow re-

background resistivity to the maximum of the resistivity, and 9ion, hence

it varies in the range from 0 to 1. The value 1 corresponds to

(28)

the case of uniform resistivity. Uyd f d= UZB 0 (29)
/
The length of the diffusion regioly, as defined above, € Bi = ¢Bg, (30)
is the size of the region where the convective electric field

E = —v x B/c (which is zero at the origin) reaches some where the reconnection rates are defined as

level close to the asymptotic value (say 0.9). For the casg-
of localized resistivity, quantity, practically coincides with

the scale of the inhomogeneity of the conductivity when the  Using the relatior’ = &(Re,,) /2 we obtain
maximum of the resistivity is much larger than the back-

ground resistivity. éB;¥? = ¢BY*\/an ol Bo/c. (31)

=vq/Vaa, & =vo/Vao.
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Fig. 10. FunctionG (K) and the reconnection rate as a function of
the ratioL/1;. Curves 1, 2 correspond to Reynolds number$ 10
and 18, respectively.

SubstitutingB, from Eq. (28), we determine finally the fol-
lowing equation for the reconnection rate

de L 3/2 1/2
€(1—;|n5> :8\/R€m< ) ,

where Re,, is defined as the magnetic Reynolds num-
ber for the global scale and the minimal conductivity,
Re,, = 47m*VAL/c2. Here, the internal normalized recon-
nection rate is obtained from the numerical solution of the
diffusion region problem (see Fig. 9),0> € > 0.4

An important parameter for the reconnection rate is

EN

le

< (32)

« _ AIn/la)

w+/Rey,

L
I

The reconnection rate can be expressed through the functio

G(K),
_T 1 G(K 33
8—zm (K), (33)

which is determined implicitly by the nonlinear algebraic
equation,

3/2
5[([1 - G(K)] = G(K). (34)
The functionG (K) is shown in Fig. 10 (top).

For a small value oK (Re,, >> 1,1; ~ L), the recon-
nection rate is similar to that of the Sweet-Parker model.

N. V. Erkaev: Two-dimensional MHD model of the reconnection diffusion region

The reconnection rate, considered as a functiofy of
has a maximum, as shown in Fig. 10 (bottom). For a large
parametelk, the maximum valuemax is proportional to

1/In(Rey) T 1
em)E N = —.
MM 5 In(Repm)
This is similar to the Petschek formula.
For smalle there is a simple analytical expression,

&
E=——.
P, 6~ L
Red‘i_;glng

Here,¢ is an internal reconnection rate, determined from the
numerical solution, which i§ ~ 0.7 for the case of strongly
localized resistivity.

It is interesting to note that for the derivation of the final
result (32) and (33), the only value which has actually been
used, is the internal reconnection rat@btained from the
numerical solution. The actual distribution of tB¢ compo-
nent along the upper boundary of the diffusion region does
not contribute at all to the zero order approximation consid-
ered above. Note that in the matching procedure we take into
account terms of orderIn(L/1;), but we neglect terms of
ordere.

(35)

7 Conclusions

The resistive incompressible MHD equations are solved nu-
merically for the case of symmetric reconnection of antipar-
allel magnetic fields. In the case of nonuniform plasma
conductivity localized to a small region, the Petschek type
steady-state solution is obtained as a result of the time re-
laxation of the reconnection layer structure from an arbitrary
initial stage. From the mathematical point of view, it is im-
portant that the diffusion region solution exists and has the
Petschek—like asymptotic behaviour.

The reconnection rate, the effective diffusion region size,
and the electric field generated in the diffusion region, are
obtained as functions of the amplitude and length scale of
the conductivity. The effective length of the diffusion re-
gion is obtained as a decreasing function of the resistivity
maximum normalized to the background resistivity. For the

sistivity maximum approaching the background value, the

iffusion region length becomes much longer than the resis-
tivity length scale. On the other hand, for a large resistivity
maximum (with respect to the background resistivity), the
diffusion region length is of the order of the resistivity length
scale.

For a large diffusion region length, the reconnection rate
asymptotically tends to that of the Sweet—Parker model.
For a small diffusion region length, the reconnection rate is
shown to be consistent with Petschek’s formula.

The appearance of strongly localized resistivity is often the
relevant case in space plasma applications. The efficiency
of the Petschek type reconnection is mostly pronounced in
cases of very large Reynolds numbers due to the logarithmic



N. V. Erkaev: Two-dimensional MHD model of the reconnection diffusion region 137

dependence of the reconnection rate on the Reynolds param- At the diffusion region boundary, th8, component is
eter. In the Petschek model, MHD waves play the dominantgiven by the function
role in the conversion of magnetic energy. 4
B! = eBof(x/1a)). (42)
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The first complex integral in (42) can be found by the cal-
culus of residues. We introduce a complex analytical func-

tion
) +iln(/x2 + (y +12)?),

which is used for the calculation of the integral as follows

8 Appendix. Potential solution in the inflow region

We consider the inflow region as a semicirci® ¢ y? <

R% y > 0,—R < x < R). In this region, we have an
analytical complex functionB(z) = B, (x, y) + iB.(x, y),
wherez = x + iy, andBx(x, y), B,(x, y) are the magnetic
field components which are harmonic functions. For a given
function B, at the boundary, we can determine the analytical o £+ w(z)
function inside the semicircle. To find this function, we make —n;“s (fo B (z(&)—— dt) =

4¢ Bg
F(z) = —(arctar(
T

a conformal mapping of the semicircle into a unit circle §-w@)
2m * *
__PH2R AR 3w ([ BeE (oS - S ) -
w(z) = T2 iR+ R2 (36) 47i \ Jo E—w() & —wk)*

Inside the circle, the analytical functioB(z) is given by o [ 480 /Zﬂ FG®) (5 tw@ £+ 1/w(2)*> dt
(Shabat, 1969) 4im? §-w@ §&-T/w()*

1 (= E+w 4¢Bo /2” E+w(
- ; =Nl —-— F = 7
B(z) = > /0 By(z(.s;))g — wdt +iC. (37) R (41':12 ( ; (Z(g))ig(g — w(z))d%‘ +
Here,& = exp(it) and C are an arbitrary real constant. % 4¢Bo r P E+1/w(z)* J
The component$, and B, are given by the imaginary "\ 4;52 / (Z(s))ig(g — 1/w(z)*) §

and real parts of the integral above, respectively. Thus, for

. 4¢ B 4¢B
the B, component we find = Jt( © 0F(z)) = 220 n/x2 (v +12)?) (43)
T

2
B, = ig / By(z (g))5 Tw d +C. (38) The constant C has to be chosen to match the function (42)
2 \Jo §— ( ) with the Petschek solution.

. . . Finally, from (42) we obtain
The complex integral can be written as a sum of two inte-

rals 4¢B
9 BXZTOM(,/X +(y+ld)2/L)+Bo

1 2 §+w(2)
B(z) = — dt 1 7/2
©= 2 f_n PETG +523 (/ (BIG©) - B} (5))2 — EZ; ) .(44)
32n £+ w() , -
tox / y(Z(é))g w(z )dl Hic (39) ForlargeR (R >> 1), one can use a Taylor-series expansion

o . i ~ of the functionw(z)
Here, the first integral is related to the diffusion region

boundaryy = 0,—R < x < R, and the second integral 1+2iz/R+ O((z/R)®

is related to the external boundary + y? = R?, y > 0. _ W@ =77 2iz/R+ O((z/R)?) (49)
PeTSc:rtlgi lf)étoellrjrtliaolnboundary, we taReg from the regularized —(1+4iz/R + O((z/R)?). (46)
, £ = explit) = —(1+4is/R + O((s/R)), (47)

4¢ B
B; =20 arctan(
T

a4
o ld) : (40) i = 2+ 0(/R2. (48)
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