HAYYHO-UCCIIEOOBATE/ILCKOE YUPEZKIIEHUE
MHCTUTYT AIEPHOU ®UBUKN um. I'.M.Bynkepa CO PAH

9.A. bubepnopd, H.U. [Tomosa

BBIUNCJIEHUY C TAPAHTUPOBAHHON
OIIEHKON TOYHOCTHU

YacTh BTOpas

PEINEHNE CHHEKTPAJIBHBIX 3AJTAY

NoAP 2001-21

HOBOCUBUPCK
2001
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Hnemumym Mamemamuru CO PAH, Poccus

B macTosrelt paboTe onucaHbl aJrOPUTMBI HOBOTO THIIA [l BEIYUCIEHUS COOCTBEHHBIX 3HAUEHUN U BEK-
TOPOB CHMMETPUYHON MAaTPWIIEI, a TaKXKe OCHOBHBIE TPUHIUILI UX mocTpoeHms. Hambosee BaxHBIMI
OCOBEHHOCTAME 9THX AJITOPUTMOB ABJSIOTCA 1) y4eT M CyMMUpOBaHWE HEM30EKHO BOZHHUKAIONINX MPH
cYyeTe MAITMHHBIX MOTPEITHOCTEN, YTO MO3BOJSET HAPAJY € PE3YAbMAMOM NPUBECNU MAKICE OUYEHKY
€20 MOuHOCMU, 2) BO3SMOKHOCTH CONEPKATENBHON MUATHOCTHKN aBapHilHBIX CHTYAIWIl ¢ yKa3aHueM 6
coobujenuu 06 asapul €€ 8EPOAMHOU NPUNUHDBL.

M&1 MupoKO HCIMONB3YEM PE3YIBTATH I PEKOMEHIAIIN 3aKOHYEHHON TEOPUH COBPEMEHHBIX BBIUMCIII-
TeJIbHBIX METOIOB JIMHENHON anrebpsl, paspaboranuonl B UactutyTe Matemarukn CO PAH mon pyxo-
BonctBoM akan. PAH C.K.['onyroBa.

B nputoxkenun mpuBomuTcs omucanme cozgantnoro Hamu Ha a3bike POPTPAH-90 nakera mporpamm,
Peanm3yomuX ST U APYTHe COBPEMEHHBIE AJTOPUTMBI JIMHERHON aJireOph.

CALCULATIONS WITH THE GUARANTEED ESTIMATE OF ACCURACY
part 2

SOLUTION OF SPECTRAL PROBLEMS
E.A. Biberdorf, N.I. Popova
Abstract

In this work we describe the algorithms of new type for the calculation of eigen values and eigen vectors
of a symmetric matrix and the basic principles of their construction. From the most importent features of
the new method we’ll remark out two: 1) all the computer rounding errors that inevitably appear during
calculatioms are taken into account and summed and along with the result an estimate of it’s accuracy is
carried out; 2) in emergency situation a diagnostick program starts and shows a description on possible
cause of fault.

We widely used results and recommendations of completed theory of such algorithms that was created
under leadership of academician S.K.Godunov in institute of Mathematics SB RAS.

Developed by us a FORTRAN-90 based program package is described in the appendix. The package
realize these and other modern algorithms of linear algebra.

1 Bsenenme

Hannas pabora npofoKaeT HauaTyio B 1999 romy (cM. [3]) meSTeTbHOCTE MO TPOrPAMMHOI peasn3aum
AJITOPUTMOB JIHHENHOW aJireOphl HOBOTO TMOKOJIEHUS W TMOCBSINEHA MeTOMaM BBIYHCIEHUS COOCTBEHHBIX
(DYHKIUA 1 3HAYEHNI CHMMETPHUYHBIX OEPATOPOB.

HoBbie aaropuTMbl OTIHHIAOTCS OT OOIMENPUHITHIX T€M, 9TO PE3YJIBTAT CUETa COMPOBOXKIAETCS Ta-
PaHTUPOBAHHON OIEHKON €r0 TOYHOCTH. DTO CBOHCTBO HejaeT UX HE3aMEHUMBIME TTPU UNCIEHHBIX WC-
CHENOBAHNAX (PU3MUECKUX MTPOIECCOB, KOTOPHIE TPEOYIOT HAXOKIEHNS KAKUX-IU00 CIeKTPATBHBIX Xapak-
TEePUCTHK. 3agadn TaKoro pola PEIaroTcs, Kak MPaBmUio, B HECKOJBKO 5TamnoB: 1) dbusmuecKuii min
YHUCIEHHBIN SKCIEPUMEHT, M3 KOTOPHIX ONMPEIeNSIOTCS NCKOMHBIE TaHHbIE 3a/1aun, 2) WHTEPIOISIHT STHX



JAHHBIX Ha BCIO MHTEPECYOMIYo 0BIacTh N3MEHEHH TTapaMeTpoB, 3) NUCKpeTH3anus, T.€. TOCTPOEHHE
KOHEUYHOMEPHOH MaTeMaTHUIeCKON MofieTn 1 4) pelllerne CleKTPabHON 3a/1aun JHHETHON aarebphl:

Av = dwv. (1)

DTy CXeMy MBI IPOIEMOHCTPUPYEM Ha TIpUMepe n obcynum B pasmeie 4.1.

Kaxnpiit mrar perreHns Hem3beKHO COMPOBOKIAETCS XapaKTEPHBIMEI MMEHHO TS HETO TIOT PETHOCT SI-
MM, COBOKYITHOCTE KOTOPBIX I ONPENeIsieT MOTPENTHOCTE KOHEYHOTO PE3YIBLTATA.

OTMeTUM, YTO MINTETbHAS UCTOPUS CTAHOBIEHIS N PA3BUTHUS KYJIbTYPBI (PU3MUECKOTO SKCIIEPIMEHTA
(sTam 1) mpuBesa K TOMY, 9TO JfOOBE NaHHBIE N3MEPEHHIT CUNTAIOTCA NOCTOBEPHBIMH TOJBKO B TOM
caydae, eCJIM OHU COMPOBOKIAITCS yKa3aHeM MHTePBala BO3MOXKHON omudKn. Cocobbl oeHOK Ormbok
HHTEPIONAINN W IHCKPeTH3aun (3Tanbl 2,3) TakKe XOPOIIo paspaboTaHEl (cM., B yacTHocTH, [5],[4]) n
SIBJISTFOTCH TPAIUIIHOHHON 9acThi0 KYPCOB BRIYUCANTENBHON MaTeMaTukn B BY 3ax.

Y IUBUTENBHO, YTO /10 HEMABHETO BPEMEHN BBIUNCINTENBHBIM TIOT DEIITHOCTIM TIOCJTEMHETO 3TATIA CXEMBI
He MPHIaBAJIOCh HIKAKOTO 3HAUeHHs. Pe3ylbTaT pelleHns ClieKTpaibHOi 3anadn (1) npuamMancs 3a ab-
COJTIOTHO TOYHBII, €CJIH, KOHEYHO, CBOMCTBA MCKOMOU CIIEKTPAIBHON XapaKTePUCTUKN He MPOTUBOPEUMIIN
pusnIecKoMy CMBICITY U OIMnOKa He OBLTIA OUeBUIHOMN.

OTcyTcTBIE ONIEHKN TOYHOCTH PENIEHNS CIEKTPAJIBHON areOpandecKoll 3a1aun AeaeT, O-CyIIecTBY,
6eCCMBICTIEHHBIME YCHITHS TIO TIOBBIMMIEHNIO TOYHOCTH HU3NIECKOTO BKCIIEPMMEHTA U AUCKPETHON MaTeMa-
Tudeckoit Momenan. (QUeBHIHO, YTO TOJIBKO HCIOJNB30BaHUE AJTOPUTMOB C TapaHTHPOBAHHOW OIEHKOM
TOYHOCTH MOKET UCIPABUTH CHTYAIMIO M MO3BOJIUT HPOBECTH MOJHBIA W I'PDAMOTHBIN aHAIN3 CTEMeHU
COOTBETCTBUS PE3YIBLTATOB UNCIEHHBIX NCCIENOBAHUA U (PU3MIECKON PeaTbHOCTH.

B 6auxaiitiiee BpeMsl HOBBIE aJITOPUTMBI MOT'YT HAalTH CBOe NMPUMEHEHUE B ellle OJTHON BayKHOM obJia-
CTHU, CBS3aHHOW C M3yUeHUEM KBAHTOBBLIX sdBieHnil. COBPEMEHHBIN yPOBEHB TOYHOCTHU (PU3MUECKUK DKC-
MEPUMEHTOB 3/16Ch OYeHb BBHICOK M MAaTeMaTHYeCKOe MOMEJNPOBaHWe MPU3BAHO ONEHUTH MNOCTOBEPHOCTH
CYMIECTBYIONUX Teopuii. B HacTOAINI MOMEHT B 5TOM HANPABICHUN BEOETCS MENBIN PSII MCCIEMIOBAHUT
I yKe OBIIH BHISBJIEHBI CIy9an PACXOXKICHNUS Pe3yJIbTATOB BHIUNCICHI N N3MePeHNil (MBI Saroqapnum
A.C.EaxoBCKOro 3a OTHOCSIIIECS K 9TON TeMe obcyxkneHns). OUeBHIHO, 4TO MONOOHBIE CPABHEHHS MpPeli-
CTaBJIAIOT HAYYHBIN HHTEPEC TOJIBKO TOT 1A, KOTa PEe3YAbTATH He TOJIBKO (GU3MYECKOTO, HO U YNCIEHHOTO
SKCIIEPUMEHTOB COITPOBOXKIAIOTCS OMEHKAME NX TOYHOCTH.

EcTb ocHOBaHms yTBepKIaTh, YTO 3HAHIE W NCIOIB30BAHNE AJTOPUTMOB JIMHENHON airebpbl ¢ ra-
PaHTHUPOBAHHON ONMEHKON TOYHOCTH Pe3Yy/IbTaTa MOJIKHO CTATh HEOTHEMIIEMON JacThI0 MaTeMaTHIYeCKON
KYJBbTYPBI JIOOOTO HCCAEMOBATEIS.

K coxanennto, naxke MHOTHE CIENUATNCTH B BHITUCIUTETBHON JUHETHON anreOpe He yAEISIOT A0~
HOTO BHUMAHWS OIeHKaM TOYHOCTH BbiuucieHnii. [Ipuunna 5Toro sBIeHNS 3aKITI0YAeTCI B TPAINIINOHHOM
MOAXOE K PelleHno 3amad Buaa (1), KOTOPHI CIOKIIICS 3a/0JIT0 IO HACTYIVIEHHS 5PHl KOMIBIOTEPOB,
KOT[Ia BOMPOC O BBIYHCIUTEIBHBIX MOTPENTHOCTSIX BOODIEe He cTaBmwics. llokasaTelBHBIM B 5TOM MJIaHe
ABIIFeTCH NONMyJIgpHoe 1o cux nop nocobue [8]. C pacnpocrpatenuem 9BM | paciinpenunem npak TUYECKOTO
Kpyra mpuMeHeHHs 3a1a4 Buaa (1) m pocToM pasMepoB MaTpHIBl A BHIMHCINTENSM BCe dallle BCTpeda-
JINCH IPUMEPHI SBHO HEMPABMIBHON PabOTH KJIACCHYECKUX AJTOPHTMOB, YTO TIOATAIKIBAJIO MATEMATIKOB
K TIONCKY CIIOCODOB OIEHKH TIOT PEINTHOCTEN BBIYHNCIEHMUS .

[TepBBIM CyIIIeCTBEHHBIM TTPOPBIBOM B 5TOH 06JIACTH CTaJI0 H306peTeHNe MeTona 0bpaTHOrO aHAIN3a
morpertHocTell. B 5TOoM MeTOme morperntHocTn apudMeTIHYeCKIX ONepaluil TpaKTYIOTCI KaK BO3MYIIEHTT
HAaYaJIbHBIX HaHHBIX (B ciaydae samaqdn (1) — xosbdunnentos MaTpuibl A). UpesBeIaiiHO MOTPOGHO
5TOT MONXOI MpeicTaBied B MoHorpaduu [7]. Ha mepBbiil B3MJIf[ MOKET MOKa3aThCd, YTO TeM CaMBIM
Bompoc 06 ydeTe apupMeTHIECKIX TOTpPeImHocTell pemter. (OKa3aliochk, OMHAKO, YTO IS TOMABIISIOIIETO
6OJBIIMHCTBA AJITOPUTMOB METOI 0OPATHOTO aHAJIN3a MPAKTHYECKH HEMPUMEHIM U3-3a €T0 T'POMO3IKOCTH.

W Tonbko B Havase 80-x TOMOB T'PYIIia MaTeMaTHKOB o pykoomcTBoM akanemnka PAH C.K. Tomy-
woBa B UM CO PAH npuctynuia k pazpaboTke aJlTOPUTMOB, OTBEYAIOIIIX COBPEMEHHBIM TPeOOBAHUIM
y4eTa BBIUNCINTENBHBIX TOTpemtHocTell. HoBble METOMBI UCMOMAB3YIOT KaK TPAMUIINOHHBIE TaK W OPH-
TUHAJbHBIE HECTAHAAPTHBIE HIEW U MPH 5TOM AOCTATOYHO MPOCTH. K coXajeHW!o, OHU [0 CHX MOD HE
TOJTY YMJTH TITHPOKOTO pactupocTpanenns. CeronHus CATYaInss MEHSIETCS U MHOTHE CIIENHATNCTH HAYMHAIOT
O MOCTONHCTBY OIEHNBATH MPEUMYIIECTBA 5TUX aaropuTMoB. 06 3TOM CBUAETENBCTBYET, B 9aCTHOCTH,
ux HecomHeHHoe TpusHanue Ha KoHrpecce [T International Workshop on Accurate Solution of Eigenvalue
Problems, cocrogsuinmcs B miome 2000 r. B ropome Xaren, ['epMmanus, y4acTHIKOM KOTOPOTO OBLI ONUH
u3 aBTopoB (O.A . Bubepaopd).



Henr mamer paboThl 3aKI0UAETCS B PA3BUTHH U MOMYJISPU3AINN YKa3aHHBIX aJropuTMoB. MBI cTpe-
MIUTHCH TIMATETBHO TpopaboTaTh BCe NETaJN, BAUSIONINE Ha HAKOIUIEHNe U y4ueT morpernaocTei. Ocoboe
BHUMAaHIE YIeIIOCh TeM BaXKHBIM MOMEHTAM, KOTOPHIE OOBIYHO OOXOMSITCS CTOPOHON B CTATBIX W MOHO-
rpadusx. [lpm 5ToM MBI cTapaanchk MAaKCHMAJIbHO YIIPOCTUTH W3JI0XKEHNe OCHOBHBIX UMEH, UTO MOJIKHO
cHenaTh HOBBIE AJTOPUTMBL OCTYIHBIMHA IS HECTIEINAJIICTOB.

MMaker mporpamm GALA (Guaranted Accuracy in Linear Algebra), onucannwiii 8 paGote [3], mpen-
cTaBsgeT cODON peasim3alnio COBPEMEHHBIX BHIYNCIUTENBHBIX AJTOPUTMOB JIMHENHON aarebpbl HOBOTO
MOKOJIEH ST, TIO3BOJISIONINX ONEHNBATE TOYHOCTE Bhiunciaennii. [laker nanucan ua s3pike POPTPAH-90.
Temeptb OH MOMOJIHEH MPEACTABACHHBIM B HACTOSIIIEN paboTe MOMLYJIEM s PEIeHNs] CHMMETPUYHBIX CIEK-
TpasbHbix 3ana4. [Taker GALA pasmemien B nqupextopuu /usr/local/GALA cynepkomnbiorepa ALPHA
Wacruryra Aneproit dusukn CO PAH, u oTkpeIT m1s cBobomHOTO TIOMB30Batus. K HeMy mpuiaraeTcs
TaKXkKe Pl JEMOHCTPAIMOHHBIX TTPIMEDPOB.

2 Heobxogumble cBegeHnd

Ham 6ynyT HyXKHBI cliegyiorue GakThl 1 0603HAUEHN.

JIuumentnas anre6pa

* OCHOBHBEIM 0OBEKTOM PacCMOTPEHWs ABIAETCSA BellleCTBeHHAsd CHMMeTpndaHad MaTpuna A = A* pasme-
pa M, roe A* = AT marpuna conpaxennad kK A, A — MaTpHIla KOMIUIeKCHOconpsxkennad K A, AT —
TPaHCTIOHNPOBAHHAA MaTPHIA; d;; — 0OO3HAMEHNS /1A 3IeMeHTOB MaTPUIH A; rIaBHas NnaroHamk
MaTpuIsl — a4, ¢ = 1,..., M; nobounada muarosaiasb — @41, ¢t =1,...,M — 1.

* CnekTp CHMMETPUYIHON MaTPHUITEI A BerllecTBeHHEIN. 19 cOBCTBEHHBIX 3HAYEHNN TPIMeM ODO3HAYEHN S
Aj(4), j=1,..., M. Canraem, 9T0 cCOGCTBEHHbIE THC/Ia IPOHYMEPOBAHEL [0 Bo3pacTaHnio Ay (A) <
M(A) S < Aar(A).

* CobcTBeHHBIE BEKTOPBL MATPHIE A 6ynyT obosHataTbes vi: Av; = Ajv;.

* Jlobasg cuMMeTpuuHad MaTpuna A OpTOrOHAJLHBLIME MPeobpa3oBaHUAMEI MOXKeT OBIThL IMPHBEIEHA K
TpexamaroHaJbHOMY BUAy S = PAP*. B crenyromem pasmiesie TPUBOOUTCH CIOCOO MOCTPOEHUSA
TaKOTO MpeobpasoBaHms, UCIOIB3Y IO OnepaTophl oTpaxenus (cM. [3] pasgensr 2.1, 3.2).

* Bripaxenne Av; = Ajv; (yunTeBag, uro PP* = I ) HopoXkOaeT HENOUKY DaBEHCTB

Sw; = SPv; = PAP*Pv; = A\jPv; = Ajw;, (2)
13 KOTOPOH cyIemyeT, ITO A; TaKXkKe ABJIAeTCA COOCTBeHHBIM 3HaUeHHeM TPEeXIHArOHATBHON CHMMe-
TpuuHON MaTpunsl S, a w; = Pv; — ee cOBCTBEHHBIN BEKTOP. JTO MO3BOJIAET HPU BBHIYNCJICHUN
CODCTBEHHBIX YHUCET I BEKTOPOB MEPENTH OT MPOU3BOJBHON CHMMETPUYHON MATPHUITBI K TPEXINATO-
HaJIBHO.
* . . M 9
EBxinosoil HopMOfl BeKTopa # HasblBaeTcsa IHCIO ||| = 4/ - |#]2.
* Omeparoproii HopMoit MaTpumel A HaseBaeTcea uncyo ||A|| = max) =1 ||Az||.
*

OKBUBAJIEHTHLIMI HOpMaMM MaTPpHUILBL ABJIAI0OTCA CJICAYIONINE €€ XapaKTEPUCTUKN:

— MaKCHUMYM IO CTPOKaM 1 CTOJIOIIaM CYMM MOIYJIEH 3JIEMEHTOB COOTBETCTBYIOMINX CTPOK U CTOJIO-
1IOB;

— (ppobennycoBa HOpMa MaTpPHUITEL A.



* HpI/IBe,HeHHbIe SKBHUBaJICHTHBIC HOPMBI CBA3aHbI HEpaBEeHCTBaMU
1A[ < MA) < VMIA|, (|4l < F(A) < VM[A]L

* Ecnn S — TpexmmaroHadbHasg MaTpuia nopsaka M

di b 0
bs dy b3
bs ds b4
S == ’ (3)

by—1 dy-1 bm
0 by dm

TO UMeeT MeCTO OIEHKa

151 < M(S) < V3||S]I.
* CoexTp smoboil MaTpHIEl A JTexuT BHyTpH Kpyra paamyca [|Al]: [A;(A4)] < [|4]l.

* Jloist CHMMeTPHYHON TPeXaiaroHa bHON MATPUIH (3) MOXKHO YKa3aTh 60Jiee TOUHbBIE TDAHNIIBI CIEKTPa:

X(8) € M\(8) < V(S), rae

dl - |b2|a
X(S) = min minZgiSM—l (dz — |bz| — |bl+1|) s
dyr — |bar]
’ 4
di + |bs], )
Y(S) = max maxa<;<M-1 (dz =+ |bz| =+ |bl+1|) ,

* AHasu3 morpemHocTeil, BOSHUKAIONINX MPH BLIYUCIEHNN COOCTBEHHBIX 3HAYEHNN CUMMETPHYHON Tpex-
JMHATOHATBHON MaTPHIBL (MoApobHOCTH M. B [3] pasmern 4.6), basupyeTcs Ha CIEIYIONIEN TeopeMe:

Teopema 1. Feau A u & — cummempuunvie M X M- mampuyv, mo
A (A+E) = A (A)] < €l
2de \j(A+E),A(A4) (1 <j< M) - cobemsennvie snavenus mampuy A+ & u A coomsemesenno.

Taxum obpazoM, eciii CHMMeTPUYHYIO MaTpuny A BosMyTuTh Ha &, TO CIIEKTP BOSMYIIEHHON Ma-
Tpunsl A + £ OymeT oTIMYATECS OT CHeKTpa ncxonHoil A me Gosee, dem Ha [|€]]. DTo cBoiicTBO
O3HAYAET, UTO CIHEKTD CUMMETPHYHBIX MATPHUIl YCTONYUB OTHOCHTENHHO BOSMYINEHUH HJIeMEHTOB
MaTPHIIHL.

Mammuaaaga apudmMeTuKa

HpI/I peanmusagnul Ha OBM unciensoro aJIropuTMa Henm30eXXHO BO3ZHUKAIOT BRIUNCINTETHHBIE norper-
HOCTIH. HpI/I‘II/IHa 5TOr0 B TOM, YTO BEIICCTBCHHOE YHCJ/IO IIPpU pa3MEINEeHUN B MAaIIIHHON MaMsITH Kak
OpaBUJIO 3aMEHAECTCA MAaIIMHHBIM YHCJIOM, OJIMBKIM K HNCXOOAHOMY . IIJ'[?[ OII€HOK BLIYUCJIUTE/ILHBIX IIO-
I‘peH_IHOCTefI 6y[[eM IIOJIB30BAaTHCA CJACOYIOINMN CBEOACHUAMMN.

* .HIO6OC MAaIIIMHHOE BEIIIECTBEHHOE YIUCJIO 2 UMeeT BUI.
— Pz
2= 29"y (2) | (5)

rze -y — IeJIoe TIOJI0KNTEIbHOE YHNCIO H HA3HIBAeTCA OCHOBAHIEM MAIIMHHON apuhMeTHKH, IIeJI0oe IH-
cio p(#) (p- < p(z) < py) HasEIBaeTCS Y-MIHEIM HOPSIKOM, Y-HIHAI MAHTHCCA My (%) IpeacTaBIMA
B BHE CYMMBI IPABIJIBHBIX Apobeil

ay as Ag

my(z) = —+—<=+...+ —,
’Y() 5 72 ’}/k



rae a; — OeJible YHcia;
l<ar<y-1, 0<a;<y—1 (2<j<h).
(B mpuBeneHHbIX GOpMyNax p_,py W k OT UWCTa z He 3aBUCAT.)

* IIJ'[?[ OII€HOK MalllMHHBIX HOI‘peH_IHOCTefI y,HO6HO IIOJIB30BAaTHCA CJICAYIOINMNMI BEJIMYITHAMI

1 1 1
g0="2, e =7"*(1- =), aa=y
v % ( 7’“) ¥h

W3 ux onpenenienus cienyeT, 4TO €9 — MEHIMAJIbHOE TIOJIOKUTEIEHOE MAIITMHHOE YHUCTIO; £0p — MaK-
CUMAaJTbHOEe MAITTMHHOE YWCII0; €1 — MOJOKNTEITHHOEe YNCIO, MUHUMAJIbLHOE U3 BCEX MAITUHHBIX UNCEs
Zyam TAKAX, 9TO

(1 + ZMaLLI)MaLLI > 1.

* Haﬂ MAaIllMHHBIMHI BEIIECTBCHHBIMI YHCJIaMH MOXKHO OIIPEOCJNTH CJACAYIOINEe Ollepaluu: pe3yJabTaT
orepannn F?“(Z) €CTh BEIIECTBECHHOC MAaIIMHHOE YHCJIO paBHOE MaHTHMCCE HHUCIIa Z, PEe3yJIbTaTOM
orepannn El‘(Z) ABJIAETCA TEJI0C€ YUCJIO — IMOPAAOK YHncja 2. DT ollepannm IIO3BOJAIOT IPOBOOUTH
BBIYUCJIEHNUA OTACJIBHO OJId MaHTUCC U IIOPAIKOB. Taxoit IoOXOMO IMO3BOJIAET UCKYCCTBEHHBIM o6pa30M
CYIIECTBEHHO MOBLICUTE TOYHOCTDH BBEIUNC/IEHNN 1 HAa3hIBAETCSI apI/Iq)MeTI/IKOfI BBIHECEHHBIX IMOPAIKOB.

* BumapHble apndMeTHIeCKNe Oepalnny HaJ MallMHHLIMI 9ucaaMi 6ynemM obo3HadaTh

a@b:(a‘i‘b)l\/{am’ a@b:(a_b)MaU—”

6
@b = (a % b, @0 b=(a/b)uam. (6)
* JlorpemHocTH MAaIIMHHBIX apHdMeTHIeCKHX ONEPaIllil MOXKHO CMONEJHPOBATEH CJACHYIOIMIIM OOPa30OM:
ecamn v € {+, —, X, +} — obozHaUeHUE I OMHON U3 OUHADHBIX ONEpAIWil, @, b — MAIIUHHBIE YHCIIA,
TO
(@ vd)yaw = (@vd)(14+a)+ 3, (7)

rae fa| <ep, 5] < eo.
Ecan MOOyJIb pesyJibTaTa ollepalnun OOJIBLITIe YeM €p, TO MallMHHAad IOT'PEITHOCTHL MOIEJINPYETCA
PaBEHCTBOM

(a v b)yam = (a v b)(1+ a).

* Ilos Toro, 94TobLI TpemIaraeMble HIUXKe aJrOPHTMbI MM IapaHTHPOBAHHYIO ONEeHKY TOYHOCTH pe-
3yJbTATa, NCIOIB30BAINCE CHENNAJIbLHBIE MAITHHHBIE OMEPAIUN. JTO B TEPBYIO OUEPENE ONEPAIHT
C HaIlpPaBJICHHBIM OKPYTJICHHEM, KOTOpble yIobHO 0b03HaYaTh

apb, ash, a®b, a®b, a®b, acb, a@b, a®b

ITomoxkenne WepTH yKa3biBaeT HAINpaBjeHWe OKPYTJIEHU: UYepTa CBEPXY O3HAUAeT, UTO MPHUOJIN-
JKEeHHBIH pe3yJIbTaT He MEHBINE NCTUMHHOTO, a YepTa CHU3Y — pe3yJbTaT HOJKeH ObITh He OoJiblile
HCTUHHOTO.

* JlpyTol crennagbHON olepalueil ABAeTCA BLIUUTaHNe 6e3 HyJIeBOTO Pe3ysIbTaTa;

cob— aob mpumasbh#0,
CE0P T er/ymax{lal, b} mpmae b =0,

* TlorperHocTH ClennaNbHbIX api(PMETHYECKITX ONMepaluil MOAETUPYIOTCS CIEMyOIIM 00pa3oM

aSyb=a(l+a1) = b(14 51), aSoeb=a(l+ az) —b(1+ F),
a®b = ab(1 + asz) + ¢s, a®b = ab(l + a4) + ¢4, (9)
aob = a/b(l+ as) + ¢s, a®b = a/b(1 + ag) + ps,

roe o] <&, |Gk <e, || <eo, (j=1,2,...,6; k=1,2;1=3,...,6). IlapameTp ¢ 3aBUCHT OT
crocoba peaJin3aliy oNepanuil ¢ OKpYTJIeHNeM W IIPONOPINOHATIEH £1 .



3 AaropuTmbl

3.1 IIpuBengeHue cUMMeTPUYHON MATPUIBI K TPeXANAaroHAJILHOMY BUIY
C rapaHTUPOBAHHOI OII€EHKOIl TOYHOCTHU pe3yJibTaTa.

HpenBapnTeanme 3aMevYaHn A

Hsist Toro, YTOOR! BEIYHCANTE COOCTBEHHBIE YNCIA W BEKTOPHI MPOM3BOIBHON CHMMETPUYHON MaTPIITH,
JMIOCTATOYHO YMETH PEIaTh 5Ty 3alady I TPEeXANAaroHATBLHON MATPHUIBI U MPUBOAUTE ITPOU3BOJBHYIO
CHMMETDHUUHYIO MaTPHUILY K TPeXAnaroHaabHoMy Buay (cM. (2)). AJropnTM Takoro NpHBeNeHHs NCTIOJb-
3yIOIIuil mpeobpasoBaHus oTpaxeHnsd Xaycxomaepa (cM. [3] pasagensr 2.1,3.2) KpaTko m3siaraeTcs HIKe.

Mycte A = A* — ncxonnas cumMeTpuaHas MaTpuiia pasmepa M. Anropurwm coctouT u3 M 1maros, pe-
3yJBTATOM KaiKJIOTO I3 KOTOPHIX aBsgercs MaTpuia A1) . JIig Toro, 4To6k oMy InTh MrapanTHPOBAHHYIO
OTIEHKY OTHOCHTENBHON TOTHOCTH Pe3YAbTaTa, B IPOIEAYPY MPUBEIEHNS MATPUIIBI K TPEXTHATOHATBEHOMY
BUILY HEOGXOIMO Takike BKJIOUNTH MpedBapuTeabHyio HopMmuposky marpuibl A = pA u passopmu-
POBKY pe3syJabTaTra S = %A(M_Z) TaK, 9TO0RI

< F(AD),

rae xosdunuenTrr A, (M) u 0, (M) onpemernaiorcs mo dhopmyaam (monpobuee M. [3] pasgern 4.3)

(51:61(M—|—4)/2, (52:(1+61)(51+61,

b3 =461 + 65+ 6195, 64:(1—1—62)2/(1—63)—1,

d5 = e1(1 4 02)(1 + d4) + 6a(1 4 o) + 2,

s = (35v/2 + ov/BT) (1 + 05)v2 + 203 ) (10)
dr=e1(14+d0s) +e1(M+2+e1(M+1))(24d),

Ap(M) = 66 +67a

op(M) = 2eq0vV M

IpH yCJIOBUHU, YTO

Ay (M) < 1/4(M - 2)?. (11)

AJ'II‘OpI/ITM TpeXaAuaroHaJinsannm HpOI/I3BOJ'II:HOI7[ CHMMeTquHOﬁ MaTpHUIIbL
C OHeHKOﬁ TOYHOCTH pe3yJibTaTa.

Hano: nmpousBosibHas cuMMeTpuyHag MaTpuia A pasmepa M.
IIar 0. Hopmuposka A = pA.

IIar 1. Ilo nepsomy cron6ny matpunsl A(Y) mocTponm oTpaxkenme P, KOTOpoe aHHYJIHPYeT BCE HiTe-
MEHTHI IEPBOTO CTOJIOIA, HAUNHAS C TPETHETO, COXPAHSIET MEPBHIN JIEMEHT 5TOr0 CTOIOIA U Tepe-
CUNTHIBaET BTOPOI syieMeHT (M. [3] pasmen 3.2). Berancianm MaTpuily P, AP, B mponssenennn
P, A® neppas crpoka ocraercs Takoit ke, kak u 'y Marpunst A Hostomy B AL = Py AP Bee
HJIEMEHTHI TePBOI CTPOKHU, HAYMHAA C TpeTbero, 6ynyT HyJeBbiMu. Tak kak Py = Pi, mosydaem,
aro MaTpuia A() BHOBE cHMMeTpHUHA I MMeeT CIIELY IOl BI:

di b 0 ... 0
by x % ... %
A — 0 * * ... %
0 * % ... *

IlonmaTpuiia, >/leMeHTH KOTOPOI 0003HATHBI 3Be3A0UKAMM, — CAMMeTpuYHad nopanka M — 1.



IMMar ¢ (i = 2, M — 2). Tlonbupaem oTpaxeHne ¢ MaTpuieil P;, aHHYINPYIOIee 5IEMEHTHL ¢ — IO CTOJOIA
MaTPHUITBI Al=D — P_q.. .PlA(O)Pl ... P;_1 ¢ HomMepamu oT (i + 2) — to mo M — 10, coxpaHsioIee
BJIEMEHTHI ¢ — TO CTOJBIIA ¢ TTEPBOTO TI0 ¢ — i, MEPeCUYNTHIBAs TPU 5TOM ¢+ 1 — biit ssieMenT. [losaraem

AW — pAt-U)p, — p. P ACOP P

Ilar M — 1. PasmopmupoBka: eciu obosHaunTb P = Py Py ... Py_o, TO pe3ysbTaT MOXKHO 3alUCATH B
BUIE TPEXAUATOHAIBLHON MATPUIIHI.

s=Llpaop = . (12)

by—1 dy-1 bm
0 by dm

HIar M. OrteHKa MOrPENTHOCTH TPEXANATOHATIM3AIIIH.
BBIUHCITHTE €p — abCOMOTHYIO MOTPEITHOCTE TPeXInaroHaansaum Marpuibl A o dbopmyite (13).
15t OTIeHK U O THOCHTETBHON MOTPENTHOCTH € NOCTATOYHO aBCOTIOTHYTO MOTPEITHOCTD €7 PA3IeINTh

Ha ||S]].

PesysbTaToM BHIIOTHEHNS AITOPATMA IBIIETCS TPEXANAaroHaIbHAs CHMMETPIYHAS MaTpuIa S pas-
Mepa M K KOTOPOHU MPUBOAUTCS MPOW3BOIBHAS CHMMETPHYHAS MaTpuiia A Toro xke pasmepa u rapaHTH-
pOBaHHAas OllEHKAa TOYHOCTH IPOIlecca TPeXAnaroHaan3alin.

O1eHka morpernHocTen

B Xome BHITIONHEHNS OMICAHHOTO afqropuTMa Ha OBM BmecTo MaTpuiel S OymeT HalileHO HEKOTO-
poe ee TPHOIMKEHHNE Syam, BMECTO MPON3BENEHNs P MpeodpasoBaHnil OTPaXeHNs XaycXoJepa — €ro
MAITHHHAS PEATH3ANNA Pyyayy. AHAIN3 MOTPENTHOCTEN TPUBEASHHA CHMMETPUYHON MaTPUIIBl K TPeXIna-
TOHAJLHOMY BUILY TP MOMOITH MPeoOpa3oBaHmil OTPaXKeHNs MPOBOAUTC TaKkKe, KAK M aAHAJIN3 TTPOIecca
nsyxanaroramusanun (cm. [3] pasmen 4.4). OTandne 3akI0YaeTcs B TOM, 9TO 00IIee UHCIO0 TPUMEHse-
MBIX TIpeobpasoBaHiil B JaHHOM cirydae paBHO 2(M — 2), rme M — nopsnok mMaTpuibl. CileZoBaTeNbHO
IMeeT MeCTO olleHKa (anasor oneHku (42) B [3])

[|Svaw — Puam APl < er, rue er = Meo + vV M(2M — 3)A,(M)]||S]], (13)

a A, (M) onpenengercs no gopmyaam (10).
it BEIYHCITIERNS OTIEHKH OTHOCHTETBHOM TOrPENTHOCTH €7 noctaTodro (13) pasmennts Ha ||S||:

~ MEQ
e =
151l

+VM@2M — 3)A,(M).

IIpum cueTe ymobHee oleHWBATH OTHOCHTEIBHYIO MOTPENTHOCTDL CBEPXY, MCIOIL3YS SKBUBAJEHTHIE HOPMBI
MAaTPHIIBL S, HATIPUMED

- V3Meg
< Tt VM (2M — 3)A, (M).

3.2 BruruncieHrne co6CTBeHHBIX 3HAYEHNN TpPeXANaroHaJILHON
CUMMeTPUYHON MaTPUILI C TApaHTHUPOBAHHOI OI€HKON
TOYHOCTHU pe3yJibTaTa

HpenBapnTeanme 3aMevYaHn A

AJropuT™ BBIUHCIEHTS COBCTBEHHBIX 3HaueHU A1 < Ag < ... < Ay CUMMeTPHYHON TpPeXINArOHATb-
HoOll MaTpuIel S pasMmepa M (cm.(12)), ocHOBaHHBIN Ha Wcmosb3oBaHun TeopeMbl IITypma (amanTupo-
BaHHBII K BBHIYNCJICHUIO CHHTYJISPHBIX HHCeN), GBI MOIpobHO omncaH B paboTe [3] B paspenax 3.3 u 4.6.
TaMm XKe TpoBeneH NMeTaJbHBIN aHAIN3 ApUPMETHIECKIX TIOTPelHocTel. KopoTKo ocTaHOBUMCS Ha €ro



OCHOBHEIX MOMeHTaX. HalloOMHIM, 4TO Bee COBCTBEHHBIE 3HAUEHNS CHMMETPHIHOIN TPeXIiaroHa bHO Ma-
TpUIE S BelllecTBeHHBI 11 TpuHaatexaT naTeppany [X (S), Y (S)] (em. (4)). o Teopeme MITypma uncio
coberBenHEIX 3HadeHni A;(S) (1 < j < M) cHMMeTPHYHON TpeXINaroHaJbHOR MaTPHIEL .S, PACIOIOKEH-
HEIX JeBee GUKCHpoBaHHOTO dmcna A: A;(S) < A, coBmamaeT ¢ THCIOM HENOJOKHUTEIBHLIX HJIEMEHTOB B

qucIoBoil nocyenoBaTebHOCTH P1(A), P2(A), ..., Par(A), KoTopas onpemelseTcs PeKyPPeHTHO:
_ b2
7?1 — d1i>\’ B |
Pj(/\)—#ﬂ:]_m (2<j<M-1), (14)

Py = dai— >\—|bM|7>M_1( Y

TakuM obpasoM, ecn cpenu 3HadeHnil P;(A) oka3aloch p HENOMOKUTENILHBIX, TO o TeopeMe IITypma
Ap(S) < A< A1 (9).

Mpu Berancaennn nocyenoBaTenbHocT [ITypma o dopmyaam (14) Ha OBM MoxeT mpowsoiiTn me-
penoTHeHTe Pa3pAIHON CeTKH MAIIUHLL. [l Ipemypek/ieHns TaKoro pofa aBapuiHBIX CATYaIWil PEKO-
MEeHIyeTCsl TIPEABAPUTELHO TPOBECTH HOPMUPOBKY HcxonHoll S MaTpuibl: ST = [pS|yam, [|S1]] < 3, (em
mnxke Ilar 1) u Bosmymenne MaTpuibl S; — Sy (Ilar 2 anroputma), a B dopmystax (14) ncrnosnb3oBaTs
crenuasbHble apudMeTndeckne onepanun (cMm. (6),(8)):

PlMaLU(/\) = |b2| @ (dl o A)a
Pjsam(A) = [bj 411 @ (dj So A S0 [bj] @ Pjrmam(A) (2 <) <M 1), (15)
PMMaLU(A) =10 (dM So A So |bM| & PM—lMaLLI(A))'

g MomenupoBaHns apudbMeTHIECKIX IIOTPEINTHOCTEN HCIOIL3yeTcd MeTol oOpaTHOTO aHaJl3a, Io-
3BOJIAIONINI HHTEPIPeTHPOBATh MOIYUYeHHBIT YNCACHHLII Pe3yabTaT, Kak Pe3ybTaT TOYHLIX BEIYLCIIE-
HUll ¢ BO3MYIICHHLIMEI HaYaJIbHLIME JaHHBIMH. B ciiydae sieMeHTapHBIX apmdpMeTHUECKHX OIePalliii
Takas WHTePIPeTAIs NeMOHCTpUpyeTcs paseHeTBOM (7). TIpuMenss sToT MeTon K dopmymnam (15), mo-
JIy9NM, 9TO YHCIOBas HOCIENOBATENBHOCTD Pjyam(A) ABIgeTCS TouHON mocienoBaTeabHocThio HlTypMa
LI HEKOTOPOIT HeCHMMeTPHUYHOI TPexANaroHaJ bHON MaTPHUIIEL, CIEKTP KOTOPOM COBIIAAeT CO CIIEKTPOM
CHMMETDHUYHON MaTPHIEL S3 Takoil, uTo [|S3 — Sa|| < 12¢; (mompotree B [3], pasmen 4.6). CoriacHo
YTBEDXKIEHHUIO T€OPEMBI | MMeeT MeCTO HEPABEHCTBO | A (S3) — Ap(S2)| < |95 — S2| < 12¢;. Do o3naua-
eT, uTo nocnenoBarenbHocTH IITypma (14), (15) mMo3BOISIOT YHCIEHHO JOKATN30BATH CIEKTD MaTPHITHI
So ¢ TOYHOCTEIO 12¢7:

Teopema 2 Ilycmp 6 nocaedosameavnocmt Piyam(A) (5 =1,..., M), okasasocs p nenoaoscumetvnvie
UAEHOB, MO20A UMEW MECTNO HEPAEEHCMEA

p(Sz) <A+ 12¢4, A —12¢ < Ap+1(52).

(mokaszaTenbcTBO cM. B [2] Teopema 2.1, riasa 4)

OTMeTHM, UTO PACCMATPHBAEMBI AJTTOPHTM SBJISETCS WTEPAINOHHBIM, I OPTaHM30BaH TaK, 4TO C
KaXK[IBIM IITATOM WHTEPBAJ (L, Y ), COMEPKANTHI MCKOMOe COBCTBEHHOE 3HAYEHME, YMEHBITAETCA BIBOE
(meTom buceknmii). OUeBHIHO, YTO KPUTEPHEM AJTS MPEKPAIIEHIS BEIUHCICHIT TOJIKHA CIIY KUTH MaJIOCTh
5TOTO MHTepBaia. 1[03TOMY Ha MEpBOM 5>Tale UCIOJTHEHUS aJTOPATMAa JIOKHO OBITH 3a/l1aH0 HEKOTODOe
£ TaKoe, UTO TOUHOCTDH Yp — & < € JMOCTATOUHA [T 3aBEPINEHNs BBIYNCINTENBLHOTO mpoliecca. W3
OPENBIAYIINX PACcCy KIEHNI SCHO, UTO £ pasyMHO BHIOpaTh mopsaka ||Ss — Sa||. Mbr 6ygem nonaraThk

e=23.12¢; = 36¢; (16)
C YUeToM CAeJIaHHBIX SaMeanHﬁ AJITOPUTM MO2XKHO OpFaHHSOBaTB CJIENY IOIITUM O6pa30M.

AJ'II‘OpI/ITM BBIYUCJICHUA COOCTBEHHOTO 3HAYECHUS Tpexnnaronaﬂbnoﬁ
CHMMeTquHOﬁ MaTpHunel C OHeHKOﬁ TOYHOCTH pe3yJibTaTa.

Iamo: TpexmmaroHaJibHAs CHMMeTpUYHas MaTpuiia S pasMmepa M, n — HOMep COBCTBEHHOTO 3HAYEHUS
marpunsl | < n < M (HanmoMHIM, 9TO cOGCTBEHbIE 3HAUEHNS CHMMETPHIHON MaTPUIIBI CINTAIOTCA
3aHYMEPOBAHHBIMIL IO BO3PACTAHWIO).



IIar 1. HopMmupoBka MaTpUIlH.
YMHOXKUTE MATPHUITY S Ha YUCIO p, TOAObpaHHOe TakK, YTOOBI

1
= < max{](pb)uaa| » (P e} < 1, mpmes p = 4%, e k - mesoe (17)
Y 2,7

¥ — ocHoBaHune cucTeMbl cuncienns IBM. Pesynbrar IMara 1 matpuna S1 = (05)yam-

IIar 2. BoswmyIleHne MaTpPUIIH.
Te smeMeHTH TJIaBHON W MOOOYHON MUATOHAJEN MAaTPUIBL S1, MOLYIb KOTOPHIX HE MPEBOCXONUT
€1/7 cllefiyeT 3aMeHUTD Ha F¢1 /4 Tak, 4TobbI 3HAK SJIeMeHTa coXpaHuscd. B urore yueT nojaydena
MaTpuia Sy ¢ TNATOHATEHBIMI 3IeMEeHTaMN d; W HaAANaroHATLHEIME b;, TpUdeM GyIyT BHITIOJTHEHB!

HEPaBEHCTBA o
er/y < |bil, |d;] < 1.

HIar 3. Beibop KpuTepus CXOMUMOCTH, TPUCBOEHNE TPAHUI] HCXOMHOTO MHTEPBAJIA.
TlomoxuTk € = 3661 — MapamMeTp AOMYCTUMON TIOT PETTHOCTH.
[IpucBonTs UCxOMHBIE 3HAYEHNS TPAHUIIAM HHTEPBAJIA, COMEPKAIIETO N — Oe CODCTBEHHOE 3HAUEHUE,
coryiacHo dopmysam (4)

Ly IX(SQ), Yn :Y(SZ)

IIar 4. I[Ipoepka MaJoCTU MHTepBaJIAa:
ecan Y, — rn < ¢, To nepetitu kK Hlary 6;
ecan Y, — Tn > €, To nepetiTu kK Hlary 5.

IIar 5. Beruucnenue nocnenoBatenbrocTu HITypMma.
IIpucsonts A = %(xn—l—yn). BeramcsinTs nocienopaTenbHocTh [ITypma mo dopmysam (15). Ilycts p
— YO HETIOJIOKNTENBHBIX SJIEMEHTOB B TOCAeNOBATENEHOCTH P1yam(A), Poyam(A), - - -, Parmam(A).
Ecan n < p, To mpucBouTh y, = A.
Ecan p < n, To npucBonthb &, = A.
ITepeiitu k llary 4.

IIar 6. PasnopmMupoBKa.
MpucsouTsb Ap(S2) = %(mn + Yn) — UpHUGINKEHHAS BEJIHINHA N — TO COOCTBEHHOTO 3HAYEHMS Ma-

Tpunbl So. PesyapTar ero pasHOpMUDPOBKH A, (S) = %/\(Sz) — ecTh NpuBIMKEHHAS BEJIMYNHA 1 —
ro cobCTBEHHOTO 3HAYeHNs MCXOMHON MaTpUITEL S.

IITar 7. Onenka MOTPeNTHOCTH PE3yaLTaTA.
OmupenesnTs €3(S) — abCOMOTHYO HOTPEINTHOCTE MPHUG/INKEHHOTO BBHIYNCIIEHNS CODCTBEHHOTO 3Ha-
gerns mo Gopmyste (18). st olleHKE OTHOCHTENBHON MOTPENTHOCTH €3 (S) HOCTATOTHO HEPABEHCTBO
(18) paspenmuTs Ha ||S||.

Pe3yabTaToM BLHINOMHEHUS aATOPUTMa ABISETCA TPUOIMKEHHO BEIYACIEHHOE N — O COOCTBEHHOE
3HaUEeHHE Ap (S) CUMMETPHUHON TpeXAnaroHaJbHON MaTDHIEL S W rapaHTHPOBAHHAA OleHKA TOTHOCTH
€ro BBIYUCIICHU.

Sameuanne. OreHKa TOTHOCTH NPUOIHKEHNS €) (S) HO3BONIIET YyCTAHOBIUTH MapaHTHPOBAHHBIE TPa~

HUTIBL Aﬁl‘) = XH(S) —ex(S)m /\£L+) = XH(S) + €x(S5) mHTepBaa, B KOTOPOM HAXOMHTCS HCTHHHOE COO-

CTBeHHOE 3HAYECHUE: Aﬁf) < An(9) < AL
O1eHka morpernHocTen

O61mast HOTperHOCTE | Ay (S) — Ay, (S)| IpHOIIKEHHOTO BRIUNCAEHNSA N-T0 COOCTBEHHOTO 3HAYEHNS CHM-
MEeTPHYHON TPeXANAroHaJILHON MaTPHIHL S ONEHNBAETCS CYMMOI

1 1 1 ~ 1~ ~
;IpAn(S) = A (S + ;IAn(Sl) = An(S2)| + ;IAn(Sz) = An(S2)] + |;An(52) = A (9)]-
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O6paTum BHEMaHWe, 4TO W3 ycaoBus (17) ciemyeT oleHKa mias MHoOxuUTeNns 1/p:
1p < ymax{lbil , |dj[} < yM(S) < W3|1SII.

SamMeTuM, 4TO OIrmbka 6ymeT MUHUMAIBLHOMN, eIl B Ka4eCTBe p BHIOPATH CTEIEHD 7.
PaccmoTpuM morpentHocTh, KOTopasd BHOCHTCA B Pe3yJIbTAT B TpoTlecce HOPMUPOBKY W PA3HOPMUWPOB-
KU:

iwn(S) ()] + %Xn(sz) ~Xa(9)] <

1 1~ ~ 1
SllpS = Sl F[7An(52) = An(S)] < 3eo max{ 7, 1} < 3eg max{yV/3]|5]], 1}.

BKJ'Ia,,H BOSMyH_[eHI/Iﬂ Ha H_[are 2 aﬂFOpHTMa B O6H_[yIO HOFpeH_[HOCT]) OIl€cHBaeTCAd KaK
Z0n(51) = 2 (S2)] < SIS = Sall < 21 VB
HOFpeH_[HOCTI) HpI/IMeHeHI/Iﬂ MeTOga 6I/ICCKHI/1171 JaeTcd cJiaracMbIM
1A (5) = % (5)] < 25T < 1561 VS|

CyMMEpyS HOC/IeIHHE TPH ONEHKH IIOJIydaeM, 4To obllasd abCcoJIOTHas MOrPEITHOCTD IPHO/IIKEHHO-
rO BBIUUCJIEHWUS N — IO COOCTBEHHOTO 3HaueHUs A, (S) CHMMeTPHYHON TpeXAHaroHaJbHON MaTpuibl S
OIEHNBAETCS BEJIMUNHON € (S):

[An () = A ()] < ex(9),

rae

ex(S) = 3eo max{yV3|S||, 1} + e1V3(| S| + 1821 V3|51 = (18)
= 3eo max{yV/3|S||, 1} + 1 V3|S||(18y + 1).

IIJ'I?I BLIYUCJIEHUA OIEHKH OTHOCHTEIBLHON MMOT PEITHOCTHU

A (S) = Aa(9)]

<Ee(9),
E (5)

JoCcTaTOuHO €3 (S) pasmennTs Ha ||S||:
1

& (S) = 3eg max{'y\/g, T

b4 eV3(18y +1). (19)
HpI/I cyeTe JacTo yﬂo6Hee OIeHIBaATh OTHOCHUTEJBHYIO IIOTDEIMTHOCTE CBEPXY, HCIIOJIB3YdA 3KBUBAJICHTEIE
HOPMBI MATPUITEL S, HATPUMED

& (S) < 3o max{yV/3, m} +e1V3(18y +1).

V3

S

3.3 JIBycToponHue nociiegqoBaTenbhHocTu IlTyp™ma nias
TPeXAUaroHAJIbHBIX CUMMETPUYHBIX MAaTpPUIL

O,HHOCTOpOHHI/Ie IIoCJIEA0OBATEJIbHOCTH H_[Tpra HCIIOJIB30BAJIICh BEIIIE OJIA pacdeTa coOCTBEHHBIX 3HaUe-
HU TpeX,HI/IaI‘OHaJ'H)HOfI MaTpHUIbL. Huxe 6yﬂeT IIOKa3aHO, YTO OJd BBIYNCJICHNA cobCTBEHBIX BEKTOPOB
HeO6XO,HI/IMbI TaK Ha3bIBacMbI€ NBYCTOPOHHHIE IIOCJICOOBATEJIBHOCTHI H_[Tpra.

HyCTb JaHa CUMMETPpUYHAd TpeXAunaroHaJbHad MaTpHUlla MopagKa M

dy  bs 0
s=| bz & (20)
0 bayr  dar

11



Papencrsa (14) 5KBUBaJIEHTHBI CHCTEME yDaBHEHHIT

Po(A) = (di = A) + [b2|/P1(N)

=0,
b2|P1(A) — (d2 — A) + [ba]/P2() =

Oa

, (21)

1bar—1Par—2(A) — (dar—1 — A) + [bar]/Prr-1(A) = 0,
|bM|PM—1(/\) — (dM — /\) + I/PM(/\) =0.

Onpenenenne 1. Pewenue cucmenwvt (21), ydosaemsopsiouee aceomy kpaesomy yeaosuro Po(A) = 0,
Hazvleaemca acéocmoponteti nocacdosameavrocmpio IlImypma dad mpexrduazonatb ol cuMMmempuunor

smampuybt (20) u oboznavaemes 77(()+) (A), 77£+) (A), ooy 77](\;'[_)(/\):

Py =0,

)y = Mol ; _
PN = ootrmy (sis M=, (22)
P () = 1

drr—r—[bar P (0

Onpenenenne 2. [Ipasocmoponneti nocaedosameavrocmuio IlImypma dag mampuyve (20) naszviearom

(=) (=)

pewenue Py (A), Py (A), .. .,7?](\4_)(/\) cucmemvt (21), ydosaemsopdiowee npasomy Kpaceomy Yeao6uo
PO = +oo
Pir (V) = e,
Py = ST (122 ), 23)
PO = di = A= bl /P70

HamoMuuM, 4TO 5eMeHTHI JIEBOCTOPOHHEN mocienoBaTesbHocT [ITypMa mponopIiinoHa IbHbl OTHO-
MICHUAM [OCIIeIOBATENbHBIX IJIABHBIX MUHOPOB MaTpHIbl S — Al: 77](»+)(/\) = |b;11|D;—1(X)/D; (), rme
D;(A\) — raBHEl MuHOp j — ro mopagka. OTcioma cileoyerT, 9TO JIEBOCTOPOHHSS NOCAENOBATENILHOCTD
77(()+)(/\),7?£+)(/\), e ,7?](\;'[—)(/\) ABIAETCS TaKikKe TMPaBOCTOPOHHEN mocienoBaTenbHocThIo lTypMa, econ
A = Ap(S) — coberBenHoe 3HaUeHNe MATPHIE S. C Ipyroil CTOPOHEL, eC/Ii 77](\}_) (A) = 400, TO A — KOpeHB
XapaKTePUCTHIECKOro MHOTOUIeHa Dyr(A) MaTpuisr S.

Onpenenenne 3. Iocaedosameavrnocms Po(A), P1(A), ..., Pu(N), ydosaemeopaowads odnospemenno
deym kpaesvim ycaosugm Po(A) = 0 u Ppr(A) = 400, Hasvisaemed dsycmopouneti nocaedosametbHo-
embto [lImypma cummempuunoti mpexrduazonaibrott mampuyst S.

3ameuanme. YcHo, YTO Takme MOCIAENOBATENBFHOCTH MOTYT OBITEH TOCTPOEHHI, €CIIH TOIBKO A SBJISETCS
CODCTBEHHBIM 3HAUEHIEM MATPUITHL S.

I BycToponnne mocienoBaTenbaocTn IITypMa cmMMeTpUYIHOW TpeXAWaroHaIbHON MATPUIBI MOTYT
OBITH WCTIOTB30BAHBI [IJIA BLIUNCIEHNS KOMIIOHEHT COOCTBEHHBIX BeKTOPOB MaTpuil. IelicTBUTeIbHO, CH-
creMa (21) it IBYCTOPOHHEN MOCIENOBATENBEHOCTN BHITJISINT CIEAYIONIHM 00pasoM:

—(dy — A) + |b2]/P1(A) =0,
[b2|P1(A) — (d2 — A) + |b3]/P2(A) =0,

- (24)
1bar—1Par—2(A) = (dar—1 — A) + [bar|/Prur-1(A) =0,
[0ar|Par—1(A) — (dar = A) = 0.
B To xe Bpems, ecim A = ), — cobCTBeHHOe 3HAUeHIe MATPUIL S 1 v = (vy,va, ..., vy ). — COOTBETCTBY-

IOH_[I/II71 cobCTBEHHEII BEKTOP, TO BBIIIOJIHEHO COOTHOIIEHNE Sv = /\v, IIOKOMITIOHEHTHAaA 3alllICh KOTOPOI'O:

—(d1 — A) — bzvz/vl = 0,
—byr—jvm—j—1/vm—j — (dv—j — A) —by—jp1om—jp1/vm—; =0 (1< j <M —2), (25)
—bMvM_l/vM - (dM - /\) =0.
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OTa crcreMa paBeHCTB coBIanacT ¢ (24), ecu TOIOKUTH

_ —sign(bjy1)vy .
Pi(An) = =l (1 << M —1). (26)
Takum obpaszom, I ONpeneseHns OTHOIIEHUN KOMIIOHEHT COOCTBEHHOI'O BEKTOpA ¥ = (vl, Vo, ..., vM)T

COOTBETCTBYIOIIETO ONPENESIEHHOMY A = A, CODCTBEHHOMY 3HAYEHUIO MATPHUIBI S, NOCTATOYHO BBHIUN-
CIAUTH JEBOCTOPOHIOI TOCIeN0BAaTeNbHOCTE Il TypMa MaTpuiier S, KOTOpas OMHOBPEMEHHO SBJISIETCH IBY-
CTOPOHHEN.

3.4 BruruucieHue nBycTOpoHHeN mociegoBaTesbHocTu llTypma
TpPeXANaroHaJIbHO CHUMMeTPUYHON MaTPUILI ¢ rapaHTUPOBaHHONI
OIIEHKOIl TOYHOCTU pe3yJibTaTa

HpenBapnTeanme 3aMevYaHn A

OmucaHHBI BHIIIE TTPOCTON CIIOCO6 HAXOXKIEHWsT OTHOIMIEHU KOMIIOHEHT COOCTBEHHBLIX BEKTODPOB HE
MOXeT OLITh peaTN30BaH B YCIOBUSAX MAIIMHHBIX BBIYHCICHHN M3-3a HEM30eKHBIX apu(pMeTHIeCKIX MO~
rpemtsocTeil (M. npuMep B [2] ¢Tp.254). TIpubaukeHHO BEIYHCIEHHAS U1 COOCTBEHHOTO 3HAUEHNS Ay, (S)
MaTpuisl S pasmepa M (cm.(20)) meBocToporHss TocaenopaTenbHocTh [ Typma 77(()+) (An)s 77£+) (An)s oo
7?](\}—) (An) MOXET CHIBHO OTIHYATHCSA OT ABycTopoHHeH. OCHOBHAs Hies HEOOXOMUMON MOMN(UKAINH aJi-
TOPUTMa 3aKJI0UaeTCa B TOM, UTO OHOBPEMEHHO CTPOATCA M MPaBO- N JIEBOCTOPOHHSAS MOCIENOBATENLHO-
CTH, & 3aTeM IMpon3BoauTca ux ~ckielika” . Tlomydenmas ” ckileeHHas” ABYCTOPOHHSS MOCTIEA0OBATEIBLHOCTE
ABJIFETCA TOYHOU NIBYCTOPOHHEN MOCJIENOBATEIBHOCTBIO I HEKOTOPON MaTPHUIlhl OJIN3KON K MCXOMHOM.

s Toro, 9TobLI BO BpeMs ITPOMEXKYTOUYHLIX BLIYNCJIEHNI HE TIPON3OIIIO aBapUIHBIX CATYAN, KaK 1
[PH BBIYHCIIEHUN COOCTBEHHBIX 3HAUEHNI, MATPHUILY S HEOOXOMINMO MpeNBapuTelIbHO HOpMIPOBATE (S —
S1) m BosMyTHTE (S1 — Sa).

ITycTh m3BecTHO, 9UTO A A - rapaHTHPOBAaHHEIE HIDKHSAS W BEPXHsA TPAHUITE -TO COOCTBEHHOTO
SHAYEHHUS Ap(S2) MaTpHIB So: Aﬁf) < Ap(52) < /\£L+) . Onurem dhopMaiIbHO GOPMYJIIBI [T BHIYHCICHUSA
MaIIMHABIX BapMaHTOB OJHOCTOPOHHMX MOCJeAOBATETbLHOCTEN. B HWX yYTeHBI COOTBETCTBYIOIINE Kpa-
eBbLIe YCJIOBWS IIJIS JIEBOCTOPOHHEN M MPaBOCTOPOHHEN MOCIeNOBATEIBLHOCTEN, W TEM CaMBIM HCKJIIOYEeHEI
SJIEMEHTEI Pé+) u PJ(W_). N B manbmeiimeM oHM He OyAyT MCIONB30BATHLCA B aJlOPUTMax, TaK Kak JJIs
BBIYHCIIEHIS. OTHOIIEHNI KOMIIOHEHT COBCTBEHHOTO BEKTOPa HEOOXOMMMBI TOJIBLKO 3JIEMEHTHI ¢ HOMEPAMMU
1,...,M =1 (cm. (26)).

IIJ'[?[ 3JIEMEHTOB J'[eBOCTOpOHHefI IIocJie 1oBaTEJILHOCTHN UMEIOT MECTO (bOpMyJ'[bIZ
Pixim = |Ez|@<£zl@0A£ﬁ>>,
P = D0 A 0 b [P ) (<5 <M —1), (27)
Pj(mlam - 1®(dM@0/\n |bM|®PM lMaLLI)

AHa,J'[OFI/I‘IHbIe q)OpMyJ'[bI HJId 5JIEMEHTOB HpaBOCTOpOHHeﬁ IIoCJIeNOBATEJIBHOCTI .
(=)
PM—lMaLLI - (dM@O )®|bM|

Pl s = (A1 50A T T[4l 0P ) Db | (G = M —2,M —3,...,1), (28)
P(gl\_/u)iu_l = dl@o 60|bz|®7?11\/1au_1

3meck d; — amaroHadBHEIE, a b; — HaAAnAroHaJIBHBIE 3JIeMEHTH BO3MYIIEHHOH MATPHIEL Sz, a de-
pes @, 8, ® obosHAUEHBl COOTBETCTBYIONINE MAIIHHHBE omeparun (cM. pasgen 2). B dopmyiax Takxe
TMIPUCYTCTBYIOT 3HAKW CHENMATBHBIX MAITUHHLIX omeparuil. WX mcrmoab3oBanme HeOOXOMMMO OJd TapaH-
TUPOBAHHON OIMEHKN TOYHOCTHU BHIUMCIEHUT TocienoBaTenbaocTn lITypma n KOMIOHEHT cOOCTBEHHOTO
BEKTOPA.

BBenmem BcmmomoraTeNbHBIE TTOCTENOBATETHLHOCTH.
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+
Or[pe,ueneHne 4. Ecau p( ) €CMb HUCAO HENOAOHUMEADHBIL IAEMERINOE cpe&u

J

mo nocaAedo6ametbHOCTb

Sp§+) = p§+) T 4+ arctan 7?](»+) (29)

Hazvleaemca acéocmoponneti nocaedosameavnocmuvio Hlmypma emopozo poda.
AHaJOTHYHO OMpPENeNIeTCs TPaBOCTOPOHHS TTocsefoBaTebHoCTE Il TypMma BTOpOTO poma:

Or[pe,ueneHne 5. Hycmb q; €CMb YUCAO HENOAOAHCUMEADHBIL IACMEHTNOE cpe&u

P P, P

(=)

up; ’ =n—1-—g;, mozda nocaedosamerprocms

¢§_) = pg_) m 4+ arctan 7?](»_) (30)

Hazvleaemcda npasocmopouneti nocacdosameavrocmpio [lImypma emopozo poda.

Baxnoe cBoitcTBO HOCJ'[C,HOB&TCJ'H)HOCTCIZ BTOpPOTO poJa — MOHOTOHHOCTB. B.Haroaapﬂ 5TOMY I‘pa(l)I/IKI/I

(+) (=)

HOCJ'IC,HOB&TCJ'H)HOCTCIZ QDJ n QDJ nepeceKarTCd. HepecequHe O3HavaeT, 4YTO OJId HEKOTOPOro J umeer

MECTO HEPABEHCTBO
(+) (=)
Py S Pr-
COCTaBI/IM IIOCJIENOBATEJILHOCTE M3 TEX OTpeSKOB OMHOCTOPOHHUX HOCJ'[C,HOB&TCJ'H)HOCTCIZ, KOTOpBIE YHOO-
BJIETBOPAIOT KPAa€BbIM YCJOBUAM N COCAUHAKOTCA B TOYKE IMEPpECCUYECHUA I‘paqH/IKOB HOCJ'[C,HOB&TCJ'H)HOCTCIZ
BTOPOTO pofia:

(+) pl+) (+) pl(=) p(=) (=)
PP PPy Py Pl
Ee MoxHO cunTaTh NpubINKEHIEeM TOYHON ABYCTOPOHHEN TOCIEIOBATETBHOCTH.

AJITOpuTM BLIYIHUCJICHUS ABYCTOPOHHeH mocienoBaTenbHocTu llTypMma
TPEeXOUATOHAJIBHON CUMMETPUIHON MATPHULEL OJII i — 'O COOCTBEHHOTO
3HAUEHUS ¢ OIIEHKOU TOYHOCTH Pe3yJIbTaTa.

Iamo: TpexmmaroHaJibHAs CHMMeTpUYHas MaTpuiia S pasMmepa M, n — HOMep COBCTBEHHOTO 3HAYEHUS
marpunsl 1 < n < M (cobcTBeHbIe 3HAUEHNA CHMMETPUTHON MATPHIIBI CIHTAIOTCS 3aHYMEPOBAH-
HBIMH [0 BO3PACTAHIIO).

IIar 1. HomupoBka MaTpHIIHL.
S1 = (pS)mam, Tae p BHIOUpaeTcsa n3 ycaosust (17).

IIar 2. BoswmyIleHne MaTpPUIIH.
Te smeMeHTH TJIaBHON W MOOOYHON MUATOHAJEN MAaTPUIBL S1, MOLYIb KOTOPHIX HE MPEBOCXONUT
€1/7 cllefiyeT 3aMeHUTD Ha F¢1 /4 Tak, 4TobbI 3HAK SJIeMeHTa coXpaHuscd. B urore yueT nojaydena
MaTpuia Sy ¢ TNATOHATEHBIMI 3IeMEeHTaMN d; W HaAANaroHATLHEIME b;, TpUdeM GyIyT BHITIOJTHEHB!

HEPaBEHCTBA o
er/y < |bil, |d;] < 1.

HIar 3. 'panuier cobcTBEHHOTO 3HAYEHUS.
OnpenenuTh rapalTUPOBAHHbIE I'DAHUIILL Aﬁl‘) /\£L+) COOCTBEHHOIO 3HAYEHUA A, (S2):
)

Aﬁf) < An(S2) < /\£L+), HATpUMep TIPH TOMOIIN AJrOpHTMa Grceknmii (cM. pasnmert 3.2).

Ilar 4. Bueruncnenue nocnenoBatenbuocTenn HlTypma.

BoraucauTs jgeBO — 1 MpaBOOCTOPOHHIOI TocaenoBaTerbaocTn HITypma P}l\tim, P};im B TPaAaHUYHBIX

TOUYKaxX WHTEpBaJIa (Aﬁl‘), /\£L+)) o gopmymam (27) u (28).
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HIar 5. ”Ckaeiika”. Boruncienne nBycToporueli nmocienoBaTenbrocTu lTypMma.
Beruncius nocnenoBarenbuocTu lITypma BTOporo poma:

g0§+) = ;‘I—) 7 + arctan P};gm @5_) = pg_) 7+ arctan P;;Iim.
OHpeﬂeJ'H/ITI) MaKCUMaJIBHOE IIeJIOe YICJIO J TaKoe, 4TO
+ -
o5 <o§).
COCTaBHTb IIocCJIe1OBaATEJIBHOCTD
(+) (+) (+) (=) (=) ()
PlMaLLI’ 2Mann ) PJ—lMaLLI’ PJ ar’? J4+1mam - P — Imarr” (31)

HIar 6. OneHka MOTPEITHOCTH PE3YJIBTATA.
OnpenenuTh €g — OTHOCHTENBHYIO HOTPEITHOCTD BBIYUCICHUS JIBYCTOPOHHEN MOCTEIOBATEILHOCTH
IMlTypma maTpunsr S corsacao dhopmyie (38).

PesyabTaToM BHITOIHEHNS aJIlOPUTMAa SBIAETCS MOCIENOBATENBLHOCTD (31) — MBYCTOPOHHSS TIOC/Te-
noBaTerbHOCTh IITypMa MaTpuibl Sa, OHa XKe U AJIA HCXOMHON MaTpuubl S (cM. 3amedaHwe) un rapas-
TUPOBaHHAM OIleHKA TOYHOCTH €€ BBIUMCIIEHN.

3ameuanme. B maHHOM ajropmTMme OTCYTCTBYET Pa3sHOPMUPOBKA. JTO ODBICHAETCS TeM, 4TO COD-
CTBEHHBIE BEKTOPHI MIPOMOPIHOHATBHBIX MATPUIl paBHbL. (CJIeN0BaTENBHO JIEMEHTHI IBYCTOPOHHEN TIOCTe-
noBaTesbHOCTH IIITypMa HCXOMHONW W HOPMUPOBAHHON MATPHUIl COBMAHAIOT, TaK KaK COTJIACHO PaBEeHCTBY
(26) oHUI mMpencTaBIAIOT coOOll OTHOIIEHHS KOMIOHEHT BEKTODA, SBIAIONIETOCS COOCTBEHHBIM IS 00enx
MaTpHII.

O1eHka morpernHocTen

It Toro 9TOGRI CKIIEEHHYIO TOCIEN0BATENBHOCTD MOKHO OBIJIO CINTATE MBYCTOPOHHEN, HEOOXOMIMO
MPOBEPUTH, YTO BO3MYIIEHIE JIEMEHTOB MATPHUIBI HE CIUIITKOM BEJIMKO W UMEET OTHOCHTENBHBIN Xapak-
Tep. s aHaN W32 MOTPENTHOCTH BBIYUCIEHNUS IBYCTOPOHHEN MOCIENOBATETBHOCTH, CHAYAA TTPEMIIOI0-
KM, 9TO BJIeMEHTHI UCXOMHON MAaTPHUIBI S YIOBJIETBOPSIOT YCIOBIAM

L < b d 1 < |b;], |d 32

~ < max{lbl . 1} < 1. wer/y < bl 14 (32)
uro genaeT maaumanMu Hlarm 1 u 2 amropurma. Ipyrumum ciaoBamu, OymeM cunTaTh, 9T0 S = So U
p = 1. BoToM citydae morpemrHocTn apudMeTHIeCKUX onepalnii B popmynax (27), (28) MoxHO nHTepIpe-
THPOBATH KaK BO3MYIIEHNs, BHECEHHBIE B BJIEMEHTHI HCXOMHON MaTpuilel S. HelicTBUTETBHO, YINTHIBAS
(9), cucrema (27) MomenupyeTcs CIEAYIOMNM 06pasoM

B 1EP I s = [5P i L+ 05) + &5

oot = (14 v)d; — (149N

(d oM S0 (10 [EPH) ) = (14 X5)(d;00AH) — (145, (16 [T, )
7)(+) _ [b5 41| (14C541)

jmain dj@ASL+)@|bj|®73(+) )

J—1lmam

e |os] <er, 165 < eo, 5] <er, [0 < eIl <er, G < e G4l < e
OHpeI[e.HI/IM CJIEAYIONIne BEJINYNHBI
C(2+) = bz(l =+ Cz), d(1+) = (1 =+ 1/)1)d1 — E1A£L+),

— ; ; L4x5) (149,
= b (L4 Gr) /(L4 ), b7 = (L4 )by, dfY) = i) <( Xll;j )—1) AT,
(33)

OJId HUX BeprI OIIECHKU
+ 1 + + 1 +
e = b ] < 125yl Y = b < ealog], 1A — dil < 22 (] + ST + <o

AHaJOrmYHOe MOENTNPOBaHTe MOTPeITHOCTER B (28) HPHBOAUT K CIEMYIOIell MHTePIPEeTAINI.
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Teopema 3. Buiuucaennvie no gopmyaan (27), (28) saemenmur nocaedosamesprocmeti c643aHbL cOOM-
HOULEHUAMU

Pl = 671/ =X

1mar
P o = /@) =X = P ) (1 <i< M -1,
P](\;llMaLU = (dg\;) - /\/)/|b§\;)| 3
Pl = (A5 = N) = e/ PG ) /D] (0 < i< M = 2),

(=)

6 komopoiz N = (Ay  + /\£L+))/2. Huerom mecmo oyenru

g WP
-) e CH (34)
() —b, v
bl <o) — gy < e8], 1 — dif < IS,
2de
¢ = 2, e = 3ey. (35)

HepaperncTBa (34) o3Ha4a0OT, 9TO TOCAENOBATELHOCTH, TTOCTPOEHHBIE TI0 hopmyitam (27), (28), asis-
IOTCA TOYHBIME OTHOCTOPOHHMMH MOC/IEIOBATEILHOCTAMIE, HO He HUCXONHON CHUMMETPUYHON MAaTPHIHI, a
JBYX pasIHuHBIX HECHMMETPUUHBIX TPEXINAroHaJIbHBIX MATPHI], HO 6JIM3KHX 110 HOPMe K HCXOIHOIL.

CkJyelika 5THX ABYX MOCJEOBATENBHOCTEN MPOM3BOANTCS HA OCHOBAHUN CJIEMYIOMIEN JIEMMEI.

Jemma 1. ITyeme J (1 < J < M — 1) — mecmo nepeceuenus 00HOCMOPORHUL NOCAED06AMEALHOCTIEY

emopozo poda
+) « 80(_)

i1 P50
a 8 cocmasHo nOCAe&osameAbHacmu
(+) (+) (+) (=) (=) ()
PlMaLLI’ 2Mamr? ) PJ—lMaLLI’ PJ arm’ J+1mamr o P —Imamr

6 mounocmu n — 1 nenosodxcumeapuvlr sacmenmos. Tozda cywecmeyem mampuya S, dad womopoli
nocaedosameapbHocmy

0= Po e P P P Pos PY e <o Pl i P o = 00

Omarmr 1marnm’ 2Marn’ J—1mamn? amr’ 1marm’ —Imamr Mam

agagemed deycmoponneti nocacdosameavrocmpio Hlmypma:

dit 0
bGPl o)
| e
o= ’ <dj> s S ’
bivi dig ¢
L g, 7

M
0 i) dly)

1S = S]] < M(S = §) < 2(' + &) M(S) +

HoKa3aTe bCTBO 5TOM JIeMMBI MOXKHO HaiiTh B [2] (ry1aBa 4). 3aMeTHM TOMBKO, 4TO ” CKIIeiiKa” CTAHOBHTECS
BO3MOZKHOI NUMEHHO 3a CHeT BBIUHCINTEBHBIX MOTPENIHOCTEl, TaK KakK bjiaronapsa HalpaBIeHHBIM OKPYT-
JIEHHSAM pe3yJIBTATOB apudMeTHIecKHK oneparuii B hopmyitax (27) u (28) BbIUNCICHHBIE TPABOCTOPOHHSS
7 JIEBOCTOPOHHAA TocsenoBaTenbHocTn Il TypMa mepecekaioTcd.
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W3 jeMMBI crlelyeT, 9TO BBIYHCIEHHYIO IBYCTOPOHHIOI TociefoBaTebHoCcTh IIITypMa MaTpnier So
(Ilarm 4 w 5 aJropuTMa) MOXKHO CYMTATH TOYHON IBYCTOPOHHEN TOC/IE/IOBATENLHOCTLIO [T MaTPUIIT
Sa, mpudeM ¢ ydaeroM yciopuil (32) u pasencTs (16) u (35) BepHa oreHKa:

(152 — Sa|| < 301 + 182, = 48¢;. (36)

HOFpeH_IHOCTI/I HOPMHIPOBKHI M BOSMYIIECHUA MaTPUIBL S OIEHNBAIOTCA TaKXKe KaK I B pa3nelie 3.2:
1 1
SlleS = Sull < £0y3V/3||5]| m SlIS1 = Sell < V319 (37)

NToroByio omeHKy €g abCOMIOTHON TOTPENTHOCTH BBLIYUCIAEHWSA NBYCTODOHHEN TMOCIENOBATETLHOCTH
IMlTypma (a TeM caMbIM ¥ OTHOIIEHNH KOMIOHEHT cOGCTBEHHOTO BEKTODA) MOJYUYaeM CYMMHPOBaHMEM

(36) u (37) :
1~ ~
15— ;52” < &S] = es,

rae gS — OTHOCHUTEJIbHaA TIOT PEITHOCTD

. 1
€s = 2073V3 +e1V3 +48517V3 = (g0 + &1 7+ 16 ) ) 3v/37. (38)

3.5 ApudmeTuka BLIHECEHHBLIX MOPAIKOB

Brrunciierue cobCTBEHHBIX BEKTOPOB [T MATPUIL JOCTATOYHO OOJBINAX Pa3MEPOB MOXKET TPUBOAUTE K
curyaruam [TEPEINOJIHEHUA w IIOTEPU TIOPANKA. Ilng Toro, urobbl ux m3bexaTh, HeOOXOMMMO
HUCKYCCTBEHHO YBEJMYNTH TOUHOCTH BBIYUCIECHHS B TeX MPOIeAypax, The Hanbosee BepOITEH HEKOHTPO-
JUPYEMBIH POCT BBIUNCAUTEIBHBIX NOTperHocTell. HamoMHIM, 9TO MPOU3BOIBHOE BEIECTBEHHOE UYNCIO
2 MOXKHO HPeJCTABUTE B CIEUAIBHOM BHIE

x = xyy”, (39)

r7ie ¥ — QUKCHpOBaHHOE IeIoe INcIo (OCHOBaHMe apubMETHK ), [EJI0e THCIO k — Y-MIHBI TOPSIIOK YHCITa
&, BEIIECTBEHHOE YUCIO Y — Y-M4YHasg MaHTHCCA

1
—<y<l1 (40)
v

YBenmuenne TOYHOCTH MAITMHHBLIX OMEpAIil O3HaYaeT yBeJIWUeHNe MaccHBa MAIITMHHON MaMATH, OTBO-
JIUMOIT [ pa3MeIIeHnss MaHTUCC W TOPAKOB BElMeCTBEHHBIX YUCesT. JTO MOXKHO JeJaTh 3a CYeT BO3-
MOKHOCTEI COBPEMEHHBIX S3BIKOB ITPOrPaMMIPOBAHN, MO3BOJAIONINX ONPEIeIATh HeOOXOMUMBIE MOJIb30-
BaTeIbCKIe THIB JaHHBIX (cM. [9]), min npn momorin apudMeTHKN BbIHeceHHBIX Topsiakos (ABII). B ee
OCHOBY TOJIOKEHA MPOCTas Uesd Pa3lebHOTO XpaHeHHs MOPSAKa YNcjJa U €ro MaHTUCCHI. JTO O3HAdaeT,
YTO BEIIeCTBEHHOE YHCJIO 3aMeHAeTCA Ha KaHOHMYECKYIo ITapy YUcell: mejoe k — MOpPSANOK U BElleCTBEHHOE
y — MaHTHCca. g 5Toro ymobHO BBECTH CIENUaIbHBIC ONEPAIlil ONpeIesIsaIollne MAaHTHCY W MOPSIOK
qHcIa T

y="Fr(x), k=Ex(z) (41)

Wwm coorBercTBytoT BecTpoentbie dyukimun POPTPAHA-90, omepupytoriume ¢ MalmwHHBIME YHCIAMH,
FRACTION(z) m EXPONENT(x) Takne, 9To €CJIN €CIW & — MAIINHHOE BENECTBEHHOE UHCIIO, TO

FRACTION (z) = Fr(z), EXPONENT (x) = Ex(z).

Takmm obpasoM, MaIITHHOE BBIACIEHIIE MAHTHCCHI U TIOPSAKA IIPON3BOANTCI TOUYHO, 6e3 MOTPElTHOCTEN.

CranmapTHble apudMeTHIecKIe Olepallni Takke JOMyCcKaloT paboTy ¢ KaHOHmYecKnME mapamu. 1lycTh,
HaIpuUMep, £1 U Lo — ABa BEIIECTBEHHBIX Ynciaa. YToOBI He obpallaTh BHIMAHN Ha 3HaK, OyIeM CUNTAaTh,
9T0 062 OHH MOJOKUTENBHbIE: 1 > 0 1 23 > 0. Torma corsacuo (39)

z1 =y, zo = Yoy
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HpI/IBe,HeM O4YeBHUIHBIE COOTHOIICHUA

1+k2 —k2
, .

XX Xy =y X Ya XA 96‘1/96‘22311/3/2><’Yk1

Buipaxkenns [ CJIOKEeHNS W BLIYHTAHUS YWCEJ, MPEJCTABICHHBIX KAHOHMYECKIMH MapaMm, He CTOJb
3JIEMEHTAPHBI U OJHO3HAYHBL. [105TOMy apudMeTHKY BHIHECEHHBIX TIOPAAKOB YIOOHO MCTONB30BATH B TEX
Y4aCTKaX POrPaMM, T/le MPOM3BOMNTCA MHOTO YMHOKEHUN ¥ [eJIeHUil, HATPUMED MPH BBIYMCIICHAN KOM-
MOHEHT COGCTBEHHOTO BEKTOPA TI0 M3BECTHOI IBYCTOpOHHEl nocaenoBaTesnsrocT ITypma (cM. gopmyny
(26)).

OueHNM BEIYHCIHTEIBHBIE TOTPEITHOCTH, BOSHHKAOIINE TIPH YMHOXKEHNN U JEJIEHIH MAIINHHBIX TH-
ceJl, MpeNCTaBIeHHBIX KAaHOHMIeCKIME TTapaMu. IIJig 5TOro OTMeTHM, 9TO BEIYUCTEHIE CyMMBI I PA3HOCTH
nopankos ki + ko n ki — ks TpOM3BOANTCA TOYHO B OCTATOTHO HOJILINIOM [IUANA30He. B TO XKe BpeMs yMHO-
KeHNe U eJleHre MaHTHCC Y1 M Yz MPOM3BOMUTCA € OTHOCHTETBHON TOYHOCTBHIO BCIIEACTBAN HEPABEHCTBA
(40) n nemmbr 2 [3]:

(¥1 X Y2)uaw = (y1 ¥ y2)(1 + a), (y1/y2)mam = (y1/y2)(1 + B),

rie |al, |3 < e1. Bynem npeicraBiadTh pesyiabTaT Olepallill TakkKe B BUje KAHOHHYECKON Mapbl, MHBIMU
cioBaMu OylIeM CUMTATD, 9TO YMHOXKEHWe Ha CTeleHb v mpom3BoauTcd TogHo. Torma

(y1 X Y2)aam X Y12 = (21 x 22) (14 ) = Fr((y1 x y2)(1 + a)) x yPelxy2) (o)) +hithe

(01 /92 s X 71752 = (21fa2) (1 + 8) = Fr((un fun) (1 + B)) x 7P twtansiimks— (42)

DTO 03HAYAET, YTO NAHHBIE BHIYNCIUTENBHBIE ONEPANNE Hal KAHOHWIECKIMHI TapaMu ITPOU3BOMATCS C
OTHOCUTEJILHON TOYHOCTBIO, MPUYEM ¢ MaKCUMAJIBHON, YTO 4BJIA€TCA OMHUM M3 OCHOBHBIX NPENMMYIIECTB
apudMeTHKN BbIHECEHHBIX TTOPAIKOB, TaK KaK YIPOIaeT aHaJM3 MO PEITHOCTEN.

[IycTe Temeps HaM W3BECTHBI KOMIIOHEHTHI KAHOHWIECKON Maphl: Mopsaok k um maunTucca y. g Toro,
4TOOBl BOCCTAHOBUTH IO HUM COOTBETCTBYIOIIEE BEICCTBEHHOE YNCIJIO, HEOOXONMMO IMPON3BECTH BO3Bee-
HIle B CTeleHb, YMHOXeHNe coriacHO (opmyite (39) m yduecTdb 3HaK. Eciam 5Tu meficTBUS TPOM3BOMATCS
NIPU TOMOIIK KOMIBIOTEPA, TO MOTPENIHOCTH PE3yJIbTaTa MOT'YT OBITh MPOAHAIM3NPOBAHBI CJEIYIONTNM
obpa3oM: BO3BelleHHE OCHOBaHUSA apudMeTHUKN v B IEJIYIO CTeleHb MPOM3BOANTCI TOYHO, & YMHOXEHHE
MaHTHCCHl Ha CTENEHb ¥ — ¢ abCOJIIOTHON HOTPENTHOCTHIO

k _ k
(y Xy )MaLLI =y + g, (43)
IpuYeM YMHOXKEHUNE Ha ITOJOXKUTE/IIBHYIO CTEIEHb 7Y Ipou3BOAUTCA TOYHO!: € = 0, a IOT'PEIIHOCTU Ipn

YMHOXKEHUN Ha OTPULNATENBLHYIO CTeNeHb ¥ He NPeBOCXOIdaT p: €] < &p.

3.6 BpiuuciieHue KOMIOHEHT COGCTBEHHOTO BEKTOPA TPEXAUATOHAIIBLHON
CUMMeTPUYHON MaTPUILI C TAPAaHTUPOBAHHOI OII€HKON TOYHOCTU
pe3yJbTaTa.

HpenBapnTeanme 3aMevYaHn A

Mlycte T - KBanpaTHas TpexXAnaroHaJbHas MaTpuia (He obsg3aTelIbHO CHMMeTpIYHAst) pasMepa M

dy by 0
52 d2 b3
53 d3 b4

o1 dyr— EM
0 (2%} dpr

[MoTpebyem, 9TOGR BCe 37IeMEHTHI TVIABHOW U TIODOYHBIX AUATOHAJEN OBIIN OTIHHIHEL OT Hyas. Obo3HaunM
An — cobcTBenHOe 3HaYeHMe MaTpuilsl 1. CrnpaBeninBa Clenyoiias JEMMa.
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Jlemma 2. Hocaedosameavnocme P; = Pi(Ay), sviuucaennad no npasuay

Py =0,
b1l .
P;i== — (j=1,2,...M—1),
dj —An — |Cj|7?j—1
geagemcd deycmoponnett, npuuem cpedu ee saemenmos ¢ Homepamu j = 1,2,..., M — 1 nem nyaesvir u

6ECKROHEUNBIT:
0 < |P;| < o0, j=12,....M—1

IIycthb
_ T
v(T) = (vi,va,...,vm)
ecTh CODCTBEHHBIN BEKTOP MaTpHUIBl 1, COOTBETCTBYIONINI COOCTBEHHOMY 4UCIy A,. Ilo amamorum c
dbopmyiioit (26), MOXKHO yCTAHOBHTE, 4TO

. Uj
Vjp1 = —81gn(bj+1)77‘7 (44)

J

Kak mpasmio g ynobcTBa IpaKTHUYeCKOTO HCIOIb30BaHHA COBCTBEHHBIE BEKTOPHl HOPMHPYIOT CIICIH-
aJIBHBIM 00pasoM. MBI 6y/eM HCKaTh COOCTBEHHBIN BeKTOp ¢ emuHU4HON HOpMOit: |[v(T)|| = 1. Yrobs
OIPENeTNThH KOMIIOHEHTEl HOPMIPOBAHHOTO BEKTOPA, JOCTATOUHO BHIYUCANTH KOMIOHEHTEI JIFO60T0 BEKTO-
pa, mponoprioHadbHOTO v: 4 = C'v, a 3aTeM HOPMHUpOBaTH ero v = u/||u|| (Takum obpasom kosdduHERT
nponopunoHaitbHocTH C' paBeH ||u]). 3aMeTuM, 9TO KOMIOHEHTHI TPOM3BOIBHO HOPMIDOBAHHOTO BEKTODA
U TaKkKe YIOBJIETBOPAIOT COOTHOMEeHNAM (44):

o~ u .
— J
ujp1 = —sign(bjy1)=.
P;
JIOTIOJTHAM HX PaBeHCTBOM
up = 1.

DTO TMO3BOJUT HAM BBIYUCINTH BCE OCTAJIbHBIE KOMIIOHEHTHI ¢ MO WHIYKITHH.
D1u GopMyIbl Jerko MoOuUIIPOBATE TAK, YTO CHAYAIA ONPEAETIIOTCS MOMLYIN KOMIIOHEHT

|U1| = 1a
. 45
] = lus| / [P;] (1<j<M—1), (45)
a 3aTeM UX 3HAKWH:
B sign(uy) =1, (46)

sign(ujy1) = —sign(bjy1)sign(u;)sign(P;) (1<j<M-1),

ITpencTaBuM KOMIIOHEHTEI BEKTOPa ¢ 1 3JI€MEHTHI By CTOpOHHEl mocenopaTeabaocT [IITypMa B Bue
KAHOHIYECKNX Tap (BOCIOIB30BABIINCE [Tt 5TOTO omeparusaMu (41)) u nepenmiem cooTHomterns (45) B
TepMEHAX COOTBeTCTBylomux Mantucc Fr(u;), Fr(P;) u nopankos Ex(u;), Ex(P;) :

Fr(u) = %, Ex(up) =1, (47)
Fr(u]'+1):F7° (%) (lngM—l), (48)
Ba(ugan) = B (T )+ Belug) = Bo(Py) (1 <5< M= 1) (19)

Ha ocHoBe 5>TUX BLIKJIAHIOK OPTaHN3yeTCd BHIYUCIeHTe MAHTHUCC W MOPAIKOB MOMYyJiell KOMIIOHEHT BEKTOpA
w. JI7I9 OKOHYIATELHOTO ONPeNesieHIsT KOMIIOHEHT HEOOXOMNMO YUecTh NX 3HaK corsacHo dopmyste (46).
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HamomuuM, uTo cobeTBeHHBI BekTOp v(T) ¢ eMWHUIHON HOPMON MOXKeT OBITH MOJYUYeH W3 BEKTODA
U TP TOMOINMH HOPMUPOBKN. Mul 6ymeM HOPMHpPOBaTH BEKTOD 4 B 1Ba mara. (CHadajga BBITUCINM
MaKCHMAaJIbHBII HOPAO0K KOMIIOHEHT Uj

K= m]aX{Ex(uj)}.

K HE MTPEBOCXOAUT HYJIA. Brinecenne makcumainbHOTO

MOpSANKA W 3aMeHa BeKTopa u Ha KosmHeapubii emy BekTop uX) = uy™X nemaerca mma moro, uro-
6Bl TIPU BBIYMCIEHUN KOMIIOHEHT W HOPMBI BeKTopa He BosamKaso cuTyanuit [IEPEIIOJTHEHUA. 3arem

BBIYUCJIAECTCA €BKJINIOBA HOPpMa ITOJIYUYHUBIIIETOCA BEKTOPA

Ilocse sToro MmakcuMaIbLHBIN IOPAAOK BEKTOPA U"}/_

(&)

Tax xax 1o MNOCTPOCHUIO MaKCIMaJIbLHBII NOopAAOK KOMIIOHEHT BEKTOPA U PaBE€H HYJIIO, TO BEpPHa CJIe-

Ayoniad OoleHKa:

1
U > max{|ul™]} > = (50)
i 2
KOMHOHGHT&M HMCKOMOI'O BEKTOpPa v ¢ y4€TOM 3HaKa IIPUCBaNBAIOTCA CJACHYIONIIEC 3SHAYCHNA
(K)
Uu
v = }] ; (51)
~ (K)
sign(uj4q)u; .
vj+1=% j=1,...,M—1. (52)

EBkanmoBa HOpMa, ONpenesleHHOTO TaKUM 006pa3oM coOCTBEHHOT'O BeKTOpa v paBHa 1.

AJ'II‘OpI/ITM BBIYNCJICHUA HOPDMHXPDOBAHHOI'O co6cTBEHHOTO BCKTOpa
Tpexnnaronaﬂbnoﬁ CHMMeTquHOﬁ MaTpHunel C OHeHKOﬁ TOYHOCTH pe3yJibTaTa.

Iamo: TpexnmmaroHaJibHAsS CHMMeTPIYHas MaTpuia S pasmepa M,
n — HOMep cobGCTBeHHOTO 3HaueHns MaTpuibl | < n < M (cobcTBeHHBIE 3HAUEHIS MATPHITBl CUHTa~
IOTCS 3aHYMEPOBAHBIMI IO BO3PACTAHNIO).

IIar 1. Brerumncienune npycroponHel nocienoBatenabHocTu llTypma.
BrrancanTs TpuGIHKEHHYIO JBYCTOPOHHION MoctenoBaTeabHocTs IITypMa Pyam (= 1,..., M —
1) mwis n — 1o cOBCTBEHHOTO 3HAYEHNS TPEXANATOHAIBHON CHMMETPHIHON MATPHIL S, JIEKATIETO B

rapaHTHPOBaHHX I'PaHUIlaX /\£L+) < < AL‘), o aJITOPUTMY OMUCAHHOMY B pasfeiie 3.4:

Piswans = Pl M) mpr 1 << T =1, Prasaw = Pl A7) mpn J < j < M — 1

jMarn

3ameuanme. Cornacto jJeMMe 1 u onetke (38) mocaenoBaTeMbHOCTE Pjyam IBISETCS TOTHON ABY-
CTOPOHHEN MOCIeI0OBATEIBHOCTHIO VI HEKOTOPOH TPeXAnaroHaJbHON, BOOOIIe TOBOPS, HeCUMe TP Y-
Hoit MaTpunsl T = %52, KOTOpasd o HOPMe MaJIo OTJINYAETCS OT NCXOMHON MaTPHIB S (CM. masiee

OIEHKH MOTPEITHOCTEN ).

Pa3ﬂeﬂHTb 3JIEMEHTHI IIOCJIEAOBATEJIBHOCTHI H_[Tpra Ha MaHTHUCCY U MOPAHOOK:
Qj:Fr(PjMaLU)a Sj:Ex(PjMam) j:1a~~~aM_1

HIar 2. Onpenenenre MaHTHCC KOMIIOHEHT MPUOIMAKEHHOTO CODCTBEHHOTO BEKTODA.
ITpucBonthb

1
f= .
0!

Boruncanrns IoCJae10BAaTEJIBbHO OCTaJIbHBIE MaHTHUCCHI NCIIOJIBE3YA PEKYPPEHTHBIE COOTHOIIICHUA

pip1=Fripy0Q;)  j=1,....M—1.
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ITar 3. Onpenenenne TOPAIKOB KOMIIOHEHT MPUOIIIKEHHOTO COBCTBEHHOTO BEKTOPA.
OHpeI[e.HI/ITb NOpAAKN KOMIIOHEHT HpI/I6J_[I/I)KeHHOFO cobCcTBEHHOTO BEKTOpa M3 CJICOAYIOIINX PEKYP-
PEHTHBIX COOTHOIIIEHNTT
t1 =1,
tj+12tj—|—El‘(/,Lj®Qj)—8j, j=1,.... M -1,

rae Q] n Ss; — MaHTUCCHI U IOPAOKI 3JIEMEHTOB IIOCJIENOBATEJIBHOCTHI H_[Tpra.

ITar 4. HopMupoBKa BeKTOpa ¢ BHIHECEHMEM MAKCHMAJIBLHOTO MOPIIKA.
Haiitn MakcuMaJTbHBIH TOPANOK KOMIOHEHT BEKTOPA:

K = max{t;}
J

Boruncanrns MOOYJN KOMIIOHEHT M €BKJIMJOBY HOPMY BEKTOPa u

HaijiTu Momysun npubJIKeHHBIX 3HAYCHHI HOPMHPOBAHHBIX KOMIIOHEHT U; UCKOMOI'O HOPMUPOBaH-
HOT'O COBCTBEHHOT'O BEKTOPA COIJIACHO CJIEAYIONINM (HhopMyIam:

9] = T |/U-
OmpenenuTs X 3HAK
sign(vy) =1,
sign(v;41) = —sign(bj41)sign(v;)sign(P;mam) j=1,. , M-1

3ameuanne. B 5Toil popMyIe MOKHO HCIONB30BaTh sign(b;41) 3HAK 5JIeMeHTA UCXOMHOI MaTPHIIHL,
TaK KaK Bce IIpeobpa3oBaHns, MepeBoNAIIne MaTpHIly .S B 7', COXpaHAIOT 3HAKH 3JIeMEHTOB MOBOTHOI
mmaronasmn (cm. IMar 2 asropmT™a BBIYECTEHHS IBYCTOPOHHEN mocienoBaTenbrocTn ITypMa n
pasercTBa (33)).

HIar 5. OueHka MOTPEITHOCTH PE3YJIBTATA.
OmupenesnTs abCOMOTHY IO TTOTPENTHOCTD €5y 10 hopMyite (64) Wi OTHOCHTENBHYIO €5y 1O HOpMYyJIe

(65).

Pe3ynsTaToM BHITIONHEHNA aqropuTMa sBiasgercs BekTop 9(S) = (U1, 7s,...,0n)7 — npubamxen-
HOe 3HaYeHNe TOTHOTO HOPMUPOBAHHOTO COBGCTBEHHOTO BeKTOpa v(S) TpeXaumaroHaJ bHON CHMMETPHIHOL
matpunsl S (||v(S)|| = 1) B cMblcie crenyroiero paBeHCTBA!

v(S) =v(S 4+ AS) + Lv=0v(T) + 7, (53)

rae aJjid OausKoi K S MaTpHUIObL Tu BEKTOPpa MNOT'PEMIHOCTU 7} BEPpHa cJeAylollass OIEHKa

IS =T + |Inll < Esv || S]] = esv.

O1eHka morpernHocTen

BorancauTenbHbIEe TOTPENTHOCTH, HAKATIINBAEMbIe Ha TEPBLIX ABYX IMarax ajJropuTMa MPU BHIYUCTIE-
HIUW ABYCTOPOHHEN mocienoBaTeabHocTH [IITypMa yiKe olleHeHBI paHee W TPAKTYIOTCI KaK OTeHKa HOPMBI
Pa3sHOCTH MEXKIY MCXOMHON MaTpuien S m HeKoTopoil MaTpuiieil 7', Aas KOTOpO# BHIYNCIEHHAS TPUOIIH-
JKeHHag JIByCTOPOHHAA nociefoparenbHocTh HITypma Pjyan ABAAETCA TOYHOM.

IOTarm 2, 3 u 4 ajgropuT™Ma TOCBAIIEHH BBIYMCIEHNIO KOMIIOHEHT HOPMUPOBAHHOTO COOCTBEHHOTO
BekTOpa MaTpuiisl 7', KoTopas MaJjao oTyimdaeTcsd oT 5. OmeHnM BO3HUKAOIINE TIPH YTOM IO DEITHOCTH.
Huist >Toro Mbl cpaBHEM pesyibTaThl llaros 2, 3, 4 ¢ dopmynamu (47)-(52)
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3ameTum, uTo corsacuo (47)
| = iy,
TaKMM 06pa30M BLIUUC/ICHIE NepBOil KOMIOHEHTE HeHOPMEIPOBAHHOTO COBCTBEHHOTO BEKTOPA, U KaK KaHO-
HUYeCKON maphl (T.e. 6€3 pacCMOTPEHUs TOYHOCTH YMHOKEHUs Ha CTENeHb ) MPOM3BOMUTCA TOIHO.
PaccMoTpuM HompobHee NPOIecC BLIUUCICHHA BTOPON KOMIIOHEHTHI. Tak Kak MAallnHHOE OeJIeHIe
MaHTHCC IIPOU3BOINTCA C OTHOCHTEIBLHON TOYHOCTBIO, 8 BCE OCTAJIbHEIE OePallll — TOYHO, TO, HCIOIb3Y A
dbopmyitsl (42), MOXHO yoennTCs, 9TO

p2y'? = (14 &) Fr(uz)y?7 ) = (14 &)|usl,

rie [§2] < 1.

I Toro, 4Tobbl ONEHUTE IOTPENTHOCTD BBIYHCICHIS MaHTHCCHI I TOPSAKA KOMIOHEHTEI U3, HYXKHO
cpaBHUTD 3y 1 (1 + &2)|us|. TIpm 5Tom HeoBXOMMMO paccMOTpeTh 06a YHCIa KaK KaHOHHYECKHe Taphl
I BOCTIOJTB30BATHCS DABEHCTBAMNI, aHATOTHIHBIME (48) u (49):

Fri(1+ €2)U2)) ’

Fr((14+&)us) = Fr ( %

F?“((l + fz)Uz)

Er((14&)us) = Fx ( o

) —|— El‘((l —|— €2)U2) — S9.
B pesyJabpTaTe TaKOoro CpaBHEHNA IIOJIYYNM

ﬂ37t3 = (1 —|—€3)(1 —|—€2)|U3|, |€3| S €1

O‘ICBI/I,HHO, 4YTO HaKOIlJICHNE HOI‘peH_IHOCTefI IOIpu BBIYUCJIEHUHN ITOCJEAYIONINX KOMIIOHEHT IMPOUCXOAUT Ta-
KM 2Keé o6pa30M u, IpoaoJiKad UX aHaJIU3 IO MHAYKIOWM, IIPUXOANM K CJICOAYIOIEMY BBIDaXKEHIIO

J
piv' =TT+ &)yl &l <er.
k=2

BbIBe,HeM OUEBUIHYIO OIIEHKY, KOTOpad HOHa,HO6I/ITC9I BIIOCJIENCTBHI:

hoa(l46) =1 (142! — 1= exp(M = DIn(1+ 1)) =1 S exp((M = De) =15
1+ e (M —1)exp(er (M — 1)) —1 < 21 (M — 1)

ITocnennee HepaBeHCTBO B TEMOYKE BLITIOJTHEHO TP YCIOBUH, €CIN BHITIOTHEHO HepaBeHCTBO M < 1?—12 +1,
4TO, KaK IPaBUIO, UMEET MeCTO Ha IpPaKTHKe.
Crenyromuit psifi TPOCTHIX HEPABEHCTB TaKXKe MOHANOOMTCS IJIS BBIBOAA OKOHUYATETBLHONW OIEHKH.

IIycTs BEpHO HEpaBEHCTRBO

la— b] < dlal.
Torma oyeBuIHO
|a] 1—-¢ 1 1+46
Bl<A+dla, 21| <g, < k< (55)
15| |al 1b] = a
IHasee JIeTKO yCTaHOBUTD, 4TO
i_i‘:|a—b|§ dlal §i§6(1+6) (56)
la] ] lal 6] = lal[6] = [b] |al
Tak Kak 1o ompeneseHno
K) _ t; K
iy’ = (s X Y77 e

To corsacuo (43) u (54) uMeeM oreHKy

(K)

Wl — @] < 26y (M — 1)l | + 0.
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Hepexonﬂ OT KOMIIOHEHT K BEKTOPpaM, HAXOOUM
[[ul) =@ < 260 (M = D}t + e0V'M. (57)

Hutst npocToTs 3anmncu obosHaunM §1 = 2(e1 (M —1) 49V M). BocnoassoBaBIIncs TeM, 9TO ||u(K)|| =U,
a Takxke HepapeHcTBamu (56) u (50), mosyanm

1 1 1
- — — <4 (1+61)—=. 58
7~ e < 0+ 505 s
W3 mepasencts (55) u (57) coenyer
1 1
< (1+4+61)—. 59
e = 4007 o
Iasee BBIUUCIgETCS HOpMa U = |||, OBosHaunm Usiar Pe3yJILTAT BBIIOJIHEHIS 5Toil Oepalii
Ha DOBM. Bocnosbsyemcs onerkoit (20) [3], u3 KoTopoii cireqyeT, 4T0
~ ~ M4+4~ ~ M+4
|UMaLU—U|§61 + U:62U, (52261——1_.
2 2
HepagencTsa (55), (56), (58) npuBogAT K CIEAYIOMEMY De3yIbTaTy
L (14 82) 2 < a1+ 1) (1 4 o) (60)
= — =| <02 2)= < 02 1 2) -
UMaLU U U
u
L 46t < (146140 (61)
=< 2)= < 1 2) -
UMaLU U U
IMocaennuit Mar aJropuTMa — HOpPMIPOBKA BEKTOPa, KOTOpas IPOU3BOANTCA TOKOMIIOHEHTHO, IIPH 3TOM
~(K) ~(K)
~ U s
v = (a;K)/U) u |v; — <er|~=|+¢o
wm ")
~ 1 u —
v — TU(K)H S 61M+60 M (62)
U U
Crenytolliee HepaBeHCTBO ABJIAETCA CACACTBUEM HEPaBEHCTBA TPEYTOJILHIKA
ol <o ) aE) ) H N 2K ) H N )
v —v T— = — - — — — -
N UMaLLI UMaLLI U U U U
[pocTeie npeobpasoBanns ¢ yueToM (62) MpUBOLAT K OIEHKe
) 1 1 1 1 1
~ u ~ ~ ~
17— vl < e 7 + eoV'M + |[aB))| ‘~— — 7‘ + a0 || = — —H + = Hu<K> —
Malll UMaLU U U U U

TIpuMeHNM TTOCTENOBATENBHO K KaXIOMy claraeMoMy HepabencTBa (55) — (61). B pesyiapTaTe ¢ yueTom
TOTO, U4TO ||u(K)|| = U, MBI IOJIy49aeM HTOTOBYIO OLCHKY .

17— || <er(1+81)°(1+82) + 20V M +65(1461)* (14 62) + 1(1461)° + 61 <

4max{51,(52}(1 + 61)2(1 + 62) + &gV M.

HepagencTpo (63) mokasaso.

TaxuM 06pa3oM MBI IOKa3aJIl, YTO BLIYNCACHHDIT BEKTOP ¥ €CTh BO3SMYIIECHIE TOYHOTO COBCTBEHHOIO
BEKTOpa HEKOTOPOi MaTpuikl T, 6amskoit k ncxomroit Marpuie S (53). Hopma BoO3MYyIeHNsS MaTPHITBI
HOMUUHAETCA OICHKE

IS =T <&|:S]| = es,
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[OpHYeM OTHOCHTENBHAS €5 W abCOMIOTHAS €g MOTPENTHOCTH ONpenelaioTes no dopmyse (38). Bekrop
TIOT'PEITHOCTH 1) OIleHNBAeTCA aOCOIOTHON BEJIMYNHON

[Inll < ev (),

rae

ev (S) = 4max{6y, 82} (1 4 61)*(1 + 82) + eo VM (63)

opu ToM, uTto dp = 2(e1 (M — 1) + 60\/M), 0y = 61#.

B xauecTBe BBIXOIHOIO MapaMeTpa [Jid aJrOpUTMa BLIYHMCICHHS COBCTBEHHOTO BEKTOpa YIOBHO HC-
HOJIB30BATE OHY BEJUYUHY, KOTOPasd OleHUBAJa Obl U MOIPElIHOCTL, BHECEHHYIO B UCXOAHYIO MaTpUILY,
1 BEKTOp BO3MYINEHH 7). TaKoll BeJITYNHON MOXKET OBbITh, HalpHMED, CYMMa, 3THX abCOTIOTHBIX IO Pelll-
HOCTeI:

ESV(S) — €5 + Ev(S), (64)

NJIN OTHOCUTEJbHaA TIOT PEITHOCTD

V3

ggv(S) =¢cg+ EV(S)W

(65)

3.7 BruruucieHrne co6CTBEHHBIX 3HAYEHUN U COOGCTBEHHBIX BEKTOPOB
MPON3BOJILHOIN CUMMeTPUYHON MaTpPHUIbI ¢ TapaHTUPOBAHHOU
OIIEHKOIl TOYHOCTU pe3yJibTaTa

Brrunciierne cobCcTBEHHBIX 3HAYEHHUH U BEKTOPOB MPOM3BOIBHBIX CHMMETPUYHBIX MATPHUI] CBOAUTCA K O6-
paboTKe CHUMMETPUYHBIX MATPHUI] TPH TIOMOIIHN TIPOTIeAY Pl Tpexanaronanusanui. leficTBuTenbHo, Jiodas
cuMMeTpuuHasg MaTpuia A pasmepa M OpTOrOHAIBHBIMEA MPeOBpa3OBaHUAME TPUBOAUTCA K TPEXIHATO-
HaJTBHON dopMe S = PAP* (cMm. pasnen 3.1). W3 nenoukn paBeHCTB (2) criemyeT, 9To n — 0e cOBCTBEHHOE
sHaueHne Ap(A) marpunbl A coBmamaer ¢ n — M cOOCTBEHHBIM 3HadeHNEM Ap(S) TpexamaroHasbHOI
CHUMMeTDHIHON MaTpuibl S: Ay (A) = A, (S), a cooTBeTCTBY IO COOCTBEHHBIN BeKTOp v(A) paBeH mpo-
U3BEIICHNIO TPAHCTIOHNPOBAHHOH MaTpuisl npeobpasosanns Pl #a cobeTrenmbiit BekTop v(.S) MaTpHITH

S: v(A) = PTu(S).

AJ'II‘OpI/ITM BBIYUCJICHUA COOCTBEHHOTO 3HAYECHUS HpOI/I3BOJ'II:HOI7[ CHMMeTquHOﬁ
MaTpHuOel C OHeHKOﬁ TOYHOCTH pe3yJibTaTa.

Iamo: nmpowsBosbHas cuMMeTprudHas maTpuna A pasmepa M,
n — HOMep cobcTBeHHOTO 3HadYeHnd MaTpunbl 1 < n < M.

ITar 1. TpexamaroHaansamms MaTPHUITLL A.
BHIUHCITHTE TpexanaroHadbHyo MaTpuiy S Takyio, uro S = PAP* (amroputm pasgena 3.1) u
abCOTIOTHYIO TIOTPENTHOCTE TPeXAnaroHaansanun ey mo hopmyie (13).

ITar 2. Boruncnenme cobcTBEHHOTO 3HAYEHNA.
BBIIHCITHTE TPHOIMIKEHHY IO BETHIHHY Ap (S) 1 — 10 COOCTBEHHOTO 3HAUEHNA Ap (S) Tpexanaronanb-
HOI CHMMETDHYIHOI MaTPHITEL S (paszier 3.2) u abCONOTHY IO TOTPENTHOCTHIO €3 (S) mo dhopmyJe (18).

[IpucsonTs M (A) = A (5).

IITar 3. Onenka NOTPeNTHOCTH Pe3yaLTaTA.
ABCoMIOTHAL MOrPEITHOCTL BLIUUCACHHS 7 — TO COBCTBEHHOIO 3HAUEHHSA MATPUIEl A oleHHBaeTCA
CYMMOIT TIOTPENTHOCTN TPeXanaroHaansamni e (13) m MOrpentHoCTH BBIYNCAEHNS COBCTBEHHOTO
sHavueHus €3 (S) (18) marpuier S:

R (A4) = Al A)] < 2(A) = ex + ea(9)

OTHOCHTeTBHAS HOTPEITHOCTE OlleHnBaeTcs oTHoIeHneM (ep + €3)/]]5]|.
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Pe3yJ’II:TaTOM BBITIOJTHEHU A aJITOPUTMA ABJAECTCA HpI/I6J'H/I)KeHHa9[ BeJIN4YMHAa An (A) cobCcTBEHHOIO 3Ha-

qeHns A, (A) U rapaHTUPOBAHHBIE TDAHUIH! AL‘)(A) n /\£L+)(A) TOYHOTO COBCTBEHHOTO 3HAYEHHA A, (A):

ATA) = Xa(A) —ex(4) < Aa(A) <A (A) + ex(4) = AP (4)

AJ'II‘OpI/ITM BBIYNCJICHUA HOPDMHXPDOBAHHOI'O co6cTBEHHOTO BCKTOpa
HpOI/I3BOJ'II:HOI7[ CHMMeTquHOﬁ MaTpHunel C OHeHKOﬁ TOYHOCTH pe3yJibTaTa.

OGazarenpHble HaHHBIE: TIPOM3BOJIbHAS CHMMeTprUYHas MaTpuia A pasmepa M,
n — HOMep cobcTBeHHOTO 3HadYeHnd MaTpunbl 1 < n < M.

Heobsa3aTenbuble JaHHLBIE: TapAaHTUPOBAHHBIE HUAKHIA /\gf) U BEepXHIA /\£L+) (/\gf) < /\£L+))FpaHI/IHbI
n-r0 COBCTBEHHOTO 3HAUYEHUS A, MaTpUIsr A

Illar 1. TpexauaroHaan3anus MaTpPUIbL A.
BeramcanThs TpexamaroHadbHYI MaTpUly S Takylo, uto S = PAP* MaTpuiy opTOroHaJbHOTO
mpeobpasoparns P (anropuT™ pasiena 3.1) u abGCOMOTHYO HOTPEITHOCTE TPEXANArOHATN3AINN €7
o opmyse (13).

IIar 2. HonogHuTe bHBIE BHIYNCICHHS.
Ecnu rpannmss Aﬁl‘), /\£L+) 3a0aHbl 1 Aﬁf) < /\£L+), To mepetiTu kK lary 3.

— + .
Ecnn ne m3BecTHBLI TPaHUITBI /\gl ), /\gl ), BLIUUCIUTE WX, ncxond u3 noiaydenuoin va IMare 1. Tpex-

MUATOHATBHON CHMMETPHYHON MaTPHITE S, 0 aJrOpuTMy pasmaeia 3.2.

(5) _ \G)

Ecam rpaHunbl 3amaHbl, HO COBIIAmaioT Ay
obpazom AT = — ex(9), AGH =+ ex(S), rme €x(S) onpenensercs dopmysoii (18).

= )\, TO MepPeONpeNeanThb WX CIEMYIONIM

ITar 3. Beraucienme cobcTBEHHOTO BEKTOpa MAaTPHILL S.
BoramcsnTs BekTop v(S), cooTBeTCTBYOMII Ay (S) = Ay (A), mpuMeHss anropuTm pasmena 3.6. B
pesyibTaTe OyneT mosyderH BekTop v(S), 6mmskuii K v(S) B cMbicie cooTHommeHns (53)

Illar 4. Boruancienne cobCTBEHHOIO BEKTOPa MaTPUILL A.
BorancanTs cobeTBennbi BekTop MaTpumbl A o dopmyie T(A) = (PT x ¥(.9))yam-

HIar 5. OueHka MOTPEITHOCTH PE3YJIBTATA.
BrruncaunTh abCoMOTHYIO €psy WIH OTHOCUTENBHYIO €1 gy TOTPEITHOCTE Mo (hopMyIam

V3

ersv(A) = ep +es 4 ev (S) + 1 (M + 1)VM, Ersy = ETSV(A)W’

ucnoaesys (13), (38), (63).
3ameuanne. [lociennee ciaraeMoe BosHIKaeT Tpn ymuoxkernn matpunt P1 ma sexTop 7(S) (oM.
[3] cTp. 28).

T

PesyabTaToM BHITOIHEHNS alropuTMa sBiseTcs BekTop U(A) = (vi,va,...,vpr)" —TIpUGIHKEHHOE

SHa4YCHNE TOYHOI'O HOPMMPOBAaHHOI'O cobCcTBEHHOTO BEKTOpPa U(A) MaTpHUIObL A B cMEICHE CJIEAYIOIETO pa-
BE€HCTBa:

F(A) = v(A+ AA) + Av = v(B) + ¢,

roe s MaTpunbl B 6in3Kkoil K MaTpuile A 1 BeKTOpa MOTPENTHOCTH {, BEPHA OIEHKA

1A= Bll + lI<Il < ersv (A).
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4 O630p Bo3MoxHOcTen nmakera GALA

PaccmoTpennbre BhIllle aJropuTMBI OBUTH MCTIOMB30BAHBI TIPH Pa3paboTKe MPOTpaMM s PEIeHns CHM-
METPHYHBIX CIIEKTPAIBHBIX 3a/1a4 JTHHENHON aarebpbl. DTH MPOrpaMMbl 00BEMUHEHBI B MOAYIbL Symmod,
KOTODHIH fonosamnt makeT nporpamMM GALA (Guaranted Accuracy in Linear Algebra), onncaunsiii patee
B [3]. B xome paboThl ObIN BHECEHBI M3MeHEHUs U B ApYTHe paHee HAUCAHHbIE MOLYJIU, mos>ToMy B I1pu-
JIOJKEHIE MBI TIOMECTHIN TIOJTHOE TONPOOHOe ommcanme Beex Momydseir. IlporpaMmbl HammcaHbl Ha s3BIKe
FORTRAN-90 (¢ ncnoapsoBareM dopMaTa ABOWHON TOUHOCTH) N PaBOTAIT TOJIBKO C BellleCTBEHHBIMI
MaTPHIAME.

OcHoBHas oTamunTesnbHas depra nmakeTa GALA Haswume rapaHTHPOBAHHON OINEHKNM TOYHOCTH pe-
3yJbTaTa, KOTopas IPICYTCTBYET BO BCEX MPOIENyPax B KaUuecTBe HeOOS3aTENBHOIO TapaMeTPa.

KopoTko ocTanoBuMcs Ha HEKOTOPBIX HOAIPOrpaMMax 5Toro makera. s paboThl ¢ Tpou3BOIBEHBIMI
MPSIMOYTOMBHBIMEI MaTPUIIAMA OCHOBHBIMHU SIBJISIOTCS nBe mpotenypwl. Ilepsas — LinSystemSolution —
pertaer cucremy Az + r = f ¢ npomsBombHO# npsMoyrodabaoin N X M-matpuneii A. Ee mapamerpsr:
maTpuna A, mpaBas yacThb f, pelieHme x, HEBSI3Ka I U ONEHKA TOTHOCTH DEITEHNUS.

Bropas — InverseMatriz — npousBonuT obpalenne KBaApaTHON MaTpPUIBl. B mapaMeTpsl 5TOl mpo-
ey PHI, KPOMe MCXOMHON U 06paTHOW MATPUIl, BXOAUT TaK:Ke OIeHKa OIMMUOKU obpallleHus. JJIeMeHTHI
00paTHON MAaTPUIIEI MOT'YT OBITEH Yy TOYHEHB METO/IOM UTEPAIII € TIOMOIBIO Tponeny phl Refinelnverse Matriz

Pesyavraramu nporenyp SingValue, TwoDiagCond aBagroOTCI COOTBETCTBEHHO CHHTYJISIPHOE THCITO
u 00yCJIOBIEHHOCTE KBaIpaTHON IBYyXIumaroHaiabhoil marpuiibl, a MatCond — uncio obycoBIeHHOCTH
MIPOW3BOJIBLHON MATPHITH.

Kpome 51010, MakeT conepKuUT Pl BCIOMOTATEIBHBIX CITYKEOHBIX TIPOIENY P, HEKOTOPHIE M3 KOTOPHIX
MOT'YT 3alHTEPECOBATH MOATOTOBIEHHOTO Mosb3oBaTend. HanpuMmep, moanporpamma TwoDiagonalisation
C TIOMOITIBIO OPTOTOHATIBHBIX TTPeobpa30BaHuil MPUBOMUT NPoH3BoabHYI0 N X M-marpuny A (N > M)
NBYXINATOHAJLHOMY BHIY .

OCHOBHBIME TpPOIEAYPAMH HOBOTO MOAy/s Symmod, paboTaonero ¢ CHMMETPUYHBIMIA MaTPUIIAMH,
MOXKHO cunTaTh Figen ValueSymMatriz (BbrauciseT j — e cobcTBerHOe 3Hauenne) n Bigen VectorSymMatriz
(BBIYMCIIIET KOMIOHEHTHI COOTBETCTBYIOIIETO HOPMIPOBAHHOTO COBCTBEHHOTO BEKTOPA).

IIpu pabore ¢ CHMMETPUIHBIMI MATPHUIIAMI MOTYT OKa3aThCS MOJE3HBIMH TaK¥Ke CIEYIONINe BCIO-
MoraTesbhble npotenypbl. Pyukius SymMatCond BeraucAseT YUCTO 06YCIOBIEHHOCTH CHMMETPUYHON
maTpuisl. [lognporpamma ThreeDiagonalization ¢ TOMOIIBIO OPTOTOHAILHBIX MPeobpa30OBaHNil IPIBOMIT
MPOW3BOIBLHY O CHMMETPUYHYIO MATPHUITY K TPEXINATOHAJBHOMY Buay. s TpexamaroHa bHON MaTPHIThL
npotenypa Figen Value Three DSMatriz Berauciser j — e cobcTBennoe 3uadenne, a Figen Vector ThreeDSMatriz
— KOMITOHEHTHI COOTBETCTBYIOINIETO HOPMHUPOBAHHOTO cobCTBeHHOTO BekTopa. Pymkrma ThreeDiagCond
BBIIAET YNCIO OOYCITOBIEHHOCTH TPEXAMATOHAJIBHON cuMMeTpuaHoit maTpuisl, a Norm ThreeDSMatriz
BBIUHCJISIET OIEHKY CBEPXY €€ eBKIINIOBOI HOPMHI.

4.1 IIpumep

Obcynmm Ha puMepe YIOMSHY ThHIe BO BBEIEHIN ST AINBI YNCIEHHOTO HCCAENOBAHNS (PU3MUECKUX TIPOIECCOB
U 3a0[HO TIPOAEMOHCTPUPYeM Bo3Mox)HOCTH nakeTa GALA.

OmHol 13 caMBIX PACIPOCTPAHEHHBIX CIIEKTPATBHBIX QU3NUECKUX 3a/1a4 SIBISeTCS HAXOXKIeHe 00Iel
SHEPIUH YacTHUIbl B 1 ee BoJHOBON (hyHKIN ¢ w3 ypaBuenus lllpemmarepa

A+ ;—I;(E— Ulx,y,2))¢ =0,

rne h — noctosunras [lnarka, g — Macca gacTunsl, a U = U(x, y, z) — ee noTeHIHATbHAS SHEPTHSL.

Ha mpaxTtuke dyaknua U mubo 3amana aHATIUTUYECKN, JUOO ee 3HAUEHNA W3BECTHBI TOJBKO B HEKO-
TOPHIX TOYKAX H TMOJIYIEHBl B XOfe (HU3MUECKOTO MIIN YHCIEHHOTO SKCepiMeHTa (1 Torfa BeaudnHa U B
[IPOM3BOJILHON TOUKE ONPEHEIIAETCS HHTEPIIOAINENT).

PaccmoTpum gacTHbIl Bun ypaBuennd llpeaunrepa mid rapMOHTYIECKOTO OCTIUIIIATOPA:

h? d%y

2
ﬁ@*‘w—ﬂﬁw:m (66)

2
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KOTOpPOE MBI AOIIOJTHUM €CTECTBEHHBIM YyCJIOBUEM HOPMUPDOBKHU

+oo
/ [(2)] de = 1, (67)

— 00

B,HCCI) (.dg — cobcTBeHHAad 1acTOTa OCIIUJIJIATOPA.

B »ToM ciiydae HeT HEOOXOAMMOCTH B ONpPeNeTeHINH MCXOMHBIX AaHHBIX N3 SKCIepnMeHTa (3Tam 1, cM.
BBienerne) 1 X WHTEPHOMANNN (5Tall 2), Tak KaK Macca YacTHIbl CANTAETCS H3BECTHOM, a MOTEHINATb-
Hag sHeprug U 3amana IBHLIM aHAJATUYIeCKUM obpaszoM. Imd dmciieHHOTO aHan3a HeOOXOMWMO JIUIIH
HOCTPOUTE ANCKPETHYIO MOMETh M PEINTh crekTpanbayto 3anady (1). Tlocie obosHadennii

A= 2B o e B ) = wweb),

T hwe! o Zy

ypasHeHue (66) mpespataeTcs B 060bIeHHOE ypaBHEHNE THNEPTEOMETPUIECKOTO THIIA C COOTBETCTBYIO-
el HOPMUPOBKON

e n—ep =0, /+°° (€2 de = - (68)

dfz — oo Lo

OTMeTHM, 4TO B TAHHOM IIPOCTOM CJIydae cobcTBeHHbBIe DYHKIME 3a1aun (68) NMeroT aHATNTHIECKOE
[peCcTaBleHne depes MoMHHOMBL DpmnTa (cM. [10]):

1 e 28, (¢)

en(l) = 69
© VZo /2rnl/m (69)
MM coOTBETCTBYIOT COGCTBEHHbIE 3HAYCHIS

Av=2n+1npun=0,1,2... (70)

BOSBpaH_[aﬁICI) K NCXOAHBIM MMEPEMEHHBIM, IIOJYYaceM

1 e—%(%)QHn(;_D)
VEo o \/2ral/r

TIpunveHNM Terephb K 3amade (68) quciieHHbIe METOMBl 1 CPABHUM BKJIAEL B ODIILYO MOTPEITHOCTE De-
IIeHNS OMNOKN BBIYUCIEHNA COOCTBEHHBIX 3HAUEHNH 1 BEKTOPOB MaTPUIILI AUCKPETHON MOJEIN W OMINOKN
muckperusamun. CyIecTBeHHO, YTO HAJTHTIHE TOTHOTO aHATHTHIecKoTo pernenus (69), (70) nosposnt Ham
MIPOBECTH HEOOXOMMMOE CpaBHEHUE, He yIIybJiIdsich B TCOPHUIO PA3HOCTHBIX CXEM.

Huckpernaa momenb. [lad Toro, 9To6B TOCTPONTH AUCKPETHYIO MaTeMaTHIECKYIO MOMeTh 3ala-

qn (68), sadukcupyeM miamHY miara A, BBefleM (YHKIHIO IUCKPETHOTO MapaMeTpa u*) u mpuGmmsmM

d? .
IPOU3BONIHYIO dg_f KOHEYHOH Pa3HOCTHIO

1
() = , En:hw0<n—|—§) npun=0,1,2...

dzgp u(k_l) — 2u(k) _|_ u(k‘l'l)

W) = o(k A), T~ v

B pesyjarTaTe BMECTO ,HI/Iq)q)epeHHI/IaJH)HOFO YpaBHEHUA (68) 6y[[eT IIoJIy4YEHa OecKkoHeUHask CHCTEMa, pas-
HOCTHBIX ypa,BHeHI/IfI

u(k_l) — 2u(k) _|_ u(k‘l'l)

AZ

IIJ'I?[ TOro, YTOODI MMOJIYYNTH KOHEYHYIO CHCTEMY Pa3SHOCTHBIX ypa,BHeHI/IfI, AIMPOKCUMHUPYIOUIYIO 3adavy
(68), HeO6XO,HI/IMO BOCIIOJIB30BATHCA BXOOAIINIM B HEE YCJIOBHEM HOPMUPOBKMH. OHO, B YaCTHOCTH, O3HaAYaEeT,
4qYTO q)yHKHI/Iﬂ gﬁ(g) Ha OeckoHeuwHOCTH OJM3Ka K HYJIIO. CJ'[C,HOB&TCJ'H)HO, AJId HEKOTOPOTO oospimoro N
q)yHKHI/II/I AUNCKPETHOT'O IMMEPEMEHHOTO U(k) n

+ (A= (kA)Hu®) = 0. (71)

%)

ul), k| < N,
0, |k| > N
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OINBKH:

ulk) y y(F) (72)

i QYHKIHSA v TakkKe SBJISETCS NNCKPETHON anmpokcnmarueil GyHkimun ¢(€). 3Hadennd QyHKIWNT v yao-
BJICTBOPAIOT CJIENYIONINM YPABHCHUIM:
L9y (=N) L (=N+41D)

- + (A= (NA)P?)uN) =0
U(k—n_zZ(;)JrU(kﬁ) (A v

)
— (kA)*)vR) =0, k| < N —1 (73)

y(N=1) _op (N)

LS (A= (VA = 0.

Ommubkyu AucKpeTm3anum. YKaxkeM Ha OUeBHIHbLIE 3aKoHOMepHOCcTH. ToOUHOCTEH ANMCKPETHON MO-
JIENTH CKJIaIbIBA€TCS M3 TOYHOCTH ammpokcuManun nuddepeHnaibHOro ypaBHeHNS W yCJIOBUsS Ha Oec-
KOHEYHOCTH W, CJENOBATEIBHO, 3aBHCHT OT ABYX mapameTpon: mmara A um umciaa N. Takum obpasom
IUT YMEHBIEHNs OIMMOKN MUCKPETU3ANNN HEODXOMMMO ONHOBPEMeHHOe yMeHbIeHHe A ¢ yBeJmdeHme
N. OTmeTnM, 9TO TIpH AOCTATOUYHO HOIBITOM N OCHOBHYIO POJIb WTPAET TOTPENIHOCTE TPUOINKEHNS
nuddepeHnnaIbHOrO ypaBHeHus U omubka AucKperusanun sefeT ce6s kak O(A?).

Co6cTBeHHEBIE 3HAUEHNS U BeKTOPBL. MaTpuuHbIil BH cucTeMbl (73)

Sv = Av. (74)

3meck BEKTOD

b= (N N ()

gy

ol ,...,v(N_l),v(N))T,

a 3JeMeHTH MaTupnisl S pasmepa (2N + 1) x (2N + 1) onpenensitorcst clenyoreii GopMyItoii:

0, J>i+1,
2/AT+ (j— N +1)%A% j=i

Taxum obpasom perierne ypasHerns Illpenunrepa cBeaoch K HAXOXKIEHWIO COOCTBEHHBIX 3HAUEHU
U BEKTOPOB CHMMETPHUYHON TpexamaroHaJ bHON MaTpuibl S. WMeHHO Ha 5TOM cTamuu HeoOXOMUMO WC-
MOJTB30BaHNEe COBPEMEHHBIX AJITOPUTMOB JIMHENHON ajreOphl ¢ rapaHTHPOBAHHON OIEHKON TOYHOCTH pe-
syabTaTa. HamoMHEIM, 94TO TOIBKO B 3TOM Clydae, Kak ObIO YKa3aHO BO BBemeHWN, MOXHO TOJIYYHTH
MOJTHOEe ODOCHOBAHIE COOTBETCTBUS UNCICHHOTO W AHAJUTHIECKOTO perneHnii. Mcmomb3ys mporenypobl
FEigenValue ThreeDSMatriz m EigenVector ThreeDSMatriz makera GALA nmia permenns sagaun (74), mo-
JiydaeM TPUOINKEHHBIE BEITMINHBL Ao 1 7 MEPBHIX CODCTBEHHBIX 3HaUeHWl Ap (70) W KOMIOHEHT COb-
CTBEHHBIX BEKTOPOB ¥y, KOTOPBIE PAa3bICKUBAINCH HAME KaK allIPOKCHMAINS COOCTBEHHBIX (DYHKIUN @y,
(69).

Awnanus nmorpemHocrenn. Breixogubie mapamerphl error nponenyp FigenValue ThreeDSMatriz u
EigenVector ThreeDSMatriz nakera GALA mpencTaBisioT coboil OlleHKN OTHOCHTENBHBIX TOTPEITHOCTE
& (S) (19), €sv(S) (65). 3amernm, aTo coryacHo dopmynam (19), (65) oTHOCHTeNBHBIE TIOIPEITHOCTH
MPOMOPINOHATBHEI MAIITMHHOMY YHCIY €] U MPAKTHYECKN HE 3aBUCAT OT caMoil MaTpuilkl. ToabKO OTHO-
CUTeNIbHAS TOTPEITHOCTE COBCTBEHHOTO BEKTOPA BKIKYAeT B cebsd 3aBHCHMOCTE OT pa3Mepa MaTpPUITHl I
(haKTUIeCKN MPOMOPIUOHATBHA TTapaMeTpy AUCKpeTusanun N .

Hamomuum, 910 abcoToTHBIE TIOT PEIITHOCTH BBIYHUCIEHNS COOCTBEHHOTO 3HAYEHUS I COOCTBEHHOTO BEK-
TOpa yIOBIeTBOPAIOT HepaBeHCTBaM €3 (S) < € (S)M(S), em. dopmyiy (18), u egy < Egy M(S), dop-
Mmysna (64). B HameMm TpuMepe 57eMEHTHI MaTPUIBL S WMEOT MPOCTOi Bua U BeawuwHa M(S) jerko
oleHMBaeTCs depe3 mapameTpbl N m A:

M(S) < % (N +1)2A%
Taxum 06pa3oM, IMEIOT MeCTO IIPUGJIMKEHII
ex(S) meaM(S) mei /A% esv(S) meM(S) mer /A
OTCIO,Ha cJIeayeT BBIBOMH, YTO HNOT'PEIMIHOCTU BBIYMCJICHUA CODCTBEHHLIX YUCE] U BEKTOPOB pacTyT C

YMEHBIICHNEM A, B TO BpeMd KaK IIOI'PEITHOCTH ONCKPEeTHU3alln y6bIBaIOT. CyH_[eCTByeT TaKoe 3Ha4YcHIe
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A, IpI KOTOpOM OHI cpaBHHBaioTca. Hampumep, eciu A = 1074 a ey ~ 107'%, To u Ta u Apyrag morperm-
HOCTH IO TIOPSAAKY BeMmInHEL paBHEI 1078, DTo eme pa3 cBUIETEILCTBYET O TOM, ITO HOTPEITHOCTIMII
BBIUHCTEHUH TpeHebpPEraTh Heb3s.

Pesynbrarsl BelumMciieHUun. BBeneM BeUUYUHbI 6§\n) = A —An| 1 5 = max; |i7£i7) — on(FA)].
IlepBas w3 HuUX sBisgeTCs OOIMEN TOTPEITHOCTHIO B ONpeNejeHnn COBCTBEHHBIX 3HAUYEHWH, a BTOpas —
cobcTBerrbix GyHKINA. OHU BKIIOYAOT B cebs KaK MOTPENTHOCTE AMMPOKCHMAIINN, TaK W MOTPENTHOCTH
BBIUHCIIEHUN.

Crenytorue rpaduki WITIOCTPUPYIOT 3aBHCAMOCTE MTOTPENTHOCTEN (55\”), (55n), ex(S) m egy oT 3HAUe-
auit A u n npu noctosaaoM N = 3000. Bce Brrumcaenns mpomspoamianck Ha cynepkommbioTepe ALPHA
¢ IBOWHOW TOYHOCTBIO, TO €CTh MAINHHBIE KOHCTAHTHI MIPUHUMAJN CJEAYIONINe 3HAYCHUS:

N =2, g9 =2.225E — 308, &1 = 2.220F — 16, coo = 1.798F -+ 308

N=3000 N=3000

Puc.1 Puc.2
(0)

Ha pucyske 1 m306paikeHb! CllefyoNie 3aBHCHMOCTH OT NeCATIYHOTO MopsIKa BemuanHel A: A —log 457,

B - logy, 5&1), C - logy, 5&2), D — logyq €x(S) npn nocrosarom N = 3000.

Ha pucynke 2 mpusenenwl rpaduku: A — log 550), B — log;q 551), C — logy, 552), D - logigesv(S)
Takxke ipu N = 3000.

KomMmenTapuu. B nepsyio ouepens 0OTMETHM, 9TO Mpaduk KpuBoil D JeXUT CyIecTBEHHO HIKE APY-
rux. DTO 3HAYNT, 9TO B AAHHOM ClIydae BKJIaJ] apHOMeTHIECKHK TOTPENTHOCTEN B OBIIYI0 TOTPEITHOCTE
BBIUHCIIEHHSE COGCTBEHHBIX UHCEN HE3HATNTENEH.

3ameTum nomyTHO, uTo Kpubkle A, B u C pacmosaratorcs 1o NOpsAAKY OIHA Hall APYToil. DTO FOBOPHT
0 TOM, YTO TOYHOCTH JHCKEPTHOTO KOHETHOMEPHOTO Mpubsnkenns (73) HCXOMHON HEMPEPHIBHON 3a1a4m
(68) yMeHBIAeTCS ¢ POCTOM HOMepa (MOIYJIst) WCKOMOTO COOCTBEHHOTO UHCIIA.

Kpome Toro, rpadukn kpusbix AB u C uMeloT MEHEMYM. PoCT 5THX KPHBBIX BIDaBO W BJIEBO OT
TOYKN MHHHMyMa OOYCJIOBJIEH pDasHBIMH MpHYWHAMU. Tak, yBeJnueHHe TMOTPENTHOCTH ¢ pocToM A (B
OKpecTHOCTN To4uKN logiy A = —1) cBd3aHO ¢ TeM, 4TO IIar AWCKPETHU3ANNN BeJNK W KOHEUHbBIE Pas-
HOCTH IJIOXO TPHUOINKAIOT MPOU3BOAHbIE. ECiN ke BHIOpATH IMAar MHNCKPETH3AINN MaJbiM (HATPEMED,
log;g A = —3), To mepecTaHeT BBIIOIHATHCS YCIOBHE Ha GecKoHeUHOCTH (68), 9TO B KOHEYHOM HTOTE
TakXKe BEIET K GOJBIINM MOTPENTHOCTSAM.

PaCCMOTpeHHbeI BBIIIE TIpUMED y6e,HI/ITeJ'H>HO IIOKa3bIBaeT, YTO HCIIOJIBE30BaHNE COBPEMEHHBIX aJIr'o-
PUTMOB JINHENHON a.nre6pb1 C I‘apaHTI/IpOBaHHOfI OHeHKOI7I TOYHOCTH pe3yJbTaTa ABJIA€TCA HeO6XO,HI/IMbIM
JJId KOPPEKTHOIO YNCJIEHHOTO UCCJAEAOBAHUA (bI/ISI/I‘IeCKI/IX IpPOoIECCOB I OTKPHEIBAET HOBBIC BOSMOXKHOCTHU B
YCTaHOBJIEHNN CTEIIEHN COOTBETCTBUA MEXKAY YHUCJICHHBIM SKCIIEPIMEHTOM 1 PeaJIbHOCTBIO.
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IIpunoxenne

A  Omnucanme mporpamMmm

[porpammusbiii makeT cocTonT u3 mectu momystei: SingMod, TDiagMod, LSysMod, RefMod, SymMod n
ArithMod. (HocTyn kKo BceM MomyJiaMm obecreunBaeTcs oneparopoM Use AllMod, xoTopsrit BeTapBiseTcs
B HAYAJIO DJIABHON NporpaMMel.) [lepBEle NATH M3 HUX SBIAIOTCS OCHOBHBIMH W COAEPKAT TOAIPOTPaM-
MBI: peIlleHie CHCTEeMBI JIMHEHHBIX YpaBHEeHU, obpalieHus MATPUIIBI, BHIYUCICHNS CHHTYISPHBIX YHUCesT
MaTPHIIBI, YHCTA OBYCIOBICHHOCTH, COOCTBEHHBIX 3HAYEHUN U BEKTOPOB CHMMETDPUUYHBIX MaTpuil. Ilo-
CIeTHUT MOMYJTh ABJISETCA CIIyKeOHbIM. B HEM cobpaHbl Takue IpoIeayphl, Kak ompeesieHre MalTiHHbIX
KOHCTAHT, BBIUNCJIEHHE YTOYHEHHOIO 3HAYEHUS KBAAPATHOTO KOPHS, TeHepallusd eqUHUYHON MaTPHIIHI,
BBIUHCJICHIE HOPMBI BEKTOpa U JpPYTHeE.

A.1 Moayns SingMod

B sTom Monyite ocHoBHolt siBasiercs dyuknus TwoDiagCond, 3HaUeHE KOTOPOH €CTH YHCTIO 00y CIIOBJIEHHO-
CTH IBYXIWATOHAJBHON MaTpUIBEl. Tak Kak 9ucao oOyCIIOBIEHHOCTHT PABHO OTHOIEHNIO MAaKCHMAIBLHOTO
U MUHUMAJbHOTO CHHTYJIAPHBIX UHCENT, TO OUeHb BAXKHOI SIBIsETCS TakK¥ke Mporenypa Sing Value, Beram-
cagronas X 3HauYeHNnd.

A.1.1 ®yukuma NormEstimation

Hasmauenne:

BrrauciisieT OIeHKY CBepXY €BKJIMIOBON HOPMBI KBaAPaTHON NBYXANATOHAJIBLHON MaTpPUIlBl 1)
pasmepa N, samannoil raaBaonl MainDiag m mobounoit SecondaryDiag nuaronamsamu. Bos-
BpalllaeT BEMECTBEHHOE MOJOKUTENBHOE YUCIIO C IBOWHON TOYHOCTHIO, KOTOPHIM OIEHIBAETCS
HOPMa BYXIHATOHAJBHON MATPUITH.

O6paintesue kK GyHKITUN:
NormEstimation(MainDiag, SecondaryDiag)
ITapameTpsr:

MainDiag — BXomHOI mapaMeTp, OMHOMEPHBI MaccuB JIMHBI N BelIeCTBEHHBIX YUCEN C JIBOMHON TOYHO-
CTBIO, CONEPKUT 3JIEMEHTHI TJIABHON NWATOHAIN IBYXIHMATOHAJIBHON MATPUIIHI.

SecondaryDiag — BXoOTHON TapaMeTP, OMHOMEDPHBIN MaccuB AAUHBI N — | BeIlleCTBEHHBIX YHCEN C ABOMHOM
TOYHOCTBIO, CONEPKUT 3JIeMeHTHl TOOOYHON MUaroHaJ i ABYXANATrOHAJTBLHON MaTPHUIIHL.

Toukym OCTAHOBKN M COOOIIICHM:
Ecnu mapaMeTpbl He COOTBETCTBYIOT ONUCAHUIO, TpOrpaMMa npekpaliaeT pabory. Ilpu sToM BRIHAETCS
COODITIEHNE:

Incorrect Arrays Shape in “NormEstimation”

I/ICHOJ'II:3yeMBIe BHeIIIHNEe IIOAIIPpOrpaMMBI: OTCYTCTBYIOT.

A.1.2 Tlomgmporpamma SingValue

Hasmauenne:

Brraucister J — e cuHDyIsgpHOE YUCIO Stgma KBaApaTHON IBY X IMATOHAJIBHON MaTpuIilsl D pas-
mepa M, 3amamnon raasuoit MainDiag m mobounott SecondaryDiag nuaronansymu. CHHTYIID-
HBIE 9HUCIa CIUTAIOTCS PACIOIOKEHHBIMI IO BO3PACTaHNO. BBIIAET OlEHKY OTHOCHTENBHON
MOTPEINTHOCTH PE3YJILTATA ErTOT.

O6pailrteHne K moanmporpamMMe:
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Call SingValue(Sigma, MainDiag, SecondaryDiag, J,error)
ITapameTpsr:

Sigma — BBIXOTHON mapaMeTp, NeNCTBUTENBHOE YHUCIO € ABOMHON TOYHOCTBIO, COMEPIKUT BBIUMCIEHHOE
3Hadenne J — ro CHHTYJIIPHOTO YMCIIA.

MainDiag — BXomHOI mapaMeTp, OMHOMEDPHBIN MaccuB JINHBL M BellleCTBEHHBIX YMCEJT C JTBONHON TOYHO-
CTBIO, CONEPKUT BIEMEHTHI TJIABHON NUATOHAIN KBAAPATHON NBYXINATOHAJILHON MaTPIITH.

SecondaryDiag — BXOTHON mapaMeTp, OMHOMEPHBIN MaccuB MIHHBL M — | BellleCTBEHHBIX YHUCEN C JBOMHOM
TOYHOCTBIO, CONEPKUT JIeMeHTHl TOOOYHON NuaroHaJJ u KBaApPaTHON IBYX/IMAaroHaJIbHON MaTPUIIHL.

J — BXOmHOI mapameTp, Iejoe mojokuTeabHoe unciao 1 < J < M, HoMep BHIYUCTIEMOTO CUHTYIAAPHOTO
qucIia.

error — BbIXO,HHOfI HeobsS3aTe/TLHEBIN ImapaMeTp, IMOJOXKUTEJIBHOE BEIIECTBEHHOE YHNCJIO C ,HBOI7IHOI71 TOYHO-
CTBIO, COOEPKUT OUEHKY OTHOCHTEIBLHON TNOTPEIMTHOCTHU BBIYMCJICHUA J —ro CHUHT YJIAPHOT'O YHnCJIa:

[|Sigma — o]
1Dl

< error,

rne o; — TOYHOE 3Ha4YcHIEe _] — T'O CHUHTYJIAPHOTO 4YHuCJIa KBaﬂpaTHOﬁ ,HByX,HI/IaI‘OHaJ'H)HOfI MaTpHUIObL

D.

Toukym OCTAHOBKN M COOOIIICHM:
Ecnu mapaMeTpbl He COOTBETCTBYIOT ONUCAHUIO, TpOrpaMMa npekpaliaeT pabory. Ilpu sToM BRIHAETCS
COODITIEHNE:

Incorrect Arrays Shape in “SingValue”
Ncnonb3yeMbie BHEITHUE MOAIIPOTPAMMBIL:
1. BigenValue ThreeDSMatriz (Modyaw SymMod)
A.1.3 ®yskmua TwoDiagCond
Hasunauenue:

Boraucister qmciio 00yc/TOBIEHHOCTH KBaIPATHON ABYXANATOHAIBHOW MaTpHIlkl ) pasmepa
N, sagannoi raasuaonn MainDiag n nobounont SecondaryDiag nmaronansamu. Bossparmaer Be-

IMeCTBEHHOE YHCIIO C IBOHON TOYHOCTHIO PABHOE ff = ZBAL [NE Gpuar 5 Omin — MAKCHMAJTBHOE

Imin

U MOHUMAJIBHOE CHHTYJISPHBIE UHCIIA MCXOMHON MAaTPIITH.
O6paintesue kK GyHKITUN:

TwoDiagCond(MainDiag, SecondaryDiag)
ITapameTpsr:

MainDiag — BXomHOI mapaMeTp, OMHOMEPHBI MaccuB JIMHBI N BelIeCTBEHHBIX YUCEN C JIBOMHON TOYHO-
CTBIO, CONEPKUT 3JIEMEHTHI TJIABHON NWATOHAIN IBYXIHMATOHAJIBHON MATPUIIHI.

SecondaryDiag — BXoOTHON TapaMeTP, OMHOMEDPHBIN MaccuB AAUHBI N — | BeIlleCTBEHHBIX YHCEN C ABOMHOM
TOYHOCTBIO, CONEPKUT 3JIeMeHTHl TOOOYHON MUaroHaJ i ABYXANATrOHAJTBLHON MaTPHUIIHL.

Toukym OCTAHOBKN M COOOIIICHM:
Ecnu mapaMeTpbl He COOTBETCTBYIOT ONUCAHUIO, TpOrpaMMa npekpaliaeT pabory. Ilpu sToM BRIHAETCS
COODITIEHNE:

Incorrect Arrays Shape in “TwoDiagCond”

Wcnonb3syeMele BHENTHUE MOAIPOTPAMMEL:
1.MachConst (Modya» ArithMod)
2.SingValue (Modyav SingMod)
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A.2 Moaynab T'DiagMod

HoanporpaMmbl 5TOro MOnyIs paboTAIOT ¢ NBYXANArOHAJbHBIME MaTpunamu. [Ipornenypa TwoDiagSystemSolution
pelIaeT CHCTEMY C ABYXJAHAroHaJbHON MaTpuIell KoshduiueHToB, mponenypa InvTwoDiagMatriz npons-
BOOUT OOpallleHIe NBYXANATOHAJBHON MATPUITH.

A.2.1 Tlommporpamma TwoDiagSystemSolution
Hasunauenue:

[Iporpamma pemiaeT JAUHERHYIO CHCTeMy aiarebpamdecKnmx ypaBHEHWIl C MaTpHUIEN pa3Mepa
N x M (N > M). Ecm 0603Ha9nTE 32 [ KBaIpaTHY!O BEPXHE-TPEYTONBHYIO JBYXAHATO-
HaJIBHYIO MaTpuiy pasmepa M x M

di b
ds b3

dy-1 bu
dpr

TO BXOOHad MaTpula IMeeT OOUH M3 TPeX CJAeOYIOINX BIOOB

D
1) — opu N > M, 2) D wimm 3) D* npu N = M. (76)
0
3neck 3a 0 obosHaveHa HyJleBasd nonMarpuia pasmepa (N — M) x M.

Samarabivu canTaoTcs rnapaas M d u mobounas Sd guaronasm MaTpuikl [ u nmpaBas 4acTh
RHS (BekTop pasmepa N). B xauecTBe penieHns BblnaeTcs BekTop Sol pasmepa M, a Takxke
BEKTOp HEBSI3KH 7 pa3Mepa N U OleHKA OTHOCHTENHHON TOTPEITHOCTH Pe3YIbTaTa error.

OGpalierue K MOAIIPOTpaMMe:
Call TwoDiagSystemSolution(Sol, Md,Sd, RHS,r,error, Position)
ITapameTpsr:

Sol — BRIXOMHOI apaMeTp, OMHOMEDPHBLIN MACCUB IINHBI M BEIIECTBEHHBIX YNCEN C IBONHON TOYHOCTHIO.
Ilocne ncnmomHeHNS TPOTPAMMBI COMEPKUT KOMTIOHEHTHI BEKTOPA PEIeHNd CUCTEMDI.

Md — BxomHOIl TapaMeTp, OMHOMEDHBIN MAacCHB MIHHBI M BeIeCTBEHHBIX UNUCEN C HBOWHONW TOYHOCTHIO.
ComepXuT 3HAUEHNS JEMEHTOB TVIABHOW AUATOHAIN KBaJAPATHOW NBYXIHATOHAJIBLHOW MaTpPHUIBL 1)
pelraeMoil CUCTEeMBEL.

Sd — BxomHOI MapaMeTp, OMHOMEPHBIN MaccuB MINHBL M — | BellleCTBEHHBIX 9HUCEN € ABOWHON TOUHOCTHIO.
ComepXuT 3HAYEHUS JIEMEHTOB MOOOYHON MUAaroHa N KBaAPATHON NBYXINATOHAILHON MaTPHUITEL 1)
pelraeMoil CUCTEeMBEL.

RHS - BxomHOl mapaMeTp, OMHOMEPHBIN MacCHB IIUHBI N BEIeCTBEHHBIX UHCE C MBOMHON TOYHOCTHIO.
ComepXuT 3HAUYEHNS KOMIIOHEHT BEKTOPA MPABON 4acTH CUCTEeMBI f.

r— BbIXO,HHOfI HeobsS3aTe/TLHEBIN nmapaMeTp, O,HHOMeprIfI MacCCuUB OJINHBI N BEIIECTBEHHBIX YHCEJI C ,HBOI7I—
HOH TOYHOCTBIO. CO,Hep)KI/IT SHaAYCHNA KOMIIOHEHT BEKTOPA HEBASKM CHUCTEMEI.

error — BbIXO,HHOfI HeobsS3aTe/TLHEBIN ImapaMeTp, IMOJOXKUTEJIBHOE BEIIECTBEHHOE YHNCJIO C ,HBOI7IHOI71 TOYHO-
CTBIO, COOEPKUT OUEHKY OTHOCHTEIBLHON NOTPEMIHOCTHU BBIYUCJICHUA:

[|Sol — ||

< error,
1]l

rae r — TOYHBIN BEKTOD peeHud CUCTEMBI.
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Position — BXomHOII mapaMeTp, MeJloe UNcIo, paBeH Hy o B ciydasx 1) u 2) cm. (76) u equHuIe B coiydae
3). Ecnn napamerp Position He 3a7aH Ha BXOMe, TO CUHTAETCS, UTO OH DaBeH HYJIIO.

Toukym OCTAHOBKN M COOOIIICHM:
1.Ecau mapamMeTphl He COOTBETCTBYIOT OIMCAHKIO, TIPOT paMMa MpeKkpaliiaeT paboTy. IIpu 5Tom BhIaeTCst
COODITIEHNE:

Incorrect Arrays Shape in “TwoDiagSystemSolution”

2. Ecim o6ycriopnenHOCTs MaTpunbl D cucremsl (D) > 5= min ecim HopMma npasoil wactu || RH S|| mpe-

BOCXOMUT MUHUMYM U3 01Eqo U a;';, TO ecTh, eciu ||[RHS|| > min{algoo , }, rfe 0y — MUHEMAJIbLHOE

oo

2 2
CUHT yJISIpDHOE YUCJIO MaTPpUIbl CUCTEMBI, {4 — O6yCJ’[OBJ’[eHHOCTb MaTpPHUIbI CUCTEMBI, £,y — MaKCHIMaJIBHOE
MNOJIOKUTEJIBHOE MAIIMHHOE YMCJIO, TO BBIYUCJICHUA MOT'YT OBITH nOpepBaHbl 13-3a HEBO3MOXKHOCTHU pas-
MEIIeHNA Pe3YJIbTaTOB IIPOMEXKYTOUYHBIX BBIYUCJIEHUN B IaMSITH MaIlNHDbI opur 5TOM BBLOACTCA OHHO M3

CIEAYIONUX TMPEIyTPeXKIeHUI:
Warning: Calculations can be interrupted, Matriz Condition s too big in “T'woDiagSystemSolution”,
Warning: Calculations can be interrupted, Right Hand Side is too big in “TwoDiagSystemSolution”.

3. Ecam HOpMa MaTpuibl [) CHCTEMBI CITUITKOM Bennka || D|| > % IJTH e HopMa TipaBoit wactn ||RH S||
CJIMIIKOM MaJia

2 1
RHS|| < VMe |11+ — 4+ —— ————
RS < VMeo |14 2 5T o,

TO PE3YIBLTAT BBHIYUCIEHUS MOXET ObITH He TOUYHBIM, MOSTOMY BBIIAETCH OHO U3 CJAEAYIONINX Tpenype-
KIEHUT:

Warning: Result can be inaccurate, Matriz Norm is too big in “TwoDiagSystemSolution”,
Warning: Result can be inaccurate, Right Hand Side s too small in “TwoDiagSystemSolution”.

4. B cayuae, ecm 06y cIOBIEHHOCTE MaTPHITB D cuctemsbl p(D) >
O YeM CBUIETEIbCTBYET NMpPeAyIpexkaeHue:

121_51 , TO OIEHKAa OIIMOKH HEBO3MOXKHA,

Warning: Estimation s impossible, Matriz Condition s too big in “TwoDiagSystemSolution”.

ITpu 5TOM olEHKA OMMUOKM — MapaMeTp error MPUHIMAET 3HAUEHWE & .
W cnosb3yemble BHEITHAE TIOAIIPOTrPAMMBI:

1.MachConst (Modya» ArithMod)

2.SingValue (Modyav SingMod)

3. VectorNorm (Modyas ArithMod)

A.2.2 Tlomgmporpamma InvTwoDiagMatrix

Hasmauenne:

HaxomuT obpathyto MaTpuiy /nverse K MCXOMHOW KBaApPATHOW NBYXANATOHAJIBLHON MaTpHIE
D pasmepa M, sagannoit raasuaonl M d n mobounoit Sd nuaronassvu. BbimaeT ONEHKY OTHO-
CUTEJILHON TIOTPEITHOCTH PE3YJIbTATa EITOT.

OGpalierue K MOAIIPOTpaMMe:
Call InvTwoDiagMatriz(Md,Sd, Inverse,error)
ITapameTpsr:

Md — BxomHOIl TapaMeTp, OMHOMEDHBIN MAacCHB MIHHBI M BeIeCTBEHHBIX UNUCEN C HBOWHONW TOYHOCTHIO.
ComepXuT 3HAYEHNS SJIEMEHTOB TJIABHON NUATOHAIN ABYXIHATOHAJIBHON MATPHIIHI .

Sd — BxomHOI MapaMeTp, OMHOMEPHBIN MaccuB MINHBL M — | BellleCTBEHHBIX 9HUCEN € ABOWHON TOUHOCTHIO.
ComepXuT 3HAYEHNS SJIEMEHTOB TIODOUHON MUAarOHAIN MBYXINATOHAIBHON MaTPHUITH .
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Inverse — BBIXOIHOW MapaMeTp, MBYMePHBIN MaccuB paszMepa M X M BelllecTBEHHBIX UNCET C IBOWHOM
TouHOCTBIO. COMEPKUT 3HAUEHUS IEMEHTOB 0OPATHON MAaTPHIITH.

error — BbIXO,HHOfI HeobsS3aTe/TLHEBIN ImapaMeTp, IMOJOXKUTEJIBHOE BEIIECTBEHHOE YHNCJIO C ,HBOI7IHOI71 TOYHO-
CTBIO, COOEPKUT OUEHKY OTHOCHTEIBLHON TNOTPEIMTHOCTHU BBIYMCJICHUA O6paTHOI7I MaTpHuObL:

|[Inverse — D]
|1D=H

< error,

rae D1 — TouHOe 3HAUECHME OBPATHON MATPUIIEL.

Toukym OCTAHOBKN M COOOIIICHM:
Ecnu mapaMeTpbl He COOTBETCTBYIOT ONUCAHUIO, TpOrpaMMa NnpekpaliaeT pabotry. Ilpu sToM BeIHaeTCS
COODITIEHNE:

Incorrect Arrays Shape in “InvTwoDiagMatriz”

Wcnonb3syeMele BHENTHUE MOAIPOTPAMMEL:
1. TwoDiagSystemSolution (Modyav TDiagMod)

A.3 Monyns LSysMod

OcHOBHBIE TPOTpaMMBbI 5TOT0 MoIyJist — LinSystemSolution (pemerne nuHeiiHof cucremsl) u InverseMatrix
(obpamenne kBamapaTHON MaTpuibl). OCHOBOI WCHOIB30BAHHBIX B HUX aJTOPHTMOB SBJISETCS MPUBELIE-
HIle MATPUIBl K [BYXANATOHAJBLHOMY BIAY TPH TIOMOIIN OPTOTOHAJBHBIX NpeoOpa3oBaHUil. ITH Hell-
CTBUS OCYIIECTBISAIOTCS noanporpammoit  TwoDiagonalization (nByXamaroHaawsalus MaTPHIBI) C HC-
noJib3oBaHmeM mporenyp Reflection (Berancienue nmpeobpasoBatus oTpaxenns) u VectorReflection (nmpu-
MeHeHIe Mpeobpas3soBaHis OTPaKeHNs K MPOM3BOIBLHOMY BekTopy) 13 mMonyias RefMod. Tlommporpamma
RefinedInverseMatriz yTognsgeT 57eMeHTH 0OPATHON MATPHUITHI HTEPAIHOHHBIM METOIOM.

A.3.1 Tloamporpamma TwoDiagonalization
Hasunauenue:

IIpm momoru OpTOTOHATLHBIX MPeoOPa30BaHNl MPUBOANT MPOM3BOJLHYIO MATPHILY pa3Mepa

D
N x M, N > M, K 1ByXOuaroHaJbHOMY BUIY —— |, tme D — xBagpaTHas MaTpHIIA
0
(75) Ha Bxome: Matriz — npomsBoibHas MaTpuia pasmepa N x M, N > M; oHa xe Ha
BBIXOMle — PE3yIbTAT NByXAuaroHadmsannn. Takxke Ha BBHIXONE HeoOs3aTeNbHBIE TAPAMETPHI:
MainDiag, SecondaryDiag — ranasuas u nobounas nuaronanu; MirLeft, MirRight — xBa-
IpaTHBIE OPTOTOHAJIBHBEIE MATPUITHL pasMepoB N u M, mpuBomdiine HCXOMHYIO MAaTPHIY K
MBYXINArOHAJBHOMY BUAY. BhimaeT oleHKY OTHOCHTEIBHON OT PENTHOCTH IBY XINAarOHAIN3a-
W ETTOT.

OG6paiieHne K mOaIporpamMmme:
Call TwoDiagonalization(Matriz, MainDiag, SecondaryDiag, MirLeft, MirRight,error)
ITapameTpsr:

Matriz — BXOITHOM u BBIXOIHOL mapaMeTp, JIBYMEDHBIT MacCHB pasmepa
N x M, N > M, BellleCcTBEHHBIX YHCeJ ¢ JIBONHOW TOUYHOCTHIO. Ha BXome comepXkuT siaeMeHTHI
HCXOTHOW MAaTPHUIIBI, HAa BBIXOAE — BHIYUCIIEHHBIE BJIEMEHTH IBYXINATOHAJIBHON MaTPIIIH.

MainDiag — BBIXOMHON HeobSA3aTEIbHBIN MapaMeTp, OTHOMEPHBIH MaccuB IJUHBI M BellleCTBEHHBIX Y-
CeJl ¢ MBOWHON TOYHOCTBIO, CONEPXKAIINI BBHIYNCIEHHBIE BJI€MEHTHI [JIABHOW AHATOHAIN WTOTOBOM
KBaPATHON ABYXAMATOHAIBHON MATPUITH.
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SecondaryDiag — BbIXOMHON HEOOS3aTENBHBIN TApaMeTP, OMHOMEPHBIH MaccuB mianHbl M — 1 BelllecTBeH-
HBIX UWCeJI ¢ IBOWHON TOTHOCTHIO, COMEPKAINN BEIUNCIEHHBIE dJIEMEHTHI TTOOOTHON NUaroHa Il NTo-
TOBOW KBaIPaTHOW NBYXANATOHATHLHON MATPHUITHI.

MirLeft — BRIXOTHOI HeObS3aTeNBLHBIN MapaMeTp, ABYMEPHBIA KBaJpPATHBIN MAacCHB BEIECTBEHHBIX UM-
ceJl ¢ NIBOWHON TOYHOCTHIO pasMepa N, comepiKallinii MpomW3BelleHne Npeobpa3zoBaHUil OTpaKeHud,
NIPUMEHSAEMBIX CJIeBa.

MirRight — BEIXOIHON HeOOA3aTEILHBIN TTapaMeTP, IBYMEDHBIN KBaAPATHBIN MACCHB BEIIECTBEHHBIX Y-
ceJl ¢ MBOWHOW TOYHOCTBHIO pasMepa M, comepkKalliuil Mpou3BeneHne Mpeobpa3oBaHUl OTpaKeHNud,
NIpUMEeHAEMbIX CIPaBa.

error — BbIXO,HHOfI HeobsS3aTe/TLHEBIN ImapaMeTp, IMOJOXKUTEJIBHOE BEIIECTBEHHOE YHNCJIO C ,HBOI7IHOI71 TOYHO-
CTBIO, COOEPKUT OUEHKY OTHOCHTEIBLHON MOTPEIMTHOCTN ABYXANMArOHaJIN3aIlmm:

[ Buam = Prran AQ o |
[14]]

< error,

rme A — mcxomHas MaTpuiia, B — OBYXAHaroHaJgbHas MaTpPHUIlA, MOJYUYEeHHAs B MPOIECCE IBY XA~
rOHAIUBAINN, Pyam W QFay — BHIUHCIEHHBIE OPTOrOHAIbHBIE IPe0OpPa30BaHus, IPUMEHIEMbIE COOT-
BETCTBEHHO cjleBa U CIpaBa.

Toukym OCTAHOBKN M COOOIIICHM:
1. Eciu mapamMeTphl He COOTBETCTBYIOT OMIMCAHIIO, TPOrpaMMa MpekpaiitaeT pabory. Ilpu aToM BbITaeTCst
COODITIEHNE:

Incorrect Array Shape i “TwoDiagonalization”

2. Ecan pasHOPMHPOBKA MATPUITHI TPUBOAUT K TMEPENOSHEHNIO, TO paboTa MpeKpalllaeTcs ¢ BblIavei
COODITEHN T !

Warning: Matiz and Diagonals Denormalization leads to Overflow in “TwoDiagonalization”

Wcnonb3syeMele BHENTHUE MOAIPOTPAMMEL:
1.MachConst (Modya» ArithMod)

2.Eye (Modyav ArithMod)

3.Reflection (Modyav RefMod)

4. VectorReflection (Modyav RefMod)

A.3.2 TIlogmporpamma LinSystemSolution

Hasmauenne:

[Ipumenss mporece ABYXAMATOHAIM3AIINE, TOMIPOTPAMMA DEITAeT JUHENHYIO CHCTEMY aJjre-
Gpandecknx ypapHeHuil ¢ MmaTpurieit M atriz pasmepa N X M ( N > M wnu N < M) u npaoit
vacTeio RH S, BekTop pasmepa N. B kadecTBe permenns BvimaeTcs BeKTOp Sol pasmepa M,
a TaK¥Ke BEKTOD HEBA3KH r pa3Mepa /N U OIEHKa OTHOCHUTENBHON MOTPENTHOCTH PE3YIbTaTa
error.

OGpalierue K MOAIIPOTpaMMe:
Call LinSystemSolution(Sol, Matriz, RHS,r,error)
ITapameTpsr:

Sol — BRIXOMHOI apaMeTpP, OMHOMEDPHBLIN MACCUB JIINHBI M BEIIeCTBEHHBIX YHCEN C IBONHON TOYHOCTHIO,
colepKalnil KOMIIOHEHTHI BEKTOPa PENIeHNd CUCTEMBI.

Matriz — BXomHOW mapameTp, NBYMepHBI MaccuB pasmepa N X M BellleCTBEHHBIX YHCES C JBOWHOM
TOYHOCTBIO, MATPUIa KO3(GDUINEHTOB JIMHERHON CUCTEMBI YDABHEHU.
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RHS — BxomHOIl mapaMeTp, OMHOMEDPHBI MacCUB IJIMHBL N |, BEINIECTBEHHBIX THCE C MBONHON TOYHOCTHIO,
colepKalluil 3Ha¥eHNA KOMIIOHEHT BeKTOopa IPaBoil YacTH! CUCTEMBEL.

r— BbIXO,HHOfI HeobsS3aTe/TLHEBIN nmapaMeTp, O,HHOMeprIfI MacCCuUB OJINHBI N BEIIECTBEHHBIX YHCEJI C ,HBOI7I—
HOI TOYHOCTBIO, COOEPKNUT 3HAUYCHUA KOMIIOHEHT BEKTOPa HEBASKN CHUCTEMBI.

error — BbIXO,HHOfI HeobsS3aTe/TLHEBIN ImapaMeTp, IMOJOXKUTEJIBHOE BEIIECTBEHHOE YHNCJIO C ,HBOI7IHOI71 TOYHO-
CTBIO, COOEPKUT OUEHKY OTHOCHTEIBLHON IIOTpEITHOCTH pe3yJibTaTa:

[|Sol — ||

< error,
1]l
rAe ¥ — TOYHBIN BEKTOD pPElIeHNs CUCTEMBI.

Toukym OCTAHOBKN M COOOIIICHM:
1. Eciu mapamMeTphl He COOTBETCTBYIOT OMIMCAHIIO, TPOrpaMMa MpekpaiitaeT pabory. Ilpu aToM BbITaeTCst
COODITIEHNE:

Incorrect Arrays Shape in “LinSystemSolution”

2. FEcim umciio obycaoBAEHHOCTH MATPUIBI CUCTEMBI [ > Es, TO OIEHKA TOTPENTHOCTU Pe3yabTaTa
HEBO3MOXKHa, O YeM CBHAETEIbCTBYET MPENYIPEKICHIE:

Warning: Estimation of Result is impossible, Matriz Condition s too big in “LinSystemSolution”

Wcnonb3syeMele BHENTHUE MOAIPOTPAMMEL:
1.MachConst (Modya» ArithMod)

2. TwoDiagonalization (Modyas LSysMod)

3. TwoDiagSystemSolution (Modya TDiagMod)
4. TwoDiagCond (Modyav SingMod)

A.3.3 TIlommporpamma InverseMatrix

Hasmauenne:

ITonmporpamma o ncxomHoi kBaapaTHoit MaTpune A = M atriz pasmepa N cTponT obpaTHYIO
k zell InuMatriz Toro xe pasmepa. BrimaeT oOlleHKY OTHOCHTENIBHON MOT PEITHOCTH PE3YIBTATA
error.

OGpalierue K MOAIIPOTpaMMe:
Call InverseMatriz(Matriz, InuMatriz,error)
ITapameTpsr:

Matriz — BxomHoii mapaMeTp, IBYMEPHBIN MaccuB pa3Mepa N X N BellleCTBEHHBIX YWMCEN ¢ ABONHON TOU-
HOCTBIO, CONEPXKUT 3JEMEHTHI MCXOMHON MaTPHIIH.

InvMatriz — BRIXOOHOI TapaMeTp, IByMepHBINT MaccuB pasmMepa N X N BellleCTBEHHBIX YUCEN C JBOWHON
TOYHOCTBIO, CONEPKUT BHIUNCIEHHBIE 3HAUEHNA OOPATHON MATPUIIHI.

error — BbIXO,HHOfI HeobsS3aTe/TLHEBIN ImapaMeTp, IMOJOXKUTEJIBHOE BEIIECTBEHHOE YHNCJIO C ,HBOI7IHOI71 TOYHO-
CTBIO, COOEPKUT OUEHKY OTHOCHTEIBLHON IIOTpEITHOCTH pe3yJibTaTa:

[ InvM atriz — A™1|
1A=

< error,

roe A~! — Tounag obpaTHAL MATPHIIA.

Toukym OCTAHOBKN M COOOIIICHM:
Ecnu mapaMeTpbl He COOTBETCTBYIOT ONUCAHUIO, TpOrpaMMa NnpekpaliaeT pabotry. Ilpu sToM BeIHaeTCS
COODITIEHNE:
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Incorrect Arrays Shape in “InverseMatriz”

W cnosb3yemble BHEITHAE TIOAIIPOTrPAMMBI:
1.MachConst (Modya» ArithMod)

2. TwoDiagonalization (Modyas LSysMod)
3.InvTwoDiagMatriz (Modya TDiagMod)

4. TwoDiagCond (Modyav SingMod)

A.3.4 Tlommporpamma RefinedInverseMatrix

Hasmauenne:

g ucxomnoit kBagpaTHoi MaTpunibl M atrixz pasmepa M, yTouHsSeT 5JIeMeHTHI ee 0OpaTHON
MaTPHUILl [nverse, BHIYNCICHHDbIE, HalIpUMep, Hognporpammoil InverseMatriz. epsilon —
3aaHHag TOYHOCTDH WTEPAITMOHHOTO Tpotecca. MakcuManbHOe unciio nTepanunii — 5H0.

OG6paiieHne K mOaIporpamMmme:
Call RefinedInverseMatriz(Matriz,Inverse,epsilon)
ITapameTpsr:

Matriz — BXomHOI TapaMeTp, NBYMEpPHBIN MaccuB pasmepa M x M BelllecTBEHHBIX YHCeJ C JBOWHOM
TOYHOCTBIO, COIEPKUT HJIEMEHTHI UCXOMHON MAaTPHIITH.

Inverse — BXOMHOW — BBLIXOMHON TTapaMeTp, OIBYMepHBIN MaccuB pasMmepa M X M BellleCTBEHHBIX UWCET
¢ gBoliHON TouHOCTBIO. Ha BXOme comepXuT 3HAUEHUS JIEMEHTOB OOpAaTHOW MATPHUIIHI, HA BHIXOIE—
YTOYHEHHBIE 3JIEMEHTHI OOpPaTHON MaTPHIIHL.

epsilon — BxomHOI HeoOA3aTeNbHBIN MapaMeTp, MOJIOKUTEIHLHOE BEMECTBEHHOE UNCIIO € IBONHON TOIHO-
CTBIO, 3a/laHHas TOYHOCTH MTEPAIHOHHOTO Tporecca. Ecaum orcyTeTByeT, To epsilon = 1.0D — 14.

Toukym OCTAHOBKN M COOOIIICHM:
1. Eciu mapamMeTphl He COOTBETCTBYIOT OMIMCAHIIO, TPOrpaMMa MpekpaiitaeT pabory. Ilpu aToM BbITaeTCst
COODITIEHNE:

Incorrect Arrays Shape in “RefinedinverseMatriz”

2. Ecm R = (I — Matriz x Inverse) — cTelleHb HETOYHOCTH BBEIYHCIEHNS BXOMHON OOPATHON MaTpPUIHI
Inverse GonbIle eNEHNITBI, TO YTOUHEHIE HEBO3MOKHO, O YeM CBUMIETETBCTBYET COODIIEHME:

Refined is impossible, Norm of R=(I-Matriz*Inverse) is great One in “RefinedInverseMatriz”

I/ICHOJ'II:3yeMBIe BHeIIIHNEe IIOAIIPpOrpaMMBI: OTCYTCTBYIOT.

A.3.5 ®yukmua MatCond

Hasmauenne:

Brraucaser unciio obyciaoBIeHHOCTH MTpon3BobHON MaTpunbl M atrix pasmepa N x M, N >
M . BosepaiiaeT BellleCTBEHHOE YHCIIO C ABOMHON TOYHOCTBIO PABHOE [t = z’;”: ,TIE Omaz s Tmin
— MaKCHMAaJbHOE U MIHIMAJIBLHOE CHHTYISPHBIE TUCIa MATPUIIH.

O6paintesue kK GyHKITUN:
MatCond(Matriz)
ITapameTpsr:

Matriz — BxOmHON mapameTp, ONByMepHbINl Maccub pasmepa N x M, N > M BelllecTBEHHBIX YHCeN C
JMBOWHON TOYHOCTBIO, BXOMHAS MATPUIIA, YACIO 0OYCIOBIEHHOCTH KOTOPON BBIYUCIISIETCS .
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Toukym OCTAHOBKN M COOOIIICHM:
Ecnu mapaMeTpbl He COOTBETCTBYIOT ONUCAHUIO, TpOrpaMMa NnpekpaliaeT pabotry. Ilpu sToM BeIHaeTCS
COODITIEHNE:

Incorrect Array Shape in “MatCond”

Wcnonb3syeMele BHENTHUE MOAIPOTPAMMEL:
1. TwoDiagonalization (Modyav LSysMod)
2. TwoDiagCond(Modyav SingMod)

A.4 Monyns RefMod

OcHOBHBIE TPOrpaMMBbl 5Toro Monyiisi — Reflection (BbrumciieHune npeobpasoBanns oTpaxkenus), VectorReflection
(mpuMeHeHWe MPpeobpa3oBaHNs OTPaKEHIS K TPON3BOIBHOMY BEKTODY ), KOTOPBIE HCIIOIB3YIOTCS TIPH IBYX-
AUaroHaJn3ally MPOU3BOJIbHBIX MATPHUIl 1 TPEXANArOHAJN3AINN CUMMETPUYHBIX MaTPHII.

A.4.1 Tlommporpamma Reflection

Hasmauenne:

Ecan we 3apan mapameTp I, mporpaMma BBIUHCIASET BEKTOP HOPMAJN K MJIOCKOCTH, OTHOCH-
TeJILHO KOTOPOHU NOJIKeH OBITHL OTpakeH BeKTop Vectorl, 94Tobbl OBITHL KOJITNHEAPHBIM BeK-
Topy Vector2, m matpuny orpaxennd. Ecau sapmam mapamerp I, To Vector2 npunumaer
caenyonumii Bum: nepble | — 1 KOMIIOHEHTHI COBIIAMAIOT € COOTBETCTBYOIUME KOMITIOHEHT &~
MU BeKkTOpa Vectorl, Bce KOMMOHeHTHI HaunHad ¢ [ + 1-off paBHHI HYJIO, a [ — 9 KOMIOHEHTA
HaXOOUTCA U3 yCJIoBUA paBeHCTBa HOpM Vectorl m Vector2.

OGpalierue K MOAIIPOTpaMMe:
Call Reflection(Vectorl, Vector2, ReflVector, RefiMatriz,I)
ITapameTpsr:

Vectorl — BxomHOW mapaMeTp, OMHOMEDPHBIN MAacChB IIMHBI N BeIlleCTBEHHBIX YWCESl ¢ ABONWHOW TOTHO-
CTHIO, COEPXKAIINI KOMIOHEHTHI NCXOMHOT'O BEKTOPA.

Vector2 — BXomHON — BHLIXOMHON HeoOd3aTeTLHBIN MapaMeTp, OMHOMEPHBIM MAacCUB MJIWHLI N | BelllecTBeH-
HBIX YMCeN ¢ OBOMHOW TOYHOCTBIO, COIEPKAIINN KOMIIOHEHTHl BEKTOPA, MOJy4aeMOro 13 MCXOTHOTO
B pesyJibTaTe JelCTBUS ollepaTopa OTPaKeHus.

ReflVector — Brixomuol HeobOA3aTENBHBIN MapaMeTp, OTHOMEDHBIN MAaCCHB HJIHHBL IV, BEIIECTBEHHBIX Y-
ceJl ¢ NBOWHON TOYHOCTBIO, COHNEePXKAINN Ha BBIXOAE BBIYUCJIEHHBIE 3HAYEHUS KOMIIOHEHT BEKTODPA
HOPMAaJIN TUTNEPIIIOCKOCTH, OTHOCUTEIBHO KOTOPON OCYIIECTBIIAETCI OTPaKeHue.

ReflMatriz — BHIXOMHON HeoOs3aTeNBHBIA MapaMeTp, ABYMEPHBIA MaccuB pasmepa N X N | BellecTBeH-
HBIX YHCEJ C JBOWHON TOYHOCTBIO, CONEPXKAINIT Ha BBIXOIE BBIUYHNCIEHHBIE KOMIIOHEHTHI MaTPUIIHI
omepaTopa OTPaXkKeHNS.

I — BxomHoll HeobGs3aTelbHBIN TapameTp( obssaTelieH mpu oTcyTcTeun mapamerpa Vector2). Ilenoe
ancio 1 < I < N. YkasbBaeT Ha TO, UYTO MCKOMOe MpeobpaszoBaHme OTPaXKeHNd, NEWCTBYS Ha
BekTOp Vectorl, coxpandgeT mepBble /| — | KOMIIOHEHTHI, 3aHYA9eT KOMIOHEHTH HauwHad ¢ [ + 1 —
oit o N — off, He U3MeHss TIPU 3TOM HOPMBI BEKTOPA.

Touku ocTaHOBKM U COOOIICHMA:
1. Ecim mapaMeTphbl TPOTPaMMBI He COOTBETCTBYIOT ONMMCAHNIO, TPOTpaMMa MpekparnaeT padoty. Ilpn
5TOM BBIACTCA COODIIEHNE:

Incorrect Arrays Shape in “Reflection”
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2. Fcam oTcyTeTBYyeT mapamMeTp I, a ayleMeHTHI MaccuBa Vector2 CAUIIKOM MAaJibl, TO €CTh

N
Z [Vector2(4)|? < o ,
=1

re €9 — MIUHHMAaJIbHOE IIOJIOKUTEJIBHOE BEIIECTBEHHOE YHCJIO C ,HBOI7IHOI7I TOYHOCTBIO, TO pa60Ta IpeKpa-
maeTcd ¢ BbI,Ha‘IefI COOIIcHMA:

Vector2 Norm is too small in “Reflection”

Wcnonb3syeMele BHENTHUE MOAIPOTPAMMEL:
1.MachConst (Modya» ArithMod)
2.Eye (Modyav ArithMod)

A.4.2 Tlogmporpamma VectorReflection

Hasmauenne:

OTpa)KeHI/Ie BEKTOpPa Vector ornocuTenbmo THUIEPIIJIOCKOCTHU C 3adaHHBIM BEKTOPOM HOpPMaAaJIN

ReflVector.
OGpalierue K MOAIIPOTpaMMe:

Call VectorReflection(ReflVector, Vector)
ITapameTpsr:

ReflVector — BxomHOm mapamMeTp, OMHOMEPHBIN MacCHB IAJINHBI N BeIECTBEHHBIX YHCET C IBOWHON TOY-
HOCTBIO, COEPXKaInil KOMIIOHEHTHI BEKTOPa HOPMaJI K HEKOTOPOH MJIOCKOCTH.

Vector — BxomHOl — BBIXOMHOW, OMHOMEPHBI MaccWB MJIWHBI N | BellleCTBEHHBIX UWCeTI ¢ IBOWHONW TOY-
HocThio. Ha Bxome — comepKUT KOMIIOHEHTHI MCXOMHOTO BEKTOPA, HA BBIXOME — KOMIIOHEHTHI BEK-
TOpa, MOJIYy4YaeMOTO U3 HMCXOAHOTO IOCje e€r0 OTPaXeHWS OTHOCUTENBHO TJIOCKOCTH C HOPMAaJbIo

ReflVector.

Toukym OCTAHOBKN M COOOIIICHM:
Ecnu mapabkeTphbl He COOTBETCTBYIOT ONMUCAHUIO, IpOrpaMMa mpekpaiiaet pabory. [lpum sToMm BBIgaeTCS
COODITIEHNE:

Incorrect Arrays Shape in “VectorReflection”

I/ICHOJ'II:3yeMBIe BHelIlIHNEe IIoAIIPpOrpaMMBI:

1.MachConst (Modya» ArithMod)

A.5 Monynab SymMod

HoanmporpamMmbl 3Toro MOAyJIs TpeqHAa3HAUEHBl s PabOTHl ¢ CHMMETPUYIHBIMI MaTpuiamu. OcHo-
BOI WMCIOJB30BAHHBIX B HUX AJTOPUTMOB SBIISI€TCS MPUBENCHIE CHUMMETPHYHON MATPHUILI K TPeXaua-
TOHAJILHOMY BUAY TIPU MOMOIIHN OPTOTOHAJBHBIX TPeobpa3’oBaHmil. JTH AeHCTBUS OCYIECTBISIOTCS TOM-
nporpammoit ThreeDiagonalization (IpuBeeHne cCUMMETPUYIHON MATPHIEL K TPEXIHATOHATBLHOMY BUIY ).
Hpyrue riaBHble TOATPOrpaMMBbl 5Toro Monyis — Figen Value ThreeDSMatriz (Beranciser cobcTBeHHOE
3HAYEHHEe CHMMETPHYHON TpeXanaroHa bHOl MaTpunsl) u Eigen Vector Three DSMatriz (BbrauciiseT HOP-
MHPOBaHHEI COOCTBEHHEIN BEKTOP CHMMETPHUIHON TPeXAnaroHa bHoN MaTpuisl), Figen ValueSymMatrix
(BBIUMCIIIET cOBCTBEHHOE 3HAUEHWE MPOM3BOJIBHON CUMMETPHUHON MaTpuisl) u Figen VectorSymMatriz
(BBIYMCIIIET HOPMUPOBAHHBIN COOCTBEHHBIN BEKTOD MPON3BOJIBHON CHMMETPUYHON MaTpHIlel). PyHKImA
NormThreeDiagSMatriz BeIIaeT ONEHKY CBEPXY €BKJIUIOBON HOPMBI CHMMETPUYHON TPEXAUATOHATIBLHON
MaTpunbl. SHauermne pyukiun ThreeDiagCond — ecThb unciao obycIOBIEHHOCTH CHMMETPHYHON TPeXIua-
TOHAJIEHON MaTPHUIIHI.
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A.5.1 Tlommporpamma ThreeDiagonalization

Hasmauenne:

[IpuBomuT mpomsBombHYO cuMMeTpuuHyio maTtpuiy A = SymMatriz pasmepa M x Tpex-
MHUATOHAJTLHOMY BHY TIPH TIOMOIIN OPTOTOHAJIBHBIX MpeobpasoBanmii: S = PAP* tne P =
PPy ... Py_s — mpousBenieHne npeobpasoBaHUll OTpaKeHUsS XayCxXoJaepa.

SymM atriz — BxonHas CHMMeTPUYHasS MaTPHIIA, OHA XKe Ha BHIXOME (pe3yIbTaT TPeXInaroHa-
JIM3aINN) — TPeXIHaroHalbHas CHMMETPIYHAS MAaTPHIa TOTO XKe pasMepa. Takike Ha BBIXOIE
Heobs3aTenbHbIe TapaMeTpbl: M ainDiag, SecondaryDiag — rnaBaas u moboyHas MUAarOHAIN
TpeXAuaroHaJBLHON cuMMeTpuuHoll MaTpuibl, P = MirLeft — xBagpaTHas OpTOroOHATBHAS
MaTpuia pasmepa M, comepikaliias TPOU3BeNeHNe MPeOOPA3OBAHNA OTPaXKeHNS XayCXose-
pa IpuMeHsieMbIe C/leBa. BBImaeT OMEHKY OTHOCHTEIBHON MOTPENTHOCTH TPEXINATOHATA3AIINT
error.

OG6paiieHne K mOaIporpamMmme:
Call ThreeDiagonalization(SymMatriz, MainDiag, SecondaryDiag, MirLeft, error)
ITapameTpsr:

SymMatriz — BXOmHOW 1 BBIXOMHOI TapaMeTP, IBYMEDHBIN KBaIPATHBIN MaccB pa3Mepa M | BelllecTBeH-
HBIX 9WCesT ¢ ABONHON TouHOCTHIO. Ha BXome comepKuT 51eMeHTHI NCXOMHON CHMMeTPUIHON MaTpPH-
1B, Ha BBIXOJIE — BBIYNCJIEHHBIE 3JIeMEHTHl TPEXINaroHaJbHON CHMMETPUYHON MaTPHIIHL.

MainDiag — BbIXOMHON HeObA3aTENBHBIN TApAMETD, ONTHOMEPHBIN MacCHB IJINHBI M BelllecTBEHHBIX YHCENT
€ IBOWHOI TOYHOCTBIO, COMEPKUT HTEMEHTHI TJIABHON MUATOHAIN CHMMETPUYHON TPEXANATrOHATBLHON
MaTPHITH.

SecondaryDiag — BBIXOTHOW HeOOsI3aTeNBHBLIN TapaMeTp, OMHOMEPHBI MaccuB mimabl M — 1 — Belie-
CTBEHHBIX YHUCEJI ¢ IBOWHON TOYHOCTBHIO, CONEPKUT 3JIEMEHTHI MOOOYHON NNAaroHaal CUMMeTPUYHON
TPeXANaroHaJIbHON MaTPUIIHL.

MirLeft — BoIXOOHON Heobg3aTeILHBIN TapaMeTp, OBYMEPHBIA KBaApaTHBIA MaccumB pasMepa M, Bele-
CTBEHHBIX YNCEJI € MBOMHON TOYHOCTBHIO, COMEPKAIUN TPOM3BENeHNe Mpeobpa3oBaHuil OTPaXKEHIA
MpUMEHSEMBIE CJIEBA.

error — BbIXO,HHOfI HeobsS3aTe/TLHEBIN ImapaMeTp, IMOJOXKUTEJIBHOE BEIIECTBEHHOE YHNCJIO C ,HBOI7IHOI71 TOYHO-
CTBIO, COOEPKUT OUEHKY OTHOCHTEIBLHON IOTrpEeIMTHOCTN TpeXanaroHaJdn3alul MaTpPUIIbL:

[|S — PAP*||
[14]]

< error,
rme A — mcxomHas CUMMETPUYHAs MaTpHUIa, S — TpeXAuaroHaJbHas CHMMETPUYHAS MaTpPHUIla, HO-
JIy4eHHad B pe3yJibTaTe Npollecca TpexXanaroHaan3anni.

Toukym OCTAHOBKN M COOOIIICHM:
1. Eciu mapamMeTphl He COOTBETCTBYIOT OMIMCAHIIO, TPOrpaMMa MpekpaiitaeT pabory. Ilpu aToM BbITaeTCst
COODITIEHNE:

Incorrect Arrays Shape in “Three Diagonalization”

2. Ecam pasMepbl MATPUIBL CIUITKOM BEJINKH, T.€. HepaBeHCTBO (11) He BHIMOIHEHO, TO Ol€HKa OIMIHOKY
TPeXANaroHaan3aln MoKeT ObITEH He TouHoW. [Iporpamma mpenymnpexmaeT 0b 5TOM COODITEHTEM:

Warring: Estimatin can be inaccurate, Matriz Size is too big in “ThreeDiagonalization”

3. Ecam pasHOpMHPOBKA MATPUITBI TPUBOMUT K IMEPENOJHEHNIO, TO paboTa MpeKpalllaeTcs ¢ BblIadei
COODITEHN T !

Warning: Matiz and Diagonals Denormalization leads to Overflow in “ThreeDiagonalization”
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Wcnonb3syeMele BHENTHUE MOAIPOTPAMMEL:
1.MachConst (Modya» ArithMod)

2.Eye (Modyav ArithMod)

3.Reflection (Modyav RefMod)

4. VectorReflection (Modyav RefMod)
5.Norm Three DSMatriz (Modyay SymMod)

A.5.2 Tlogmporpamma EigenValueThreeDSMatrix

Hasmauenne:

Boraucister, metomom bucekmuit, J — e cobcrTBentoe 3HaueHne Lambda cumMeTpuyHON Tpex-
MUaroHaJBHON MaTpuIlsl S pasmepa M 3anamuoi raasuoll MainDiag n mobounoit SecondaryDiag
nuaroHaigsmu. CobcTBeHHBIE 3HAUEHUS CUYNTAIOTCS PACIOIOKEHHBIMI MO BO3pacTannio. Bei-
aeT OIMEHKY OTHOCHUTENBHON MOTPENTHOCTH PE3YIAbTaTa error.

OG6paiieHne K mOaIporpamMmme:
Call EigenValue Three DSMatriz(MainDiag, SecondaryDiag, J, Lambda, error)
ITapameTpsr:

MainDiag — BXomHOI mapaMeTp, OMHOMEDPHBIN MaccuB JINHBL M BellleCTBEHHBIX YMCEJT C JTBONHON TOYHO-
CTBIO, CONEPKUT BIEMEHTHI TJIABHON NUATOHAIN CHMMETPUYIHON TPEeXINAaroHaJIBLHON MaTPUIIH.

SecondaryDiag — BXOTHON mapaMeTp, OMHOMEPHBIN MaccuB MIHHBL M — | BellleCTBEHHBIX YHUCEN C JBOMHOM
TOYHOCTBIO, CONEPKUT 3JIEeMEHTHI MOOOYHON AMATrOHAIN CUMMETPUYHON TpeX/IMaroHaJbHON MaTpH-
B

J — BXomHOW TapameTp, TeJioe nojioxuTeapHoe ynciao 1 < J < M, HoMep BHIYACTIEMOTO COOCTBEHHOTO
3HAYCHUS.

Lambda — BBIXOmHON MapaMeTp, MeACTBUTENBHOE YNCIO C HBOWHON TOYHOCTBIO, COMEPKUT BBIUUCIECHHOE
3Hadenne J — ro cOGCTBEHHOTO UMCTIA.

error — BbIXO,HHOfI HeobsS3aTe/TLHEBIN ImapaMeTp, BEIIECCTBEHHOE YUCJIO C ,HBOI7IHOI7I TOYHOCTBIO, COAECP2KUT
OICHKY OTHOCHTEIBLHON TNOTPEIMTHOCTHU BBIYMCJICHUA Lambda:

[|Lambda — ;||
11511

< error,

rae A] — TOYHOE _] — 0e cOOCTBEHHOE 3HAUEHIE I/ICXO,HHOI7I CI/IMMeTpI/I‘IHOfI TpeX,HI/IaI‘OHaJ'H)HOfI MaTpHUIObL

S.

Toukym OCTAHOBKN M COOOIIICHM:
Ecnu mapaMeTpbl He COOTBETCTBYIOT ONUCAHUIO, TpOrpaMMa NnpekpaliaeT pabotry. Ilpu sToM BeIHaeTCS
COODITIEHNE:

Incorrect Arrays Shape in “EigenValue Three DSMatriz”

Wcnonb3syeMele BHENTHUE MOAIPOTPAMMEL:
1.MachConst (Modya» ArithMod)

2. NormalizationMatriz (Modyav SymMod)
3.KShturm (Modya SymMod)

4.Norm ThreeDSMatriz (Modyav SymMod)
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A.5.3 Tloagmporpamma EigenVectorThreeDSMatrix
Hasunauenue:

Huis 3amamHOro n — Toro cobecTBernroTO 3HAYeHUsT Lambda cuMMeTpUYHON TpexXanaroHaabHOM
MaTpHIs S pasmepa M, ¢ OTHOCHTETBHON MOTPENTHOCTHIO error Lambda, BEIYMCIgeT KOMITO-
HEHTHl HOPMHUPOBAHHOT'O COBCTBEHHOTO BeKTOopa FigenV ector depes nieMeHTHI OBYCTOPOHHEN
nocaenoBaTebHOCTH HITyp™Ma manHoll MaTpuilbl, 3aganuoi raasHoin M ainDiag n mobouHom
SecondaryDiag nuaronansmu. BbimaeT OIEHKY OTHOCHTEIBHOW MOTPENTHOCTH PE3YIBTATA
error.

OG6paiieHne K mOaIporpamMmme:
Call EigenVector Three DSMatriz(Figen Vector, MainDiag, SecondaryDiag,n, Lambda, error Lambda, error)
ITapameTpsr:

Lambda — BxomHOW mapaMeTp, NefCTBUTENBHOE YHUCIO C ABOWHONW TOYHOCTBIO, COMEPKUT MPUOIMKEHHOE
3Ha4YeHNe 1 — IO COBCTBEHHOTO YMCJIa BXOMHON CHUMMETPHYHON TPeX/IMaroHaJbHON MaTPUIIH.

errorLambda — Bxomuoil mapaMeTp, BEIIECTBEHHOE YHCJIO ¢ ABONHON TOYHOCTBLIO, CONEPKUT OLEHKY OTHO-
curesbaoil ommbku Lambda.

n — BXOIHOW TapaMeTp, TeJioe TMoJOXNTeNbHoe dnciao 1 < n < M, HoMep n—TO cOOCTBEHHOTO 3HAYEHUA
BXOIHON CUMMETPHUYHONH TPeXInaroHaJIbHON MaTPHUIIHL.

MainDiag — Bxomuoll mapaMeTp, OIHOMEDHBIN MacCUB AJUHBI M BellleCTBEHHBIX YUCEN] C JBOWHONW TOY-
HOCTBIO, COIEPKUT JIEMEHTHI TNIABHOW AMATOHAJM BXOAHON CHMMETPUYHON TPEXINATOHATBHON Ma-
TPWUIIHL.

SecondaryDiag — BXOTHON mapaMeTp, OMHOMEPHBIN MaccuB MIHHBL M — | BellleCTBEHHBIX YHUCEN C JBOMHOM
TOYHOCTBIO, CONEPAKNUT 3JIeMEHTHI MODOYHON NMaroHa Il BXOAHON CUMMETPUYHON TPeX/INaroHaJabHoil
MaTPHIIHL.

FEigenVector — BeIxOnHON mapaMeTp, OMHOMEDPHBIN MacCUB IINHBI M BellleCTBEHHBIX UWCeNT ¢ ABONHON TOU-
HOCTBIO, COIEPKUT KOMIOHEHTHl HOPMUPOBAHHOTO COOCTBEHHOTO BEKTOPA BXOMHONH CHMMETPUYHON
TPeXANaroHaJIBFHON MATPHUIBI, COOTBETCTBYIONIETO N — MY COOCTBEHHOMY 3HAYEHUIO A, .

error — BBIXOIHON HeoOd3aTeJIbHBIN MapaMeTp, BellleCTBEHHOE YHCJIO ¢ HBOWHON TOYHOCTBIO, CONEPKUT
OTIEHKY OTHOCUTENBLHON TOTPENTHOCTU BhIuncaenns FigenVector.

Toukym OCTAHOBKN M COOOIIICHM:
Ecnu mapaMeTpbl He COOTBETCTBYIOT ONUCAHUIO, TpOrpaMMa NnpekpaliaeT pabotry. Ilpu sToM BeIHaeTCS
COODITIEHNE:

Incorrect Arrays Shape in “EigenVector Three DSMatriz”

Wcnonb3syeMele BHENTHUE MOAIPOTPAMMEL:
1.MachConst (Modya» ArithMod)

2. NormalizationMatriz (Modyav SymMod)
3.Norm ThreeDSMatriz (Modyay SymMod)

A.5.4 Tlogmporpamma EigenValueSymMatrix
Hasunauenue:

Boraucaser J — e cobcrBennoe sHauenme Lambda mpon3BOSBHON CHMMeTPHUYHON MaTPHIIBI
A = SymMatriz pasmepa M, paBuoe J — My COBCTBEHHOMY 3HAYEHUIO TPEXAUATOHAIBLHON
CHUMMETPUYHON MAaTPHUILI TIOTYUYeHHON B Pe3y/bTaTe TpexauaroHagmsanuu ucxomuoi. Cob-
CTBEHHBIE 3HAUEHNS CINTAIOTCA PACTIONOKEHHBLIMHT TI0 BO3pacTaHWio. BhimaeT ONEHKY OTHOCH-
TeJILHON TOTPENTHOCTH Pe3yJIbTaTa error.
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OGpalierue K MOAIIPOTpaMMe:
Call BigenValueSymMatriz(SymMatriz,J, Lambda,error)
ITapameTpsr:

SymMatriz — BXomHON mapaMeTp, KBaAPATHBIN IBYXMEDPHBIN MaccuB pasMepa M BellleCTBEHHBIX UICEN C
IBOMHON TOYHOCTBIO, CONEPXKUT 3JAEMEHTHI MCXONHON CUMMETPUYHON MaTPHIIHL.

J — BXOmHON mapaMmeTp, Iejioe mojaoKnTerbHoe unciao 1 < J < M| Homep BHUHCTIeMOTO J — TO cOOCTBEH-
HOTO 3HAYEHUS] MATPUIIHI.

Lambda — BBIXOmHON MapaMeTp, MeACTBUTENBHOE YNCIO C HBOWHON TOYHOCTBIO, COMEPKUT BBIUUCIECHHOE
3HadeHne J-To COOCTBEHHOTO UMCIIa BXOMHONW CUMMETPUIHON MaTPUITH.

error — BbIXO,HHOfI HeobsS3aTe/TLHEBIN ImapaMeTp, BEIIECCTBEHHOE YUCJIO C ,HBOI7IHOI7I TOYHOCTBIO, COAECP2KUT
OICHKY OTHOCHTEIBLHON TNOTPEIMTHOCTHU BBIYMCJICHUA Lambda:

[|Lambda — ;||
[IA]|

< error,

rme A; — TOUHOe j — oe cOGCTBeHHOE 3HAUeHNe MCXOMHON CHMMEeTPHYHON MaTpHuubl A.

Toukym OCTAHOBKN M COOOIIICHM:
Ecnu mapaMeTpbl He COOTBETCTBYIOT ONUCAHUIO, TpOrpaMMa NnpekpaliaeT pabotry. Ilpu sToM BeIHaeTCS
COODITIEHNE:

Incorrect Arrays Shape in “Eigen ValueSymMatriz”

Wcnonb3syeMele BHENTHUE MOAIPOTPAMMEL:
1. ThreeDiagonalization(Modyas SymMod)
2.FigenValue Three DSMatriz(Modya SymMod)

A.5.5 Tlomgmporpamma EigenVectorSymMatrix

Hasmauenne:

Mo samamsoro J — ro cobeTBennoro 3HauveHus Lambda mpow3BOABHOW CHMMETPUYHON Ma-
Tpunkl SymM atriz pasmepa M, ¢ OTHOCHTENBHON TOTPeIMTHOCTBIO error Lambda, Borancisger
KOMTIOHEHTH HOPMUPOBAHHOTO COBCTBEHHOTO BekTOpa. g 5Toro BXomHad CiMMeTpUIHAA Ma-
TPHUIla OPTOTOHAIBEHBIMA TPeObPA30BAHUSIMHI TPUBOANTCH K TPeXANaroHaJbHOMY Bumy. Ompe-
[EJIFI0TCA KOMIOHEHTHl HOPMUPOBAHHOT'O COOCTBEHHOT'O BEKTOPa CHMMETPHUYHON Tpexanaro-
HaJbLHON MaTPHUIIHI Yepe3 3JIeMeHTHl IBYCTOPOHHeH TocienoBaTeabHocTu HITypMa MaTpHUIis.
Cobcreennsrit BekTop FigenV ector mcxomuoil MaTpPHUIIBl paBeH MPOM3BENEHNO TPAHCIOHITPO-
BaHHOH MaTPHUIIBl OPTOTOHAJIBHOIO ITpeodpa3oBaHnd 1 COOGCTBEHHOTO BEKTOPA CHMMETPUYHON
TPeXINaroHaJbHON MAaTpPHUIbl. BblmaeT OMEHKY OTHOCUTETLHON TOTPENTHOCTH Pe3yIbTaTa
error.

OG6paiieHne K mOaIporpamMmme:
Call EigenVectorSymMatriz(Figen Vector, SymMatriz,J, Lambda,error Lambda,error)
ITapameTpsr:

SymMatriz — BXomHON mapaMeTp, KBaAPATHBIN IBYXMEDPHBIN MaccuB pasMepa M BellleCTBEHHBIX UICEN C
IBOMHON TOYHOCTBIO, CONEPXKUT 3JAEMEHTHI MCXONHON CUMMETPUYHON MaTPHIIHL.

J — BXomHOW TapaMeTp, Iejioe ToJoknTeabHoe uncio 1 < J < M| 3amannsiii HoMep J — 1o coBCTBEHHOTO
SHAUYEHUS MCXOMHON CHMMeTPUYHON MaTPUITH.

Lambda — BxomHolt mapaMeTp, NeACTBUTEIBLHOE YUCIO C ABOMHON TOYHOCTBIO, CONEPKUT 3HA4eHnEe J — TO
cOOBCTBEHHOTO YUCTIA.
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errorLambda — Bxomuoil mapaMeTp, BEIIECTBEHHOE YHCJIO ¢ ABONHON TOYHOCTBLIO, CONEPKUT OLEHKY OTHO-
curesbaoil ommbku Lambda.

FEigenVector — BeIxOnHON mapaMeTp, OMHOMEDPHBIN MacCUB IINHBI M BellleCTBEHHBIX UWCeNT ¢ ABONHON TOU-
HOCTBIO, COIEPKUT KOMIOHEHTHl HOPMUPOBAHHOTO COOCTBEHHOTO BEKTOPA BXOMHONH CHMMETPUYHON
MaTPHIE, COOTBETCTBYIOIIETO j — My COOCTBEHHOMY 3HAUEHWIO A;.

error — BBIXOIHON HeoOd3aTeJIbHBIN MapaMeTp, BellleCTBEHHOE YHCJIO ¢ HBOWHON TOYHOCTBIO, CONEPKUT
OTIEHKY OTHOCUTENBLHON TOTPENTHOCTU BhIuncaenns FigenVector.

Toukym OCTAHOBKN M COOOIIICHM:
Ecnu mapaMeTpbl He COOTBETCTBYIOT ONUCAHUIO, TpOrpaMMa NnpekpaliaeT pabotry. Ilpu sToM BeIHaeTCS
COODITIEHNE:

Incorrect Arrays Shape in “EigenVectorSymMatriz”

Wcnonb3syeMele BHENTHUE MOAIPOTPAMMEL:
1.MachConst (Modya» ArithMod)

2. Three Diagonalization(Modyas SymMod)
3.FigenValue Three DSMatriz(Modya SymMod)
4.EigenVector Three DSMatriz(Mody.a SymMod)

A.5.6 ®yuknua SymMatCond

Hasmauenne:

Boraucisier unciao obycIOBIEHHOCTH TPOW3BOJIBLHON CHMMeTpPUUHON MaTpuilsl SymM atriz
pasmepa M (oTHOIIEHNE MaKCHMAIBLHOTO W MEUHHMAIBHOTO CHHTYJIAPHBIX YHCET MaTPHIIH).
CuHryJISpHBbIE YUCIa CHMMETPUYHON MaTPUIIBI PABHBI aDCOTIOTHBIM 3HAYEHUIM COOCTBEHHBIX
qncesl >Toll MaTpunibl. BosBpalllaeT BelllecTBEHHOE UHCIO C IBOWHON TOYHOCTBHIO, PaBHOE

_ Omar
= in

O6paintesue kK GyHKITUN:
SymMatCond(SymMatriz)
ITapameTpsr:

SymMatriz — BXomHON mapaMeTp, KBaAPATHBIN IBYXMEDPHBIN MaccuB pasMepa M BellleCTBEHHBIX UICEN C
IBOMHON TOYHOCTBIO, CONEPXKUT 3JAEMEHTHI MCXONHON CUMMETPUYHON MaTPHIIHL.

Toukym OCTAHOBKN M COOOIIICHM:
Ecnu mapaMeTpbl He COOTBETCTBYIOT ONUCAHUIO, TpOrpaMMa NnpekpaliaeT pabotry. Ilpu sToM BeIHaeTCS
COODITIEHNE:

Incorrect Array Shape in “SymMatCond”

Wcnonb3syeMele BHENTHUE MOAIPOTPAMMEL:
1. ThreeDiagonalization (Modyav SymMod)
2. ThreeDiagCond (Modyay SymMod)

A.5.7 ®ynkmua ThreeDiagCond

Hasmauenne:

BorauciisteT qmciio 06ycCIOBIEHHOCTH TPEXINArOHAIBHON CHMMETPUYHON MAaTPHIBI pa3sMepa

M | samannont rnasuoli M ainDiag u mobounoli SecondaryDiag muaronansmvu. Bosppariaer

BellleCTBEHHOe NCJIO C IBOWHON TOYHOCTRIO PABHOE fi = 2245 TNe Opmag , Omin — MAKCHMab-
min

HO€ U MUHUMAJBHOE CHHTYJIAPHBIE YHCJIA I/ICXO,HHOI7I MaTpHuObl, KOTOPBIE OJIA CI/IMMeTpI/I‘IHOfI
MaTpHuObl paBHBL €€ MaKCUMAaJBbHOMY U1 MUHUMAJBHOMY IO MOAYJIIO COBCTBEHHBIM UICJIaM.
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O6paintesue kK GyHKITUN:
ThreeDiagCond(MainDiag, SecondaryDiag)
ITapameTpsr:

MainDiag — BXomHOI mapaMeTp, OMHOMEDPHBIN MaccuB JINHBL M BellleCTBEHHBIX YMCEJT C JTBONHON TOYHO-
CTBIO, CONEPKUT BIEMEHTHI TJIABHON NUATOHAIN CHMMETPUYIHON TPEeXINAaroHaJIBLHON MaTPUIIH.

SecondaryDiag — BXOTHON mapaMeTp, OMHOMEPHBIN MaccuB MIHHBL M — | BellleCTBEHHBIX YHUCEN C JBOMHOM
TOYHOCTBIO, CONEPKUT 3JIEeMEHTHI MOOOYHON AMATrOHAIN CUMMETPUYHON TpeX/IMaroHaJbHON MaTpH-
B

Toukym OCTAHOBKN M COOOIIICHM:
Ecnu mapaMeTpbl He COOTBETCTBYIOT ONUCAHUIO, TpOrpaMMa NnpekpaliaeT pabotry. Ilpu sToM BeIHaeTCS
COODITIEHNE:

Incorrect Arrays Shape in “ThreeDiagCond”

W cnosb3yemble BHEITHAE TIOAIIPOTrPAMMBI:
1.MachConst (Modya» ArithMod)
2.FigenValue Three DSMatriz (Modyas SymMod)
3. NormalizationMatriz (Modyav SymMod)

4. KShturm (Modyav SymMod)

A.5.8 ®yukuma NormThreeDSMatrix

Hasmauenne:

BrrauciisieT oleHKY CBEPXY €BKJIMIOBON HOPMbI CHMMETPHUYHON TPEXANAroHAJIBHON MaTPUITBI
pasmepa M, samamnuon raaHoil MainDiag nw mobounoni SecondaryDiag nuaronamsamu. Bos-
BpalllaeT BEMECTBEHHOE MOJOKUTENBHOE YUCIIO C IBOWHON TOYHOCTHIO, KOTOPHIM OIEHIBAETCS
HOPMa TPEXINArOHAJBLHON MATPUITH.

O6paintesue kK GyHKITUN:
Norm Three DSMatriz(MainDiag, SecondaryDiag)
ITapameTpsr:

MainDiag — BXomHOI mapaMeTp, OMHOMEDPHBIN MaccuB JINHBL M BellleCTBEHHBIX YMCEJT C JTBONHON TOYHO-
CTBIO, CONEPKUT BIEMEHTHI TJIABHON NUATOHAIN CHMMETPUYIHON TPEeXINAaroHaJIBLHON MaTPUIIH.

SecondaryDiag — BXOTHON mapaMeTp, OMHOMEPHBIN MaccuB MIHHBL M — | BellleCTBEHHBIX YHUCEN C JBOMHOM
TOYHOCTBIO, CONEPKUT 3JIEeMEHTHI MOOOYHON AMATrOHAIN CUMMETPUYHON TpeX/IMaroHaJbHON MaTpH-
B

Toukym OCTAHOBKN M COOOIIICHM:
Ecnu mapaMeTpbl He COOTBETCTBYIOT ONUCAHUIO, TpOrpaMMa NnpekpaliaeT pabotry. Ilpu sToM BeIHaeTCS
COODITIEHNE:

Incorrect Arrays Shape in “Norm Three DSMatriz”

I/ICHOJ'II:3yeMBIe BHeIIIHNEe IIOAIIPpOrpaMMBI: OTCYTCTBYIOT.
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A.5.9 TIlommporpamma NormalizationMatrix

Hasmauenne:

[IpoBoauT crenuatbHYO TOATOTOBKY MCXOMHON CHMMETPHYHON TPEXTUArOHAIBLHON MaTPUIIH,
samanHoll nuaroHassmu M ainDiag u SecondaryDiag, HeobxomuMyto i be3aBapuitHOTO BhI-
Tnciienns nocienoaTenprocTell MTypma. Croga BXOTUT HOPMUPOBKA MATPUIBL (yMHOKEHEE
MAaTPHIIBI Ha YHCIO 70, TOA0OpaHHOe TaK, YTOOB MAKCHMAJIBHEBIN U3 HEHYJIEBBIX SJI€MEHTOB Ma~
TPUIBL KAl B ONPeeeHHBIX [PAHNIAX) W 3aMeHa BCEX HYJIEBBIX JIEMEHTOB Ha TJIABHON 1
MOOOYHBIX MUAarOHAISX Ha CHeNuaIbHOe Yucio. BosBpalaeT HOPMUPOBOIHBIN MHOKHUTEND 70
— BEIEeCTBEHHOE YNCJIIO C IBOMHON TOYHOCTHIO, PABHOE CTEMEHN OCHOBAHWS CHCTEMBI CUNCIIEHNS
v* (v nna xomkpernoit DBM ompenensercs mommporpammoit MachConst) m HopMEpOBaHHEIE
nmaroHanan d u b MaTpUIE.

OG6paiieHne K mOaIporpamMmme:
Call NormalizationMatriz(MainDiag, SecondaryDiag,ro,d,b)
ITapameTpsr:

MainDiag — BXomHOI mapaMeTp, OMHOMEDPHBIN MaccuB JINHBL M BellleCTBEHHBIX YMCEJT C JTBONHON TOYHO-
CTBIO, CONEPKUT BIEMEHTHI TJIABHON NUATOHAIN CHMMETPUYIHON TPEeXINAaroHaJIBLHON MaTPUIIH.

SecondaryDiag — BXOTHON mapaMeTp, OMHOMEPHBIN MaccuB MIHHBL M — | BellleCTBEHHBIX YHUCEN C JBOMHOM
TOYHOCTBIO, CONEPKUT 3JIEeMEHTHI MOOOYHON AMATrOHAIN CUMMETPUYHON TpeX/IMaroHaJbHON MaTpH-
B

o — BbIXO,HHOfI nmapaMeTp, BEIECTBEHHOE YUCJIO C ,HBOI7IHOI71 TOYHOCTBIO, HOpMI/IpOBO‘IHbeI MHOXHUTEJIb.

d — BBIXOMHOI TTapaMeTP, OMHOMEPHBIN MAacCCHB JJINHBI M BEIeCTBEHHBIX YHCET € IBONHON TOYHOCTHIO,
CONEPKUT HOPMUPOBAHHBIE 3JIEMEHTHI I'JIaBHON AMATrOHAJHM CHMMETPHYHON TpexAnaroHajabHOU Ma-
TPUIIHL.

b — BBIXOMHOW TapaMeTp, OMHOMEPHBIN MaccuB AAUHBL M — 1 BellleCTBEHHBIX YHCEN C ABOWHON TOYHOCTHIO,
CONEPKUT HOPMHUPOBAHHBIE 3JIEMEHTH! MOOOYHON IMAaroHa Il CUMMETPUYHON TPeXInaroHaJIbHON Ma-
TPUIIHL.

Toukym OCTAHOBKN M COOOIIICHM:
Ecnu mapaMeTpbl He COOTBETCTBYIOT ONUCAHUIO, TpOrpaMMa NnpekpaliaeT pabotry. Ilpu sToM BeIHaeTCS
COODITIEHNE:

Incorrect Arrays Shape in “NormalizationMatriz”

I/ICHOJ'II:3yeMBIe BHelIlIHNEe IIoAIIPpOrpaMMBI:

1.MachConst (Modya» ArithMod)

A.6 Monaynb ArithMod

CuoyxebHBINT MOMYJBb, B KOTOPOM COOpaHBI TakKue TMPOIENYPhI, KaK OMpelesieHne MAITUHHBIX KOHCTAHT,
BBIUHCJIEHNE YTOUYHEHHOTO 3HAYEHNS KBaJIpaTHOTO KOPHSA, TeHepallld eJUHWYHON MaTPHIbl, BEIYNCICHIE
HOPMBI BEKTOPa U MaTPHIIHL.

A.6.1 Tlommporpamma MachConst

Hasumauenme: omnpenenger MalliHble KOHCTAHTHI
~v = Gamma, ¢y = Eps0, €1 = Epsl, ¢, = EpsMaz.
O6pawtenne k mopuporpamme: Call MachConst
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A.6.2 ®ysaknus SqRoot

Hasmauenme: chenmajbHOEe H3BJAeYeHIE KBaIpaTHOIO KOPHS 13 HEOTPUIATEIBHOIO MAIINHHOIO YHCIa
rapaHTHpPYIOIee OTHOCHTENLHYIO MOTPEITHOCTE Pe3yIbTaTa.

O6pamenue k dyuxknun: SqRoot(r)

IlapaMeTp: BXOIHOI TapaMeTp — BEIIeCTBEHHOE YHC/IO ¢ JBOMHON TOYHOCTBIO.

PesyabTaT: BelleCTBEHHOE YHCIJIO C IBONMHON TOUYHOCTBIO, YTOUHEHHOE 3HAUEHIE KBAAPaTHOTO KOPHS.

A.6.3 Tlogmporpamma Eye

Hasmauenmne: BXOMHYIO KBaJpaTHYIO MaTPHILy 3aMeHAeT Ha eINHUYHYIO.

O6partenue k moanporpamvmme: Call Eye(A)

IlapameTp: A — BXOIHOI — BEIXONHOIN ITapaMeTp, IBYMEPHBII MacCHB BeIleCTBEHHBIX YHCEN ¢ TBONHON
TouHoCTBIO pasMepa N x N. Ha BbIxome comepKHuT eIHHAYHYIO MaTPHILY.

TOYKM OCTAHOBKHM M COOGIICHUA:

Eciam maccuB A He KBaJpaTHBIN, IIporpaMMa IIpeKpalaeT paboTy ¢ COOBIIeHIEM:

Incorrect Array Shape in “Bye”.

A.6.4 ®ysakmnus VectorNorm

Haznauenme: BrIUnCIgeT HOPMY BEKTODPA, UCHOAB3Ys HYHKIHIO SqRoot.

O6partenue k dyuxkuun: VectorNorm(Vector)

ITapameTp: Vector — BxomHoW mapaMeTp, OMHOMEPHBI MAaCCUB BeIECTBEHHBIX UNCET ¢ NBOWHOW TOU-
HOCTBIO MJTHHBL V.

PesysbTar: BellleCTBeHHOE YHCIO C NBOWHON TOYHOCTBIO, BEIUNCIEHHAS HOPMa BEKTODA.

A.6.5 ®yukung FrobeniusNormMatrix

Hazuauenme: BrrunciseT GpoOEHNYCOBY HOPMY MAaTPIHITH.

O6patenue k dyuxkmmn: FrobeniusNormMatriz(Matriz)

IMapamerp: Matriz — BXogHOI mapaMeTp, IBYMEPHBIN MaCcCHB BEIECTBEHHBIX HCET C NBOMHON TOYHO-
cThio pasmepa N x M.

PesynbTar: BellleCTBEHHOE YNCIO C NBOWHONW TOYHOCTHIO, BEIUNCIEHHAS HOPMa MAaTPIITH.
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