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� ­ áâ®ïé¥© à ¡®â¥ ®¯¨á ­ë  «£®à¨â¬ë ­®¢®£® â¨¯  ¤«ï ¢ëç¨á«¥­¨ï á®¡áâ¢¥­­ëå §­ ç¥­¨© ¨ ¢¥ª-
â®à®¢ á¨¬¬¥âà¨ç­®© ¬ âà¨æë,   â ª¦¥ ®á­®¢­ë¥ ¯à¨­æ¨¯ë ¨å ¯®áâà®¥­¨ï. � ¨¡®«¥¥ ¢ ¦­ë¬¨
®á®¡¥­­®áâï¬¨ íâ¨å  «£®à¨â¬®¢ ï¢«ïîâáï 1) ãç¥â ¨ áã¬¬¨à®¢ ­¨¥ ­¥¨§¡¥¦­® ¢®§­¨ª îé¨å ¯à¨
áç¥â¥ ¬ è¨­­ëå ¯®£à¥è­®áâ¥©, çâ® ¯®§¢®«ï¥â ­ àï¤ã á à¥§ã«ìâ â®¬ ¯à¨¢¥áâ¨ â ª¦¥ ®æ¥­ªã
¥£® â®ç­®áâ¨, 2) ¢®§¬®¦­®áâì á®¤¥à¦ â¥«ì­®© ¤¨ £­®áâ¨ª¨  ¢ à¨©­ëå á¨âã æ¨© á ãª § ­¨¥¬ ¢
á®®¡é¥­¨¨ ®¡  ¢ à¨¨ ¥¥ ¢¥à®ïâ­®© ¯à¨ç¨­ë.

�ë è¨à®ª® ¨á¯®«ì§ã¥¬ à¥§ã«ìâ âë ¨ à¥ª®¬¥­¤ æ¨¨ § ª®­ç¥­­®© â¥®à¨¨ á®¢à¥¬¥­­ëå ¢ëç¨á«¨-
â¥«ì­ëå ¬¥â®¤®¢ «¨­¥©­®©  «£¥¡àë, à §à ¡®â ­­®© ¢ �­áâ¨âãâ¥ � â¥¬ â¨ª¨ �� ��� ¯®¤ àãª®-
¢®¤áâ¢®¬  ª ¤. ��� �.�.�®¤ã­®¢ .

� ¯à¨«®¦¥­¨¨ ¯à¨¢®¤¨âáï ®¯¨á ­¨¥ á®§¤ ­­®£® ­ ¬¨ ­  ï§ëª¥ �������-90 ¯ ª¥â  ¯à®£à ¬¬,
à¥ «¨§ãîé¨å íâ¨ ¨ ¤àã£¨¥ á®¢à¥¬¥­­ë¥  «£®à¨â¬ë «¨­¥©­®©  «£¥¡àë.

CALCULATIONS WITH THE GUARANTEED ESTIMATE OF ACCURACY
part 2

SOLUTION OF SPECTRAL PROBLEMS
E.A. Biberdorf, N.I. Popova

Abstract

In this work we describe the algorithms of new type for the calculation of eigen values and eigen vectors
of a symmetric matrix and the basic principles of their construction. From the most importent features of
the new method we'll remark out two: 1) all the computer rounding errors that inevitably appear during
calculatioms are taken into account and summed and along with the result an estimate of it's accuracy is
carried out; 2) in emergency situation a diagnostick program starts and shows a description on possible
cause of fault.

We widely used results and recommendations of completed theory of such algorithms that was created
under leadership of academician S.K.Godunov in institute of Mathematics SB RAS.

Developed by us a FORTRAN-90 based program package is described in the appendix. The package
realize these and other modern algorithms of linear algebra.

1 �¢¥¤¥­¨¥

� ­­ ï à ¡®â  ¯à®¤®«¦ ¥â ­ ç âãî ¢ 1999 £®¤ã (á¬. [3]) ¤¥ïâ¥«ì­®áâì ¯® ¯à®£à ¬¬­®© à¥ «¨§ æ¨¨
 «£®à¨â¬®¢ «¨­¥©­®©  «£¥¡àë ­®¢®£® ¯®ª®«¥­¨ï ¨ ¯®á¢ïé¥­  ¬¥â®¤ ¬ ¢ëç¨á«¥­¨ï á®¡áâ¢¥­­ëå
äã­ªæ¨© ¨ §­ ç¥­¨© á¨¬¬¥âà¨ç­ëå ®¯¥à â®à®¢.

�®¢ë¥  «£®à¨â¬ë ®â«¨ç îâáï ®â ®¡é¥¯à¨­ïâëå â¥¬, çâ® à¥§ã«ìâ â áç¥â  á®¯à®¢®¦¤ ¥âáï £ -
à ­â¨à®¢ ­­®© ®æ¥­ª®© ¥£® â®ç­®áâ¨. �â® á¢®©áâ¢® ¤¥« ¥â ¨å ­¥§ ¬¥­¨¬ë¬¨ ¯à¨ ç¨á«¥­­ëå ¨á-
á«¥¤®¢ ­¨ïå ä¨§¨ç¥áª¨å ¯à®æ¥áá®¢, ª®â®àë¥ âà¥¡ãîâ ­ å®¦¤¥­¨ï ª ª¨å-«¨¡® á¯¥ªâà «ì­ëå å à ª-
â¥à¨áâ¨ª. � ¤ ç¨ â ª®£® à®¤  à¥è îâáï, ª ª ¯à ¢¨«®, ¢ ­¥áª®«ìª® íâ ¯®¢: 1) ä¨§¨ç¥áª¨© ¨«¨
ç¨á«¥­­ë© íªá¯¥à¨¬¥­â, ¨§ ª®â®àëå ®¯à¥¤¥«ïîâáï ¨áå®¤­ë¥ ¤ ­­ë¥ § ¤ ç¨, 2) ¨­â¥à¯®«ïæ¨ï íâ¨å
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¤ ­­ëå ­  ¢áî ¨­â¥à¥áãîéãî ®¡« áâì ¨§¬¥­¥­¨ï ¯ à ¬¥âà®¢, 3) ¤¨áªà¥â¨§ æ¨ï, â.¥. ¯®áâà®¥­¨¥
ª®­¥ç­®¬¥à­®© ¬ â¥¬ â¨ç¥áª®© ¬®¤¥«¨ ¨ 4) à¥è¥­¨¥ á¯¥ªâà «ì­®© § ¤ ç¨ «¨­¥©­®©  «£¥¡àë:

Av = �v: (1)

�âã áå¥¬ã ¬ë ¯à®¤¥¬®­áâà¨àã¥¬ ­  ¯à¨¬¥à¥ ¨ ®¡áã¤¨¬ ¢ à §¤¥«¥ 4.1.
� ¦¤ë© è £ à¥è¥­¨ï ­¥¨§¡¥¦­® á®¯à®¢®¦¤ ¥âáï å à ªâ¥à­ë¬¨ ¨¬¥­­® ¤«ï ­¥£® ¯®£à¥è­®áâï-

¬¨, á®¢®ªã¯­®áâì ª®â®àëå ¨ ®¯à¥¤¥«ï¥â ¯®£à¥è­®áâì ª®­¥ç­®£® à¥§ã«ìâ â .
�â¬¥â¨¬, çâ® ¤«¨â¥«ì­ ï ¨áâ®à¨ï áâ ­®¢«¥­¨ï ¨ à §¢¨â¨ï ªã«ìâãàë ä¨§¨ç¥áª®£® íªá¯¥à¨¬¥­â 

(íâ ¯ 1) ¯à¨¢¥«  ª â®¬ã, çâ® «î¡ë¥ ¤ ­­ë¥ ¨§¬¥à¥­¨© áç¨â îâáï ¤®áâ®¢¥à­ë¬¨ â®«ìª® ¢ â®¬
á«ãç ¥, ¥á«¨ ®­¨ á®¯à®¢®¦¤ îâáï ãª § ­¨¥¬ ¨­â¥à¢ «  ¢®§¬®¦­®© ®è¨¡ª¨. �¯®á®¡ë ®æ¥­®ª ®è¨¡®ª
¨­â¥à¯®«ïæ¨¨ ¨ ¤¨áªà¥â¨§ æ¨¨ (íâ ¯ë 2,3) â ª¦¥ å®à®è® à §à ¡®â ­ë (á¬., ¢ ç áâ­®áâ¨, [5],[4]) ¨
ï¢«ïîâáï âà ¤¨æ¨®­­®© ç áâìî ªãàá®¢ ¢ëç¨á«¨â¥«ì­®© ¬ â¥¬ â¨ª¨ ¢ ��� å.

�¤¨¢¨â¥«ì­®, çâ® ¤® ­¥¤ ¢­¥£® ¢à¥¬¥­¨ ¢ëç¨á«¨â¥«ì­ë¬ ¯®£à¥è­®áâï¬ ¯®á«¥¤­¥£® íâ ¯  áå¥¬ë
­¥ ¯à¨¤ ¢ «®áì ­¨ª ª®£® §­ ç¥­¨ï. �¥§ã«ìâ â à¥è¥­¨ï á¯¥ªâà «ì­®© § ¤ ç¨ (1) ¯à¨­¨¬ «áï §   ¡-
á®«îâ­® â®ç­ë©, ¥á«¨, ª®­¥ç­®, á¢®©áâ¢  ¨áª®¬®© á¯¥ªâà «ì­®© å à ªâ¥à¨áâ¨ª¨ ­¥ ¯à®â¨¢®à¥ç¨«¨
ä¨§¨ç¥áª®¬ã á¬ëá«ã ¨ ®è¨¡ª  ­¥ ¡ë«  ®ç¥¢¨¤­®©.

�âáãâáâ¢¨¥ ®æ¥­ª¨ â®ç­®áâ¨ à¥è¥­¨ï á¯¥ªâà «ì­®©  «£¥¡à ¨ç¥áª®© § ¤ ç¨ ¤¥« ¥â, ¯®-áãé¥áâ¢ã,
¡¥áá¬ëá«¥­­ë¬¨ ãá¨«¨ï ¯® ¯®¢ëè¥­¨î â®ç­®áâ¨ ä¨§¨ç¥áª®£® íªá¯¥à¨¬¥­â  ¨ ¤¨áªà¥â­®© ¬ â¥¬ -
â¨ç¥áª®© ¬®¤¥«¨. �ç¥¢¨¤­®, çâ® â®«ìª® ¨á¯®«ì§®¢ ­¨¥  «£®à¨â¬®¢ á £ à ­â¨à®¢ ­­®© ®æ¥­ª®©
â®ç­®áâ¨ ¬®¦¥â ¨á¯à ¢¨âì á¨âã æ¨î ¨ ¯®§¢®«¨â ¯à®¢¥áâ¨ ¯®«­ë© ¨ £à ¬®â­ë©  ­ «¨§ áâ¥¯¥­¨
á®®â¢¥âáâ¢¨ï à¥§ã«ìâ â®¢ ç¨á«¥­­ëå ¨áá«¥¤®¢ ­¨© ¨ ä¨§¨ç¥áª®© à¥ «ì­®áâ¨.

� ¡«¨¦ ©è¥¥ ¢à¥¬ï ­®¢ë¥  «£®à¨â¬ë ¬®£ãâ ­ ©â¨ á¢®¥ ¯à¨¬¥­¥­¨¥ ¢ ¥é¥ ®¤­®© ¢ ¦­®© ®¡« -
áâ¨, á¢ï§ ­­®© á ¨§ãç¥­¨¥¬ ª¢ ­â®¢ëå ï¢«¥­¨©. �®¢à¥¬¥­­ë© ãà®¢¥­ì â®ç­®áâ¨ ä¨§¨ç¥áª¨å íªá-
¯¥à¨¬¥­â®¢ §¤¥áì ®ç¥­ì ¢ëá®ª ¨ ¬ â¥¬ â¨ç¥áª®¥ ¬®¤¥«¨à®¢ ­¨¥ ¯à¨§¢ ­® ®æ¥­¨âì ¤®áâ®¢¥à­®áâì
áãé¥áâ¢ãîé¨å â¥®à¨©. � ­ áâ®ïé¨© ¬®¬¥­â ¢ íâ®¬ ­ ¯à ¢«¥­¨¨ ¢¥¤¥âáï æ¥«ë© àï¤ ¨áá«¥¤®¢ ­¨©
¨ ã¦¥ ¡ë«¨ ¢ëï¢«¥­ë á«ãç ¨ à áå®¦¤¥­¨ï à¥§ã«ìâ â®¢ ¢ëç¨á«¥­¨© ¨ ¨§¬¥à¥­¨© (¬ë ¡« £®¤ à¨¬
�.�.�«å®¢áª®£® §  ®â­®áïé¨¥áï ª íâ®© â¥¬¥ ®¡áã¦¤¥­¨ï). �ç¥¢¨¤­®, çâ® ¯®¤®¡­ë¥ áà ¢­¥­¨ï ¯à¥¤-
áâ ¢«ïîâ ­ ãç­ë© ¨­â¥à¥á â®«ìª® â®£¤ , ª®£¤  à¥§ã«ìâ âë ­¥ â®«ìª® ä¨§¨ç¥áª®£®, ­® ¨ ç¨á«¥­­®£®
íªá¯¥à¨¬¥­â®¢ á®¯à®¢®¦¤ îâáï ®æ¥­ª ¬¨ ¨å â®ç­®áâ¨.

�áâì ®á­®¢ ­¨ï ãâ¢¥à¦¤ âì, çâ® §­ ­¨¥ ¨ ¨á¯®«ì§®¢ ­¨¥  «£®à¨â¬®¢ «¨­¥©­®©  «£¥¡àë á £ -
à ­â¨à®¢ ­­®© ®æ¥­ª®© â®ç­®áâ¨ à¥§ã«ìâ â  ¤®«¦­® áâ âì ­¥®âê¥¬«¥¬®© ç áâìî ¬ â¥¬ â¨ç¥áª®©
ªã«ìâãàë «î¡®£® ¨áá«¥¤®¢ â¥«ï.

� á®¦ «¥­¨î, ¤ ¦¥ ¬­®£¨¥ á¯¥æ¨ «¨áâë ¢ ¢ëç¨á«¨â¥«ì­®© «¨­¥©­®©  «£¥¡à¥ ­¥ ã¤¥«ïîâ ¤®«¦-
­®£® ¢­¨¬ ­¨ï ®æ¥­ª ¬ â®ç­®áâ¨ ¢ëç¨á«¥­¨©. �à¨ç¨­  íâ®£® ï¢«¥­¨ï § ª«îç ¥âáï ¢ âà ¤¨æ¨®­­®¬
¯®¤å®¤¥ ª à¥è¥­¨î § ¤ ç ¢¨¤  (1), ª®â®àë© á«®¦¨«áï § ¤®«£® ¤® ­ áâã¯«¥­¨ï íàë ª®¬¯ìîâ¥à®¢,
ª®£¤  ¢®¯à®á ® ¢ëç¨á«¨â¥«ì­ëå ¯®£à¥è­®áâïå ¢®®¡é¥ ­¥ áâ ¢¨«áï. �®ª § â¥«ì­ë¬ ¢ íâ®¬ ¯« ­¥
ï¢«ï¥âáï ¯®¯ã«ïà­®¥ ¤® á¨å ¯®à ¯®á®¡¨¥ [8]. � à á¯à®áâà ­¥­¨¥¬ ���, à áè¨à¥­¨¥¬ ¯à ªâ¨ç¥áª®£®
ªàã£  ¯à¨¬¥­¥­¨ï § ¤ ç ¢¨¤  (1) ¨ à®áâ®¬ à §¬¥à®¢ ¬ âà¨æë A ¢ëç¨á«¨â¥«ï¬ ¢á¥ ç é¥ ¢áâà¥ç -
«¨áì ¯à¨¬¥àë ï¢­® ­¥¯à ¢¨«ì­®© à ¡®âë ª« áá¨ç¥áª¨å  «£®à¨â¬®¢, çâ® ¯®¤â «ª¨¢ «® ¬ â¥¬ â¨ª®¢
ª ¯®¨áªã á¯®á®¡®¢ ®æ¥­ª¨ ¯®£à¥è­®áâ¥© ¢ëç¨á«¥­¨ï.

�¥à¢ë¬ áãé¥áâ¢¥­­ë¬ ¯à®àë¢®¬ ¢ íâ®© ®¡« áâ¨ áâ «® ¨§®¡à¥â¥­¨¥ ¬¥â®¤  ®¡à â­®£®  ­ «¨§ 
¯®£à¥è­®áâ¥©. � íâ®¬ ¬¥â®¤¥ ¯®£à¥è­®áâ¨  à¨ä¬¥â¨ç¥áª¨å ®¯¥à æ¨© âà ªâãîâáï ª ª ¢®§¬ãé¥­¨ï
­ ç «ì­ëå ¤ ­­ëå (¢ á«ãç ¥ § ¤ ç¨ (1) { ª®íää¨æ¨¥­â®¢ ¬ âà¨æë A). �à¥§¢ëç ©­® ¯®¤à®¡­®
íâ®â ¯®¤å®¤ ¯à¥¤áâ ¢«¥­ ¢ ¬®­®£à ä¨¨ [7]. �  ¯¥à¢ë© ¢§£«ï¤ ¬®¦¥â ¯®ª § âìáï, çâ® â¥¬ á ¬ë¬
¢®¯à®á ®¡ ãç¥â¥  à¨ä¬¥â¨ç¥áª¨å ¯®£à¥è­®áâ¥© à¥è¥­. �ª § «®áì, ®¤­ ª®, çâ® ¤«ï ¯®¤ ¢«ïîé¥£®
¡®«ìè¨­áâ¢   «£®à¨â¬®¢ ¬¥â®¤ ®¡à â­®£®  ­ «¨§  ¯à ªâ¨ç¥áª¨ ­¥¯à¨¬¥­¨¬ ¨§-§  ¥£® £à®¬®§¤ª®áâ¨.

� â®«ìª® ¢ ­ ç «¥ 80-å £®¤®¢ £àã¯¯  ¬ â¥¬ â¨ª®¢ ¯®¤ àãª®¢®¤áâ¢®¬  ª ¤¥¬¨ª  ��� �.�. �®¤ã-
­®¢  ¢ �� �� ��� ¯à¨áâã¯¨«  ª à §à ¡®âª¥  «£®à¨â¬®¢, ®â¢¥ç îé¨å á®¢à¥¬¥­­ë¬ âà¥¡®¢ ­¨ï¬
ãç¥â  ¢ëç¨á«¨â¥«ì­ëå ¯®£à¥è­®áâ¥©. �®¢ë¥ ¬¥â®¤ë ¨á¯®«ì§ãîâ ª ª âà ¤¨æ¨®­­ë¥ â ª ¨ ®à¨-
£¨­ «ì­ë¥ ­¥áâ ­¤ àâ­ë¥ ¨¤¥¨ ¨ ¯à¨ íâ®¬ ¤®áâ â®ç­® ¯à®áâë. � á®¦ «¥­¨î, ®­¨ ¤® á¨å ¯®à ­¥
¯®«ãç¨«¨ è¨à®ª®£® à á¯à®áâà ­¥­¨ï. �¥£®¤­ï á¨âã æ¨ï ¬¥­ï¥âáï ¨ ¬­®£¨¥ á¯¥æ¨ «¨áâë ­ ç¨­ îâ
¯® ¤®áâ®¨­áâ¢ã ®æ¥­¨¢ âì ¯à¥¨¬ãé¥áâ¢  íâ¨å  «£®à¨â¬®¢. �¡ íâ®¬ á¢¨¤¥â¥«ìáâ¢ã¥â, ¢ ç áâ­®áâ¨,
¨å ­¥á®¬­¥­­®¥ ¯à¨§­ ­¨¥ ­  ª®­£à¥áá¥ III International Workshop on Accurate Solution of Eigenvalue
Problems, á®áâ®ï¢è¨¬áï ¢ ¨î«¥ 2000 £. ¢ £®à®¤¥ � £¥­, �¥à¬ ­¨ï, ãç áâ­¨ª®¬ ª®â®à®£® ¡ë« ®¤¨­
¨§  ¢â®à®¢ (�.�.�¨¡¥à¤®àä).
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�¥«ì ­ è¥© à ¡®âë § ª«îç ¥âáï ¢ à §¢¨â¨¨ ¨ ¯®¯ã«ïà¨§ æ¨¨ ãª § ­­ëå  «£®à¨â¬®¢. �ë áâà¥-
¬¨«¨áì âé â¥«ì­® ¯à®à ¡®â âì ¢á¥ ¤¥â «¨, ¢«¨ïîé¨¥ ­  ­ ª®¯«¥­¨¥ ¨ ãç¥â ¯®£à¥è­®áâ¥©. �á®¡®¥
¢­¨¬ ­¨¥ ã¤¥«ï«®áì â¥¬ ¢ ¦­ë¬ ¬®¬¥­â ¬, ª®â®àë¥ ®¡ëç­® ®¡å®¤ïâáï áâ®à®­®© ¢ áâ âìïå ¨ ¬®­®-
£à ä¨ïå. �à¨ íâ®¬ ¬ë áâ à «¨áì ¬ ªá¨¬ «ì­® ã¯à®áâ¨âì ¨§«®¦¥­¨¥ ®á­®¢­ëå ¨¤¥©, çâ® ¤®«¦­®
á¤¥« âì ­®¢ë¥  «£®à¨â¬ë ¤®áâã¯­ë¬¨ ¤«ï ­¥á¯¥æ¨ «¨áâ®¢.

� ª¥â ¯à®£à ¬¬ GALA (Guaranted Accuracy in Linear Algebra), ®¯¨á ­­ë© ¢ à ¡®â¥ [3], ¯à¥¤-
áâ ¢«ï¥â á®¡®© à¥ «¨§ æ¨î á®¢à¥¬¥­­ëå ¢ëç¨á«¨â¥«ì­ëå  «£®à¨â¬®¢ «¨­¥©­®©  «£¥¡àë ­®¢®£®
¯®ª®«¥­¨ï, ¯®§¢®«ïîé¨å ®æ¥­¨¢ âì â®ç­®áâì ¢ëç¨á«¥­¨©. � ª¥â ­ ¯¨á ­ ­  ï§ëª¥ �������{90.
�¥¯¥àì ®­ ¤®¯®«­¥­ ¯à¥¤áâ ¢«¥­­ë¬ ¢ ­ áâ®ïé¥© à ¡®â¥ ¬®¤ã«¥¬ ¤«ï à¥è¥­¨ï á¨¬¬¥âà¨ç­ëå á¯¥ª-
âà «ì­ëå § ¤ ç. � ª¥â GALA à §¬¥é¥­ ¢ ¤¨à¥ªâ®à¨¨ /usr/local/GALA áã¯¥àª®¬¯ìîâ¥à  ALPHA
�­áâ¨âãâ  �¤¥à­®© ä¨§¨ª¨ �� ���, ¨ ®âªàëâ ¤«ï á¢®¡®¤­®£® ¯®«ì§®¢ ­¨ï. � ­¥¬ã ¯à¨« £ ¥âáï
â ª¦¥ àï¤ ¤¥¬®­áâà æ¨®­­ëå ¯à¨¬¥à®¢.

2 �¥®¡å®¤¨¬ë¥ á¢¥¤¥­¨ï

� ¬ ¡ã¤ãâ ­ã¦­ë á«¥¤ãîé¨¥ ä ªâë ¨ ®¡®§­ ç¥­¨ï.

�¨­¥©­ ï  «£¥¡à 

* �á­®¢­ë¬ ®¡ê¥ªâ®¬ à áá¬®âà¥­¨ï ï¢«ï¥âáï ¢¥é¥áâ¢¥­­ ï á¨¬¬¥âà¨ç­ ï ¬ âà¨æ  A = A� à §¬¥-
à  M , £¤¥ A� = �AT ¬ âà¨æ  á®¯àï¦¥­­ ï ª A, �A { ¬ âà¨æ  ª®¬¯«¥ªá­®á®¯àï¦¥­­ ï ª A, AT {
âà ­á¯®­¨à®¢ ­­ ï ¬ âà¨æ ; aij { ®¡®§­ ç¥­¨ï ¤«ï í«¥¬¥­â®¢ ¬ âà¨æë A; £« ¢­ ï ¤¨ £®­ «ì
¬ âà¨æë { aii; i = 1; : : : ;M ; ¯®¡®ç­ ï ¤¨ £®­ «ì { aii+1; i = 1; : : : ;M � 1.

* �¯¥ªâà á¨¬¬¥âà¨ç­®© ¬ âà¨æëA ¢¥é¥áâ¢¥­­ë©. �«ï á®¡áâ¢¥­­ëå §­ ç¥­¨© ¯à¨¬¥¬ ®¡®§­ ç¥­¨ï
�j(A); j = 1; : : : ;M . �ç¨â ¥¬, çâ® á®¡áâ¢¥­­ë¥ ç¨á«  ¯à®­ã¬¥à®¢ ­ë ¯® ¢®§à áâ ­¨î �1(A) �
�2(A) � : : : � �M (A).

* �®¡áâ¢¥­­ë¥ ¢¥ªâ®àë ¬ âà¨æë A ¡ã¤ãâ ®¡®§­ ç âìáï vj : Avj = �jvj.

* �î¡ ï á¨¬¬¥âà¨ç­ ï ¬ âà¨æ  A ®àâ®£®­ «ì­ë¬¨ ¯à¥®¡à §®¢ ­¨ï¬¨ ¬®¦¥â ¡ëâì ¯à¨¢¥¤¥­  ª
âà¥å¤¨ £®­ «ì­®¬ã ¢¨¤ã S = PAP �. � á«¥¤ãîé¥¬ à §¤¥«¥ ¯à¨¢®¤¨âáï á¯®á®¡ ¯®áâà®¥­¨ï
â ª®£® ¯à¥®¡à §®¢ ­¨ï, ¨á¯®«ì§ãîé¨© ®¯¥à â®àë ®âà ¦¥­¨ï (á¬. [3] à §¤¥«ë 2.1, 3.2).

* �ëà ¦¥­¨¥ Avj = �jvj (ãç¨âë¢ ï, çâ® PP � = I ) ¯®à®¦¤ ¥â æ¥¯®çªã à ¢¥­áâ¢

Swj = SPvj = PAP �Pvj = �jPvj = �jwj; (2)

¨§ ª®â®à®© á«¥¤ã¥â, çâ® �j â ª¦¥ ï¢«ï¥âáï á®¡áâ¢¥­­ë¬ §­ ç¥­¨¥¬ âà¥å¤¨ £®­ «ì­®© á¨¬¬¥-
âà¨ç­®© ¬ âà¨æë S,   wj = Pvj { ¥¥ á®¡áâ¢¥­­ë© ¢¥ªâ®à. �â® ¯®§¢®«ï¥â ¯à¨ ¢ëç¨á«¥­¨¨
á®¡áâ¢¥­­ëå ç¨á¥« ¨ ¢¥ªâ®à®¢ ¯¥à¥©â¨ ®â ¯à®¨§¢®«ì­®© á¨¬¬¥âà¨ç­®© ¬ âà¨æë ª âà¥å¤¨ £®-
­ «ì­®©.

* �¢ª«¨¤®¢®© ­®à¬®© ¢¥ªâ®à  x ­ §ë¢ ¥âáï ç¨á«® kxk =
qPM

i=1 jxij2.
* �¯¥à â®à­®© ­®à¬®© ¬ âà¨æë A ­ §ë¢ ¥âáï ç¨á«® kAk = maxkxk=1 kAxk.
* �ª¢¨¢ «¥­â­ë¬¨ ­®à¬ ¬¨ ¬ âà¨æë ï¢«ïîâáï á«¥¤ãîé¨¥ ¥¥ å à ªâ¥à¨áâ¨ª¨:

M(A) = max

8<:maxi
MX
j=1

jaijj; max
j

MX
i=1

jaijj
9=;

{ ¬ ªá¨¬ã¬ ¯® áâà®ª ¬ ¨ áâ®«¡æ ¬ áã¬¬ ¬®¤ã«¥© í«¥¬¥­â®¢ á®®â¢¥âáâ¢ãîé¨å áâà®ª ¨ áâ®«¡-
æ®¢;

F(A) =
vuut MX
i;j=1

jaijj2

{ äà®¡¥­¨ãá®¢  ­®à¬  ¬ âà¨æë A.
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* �à¨¢¥¤¥­­ë¥ íª¢¨¢ «¥­â­ë¥ ­®à¬ë á¢ï§ ­ë ­¥à ¢¥­áâ¢ ¬¨

kAk �M(A) �
p
MkAk; kAk � F(A) �

p
MkAk:

* �á«¨ S { âà¥å¤¨ £®­ «ì­ ï ¬ âà¨æ  ¯®àï¤ª  M

S =

0BBBBBBB@

d1 b2 0
b2 d2 b3

b3 d3 b4
. . .

. . .
. . .

bM�1 dM�1 bM
0 bM dM

1CCCCCCCA
; (3)

â® ¨¬¥¥â ¬¥áâ® ®æ¥­ª 
kSk � M(S) �

p
3kSk:

* �¯¥ªâà «î¡®© ¬ âà¨æë A «¥¦¨â ¢­ãâà¨ ªàã£  à ¤¨ãá  kAk: j�j(A)j � kAk.
* �«ï á¨¬¬¥âà¨ç­®© âà¥å¤¨ £®­ «ì­®© ¬ âà¨æë (3) ¬®¦­® ãª § âì ¡®«¥¥ â®ç­ë¥ £à ­¨æë á¯¥ªâà :

X(S) � �j(S) � Y (S), £¤¥

X(S) = min

8<:
d1 � jb2j;

min2�i�M�1 (di � jbij � jbi+1j) ;
dM � jbM j;

Y (S) = max

8<:
d1 + jb2j;

max2�i�M�1 (di + jbij+ jbi+1j) ;
dM + jbM j:

(4)

* �­ «¨§ ¯®£à¥è­®áâ¥©, ¢®§­¨ª îé¨å ¯à¨ ¢ëç¨á«¥­¨¨ á®¡áâ¢¥­­ëå §­ ç¥­¨© á¨¬¬¥âà¨ç­®© âà¥å-
¤¨ £®­ «ì­®© ¬ âà¨æë (¯®¤à®¡­®áâ¨ á¬. ¢ [3] à §¤¥« 4.6), ¡ §¨àã¥âáï ­  á«¥¤ãîé¥© â¥®à¥¬¥:

�¥®à¥¬  1. �á«¨ A ¨ E { á¨¬¬¥âà¨ç­ë¥ M �M - ¬ âà¨æë, â®

j�j(A+ E)� �j(A)j � kEk;
£¤¥ �j(A+ E); �j(A) (1 � j � M ) { á®¡áâ¢¥­­ë¥ §­ ç¥­¨ï ¬ âà¨æ A+ E ¨ A á®®â¢¥âá¢¥­­®.

� ª¨¬ ®¡à §®¬, ¥á«¨ á¨¬¬¥âà¨ç­ãî ¬ âà¨æã A ¢®§¬ãâ¨âì ­  E , â® á¯¥ªâà ¢®§¬ãé¥­­®© ¬ -
âà¨æë A + E ¡ã¤¥â ®â«¨ç âìáï ®â á¯¥ªâà  ¨áå®¤­®© A ­¥ ¡®«¥¥, ç¥¬ ­  kEk. �â® á¢®©áâ¢®
®§­ ç ¥â, çâ® á¯¥ªâà á¨¬¬¥âà¨ç­ëå ¬ âà¨æ ãáâ®©ç¨¢ ®â­®á¨â¥«ì­® ¢®§¬ãé¥­¨© í«¥¬¥­â®¢
¬ âà¨æë.

� è¨­­ ï  à¨ä¬¥â¨ª 

�à¨ à¥ «¨§ æ¨¨ ­  ��� ç¨á«¥­­®£®  «£®à¨â¬  ­¥¨§¡¥¦­® ¢®§­¨ª îâ ¢ëç¨á«¨â¥«ì­ë¥ ¯®£à¥è-
­®áâ¨. �à¨ç¨­  íâ®£® ¢ â®¬, çâ® ¢¥é¥áâ¢¥­­®¥ ç¨á«® ¯à¨ à §¬¥é¥­¨¨ ¢ ¬ è¨­­®© ¯ ¬ïâ¨ ª ª
¯à ¢¨«® § ¬¥­ï¥âáï ¬ è¨­­ë¬ ç¨á«®¬, ¡«¨§ª¨¬ ª ¨áå®¤­®¬ã. �«ï ®æ¥­®ª ¢ëç¨á«¨â¥«ì­ëå ¯®-
£à¥è­®áâ¥© ¡ã¤¥¬ ¯®«ì§®¢ âìáï á«¥¤ãîé¨¬¨ á¢¥¤¥­¨ï¬¨.

* �î¡®¥ ¬ è¨­­®¥ ¢¥é¥áâ¢¥­­®¥ ç¨á«® z ¨¬¥¥â ¢¨¤:

z = �
p(z)m
 (z) ; (5)

£¤¥ 
 { æ¥«®¥ ¯®«®¦¨â¥«ì­®¥ ç¨á«® ¨ ­ §ë¢ ¥âáï ®á­®¢ ­¨¥¬ ¬ è¨­­®©  à¨ä¬¥â¨ª¨, æ¥«®¥ ç¨-
á«® p(z) (p� � p(z) � p+) ­ §ë¢ ¥âáï 
-¨ç­ë¬ ¯®àï¤ª®¬, 
-¨ç­ ï ¬ ­â¨áá m
 (z) ¯à¥¤áâ ¢¨¬ 
¢ ¢¨¤¥ áã¬¬ë ¯à ¢¨«ì­ëå ¤à®¡¥©

m
(z) =
a1


+
a2

2

+ : : :+
ak

k
;
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£¤¥ aj { æ¥«ë¥ ç¨á« :

1 � a1 � 
 � 1; 0 � aj � 
 � 1 (2 � j � k):

(� ¯à¨¢¥¤¥­­ëå ä®à¬ã« å p�; p+ ¨ k ®â ç¨á«  z ­¥ § ¢¨áïâ.)

* �«ï ®æ¥­®ª ¬ è¨­­ëå ¯®£à¥è­®áâ¥© ã¤®¡­® ¯®«ì§®¢ âìáï á«¥¤ãîé¨¬¨ ¢¥«¨ç¨­ ¬¨

"0 = 
p�
1


; "1 = 
p+ (1� 1


k
); "1 = 
1

1

k

:

�§ ¨å ®¯à¥¤¥«¥­¨ï á«¥¤ã¥â, çâ® "0 { ¬¨­¨¬ «ì­®¥ ¯®«®¦¨â¥«ì­®¥ ¬ è¨­­®¥ ç¨á«®; "1 { ¬ ª-
á¨¬ «ì­®¥ ¬ è¨­­®¥ ç¨á«®; "1 { ¯®«®¦¨â¥«ì­®¥ ç¨á«®, ¬¨­¨¬ «ì­®¥ ¨§ ¢á¥å ¬ è¨­­ëå ç¨á¥«
z¬ è â ª¨å, çâ®

(1 + z¬ è)¬ è > 1:

* � ¤ ¬ è¨­­ë¬¨ ¢¥é¥áâ¢¥­­ë¬¨ ç¨á« ¬¨ ¬®¦­® ®¯à¥¤¥«¨âì á«¥¤ãîé¨¥ ®¯¥à æ¨¨: à¥§ã«ìâ â
®¯¥à æ¨¨ Fr(z) ¥áâì ¢¥é¥áâ¢¥­­®¥ ¬ è¨­­®¥ ç¨á«® à ¢­®¥ ¬ ­â¨áá¥ ç¨á«  z, à¥§ã«ìâ â®¬
®¯¥à æ¨¨ Ex(z) ï¢«ï¥âáï æ¥«®¥ ç¨á«® { ¯®àï¤®ª ç¨á«  z. �â¨ ®¯¥à æ¨¨ ¯®§¢®«ïîâ ¯à®¢®¤¨âì
¢ëç¨á«¥­¨ï ®â¤¥«ì­® ¤«ï ¬ ­â¨áá ¨ ¯®àï¤ª®¢. � ª®© ¯®¤å®¤ ¯®§¢®«ï¥â ¨áªãááâ¢¥­­ë¬ ®¡à §®¬
áãé¥áâ¢¥­­® ¯®¢ëá¨âì â®ç­®áâì ¢ëç¨á«¥­¨© ¨ ­ §ë¢ ¥âáï  à¨ä¬¥â¨ª®© ¢ë­¥á¥­­ëå ¯®àï¤ª®¢.

* �¨­ à­ë¥  à¨ä¬¥â¨ç¥áª¨¥ ®¯¥à æ¨¨ ­ ¤ ¬ è¨­­ë¬¨ ç¨á« ¬¨ ¡ã¤¥¬ ®¡®§­ ç âì

a� b = (a+ b)¬ è; a	 b = (a� b)¬ è;
a
 b = (a� b)¬ è; a� b = (a=b)¬ è:

(6)

* �®£à¥è­®áâ¨ ¬ è¨­­ëå  à¨ä¬¥â¨ç¥áª¨å ®¯¥à æ¨© ¬®¦­® á¬®¤¥«¨à®¢ âì á«¥¤ãîé¨¬ ®¡à §®¬:
¥á«¨ � 2 f+;�;�;�g { ®¡®§­ ç¥­¨¥ ¤«ï ®¤­®© ¨§ ¡¨­ à­ëå ®¯¥à æ¨©, a; b { ¬ è¨­­ë¥ ç¨á« ,
â®

(a � b)¬ è = (a � b)(1 + �) + � ; (7)

£¤¥ j�j � "1 ; j�j � "0.
�á«¨ ¬®¤ã«ì à¥§ã«ìâ â  ®¯¥à æ¨¨ ¡®«ìè¥ ç¥¬ "0, â® ¬ è¨­­ ï ¯®£à¥è­®áâì ¬®¤¥«¨àã¥âáï
à ¢¥­áâ¢®¬

(a � b)¬ è = (a � b)(1 + �):

* �«ï â®£®, çâ®¡ë ¯à¥¤« £ ¥¬ë¥ ­¨¦¥  «£®à¨â¬ë ¨¬¥«¨ £ à ­â¨à®¢ ­­ãî ®æ¥­ªã â®ç­®áâ¨ à¥-
§ã«ìâ â , ¨á¯®«ì§®¢ «¨áì á¯¥æ¨ «ì­ë¥ ¬ è¨­­ë¥ ®¯¥à æ¨¨. �â® ¢ ¯¥à¢ãî ®ç¥à¥¤ì ®¯¥à æ¨¨
á ­ ¯à ¢«¥­­ë¬ ®ªàã£«¥­¨¥¬, ª®â®àë¥ ã¤®¡­® ®¡®§­ ç âì

a�b; a	b; a
b; a�b; a�b; a	b; a
b; a�b
�®«®¦¥­¨¥ ç¥àâë ãª §ë¢ ¥â ­ ¯à ¢«¥­¨¥ ®ªàã£«¥­¨ï: ç¥àâ  á¢¥àåã ®§­ ç ¥â, çâ® ¯à¨¡«¨-
¦¥­­ë© à¥§ã«ìâ â ­¥ ¬¥­ìè¥ ¨áâ¨­­®£®,   ç¥àâ  á­¨§ã { à¥§ã«ìâ â ¤®«¦¥­ ¡ëâì ­¥ ¡®«ìè¥
¨áâ¨­­®£®.

* �àã£®© á¯¥æ¨ «ì­®© ®¯¥à æ¨¥© ï¢«ï¥âáï ¢ëç¨â ­¨¥ ¡¥§ ­ã«¥¢®£® à¥§ã«ìâ â :

a	0 b =
�
a	 b ¯à¨ a	 b 6= 0;
"1=
maxfjaj; jbjg ¯à¨ a	 b = 0; (8)

* �®£à¥è­®áâ¨ á¯¥æ¨ «ì­ëå  à¨ä¬¥â¨ç¥áª¨å ®¯¥à æ¨© ¬®¤¥«¨àãîâáï á«¥¤ãîé¨¬ ®¡à §®¬

a	0b = a(1 + �1)� b(1 + �1); a	0b = a(1 + �2)� b(1 + �2);
a
b = ab(1 + �3) + '3; a
b = ab(1 + �4) + '4;
a�b = a=b(1 + �5) + '5; a�b = a=b(1 + �6) + '6;

(9)

£¤¥ j�jj � ", j�kj � ", j'lj � "0 ; (j = 1; 2; : : : ; 6; k = 1; 2; l = 3; : : : ; 6). � à ¬¥âà " § ¢¨á¨â ®â
á¯®á®¡  à¥ «¨§ æ¨¨ ®¯¥à æ¨© á ®ªàã£«¥­¨¥¬ ¨ ¯à®¯®àæ¨®­ «¥­ "1.
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3 �«£®à¨â¬ë

3.1 �à¨¢¥¤¥­¨¥ á¨¬¬¥âà¨ç­®© ¬ âà¨æë ª âà¥å¤¨ £®­ «ì­®¬ã ¢¨¤ã

á £ à ­â¨à®¢ ­­®© ®æ¥­ª®© â®ç­®áâ¨ à¥§ã«ìâ â .

�à¥¤¢ à¨â¥«ì­ë¥ § ¬¥ç ­¨ï

�«ï â®£®, çâ®¡ë ¢ëç¨á«¨âì á®¡áâ¢¥­­ë¥ ç¨á«  ¨ ¢¥ªâ®àë ¯à®¨§¢®«ì­®© á¨¬¬¥âà¨ç­®© ¬ âà¨æë,
¤®áâ â®ç­® ã¬¥âì à¥è âì íâã § ¤ çã ¤«ï âà¥å¤¨ £®­ «ì­®© ¬ âà¨æë ¨ ¯à¨¢®¤¨âì ¯à®¨§¢®«ì­ãî
á¨¬¬¥âà¨ç­ãî ¬ âà¨æã ª âà¥å¤¨ £®­ «ì­®¬ã ¢¨¤ã (á¬. (2)). �«£®à¨â¬ â ª®£® ¯à¨¢¥¤¥­¨ï ¨á¯®«ì-
§ãîé¨© ¯à¥®¡à §®¢ ­¨ï ®âà ¦¥­¨ï � ãáå®«¤¥à  (á¬. [3] à §¤¥«ë 2.1,3.2) ªà âª® ¨§« £ ¥âáï ­¨¦¥.

�ãáâì A = A� { ¨áå®¤­ ï á¨¬¬¥âà¨ç­ ï ¬ âà¨æ  à §¬¥à M . �«£®à¨â¬ á®áâ®¨â ¨§M è £®¢, à¥-
§ã«ìâ â®¬ ª ¦¤®£® ¨§ ª®â®àëå ï¢«ï¥âáï ¬ âà¨æ  A(i). �«ï â®£®, çâ®¡ë ¯®«ãç¨âì £ à ­â¨à®¢ ­­ãî
®æ¥­ªã ®â­®á¨â¥«ì­®© â®ç­®áâ¨ à¥§ã«ìâ â , ¢ ¯à®æ¥¤ãàã ¯à¨¢¥¤¥­¨ï ¬ âà¨æë ª âà¥å¤¨ £®­ «ì­®¬ã
¢¨¤ã ­¥®¡å®¤¨¬® â ª¦¥ ¢ª«îç¨âì ¯à¥¤¢ à¨â¥«ì­ãî ­®à¬¨à®¢ªã ¬ âà¨æë A(0) = �A ¨ à §­®à¬¨-
à®¢ªã à¥§ã«ìâ â  S = 1

�
A(M�2) â ª, çâ®¡ë

4(M � 2)op(M )
�p(M )

� F(A(0));

£¤¥ ª®íää¨æ¨¥­âë �p(M ) ¨ op(M ) ®¯à¥¤¥«ïîâáï ¯® ä®à¬ã« ¬ (¯®¤à®¡­¥¥ á¬. [3] à §¤¥« 4.3)

�1 = "1(M + 4)=2 ; �2 = (1 + "1)�1 + "1 ;
�3 = �1 + �2 + �1�2 ; �4 = (1 + �2)2=(1� �3)� 1 ;
�5 = "1(1 + �2)(1 + �4) + �4(1 + �2) + �2 ;

�6 = (�5
p
2 + "0

p
M )
�
(1 + �5)

p
2 + "0

p
M
�
;

�7 = "1(1 + �6) + "1(M + 2 + "1(M + 1))(2 + �6) ;
�p(M ) = �6 + �7 ;

op(M ) = 2"0
p
M

(10)

¯à¨ ãá«®¢¨¨, çâ®
�p(M ) � 1=4(M � 2)2: (11)

�«£®à¨â¬ âà¥å¤¨ £®­ «¨§ æ¨¨ ¯à®¨§¢®«ì­®© á¨¬¬¥âà¨ç­®© ¬ âà¨æë
á ®æ¥­ª®© â®ç­®áâ¨ à¥§ã«ìâ â .

� ­®: ¯à®¨§¢®«ì­ ï á¨¬¬¥âà¨ç­ ï ¬ âà¨æ  A à §¬¥à  M .

� £ 0. �®à¬¨à®¢ª  A(0) = �A.

� £ 1. �® ¯¥à¢®¬ã áâ®«¡æã ¬ âà¨æë A(0) ¯®áâà®¨¬ ®âà ¦¥­¨¥ P1, ª®â®à®¥  ­­ã«¨àã¥â ¢á¥ í«¥-
¬¥­âë ¯¥à¢®£® áâ®«¡æ , ­ ç¨­ ï á âà¥âì¥£®, á®åà ­ï¥â ¯¥à¢ë© í«¥¬¥­â íâ®£® áâ®«¡æ  ¨ ¯¥à¥-
áç¨âë¢ ¥â ¢â®à®© í«¥¬¥­â (á¬. [3] à §¤¥« 3.2). �ëç¨á«¨¬ ¬ âà¨æã P1A(0)P1. � ¯à®¨§¢¥¤¥­¨¨
P1A

(0) ¯¥à¢ ï áâà®ª  ®áâ ¥âáï â ª®© ¦¥, ª ª ¨ ã ¬ âà¨æë A(0). �®íâ®¬ã ¢ A(1) = P1A
(0)P1 ¢á¥

í«¥¬¥­âë ¯¥à¢®© áâà®ª¨, ­ ç¨­ ï á âà¥âì¥£®, ¡ã¤ãâ ­ã«¥¢ë¬¨. � ª ª ª P �1 = P1, ¯®«ãç ¥¬,
çâ® ¬ âà¨æ  A(1) ¢­®¢ì á¨¬¬¥âà¨ç­  ¨ ¨¬¥¥â á«¥¤ãîé¨© ¢¨¤:

A(1) =

0BBBBB@
d1 b2 0 : : : 0
b2 � � : : : �
0 � � : : : �
...

...
...

. . .
...

0 � � : : : �

1CCCCCA ;

�®¤¬ âà¨æ , í«¥¬¥­âë ª®â®à®© ®¡®§­ ç­ë §¢¥§¤®çª ¬¨, { á¨¬¬¥âà¨ç­ ï ¯®àï¤ª  M � 1.
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� £ i (i = 2;M � 2). �®¤¡¨à ¥¬ ®âà ¦¥­¨¥ á ¬ âà¨æ¥© Pi,  ­­ã«¨àãîé¥¥ í«¥¬¥­âë i { £® áâ®«¡æ 
¬ âà¨æë A(i�1) = Pi�1 : : : P1A

(0)P1 : : :Pi�1 á ­®¬¥à ¬¨ ®â (i+ 2) { £® ¤® M { £®, á®åà ­ïîé¥¥
í«¥¬¥­âë i { £® áâ®«¡æ  á ¯¥à¢®£® ¯® i { ©, ¯¥à¥áç¨âë¢ ï ¯à¨ íâ®¬ i+1 { ë© í«¥¬¥­â. �®« £ ¥¬
A(i) = PiA

(i�1)Pi = Pi : : :P1A
(0)P1 : : : Pi

� £ M � 1. � §­®à¬¨à®¢ª : ¥á«¨ ®¡®§­ ç¨âì P = P1P2 : : :PM�2, â® à¥§ã«ìâ â ¬®¦­® § ¯¨á âì ¢
¢¨¤¥ âà¥å¤¨ £®­ «ì­®© ¬ âà¨æë.

S =
1
�
PA(0)P � =

0BBBBB@
d1 b2 0
b2 d2 b3

. . .
. . .

. . .
bM�1 dM�1 bM

0 bM dM

1CCCCCA : (12)

� £ M . �æ¥­ª  ¯®£à¥è­®áâ¨ âà¥å¤¨ £®­ «¨§ æ¨¨.
�ëç¨á«¨âì �T {  ¡á®«îâ­ãî ¯®£à¥è­®áâì âà¥å¤¨ £®­ «¨§ æ¨¨ ¬ âà¨æë A ¯® ä®à¬ã«¥ (13).
�«ï ®æ¥­ª¨ ®â­®á¨â¥«ì­®© ¯®£à¥è­®áâ¨ e�T ¤®áâ â®ç­®  ¡á®«îâ­ãî ¯®£à¥è­®áâì �T à §¤¥«¨âì
­  kSk.

�¥§ã«ìâ â®¬ ¢ë¯®«­¥­¨ï  «£®à¨â¬  ï¢«ï¥âáï âà¥å¤¨ £®­ «ì­ ï á¨¬¬¥âà¨ç­ ï ¬ âà¨æ  S à §-
¬¥à  M ª ª®â®à®© ¯à¨¢®¤¨âáï ¯à®¨§¢®«ì­ ï á¨¬¬¥âà¨ç­ ï ¬ âà¨æ  A â®£® ¦¥ à §¬¥à  ¨ £ à ­â¨-
à®¢ ­­ ï ®æ¥­ª  â®ç­®áâ¨ ¯à®æ¥áá  âà¥å¤¨ £®­ «¨§ æ¨¨.

�æ¥­ª  ¯®£à¥è­®áâ¥©

� å®¤¥ ¢ë¯®«­¥­¨ï ®¯¨á ­­®£®  «£®à¨â¬  ­  ��� ¢¬¥áâ® ¬ âà¨æë S ¡ã¤¥â ­ ©¤¥­® ­¥ª®â®-
à®¥ ¥¥ ¯à¨¡«¨¦¥­­¨¥ S¬ è, ¢¬¥áâ® ¯à®¨§¢¥¤¥­¨ï P ¯à¥®¡à §®¢ ­¨© ®âà ¦¥­¨ï � ãáå®«¤¥à  { ¥£®
¬ è¨­­ ï à¥ «¨§ æ¨ï P¬ è. �­ «¨§ ¯®£à¥è­®áâ¥© ¯à¨¢¥¤¥­¨ï á¨¬¬¥âà¨ç­®© ¬ âà¨æë ª âà¥å¤¨ -
£®­ «ì­®¬ã ¢¨¤ã ¯à¨ ¯®¬®é¨ ¯à¥®¡à §®¢ ­¨© ®âà ¦¥­¨ï ¯à®¢®¤¨âáï â ª¦¥, ª ª ¨  ­ «¨§ ¯à®æ¥áá 
¤¢ãå¤¨ £®­ «¨§ æ¨¨ (á¬. [3] à §¤¥« 4.4). �â«¨ç¨¥ § ª«îç ¥âáï ¢ â®¬, çâ® ®¡é¥¥ ç¨á«® ¯à¨¬¥­ï¥-
¬ëå ¯à¥®¡à §®¢ ­¨© ¢ ¤ ­­®¬ á«ãç ¥ à ¢­® 2(M � 2), £¤¥ M { ¯®àï¤®ª ¬ âà¨æë. �«¥¤®¢ â¥«ì­®
¨¬¥¥â ¬¥áâ® ®æ¥­ª  ( ­ «®£ ®æ¥­ª¨ (42) ¢ [3])

kS¬ è � P¬ èAP �¬ èk � �T ; £¤¥ �T =M"0 +
p
M (2M � 3)�p(M )kSk; (13)

  �p(M ) ®¯à¥¤¥«ï¥âáï ¯® ä®à¬ã« ¬ (10).
�«ï ¢ëç¨á«¥­¨ï ®æ¥­ª¨ ®â­®á¨â¥«ì­®© ¯®£à¥è­®áâ¨ e�T ¤®áâ â®ç­® (13) à §¤¥«¨âì ­  kSk:

e�T =
M"0
kSk +

p
M(2M � 3)�p(M ):

�à¨ áç¥â¥ ã¤®¡­¥¥ ®æ¥­¨¢ âì ®â­®á¨â¥«ì­ãî ¯®£à¥è­®áâì á¢¥àåã, ¨á¯®«ì§ãï íª¢¨¢ «¥­âë¥ ­®à¬ë
¬ âà¨æë S, ­ ¯à¨¬¥à

e�T � p
3M"0
M(S)

+
p
M (2M � 3)�p(M ):

3.2 �ëç¨á«¥­¨¥ á®¡áâ¢¥­­ëå §­ ç¥­¨© âà¥å¤¨ £®­ «ì­®©

á¨¬¬¥âà¨ç­®© ¬ âà¨æë á £ à ­â¨à®¢ ­­®© ®æ¥­ª®©

â®ç­®áâ¨ à¥§ã«ìâ â 

�à¥¤¢ à¨â¥«ì­ë¥ § ¬¥ç ­¨ï

�«£®à¨â¬ ¢ëç¨á«¥­¨ï á®¡áâ¢¥­­ëå §­ ç¥­¨© �1 � �2 � : : : � �M á¨¬¬¥âà¨ç­®© âà¥å¤¨ £®­ «ì-
­®© ¬ âà¨æë S à §¬¥à  M (á¬.(12)), ®á­®¢ ­­ë© ­  ¨á¯®«ì§®¢ ­¨¨ â¥®à¥¬ë �âãà¬  ( ¤ ¯â¨à®-
¢ ­­ë© ª ¢ëç¨á«¥­¨î á¨­£ã«ïà­ëå ç¨á¥«), ¡ë« ¯®¤à®¡­® ®¯¨á ­ ¢ à ¡®â¥ [3] ¢ à §¤¥« å 3.3 ¨ 4.6.
� ¬ ¦¥ ¯à®¢¥¤¥­ ¤¥â «ì­ë©  ­ «¨§  à¨ä¬¥â¨ç¥áª¨å ¯®£à¥è­®áâ¥©. �®à®âª® ®áâ ­®¢¨¬áï ­  ¥£®
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®á­®¢­ëå ¬®¬¥­â å. � ¯®¬­¨¬, çâ® ¢á¥ á®¡áâ¢¥­­ë¥ §­ ç¥­¨ï á¨¬¬¥âà¨ç­®© âà¥å¤¨ £®­ «ì­®© ¬ -
âà¨æë S ¢¥é¥áâ¢¥­­ë ¨ ¯à¨­ ¤«¥¦ â ¨­â¥à¢ «ã [X(S); Y (S)] (á¬. (4)). �® â¥®à¥¬¥ �âãà¬  ç¨á«®
á®¡áâ¢¥­­ëå §­ ç¥­¨© �j(S) (1 � j �M ) á¨¬¬¥âà¨ç­®© âà¥å¤¨ £®­ «ì­®© ¬ âà¨æë S, à á¯®«®¦¥­-
­ëå «¥¢¥¥ ä¨ªá¨à®¢ ­­®£® ç¨á«  �: �j(S) < �, á®¢¯ ¤ ¥â á ç¨á«®¬ ­¥¯®«®¦¨â¥«ì­ëå í«¥¬¥­â®¢ ¢
ç¨á«®¢®© ¯®á«¥¤®¢ â¥«ì­®áâ¨ P1(�); P2(�); : : : ; PM (�), ª®â®à ï ®¯à¥¤¥«ï¥âáï à¥ªãàà¥­â­®:

P1 = jb2j
d1��

;

Pj(�) = jbj+1j
dj���jbjjPj�1(�)

(2 � j �M � 1);
PM = 1

dM���jbMjPM�1(�)
:

(14)

� ª¨¬ ®¡à §®¬, ¥á«¨ áà¥¤¨ §­ ç¥­¨© Pj(�) ®ª § «®áì p ­¥¯®«®¦¨â¥«ì­ëå, â® ¯® â¥®à¥¬¥ �âãà¬ 
�p(S) < � � �p+1(S).

�à¨ ¢ëç¨á«¥­¨¨ ¯®á«¥¤®¢ â¥«ì­®áâ¨ �âãà¬  ¯® ä®à¬ã« ¬ (14) ­  ��� ¬®¦¥â ¯à®¨§®©â¨ ¯¥-
à¥¯®«­¥­¨¥ à §àï¤­®© á¥âª¨ ¬ è¨­ë. �«ï ¯à¥¤ã¯à¥¦¤¥­¨ï â ª®£® à®¤   ¢ à¨©­ëå á¨âã æ¨© à¥ª®-
¬¥­¤ã¥âáï ¯à¥¤¢ à¨â¥«ì­® ¯à®¢¥áâ¨ ­®à¬¨à®¢ªã ¨áå®¤­®© S ¬ âà¨æë: S1 = [�S]¬ è, kS1k � 3, (á¬.
­¨¦¥� £ 1) ¨ ¢®§¬ãé¥­¨¥ ¬ âà¨æë S1 ! S2 (� £ 2  «£®à¨â¬ ),   ¢ ä®à¬ã« å (14) ¨á¯®«ì§®¢ âì
á¯¥æ¨ «ì­ë¥  à¨ä¬¥â¨ç¥áª¨¥ ®¯¥à æ¨¨ (á¬. (6),(8)):

P1¬ è(�) = jb2j � (d1 	0 �);
Pj¬ è(�) = jbj+1j � (dj 	0 � 	0 jbjj 
 Pj�1¬ è(�)) (2 � j < M � 1);
PM¬ è(�) = 1� (dM 	0 �	0 jbM j 
 PM�1¬ è(�)):

(15)

�«ï ¬®¤¥«¨à®¢ ­¨ï  à¨ä¬¥â¨ç¥áª¨å ¯®£à¥è­®áâ¥© ¨á¯®«ì§ã¥âáï ¬¥â®¤ ®¡à â­®£®  ­ «¨§ , ¯®-
§¢®«ïîé¨© ¨­â¥à¯à¥â¨à®¢ âì ¯®«ãç¥­­ë© ç¨á«¥­­ë© à¥§ã«ìâ â, ª ª à¥§ã«ìâ â â®ç­ëå ¢ëç¨á«¥-
­¨© á ¢®§¬ãé¥­­ë¬¨ ­ ç «ì­ë¬¨ ¤ ­­ë¬¨. � á«ãç ¥ í«¥¬¥­â à­ëå  à¨ä¬¥â¨ç¥áª¨å ®¯¥à æ¨©
â ª ï ¨­â¥à¯à¥â æ¨ï ¤¥¬®­áâà¨àã¥âáï à ¢¥­áâ¢®¬ (7). �à¨¬¥­ïï íâ®â ¬¥â®¤ ª ä®à¬ã« ¬ (15), ¯®-
«ãç¨¬, çâ® ç¨á«®¢ ï ¯®á«¥¤®¢ â¥«ì­®áâì Pj¬ è(�) ï¢«ï¥âáï â®ç­®© ¯®á«¥¤®¢ â¥«ì­®áâìî �âãà¬ 
¤«ï ­¥ª®â®à®© ­¥á¨¬¬¥âà¨ç­®© âà¥å¤¨ £®­ «ì­®© ¬ âà¨æë, á¯¥ªâà ª®â®à®© á®¢¯ ¤ ¥â á® á¯¥ªâà®¬
á¨¬¬¥âà¨ç­®© ¬ âà¨æë S3 â ª®©, çâ® kS3 � S2k � 12"1 (¯®¤à®¡­¥¥ ¢ [3], à §¤¥« 4.6). �®£« á­®
ãâ¢¥à¦¤¥­¨î â¥®à¥¬ë 1 ¨¬¥¥â ¬¥áâ® ­¥à ¢¥­áâ¢® j�n(S3)��n(S2)j � kS3�S2k � 12"1: �â® ®§­ ç -
¥â, çâ® ¯®á«¥¤®¢ â¥«ì­®áâ¨ �âãà¬  (14), (15) ¯®§¢®«ïîâ ç¨á«¥­­® «®ª «¨§®¢ âì á¯¥ªâà ¬ âà¨æë
S2 á â®ç­®áâìî 12"1:

�¥®à¥¬  2 �ãáâì ¢ ¯®á«¥¤®¢ â¥«ì­®áâ¨ Pj¬ è(�) (j = 1; : : : ;M), ®ª § «®áì p ­¥¯®«®¦¨â¥«ì­ëå
ç«¥­®¢, â®£¤  ¨¬¥îâ ¬¥áâ® ­¥à ¢¥­áâ¢ 

�p(S2) < �+ 12"1; �� 12"1 � �p+1(S2):

(¤®ª § â¥«ìáâ¢® á¬. ¢ [2] â¥®à¥¬  2.1, £« ¢  4)
�â¬¥â¨¬, çâ® à áá¬ âà¨¢ ¥¬ë©  «£®à¨â¬ ï¢«ï¥âáï ¨â¥à æ¨®­­ë¬, ¨ ®à£ ­¨§®¢ ­ â ª, çâ® á

ª ¦¤ë¬ è £®¬ ¨­â¥à¢ « (xn; yn), á®¤¥à¦ é¨© ¨áª®¬®¥ á®¡áâ¢¥­­®¥ §­ ç¥­¨¥, ã¬¥­ìè ¥âáï ¢¤¢®¥
(¬¥â®¤ ¡¨á¥ªæ¨©). �ç¥¢¨¤­®, çâ® ªà¨â¥à¨¥¬ ¤«ï ¯à¥ªà é¥­¨ï ¢ëç¨á«¥­¨© ¤®«¦­  á«ã¦¨âì ¬ «®áâì
íâ®£® ¨­â¥à¢ « . �®íâ®¬ã ­  ¯¥à¢®¬ íâ ¯¥ ¨á¯®«­¥­¨ï  «£®à¨â¬  ¤®«¦­® ¡ëâì § ¤ ­® ­¥ª®â®à®¥
" â ª®¥, çâ® â®ç­®áâì yn � xn � " ¤®áâ â®ç­  ¤«ï § ¢¥àè¥­¨ï ¢ëç¨á«¨â¥«ì­®£® ¯à®æ¥áá . �§
¯à¥¤ë¤ãé¨å à ááã¦¤¥­¨© ïá­®, çâ® " à §ã¬­® ¢ë¡à âì ¯®àï¤ª  kS3 � S2k. �ë ¡ã¤¥¬ ¯®« £ âì

" = 3 � 12"1 = 36"1 (16)

� ãç¥â®¬ á¤¥« ­­ëå § ¬¥ç ­¨©  «£®à¨â¬ ¬®¦­® ®à£ ­¨§®¢ âì á«¥¤ãîé¨¬ ®¡à §®¬.

�«£®à¨â¬ ¢ëç¨á«¥­¨ï á®¡áâ¢¥­­®£® §­ ç¥­¨ï âà¥å¤¨ £®­ «ì­®©
á¨¬¬¥âà¨ç­®© ¬ âà¨æë á ®æ¥­ª®© â®ç­®áâ¨ à¥§ã«ìâ â .

� ­®: âà¥å¤¨ £®­ «ì­ ï á¨¬¬¥âà¨ç­ ï ¬ âà¨æ  S à §¬¥à  M , n { ­®¬¥à á®¡áâ¢¥­­®£® §­ ç¥­¨ï
¬ âà¨æë 1 � n �M (­ ¯®¬­¨¬, çâ® á®¡áâ¢¥­ë¥ §­ ç¥­¨ï á¨¬¬¥âà¨ç­®© ¬ âà¨æë áç¨â îâáï
§ ­ã¬¥à®¢ ­­ë¬¨ ¯® ¢®§à áâ ­¨î).
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� £ 1. �®à¬¨à®¢ª  ¬ âà¨æë.
�¬­®¦¨âì ¬ âà¨æã S ­  ç¨á«® �, ¯®¤®¡à ­­®¥ â ª, çâ®¡ë

1


� max

i;j
fj(�bi)¬ èj ; j(�dj)¬ èjg < 1; ¯à¨ç¥¬ � = 
k; £¤¥ k { æ¥«®¥ ; (17)


 { ®á­®¢ ­¨¥ á¨áâ¥¬ë áç¨á«¥­¨ï ���. �¥§ã«ìâ â� £  1 ¬ âà¨æ  S1 = (�S)¬ è .

� £ 2. �®§¬ãé¥­¨¥ ¬ âà¨æë.
�¥ í«¥¬¥­âë £« ¢­®© ¨ ¯®¡®ç­®© ¤¨ £®­ «¥© ¬ âà¨æë S1, ¬®¤ã«ì ª®â®àëå ­¥ ¯à¥¢®áå®¤¨â
"1=
 á«¥¤ã¥â § ¬¥­¨âì ­  �"1=
 â ª, çâ®¡ë §­ ª í«¥¬¥­â  á®åà ­¨«áï. � ¨â®£¥ ¡ã¤¥â ¯®«ãç¥­ 
¬ âà¨æ  S2 á ¤¨ £®­ «ì­ë¬¨ í«¥¬¥­â ¬¨ edj ¨ ­ ¤¤¨ £®­ «ì­ë¬¨ebi, ¯à¨ç¥¬ ¡ã¤ãâ ¢ë¯®«­¥­ë
­¥à ¢¥­áâ¢ 

"1=
 � jebij; jedjj � 1:

� £ 3. �ë¡®à ªà¨â¥à¨ï áå®¤¨¬®áâ¨, ¯à¨á¢®¥­¨¥ £à ­¨æ ¨áå®¤­®£® ¨­â¥à¢ « .
�®«®¦¨âì " = 36"1 { ¯ à ¬¥âà ¤®¯ãáâ¨¬®© ¯®£à¥è­®áâ¨.
�à¨á¢®¨âì ¨áå®¤­ë¥ §­ ç¥­¨ï £à ­¨æ ¬ ¨­â¥à¢ « , á®¤¥à¦ é¥£® n { ®¥ á®¡áâ¢¥­­®¥ §­ ç¥­¨¥,
á®£« á­® ä®à¬ã« ¬ (4)

xn = X(S2); yn = Y (S2):

� £ 4. �à®¢¥àª  ¬ «®áâ¨ ¨­â¥à¢ « :
¥á«¨ yn � xn � ", â® ¯¥à¥©â¨ ª � £ã 6;
¥á«¨ yn � xn > ", â® ¯¥à¥©â¨ ª � £ã 5.

� £ 5. �ëç¨á«¥­¨¥ ¯®á«¥¤®¢ â¥«ì­®áâ¨ �âãà¬ .
�à¨á¢®¨âì � = 1

2 (xn+yn). �ëç¨á«¨âì ¯®á«¥¤®¢ â¥«ì­®áâì �âãà¬  ¯® ä®à¬ã« ¬ (15). �ãáâì p
{ ç¨á«® ­¥¯®«®¦¨â¥«ì­ëå í«¥¬¥­â®¢ ¢ ¯®á«¥¤®¢ â¥«ì­®áâ¨ P1¬ è(�);P2¬ è(�); : : : ;PM¬ è(�).
�á«¨ n � p, â® ¯à¨á¢®¨âì yn = �.
�á«¨ p < n, â® ¯à¨á¢®¨âì xn = �.
�¥à¥©â¨ ª� £ã 4.

� £ 6. � §­®à¬¨à®¢ª .
�à¨á¢®¨âì e�n(S2) = 1

2 (xn + yn) { ¯à¨¡«¨¦¥­­ ï ¢¥«¨ç¨­  n { £® á®¡áâ¢¥­­®£® §­ ç¥­¨ï ¬ -

âà¨æë S2. �¥§ã«ìâ â ¥£® à §­®à¬¨à®¢ª¨ e�n(S) = 1
�
e�(S2) { ¥áâì ¯à¨¡«¨¦¥­­ ï ¢¥«¨ç¨­  n {

£® á®¡áâ¢¥­­®£® §­ ç¥­¨ï ¨áå®¤­®© ¬ âà¨æë S.

� £ 7. �æ¥­ª  ¯®£à¥è­®áâ¨ à¥§ã«ìâ â .
�¯à¥¤¥«¨âì ��(S) {  ¡á®«îâ­ãî ¯®£à¥è­®áâì ¯à¨¡«¨¦¥­­®£® ¢ëç¨á«¥­¨ï á®¡áâ¢¥­­®£® §­ -
ç¥­¨ï ¯® ä®à¬ã«¥ (18). �«ï ®æ¥­ª¨ ®â­®á¨â¥«ì­®© ¯®£à¥è­®áâ¨ e��(S) ¤®áâ â®ç­® ­¥à ¢¥­áâ¢®
(18) à §¤¥«¨âì ­  kSk.

�¥§ã«ìâ â®¬ ¢ë¯®«­¥­¨ï  «£®à¨â¬  ï¢«ï¥âáï ¯à¨¡«¨¦¥­­® ¢ëç¨á«¥­­®¥ n { ®¥ á®¡áâ¢¥­­®¥
§­ ç¥­¨¥ e�n(S) á¨¬¬¥âà¨ç­®© âà¥å¤¨ £®­ «ì­®© ¬ âà¨æë S ¨ £ à ­â¨à®¢ ­­ ï ®æ¥­ª  â®ç­®áâ¨
¥£® ¢ëç¨á«¥­¨ï.

� ¬¥ç ­¨¥. �æ¥­ª  â®ç­®áâ¨ ¯à¨¡«¨¦¥­¨ï ��(S) ¯®§¢®«ï¥â ãáâ ­®¢¨âì £ à ­â¨à®¢ ­­ë¥ £à -
­¨æë �

(�)
n = e�n(S) � ��(S) ¨ �

(+)
n = e�n(S) + ��(S) ¨­â¥à¢ « , ¢ ª®â®à®¬ ­ å®¤¨âáï ¨áâ¨­­®¥ á®¡-

áâ¢¥­­®¥ §­ ç¥­¨¥: �(�)n < �n(S) < �
(+)
n :

�æ¥­ª  ¯®£à¥è­®áâ¥©

�¡é ï ¯®£à¥è­®áâì j�n(S)�e�n(S)j ¯à¨¡«¨¦¥­­®£® ¢ëç¨á«¥­¨ï n-£® á®¡áâ¢¥­­®£® §­ ç¥­¨ï á¨¬-
¬¥âà¨ç­®© âà¥å¤¨ £®­ «ì­®© ¬ âà¨æë S ®æ¥­¨¢ ¥âáï áã¬¬®©

1
�
j��n(S) � �n(S1)j+ 1

�
j�n(S1)� �n(S2)j+ 1

�
j�n(S2)� e�n(S2)j+ j1

�
e�n(S2) � e�n(S)j:
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�¡à â¨¬ ¢­¨¬ ­¨¥, çâ® ¨§ ãá«®¢¨ï (17) á«¥¤ã¥â ®æ¥­ª  ¤«ï ¬­®¦¨â¥«ï 1=�:

1=� � 
max
i;j

fjbij ; jdjjg � 
M(S) � 

p
3kSk:

� ¬¥â¨¬, çâ® ®è¨¡ª  ¡ã¤¥â ¬¨­¨¬ «ì­®©, ¥á«¨ ¢ ª ç¥áâ¢¥ � ¢ë¡à âì áâ¥¯¥­ì 
.
� áá¬®âà¨¬ ¯®£à¥è­®áâì, ª®â®à ï ¢­®á¨âáï ¢ à¥§ã«ìâ â ¢ ¯à®æ¥áá¥ ­®à¬¨à®¢ª¨ ¨ à §­®à¬¨à®¢-

ª¨:
1
�
j��n(S) � �n(S1)j+ j1

�
e�n(S2)� e�n(S)j �

1
�
k�S � S1k+ j1

�
e�n(S2) � e�n(S)j � 3"0maxf1

�
; 1g � 3"0maxf


p
3kSk; 1g:

�ª« ¤ ¢®§¬ãé¥­¨ï ­  � £¥ 2  «£®à¨â¬  ¢ ®¡éãî ¯®£à¥è­®áâì ®æ¥­¨¢ ¥âáï ª ª

1
�
j�n(S1) � �n(S2)j � 1

�
kS1 � S2k � "1

p
3kSk:

�®£à¥è­®áâì ¯à¨¬¥­¥­¨ï ¬¥â®¤  ¡¨á¥ªæ¨© ¤ ¥âáï á« £ ¥¬ë¬

1
�
j�n(S2) � e�n(S2)j � 1

�

yn � xn
2

� 18"1 

p
3kSk:

�ã¬¬¨àãï ¯®á«¥¤­¨¥ âà¨ ®æ¥­ª¨ ¯®«ãç ¥¬, çâ® ®¡é ï  ¡á®«îâ­ ï ¯®£à¥è­®áâì ¯à¨¡«¨¦¥­­®-
£® ¢ëç¨á«¥­¨ï n { £® á®¡áâ¢¥­­®£® §­ ç¥­¨ï e�n(S) á¨¬¬¥âà¨ç­®© âà¥å¤¨ £®­ «ì­®© ¬ âà¨æë S
®æ¥­¨¢ ¥âáï ¢¥«¨ç¨­®© ��(S):

j�n(S) � e�n(S)j � ��(S);

£¤¥
��(S) = 3"0maxf


p
3kSk; 1g+ "1

p
3kSk + 18"1 


p
3kSk = (18)

= 3"0maxf

p
3kSk; 1g+ "1

p
3kSk(18
 + 1):

�«ï ¢ëç¨á«¥­¨ï ®æ¥­ª¨ ®â­®á¨â¥«ì­®© ¯®£à¥è­®áâ¨

j�n(S) � e�n(S)j
kSk � e��(S);

¤®áâ â®ç­® ��(S) à §¤¥«¨âì ­  kSk:

e��(S) = 3"0maxf

p
3;

1
kSkg+ "1

p
3(18
 + 1): (19)

�à¨ áç¥â¥ ç áâ® ã¤®¡­¥¥ ®æ¥­¨¢ âì ®â­®á¨â¥«ì­ãî ¯®£à¥è­®áâì á¢¥àåã, ¨á¯®«ì§ãï íª¢¨¢ «¥­âë¥
­®à¬ë ¬ âà¨æë S, ­ ¯à¨¬¥à

e��(S) � 3"0maxf

p
3;

p
3

M(S)g+ "1
p
3(18
 + 1):

3.3 �¢ãáâ®à®­­¨¥ ¯®á«¥¤®¢ â¥«ì­®áâ¨ �âãà¬  ¤«ï

âà¥å¤¨ £®­ «ì­ëå á¨¬¬¥âà¨ç­ëå ¬ âà¨æ

�¤­®áâ®à®­­¨¥ ¯®á«¥¤®¢ â¥«ì­®áâ¨ �âãà¬  ¨á¯®«ì§®¢ «¨áì ¢ëè¥ ¤«ï à áç¥â  á®¡áâ¢¥­­ëå §­ ç¥-
­¨© âà¥å¤¨ £®­ «ì­®© ¬ âà¨æë. �¨¦¥ ¡ã¤¥â ¯®ª § ­®, çâ® ¤«ï ¢ëç¨á«¥­¨ï á®¡áâ¢¥­ëå ¢¥ªâ®à®¢
­¥®¡å®¤¨¬ë â ª ­ §ë¢ ¥¬ë¥ ¤¢ãáâ®à®­­¨¥ ¯®á«¥¤®¢ â¥«ì­®áâ¨ �âãà¬ .

�ãáâì ¤ ­  á¨¬¬¥âà¨ç­ ï âà¥å¤¨ £®­ «ì­ ï ¬ âà¨æ  ¯®àï¤ª  M

S =

0BBBB@
d1 b2 0

b2 d2
. . .

. . .
. . . bM

0 bM dM

1CCCCA : (20)
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� ¢¥­áâ¢  (14) íª¢¨¢ «¥­â­ë á¨áâ¥¬¥ ãà ¢­¥­¨©

P0(�)� (d1 � �) + jb2j=P1(�) = 0;
jb2jP1(�) � (d2 � �) + jb3j=P2(�) = 0;

: : :
jbM�1jPM�2(�) � (dM�1 � �) + jbM j=PM�1(�) = 0;

jbM jPM�1(�) � (dM � �) + 1=PM(�) = 0:

(21)

�¯à¥¤¥«¥­¨¥ 1. �¥è¥­¨¥ á¨áâ¥¬ë (21), ã¤®¢«¥â¢®àïîé¥¥ «¥¢®¬ã ªà ¥¢®¬ã ãá«®¢¨î P0(�) = 0,
­ §ë¢ ¥âáï «¥¢®áâ®à®­­¥© ¯®á«¥¤®¢ â¥«ì­®áâìî �âãà¬  ¤«ï âà¥å¤¨ £®­ «ì­®© á¨¬¬¥âà¨ç­®©

¬ âà¨æë (20) ¨ ®¡®§­ ç ¥âáï P(+)
0 (�);P(+)

1 (�); : : : ;P(+)
M (�):

P(+)
0 (�) = 0;
P(+)
j (�) = jbj+1j

dj���jbj jP
(+)
j�1(�)

(1 � j �M � 1);

P(+)
M (�) = 1

dM���jbMjP
(+)
M�1(�)

:

(22)

�¯à¥¤¥«¥­¨¥ 2. �à ¢®áâ®à®­­¥© ¯®á«¥¤®¢ â¥«ì­®áâìî �âãà¬  ¤«ï ¬ âà¨æë (20) ­ §ë¢ îâ

à¥è¥­¨¥ P(�)
0 (�);P(�)

1 (�); : : : ;P(�)
M (�) á¨áâ¥¬ë (21), ã¤®¢«¥â¢®àïîé¥¥ ¯à ¢®¬ã ªà ¥¢®¬ã ãá«®¢¨î

P(�)
M (�) = +1:

P(�)
M (�) = +1;

P(�)
j (�) =

dj+1���jbj+2j=P
(�)
j+1(�)

jbj+1j
(M � 1 � j � 1);

P(�)
0 (�) = d1 � � � jb2j=P(�)

1 (�) :

(23)

� ¯®¬­¨¬, çâ® í«¥¬¥­âë «¥¢®áâ®à®­­¥© ¯®á«¥¤®¢ â¥«ì­®áâ¨ �âãà¬  ¯à®¯®àæ¨®­ «ì­ë ®â­®-
è¥­¨ï¬ ¯®á«¥¤®¢ â¥«ì­ëå £« ¢­ëå ¬¨­®à®¢ ¬ âà¨æë S � �I: P(+)

j (�) = jbj+1jDj�1(�)=Dj(�), £¤¥
Dj(�) { £« ¢­ë© ¬¨­®à j { £® ¯®àï¤ª . �âáî¤  á«¥¤ã¥â, çâ® «¥¢®áâ®à®­­ïï ¯®á«¥¤®¢ â¥«ì­®áâì
P(+)
0 (�);P(+)

1 (�); : : : ;P(+)
M (�) ï¢«ï¥âáï â ª¦¥ ¯à ¢®áâ®à®­­¥© ¯®á«¥¤®¢ â¥«ì­®áâìî �âãà¬ , ¥á«¨

� = �n(S) { á®¡áâ¢¥­­®¥ §­ ç¥­¨¥ ¬ âà¨æë S. � ¤àã£®© áâ®à®­ë, ¥á«¨ P(+)
M (�) = +1, â® � { ª®à¥­ì

å à ªâ¥à¨áâ¨ç¥áª®£® ¬­®£®ç«¥­  DM(�) ¬ âà¨æë S.

�¯à¥¤¥«¥­¨¥ 3. �®á«¥¤®¢ â¥«ì­®áâì P0(�);P1(�); : : : ;PM(�), ã¤®¢«¥â¢®àïîé ï ®¤­®¢à¥¬¥­­®
¤¢ã¬ ªà ¥¢ë¬ ãá«®¢¨ï¬ P0(�) = 0 ¨ PM(�) = +1, ­ §ë¢ ¥âáï ¤¢ãáâ®à®­­¥© ¯®á«¥¤®¢ â¥«ì­®-
áâìî �âãà¬  á¨¬¬¥âà¨ç­®© âà¥å¤¨ £®­ «ì­®© ¬ âà¨æë S.

� ¬¥ç ­¨¥. �á­®, çâ® â ª¨¥ ¯®á«¥¤®¢ â¥«ì­®áâ¨ ¬®£ãâ ¡ëâì ¯®áâà®¥­ë, ¥á«¨ â®«ìª® � ï¢«ï¥âáï
á®¡áâ¢¥­­ë¬ §­ ç¥­¨¥¬ ¬ âà¨æë S.

�¢ãáâ®à®­­¨¥ ¯®á«¥¤®¢ â¥«ì­®áâ¨ �âãà¬  á¨¬¬¥âà¨ç­®© âà¥å¤¨ £®­ «ì­®© ¬ âà¨æë ¬®£ãâ
¡ëâì ¨á¯®«ì§®¢ ­ë ¤«ï ¢ëç¨á«¥­¨ï ª®¬¯®­¥­â á®¡áâ¢¥­­ëå ¢¥ªâ®à®¢ ¬ âà¨æ. �¥©áâ¢¨â¥«ì­®, á¨-
áâ¥¬  (21) ¤«ï ¤¢ãáâ®à®­­¥© ¯®á«¥¤®¢ â¥«ì­®áâ¨ ¢ë£«ï¤¨â á«¥¤ãîé¨¬ ®¡à §®¬:

�(d1 � �) + jb2j=P1(�) = 0 ;
jb2jP1(�)� (d2 � �) + jb3j=P2(�) = 0 ;

: : :
jbM�1jPM�2(�)� (dM�1 � �) + jbM j=PM�1(�) = 0 ;

jbM jPM�1(�)� (dM � �) = 0 :

(24)

� â® ¦¥ ¢à¥¬ï, ¥á«¨ � = �n { á®¡áâ¢¥­­®¥ §­ ç¥­¨¥ ¬ âà¨æë S ¨ v = (v1; v2; : : : ; vM)T { á®®â¢¥âáâ¢ã-
îé¨© á®¡áâ¢¥­­ë© ¢¥ªâ®à, â® ¢ë¯®«­¥­® á®®â­®è¥­¨¥ Sv = �v, ¯®ª®¬¯®­¥­â­ ï § ¯¨áì ª®â®à®£®:

�(d1 � �)� b2v2=v1 = 0;
�bM�jvM�j�1=vM�j � (dM�j � �) � bM�j+1vM�j+1=vM�j = 0 (1 � j � M � 2);

�bMvM�1=vM � (dM � �) = 0:
(25)
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�â  á¨áâ¥¬  à ¢¥­áâ¢ á®¢¯ ¤ ¥â á (24), ¥á«¨ ¯®«®¦¨âì

Pj(�n) = �sign(bj+1)vj
vj+1

(1 � j �M � 1) : (26)

� ª¨¬ ®¡à §®¬, ¤«ï ®¯à¥¤¥«¥­¨ï ®â­®è¥­¨© ª®¬¯®­¥­â á®¡áâ¢¥­­®£® ¢¥ªâ®à  v = (v1; v2; : : : ; vM)T

á®®â¢¥âáâ¢ãîé¥£® ®¯à¥¤¥«¥­­®¬ã � = �n á®¡áâ¢¥­­®¬ã §­ ç¥­¨î ¬ âà¨æë S, ¤®áâ â®ç­® ¢ëç¨-
á«¨âì «¥¢®áâ®à®­îî ¯®á«¥¤®¢ â¥«ì­®áâì �âãà¬  ¬ âà¨æë S, ª®â®à ï ®¤­®¢à¥¬¥­­® ï¢«ï¥âáï ¤¢ã-
áâ®à®­­¥©.

3.4 �ëç¨á«¥­¨¥ ¤¢ãáâ®à®­­¥© ¯®á«¥¤®¢ â¥«ì­®áâ¨ �âãà¬ 

âà¥å¤¨ £®­ «ì­®© á¨¬¬¥âà¨ç­®© ¬ âà¨æë á £ à ­â¨à®¢ ­­®©

®æ¥­ª®© â®ç­®áâ¨ à¥§ã«ìâ â 

�à¥¤¢ à¨â¥«ì­ë¥ § ¬¥ç ­¨ï

�¯¨á ­­ë© ¢ëè¥ ¯à®áâ®© á¯®á®¡ ­ å®¦¤¥­¨ï ®â­®è¥­¨© ª®¬¯®­¥­â á®¡áâ¢¥­­ëå ¢¥ªâ®à®¢ ­¥
¬®¦¥â ¡ëâì à¥ «¨§®¢ ­ ¢ ãá«®¢¨ïå ¬ è¨­­ëå ¢ëç¨á«¥­¨© ¨§-§  ­¥¨§¡¥¦­ëå  à¨ä¬¥â¨ç¥áª¨å ¯®-
£à¥è­®áâ¥© (á¬. ¯à¨¬¥à ¢ [2] áâà.254). �à¨¡«¨¦¥­­® ¢ëç¨á«¥­­ ï ¤«ï á®¡áâ¢¥­­®£® §­ ç¥­¨ï �n(S)
¬ âà¨æë S à §¬¥à M (á¬.(20)) «¥¢®áâ®à®­­ïï ¯®á«¥¤®¢ â¥«ì­®áâì �âãà¬  P(+)

0 (�n), P(+)
1 (�n), : : :,

P(+)
M (�n) ¬®¦¥â á¨«ì­® ®â«¨ç âìáï ®â ¤¢ãáâ®à®­­¥©. �á­®¢­ ï ¨¤¥ï ­¥®¡å®¤¨¬®© ¬®¤¨ä¨ª æ¨¨  «-

£®à¨â¬  § ª«îç ¥âáï ¢ â®¬, çâ® ®¤­®¢à¥¬¥­­® áâà®ïâáï ¨ ¯à ¢®- ¨ «¥¢®áâ®à®­­ïï ¯®á«¥¤®¢ â¥«ì­®-
áâ¨,   § â¥¬ ¯à®¨§¢®¤¨âáï ¨å "áª«¥©ª ". �®«ãç¥­­ ï "áª«¥¥­­ ï"¤¢ãáâ®à®­­ïï ¯®á«¥¤®¢ â¥«ì­®áâì
ï¢«ï¥âáï â®ç­®© ¤¢ãáâ®à®­­¥© ¯®á«¥¤®¢ â¥«ì­®áâìî ¤«ï ­¥ª®â®à®© ¬ âà¨æë ¡«¨§ª®© ª ¨áå®¤­®©.

�«ï â®£®, çâ®¡ë ¢® ¢à¥¬ï ¯à®¬¥¦ãâ®ç­ëå ¢ëç¨á«¥­¨© ­¥ ¯à®¨§®è«®  ¢ à¨©­ëå á¨âã æ¨©, ª ª ¨
¯à¨ ¢ëç¨á«¥­¨¨ á®¡áâ¢¥­­ëå §­ ç¥­¨©, ¬ âà¨æã S ­¥®¡å®¤¨¬® ¯à¥¤¢ à¨â¥«ì­® ­®à¬¨à®¢ âì (S !
S1) ¨ ¢®§¬ãâ¨âì (S1 ! S2).

�ãáâì ¨§¢¥áâ­®, çâ® �(�)n ¨ �(+)n { £ à ­â¨à®¢ ­­ë¥ ­¨¦­ïï ¨ ¢¥àå­ïï £à ­¨æë n-£® á®¡áâ¢¥­­®£®
§­ ç¥­¨ï �n(S2) ¬ âà¨æë S2: �

(�)
n � �n(S2) � �

(+)
n : �¯¨è¥¬ ä®à¬ «ì­® ä®à¬ã«ë ¤«ï ¢ëç¨á«¥­¨ï

¬ è¨­­ëå ¢ à¨ ­â®¢ ®¤­®áâ®à®­­¨å ¯®á«¥¤®¢ â¥«ì­®áâ¥©. � ­¨å ãçâ¥­ë á®®â¢¥âáâ¢ãîé¨¥ ªà -
¥¢ë¥ ãá«®¢¨ï ¤«ï «¥¢®áâ®à®­­¥© ¨ ¯à ¢®áâ®à®­­¥© ¯®á«¥¤®¢ â¥«ì­®áâ¥©, ¨ â¥¬ á ¬ë¬ ¨áª«îç¥­ë
í«¥¬¥­âë P(+)

0 ¨ P(�)
M . � ¢ ¤ «ì­¥©è¥¬ ®­¨ ­¥ ¡ã¤ãâ ¨á¯®«ì§®¢ âìáï ¢  «£®à¨â¬ å, â ª ª ª ¤«ï

¢ëç¨á«¥­¨ï ®â­®è¥­¨© ª®¬¯®­¥­â á®¡áâ¢¥­­®£® ¢¥ªâ®à  ­¥®¡å®¤¨¬ë â®«ìª® í«¥¬¥­âë á ­®¬¥à ¬¨
1; : : : ;M � 1 (á¬. (26)).

�«ï í«¥¬¥­â®¢ «¥¢®áâ®à®­­¥© ¯®á«¥¤®¢ â¥«ì­®áâ¨ ¨¬¥îâ ¬¥áâ® ä®à¬ã«ë:

P(+)
1¬ è = jeb2j�(ed1	0�

(+)
n );

P(+)
j¬ è = jebj+1j�(edj	0�

(+)
n 	0jebjj
P(+)

j�1¬ è) (2 � j �M � 1); (27)

P(+)
M¬ è = 1�(edM	0�

(+)
n 	0jebM j
P(+)

M�1¬ è):

�­ «®£¨ç­ë¥ ä®à¬ã«ë ¤«ï í«¥¬¥­â®¢ ¯à ¢®áâ®à®­­¥© ¯®á«¥¤®¢ â¥«ì­®áâ¨:

P(�)
M�1¬ è = (edM	0�

(�)
n )�jebM j;

P(�)
j¬ è = (edj+1	0�

(�)
n 	0jebj+2j�P(�)

j+1¬ è)�jebj+1j (j =M � 2;M � 3; : : : ; 1); (28)

P(�)
0¬ è = ed1	0�

(�)
n 	0jeb2j�P(�)

1¬ è:

�¤¥áì edj { ¤¨ £®­ «ì­ë¥,   ebj { ­ ¤¤¨ £®­ «ì­ë¥ í«¥¬¥­âë ¢®§¬ãé¥­­®© ¬ âà¨æë S2,   ç¥-
à¥§ �;	;
 ®¡®§­ ç¥­ë á®®â¢¥âáâ¢ãîé¨¥ ¬ è¨­­ë¥ ®¯¥à æ¨¨ (á¬. à §¤¥« 2). � ä®à¬ã« å â ª¦¥
¯à¨áãâáâ¢ãîâ §­ ª¨ á¯¥æ¨ «ì­ëå ¬ è¨­­ëå ®¯¥à æ¨©. �å ¨á¯®«ì§®¢ ­¨¥ ­¥®¡å®¤¨¬® ¤«ï £ à ­-
â¨à®¢ ­­®© ®æ¥­ª¨ â®ç­®áâ¨ ¢ëç¨á«¥­¨ï ¯®á«¥¤®¢ â¥«ì­®áâ¨ �âãà¬  ¨ ª®¬¯®­¥­â á®¡áâ¢¥­­®£®
¢¥ªâ®à .

�¢¥¤¥¬ ¢á¯®¬®£ â¥«ì­ë¥ ¯®á«¥¤®¢ â¥«ì­®áâ¨.
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�¯à¥¤¥«¥­¨¥ 4. �á«¨ p
(+)
j ¥áâì ç¨á«® ­¥¯®«®¦¨â¥«ì­ëå í«¥¬¥­â®¢ áà¥¤¨

P(+)
1 ; P(+)

2 ; : : : ;P(+)
j ;

â® ¯®á«¥¤®¢ â¥«ì­®áâì
'
(+)
j = p

(+)
j � + arctanP(+)

j (29)

­ §ë¢ ¥âáï «¥¢®áâ®à®­­¥© ¯®á«¥¤®¢ â¥«ì­®áâìî �âãà¬  ¢â®à®£® à®¤ .

�­ «®£¨ç­® ®¯à¥¤¥«ï¥âáï ¯à ¢®áâ®à®­­ïï ¯®á«¥¤®¢ â¥«ì­®áâì �âãà¬  ¢â®à®£® à®¤ :

�¯à¥¤¥«¥­¨¥ 5. �ãáâì qj ¥áâì ç¨á«® ­¥¯®«®¦¨â¥«ì­ëå í«¥¬¥­â®¢ áà¥¤¨

P(�)
j+1; P(�)

j+2; : : : ;P(�)
M�1

¨ p
(�)
j = n� 1� qj, â®£¤  ¯®á«¥¤®¢ â¥«ì­®áâì

'
(�)
j = p

(�)
j � + arctanP(�)

j (30)

­ §ë¢ ¥âáï ¯à ¢®áâ®à®­­¥© ¯®á«¥¤®¢ â¥«ì­®áâìî �âãà¬  ¢â®à®£® à®¤ .

� ¦­®¥ á¢®©áâ¢® ¯®á«¥¤®¢ â¥«ì­®áâ¥© ¢â®à®£® à®¤  { ¬®­®â®­­®áâì. �« £®¤ àï íâ®¬ã £à ä¨ª¨
¯®á«¥¤®¢ â¥«ì­®áâ¥© '(+)j ¨ '(�)j ¯¥à¥á¥ª îâáï. �¥à¥á¥ç¥­¨¥ ®§­ ç ¥â, çâ® ¤«ï ­¥ª®â®à®£® J ¨¬¥¥â
¬¥áâ® ­¥à ¢¥­áâ¢®

'
(+)
J�1 � '

(�)
J�1:

�®áâ ¢¨¬ ¯®á«¥¤®¢ â¥«ì­®áâì ¨§ â¥å ®âà¥§ª®¢ ®¤­®áâ®à®­­¨å ¯®á«¥¤®¢ â¥«ì­®áâ¥©, ª®â®àë¥ ã¤®-
¢«¥â¢®àïîâ ªà ¥¢ë¬ ãá«®¢¨ï¬ ¨ á®¥¤¨­ïîâáï ¢ â®çª¥ ¯¥à¥á¥ç¥­¨ï £à ä¨ª®¢ ¯®á«¥¤®¢ â¥«ì­®áâ¥©
¢â®à®£® à®¤ :

P(+)
1 ;P(+)

2 ; : : : ;P(+)
J�1;P(�)

J ;P(�)
J+1; : : : ;P(�)

M�1:

�¥ ¬®¦­® áç¨â âì ¯à¨¡«¨¦¥­¨¥¬ â®ç­®© ¤¢ãáâ®à®­­¥© ¯®á«¥¤®¢ â¥«ì­®áâ¨.

�«£®à¨â¬ ¢ëç¨á«¥­¨ï ¤¢ãáâ®à®­­¥© ¯®á«¥¤®¢ â¥«ì­®áâ¨ �âãà¬ 
âà¥å¤¨ £®­ «ì­®© á¨¬¬¥âà¨ç­®© ¬ âà¨æë ¤«ï n { £® á®¡áâ¢¥­­®£®
§­ ç¥­¨ï á ®æ¥­ª®© â®ç­®áâ¨ à¥§ã«ìâ â .

� ­®: âà¥å¤¨ £®­ «ì­ ï á¨¬¬¥âà¨ç­ ï ¬ âà¨æ  S à §¬¥à  M , n { ­®¬¥à á®¡áâ¢¥­­®£® §­ ç¥­¨ï
¬ âà¨æë 1 � n � M (á®¡áâ¢¥­ë¥ §­ ç¥­¨ï á¨¬¬¥âà¨ç­®© ¬ âà¨æë áç¨â îâáï § ­ã¬¥à®¢ ­-
­ë¬¨ ¯® ¢®§à áâ ­¨î).

� £ 1. �®¬¨à®¢ª  ¬ âà¨æë.
S1 = (�S)¬ è, £¤¥ � ¢ë¡¨à ¥âáï ¨§ ãá«®¢¨ï (17).

� £ 2. �®§¬ãé¥­¨¥ ¬ âà¨æë.
�¥ í«¥¬¥­âë £« ¢­®© ¨ ¯®¡®ç­®© ¤¨ £®­ «¥© ¬ âà¨æë S1, ¬®¤ã«ì ª®â®àëå ­¥ ¯à¥¢®áå®¤¨â
"1=
 á«¥¤ã¥â § ¬¥­¨âì ­  �"1=
 â ª, çâ®¡ë §­ ª í«¥¬¥­â  á®åà ­¨«áï. � ¨â®£¥ ¡ã¤¥â ¯®«ãç¥­ 
¬ âà¨æ  S2 á ¤¨ £®­ «ì­ë¬¨ í«¥¬¥­â ¬¨ edj ¨ ­ ¤¤¨ £®­ «ì­ë¬¨ebi, ¯à¨ç¥¬ ¡ã¤ãâ ¢ë¯®«­¥­ë
­¥à ¢¥­áâ¢ 

"1=
 � jebij; jedjj � 1:

� £ 3. �à ­¨æë á®¡áâ¢¥­­®£® §­ ç¥­¨ï.
�¯à¥¤¥«¨âì £ à ­â¨à®¢ ­­ë¥ £à ­¨æë �

(�)
n ; �

(+)
n á®¡áâ¢¥­­®£® §­ ç¥­¨ï �n(S2):

�
(�)
n < �n(S2) < �

(+)
n , ­ ¯à¨¬¥à ¯à¨ ¯®¬®é¨  «£®à¨â¬  ¡¨á¥ªæ¨© (á¬. à §¤¥« 3.2).

� £ 4. �ëç¨á«¥­¨¥ ¯®á«¥¤®¢ â¥«ì­®áâ¥© �âãà¬ .
�ëç¨á«¨âì «¥¢® { ¨ ¯à ¢®®áâ®à®­­îî ¯®á«¥¤®¢ â¥«ì­®áâ¨ �âãà¬  P(+)

j¬ è, P(�)
j¬ è ¢ £à ­¨ç­ëå

â®çª å ¨­â¥à¢ «  (�(�)n ; �
(+)
n ) ¯® ä®à¬ã« ¬ (27) ¨ (28).
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� £ 5. "�ª«¥©ª ". �ëç¨á«¥­¨¥ ¤¢ãáâ®à®­­¥© ¯®á«¥¤®¢ â¥«ì­®áâ¨ �âãà¬ .
�ëç¨á«¨âì ¯®á«¥¤®¢ â¥«ì­®áâ¨ �âãà¬  ¢â®à®£® à®¤ :

'
(+)
j = p

(+)
j � + arctanP(+)

j¬ è '
(�)
j = p

(�)
j � + arctanP(�)

j¬ è:

�¯à¥¤¥«¨âì ¬ ªá¨¬ «ì­®¥ æ¥«®¥ ç¨á«® J â ª®¥, çâ®

'
(+)
J�1 � '

(�)
J�1:

�®áâ ¢¨âì ¯®á«¥¤®¢ â¥«ì­®áâì

P(+)
1¬ è; P(+)

2¬ è; : : : ; P(+)
J�1¬ è; P(�)

J¬ è; P(�)
J+1¬ è; : : : ; P(�)

M�1¬ è: (31)

� £ 6. �æ¥­ª  ¯®£à¥è­®áâ¨ à¥§ã«ìâ â .
�¯à¥¤¥«¨âì e�S { ®â­®á¨â¥«ì­ãî ¯®£à¥è­®áâì ¢ëç¨á«¥­¨ï ¤¢ãáâ®à®­­¥© ¯®á«¥¤®¢ â¥«ì­®áâ¨
�âãà¬  ¬ âà¨æë S á®£« á­® ä®à¬ã«¥ (38).

�¥§ã«ìâ â®¬ ¢ë¯®«­¥­¨ï  «£®à¨â¬  ï¢«ï¥âáï ¯®á«¥¤®¢ â¥«ì­®áâì (31) { ¤¢ãáâ®à®­­ïï ¯®á«¥-
¤®¢ â¥«ì­®áâì �âãà¬  ¬ âà¨æë S2, ®­  ¦¥ ¨ ¤«ï ¨áå®¤­®© ¬ âà¨æë S (á¬. � ¬¥ç ­¨¥) ¨ £ à ­-
â¨à®¢ ­­ ï ®æ¥­ª  â®ç­®áâ¨ ¥¥ ¢ëç¨á«¥­¨ï.

� ¬¥ç ­¨¥. � ¤ ­­®¬  «£®à¨â¬¥ ®âáãâáâ¢ã¥â à §­®à¬¨à®¢ª . �â® ®¡ìïá­ï¥âáï â¥¬, çâ® á®¡-
áâ¢¥­­ë¥ ¢¥ªâ®àë ¯à®¯®àæ¨®­ «ì­ëå ¬ âà¨æ à ¢­ë. �«¥¤®¢ â¥«ì­® í«¥¬¥­âë ¤¢ãáâ®à®­­¥© ¯®á«¥-
¤®¢ â¥«ì­®áâ¨ �âãà¬  ¨áå®¤­®© ¨ ­®à¬¨à®¢ ­­®© ¬ âà¨æ á®¢¯ ¤ îâ, â ª ª ª á®£« á­® à ¢¥­áâ¢ã
(26) ®­¨ ¯à¥¤áâ ¢«ïîâ á®¡®© ®â­®è¥­¨ï ª®¬¯®­¥­â ¢¥ªâ®à , ï¢«ïîé¥£®áï á®¡áâ¢¥­­ë¬ ¤«ï ®¡¥¨å
¬ âà¨æ.

�æ¥­ª  ¯®£à¥è­®áâ¥©

�«ï â®£® çâ®¡ë áª«¥¥­­ãî ¯®á«¥¤®¢ â¥«ì­®áâì ¬®¦­® ¡ë«® áç¨â âì ¤¢ãáâ®à®­­¥©, ­¥®¡å®¤¨¬®
¯à®¢¥à¨âì, çâ® ¢®§¬ãé¥­¨¥ í«¥¬¥­â®¢ ¬ âà¨æë ­¥ á«¨èª®¬ ¢¥«¨ª® ¨ ¨¬¥¥â ®â­®á¨â¥«ì­ë© å à ª-
â¥à. �«ï  ­ «¨§  ¯®£à¥è­®áâ¨ ¢ëç¨á«¥­¨ï ¤¢ãáâ®à®­­¥© ¯®á«¥¤®¢ â¥«ì­®áâ¨, á­ ç «  ¯à¥¤¯®«®-
¦¨¬, çâ® í«¥¬¥­âë ¨áå®¤­®© ¬ âà¨æë S ã¤®¢«¥â¢®àïîâ ãá«®¢¨ï¬

1


� max

i;j
fjbij ; jdjjg < 1 ; ¨ "1=
 � jbij; jdjj; (32)

çâ® ¤¥« ¥â ¨§«¨è­¨¬¨ � £¨ 1 ¨ 2  «£®à¨â¬ . �àã£¨¬¨ á«®¢ ¬¨, ¡ã¤¥¬ áç¨â âì, çâ® S = S2 ¨
� = 1. � íâ®¬ á«ãç ¥ ¯®£à¥è­®áâ¨  à¨ä¬¥â¨ç¥áª¨å ®¯¥à æ¨© ¢ ä®à¬ã« å (27), (28) ¬®¦­® ¨­â¥à¯à¥-
â¨à®¢ âì ª ª ¢®§¬ãé¥­¨ï, ¢­¥á¥­­ë¥ ¢ í«¥¬¥­âë ¨áå®¤­®© ¬ âà¨æë S. �¥©áâ¢¨â¥«ì­®, ãç¨âë¢ ï
(9), á¨áâ¥¬  (27) ¬®¤¥«¨àã¥âáï á«¥¤ãîé¨¬ ®¡à §®¬

jbjj
P(+)
j�1¬ è = jbjjP(+)

j�1¬ è(1 + 'j) + �j ;

dj	0�
(+)
n = (1 +  j)dj � (1 +  j)�

(+)
n ;

(dj	0�
(+)
n )	0(jbjj
P(+)

j�1¬ è) = (1 + �j)(dj	0�
(+)
n )� (1 + �j)(jbjj
P(+)

j�1¬ è) ;

P(+)
j¬ è = jbj+1j(1+�j+1)

dj	0�
(+)
n 	0jbj j
P

(+)
j�1¬ è

;

£¤¥ j'jj � "1; j�jj � "0; j jj � "1; j j j � "1; j�jj � "1; j�jj � "1; j�j+1j � "1:
�¯à¥¤¥«¨¬ á«¥¤ãîé¨¥ ¢¥«¨ç¨­ë

c
(+)
2 = b2(1 + �2); d

(+)
1 = (1 +  1)d1 �  1�(+)n ;

c
(+)
j+1 = bj+1(1 + �j+1)=(1 + �j); b

(+)
j = (1 + 'j)bj ; d

(+)
j = (1+�j )(1+ j)

(1+�j)
�
�
(1+�j )(1+ j)

1+�j
� 1
�
�
(+)
n ;

(33)
¤«ï ­¨å ¢¥à­ë ®æ¥­ª¨

jc(+)j+1 � bj+1j � 2"1
1�2"1

jbj+1j ; jb(+)j � bjj � "1jbjj ; jd(+)j � djj � 3"1
1�3"1

(jdjj+ j�(+)n j) + "0 :

�­ «®£¨ç­®¥ ¬®¤¥«¨à®¢ ­¨¥ ¯®£à¥è­®áâ¥© ¢ (28) ¯à¨¢®¤¨â ª á«¥¤ãîé¥© ¨­â¥à¯à¥â æ¨¨.
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�¥®à¥¬  3. �ëç¨á«¥­­ë¥ ¯® ä®à¬ã« ¬ (27), (28) í«¥¬¥­âë ¯®á«¥¤®¢ â¥«ì­®áâ¥© á¢ï§ ­ë á®®â-
­®è¥­¨ï¬¨

P(+)
1¬ è = jc(+)2 j=(d(+)1 � �0) ;

P(+)
i+1¬ è = jc(+)i+2j=(d(+)i+1 � �0 � jb(+)i+1jP(+)

i¬ è) (1 � i �M � 1);
P(�)
M�1¬ è = (d(�)M � �0)=jb(�)M j ;

P(�)
i¬ è = (d(�)i+1 � �0)� jc(�)i+2j=P(�)

i+1¬ è)=jb(�)i+1j (0 � i �M � 2);

¢ ª®â®àëå �0 = (�(�)n + �
(+)
n )=2. �¬¥îâ ¬¥áâ® ®æ¥­ª¨

jc
(+)
i

�bij

jbij
� "0;

jb
(+)
i

�bij

jbij
� "0;

jc
(�)
i

�bij

jbij
� "0;

jb(�)
i

�bij

jbij
� "0; jd(+)i � dij � "00jjSjj; jd(�)i � dij � "00jjSjj;

(34)

£¤¥
"0 = 2"1; "00 = 3"1: (35)

�¥à ¢¥­áâ¢  (34) ®§­ ç îâ, çâ® ¯®á«¥¤®¢ â¥«ì­®áâ¨, ¯®áâà®¥­­ë¥ ¯® ä®à¬ã« ¬ (27), (28), ï¢«ï-
îâáï â®ç­ë¬¨ ®¤­®áâ®à®­­¨¬¨ ¯®á«¥¤®¢ â¥«ì­®áâï¬¨, ­® ­¥ ¨áå®¤­®© á¨¬¬¥âà¨ç­®© ¬ âà¨æë,  
¤¢ãå à §«¨ç­ëå ­¥á¨¬¬¥âà¨ç­ëå âà¥å¤¨ £®­ «ì­ëå ¬ âà¨æ, ­® ¡«¨§ª¨å ¯® ­®à¬¥ ª ¨áå®¤­®©.

�ª«¥©ª  íâ¨å ¤¢ãå ¯®á«¥¤®¢ â¥«ì­®áâ¥© ¯à®¨§¢®¤¨âáï ­  ®á­®¢ ­¨¨ á«¥¤ãîé¥© «¥¬¬ë.

�¥¬¬  1. �ãáâì J (1 � J � M � 1) { ¬¥áâ® ¯¥à¥á¥ç¥­¨ï ®¤­®áâ®à®­­¨å ¯®á«¥¤®¢ â¥«ì­®áâ¥©
¢â®à®£® à®¤ 

'
(+)
J�1 � '

(�)
J�1;

  ¢ á®áâ ¢­®© ¯®á«¥¤®¢ â¥«ì­®áâ¨

P(+)
1¬ è; P(+)

2¬ è; : : : ; P(+)
J�1¬ è; P(�)

J¬ è; P(�)
J+1¬ è; : : : ; P(�)

M�1¬ è

¢ â®ç­®áâ¨ n � 1 ­¥¯®«®¦¨â¥«ì­ëå í«¥¬¥­â®¢. �®£¤  áãé¥áâ¢ã¥â ¬ âà¨æ  eS, ¤«ï ª®â®à®©
¯®á«¥¤®¢ â¥«ì­®áâì

0 = P(+)
0¬ è; P(+)

1¬ è; P(+)
2¬ è; : : : ; P(+)

J�1¬ è; P(�)
J¬ è; P(�)

J+1¬ è; : : : ; P(�)
M�1¬ èP(�)

M¬ è = +1

ï¢«ï¥âáï ¤¢ãáâ®à®­­¥© ¯®á«¥¤®¢ â¥«ì­®áâìî �âãà¬ :

eS =

0BBBBBBBBBBBBBBBB@

d
(+)
1 c

(+)
2 0

b
(+)
2 d

(+)
2 c

(+)
3

. . .
. . .

. . .

b
(+)
j�1 d

(+)
j�1 c

(+)
jebj edj ecj+1
b
(�)
j+1 d

(�)
j+1 c

(�)
j+2

. . .
. . .

. . .

b
(�)
M�1 d

(�)
M�1 c

(�)
M

0 b
(�)
M d

(�)
M

1CCCCCCCCCCCCCCCCA
;

¯à¨ç¥¬ ¡«¨§®áâì ¬ âà¨æ S ¨ eS ¬®¦¥â ¡ëâì ®æ¥­¥­  á«¥¤ãîé¨¬ ®¡à §®¬

jjS � eSjj � M(S � eS) � 2("0 + "00)M(S) +
�
(+)
n � �

(�)
n

2

�®ª § â¥«ìáâ¢® íâ®© «¥¬¬ë ¬®¦­® ­ ©â¨ ¢ [2] (£« ¢  4). � ¬¥â¨¬ â®«ìª®, çâ® "áª«¥©ª "áâ ­®¢¨âìáï
¢®§¬®¦­®© ¨¬¥­­® §  áç¥â ¢ëç¨á«¨â¥«ì­ëå ¯®£à¥è­®áâ¥©, â ª ª ª ¡« £®¤ àï ­ ¯à ¢«¥­­ë¬ ®ªàã£-
«¥­¨ï¬ à¥§ã«ìâ â®¢  à¨ä¬¥â¨ç¥áª¨å ®¯¥à æ¨© ¢ ä®à¬ã« å (27) ¨ (28) ¢ëç¨á«¥­­ë¥ ¯à ¢®áâ®à®­­ïï
¨ «¥¢®áâ®à®­­ïï ¯®á«¥¤®¢ â¥«ì­®áâ¨ �âãà¬  ¯¥à¥á¥ª îâáï.
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�§ «¥¬¬ë á«¥¤ã¥â, çâ® ¢ëç¨á«¥­­ãî ¤¢ãáâ®à®­­îî ¯®á«¥¤®¢ â¥«ì­®áâì �âãà¬  ¬ âà¨æë S2
(� £¨ 4 ¨ 5  «£®à¨â¬ ) ¬®¦­® áç¨â âì â®ç­®© ¤¢ãáâ®à®­­¥© ¯®á«¥¤®¢ â¥«ì­®áâìî ¤«ï ¬ âà¨æëeS2, ¯à¨ç¥¬ á ãç¥â®¬ ãá«®¢¨© (32) ¨ à ¢¥­áâ¢ (16) ¨ (35) ¢¥à­  ®æ¥­ª :

kS2 � eS2k � 30"1 + 18"1 = 48"1: (36)

�®£à¥è­®áâ¨ ­®à¬¨à®¢ª¨ ¨ ¢®§¬ãé¥­¨ï ¬ âà¨æë S ®æ¥­¨¢ îâáï â ª¦¥ ª ª ¨ ¢ à §¤¥«¥ 3.2:

1
�
k�S � S1k � "0
3

p
3kSk ¨ 1

�
kS1 � S2k � "1

p
3kSk: (37)

�â®£®¢ãî ®æ¥­ªã �S  ¡á®«îâ­®© ¯®£à¥è­®áâ¨ ¢ëç¨á«¥­¨ï ¤¢ãáâ®à®­­¥© ¯®á«¥¤®¢ â¥«ì­®áâ¨
�âãà¬  (  â¥¬ á ¬ë¬ ¨ ®â­®è¥­¨© ª®¬¯®­¥­â á®¡áâ¢¥­­®£® ¢¥ªâ®à ) ¯®«ãç ¥¬ áã¬¬¨à®¢ ­¨¥¬
(36) ¨ (37) :

kS � 1
�
eS2k � e�SkSk = �S ;

£¤¥ e�S { ®â­®á¨â¥«ì­ ï ¯®£à¥è­®áâì

e�S = "0
3
p
3 + "1

p
3 + 48"1


p
3 =

�
"0 + "1

�
1
3


+ 16
��

3
p
3
: (38)

3.5 �à¨ä¬¥â¨ª  ¢ë­¥á¥­­ëå ¯®àï¤ª®¢

�ëç¨á«¥­¨¥ á®¡áâ¢¥­­ëå ¢¥ªâ®à®¢ ¤«ï ¬ âà¨æ ¤®áâ â®ç­® ¡®«ìè¨å à §¬¥à®¢ ¬®¦¥â ¯à¨¢®¤¨âì ª
á¨âã æ¨ï¬ ������������ ¨ ������ �������. �«ï â®£®, çâ®¡ë ¨å ¨§¡¥¦ âì, ­¥®¡å®¤¨¬®
¨áªãááâ¢¥­­® ã¢¥«¨ç¨âì â®ç­®áâì ¢ëç¨á«¥­¨ï ¢ â¥å ¯à®æ¥¤ãà å, £¤¥ ­ ¨¡®«¥¥ ¢¥à®ïâ¥­ ­¥ª®­âà®-
«¨àã¥¬ë© à®áâ ¢ëç¨á«¨â¥«ì­ëå ¯®£à¥è­®áâ¥©. � ¯®¬­¨¬, çâ® ¯à®¨§¢®«ì­®¥ ¢¥é¥áâ¢¥­­®¥ ç¨á«®
x ¬®¦­® ¯à¥¤áâ ¢¨âì ¢ á¯¥æ¨ «ì­®¬ ¢¨¤¥

x = �y
k ; (39)

£¤¥ 
 { ä¨ªá¨à®¢ ­­®¥ æ¥«®¥ ç¨á«® (®á­®¢ ­¨¥  à¨ä¬¥â¨ª¨), æ¥«®¥ ç¨á«® k { 
-¨ç­ë© ¯®àï¤®ª ç¨á« 
x, ¢¥é¥áâ¢¥­­®¥ ç¨á«® y { 
-¨ç­ ï ¬ ­â¨áá 

1


� y < 1 (40)

�¢¥«¨ç¥­¨¥ â®ç­®áâ¨ ¬ è¨­­ëå ®¯¥à æ¨© ®§­ ç ¥â ã¢¥«¨ç¥­¨¥ ¬ áá¨¢  ¬ è¨­­®© ¯ ¬ïâ¨, ®â¢®-
¤¨¬®© ¤«ï à §¬¥é¥­¨ï ¬ ­â¨áá ¨ ¯®àï¤ª®¢ ¢¥é¥áâ¢¥­­ëå ç¨á¥«. �â® ¬®¦­® ¤¥« âì §  áç¥â ¢®§-
¬®¦­®áâ¥© á®¢à¥¬¥­­ëå ï§ëª®¢ ¯à®£à ¬¬¨à®¢ ­¨ï, ¯®§¢®«ïîé¨å ®¯à¥¤¥«ïâì ­¥®¡å®¤¨¬ë¥ ¯®«ì§®-
¢ â¥«ìáª¨¥ â¨¯ë ¤ ­­ëå (á¬. [9]), ¨«¨ ¯à¨ ¯®¬®é¨  à¨ä¬¥â¨ª¨ ¢ë­¥á¥­­ëå ¯®àï¤ª®¢ (���). � ¥¥
®á­®¢ã ¯®«®¦¥­  ¯à®áâ ï ¨¤¥ï à §¤¥«ì­®£® åà ­¥­¨ï ¯®àï¤ª  ç¨á«  ¨ ¥£® ¬ ­â¨ááë. �â® ®§­ ç ¥â,
çâ® ¢¥é¥áâ¢¥­­®¥ ç¨á«® § ¬¥­ï¥âáï ­  ª ­®­¨ç¥áªãî ¯ àã ç¨á¥«: æ¥«®¥ k { ¯®àï¤®ª ¨ ¢¥é¥áâ¢¥­­®¥
y { ¬ ­â¨áá . �«ï íâ®£® ã¤®¡­® ¢¢¥áâ¨ á¯¥æ¨ «ì­ë¥ ®¯¥à æ¨¨ ®¯à¥¤¥«ïîé¨¥ ¬ ­â¨áã ¨ ¯®àï¤®ª
ç¨á«  x:

y = Fr(x); k = Ex(x) (41)

�¬ á®®â¢¥âáâ¢ãîâ ¢áâà®¥­­ë¥ äã­ªæ¨¨ ��������-90, ®¯¥à¨àãîé¨¥ á ¬ è¨­­ë¬¨ ç¨á« ¬¨,
FRACTION (x) ¨ EXPONENT (x) â ª¨¥, çâ® ¥á«¨ ¥á«¨ x { ¬ è¨­­®¥ ¢¥é¥áâ¢¥­­®¥ ç¨á«®, â®

FRACTION (x) = Fr(x); EXPONENT (x) = Ex(x):

� ª¨¬ ®¡à §®¬, ¬ è¨­­®¥ ¢ë¤¥«¥­¨¥ ¬ ­â¨ááë ¨ ¯®àï¤ª  ¯à®¨§¢®¤¨âáï â®ç­®, ¡¥§ ¯®£à¥è­®áâ¥©.
�â ­¤ àâ­ë¥  à¨ä¬¥â¨ç¥áª¨¥ ®¯¥à æ¨¨ â ª¦¥ ¤®¯ãáª îâ à ¡®âã á ª ­®­¨ç¥áª¨¬¨ ¯ à ¬¨. �ãáâì,

­ ¯à¨¬¥à, x1 ¨ x2 { ¤¢  ¢¥é¥áâ¢¥­­ëå ç¨á« . �â®¡ë ­¥ ®¡à é âì ¢­¨¬ ­¨ï ­  §­ ª, ¡ã¤¥¬ áç¨â âì,
çâ® ®¡  ®­¨ ¯®«®¦¨â¥«ì­ë¥: x1 > 0 ¨ x2 > 0. �®£¤  á®£« á­® (39)

x1 = y1

k1 ; x2 = y2


k2 :
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�à¨¢¥¤¥¬ ®ç¥¢¨¤­ë¥ á®®â­®è¥­¨ï

x1 � x2 = y1 � y2 � 
k1+k2 ; x1=x2 = y1=y2 � 
k1�k2 :

�ëà ¦¥­¨ï ¤«ï á«®¦¥­¨ï ¨ ¢ëç¨â ­¨ï ç¨á¥«, ¯à¥¤áâ ¢«¥­­ëå ª ­®­¨ç¥áª¨¬¨ ¯ à ¬¨, ­¥ áâ®«ì
í«¥¬¥­â à­ë ¨ ®¤­®§­ ç­ë. �®íâ®¬ã  à¨ä¬¥â¨ªã ¢ë­¥á¥­­ëå ¯®àï¤ª®¢ ã¤®¡­® ¨á¯®«ì§®¢ âì ¢ â¥å
ãç áâª å ¯à®£à ¬¬, £¤¥ ¯à®¨§¢®¤¨âáï ¬­®£® ã¬­®¦¥­¨© ¨ ¤¥«¥­¨©, ­ ¯à¨¬¥à ¯à¨ ¢ëç¨á«¥­¨¨ ª®¬-
¯®­¥­â á®¡áâ¢¥­­®£® ¢¥ªâ®à  ¯® ¨§¢¥áâ­®© ¤¢ãáâ®à®­­¥© ¯®á«¥¤®¢ â¥«ì­®áâ¨ �âãà¬  (á¬. ä®à¬ã«ã
(26)).

�æ¥­¨¬ ¢ëç¨á«¨â¥«ì­ë¥ ¯®£à¥è­®áâ¨, ¢®§­¨ª îé¨¥ ¯à¨ ã¬­®¦¥­¨¨ ¨ ¤¥«¥­¨¨ ¬ è¨­­ëå ç¨-
á¥«, ¯à¥¤áâ ¢«¥­­ëå ª ­®­¨ç¥áª¨¬¨ ¯ à ¬¨. �«ï íâ®£® ®â¬¥â¨¬, çâ® ¢ëç¨á«¥­¨¥ áã¬¬ë ¨ à §­®áâ¨
¯®àï¤ª®¢ k1+k2 ¨ k1�k2 ¯à®¨§¢®¤¨âáï â®ç­® ¢ ¤®áâ â®ç­® ¡®«ìè®¬ ¤¨ ¯ §®­¥. � â® ¦¥ ¢à¥¬ï ã¬­®-
¦¥­¨¥ ¨ ¤¥«¥­¨¥ ¬ ­â¨áá y1 ¨ y2 ¯à®¨§¢®¤¨âáï á ®â­®á¨â¥«ì­®© â®ç­®áâìî ¢á«¥¤áâ¢¨¨ ­¥à ¢¥­áâ¢ 
(40) ¨ «¥¬¬ë 2 [3]:

(y1 � y2)¬ è = (y1 � y2)(1 + �); (y1=y2)¬ è = (y1=y2)(1 + �);

£¤¥ j�j; j�j � "1. �ã¤¥¬ ¯à¥¤áâ ¢«ïâì à¥§ã«ìâ â ®¯¥à æ¨¨ â ª¦¥ ¢ ¢¨¤¥ ª ­®­¨ç¥áª®© ¯ àë, ¨­ë¬¨
á«®¢ ¬¨ ¡ã¤¥¬ áç¨â âì, çâ® ã¬­®¦¥­¨¥ ­  áâ¥¯¥­ì 
 ¯à®¨§¢®¤¨âáï â®ç­®. �®£¤ 

(y1 � y2)¬ è � 
k1+k2 = (x1 � x2)(1 + �) = Fr((y1 � y2)(1 + �))� 
Ex((y1�y2)(1+�))+k1+k2 ;

(y1=y2)¬ è � 
k1�k2 = (x1=x2)(1 + �) = Fr((y1=y2)(1 + �)) � 
Ex((y1=y2)(1+�))+k1�k2: (42)

�â® ®§­ ç ¥â, çâ® ¤ ­­ë¥ ¢ëç¨á«¨â¥«ì­ë¥ ®¯¥à æ¨¨ ­ ¤ ª ­®­¨ç¥áª¨¬¨ ¯ à ¬¨ ¯à®¨§¢®¤ïâáï á
®â­®á¨â¥«ì­®© â®ç­®áâìî, ¯à¨ç¥¬ á ¬ ªá¨¬ «ì­®©, çâ® ï¢«ï¥âáï ®¤­¨¬ ¨§ ®á­®¢­ëå ¯à¥¨¬ãé¥áâ¢
 à¨ä¬¥â¨ª¨ ¢ë­¥á¥­­ëå ¯®àï¤ª®¢, â ª ª ª ã¯à®é ¥â  ­ «¨§ ¯®£à¥è­®áâ¥©.

�ãáâì â¥¯¥àì ­ ¬ ¨§¢¥áâ­ë ª®¬¯®­¥­âë ª ­®­¨ç¥áª®© ¯ àë: ¯®àï¤®ª k ¨ ¬ ­â¨áá  y. �«ï â®£®,
çâ®¡ë ¢®ááâ ­®¢¨âì ¯® ­¨¬ á®®â¢¥âáâ¢ãîé¥¥ ¢¥é¥áâ¢¥­­®¥ ç¨á«®, ­¥®¡å®¤¨¬® ¯à®¨§¢¥áâ¨ ¢®§¢¥¤¥-
­¨¥ ¢ áâ¥¯¥­ì, ã¬­®¦¥­¨¥ á®£« á­® ä®à¬ã«¥ (39) ¨ ãç¥áâì §­ ª. �á«¨ íâ¨ ¤¥©áâ¢¨ï ¯à®¨§¢®¤ïâáï
¯à¨ ¯®¬®é¨ ª®¬¯ìîâ¥à , â® ¯®£à¥è­®áâ¨ à¥§ã«ìâ â  ¬®£ãâ ¡ëâì ¯à® ­ «¨§¨à®¢ ­ë á«¥¤ãîé¨¬
®¡à §®¬: ¢®§¢¥¤¥­¨¥ ®á­®¢ ­¨ï  à¨ä¬¥â¨ª¨ 
 ¢ æ¥«ãî áâ¥¯¥­ì ¯à®¨§¢®¤¨âáï â®ç­®,   ã¬­®¦¥­¨¥
¬ ­â¨ááë ­  áâ¥¯¥­ì 
 { á  ¡á®«îâ­®© ¯®£à¥è­®áâìî

(y � 
k)¬ è = y 
k + �; (43)

¯à¨ç¥¬ ã¬­®¦¥­¨¥ ­  ¯®«®¦¨â¥«ì­ãî áâ¥¯¥­ì 
 ¯à®¨§¢®¤¨âáï â®ç­®: � = 0,   ¯®£à¥è­®áâ¨ ¯à¨
ã¬­®¦¥­¨¨ ­  ®âà¨æ â¥«ì­ãî áâ¥¯¥­ì 
 ­¥ ¯à¥¢®áå®¤ïâ "0: j�j � "0.

3.6 �ëç¨á«¥­¨¥ ª®¬¯®­¥­â á®¡áâ¢¥­­®£® ¢¥ªâ®à  âàñå¤¨ £®­ «ì­®©

á¨¬¬¥âà¨ç­®© ¬ âà¨æë á £ à ­â¨à®¢ ­­®© ®æ¥­ª®© â®ç­®áâ¨

à¥§ã«ìâ â .

�à¥¤¢ à¨â¥«ì­ë¥ § ¬¥ç ­¨ï

�ãáâì T { ª¢ ¤à â­ ï âà¥å¤¨ £®­ «ì­ ï ¬ âà¨æ  (­¥ ®¡ï§ â¥«ì­® á¨¬¬¥âà¨ç­ ï) à §¬¥à  M

T =

0BBBBBBBB@

ed1 eb2 0ec2 ed2 eb3ec3 ed3 eb4
. . .

. . .
. . .ecM�1
edM�1

ebM
0 ecM edM

1CCCCCCCCA
:

�®âà¥¡ã¥¬, çâ®¡ë ¢á¥ í«¥¬¥­âë £« ¢­®© ¨ ¯®¡®ç­ëå ¤¨ £®­ «¥© ¡ë«¨ ®â«¨ç­ë ®â ­ã«ï. �¡®§­ ç¨¬
�n { á®¡áâ¢¥­­®¥ §­ ç¥­¨¥ ¬ âà¨æë T . �¯à ¢¥¤«¨¢  á«¥¤ãîé ï «¥¬¬ .
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�¥¬¬  2. �®á«¥¤®¢ â¥«ì­®áâì Pj = Pj(�n), ¢ëç¨á«¥­­ ï ¯® ¯à ¢¨«ã

P0 = 0;

Pj = jebj+1jedj � �n � jecjjPj�1 (j = 1; 2; : : :M � 1);

ï¢«ï¥âáï ¤¢ãáâ®à®­­¥©, ¯à¨ç¥¬ áà¥¤¨ ¥¥ í«¥¬¥­â®¢ á ­®¬¥à ¬¨ j = 1; 2; : : : ;M � 1 ­¥â ­ã«¥¢ëå ¨
¡¥áª®­¥ç­ëå:

0 < jPjj <1; j = 1; 2; : : :;M � 1

�ãáâì
v(T ) = (v1; v2; : : : ; vM )T

¥áâì á®¡áâ¢¥­­ë© ¢¥ªâ®à ¬ âà¨æë T , á®®â¢¥âáâ¢ãîé¨© á®¡áâ¢¥­­®¬ã ç¨á«ã �n. �®  ­ «®£¨¨ á
ä®à¬ã«®© (26), ¬®¦­® ãáâ ­®¢¨âì, çâ®

vj+1 = �sign(ebj+1) vjPj (44)

� ª ¯à ¢¨«® ¤«ï ã¤®¡áâ¢  ¯à ªâ¨ç¥áª®£® ¨á¯®«ì§®¢ ­¨ï á®¡áâ¢¥­­ë¥ ¢¥ªâ®àë ­®à¬¨àãîâ á¯¥æ¨-
 «ì­ë¬ ®¡à §®¬. �ë ¡ã¤¥¬ ¨áª âì á®¡áâ¢¥­­ë© ¢¥ªâ®à á ¥¤¨­¨ç­®© ­®à¬®©: kv(T )k = 1. �â®¡ë
®¯à¥¤¥«¨âì ª®¬¯®­¥­âë ­®à¬¨à®¢ ­­®£® ¢¥ªâ®à , ¤®áâ â®ç­® ¢ëç¨á«¨âì ª®¬¯®­¥­âë «î¡®£® ¢¥ªâ®-
à , ¯à®¯®àæ®­ «ì­®£® v: u = Cv,   § â¥¬ ­®à¬¨à®¢ âì ¥£® v = u=kuk (â ª¨¬ ®¡à §®¬ ª®íää¨æ¨¥­â
¯à®¯®àæ¨®­ «ì­®áâ¨ C à ¢¥­ kuk). � ¬¥â¨¬, çâ® ª®¬¯®­¥­âë ¯à®¨§¢®«ì­® ­®à¬¨à®¢ ­­®£® ¢¥ªâ®à 
u â ª¦¥ ã¤®¢«¥â¢®àïîâ á®®â­®è¥­¨ï¬ (44):

uj+1 = �sign(ebj+1)ujPj :
¤®¯®«­¨¬ ¨å à ¢¥­áâ¢®¬

u1 = 1:

�â® ¯®§¢®«¨â ­ ¬ ¢ëç¨á«¨âì ¢á¥ ®áâ «ì­ë¥ ª®¬¯®­¥­âë u ¯® ¨­¤ãªæ¨¨.
�â¨ ä®à¬ã«ë «¥£ª® ¬®¤¨ä¨æ¨à®¢ âì â ª, çâ® á­ ç «  ®¯à¥¤¥«ïîâáï ¬®¤ã«¨ ª®¬¯®­¥­â

ju1j = 1;
juj+1j = juj j

� jPjj (1 � j �M � 1) ;
(45)

  § â¥¬ ¨å §­ ª¨:

sign(u1) = 1;
sign(uj+1) = �sign(ebj+1)sign(uj)sign(Pj) (1 � j � M � 1) ;

(46)

�à¥¤áâ ¢¨¬ ª®¬¯®­¥­âë ¢¥ªâ®à  u ¨ í«¥¬¥­âë ¤¢ãáâ®à®­­¥© ¯®á«¥¤®¢ â¥«ì­®áâ¨ �âãà¬  ¢ ¢¨¤¥
ª ­®­¨ç¥áª¨å ¯ à (¢®á¯®«ì§®¢ ¢è¨áì ¤«ï íâ®£® ®¯¥à æ¨ï¬¨ (41)) ¨ ¯¥à¥¯¨è¥¬ á®®â­®è¥­¨ï (45) ¢
â¥à¬¨­ å á®®â¢¥âáâ¢ãîé¨å ¬ ­â¨áá Fr(uj), Fr(Pj) ¨ ¯®àï¤ª®¢ Ex(uj), Ex(Pj) :

Fr(u1) =
1


; Ex(u1) = 1; (47)

Fr(uj+1) = Fr

�
Fr(uj)
Fr(Pj)

�
(1 � j � M � 1) ; (48)

Ex(uj+1) = Ex

�
Fr(uj)
Fr(Pj)

�
+ Ex(uj)� Ex(Pj) (1 � j �M � 1) : (49)

�  ®á­®¢¥ íâ¨å ¢ëª« ¤®ª ®à£ ­¨§ã¥âáï ¢ëç¨á«¥­¨¥ ¬ ­â¨áá ¨ ¯®àï¤ª®¢ ¬®¤ã«¥© ª®¬¯®­¥­â ¢¥ªâ®à 
u. �«ï ®ª®­ç â¥«ì­®£® ®¯à¥¤¥«¥­¨ï ª®¬¯®­¥­â ­¥®¡å®¤¨¬® ãç¥áâì ¨å §­ ª á®£« á­® ä®à¬ã«¥ (46).
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� ¯®¬­¨¬, çâ® á®¡áâ¢¥­­ë© ¢¥ªâ®à v(T ) á ¥¤¨­¨ç­®© ­®à¬®© ¬®¦¥â ¡ëâì ¯®«ãç¥­ ¨§ ¢¥ªâ®à 
u ¯à¨ ¯®¬®é¨ ­®à¬¨à®¢ª¨. �ë ¡ã¤¥¬ ­®à¬¨à®¢ âì ¢¥ªâ®à u ¢ ¤¢  è £ . �­ ç «  ¢ëç¨á«¨¬
¬ ªá¨¬ «ì­ë© ¯®àï¤®ª ª®¬¯®­¥­â uj

K = max
j
fEx(uj)g:

�®á«¥ íâ®£® ¬ ªá¨¬ «ì­ë© ¯®àï¤®ª ¢¥ªâ®à  u
�K ­¥ ¯à¥¢®áå®¤¨â ­ã«ï. �ë­¥á¥­¨¥ ¬ ªá¨¬ «ì­®£®
¯®àï¤ª  ¨ § ¬¥­  ¢¥ªâ®à  u ­  ª®««¨­¥ à­ë© ¥¬ã ¢¥ªâ®à u(K) = u
�K ¤¥« ¥âáï ¤«ï â®£®, çâ®-
¡ë ¯à¨ ¢ëç¨á«¥­¨¨ ª®¬¯®­¥­â ¨ ­®à¬ë ¢¥ªâ®à  ­¥ ¢®§­¨ª «® á¨âã æ¨© ������������. � â¥¬
¢ëç¨á«ï¥âáï ¥¢ª«¨¤®¢  ­®à¬  ¯®«ãç¨¢è¥£®áï ¢¥ªâ®à 

U =

vuut MX
j=1

�
u
(K)
j

�2
:

� ª ª ª ¯® ¯®áâà®¥­¨î ¬ ªá¨¬ «ì­ë© ¯®àï¤®ª ª®¬¯®­¥­â ¢¥ªâ®à  u(K) à ¢¥­ ­ã«î, â® ¢¥à­  á«¥-
¤ãîé ï ®æ¥­ª :

U � max
j
fju(K)

j jg � 1
2
: (50)

�®¬¯®­¥­â ¬ ¨áª®¬®£® ¢¥ªâ®à  v á ãç¥â®¬ §­ ª  ¯à¨á¢ ¨¢ îâáï á«¥¤ãîé¨¥ §­ ç¥­¨ï

v1 =
u
(K)
1

U
; (51)

vj+1 =
sign(uj+1)u

(K)
j+1

U
j = 1; : : : ;M � 1: (52)

�¢ª«¨¤®¢  ­®à¬ , ®¯à¥¤¥«¥­­®£® â ª¨¬ ®¡à §®¬ á®¡áâ¢¥­­®£® ¢¥ªâ®à  v à ¢­  1.

�«£®à¨â¬ ¢ëç¨á«¥­¨ï ­®à¬¨à®¢ ­­®£® á®¡áâ¢¥­­®£® ¢¥ªâ®à 
âà¥å¤¨ £®­ «ì­®© á¨¬¬¥âà¨ç­®© ¬ âà¨æë á ®æ¥­ª®© â®ç­®áâ¨ à¥§ã«ìâ â .

� ­®: âà¥å¤¨ £®­ «ì­ ï á¨¬¬¥âà¨ç­ ï ¬ âà¨æ  S à §¬¥à  M ,
n { ­®¬¥à á®¡áâ¢¥­­®£® §­ ç¥­¨ï ¬ âà¨æë 1 � n �M (á®¡áâ¢¥­­ë¥ §­ ç¥­¨ï ¬ âà¨æë áç¨â -
îâáï § ­ã¬¥à®¢ ­ë¬¨ ¯® ¢®§à áâ ­¨î).

� £ 1. �ëç¨á«¥­¨¥ ¤¢ãáâ®à®­­¥© ¯®á«¥¤®¢ â¥«ì­®áâ¨ �âãà¬ .
�ëç¨á«¨âì ¯à¨¡«¨¦¥­­ãî ¤¢ãáâ®à®­­îî ¯®á«¥¤®¢ â¥«ì­®áâì �âãà¬  Pj¬ è (j = 1; : : : ;M �
1) ¤«ï n { £® á®¡áâ¢¥­­®£® §­ ç¥­¨ï âà¥å¤¨ £®­ «ì­®© á¨¬¬¥âà¨ç­®© ¬ âà¨æë S, «¥¦ é¥£® ¢
£ à ­â¨à®¢ ­­å £à ­¨æ å �(+)n � �n � �

(�)
n , ¯®  «£®à¨â¬ã ®¯¨á ­­®¬ã ¢ à §¤¥«¥ 3.4:

Pj¬ è = P(+)
j¬ è(�

(+)
n ) ¯à¨ 1 � j � J � 1; Pj¬ è = P(�)

j¬ è(�
(�)
n ) ¯à¨ J � j �M � 1

� ¬¥ç ­¨¥. �®£« á­® «¥¬¬¥ 1 ¨ ®æ¥­ª¥ (38) ¯®á«¥¤®¢ â¥«ì­®áâì Pj¬ è ï¢«ï¥âáï â®ç­®© ¤¢ã-
áâ®à®­­¥© ¯®á«¥¤®¢ â¥«ì­®áâìî ¤«ï ­¥ª®â®à®© âà¥å¤¨ £®­ «ì­®©, ¢®®¡é¥ £®¢®àï, ­¥á¨¬¥âà¨ç-
­®© ¬ âà¨æë T = 1

�
eS2, ª®â®à ï ¯® ­®à¬¥ ¬ «® ®â«¨ç ¥âáï ®â ¨áå®¤­®© ¬ âà¨æë S (á¬. ¤ «¥¥

®æ¥­ª¨ ¯®£à¥è­®áâ¥©).

� §¤¥«¨âì í«¥¬¥­âë ¯®á«¥¤®¢ â¥«ì­®áâ¨ �âãà¬  ­  ¬ ­â¨ááã ¨ ¯®àï¤®ª:

Qj = Fr(Pj¬ è); sj = Ex(Pj¬ è) j = 1; : : : ;M � 1

� £ 2. �¯à¥¤¥«¥­¨¥ ¬ ­â¨áá ª®¬¯®­¥­â ¯à¨¡«¨¦¥­­®£® á®¡áâ¢¥­­®£® ¢¥ªâ®à .
�à¨á¢®¨âì

�1 =
1


:

�ëç¨á«¨âì ¯®á«¥¤®¢ â¥«ì­® ®áâ «ì­ë¥ ¬ ­â¨ááë ¨á¯®«ì§ãï à¥ªãàà¥­â­ë¥ á®®â­®è¥­¨ï

�j+1 = Fr(�j �Qj) j = 1; : : : ;M � 1:
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� £ 3. �¯à¥¤¥«¥­¨¥ ¯®àï¤ª®¢ ª®¬¯®­¥­â ¯à¨¡«¨¦¥­­®£® á®¡áâ¢¥­­®£® ¢¥ªâ®à .
�¯à¥¤¥«¨âì ¯®àï¤ª¨ ª®¬¯®­¥­â ¯à¨¡«¨¦¥­­®£® á®¡áâ¢¥­­®£® ¢¥ªâ®à  ¨§ á«¥¤ãîé¨å à¥ªãà-
à¥­â­ëå á®®â­®è¥­¨©

t1 = 1;

tj+1 = tj + Ex(�j � Qj) � sj ; j = 1; : : : ;M � 1;

£¤¥ Qj ¨ sj { ¬ ­â¨ááë ¨ ¯®àï¤ª¨ í«¥¬¥­â®¢ ¯®á«¥¤®¢ â¥«ì­®áâ¨ �âãà¬ .

� £ 4. �®à¬¨à®¢ª  ¢¥ªâ®à  á ¢ë­¥á¥­¨¥¬ ¬ ªá¨¬ «ì­®£® ¯®àï¤ª .
� ©â¨ ¬ ªá¨¬ «ì­ë© ¯®àï¤®ª ª®¬¯®­¥­â ¢¥ªâ®à :

eK = max
j
ftjg

�ëç¨á«¨âì ¬®¤ã«¨ ª®¬¯®­¥­â ¨ ¥¢ª«¨¤®¢ã ­®à¬ã ¢¥ªâ®à  eu(K)

jeu(K)
j j = �j � 
tj�eK ; eU =

vuut MX
j=1

�eu(K)
j

�2
� ©â¨ ¬®¤ã«¨ ¯à¨¡«¨¦¥­­ëå §­ ç¥­¨© ­®à¬¨à®¢ ­­ëå ª®¬¯®­¥­â evj ¨áª®¬®£® ­®à¬¨à®¢ ­-
­®£® á®¡áâ¢¥­­®£® ¢¥ªâ®à  á®£« á­® á«¥¤ãîé¨¬ ä®à¬ã« ¬:

jevjj = jeujj=eU:
�¯à¥¤¥«¨âì ¨å §­ ª

sign(ev1) = 1;

sign(evj+1) = �sign(bj+1)sign(evj)sign(Pj¬ è) j = 1; :::;M � 1:

� ¬¥ç ­¨¥. � íâ®© ä®à¬ã«¥ ¬®¦­® ¨á¯®«ì§®¢ âì sign(bj+1) §­ ª í«¥¬¥­â  ¨áå®¤­®© ¬ âà¨æë,
â ª ª ª ¢á¥ ¯à¥®¡à §®¢ ­¨ï, ¯¥à¥¢®¤ïé¨¥ ¬ âà¨æã S ¢ T , á®åà ­ïîâ §­ ª¨ í«¥¬¥­â®¢ ¯®¡®ç­®©
¤¨ £®­ «¨ (á¬. � £ 2  «£®à¨â¬  ¢ëç¨á«¥­¨ï ¤¢ãáâ®à®­­¥© ¯®á«¥¤®¢ â¥«ì­®áâ¨ �âãà¬  ¨
à ¢¥­áâ¢  (33)).

� £ 5. �æ¥­ª  ¯®£à¥è­®áâ¨ à¥§ã«ìâ â .
�¯à¥¤¥«¨âì  ¡á®«îâ­ãî ¯®£à¥è­®áâì �SV ¯® ä®à¬ã«¥ (64) ¨«¨ ®â­®á¨â¥«ì­ãî e�SV ¯® ä®à¬ã«¥
(65).

�¥§ã«ìâ â®¬ ¢ë¯®«­¥­¨ï  «£®à¨â¬  ï¢«ï¥âáï ¢¥ªâ®à ev(S) = (ev1; ev2; : : : ; evM)T { ¯à¨¡«¨¦¥­-
­®¥ §­ ç¥­¨¥ â®ç­®£® ­®à¬¨à®¢ ­­®£® á®¡áâ¢¥­­®£® ¢¥ªâ®à  v(S) âà¥å¤¨ £®­ «ì­®© á¨¬¬¥âà¨ç­®©
¬ âà¨æë S (kv(S)k = 1) ¢ á¬ëá«¥ á«¥¤ãîé¥£® à ¢¥­áâ¢ :

ev(S) = v(S +4S) +4v = v(T ) + �; (53)

£¤¥ ¤«ï ¡«¨§ª®© ª S ¬ âà¨æë T ¨ ¢¥ªâ®à  ¯®£à¥è­®áâ¨ � ¢¥à­  á«¥¤ãîé ï ®æ¥­ª 

kS � Tk+ k�k � e�SV kSk = �SV :

�æ¥­ª  ¯®£à¥è­®áâ¥©

�ëç¨á«¨â¥«ì­ë¥ ¯®£à¥è­®áâ¨, ­ ª ¯«¨¢ ¥¬ë¥ ­  ¯¥à¢ëå ¤¢ãå è £ å  «£®à¨â¬  ¯à¨ ¢ëç¨á«¥-
­¨¨ ¤¢ãáâ®à®­­¥© ¯®á«¥¤®¢ â¥«ì­®áâ¨ �âãà¬  ã¦¥ ®æ¥­¥­ë à ­¥¥ ¨ âà ªâãîâáï ª ª ®æ¥­ª  ­®à¬ë
à §­®áâ¨ ¬¥¦¤ã ¨áå®¤­®© ¬ âà¨æ¥© S ¨ ­¥ª®â®à®© ¬ âà¨æ¥© T , ¤«ï ª®â®à®© ¢ëç¨á«¥­­ ï ¯à¨¡«¨-
¦¥­­ ï ¤¢ãáâ®à®­­ïï ¯®á«¥¤®¢ â¥«ì­®áâì �âãà¬  Pj¬ è ï¢«ï¥âáï â®ç­®©.

� £¨ 2, 3 ¨ 4  «£®à¨â¬  ¯®á¢ïé¥­ë ¢ëç¨á«¥­¨î ª®¬¯®­¥­â ­®à¬¨à®¢ ­­®£® á®¡áâ¢¥­­®£®
¢¥ªâ®à  ¬ âà¨æë T , ª®â®à ï ¬ «® ®â«¨ç ¥âáï ®â S. �æ¥­¨¬ ¢®§­¨ª îé¨¥ ¯à¨ íâ®¬ ¯®£à¥è­®áâ¨.
�«ï íâ®£® ¬ë áà ¢­¨¬ à¥§ã«ìâ âë� £®¢ 2, 3, 4 á ä®à¬ã« ¬¨ (47)-(52)
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� ¬¥â¨¬, çâ® á®£« á­® (47)
ju1j = �1


t1 ;

â ª¨¬ ®¡à §®¬ ¢ëç¨á«¥­¨¥ ¯¥à¢®© ª®¬¯®­¥­âë ­¥­®à¬¨à®¢ ­­®£® á®¡áâ¢¥­­®£® ¢¥ªâ®à  u ª ª ª ­®-
­¨ç¥áª®© ¯ àë (â.¥. ¡¥§ à áá¬®âà¥­¨ï â®ç­®áâ¨ ã¬­®¦¥­¨ï ­  áâ¥¯¥­ì 
) ¯à®¨§¢®¤¨âáï â®ç­®.

� áá¬®âà¨¬ ¯®¤à®¡­¥¥ ¯à®æ¥áá ¢ëç¨á«¥­¨ï ¢â®à®© ª®¬¯®­¥­âë. � ª ª ª ¬ è¨­­®¥ ¤¥«¥­¨¥
¬ ­â¨áá ¯à®¨§¢®¤¨âáï á ®â­®á¨â¥«ì­®© â®ç­®áâìî,   ¢á¥ ®áâ «ì­ë¥ ®¯¥à æ¨¨ { â®ç­®, â®, ¨á¯®«ì§ãï
ä®à¬ã«ë (42), ¬®¦­® ã¡¥¤¨âáï, çâ®

�2

t2 = (1 + �2)Fr(u2)
Ex(u2) = (1 + �2)ju2j;

£¤¥ j�2j � "1.
�«ï â®£®, çâ®¡ë ®æ¥­¨âì ¯®£à¥è­®áâì ¢ëç¨á«¥­¨ï ¬ ­â¨ááë ¨ ¯®àï¤ª  ª®¬¯®­¥­âë u3, ­ã¦­®

áà ¢­¨âì �3
t3 ¨ (1 + �2)ju3j. �à¨ íâ®¬ ­¥®¡å®¤¨¬® à áá¬®âà¥âì ®¡  ç¨á«  ª ª ª ­®­¨ç¥áª¨¥ ¯ àë
¨ ¢®á¯®«ì§®¢ âìáï à ¢¥­áâ¢ ¬¨,  ­ «®£¨ç­ë¬¨ (48) ¨ (49):

Fr((1 + �2)u3) = Fr

�
Fr((1 + �2)u2)

Q2

�
;

Ex((1 + �2)u3) = Ex

�
Fr((1 + �2)u2)

Q2

�
+ Ex((1 + �2)u2)� s2:

� à¥§ã«ìâ â¥ â ª®£® áà ¢­¥­¨ï ¯®«ãç¨¬

�3

t3 = (1 + �3)(1 + �2)ju3j; j�3j � "1

�ç¥¢¨¤­®, çâ® ­ ª®¯«¥­¨¥ ¯®£à¥è­®áâ¥© ¯à¨ ¢ëç¨á«¥­¨¨ ¯®á«¥¤ãîé¨å ª®¬¯®­¥­â ¯à®¨áå®¤¨â â -
ª¨¬ ¦¥ ®¡à §®¬ ¨, ¯à®¤®«¦ ï ¨å  ­ «¨§ ¯® ¨­¤ãªæ¨¨, ¯à¨å®¤¨¬ ª á«¥¤ãîé¥¬ã ¢ëà ¦¥­¨î

�j

tj =

jY
k=2

(1 + �k)jujj; j�kj � "1:

�ë¢¥¤¥¬ ®ç¥¢¨¤­ãî ®æ¥­ªã, ª®â®à ï ¯®­ ¤®¡¨âáï ¢¯®á«¥¤áâ¢¨¨:Qj
k=2(1 + �k) � 1 � (1 + "1)M�1 � 1 = exp((M � 1) ln(1 + "1)) � 1 � exp((M � 1)"1)� 1 �

1 + "1(M � 1) exp("1(M � 1)) � 1 � 2"1(M � 1)
(54)

�®á«¥¤­¥¥ ­¥à ¢¥­áâ¢® ¢ æ¥¯®çª¥ ¢ë¯®«­¥­® ¯à¨ ãá«®¢¨¨, ¥á«¨ ¢ë¯®«­¥­® ­¥à ¢¥­áâ¢® M � ln 2
"1

+1,
çâ®, ª ª ¯à ¢¨«®, ¨¬¥¥â ¬¥áâ® ­  ¯à ªâ¨ª¥.

�«¥¤ãîé¨© àï¤ ¯à®áâëå ­¥à ¢¥­áâ¢ â ª¦¥ ¯®­ ¤®¡¨âáï ¤«ï ¢ë¢®¤  ®ª®­ç â¥«ì­®© ®æ¥­ª¨.
�ãáâì ¢¥à­® ­¥à ¢¥­áâ¢®

ja� bj � �jaj:
�®£¤  ®ç¥¢¨¤­®

jbj � (1 + �)jaj;
���� jajjbj � 1

���� � �;
1� �

jaj � 1
jbj �

1 + �

jaj : (55)

� «¥¥ «¥£ª® ãáâ ­®¢¨âì, çâ®���� 1jaj � 1
jbj

���� = ja� bj
jaj jbj �

�jaj
jaj jbj �

�

jbj �
�(1 + �)
jaj : (56)

� ª ª ª ¯® ®¯à¥¤¥«¥­¨î eu(K)
j = (�j � 
tj�eK)¬ è;

â® á®£« á­® (43) ¨ (54) ¨¬¥¥¬ ®æ¥­ªã

ju(K)
j � eu(K)

j j � 2"1(M � 1)ju(K)
j j+ "0:
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�¥à¥å®¤ï ®â ª®¬¯®­¥­â ª ¢¥ªâ®à ¬, ­ å®¤¨¬

ku(K) � eu(K)k � 2"1(M � 1)ku(K)k+ "0
p
M: (57)

�«ï ¯à®áâ®âë § ¯¨á¨ ®¡®§­ ç¨¬ �1 = 2("1(M�1)+"0
p
M ). �®á¯®«ì§®¢ ¢è¨áì â¥¬, çâ® ku(K)k = U ,

  â ª¦¥ ­¥à ¢¥­áâ¢ ¬¨ (56) ¨ (50), ¯®«ãç¨¬���� 1U � 1
keu(K)k

���� � �1(1 + �1)
1
U
: (58)

�§ ­¥à ¢¥­áâ¢ (55) ¨ (57) á«¥¤ã¥â
1

keu(K)k � (1 + �1)
1
U
: (59)

� «¥¥ ¢ëç¨á«ï¥âáï ­®à¬  eU = keu(K)k. �¡®§­ ç¨¬ eU¬ è à¥§ã«ìâ â ¢ë¯®«­¥­¨ï íâ®© ®¯¥à æ¨¨
­  ���. �®á¯®«ì§ã¥¬áï ®æ¥­ª®© (20) [3], ¨§ ª®â®à®© á«¥¤ã¥â, çâ®

jeU¬ è � eU j � "1
M + 4
2

eU = �2 eU; �2 = "1
M + 4
2

:

�¥à ¢¥­áâ¢  (55), (56), (58) ¯à¨¢®¤ïâ ª á«¥¤ãîé¥¬ã à¥§ã«ìâ âã���� 1eU¬ è � 1eU
���� � �2(1 + �2)

1eU � �2(1 + �1)(1 + �2)
1
U
: (60)

¨
1eU¬ è � (1 + �2)

1eU � (1 + �1)(1 + �2)
1
U
: (61)

�®á«¥¤­¨© è £  «£®à¨â¬  { ­®à¬¨à®¢ª  ¢¥ªâ®à , ª®â®à ï ¯à®¨§¢®¤¨âáï ¯®ª®¬¯®­¥­â­®, ¯à¨ íâ®¬

evj = �eu(K)
j =eU�

¬ è
¨

�����evj � eu
(K)
jeU
����� � "1

����� eu
(K)
jeU
�����+ "0

¨«¨ 



ev � 1eU eu(K)





 � "1
keu(K)keU + "0

p
M (62)

�«¥¤ãîé¥¥ ­¥à ¢¥­áâ¢® ï¢«ï¥âáï á«¥¤áâ¢¨¥¬ ­¥à ¢¥­áâ¢  âà¥ã£®«ì­¨ª 

kev � vk � 



ev � eu(K)eU¬ è




+ 



 eu(K)eU¬ è � eu(K)eU





+ 



eu(K)eU � eu(K)

U





+ 



eu(K)

U
� v






�à®áâë¥ ¯à¥®¡à §®¢ ­¨ï á ãç¥â®¬ (62) ¯à¨¢®¤ïâ ª ®æ¥­ª¥

kev � vk � "1
keu(K)keU¬ è + "0

p
M + keu(K)k

���� 1eU¬ è � 1eU
����+ keu(K)k





 1eU � 1
U





+ 1
U




eu(K) � v



 :

�à¨¬¥­¨¬ ¯®á«¥¤®¢ â¥«ì­® ª ª ¦¤®¬ã á« £ ¥¬®¬ã ­¥à ¢¥­áâ¢  (55) { (61). � à¥§ã«ìâ â¥ á ãç¥â®¬
â®£®, çâ® ku(K)k = U , ¬ë ¯®«ãç ¥¬ ¨â®£®¢ãî ®æ¥­ªã.

kev � vk � "1(1 + �1)2(1 + �2) + "0
p
M + �2(1 + �1)2(1 + �2) + �1(1 + �1)2 + �1 �

4maxf�1; �2g(1 + �1)2(1 + �2) + "0
p
M:

�¥à ¢¥­áâ¢® (63) ¤®ª § ­®.
� ª¨¬ ®¡à §®¬ ¬ë ¯®ª § «¨, çâ® ¢ëç¨á«¥­­ë© ¢¥ªâ®à ev ¥áâì ¢®§¬ãé¥­¨¥ â®ç­®£® á®¡áâ¢¥­­®£®

¢¥ªâ®à  ­¥ª®â®à®© ¬ âà¨æë T , ¡«¨§ª®© ª ¨áå®¤­®© ¬ âà¨æ¥ S (53). �®à¬  ¢®§¬ãé¥­¨ï ¬ âà¨æë
¯®¤ç¨­ï¥âáï ®æ¥­ª¥

kS � Tk � e�SkSk = �S ;

23



¯à¨ç¥¬ ®â­®á¨â¥«ì­ ï e�S ¨  ¡á®«îâ­ ï �S ¯®£à¥è­®áâ¨ ®¯à¥¤¥«ïîâáï ¯® ä®à¬ã«¥ (38). �¥ªâ®à
¯®£à¥è­®áâ¨ � ®æ¥­¨¢ ¥âáï  ¡á®«îâ­®© ¢¥«¨ç¨­®©

k�k � �V (S);

£¤¥
�V (S) = 4maxf�1; �2g(1 + �1)2(1 + �2) + "0

p
M (63)

¯à¨ â®¬, çâ® �1 = 2("1(M � 1) + "0
p
M ), �2 = "1

M+4
2 .

� ª ç¥áâ¢¥ ¢ëå®¤­®£® ¯ à ¬¥âà  ¤«ï  «£®à¨â¬  ¢ëç¨á«¥­¨ï á®¡áâ¢¥­­®£® ¢¥ªâ®à  ã¤®¡­® ¨á-
¯®«ì§®¢ âì ®¤­ã ¢¥«¨ç¨­ã, ª®â®à ï ®æ¥­¨¢ «  ¡ë ¨ ¯®£à¥è­®áâì, ¢­¥á¥­­ãî ¢ ¨áå®¤­ãî ¬ âà¨æã,
¨ ¢¥ªâ®à ¢®§¬ãé¥­¨ï �. � ª®© ¢¥«¨ç¨­®© ¬®¦¥â ¡ëâì, ­ ¯à¨¬¥à, áã¬¬  íâ¨å  ¡á®«îâ­ëå ¯®£à¥è-
­®áâ¥©:

�SV (S) = �S + �V (S); (64)

¨«¨ ®â­®á¨â¥«ì­ ï ¯®£à¥è­®áâì

e�SV (S) = e�S + �V (S)

p
3

M(S)
: (65)

3.7 �ëç¨á«¥­¨¥ á®¡áâ¢¥­­ëå §­ ç¥­¨© ¨ á®¡áâ¢¥­­ëå ¢¥ªâ®à®¢

¯à®¨§¢®«ì­®© á¨¬¬¥âà¨ç­®© ¬ âà¨æë á £ à ­â¨à®¢ ­­®©

®æ¥­ª®© â®ç­®áâ¨ à¥§ã«ìâ â 

�ëç¨á«¥­¨¥ á®¡áâ¢¥­­ëå §­ ç¥­¨© ¨ ¢¥ªâ®à®¢ ¯à®¨§¢®«ì­ëå á¨¬¬¥âà¨ç­ëå ¬ âà¨æ á¢®¤¨âáï ª ®¡-
à ¡®âª¥ á¨¬¬¥âà¨ç­ëå ¬ âà¨æ ¯à¨ ¯®¬®é¨ ¯à®æ¥¤ãàë âà¥å¤¨ £®­ «¨§ æ¨¨. �¥©áâ¢¨â¥«ì­®, «î¡ ï
á¨¬¬¥âà¨ç­ ï ¬ âà¨æ  A à §¬¥à  M ®àâ®£®­ «ì­ë¬¨ ¯à¥®¡à §®¢ ­¨ï¬¨ ¯à¨¢®¤¨âáï ª âà¥å¤¨ £®-
­ «ì­®© ä®à¬¥ S = PAP � (á¬. à §¤¥« 3.1). �§ æ¥¯®çª¨ à ¢¥­áâ¢ (2) á«¥¤ã¥â, çâ® n { ®¥ á®¡áâ¢¥­­®¥
§­ ç¥­¨¥ �n(A) ¬ âà¨æë A á®¢¯ ¤ ¥â á n { ¬ á®¡áâ¢¥­­ë¬ §­ ç¥­¨¥¬ �n(S) âà¥å¤¨ £®­ «ì­®©
á¨¬¬¥âà¨ç­®© ¬ âà¨æë S: �n(A) = �n(S),   á®®â¢¥âáâ¢ãîé¨© á®¡áâ¢¥­­ë© ¢¥ªâ®à v(A) à ¢¥­ ¯à®-
¨§¢¥¤¥­¨î âà ­á¯®­¨à®¢ ­­®© ¬ âà¨æë ¯à¥®¡à §®¢ ­¨ï PT ­  á®¡áâ¢¥­­ë© ¢¥ªâ®à v(S) ¬ âà¨æë
S: v(A) = PTv(S).

�«£®à¨â¬ ¢ëç¨á«¥­¨ï á®¡áâ¢¥­­®£® §­ ç¥­¨ï ¯à®¨§¢®«ì­®© á¨¬¬¥âà¨ç­®©
¬ âà¨æë á ®æ¥­ª®© â®ç­®áâ¨ à¥§ã«ìâ â .

� ­®: ¯à®¨§¢®«ì­ ï á¨¬¬¥âà¨ç­ ï ¬ âà¨æ  A à §¬¥à  M ,
n { ­®¬¥à á®¡áâ¢¥­­®£® §­ ç¥­¨ï ¬ âà¨æë 1 � n �M .

� £ 1. �à¥å¤¨ £®­ «¨§ æ¨ï ¬ âà¨æë A.
�ëç¨á«¨âì âà¥å¤¨ £®­ «ì­ãî ¬ âà¨æã S â ªãî, çâ® S = PAP � ( «£®à¨â¬ à §¤¥«  3.1) ¨
 ¡á®«îâ­ãî ¯®£à¥è­®áâì âà¥å¤¨ £®­ «¨§ æ¨¨ �T ¯® ä®à¬ã«¥ (13).

� £ 2. �ëç¨á«¥­¨¥ á®¡áâ¢¥­­®£® §­ ç¥­¨ï.
�ëç¨á«¨âì ¯à¨¡«¨¦¥­­ãî ¢¥«¨ç¨­ã e�n(S) n { £® á®¡áâ¢¥­­®£® §­ ç¥­¨ï �n(S) âà¥å¤¨ £®­ «ì-
­®© á¨¬¬¥âà¨ç­®© ¬ âà¨æë S (à §¤¥« 3.2) ¨  ¡á®«îâ­ãî ¯®£à¥è­®áâìî ��(S) ¯® ä®à¬ã«¥ (18).
�à¨á¢®¨âì e�n(A) = e�n(S).

� £ 3. �æ¥­ª  ¯®£à¥è­®áâ¨ à¥§ã«ìâ â .
�¡á®«îâ­ ï ¯®£à¥è­®áâì ¢ëç¨á«¥­¨ï n { £® á®¡áâ¢¥­­®£® §­ ç¥­¨ï ¬ âà¨æë A ®æ¥­¨¢ ¥âáï
áã¬¬®© ¯®£à¥è­®áâ¨ âà¥å¤¨ £®­ «¨§ æ¨¨ �T (13) ¨ ¯®£à¥è­®áâ¨ ¢ëç¨á«¥­¨ï á®¡áâ¢¥­­®£®
§­ ç¥­¨ï ��(S) (18) ¬ âà¨æë S:

je�n(A) � �n(A)j � ��(A) = �T + ��(S)

�â­®á¨â¥«ì­ ï ¯®£à¥è­®áâì ®æ¥­¨¢ ¥âáï ®â­®è¥­¨¥¬ (�T + ��)=kSk.
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�¥§ã«ìâ â®¬ ¢ë¯®«­¥­¨ï  «£®à¨â¬  ï¢«ï¥âáï ¯à¨¡«¨¦¥­­ ï ¢¥«¨ç¨­  e�n(A) á®¡áâ¢¥­­®£® §­ -
ç¥­¨ï �n(A) ¨ £ à ­â¨à®¢ ­­ë¥ £à ­¨æë �

(�)
n (A) ¨ �(+)n (A) â®ç­®£® á®¡áâ¢¥­­®£® §­ ç¥­¨ï �n(A):

�(�)n (A) = e�n(A) � ��(A) � �n(A) � e�n(A) + ��(A) = �(+)n (A)

�«£®à¨â¬ ¢ëç¨á«¥­¨ï ­®à¬¨à®¢ ­­®£® á®¡áâ¢¥­­®£® ¢¥ªâ®à 
¯à®¨§¢®«ì­®© á¨¬¬¥âà¨ç­®© ¬ âà¨æë á ®æ¥­ª®© â®ç­®áâ¨ à¥§ã«ìâ â .

�¡ï§ â¥«ì­ë¥ ¤ ­­ë¥: ¯à®¨§¢®«ì­ ï á¨¬¬¥âà¨ç­ ï ¬ âà¨æ  A à §¬¥à  M ,
n { ­®¬¥à á®¡áâ¢¥­­®£® §­ ç¥­¨ï ¬ âà¨æë 1 � n �M .

�¥®¡ï§ â¥«ì­ë¥ ¤ ­­ë¥: £ à ­â¨à®¢ ­­ë¥ ­¨¦­ïï �(�)n ¨ ¢¥àå­ïï �(+)n (�(�)n � �
(+)
n )£à ­¨æë

n-£® c®¡áâ¢¥­­®£® §­ ç¥­¨ï �n ¬ âà¨æë A

� £ 1. �à¥å¤¨ £®­ «¨§ æ¨ï ¬ âà¨æë A.
�ëç¨á«¨âì âà¥å¤¨ £®­ «ì­ãî ¬ âà¨æã S â ªãî, çâ® S = PAP �, ¬ âà¨æã ®àâ®£®­ «ì­®£®
¯à¥®¡à §®¢ ­¨ï P ( «£®à¨â¬ à §¤¥«  3.1) ¨  ¡á®«îâ­ãî ¯®£à¥è­®áâì âà¥å¤¨ £®­ «¨§ æ¨¨ �T
¯® ä®à¬ã«¥ (13).

� £ 2. �®¯®«­¨â¥«ì­ë¥ ¢ëç¨á«¥­¨ï.
�á«¨ £à ­¨æë �

(�)
n , �(+)n § ¤ ­ë ¨ �(�)n < �

(+)
n , â® ¯¥à¥©â¨ ª � £ã 3.

�á«¨ ­¥ ¨§¢¥áâ­ë £à ­¨æë �
(�)
n , �(+)n , ¢ëç¨á«¨âì ¨å, ¨áå®¤ï ¨§ ¯®«ãç¥­­®© ­ � £¥ 1. âà¥å-

¤¨ £®­ «ì­®© á¨¬¬¥âà¨ç­®© ¬ âà¨æë S, ¯®  «£®à¨â¬ã à §¤¥«  3.2.

�á«¨ £à ­¨æë § ¤ ­ë, ­® á®¢¯ ¤ îâ �
(�)
n = �

(+)
n = �, â® ¯¥à¥®¯à¥¤¥«¨âì ¨å á«¥¤ãîé¨¬

®¡à §®¬ �
(�)
n := �� ��(S), �

(+)
n := � + ��(S), £¤¥ ��(S) ®¯à¥¤¥«ï¥âáï ä®à¬ã«®© (18).

� £ 3. �ëç¨á«¥­¨¥ á®¡áâ¢¥­­®£® ¢¥ªâ®à  ¬ âà¨æë S.
�ëç¨á«¨âì ¢¥ªâ®à v(S), á®®â¢¥âáâ¢ãîé¨© �n(S) = �n(A), ¯à¨¬¥­ïï  «£®à¨â¬ à §¤¥«  3.6. �
à¥§ã«ìâ â¥ ¡ã¤¥â ¯®«ãç¥­ ¢¥ªâ®à ev(S), ¡«¨§ª¨© ª v(S) ¢ á¬ëá«¥ á®®â­®è¥­¨ï (53)

� £ 4. �ëç¨á«¥­¨¥ á®¡áâ¢¥­­®£® ¢¥ªâ®à  ¬ âà¨æë A.
�ëç¨á«¨âì á®¡áâ¢¥­­ë© ¢¥ªâ®à ¬ âà¨æë A ¯® ä®à¬ã«¥ ev(A) = (PT � ev(S))¬ è.

� £ 5. �æ¥­ª  ¯®£à¥è­®áâ¨ à¥§ã«ìâ â .
�ëç¨á«¨âì  ¡á®«îâ­ãî �TSV ¨«¨ ®â­®á¨â¥«ì­ãî e�TSV ¯®£à¥è­®áâì ¯® ä®à¬ã« ¬

�TSV (A) = �T + �S + �V (S) + "1(M + 1)
p
M; e�TSV = �TSV (A)

p
3

M(S)
;

¨á¯®«ì§ãï (13), (38), (63).

� ¬¥ç ­¨¥. �®á«¥¤­¥¥ á« £ ¥¬®¥ ¢®§­¨ª ¥â ¯à¨ ã¬­®¦¥­¨¨ ¬ âà¨æë PT ­  ¢¥ªâ®à ev(S) (á¬.
[3] áâà. 28).

�¥§ã«ìâ â®¬ ¢ë¯®«­¥­¨ï  «£®à¨â¬  ï¢«ï¥âáï ¢¥ªâ®à ev(A) = (v1; v2; : : : ; vM )T {¯à¨¡«¨¦¥­­®¥
§­ ç¥­¨¥ â®ç­®£® ­®à¬¨à®¢ ­­®£® á®¡áâ¢¥­­®£® ¢¥ªâ®à  v(A) ¬ âà¨æë A ¢ á¬ëá«¥ á«¥¤ãîé¥£® à -
¢¥­áâ¢ : ev(A) = v(A +4A) +4v = v(B) + �;

£¤¥ ¤«ï ¬ âà¨æë B ¡«¨§ª®© ª ¬ âà¨æ¥ A ¨ ¢¥ªâ®à  ¯®£à¥è­®áâ¨ �, ¢¥à­  ®æ¥­ª 

kA �Bk + k�k � �TSV (A):
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4 �¡§®à ¢®§¬®¦­®áâ¥© ¯ ª¥â  GALA

� áá¬®âà¥­­ë¥ ¢ëè¥  «£®à¨â¬ë ¡ë«¨ ¨á¯®«ì§®¢ ­ë ¯à¨ à §à ¡®âª¥ ¯à®£à ¬¬ ¤«ï à¥è¥­¨ï á¨¬-
¬¥âà¨ç­ëå á¯¥ªâà «ì­ëå § ¤ ç «¨­¥©­®©  «£¥¡àë. �â¨ ¯à®£à ¬¬ë ®¡ê¥¤¨­¥­ë ¢ ¬®¤ã«ì Symmod,
ª®â®àë© ¤®¯®«­¨« ¯ ª¥â ¯à®£à ¬¬ GALA (Guaranted Accuracy in Linear Algebra), ®¯¨á ­­ë© à ­¥¥
¢ [3]. � å®¤¥ à ¡®âë ¡ë«¨ ¢­¥á¥­ë ¨§¬¥­¥­¨ï ¨ ¢ ¤àã£¨¥ à ­¥¥ ­ ¯¨á ­­ë¥ ¬®¤ã«¨, ¯®íâ®¬ã ¢ �à¨-
«®¦¥­¨¥ ¬ë ¯®¬¥áâ¨«¨ ¯®«­®¥ ¯®¤à®¡­®¥ ®¯¨á ­¨¥ ¢á¥å ¬®¤ã«¥©. �à®£à ¬¬ë ­ ¯¨á ­ë ­  ï§ëª¥
FORTRAN-90 (á ¨á¯®«ì§®¢ ­¥¬ ä®à¬ â  ¤¢®©­®© â®ç­®áâ¨) ¨ à ¡®â îâ â®«ìª® á ¢¥é¥áâ¢¥­­ë¬¨
¬ âà¨æ ¬¨.

�á­®¢­ ï ®â«¨ç¨â¥«ì­ ï ç¥àâ  ¯ ª¥â  GALA ­ «¨ç¨¥ £ à ­â¨à®¢ ­­®© ®æ¥­ª¨ â®ç­®áâ¨ à¥-
§ã«ìâ â , ª®â®à ï ¯à¨áãâáâ¢ã¥â ¢® ¢á¥å ¯à®æ¥¤ãà å ¢ ª ç¥áâ¢¥ ­¥®¡ï§ â¥«ì­®£® ¯ à ¬¥âà .

�®à®âª® ®áâ ­®¢¨¬áï ­  ­¥ª®â®àëå ¯®¤¯à®£à ¬¬ å íâ®£® ¯ ª¥â . �«ï à ¡®âë á ¯à®¨§¢®«ì­ë¬¨
¯àï¬®ã£®«ì­ë¬¨ ¬ âà¨æ ¬¨ ®á­®¢­ë¬¨ ï¢«ïîâáï ¤¢¥ ¯à®æ¥¤ãàë. �¥à¢ ï { LinSystemSolution {
à¥è ¥â á¨áâ¥¬ã Ax + r = f á ¯à®¨§¢®«ì­®© ¯àï¬®ã£®«ì­®© N �M -¬ âà¨æ¥© A. �¥ ¯ à ¬¥âàë:
¬ âà¨æ  A, ¯à ¢ ï ç áâì f , à¥è¥­¨¥ x, ­¥¢ï§ª  r ¨ ®æ¥­ª  â®ç­®áâ¨ à¥è¥­¨ï.

�â®à ï { InverseMatrix { ¯à®¨§¢®¤¨â ®¡à é¥­¨¥ ª¢ ¤à â­®© ¬ âà¨æë. � ¯ à ¬¥âàë íâ®© ¯à®-
æ¥¤ãàë, ªà®¬¥ ¨áå®¤­®© ¨ ®¡à â­®© ¬ âà¨æ, ¢å®¤¨â â ª¦¥ ®æ¥­ª  ®è¨¡ª¨ ®¡à é¥­¨ï. �«¥¬¥­âë
®¡à â­®© ¬ âà¨æë¬®£ãâ ¡ëâì ãâ®ç­¥­ë ¬¥â®¤®¬ ¨â¥à æ¨© á ¯®¬®éìî ¯à®æ¥¤ãàë Re�neInverseMatrix

�¥§ã«ìâ â ¬¨ ¯à®æ¥¤ãà SingValue, TwoDiagCond ï¢«ïîâáï á®®â¢¥âáâ¢¥­­® á¨­£ã«ïà­®¥ ç¨á«®
¨ ®¡ãá«®¢«¥­­®áâì ª¢ ¤à â­®© ¤¢ãå¤¨ £®­ «ì­®© ¬ âà¨æë,   MatCond { ç¨á«® ®¡ãá«®¢«¥­­®áâ¨
¯à®¨§¢®«ì­®© ¬ âà¨æë.

�à®¬¥ íâ®£®, ¯ ª¥â á®¤¥à¦¨â àï¤ ¢á¯®¬®£ â¥«ì­ëå á«ã¦¥¡­ëå ¯à®æ¥¤ãà, ­¥ª®â®àë¥ ¨§ ª®â®àëå
¬®£ãâ § ¨­â¥à¥á®¢ âì ¯®¤£®â®¢«¥­­®£® ¯®«ì§®¢ â¥«ï. � ¯à¨¬¥à, ¯®¤¯à®£à ¬¬  TwoDiagonalisation
á ¯®¬®éìî ®àâ®£®­ «ì­ëå ¯à¥®¡à §®¢ ­¨© ¯à¨¢®¤¨â ¯à®¨§¢®«ì­ãî N �M -¬ âà¨æã A (N � M ) ª
¤¢ãå¤¨ £®­ «ì­®¬ã ¢¨¤ã.

�á­®¢­ë¬¨ ¯à®æ¥¤ãà ¬¨ ­®¢®£® ¬®¤ã«ï Symmod, à ¡®â îé¥£® á á¨¬¬¥âà¨ç­ë¬¨ ¬ âà¨æ ¬¨,
¬®¦­® áç¨â âìEigenValueSymMatrix (¢ëç¨á«ï¥â j { ¥ á®¡áâ¢¥­­®¥ §­ ç¥­¨¥) ¨ EigenVectorSymMatrix
(¢ëç¨á«ï¥â ª®¬¯®­¥­âë á®®â¢¥âáâ¢ãîé¥£® ­®à¬¨à®¢ ­­®£® á®¡áâ¢¥­­®£® ¢¥ªâ®à ).

�à¨ à ¡®â¥ á á¨¬¬¥âà¨ç­ë¬¨ ¬ âà¨æ ¬¨ ¬®£ãâ ®ª § âìáï ¯®«¥§­ë¬¨ â ª¦¥ á«¥¤ãîé¨¥ ¢á¯®-
¬®£ â¥«ì­ë¥ ¯à®æ¥¤ãàë. �ã­ªæ¨ï SymMatCond ¢ëç¨á«ï¥â ç¨á«® ®¡ãá«®¢«¥­­®áâ¨ á¨¬¬¥âà¨ç­®©
¬ âà¨æë. �®¤¯à®£à ¬¬  ThreeDiagonalization á ¯®¬®éìî ®àâ®£®­ «ì­ëå ¯à¥®¡à §®¢ ­¨© ¯à¨¢®¤¨â
¯à®¨§¢®«ì­ãî á¨¬¬¥âà¨ç­ãî ¬ âà¨æã ª âà¥å¤¨ £®­ «ì­®¬ã ¢¨¤ã. �«ï âà¥å¤¨ £®­ «ì­®© ¬ âà¨æë
¯à®æ¥¤ãà  EigenValueThreeDSMatrix ¢ëç¨á«ï¥â j { ¥ á®¡áâ¢¥­­®¥ §­ ç¥­¨¥,   EigenVectorThreeDSMatrix
{ ª®¬¯®­¥­âë á®®â¢¥âáâ¢ãîé¥£® ­®à¬¨à®¢ ­­®£® á®¡áâ¢¥­­®£® ¢¥ªâ®à . �ã­ªæ¨ï ThreeDiagCond
¢ë¤ ¥â ç¨á«® ®¡ãá«®¢«¥­­®áâ¨ âà¥å¤¨ £®­ «ì­®© á¨¬¬¥âà¨ç­®© ¬ âà¨æë,   NormThreeDSMatrix
¢ëç¨á«ï¥â ®æ¥­ªã á¢¥àåã ¥¥ ¥¢ª«¨¤®¢®© ­®à¬ë.

4.1 �à¨¬¥à

�¡áã¤¨¬ ­  ¯à¨¬¥à¥ ã¯®¬ï­ãâë¥ ¢® ¢¢¥¤¥­¨¨ íâ ¯ë ç¨á«¥­­®£® ¨áá«¥¤®¢ ­¨ï ä¨§¨ç¥áª¨å ¯à®æ¥áá®¢
¨ § ®¤­® ¯à®¤¥¬®­áâà¨àã¥¬ ¢®§¬®¦­®áâ¨ ¯ ª¥â  GALA.

�¤­®© ¨§ á ¬ëå à á¯à®áâà ­¥­­ëå á¯¥ªâà «ì­ëå ä¨§¨ç¥áª¨å § ¤ ç ï¢«ï¥âáï ­ å®¦¤¥­¨¥ ®¡é¥©
í­¥à£¨¨ ç áâ¨æë E ¨ ¥¥ ¢®«­®¢®© äã­ªæ¨¨  ¨§ ãà ¢­¥­¨ï �à¥¤¨­£¥à 

� +
2�

�h2
(E � U (x; y; z)) = 0;

£¤¥ �h { ¯®áâ®ï­­ ï �« ­ª , � { ¬ áá  ç áâ¨æë,   U = U (x; y; z) { ¥¥ ¯®â¥­æ¨ «ì­ ï í­¥à£¨ï.
�  ¯à ªâ¨ª¥ äã­ªæ¨ï U «¨¡® § ¤ ­   ­ «¨â¨ç¥áª¨, «¨¡® ¥¥ §­ ç¥­¨ï ¨§¢¥áâ­ë â®«ìª® ¢ ­¥ª®-

â®àëå â®çª å ¨ ¯®«ãç¥­ë ¢ å®¤¥ ä¨§¨ç¥áª®£® ¨«¨ ç¨á«¥­­®£® íªá¯¥à¨¬¥­â  (¨ â®£¤  ¢¥«¨ç¨­  U ¢
¯à®¨§¢®«ì­®© â®çª¥ ®¯à¥¤¥«ï¥âáï ¨­â¥à¯®«ïæ¨¥©).

� áá¬®âà¨¬ ç áâ­ë© ¢¨¤ ãà ¢­¥­¨ï �à¥¤¨­£¥à  ¤«ï £ à¬®­¨ç¥áª®£® ®áæ¨««ïâ®à :

�h2

2�
d2 

dx2
+ (E � �!20

2
x2) = 0 ; (66)
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ª®â®à®¥ ¬ë ¤®¯®«­¨¬ ¥áâ¥áâ¢¥­­ë¬ ãá«®¢¨¥¬ ­®à¬¨à®¢ª¨Z +1

�1
j (x)j2 dx = 1; (67)

�¤¥áì !20 { á®¡áâ¢¥­­ ï ç áâ®â  ®áæ¨««ïâ®à .
� íâ®¬ á«ãç ¥ ­¥â ­¥®¡å®¤¨¬®áâ¨ ¢ ®¯à¥¤¥«¥­¨¨ ¨áå®¤­ëå ¤ ­­ëå ¨§ íªá¯¥à¨¬¥­â  (íâ ¯ 1, á¬.

�¢¥¤¥­¨¥) ¨ ¨å ¨­â¥à¯®«ïæ¨¨ (íâ ¯ 2), â ª ª ª ¬ áá  ç áâ¨æë áç¨â ¥âáï ¨§¢¥áâ­®©,   ¯®â¥­æ¨ «ì-
­ ï í­¥à£¨ï U § ¤ ­  ï¢­ë¬  ­ «¨â¨ç¥áª¨¬ ®¡à §®¬. �«ï ç¨á«¥­­®£®  ­ «¨§  ­¥®¡å®¤¨¬® «¨èì
¯®áâà®¨âì ¤¨áªà¥â­ãî ¬®¤¥«ì ¨ à¥è¨âì á¯¥ªâà «ì­ãî § ¤ çã (1). �®á«¥ ®¡®§­ ç¥­¨©

� =
2E
�h!0

; x0 =

s
�h
�!0

; � =
x

x0
; '(�) =  (x0�);

ãà ¢­¥­¨¥ (66) ¯à¥¢à é ¥âáï ¢ ®¡®¡é¥­­®¥ ãà ¢­¥­¨¥ £¨¯¥à£¥®¬¥âà¨ç¥áª®£® â¨¯  á á®®â¢¥âáâ¢ãî-
é¥© ­®à¬¨à®¢ª®©

d2'

d�2
+ (� � �2)' = 0;

Z +1

�1

j'(�)j2 d� = 1
x0
: (68)

�â¬¥â¨¬, çâ® ¢ ¤ ­­®¬ ¯à®áâ®¬ á«ãç ¥ á®¡áâ¢¥­­ë¥ äã­ªæ¨¨ § ¤ ç¨ (68) ¨¬¥îâ  ­ «¨â¨ç¥áª®¥
¯à¥¤áâ ¢«¥­¨¥ ç¥à¥§ ¯®«¨­®¬ë �à¬¨â  (á¬. [10]):

'n(�) =
1p
x0

e�
1
2 �

2
Hn(�)p

2nn!
p
�
: (69)

�¬ á®®â¢¥âáâ¢ãîâ á®¡áâ¢¥­­ë¥ §­ ç¥­¨ï

�n = 2n+ 1 ¯à¨ n = 0; 1; 2 : : : (70)

�®§¢à é ïáì ª ¨áå®¤­ë¬ ¯¥à¥¬¥­­ë¬, ¯®«ãç ¥¬

 n(x) =
1p
x0

e
� 1

2

�
x
x0

�2
Hn( xx0 )p

2nn!
p
�

; En = �h!0

�
n+

1
2

�
¯à¨ n = 0; 1; 2 : : :

�à¨¬¥­¨¬ â¥¯¥àì ª § ¤ ç¥ (68) ç¨á«¥­­ë¥ ¬¥â®¤ë ¨ áà ¢­¨¬ ¢ª« ¤ë ¢ ®¡éãî ¯®£à¥è­®áâì à¥-
è¥­¨ï ®è¨¡ª¨ ¢ëç¨á«¥­¨ï á®¡áâ¢¥­­ëå §­ ç¥­¨© ¨ ¢¥ªâ®à®¢ ¬ âà¨æë ¤¨áªà¥â­®© ¬®¤¥«¨ ¨ ®è¨¡ª¨
¤¨áªà¥â¨§ æ¨¨. �ãé¥áâ¢¥­­®, çâ® ­ «¨ç¨¥ â®ç­®£®  ­ «¨â¨ç¥áª®£® à¥è¥­¨ï (69), (70) ¯®§¢®«¨â ­ ¬
¯à®¢¥áâ¨ ­¥®¡å®¤¨¬®¥ áà ¢­¥­¨¥, ­¥ ã£«ã¡«ïïáì ¢ â¥®à¨î à §­®áâ­ëå áå¥¬.

�¨áªà¥â­ ï ¬®¤¥«ì. �«ï â®£®, çâ®¡ë ¯®áâà®¨âì ¤¨áªà¥â­ãî ¬ â¥¬ â¨ç¥áªãî ¬®¤¥«ì § ¤ -
ç¨ (68), § ä¨ªá¨àã¥¬ ¤«¨­ã è £  �, ¢¢¥¤¥¬ äã­ªæ¨î ¤¨áªà¥â­®£® ¯ à ¬¥âà  u(k) ¨ ¯à¨¡«¨§¨¬
¯à®¨§¢®¤­ãî d2'

d�2 ª®­¥ç­®© à §­®áâìî

u(k) = '(k�);
d2'

d�2
� u(k�1) � 2u(k) + u(k+1)

�2
:

� à¥§ã«ìâ â¥ ¢¬¥áâ® ¤¨ää¥à¥­æ¨ «ì­®£® ãà ¢­¥­¨ï (68) ¡ã¤¥â ¯®«ãç¥­  ¡¥áª®­¥ç­ ï á¨áâ¥¬  à §-
­®áâ­ëå ãà ¢­¥­¨©

u(k�1) � 2u(k) + u(k+1)

�2
+ (�� (k�)2)u(k) = 0: (71)

�«ï â®£®, çâ®¡ë ¯®«ãç¨âì ª®­¥ç­ãî á¨áâ¥¬ã à §­®áâ­ëå ãà ¢­¥­¨©,  ¯¯à®ªá¨¬¨àãîéãî § ¤ çã
(68), ­¥®¡å®¤¨¬® ¢®á¯®«ì§®¢ âìáï ¢å®¤ïé¨¬ ¢ ­¥¥ ãá«®¢¨¥¬ ­®à¬¨à®¢ª¨. �­®, ¢ ç áâ­®áâ¨, ®§­ ç ¥â,
çâ® äã­ªæ¨ï '(�) ­  ¡¥áª®­¥ç­®áâ¨ ¡«¨§ª  ª ­ã«î. �«¥¤®¢ â¥«ì­®, ¤«ï ­¥ª®â®à®£® ¡®«ìè®£® N
äã­ªæ¨¨ ¤¨áªà¥â­®£® ¯¥à¥¬¥­­®£® u(k) ¨

v(k) =
�
u(k); jkj � N;
0; jkj > N
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¡«¨§ª¨:
u(k) � v(k) (72)

¨ äã­ªæ¨ï v â ª¦¥ ï¢«ï¥âáï ¤¨áªà¥â­®©  ¯¯à®ªá¨¬ æ¨¥© äã­ªæ¨¨ '(�). �­ ç¥­¨ï äã­ªæ¨¨ v ã¤®-
¢«¥â¢®àïîâ á«¥¤ãîé¨¬ ãà ¢­¥­¨ï¬:

�2v(�N)+v(�N+1)

�2 + (� � (N�)2)v(N) = 0
v(k�1)�2v(k)+v(k+1)

�2 + (� � (k�)2)v(k) = 0; jkj < N � 1
v(N�1)�2v(N)

�2 + (�� (N�)2)v(N) = 0:

(73)

�è¨¡ª¨ ¤¨áªà¥â¨§ æ¨¨. �ª ¦¥¬ ­  ®ç¥¢¨¤­ë¥ § ª®­®¬¥à­®áâ¨. �®ç­®áâì ¤¨áªà¥â­®© ¬®-
¤¥«¨ áª« ¤ë¢ ¥âáï ¨§ â®ç­®áâ¨  ¯¯à®ªá¨¬ æ¨¨ ¤¨ää¥à¥­æ¨ «ì­®£® ãà ¢­¥­¨ï ¨ ãá«®¢¨ï ­  ¡¥á-
ª®­¥ç­®áâ¨ ¨, á«¥¤®¢ â¥«ì­®, § ¢¨á¨â ®â ¤¢ãå ¯ à ¬¥âà®¢: è £  � ¨ ç¨á«  N . � ª¨¬ ®¡à §®¬
¤«ï ã¬¥­ìè¥­¨ï ®è¨¡ª¨ ¤¨áªà¥â¨§ æ¨¨ ­¥®¡å®¤¨¬® ®¤­®¢à¥¬¥­­®¥ ã¬¥­ìè¥­¨¥ � ¨ ã¢¥«¨ç¥­¨¥
N . �â¬¥â¨¬, çâ® ¯à¨ ¤®áâ â®ç­® ¡®«ìé®¬ N ®á­®¢­ãî à®«ì ¨£à ¥â ¯®£à¥è­®áâì ¯à¨¡«¨¦¥­¨ï
¤¨ää¥à¥­æ¨ «ì­®£® ãà ¢­¥­¨ï ¨ ®è¨¡ª  ¤¨áªà¥â¨§ æ¨¨ ¢¥¤¥â á¥¡ï ª ª O(�2).

�®¡áâ¢¥­­ë¥ §­ ç¥­¨ï ¨ ¢¥ªâ®àë. � âà¨ç­ë© ¢¨¤ á¨áâ¥¬ë (73)

Sv = �v: (74)

�¤¥áì ¢¥ªâ®à
v = (v(�N); v(�N+1); : : : ; v(k); : : : ; v(N�1); v(N))T ;

  í«¥¬¥­âë ¬ â¨à¨æë S à §¬¥à  (2N + 1)� (2N + 1) ®¯à¥¤¥«ïîâáï á«¥¤ãîé¥© ä®à¬ã«®©:

sij = sji =

8<:
0; j > i + 1;
�1=�2; j = i + 1;
2=�2 + (j �N + 1)2�2; j = i;

1 � j � 2N + 1:

� ª¨¬ ®¡à §®¬ à¥è¥­¨¥ ãà ¢­¥­¨ï �à¥¤¨­£¥à  á¢¥«®áì ª ­ å®¦¤¥­¨î á®¡áâ¢¥­­ëå §­ ç¥­¨©
¨ ¢¥ªâ®à®¢ á¨¬¬¥âà¨ç­®© âà¥å¤¨ £®­ «ì­®© ¬ âà¨æë S. �¬¥­­® ­  íâ®© áâ ¤¨¨ ­¥®¡å®¤¨¬® ¨á-
¯®«ì§®¢ ­¨¥ á®¢à¥¬¥­­ëå  «£®à¨â¬®¢ «¨­¥©­®©  «£¥¡àë á £ à ­â¨à®¢ ­­®© ®æ¥­ª®© â®ç­®áâ¨ à¥-
§ã«ìâ â . � ¯®¬­¨¬, çâ® â®«ìª® ¢ íâ®¬ á«ãç ¥, ª ª ¡ë«® ãª § ­® ¢® �¢¥¤¥­¨¨, ¬®¦­® ¯®«ãç¨âì
¯®«­®¥ ®¡®á­®¢ ­¨¥ á®®â¢¥âáâ¢¨ï ç¨á«¥­­®£® ¨  ­ «¨â¨ç¥áª®£® à¥è¥­¨©. �á¯®«ì§ãï ¯à®æ¥¤ãàë
EigenValueThreeDSMatrix ¨ EigenVectorThreeDSMatrix ¯ ª¥â  GALA ¤«ï à¥è¥­¨ï § ¤ ç¨ (74), ¯®-
«ãç ¥¬ ¯à¨¡«¨¦¥­­ë¥ ¢¥«¨ç¨­ë e�n ¨ ev(j)n ¯¥à¢ëå á®¡áâ¢¥­­ëå §­ ç¥­¨© �n (70) ¨ ª®¬¯®­¥­â á®¡-
áâ¢¥­­ëå ¢¥ªâ®à®¢ vn, ª®â®àë¥ à §ëáª¨¢ «¨áì ­ ¬¨ ª ª  ¯¯à®ªá¨¬ æ¨ï á®¡áâ¢¥­­ëå äã­ªæ¨© 'n
(69).

�­ «¨§ ¯®£à¥è­®áâ¥©. Bëå®¤­ë¥ ¯ à ¬¥âàë error ¯à®æ¥¤ãà EigenValueThreeDSMatrix ¨
EigenVectorThreeDSMatrix ¯ ª¥â  GALA ¯à¥¤áâ ¢«ïîâ á®¡®© ®æ¥­ª¨ ®â­®á¨â¥«ì­ëå ¯®£à¥è­®áâ¥©e��(S) (19), e�SV (S) (65). � ¬¥â¨¬, çâ® á®£« á­® ä®à¬ã« ¬ (19), (65) ®â­®á¨â¥«ì­ë¥ ¯®£à¥è­®áâ¨
¯à®¯®àæ¨®­ «ì­ë ¬ è¨­­®¬ã ç¨á«ã "1 ¨ ¯à ªâ¨ç¥áª¨ ­¥ § ¢¨áïâ ®â á ¬®© ¬ âà¨æë. �®«ìª® ®â­®-
á¨â¥«ì­ ï ¯®£à¥è­®áâì á®¡áâ¢¥­­®£® ¢¥ªâ®à  ¢ª«îç ¥â ¢ á¥¡ï § ¢¨á¨¬®áâì ®â à §¬¥à  ¬ âà¨æë ¨
ä ªâ¨ç¥áª¨ ¯à®¯®àæ¨®­ «ì­  ¯ à ¬¥âàã ¤¨áªà¥â¨§ æ¨¨ N .

� ¯®¬­¨¬, çâ®  ¡á®«îâ­ë¥ ¯®£à¥è­®áâ¨ ¢ëç¨á«¥­¨ï á®¡áâ¢¥­­®£® §­ ç¥­¨ï ¨ á®¡áâ¢¥­­®£® ¢¥ª-
â®à  ã¤®¢«¥â¢®àïîâ ­¥à ¢¥­áâ¢ ¬ ��(S) � e��(S)M(S), á¬. ä®à¬ã«ã (18), ¨ �SV � e�SVM(S), ä®à-
¬ã«  (64). � ­ è¥¬ ¯à¨¬¥à¥ í«¥¬¥­âë ¬ âà¨æë S ¨¬¥îâ ¯à®áâ®© ¢¨¤ ¨ ¢¥«¨ç¨­  M(S) «¥£ª®
®æ¥­¨¢ ¥âáï ç¥à¥§ ¯ à ¬¥âàë N ¨ �:

M(S) � 3
�2

+ (N + 1)2�2:

� ª¨¬ ®¡à §®¬, ¨¬¥îâ ¬¥áâ® ¯à¨¡«¨¦¥­¨ï

��(S) � "1M(S) � "1=�2; �SV (S) � "1M(S) � "1=�2:

�âáî¤  á«¥¤ã¥â ¢ë¢®¤, çâ® ¯®£à¥è­®áâ¨ ¢ëç¨á«¥­¨ï á®¡áâ¢¥­­ëå ç¨á¥« ¨ ¢¥ªâ®à®¢ à áâãâ á
ã¬¥­ìè¥­¨¥¬ �, ¢ â® ¢à¥¬ï ª ª ¯®£à¥è­®áâ¨ ¤¨áªà¥â¨§ æ¨¨ ã¡ë¢ îâ. �ãé¥áâ¢ã¥â â ª®¥ §­ ç¥­¨¥
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�, ¯à¨ ª®â®à®¬ ®­¨ áà ¢­¨¢ îâáï. � ¯à¨¬¥à, ¥á«¨ � = 10�4,   "1 � 10�16, â® ¨ â  ¨ ¤àã£ ï ¯®£à¥è-
­®áâ¨ ¯® ¯®àï¤ªã ¢¥«¨ç¨­ë à ¢­ë 10�8. �â® ¥é¥ à § á¢¨¤¥â¥«ìáâ¢ã¥â ® â®¬, çâ® ¯®£à¥è­®áâï¬¨
¢ëç¨á«¥­¨© ¯à¥­¥¡à¥£ âì ­¥«ì§ï.

�¥§ã«ìâ âë ¢ëç¨á«¥­¨©. �¢¥¤¥¬ ¢¥«¨ç¨­ë �
(n)
� = je�n � �nj ¨ �

(n)
v = maxj jev(j)n � 'n(j�)j.

�¥à¢ ï ¨§ ­¨å ï¢«ï¥âáï ®¡é¥© ¯®£à¥è­®áâìî ¢ ®¯à¥¤¥«¥­¨¨ á®¡áâ¢¥­­ëå §­ ç¥­¨©,   ¢â®à ï {
á®¡áâ¢¥­­ëå äã­ªæ¨©. �­¨ ¢ª«îç îâ ¢ á¥¡ï ª ª ¯®£à¥è­®áâì  ¯¯à®ªá¨¬ æ¨¨, â ª ¨ ¯®£à¥è­®áâì
¢ëç¨á«¥­¨©.

�«¥¤ãîé¨¥ £à ä¨ª¨ ¨««îáâà¨àãîâ § ¢¨á¨¬®áâì ¯®£à¥è­®áâ¥© �(n)� , �(n)v , ��(S) ¨ �SV ®â §­ ç¥-
­¨© � ¨ n ¯à¨ ¯®áâ®ï­­®¬ N = 3000. �á¥ ¢ëç¨á«¥­¨ï ¯à®¨§¢®¤¨«¨áì ­  áã¯¥àª®¬¯ìîâ¥à¥ ALPHA
á ¤¢®©­®© â®ç­®áâìî, â® ¥áâì ¬ è¨­­ë¥ ª®­áâ ­âë ¯à¨­¨¬ «¨ á«¥¤ãîé¨¥ §­ ç¥­¨ï:


 = 2; "0 = 2:225E � 308; "1 = 2:220E � 16; "1 = 1:798E + 308

-3.0 -2.8 -2.6 -2.4 -2.2 -2.0 -1.8 -1.6 -1.4 -1.2 -1.0
log10
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�¨á.1
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log10
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D
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�  à¨áã­ª¥ 1 ¨§®¡à ¦¥­ë á«¥¤ãîé¨¥ § ¢¨á¨¬®áâ¨ ®â ¤¥áïâ¨ç­®£® ¯®àï¤ª  ¢¥«¨ç¨­ë �: A { log10 �
(0)
� ,

B { log10 �
(1)
� , C { log10 �

(2)
� , D { log10 ��(S) ¯à¨ ¯®áâ®ï­­®¬ N = 3000.

�  à¨áã­ª¥ 2 ¯à¨¢¥¤¥­ë £à ä¨ª¨: A { log10 �
(0)
v , B { log10 �

(1)
v , C { log10 �

(2)
v , D { log10 �SV (S)

â ª¦¥ ¯à¨ N = 3000.
�®¬¬¥­â à¨¨. � ¯¥à¢ãî ®ç¥à¥¤ì ®â¬¥â¨¬, çâ® £à ä¨ª ªà¨¢®© D «¥¦¨â áãé¥áâ¢¥­­® ­¨¦¥ ¤àã-

£¨å. �â® §­ ç¨â, çâ® ¢ ¤ ­­®¬ á«ãç ¥ ¢ª« ¤  à¨ä¬¥â¨ç¥áª¨å ¯®£à¥è­®áâ¥© ¢ ®¡éãî ¯®£à¥è­®áâì
¢ëç¨á«¥­¨ï á®¡áâ¢¥­­ëå ç¨á¥« ­¥§­ ç¨â¥«¥­.

� ¬¥â¨¬ ¯®¯ãâ­®, çâ® ªà¨¢ë¥ A, B ¨ C à á¯®« £ îâáï ¯® ¯®àï¤ªã ®¤­  ­ ¤ ¤àã£®©. �â® £®¢®à¨â
® â®¬, çâ® â®ç­®áâì ¤¨áª¥àâ­®£® ª®­¥ç­®¬¥à­®£® ¯à¨¡«¨¦¥­¨ï (73) ¨áå®¤­®© ­¥¯à¥àë¢­®© § ¤ ç¨
(68) ã¬¥­ìè ¥âáï á à®áâ®¬ ­®¬¥à  (¬®¤ã«ï) ¨áª®¬®£® á®¡áâ¢¥­­®£® ç¨á« .

�à®¬¥ â®£®, £à ä¨ª¨ ªà¨¢ëå A,B ¨ C ¨¬¥îâ ¬¨­¨¬ã¬. �®áâ íâ¨å ªà¨¢ëå ¢¯à ¢® ¨ ¢«¥¢® ®â
â®çª¨ ¬¨­¨¬ã¬  ®¡ãá«®¢«¥­ à §­ë¬¨ ¯à¨ç¨­ ¬¨. � ª, ã¢¥«¨ç¥­¨¥ ¯®£à¥è­®áâ¨ á à®áâ®¬ � (¢
®ªà¥áâ­®áâ¨ â®çª¨ log10� = �1) á¢ï§ ­® á â¥¬, çâ® è £ ¤¨áªà¥â¨§ æ¨¨ ¢¥«¨ª ¨ ª®­¥ç­ë¥ à §-
­®áâ¨ ¯«®å® ¯à¨¡«¨¦ îâ ¯à®¨§¢®¤­ë¥. �á«¨ ¦¥ ¢ë¡à âì è £ ¤¨áªà¥â¨§ æ¨¨ ¬ «ë¬ (­ ¯à¨¬¥à,
log10� = �3), â® ¯¥à¥áâ ­¥â ¢ë¯®«­ïâìáï ãá«®¢¨¥ ­  ¡¥áª®­¥ç­®áâ¨ (68), çâ® ¢ ª®­¥ç­®¬ ¨â®£¥
â ª¦¥ ¢¥¤¥â ª ¡®«ìè¨¬ ¯®£à¥è­®áâï¬.

� áá¬®âà¥­­ë© ¢ëè¥ ¯à¨¬¥à ã¡¥¤¨â¥«ì­® ¯®ª §ë¢ ¥â, çâ® ¨á¯®«ì§®¢ ­¨¥ á®¢à¥¬¥­­ëå  «£®-
à¨â¬®¢ «¨­¥©­®©  «£¥¡àë á £ à ­â¨à®¢ ­­®© ®æ¥­ª®© â®ç­®áâ¨ à¥§ã«ìâ â  ï¢«ï¥âáï ­¥®¡å®¤¨¬ë¬
¤«ï ª®àà¥ªâ­®£® ç¨á«¥­­®£® ¨áá«¥¤®¢ ­¨ï ä¨§¨ç¥áª¨å ¯à®æ¥áá®¢ ¨ ®âªàë¢ ¥â ­®¢ë¥ ¢®§¬®¦­®áâ¨ ¢
ãáâ ­®¢«¥­¨¨ áâ¥¯¥­¨ á®®â¢¥âáâ¢¨ï ¬¥¦¤ã ç¨á«¥­­ë¬ íªá¯¥à¨¬¥­â®¬ ¨ à¥ «ì­®áâìî.
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�à¨«®¦¥­¨¥

� �¯¨á ­¨¥ ¯à®£à ¬¬

�à®£à ¬¬­ë© ¯ ª¥â á®áâ®¨â ¨§ è¥áâ¨ ¬®¤ã«¥©: SingMod, TDiagMod, LSysMod, RefMod, SymMod ¨
ArithMod. (�®áâã¯ ª® ¢á¥¬ ¬®¤ã«ï¬ ®¡¥á¯¥ç¨¢ ¥âáï ®¯¥à â®à®¬ Use AllMod, ª®â®àë© ¢áâ ¢«ï¥âáï
¢ ­ ç «® £« ¢­®© ¯à®£à ¬¬ë.) �¥à¢ë¥ ¯ïâì ¨§ ­¨å ï¢«ïîâáï ®á­®¢­ë¬¨ ¨ á®¤¥à¦ â ¯®¤¯à®£à ¬-
¬ë: à¥è¥­¨¥ á¨áâ¥¬ë «¨­¥©­ëå ãà ¢­¥­¨©, ®¡à é¥­¨ï ¬ âà¨æë, ¢ëç¨á«¥­¨ï á¨­£ã«ïà­ëå ç¨á¥«
¬ âà¨æë, ç¨á«  ®¡ãá«®¢«¥­­®áâ¨, á®¡áâ¢¥­­ëå §­ ç¥­¨© ¨ ¢¥ªâ®à®¢ á¨¬¬¥âà¨ç­ëå ¬ âà¨æ. �®-
á«¥¤­¨© ¬®¤ã«ì ï¢«ï¥âáï á«ã¦¥¡­ë¬. � ­ñ¬ á®¡à ­ë â ª¨¥ ¯à®æ¥¤ãàë, ª ª ®¯à¥¤¥«¥­¨¥ ¬ è¨­­ëå
ª®­áâ ­â, ¢ëç¨á«¥­¨¥ ãâ®ç­ñ­­®£® §­ ç¥­¨ï ª¢ ¤à â­®£® ª®à­ï, £¥­¥à æ¨ï ¥¤¨­¨ç­®© ¬ âà¨æë,
¢ëç¨á«¥­¨¥ ­®à¬ë ¢¥ªâ®à  ¨ ¤àã£¨¥.

�.1 �®¤ã«ì SingMod

� íâ®¬ ¬®¤ã«¥ ®á­®¢­®© ï¢«ï¥âáï äã­ªæ¨ï TwoDiagCond, §­ ç¥­¨¥ ª®â®à®© ¥áâì ç¨á«® ®¡ãá«®¢«¥­­®-
áâ¨ ¤¢ãå¤¨ £®­ «ì­®© ¬ âà¨æë. � ª ª ª ç¨á«® ®¡ãá«®¢«¥­­®áâ¨ à ¢­® ®â­®è¥­¨î ¬ ªá¨¬ «ì­®£®
¨ ¬¨­¨¬ «ì­®£® á¨­£ã«ïà­ëå ç¨á¥«, â® ®ç¥­ì ¢ ¦­®© ï¢«ï¥âáï â ª¦¥ ¯à®æ¥¤ãà  SingValue, ¢ëç¨-
á«ïîé ï ¨å §­ ç¥­¨ï.

�.1.1 �ã­ªæ¨ï NormEstimation

� §­ ç¥­¨¥:

�ëç¨á«ï¥â ®æ¥­ªã á¢¥àåã ¥¢ª«¨¤®¢®© ­®à¬ë ª¢ ¤à â­®© ¤¢ãå¤¨ £®­ «ì­®© ¬ âà¨æë D
à §¬¥à  N , § ¤ ­­®© £« ¢­®© MainDiag ¨ ¯®¡®ç­®© SecondaryDiag ¤¨ £®­ «ï¬¨. �®§-
¢à é ¥â ¢¥é¥áâ¢¥­­®¥ ¯®«®¦¨â¥«ì­®¥ ç¨á«® á ¤¢®©­®© â®ç­®áâìî, ª®â®àë¬ ®æ¥­¨¢ ¥âáï
­®à¬  ¤¢ãå¤¨ £®­ «ì­®© ¬ âà¨æë.

�¡à é¥­¨¥ ª äã­ªæ¨¨:

NormEstimation(MainDiag,SecondaryDiag)

� à ¬¥âàë:

MainDiag { ¢å®¤­®© ¯ à ¬¥âà, ®¤­®¬¥à­ë© ¬ áá¨¢ ¤«¨­ë N ¢¥é¥áâ¢¥­­ëå ç¨á¥« á ¤¢®©­®© â®ç­®-
áâìî, á®¤¥à¦¨â í«¥¬¥­âë £« ¢­®© ¤¨ £®­ «¨ ¤¢ãå¤¨ £®­ «ì­®© ¬ âà¨æë.

SecondaryDiag { ¢å®¤­®© ¯ à ¬¥âà, ®¤­®¬¥à­ë© ¬ áá¨¢ ¤«¨­ë N�1 ¢¥é¥áâ¢¥­­ëå ç¨á¥« á ¤¢®©­®©
â®ç­®áâìî, á®¤¥à¦¨â í«¥¬¥­âë ¯®¡®ç­®© ¤¨ £®­ «¨ ¤¢ãå¤¨ £®­ «ì­®© ¬ âà¨æë.

�®çª¨ ®áâ ­®¢ª¨ ¨ á®®¡é¥­¨ï:
�á«¨ ¯ à ¬¥âàë ­¥ á®®â¢¥âáâ¢ãîâ ®¯¨á ­¨î, ¯à®£à ¬¬  ¯à¥ªà é ¥â à ¡®âã. �à¨ íâ®¬ ¢ë¤ ñâáï
á®®¡é¥­¨¥:

Incorrect Arrays Shape in \NormEstimation"

�á¯®«ì§ã¥¬ë¥ ¢­¥è­¨¥ ¯®¤¯à®£à ¬¬ë: ®âáãâáâ¢ãîâ.

�.1.2 �®¤¯à®£à ¬¬  SingValue

� §­ ç¥­¨¥:

�ëç¨á«ï¥â J { ¥ á¨­£ã«ïà­®¥ ç¨á«® Sigma ª¢ ¤à â­®© ¤¢ãå¤¨ £®­ «ì­®© ¬ âà¨æëD à §-
¬¥à  M , § ¤ ­­®© £« ¢­®© MainDiag ¨ ¯®¡®ç­®© SecondaryDiag ¤¨ £®­ «ï¬¨. �¨­£ã«ïà-
­ë¥ ç¨á«  áç¨â îâáï à á¯®«®¦¥­­ë¬¨ ¯® ¢®§à áâ ­¨î. �ë¤ ñâ ®æ¥­ªã ®â­®á¨â¥«ì­®©
¯®£à¥è­®áâ¨ à¥§ã«ìâ â  error.

�¡à é¥­¨¥ ª ¯®¤¯à®£à ¬¬¥:
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Call SingValue(Sigma,MainDiag,SecondaryDiag,J,error)

� à ¬¥âàë:

Sigma { ¢ëå®¤­®© ¯ à ¬¥âà, ¤¥©áâ¢¨â¥«ì­®¥ ç¨á«® á ¤¢®©­®© â®ç­®áâìî, á®¤¥à¦¨â ¢ëç¨á«¥­­®¥
§­ ç¥­¨¥ J { £® á¨­£ã«ïà­®£® ç¨á« .

MainDiag { ¢å®¤­®© ¯ à ¬¥âà, ®¤­®¬¥à­ë© ¬ áá¨¢ ¤«¨­ë M ¢¥é¥áâ¢¥­­ëå ç¨á¥« á ¤¢®©­®© â®ç­®-
áâìî, á®¤¥à¦¨â í«¥¬¥­âë £« ¢­®© ¤¨ £®­ «¨ ª¢ ¤à â­®© ¤¢ãå¤¨ £®­ «ì­®© ¬ âà¨æë.

SecondaryDiag { ¢å®¤­®© ¯ à ¬¥âà, ®¤­®¬¥à­ë© ¬ áá¨¢ ¤«¨­ëM�1 ¢¥é¥áâ¢¥­­ëå ç¨á¥« á ¤¢®©­®©
â®ç­®áâìî, á®¤¥à¦¨â í«¥¬¥­âë ¯®¡®ç­®© ¤¨ £®­ «¨ ª¢ ¤à â­®© ¤¢ãå¤¨ £®­ «ì­®© ¬ âà¨æë.

J { ¢å®¤­®© ¯ à ¬¥âà, æ¥«®¥ ¯®«®¦¨â¥«ì­®¥ ç¨á«® 1 � J � M , ­®¬¥à ¢ëç¨á«ï¥¬®£® á¨­£ã«ïà­®£®
ç¨á« .

error { ¢ëå®¤­®© ­¥®¡ï§ â¥«ì­ë© ¯ à ¬¥âà, ¯®«®¦¨â¥«ì­®¥ ¢¥é¥áâ¢¥­­®¥ ç¨á«® á ¤¢®©­®© â®ç­®-
áâìî, á®¤¥à¦¨â ®æ¥­ªã ®â­®á¨â¥«ì­®© ¯®£à¥è­®áâ¨ ¢ëç¨á«¥­¨ï J { £® á¨­£ã«ïà­®£® ç¨á« :

kSigma � �jk
kDk � error;

£¤¥ �j { â®ç­®¥ §­ ç¥­¨¥ j { £® á¨­£ã«ïà­®£® ç¨á«  ª¢ ¤à â­®© ¤¢ãå¤¨ £®­ «ì­®© ¬ âà¨æë
D.

�®çª¨ ®áâ ­®¢ª¨ ¨ á®®¡é¥­¨ï:
�á«¨ ¯ à ¬¥âàë ­¥ á®®â¢¥âáâ¢ãîâ ®¯¨á ­¨î, ¯à®£à ¬¬  ¯à¥ªà é ¥â à ¡®âã. �à¨ íâ®¬ ¢ë¤ ñâáï
á®®¡é¥­¨¥:

Incorrect Arrays Shape in \SingValue"

�á¯®«ì§ã¥¬ë¥ ¢­¥è­¨¥ ¯®¤¯à®£à ¬¬ë:
1.EigenValueThreeDSMatrix (�®¤ã«ì SymMod)

�.1.3 �ã­ªæ¨ï TwoDiagCond

� §­ ç¥­¨¥:

�ëç¨á«ï¥â ç¨á«® ®¡ãá«®¢«¥­­®áâ¨ ª¢ ¤à â­®© ¤¢ãå¤¨ £®­ «ì­®© ¬ âà¨æë D à §¬¥à 
N , § ¤ ­­®© £« ¢­®© MainDiag ¨ ¯®¡®ç­®© SecondaryDiag ¤¨ £®­ «ï¬¨. �®§¢à é ¥â ¢¥-
é¥áâ¢¥­­®¥ ç¨á«® á ¤¢®©­®© â®ç­®áâìî à ¢­®¥ � = �max

�min
, £¤¥ �max ; �min { ¬ ªá¨¬ «ì­®¥

¨ ¬¨­¨¬ «ì­®¥ á¨­£ã«ïà­ë¥ ç¨á«  ¨áå®¤­®© ¬ âà¨æë.

�¡à é¥­¨¥ ª äã­ªæ¨¨:

TwoDiagCond(MainDiag,SecondaryDiag)

� à ¬¥âàë:

MainDiag { ¢å®¤­®© ¯ à ¬¥âà, ®¤­®¬¥à­ë© ¬ áá¨¢ ¤«¨­ë N ¢¥é¥áâ¢¥­­ëå ç¨á¥« á ¤¢®©­®© â®ç­®-
áâìî, á®¤¥à¦¨â í«¥¬¥­âë £« ¢­®© ¤¨ £®­ «¨ ¤¢ãå¤¨ £®­ «ì­®© ¬ âà¨æë.

SecondaryDiag { ¢å®¤­®© ¯ à ¬¥âà, ®¤­®¬¥à­ë© ¬ áá¨¢ ¤«¨­ë N�1 ¢¥é¥áâ¢¥­­ëå ç¨á¥« á ¤¢®©­®©
â®ç­®áâìî, á®¤¥à¦¨â í«¥¬¥­âë ¯®¡®ç­®© ¤¨ £®­ «¨ ¤¢ãå¤¨ £®­ «ì­®© ¬ âà¨æë.

�®çª¨ ®áâ ­®¢ª¨ ¨ á®®¡é¥­¨ï:

�á«¨ ¯ à ¬¥âàë ­¥ á®®â¢¥âáâ¢ãîâ ®¯¨á ­¨î, ¯à®£à ¬¬  ¯à¥ªà é ¥â à ¡®âã. �à¨ íâ®¬ ¢ë¤ ñâáï
á®®¡é¥­¨¥:

Incorrect Arrays Shape in \TwoDiagCond"

�á¯®«ì§ã¥¬ë¥ ¢­¥è­¨¥ ¯®¤¯à®£à ¬¬ë:
1.MachConst (�®¤ã«ì ArithMod)
2.SingValue (�®¤ã«ì SingMod)
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�.2 �®¤ã«ì TDiagMod

�®¤¯à®£à ¬¬ë íâ®£® ¬®¤ã«ï à ¡®â îâ á ¤¢ãå¤¨ £®­ «ì­ë¬¨¬ âà¨æ ¬¨. �à®æ¥¤ãà  TwoDiagSystemSolution
à¥è ¥â á¨áâ¥¬ã á ¤¢ãå¤¨ £®­ «ì­®© ¬ âà¨æ¥© ª®íää¨æ¨¥­â®¢, ¯à®æ¥¤ãà  InvTwoDiagMatrix ¯à®¨§-
¢®¤¨â ®¡à é¥­¨¥ ¤¢ãå¤¨ £®­ «ì­®© ¬ âà¨æë.

�.2.1 �®¤¯à®£à ¬¬  TwoDiagSystemSolution

� §­ ç¥­¨¥:

�à®£à ¬¬  à¥è ¥â «¨­¥©­ãî á¨áâ¥¬ã  «£¥¡à ¨ç¥áª¨å ãà ¢­¥­¨© á ¬ âà¨æ¥© à §¬¥à 
N �M (N � M ). �á«¨ ®¡®§­ ç¨âì §  D ª¢ ¤à â­ãî ¢¥àå­¥-âà¥ã£®«ì­ãî ¤¢ãå¤¨ £®-
­ «ì­ãî ¬ âà¨æã à §¬¥à  M �M

D =

0BBBBB@
d1 b2

d2 b3
. . .

. . .
dM�1 bM

dM

1CCCCCA ; (75)

â® ¢å®¤­ ï ¬ âà¨æ  ¨¬¥¥â ®¤¨­ ¨§ âà¥å á«¥¤ãîé¨å ¢¨¤®¢

1)

0@ D
��
0

1A ¯à¨ N > M; 2) D ¨«¨ 3) D� ¯à¨ N =M: (76)

�¤¥áì §  0 ®¡®§­ ç¥­  ­ã«¥¢ ï ¯®¤¬ âà¨æ  à §¬¥à  (N �M )�M .

� ¤ ­­ë¬¨ áç¨â îâáï £« ¢­ ïMd ¨ ¯®¡®ç­ ï Sd ¤¨ £®­ «¨ ¬ âà¨æë D ¨ ¯à ¢ ï ç áâì
RHS (¢¥ªâ®à à §¬¥à  N ). � ª ç¥áâ¢¥ à¥è¥­¨ï ¢ë¤ ¥âáï ¢¥ªâ®à Sol à §¬¥à  M ,   â ª¦¥
¢¥ªâ®à ­¥¢ï§ª¨ r à §¬¥à  N ¨ ®æ¥­ª  ®â­®á¨â¥«ì­®© ¯®£à¥è­®áâ¨ à¥§ã«ìâ â  error.

�¡à é¥­¨¥ ª ¯®¤¯à®£à ¬¬¥:

Call TwoDiagSystemSolution(Sol,Md,Sd,RHS,r,error,Position)

� à ¬¥âàë:

Sol { ¢ëå®¤­®© ¯ à ¬¥âà, ®¤­®¬¥à­ë© ¬ áá¨¢ ¤«¨­ë M ¢¥é¥áâ¢¥­­ëå ç¨á¥« á ¤¢®©­®© â®ç­®áâìî.
�®á«¥ ¨á¯®«­¥­¨ï ¯à®£à ¬¬ë á®¤¥à¦¨â ª®¬¯®­¥­âë ¢¥ªâ®à  à¥è¥­¨ï á¨áâ¥¬ë.

Md { ¢å®¤­®© ¯ à ¬¥âà, ®¤­®¬¥à­ë© ¬ áá¨¢ ¤«¨­ë M ¢¥é¥áâ¢¥­­ëå ç¨á¥« á ¤¢®©­®© â®ç­®áâìî.
�®¤¥à¦¨â §­ ç¥­¨ï í«¥¬¥­â®¢ £« ¢­®© ¤¨ £®­ «¨ ª¢ ¤à â­®© ¤¢ãå¤¨ £®­ «ì­®© ¬ âà¨æë D
à¥è ¥¬®© á¨áâ¥¬ë.

Sd { ¢å®¤­®© ¯ à ¬¥âà, ®¤­®¬¥à­ë© ¬ áá¨¢ ¤«¨­ëM�1 ¢¥é¥áâ¢¥­­ëå ç¨á¥« á ¤¢®©­®© â®ç­®áâìî.
�®¤¥à¦¨â §­ ç¥­¨ï í«¥¬¥­â®¢ ¯®¡®ç­®© ¤¨ £®­ «¨ ª¢ ¤à â­®© ¤¢ãå¤¨ £®­ «ì­®© ¬ âà¨æë D
à¥è ¥¬®© á¨áâ¥¬ë.

RHS { ¢å®¤­®© ¯ à ¬¥âà, ®¤­®¬¥à­ë© ¬ áá¨¢ ¤«¨­ë N ¢¥é¥áâ¢¥­­ëå ç¨á¥« á ¤¢®©­®© â®ç­®áâìî.
�®¤¥à¦¨â §­ ç¥­¨ï ª®¬¯®­¥­â ¢¥ªâ®à  ¯à ¢®© ç áâ¨ á¨áâ¥¬ë f .

r { ¢ëå®¤­®© ­¥®¡ï§ â¥«ì­ë© ¯ à ¬¥âà, ®¤­®¬¥à­ë© ¬ áá¨¢ ¤«¨­ë N ¢¥é¥áâ¢¥­­ëå ç¨á¥« á ¤¢®©-
­®© â®ç­®áâìî. �®¤¥à¦¨â §­ ç¥­¨ï ª®¬¯®­¥­â ¢¥ªâ®à  ­¥¢ï§ª¨ á¨áâ¥¬ë.

error { ¢ëå®¤­®© ­¥®¡ï§ â¥«ì­ë© ¯ à ¬¥âà, ¯®«®¦¨â¥«ì­®¥ ¢¥é¥áâ¢¥­­®¥ ç¨á«® á ¤¢®©­®© â®ç­®-
áâìî, á®¤¥à¦¨â ®æ¥­ªã ®â­®á¨â¥«ì­®© ¯®£à¥è­®áâ¨ ¢ëç¨á«¥­¨ï:

kSol � xk
kxk � error;

£¤¥ x { â®ç­ë© ¢¥ªâ®à à¥è¥­¨ï á¨áâ¥¬ë.
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Position { ¢å®¤­®© ¯ à ¬¥âà, æ¥«®¥ ç¨á«®, à ¢¥­ ­ã«î ¢ á«ãç ïå 1) ¨ 2) á¬. (76) ¨ ¥¤¨­¨æ¥ ¢ á«ãç ¥
3). �á«¨ ¯ à ¬¥âà Position ­¥ § ¤ ­ ­  ¢å®¤¥, â® áç¨â ¥âáï, çâ® ®­ à ¢¥­ ­ã«î.

�®çª¨ ®áâ ­®¢ª¨ ¨ á®®¡é¥­¨ï:
1.�á«¨ ¯ à ¬¥âàë ­¥ á®®â¢¥âáâ¢ãîâ ®¯¨á ­¨î, ¯à®£à ¬¬  ¯à¥ªà é ¥â à ¡®âã. �à¨ íâ®¬ ¢ë¤ ¥âáï
á®®¡é¥­¨¥:

Incorrect Arrays Shape in \TwoDiagSystemSolution"

2. �á«¨ ®¡ãá«®¢«¥­­®áâì ¬ âà¨æë D á¨áâ¥¬ë �(D) > "1
2 ¨«¨ ¥á«¨ ­®à¬  ¯à ¢®© ç áâ¨ kRHSk ¯à¥-

¢®áå®¤¨â ¬¨­¨¬ã¬ ¨§ �1"1 ¨ "1
2� , â® ¥áâì, ¥á«¨ kRHSk � min

n
�1"1 ; "1

2�

o
, £¤¥ �1 { ¬¨­¨¬ «ì­®¥

á¨­£ã«ïà­®¥ ç¨á«® ¬ âà¨æë á¨áâ¥¬ë, � { ®¡ãá«®¢«¥­­®áâì ¬ âà¨æë á¨áâ¥¬ë, "1 { ¬ ªá¨¬ «ì­®¥
¯®«®¦¨â¥«ì­®¥ ¬ è¨­­®¥ ç¨á«®, â® ¢ëç¨á«¥­¨ï ¬®£ãâ ¡ëâì ¯à¥à¢ ­ë ¨§-§  ­¥¢®§¬®¦­®áâ¨ à §-
¬¥é¥­¨ï à¥§ã«ìâ â®¢ ¯à®¬¥¦ãâ®ç­ëå ¢ëç¨á«¥­¨© ¢ ¯ ¬ïâ¨ ¬ è¨­ë ¯à¨ íâ®¬ ¢ë¤ ¥âáï ®¤­® ¨§
á«¥¤ãîé¨å ¯à¥¤ã¯à¥¦¤¥­¨©:

Warning: Calculations can be interrupted, Matrix Condition is too big in \TwoDiagSystemSolution",

Warning: Calculations can be interrupted, Right Hand Side is too big in \TwoDiagSystemSolution".

3. �á«¨ ­®à¬  ¬ âà¨æë D á¨áâ¥¬ë á«¨èª®¬ ¢¥«¨ª  kDk � 1
"0
¨«¨ ¥á«¨ ­®à¬  ¯à ¢®© ç áâ¨ kRHSk

á«¨èª®¬ ¬ « 

kRHSk �
p
M"0

�
1 +

2
"1

+
1

kDk(1 � "1)"1

�
;

â® à¥§ã«ìâ â ¢ëç¨á«¥­¨ï ¬®¦¥â ¡ëâì ­¥ â®ç­ë¬, ¯®íâ®¬ã ¢ë¤ ¥âáï ®¤­® ¨§ á«¥¤ãîé¨å ¯à¥¤ã¯à¥-
¦¤¥­¨©:

Warning: Result can be inaccurate, Matrix Norm is too big in \TwoDiagSystemSolution",

Warning: Result can be inaccurate, Right Hand Side is too small in \TwoDiagSystemSolution".

4. � á«ãç ¥, ¥á«¨ ®¡ãá«®¢«¥­­®áâì ¬ âà¨æëD á¨áâ¥¬ë �(D) > 1
12"1

, â® ®æ¥­ª  ®è¨¡ª¨ ­¥¢®§¬®¦­ ,
® ç¥¬ á¢¨¤¥â¥«ìáâ¢ã¥â ¯à¥¤ã¯à¥¦¤¥­¨¥:

Warning: Estimation is impossible, Matrix Condition is too big in \TwoDiagSystemSolution".

�à¨ íâ®¬ ®æ¥­ª  ®è¨¡ª¨ { ¯ à ¬¥âà error ¯à¨­¨¬ ¥â §­ ç¥­¨¥ "1.
�á¯®«ì§ã¥¬ë¥ ¢­¥è­¨¥ ¯®¤¯à®£à ¬¬ë:

1.MachConst (�®¤ã«ì ArithMod)
2.SingValue (�®¤ã«ì SingMod)
3.VectorNorm (�®¤ã«ì ArithMod)

�.2.2 �®¤¯à®£à ¬¬  InvTwoDiagMatrix

� §­ ç¥­¨¥:

� å®¤¨â ®¡à â­ãî ¬ âà¨æã Inverse ª ¨áå®¤­®© ª¢ ¤à â­®© ¤¢ãå¤¨ £®­ «ì­®© ¬ âà¨æ¥
D à §¬¥à  M , § ¤ ­­®© £« ¢­®© Md ¨ ¯®¡®ç­®© Sd ¤¨ £®­ «ï¬¨. �ë¤ ¥â ®æ¥­ªã ®â­®-
á¨â¥«ì­®© ¯®£à¥è­®áâ¨ à¥§ã«ìâ â  error.

�¡à é¥­¨¥ ª ¯®¤¯à®£à ¬¬¥:

Call InvTwoDiagMatrix(Md,Sd,Inverse,error)

� à ¬¥âàë:

Md { ¢å®¤­®© ¯ à ¬¥âà, ®¤­®¬¥à­ë© ¬ áá¨¢ ¤«¨­ë M ¢¥é¥áâ¢¥­­ëå ç¨á¥« á ¤¢®©­®© â®ç­®áâìî.
�®¤¥à¦¨â §­ ç¥­¨ï í«¥¬¥­â®¢ £« ¢­®© ¤¨ £®­ «¨ ¤¢ãå¤¨ £®­ «ì­®© ¬ âà¨æë .

Sd { ¢å®¤­®© ¯ à ¬¥âà, ®¤­®¬¥à­ë© ¬ áá¨¢ ¤«¨­ëM�1 ¢¥é¥áâ¢¥­­ëå ç¨á¥« á ¤¢®©­®© â®ç­®áâìî.
�®¤¥à¦¨â §­ ç¥­¨ï í«¥¬¥­â®¢ ¯®¡®ç­®© ¤¨ £®­ «¨ ¤¢ãå¤¨ £®­ «ì­®© ¬ âà¨æë .
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Inverse { ¢ëå®¤­®© ¯ à ¬¥âà, ¤¢ã¬¥à­ë© ¬ áá¨¢ à §¬¥à  M �M ¢¥é¥áâ¢¥­­ëå ç¨á¥« á ¤¢®©­®©
â®ç­®áâìî. �®¤¥à¦¨â §­ ç¥­¨ï í«¥¬¥­â®¢ ®¡à â­®© ¬ âà¨æë.

error { ¢ëå®¤­®© ­¥®¡ï§ â¥«ì­ë© ¯ à ¬¥âà, ¯®«®¦¨â¥«ì­®¥ ¢¥é¥áâ¢¥­­®¥ ç¨á«® á ¤¢®©­®© â®ç­®-
áâìî, á®¤¥à¦¨â ®æ¥­ªã ®â­®á¨â¥«ì­®© ¯®£à¥è­®áâ¨ ¢ëç¨á«¥­¨ï ®¡à â­®© ¬ âà¨æë:

kInverse �D�1k
kD�1k � error;

£¤¥ D�1 { â®ç­®¥ §­ ç¥­¨¥ ®¡à â­®© ¬ âà¨æë.

�®çª¨ ®áâ ­®¢ª¨ ¨ á®®¡é¥­¨ï:
�á«¨ ¯ à ¬¥âàë ­¥ á®®â¢¥âáâ¢ãîâ ®¯¨á ­¨î, ¯à®£à ¬¬  ¯à¥ªà é ¥â à ¡®âã. �à¨ íâ®¬ ¢ë¤ ¥âáï
á®®¡é¥­¨¥:

Incorrect Arrays Shape in \InvTwoDiagMatrix"

�á¯®«ì§ã¥¬ë¥ ¢­¥è­¨¥ ¯®¤¯à®£à ¬¬ë:
1.TwoDiagSystemSolution (�®¤ã«ì TDiagMod)

�.3 �®¤ã«ì LSysMod

�á­®¢­ë¥ ¯à®£à ¬¬ë íâ®£® ¬®¤ã«ï { LinSystemSolution (à¥è¥­¨¥ «¨­¥©­®© á¨áâ¥¬ë) ¨ InverseMatrix
(®¡à é¥­¨¥ ª¢ ¤à â­®© ¬ âà¨æë). �á­®¢®© ¨á¯®«ì§®¢ ­­ëå ¢ ­¨å  «£®à¨â¬®¢ ï¢«ï¥âáï ¯à¨¢¥¤¥-
­¨¥ ¬ âà¨æë ª ¤¢ãå¤¨ £®­ «ì­®¬ã ¢¨¤ã ¯à¨ ¯®¬®é¨ ®àâ®£®­ «ì­ëå ¯à¥®¡à §®¢ ­¨©. �â¨ ¤¥©-
áâ¢¨ï ®áãé¥áâ¢«ïîâáï ¯®¤¯à®£à ¬¬®© TwoDiagonalization (¤¢ãå¤¨ £®­ «¨§ æ¨ï ¬ âà¨æë) á ¨á-
¯®«ì§®¢ ­¨¥¬ ¯à®æ¥¤ãà Re
ection (¢ëç¨á«¥­¨¥ ¯à¥®¡à §®¢ ­¨ï ®âà ¦¥­¨ï) ¨ VectorRe
ection (¯à¨-
¬¥­¥­¨¥ ¯à¥®¡à §®¢ ­¨ï ®âà ¦¥­¨ï ª ¯à®¨§¢®«ì­®¬ã ¢¥ªâ®àã) ¨§ ¬®¤ã«ï RefMod. �®¤¯à®£à ¬¬ 
Re�nedInverseMatrix ãâ®ç­ï¥â í«¥¬¥­âë ®¡à â­®© ¬ âà¨æë ¨â¥à æ¨®­­ë¬ ¬¥â®¤®¬.

�.3.1 �®¤¯à®£à ¬¬  TwoDiagonalization

� §­ ç¥­¨¥:

�à¨ ¯®¬®é¨ ®àâ®£®­ «ì­ëå ¯à¥®¡à §®¢ ­¨© ¯à¨¢®¤¨â ¯à®¨§¢®«ì­ãî ¬ âà¨æã à §¬¥à 

N � M , N � M , ª ¤¢ãå¤¨ £®­ «ì­®¬ã ¢¨¤ã

0@ D
��
0

1A, £¤¥ D { ª¢ ¤à â­ ï ¬ âà¨æ 

(75) �  ¢å®¤¥: Matrix { ¯à®¨§¢®«ì­ ï ¬ âà¨æ  à §¬¥à  N � M , N � M ; ®­  ¦¥ ­ 
¢ëå®¤¥ { à¥§ã«ìâ â ¤¢ãå¤¨ £®­ «¨§ æ¨¨. � ª¦¥ ­  ¢ëå®¤¥ ­¥®¡ï§ â¥«ì­ë¥ ¯ à ¬¥âàë:
MainDiag; SecondaryDiag { £« ¢­ ï ¨ ¯®¡®ç­ ï ¤¨ £®­ «¨; MirLeft, MirRight { ª¢ -
¤à â­ë¥ ®àâ®£®­ «ì­ë¥ ¬ âà¨æë à §¬¥à®¢ N ¨ M , ¯à¨¢®¤ïé¨¥ ¨áå®¤­ãî ¬ âà¨æã ª
¤¢ãå¤¨ £®­ «ì­®¬ã ¢¨¤ã. �ë¤ ¥â ®æ¥­ªã ®â­®á¨â¥«ì­®© ¯®£à¥è­®áâ¨ ¤¢ãå¤¨ £®­ «¨§ -
æ¨¨ error.

�¡à é¥­¨¥ ª ¯®¤¯à®£à ¬¬¥:

Call TwoDiagonalization(Matrix,MainDiag,SecondaryDiag,MirLeft,MirRight,error)

� à ¬¥âàë:

Matrix { ¢å®¤­®© ¨ ¢ëå®¤­®© ¯ à ¬¥âà, ¤¢ã¬¥à­ë© ¬ áá¨¢ à §¬¥à 
N �M , N � M , ¢¥é¥áâ¢¥­­ëå ç¨á¥« á ¤¢®©­®© â®ç­®áâìî. �  ¢å®¤¥ á®¤¥à¦¨â í«¥¬¥­âë
¨áå®¤­®© ¬ âà¨æë, ­  ¢ëå®¤¥ { ¢ëç¨á«¥­­ë¥ í«¥¬¥­âë ¤¢ãå¤¨ £®­ «ì­®© ¬ âà¨æë.

MainDiag { ¢ëå®¤­®© ­¥®¡ï§ â¥«ì­ë© ¯ à ¬¥âà, ®¤­®¬¥à­ë© ¬ áá¨¢ ¤«¨­ë M ¢¥é¥áâ¢¥­­ëå ç¨-
á¥« á ¤¢®©­®© â®ç­®áâìî, á®¤¥à¦ é¨© ¢ëç¨á«¥­­ë¥ í«¥¬¥­âë £« ¢­®© ¤¨ £®­ «¨ ¨â®£®¢®©
ª¢ ¤à â­®© ¤¢ãå¤¨ £®­ «ì­®© ¬ âà¨æë.
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SecondaryDiag { ¢ëå®¤­®© ­¥®¡ï§ â¥«ì­ë© ¯ à ¬¥âà, ®¤­®¬¥à­ë© ¬ áá¨¢ ¤«¨­ë M � 1 ¢¥é¥áâ¢¥­-
­ëå ç¨á¥« á ¤¢®©­®© â®ç­®áâìî, á®¤¥à¦ é¨© ¢ëç¨á«¥­­ë¥ í«¥¬¥­âë ¯®¡®ç­®© ¤¨ £®­ «¨ ¨â®-
£®¢®© ª¢ ¤à â­®© ¤¢ãå¤¨ £®­ «ì­®© ¬ âà¨æë.

MirLeft { ¢ëå®¤­®© ­¥®¡ï§ â¥«ì­ë© ¯ à ¬¥âà, ¤¢ã¬¥à­ë© ª¢ ¤à â­ë© ¬ áá¨¢ ¢¥é¥áâ¢¥­­ëå ç¨-
á¥« á ¤¢®©­®© â®ç­®áâìî à §¬¥à  N , á®¤¥à¦ é¨© ¯à®¨§¢¥¤¥­¨¥ ¯à¥®¡à §®¢ ­¨© ®âà ¦¥­¨ï,
¯à¨¬¥­ï¥¬ëå á«¥¢ .

MirRight { ¢ëå®¤­®© ­¥®¡ï§ â¥«ì­ë© ¯ à ¬¥âà, ¤¢ã¬¥à­ë© ª¢ ¤à â­ë© ¬ áá¨¢ ¢¥é¥áâ¢¥­­ëå ç¨-
á¥« á ¤¢®©­®© â®ç­®áâìî à §¬¥à  M , á®¤¥à¦ é¨© ¯à®¨§¢¥¤¥­¨¥ ¯à¥®¡à §®¢ ­¨© ®âà ¦¥­¨ï,
¯à¨¬¥­ï¥¬ëå á¯à ¢ .

error { ¢ëå®¤­®© ­¥®¡ï§ â¥«ì­ë© ¯ à ¬¥âà, ¯®«®¦¨â¥«ì­®¥ ¢¥é¥áâ¢¥­­®¥ ç¨á«® á ¤¢®©­®© â®ç­®-
áâìî, á®¤¥à¦¨â ®æ¥­ªã ®â­®á¨â¥«ì­®© ¯®£à¥è­®áâ¨ ¤¢ãå¤¨ £®­ «¨§ æ¨¨:

kB¬ è � P¬ èAQ
�
¬ èk

kAk � error;

£¤¥ A { ¨áå®¤­ ï ¬ âà¨æ , B { ¤¢ãå¤¨ £®­ «ì­ ï ¬ âà¨æ , ¯®«ãç¥­­ ï ¢ ¯à®æ¥áá¥ ¤¢ãå¤¨ -
£®­ «¨§ æ¨¨, P¬ è ¨ Q�¬ è { ¢ëç¨á«¥­­ë¥ ®àâ®£®­ «ì­ë¥ ¯à¥®¡à §®¢ ­¨ï, ¯à¨¬¥­ï¥¬ë¥ á®®â-
¢¥âáâ¢¥­­® á«¥¢  ¨ á¯à ¢ .

�®çª¨ ®áâ ­®¢ª¨ ¨ á®®¡é¥­¨ï:
1. �á«¨ ¯ à ¬¥âàë ­¥ á®®â¢¥âáâ¢ãîâ ®¯¨á ­¨î, ¯à®£à ¬¬  ¯à¥ªà é ¥â à ¡®âã. �à¨ íâ®¬ ¢ë¤ ¥âáï
á®®¡é¥­¨¥:

Incorrect Array Shape in \TwoDiagonalization"

2. �á«¨ à §­®à¬¨à®¢ª  ¬ âà¨æë ¯à¨¢®¤¨â ª ¯¥à¥¯®«­¥­¨î, â® à ¡®â  ¯à¥ªà é ¥âáï á ¢ë¤ ç¥©
á®®¡é¥­¨ï:

Warning: Matix and Diagonals Denormalization leads to Over
ow in \TwoDiagonalization"

�á¯®«ì§ã¥¬ë¥ ¢­¥è­¨¥ ¯®¤¯à®£à ¬¬ë:
1.MachConst (�®¤ã«ì ArithMod)
2.Eye (�®¤ã«ì ArithMod)
3.Re
ection (�®¤ã«ì RefMod)
4.VectorRe
ection (�®¤ã«ì RefMod)

�.3.2 �®¤¯à®£à ¬¬  LinSystemSolution

� §­ ç¥­¨¥:

�à¨¬¥­ïï ¯à®æ¥áá ¤¢ãå¤¨ £®­ «¨§ æ¨¨, ¯®¤¯à®£à ¬¬  à¥è ¥â «¨­¥©­ãî á¨áâ¥¬ã  «£¥-
¡à ¨ç¥áª¨å ãà ¢­¥­¨© á ¬ âà¨æ¥©Matrix à §¬¥à  N�M ( N �M ¨«¨ N < M ) ¨ ¯à ¢®©
ç áâìî RHS, ¢¥ªâ®à à §¬¥à  N . � ª ç¥áâ¢¥ à¥è¥­¨ï ¢ë¤ ¥âáï ¢¥ªâ®à Sol à §¬¥à  M ,
  â ª¦¥ ¢¥ªâ®à ­¥¢ï§ª¨ r à §¬¥à  N ¨ ®æ¥­ª  ®â­®á¨â¥«ì­®© ¯®£à¥è­®áâ¨ à¥§ã«ìâ â 
error.

�¡à é¥­¨¥ ª ¯®¤¯à®£à ¬¬¥:

Call LinSystemSolution(Sol,Matrix,RHS,r,error)

� à ¬¥âàë:

Sol { ¢ëå®¤­®© ¯ à ¬¥âà, ®¤­®¬¥à­ë© ¬ áá¨¢ ¤«¨­ë M ¢¥é¥áâ¢¥­­ëå ç¨á¥« á ¤¢®©­®© â®ç­®áâìî,
á®¤¥à¦ é¨© ª®¬¯®­¥­âë ¢¥ªâ®à  à¥è¥­¨ï á¨áâ¥¬ë.

Matrix { ¢å®¤­®© ¯ à ¬¥âà, ¤¢ã¬¥à­ë© ¬ áá¨¢ à §¬¥à  N � M ¢¥é¥áâ¢¥­­ëå ç¨á¥« á ¤¢®©­®©
â®ç­®áâìî, ¬ âà¨æ  ª®íää¨æ¨¥­â®¢ «¨­¥©­®© á¨áâ¥¬ë ãà ¢­¥­¨©.

35



RHS { ¢å®¤­®© ¯ à ¬¥âà, ®¤­®¬¥à­ë© ¬ áá¨¢ ¤«¨­ë N , ¢¥é¥áâ¢¥­­ëå ç¨á¥« á ¤¢®©­®© â®ç­®áâìî,
á®¤¥à¦ é¨© §­ ç¥­¨ï ª®¬¯®­¥­â ¢¥ªâ®à  ¯à ¢®© ç áâ¨ á¨áâ¥¬ë.

r { ¢ëå®¤­®© ­¥®¡ï§ â¥«ì­ë© ¯ à ¬¥âà, ®¤­®¬¥à­ë© ¬ áá¨¢ ¤«¨­ë N ¢¥é¥áâ¢¥­­ëå ç¨á¥« á ¤¢®©-
­®© â®ç­®áâìî, á®¤¥à¦¨â §­ ç¥­¨ï ª®¬¯®­¥­â ¢¥ªâ®à  ­¥¢ï§ª¨ á¨áâ¥¬ë.

error { ¢ëå®¤­®© ­¥®¡ï§ â¥«ì­ë© ¯ à ¬¥âà, ¯®«®¦¨â¥«ì­®¥ ¢¥é¥áâ¢¥­­®¥ ç¨á«® á ¤¢®©­®© â®ç­®-
áâìî, á®¤¥à¦¨â ®æ¥­ªã ®â­®á¨â¥«ì­®© ¯®£à¥è­®áâ¨ à¥§ã«ìâ â :

kSol � xk
kxk � error;

£¤¥ x { â®ç­ë© ¢¥ªâ®à à¥è¥­¨ï á¨áâ¥¬ë.

�®çª¨ ®áâ ­®¢ª¨ ¨ á®®¡é¥­¨ï:
1. �á«¨ ¯ à ¬¥âàë ­¥ á®®â¢¥âáâ¢ãîâ ®¯¨á ­¨î, ¯à®£à ¬¬  ¯à¥ªà é ¥â à ¡®âã. �à¨ íâ®¬ ¢ë¤ ¥âáï
á®®¡é¥­¨¥:

Incorrect Arrays Shape in \LinSystemSolution"

2. �á«¨ ç¨á«® ®¡ãá«®¢«¥­­®áâ¨ ¬ âà¨æë á¨áâ¥¬ë � � "1, â® ®æ¥­ª  ¯®£à¥è­®áâ¨ à¥§ã«ìâ â 
­¥¢®§¬®¦­ , ® ç¥¬ á¢¨¤¥â¥«ìáâ¢ã¥â ¯à¥¤ã¯à¥¦¤¥­¨¥:

Warning: Estimation of Result is impossible, Matrix Condition is too big in \LinSystemSolution"

�á¯®«ì§ã¥¬ë¥ ¢­¥è­¨¥ ¯®¤¯à®£à ¬¬ë:
1.MachConst (�®¤ã«ì ArithMod)
2.TwoDiagonalization (�®¤ã«ì LSysMod)
3.TwoDiagSystemSolution (�®¤ã«ì TDiagMod)
4.TwoDiagCond (�®¤ã«ì SingMod)

�.3.3 �®¤¯à®£à ¬¬  InverseMatrix

� §­ ç¥­¨¥:

�®¤¯à®£à ¬¬  ¯® ¨áå®¤­®© ª¢ ¤à â­®© ¬ âà¨æ¥A =Matrix à §¬¥à N áâà®¨â ®¡à â­ãî
ª ­¥© InvMatrix â®£® ¦¥ à §¬¥à . �ë¤ ¥â ®æ¥­ªã ®â­®á¨â¥«ì­®© ¯®£à¥è­®áâ¨ à¥§ã«ìâ â 
error.

�¡à é¥­¨¥ ª ¯®¤¯à®£à ¬¬¥:

Call InverseMatrix(Matrix,InvMatrix,error)

� à ¬¥âàë:

Matrix { ¢å®¤­®© ¯ à ¬¥âà, ¤¢ã¬¥à­ë© ¬ áá¨¢ à §¬¥à  N �N ¢¥é¥áâ¢¥­­ëå ç¨á¥« á ¤¢®©­®© â®ç-
­®áâìî, á®¤¥à¦¨â í«¥¬¥­âë ¨áå®¤­®© ¬ âà¨æë.

InvMatrix { ¢ëå®¤­®© ¯ à ¬¥âà, ¤¢ã¬¥à­ë© ¬ áá¨¢ à §¬¥à  N �N ¢¥é¥áâ¢¥­­ëå ç¨á¥« á ¤¢®©­®©
â®ç­®áâìî, á®¤¥à¦¨â ¢ëç¨á«¥­­ë¥ §­ ç¥­¨ï ®¡à â­®© ¬ âà¨æë.

error { ¢ëå®¤­®© ­¥®¡ï§ â¥«ì­ë© ¯ à ¬¥âà, ¯®«®¦¨â¥«ì­®¥ ¢¥é¥áâ¢¥­­®¥ ç¨á«® á ¤¢®©­®© â®ç­®-
áâìî, á®¤¥à¦¨â ®æ¥­ªã ®â­®á¨â¥«ì­®© ¯®£à¥è­®áâ¨ à¥§ã«ìâ â :

kInvMatrix �A�1k
kA�1k � error;

£¤¥ A�1 { â®ç­ ï ®¡à â­ ï ¬ âà¨æ .

�®çª¨ ®áâ ­®¢ª¨ ¨ á®®¡é¥­¨ï:
�á«¨ ¯ à ¬¥âàë ­¥ á®®â¢¥âáâ¢ãîâ ®¯¨á ­¨î, ¯à®£à ¬¬  ¯à¥ªà é ¥â à ¡®âã. �à¨ íâ®¬ ¢ë¤ ¥âáï
á®®¡é¥­¨¥:
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Incorrect Arrays Shape in \InverseMatrix"

�á¯®«ì§ã¥¬ë¥ ¢­¥è­¨¥ ¯®¤¯à®£à ¬¬ë:
1.MachConst (�®¤ã«ì ArithMod)
2.TwoDiagonalization (�®¤ã«ì LSysMod)
3.InvTwoDiagMatrix (�®¤ã«ì TDiagMod)
4.TwoDiagCond (�®¤ã«ì SingMod)

�.3.4 �®¤¯à®£à ¬¬  Re�nedInverseMatrix

� §­ ç¥­¨¥:

�«ï ¨áå®¤­®© ª¢ ¤à â­®© ¬ âà¨æë Matrix à §¬¥à  M , ãâ®ç­ï¥â í«¥¬¥­âë ¥¥ ®¡à â­®©
¬ âà¨æë Inverse, ¢ëç¨á«¥­­ë¥, ­ ¯à¨¬¥à, ¯®¤¯à®£à ¬¬®© InverseMatrix. epsilon {
§ ¤ ­­ ï â®ç­®áâì ¨â¥à æ¨®­­®£® ¯à®æ¥áá . � ªá¨¬ «ì­®¥ ç¨á«® ¨â¥à æ¨© { 50.

�¡à é¥­¨¥ ª ¯®¤¯à®£à ¬¬¥:

Call Re�nedInverseMatrix(Matrix,Inverse,epsilon)

� à ¬¥âàë:

Matrix { ¢å®¤­®© ¯ à ¬¥âà, ¤¢ã¬¥à­ë© ¬ áá¨¢ à §¬¥à  M � M ¢¥é¥áâ¢¥­­ëå ç¨á¥« á ¤¢®©­®©
â®ç­®áâìî, á®¤¥à¦¨â í«¥¬¥­âë ¨áå®¤­®© ¬ âà¨æë.

Inverse { ¢å®¤­®© { ¢ëå®¤­®© ¯ à ¬¥âà, ¤¢ã¬¥à­ë© ¬ áá¨¢ à §¬¥à  M � M ¢¥é¥áâ¢¥­­ëå ç¨á¥«
á ¤¢®©­®© â®ç­®áâìî. �  ¢å®¤¥ á®¤¥à¦¨â §­ ç¥­¨ï í«¥¬¥­â®¢ ®¡à â­®© ¬ âà¨æë, ­  ¢ëå®¤¥{
ãâ®ç­¥­­ë¥ í«¥¬¥­âë ®¡à â­®© ¬ âà¨æë.

epsilon { ¢å®¤­®© ­¥®¡ï§ â¥«ì­ë© ¯ à ¬¥âà, ¯®«®¦¨â¥«ì­®¥ ¢¥é¥áâ¢¥­­®¥ ç¨á«® á ¤¢®©­®© â®ç­®-
áâìî, § ¤ ­­ ï â®ç­®áâì ¨â¥à æ¨®­­®£® ¯à®æ¥áá . �á«¨ ®âáãâáâ¢ã¥â, â® epsilon = 1:0D � 14.

�®çª¨ ®áâ ­®¢ª¨ ¨ á®®¡é¥­¨ï:
1. �á«¨ ¯ à ¬¥âàë ­¥ á®®â¢¥âáâ¢ãîâ ®¯¨á ­¨î, ¯à®£à ¬¬  ¯à¥ªà é ¥â à ¡®âã. �à¨ íâ®¬ ¢ë¤ ¥âáï
á®®¡é¥­¨¥:

Incorrect Arrays Shape in \Re�nedInverseMatrix"

2. �á«¨ R = (I �Matrix � Inverse) { áâ¥¯¥­ì ­¥â®ç­®áâ¨ ¢ëç¨á«¥­¨ï ¢å®¤­®© ®¡à â­®© ¬ âà¨æë
Inverse ¡®«ìè¥ ¥¤¥­¨æë, â® ãâ®ç­¥­¨¥ ­¥¢®§¬®¦­®, ® ç¥¬ á¢¨¤¥â¥«ìáâ¢ã¥â á®®¡é¥­¨¥:

Re�ned is impossible, Norm of R=(I-Matrix*Inverse) is great One in \Re�nedInverseMatrix"

�á¯®«ì§ã¥¬ë¥ ¢­¥è­¨¥ ¯®¤¯à®£à ¬¬ë: ®âáãâáâ¢ãîâ.

�.3.5 �ã­ªæ¨ï MatCond

� §­ ç¥­¨¥:

�ëç¨á«ï¥â ç¨á«® ®¡ãá«®¢«¥­­®áâ¨ ¯à®¨§¢®«ì­®© ¬ âà¨æë Matrix à §¬¥à  N �M , N �
M . �®§¢à é ¥â ¢¥é¥áâ¢¥­­®¥ ç¨á«® á ¤¢®©­®© â®ç­®áâìî à ¢­®¥ � = �max

�min
, £¤¥ �max ; �min

{ ¬ ªá¨¬ «ì­®¥ ¨ ¬¨­¨¬ «ì­®¥ á¨­£ã«ïà­ë¥ ç¨á«  ¬ âà¨æë.

�¡à é¥­¨¥ ª äã­ªæ¨¨:

MatCond(Matrix)

� à ¬¥âàë:

Matrix { ¢å®¤­®© ¯ à ¬¥âà, ¤¢ã¬¥à­ë© ¬ áá¨¢ à §¬¥à  N � M , N � M ¢¥é¥áâ¢¥­­ëå ç¨á¥« á
¤¢®©­®© â®ç­®áâìî, ¢å®¤­ ï ¬ âà¨æ , ç¨á«® ®¡ãá«®¢«¥­­®áâ¨ ª®â®à®© ¢ëç¨á«ï¥âáï.
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�®çª¨ ®áâ ­®¢ª¨ ¨ á®®¡é¥­¨ï:
�á«¨ ¯ à ¬¥âàë ­¥ á®®â¢¥âáâ¢ãîâ ®¯¨á ­¨î, ¯à®£à ¬¬  ¯à¥ªà é ¥â à ¡®âã. �à¨ íâ®¬ ¢ë¤ ¥âáï
á®®¡é¥­¨¥:

Incorrect Array Shape in \MatCond"

�á¯®«ì§ã¥¬ë¥ ¢­¥è­¨¥ ¯®¤¯à®£à ¬¬ë:
1.TwoDiagonalization (�®¤ã«ì LSysMod)
2.TwoDiagCond(�®¤ã«ì SingMod)

�.4 �®¤ã«ì RefMod

�á­®¢­ë¥ ¯à®£à ¬¬ë íâ®£® ¬®¤ã«ï {Re
ection (¢ëç¨á«¥­¨¥ ¯à¥®¡à §®¢ ­¨ï ®âà ¦¥­¨ï),VectorRe
ection
(¯à¨¬¥­¥­¨¥ ¯à¥®¡à §®¢ ­¨ï ®âà ¦¥­¨ï ª ¯à®¨§¢®«ì­®¬ã ¢¥ªâ®àã), ª®â®àë¥ ¨á¯®«ì§ãîâáï ¯à¨ ¤¢ãå-
¤¨ £®­ «¨§ æ¨¨ ¯à®¨§¢®«ì­ëå ¬ âà¨æ ¨ âà¥å¤¨ £®­ «¨§ æ¨¨ á¨¬¬¥âà¨ç­ëå ¬ âà¨æ.

�.4.1 �®¤¯à®£à ¬¬  Re
ection

� §­ ç¥­¨¥:

�á«¨ ­¥ § ¤ ­ ¯ à ¬¥âà I, ¯à®£à ¬¬  ¢ëç¨á«ï¥â ¢¥ªâ®à ­®à¬ «¨ ª ¯«®áª®áâ¨, ®â­®á¨-
â¥«ì­® ª®â®à®© ¤®«¦¥­ ¡ëâì ®âà ¦¥­ ¢¥ªâ®à V ector1, çâ®¡ë ¡ëâì ª®««¨­¥ à­ë¬ ¢¥ª-
â®àã V ector2, ¨ ¬ âà¨æã ®âà ¦¥­¨ï. �á«¨ § ¤ ­ ¯ à ¬¥âà I, â® V ector2 ¯à¨­¨¬ ¥â
á«¥¤ãîé¨© ¢¨¤: ¯¥à¢ë¥ I � 1 ª®¬¯®­¥­âë á®¢¯ ¤ îâ á á®®â¢¥âáâ¢ãîé¨¬¨ ª®¬¯®­¥­â -
¬¨ ¢¥ªâ®à  V ector1, ¢á¥ ª®¬¯®­¥­âë ­ ç¨­ ï á I + 1-®© à ¢­ë ­ã«î,   I { ï ª®¬¯®­¥­â 
­ å®¤¨âáï ¨§ ãá«®¢¨ï à ¢¥­áâ¢  ­®à¬ V ector1 ¨ V ector2.

�¡à é¥­¨¥ ª ¯®¤¯à®£à ¬¬¥:

Call Re
ection(Vector1,Vector2,Re
Vector,Re
Matrix,I)

� à ¬¥âàë:

Vector1 { ¢å®¤­®© ¯ à ¬¥âà, ®¤­®¬¥à­ë© ¬ áá¨¢ ¤«¨­ë N ¢¥é¥áâ¢¥­­ëå ç¨á¥« á ¤¢®©­®© â®ç­®-
áâìî, á®¤¥à¦ é¨© ª®¬¯®­¥­âë ¨áå®¤­®£® ¢¥ªâ®à .

Vector2 { ¢å®¤­®© { ¢ëå®¤­®© ­¥®¡ï§ â¥«ì­ë© ¯ à ¬¥âà, ®¤­®¬¥à­ë© ¬ áá¨¢ ¤«¨­ë N , ¢¥é¥áâ¢¥­-
­ëå ç¨á¥« á ¤¢®©­®© â®ç­®áâìî, á®¤¥à¦ é¨© ª®¬¯®­¥­âë ¢¥ªâ®à , ¯®«ãç ¥¬®£® ¨§ ¨áå®¤­®£®
¢ à¥§ã«ìâ â¥ ¤¥©áâ¢¨ï ®¯¥à â®à  ®âà ¦¥­¨ï.

Re
Vector { ¢ëå®¤­®© ­¥®¡ï§ â¥«ì­ë© ¯ à ¬¥âà, ®¤­®¬¥à­ë© ¬ áá¨¢ ¤«¨­ë N , ¢¥é¥áâ¢¥­­ëå ç¨-
á¥« á ¤¢®©­®© â®ç­®áâìî, á®¤¥à¦ é¨© ­  ¢ëå®¤¥ ¢ëç¨á«¥­­ë¥ §­ ç¥­¨ï ª®¬¯®­¥­â ¢¥ªâ®à 
­®à¬ «¨ £¨¯¥à¯«®áª®áâ¨, ®â­®á¨â¥«ì­® ª®â®à®© ®áãé¥áâ¢«ï¥âáï ®âà ¦¥­¨¥.

Re
Matrix { ¢ëå®¤­®© ­¥®¡ï§ â¥«ì­ë© ¯ à ¬¥âà, ¤¢ã¬¥à­ë© ¬ áá¨¢ à §¬¥à  N � N , ¢¥é¥áâ¢¥­-
­ëå ç¨á¥« á ¤¢®©­®© â®ç­®áâìî, á®¤¥à¦ é¨© ­  ¢ëå®¤¥ ¢ëç¨á«¥­­ë¥ ª®¬¯®­¥­âë ¬ âà¨æë
®¯¥à â®à  ®âà ¦¥­¨ï.

I { ¢å®¤­®© ­¥®¡ï§ â¥«ì­ë© ¯ à ¬¥âà( ®¡ï§ â¥«¥­ ¯à¨ ®âáãâáâ¢¨¨ ¯ à ¬¥âà  V ector2). �¥«®¥
ç¨á«® 1 � I � N . �ª §ë¢ ¥â ­  â®, çâ® ¨áª®¬®¥ ¯à¥®¡à §®¢ ­¨¥ ®âà ¦¥­¨ï, ¤¥©áâ¢ãï ­ 
¢¥ªâ®à V ector1, á®åà ­ï¥â ¯¥à¢ë¥ I � 1 ª®¬¯®­¥­âë, § ­ã«ï¥â ª®¬¯®­¥­âë ­ ç¨­ ï á I + 1 {
®© ¤® N { ®©, ­¥ ¨§¬¥­ïï ¯à¨ íâ®¬ ­®à¬ë ¢¥ªâ®à .

�®çª¨ ®áâ ­®¢ª¨ ¨ á®®¡é¥­¨ï:
1. �á«¨ ¯ à ¬¥âàë ¯à®£à ¬¬ë ­¥ á®®â¢¥âáâ¢ãîâ ®¯¨á ­¨î, ¯à®£à ¬¬  ¯à¥ªà é ¥â à ¡®âã. �à¨
íâ®¬ ¢ë¤ ¥âáï á®®¡é¥­¨¥:

Incorrect Arrays Shape in \Re
ection"
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2. �á«¨ ®âáãâáâ¢ã¥â ¯ à ¬¥âà I,   í«¥¬¥­âë ¬ áá¨¢  V ector2 á«¨èª®¬ ¬ «ë, â® ¥áâìvuut NX
j=1

jV ector2(j)j2 < "0 ;

£¤¥ "0 { ¬¨­¨¬ «ì­®¥ ¯®«®¦¨â¥«ì­®¥ ¢¥é¥áâ¢¥­­®¥ ç¨á«® á ¤¢®©­®© â®ç­®áâìî, â® à ¡®â  ¯à¥ªà -
é ¥âáï á ¢ë¤ ç¥© á®®é¥­¨ï:

Vector2 Norm is too small in \Re
ection"

�á¯®«ì§ã¥¬ë¥ ¢­¥è­¨¥ ¯®¤¯à®£à ¬¬ë:
1.MachConst (�®¤ã«ì ArithMod)
2.Eye (�®¤ã«ì ArithMod)

�.4.2 �®¤¯à®£à ¬¬  VectorRe
ection

� §­ ç¥­¨¥:

�âà ¦¥­¨¥ ¢¥ªâ®à  V ector ®â­®á¨â¥«ì­® £¨¯¥à¯«®áª®áâ¨ á § ¤ ­­ë¬ ¢¥ªâ®à®¬ ­®à¬ «¨
ReflV ector.

�¡à é¥­¨¥ ª ¯®¤¯à®£à ¬¬¥:

Call VectorRe
ection(Re
Vector,Vector)

� à ¬¥âàë:

Re
Vector { ¢å®¤­®© ¯ à ¬¥âà, ®¤­®¬¥à­ë© ¬ áá¨¢ ¤«¨­ë N ¢¥é¥áâ¢¥­­ëå ç¨á¥« á ¤¢®©­®© â®ç-
­®áâìî, á®¤¥à¦ é¨© ª®¬¯®­¥­âë ¢¥ªâ®à  ­®à¬ «¨ ª ­¥ª®â®à®© ¯«®áª®áâ¨.

Vector { ¢å®¤­®© { ¢ëå®¤­®©, ®¤­®¬¥à­ë© ¬ áá¨¢ ¤«¨­ë N , ¢¥é¥áâ¢¥­­ëå ç¨á¥« á ¤¢®©­®© â®ç-
­®áâìî. �  ¢å®¤¥ { á®¤¥à¦¨â ª®¬¯®­¥­âë ¨áå®¤­®£® ¢¥ªâ®à , ­  ¢ëå®¤¥ { ª®¬¯®­¥­âë ¢¥ª-
â®à , ¯®«ãç ¥¬®£® ¨§ ¨áå®¤­®£® ¯®á«¥ ¥£® ®âà ¦¥­¨ï ®â­®á¨â¥«ì­® ¯«®áª®áâ¨ á ­®à¬ «ìî
ReflV ector.

�®çª¨ ®áâ ­®¢ª¨ ¨ á®®¡é¥­¨ï:
�á«¨ ¯ à ì¥âàë ­¥ á®®â¢¥âáâ¢ãîâ ®¯¨á ­¨î, ¯à®£à ¬¬  ¯à¥ªà é ¥â à ¡®âã. �à¨ íâ®¬ ¢ë¤ ¥âáï
á®®¡é¥­¨¥:

Incorrect Arrays Shape in \VectorRe
ection"

�á¯®«ì§ã¥¬ë¥ ¢­¥è­¨¥ ¯®¤¯à®£à ¬¬ë:
1.MachConst (�®¤ã«ì ArithMod)

�.5 �®¤ã«ì SymMod

�®¤¯à®£à ¬¬ë íâ®£® ¬®¤ã«ï ¯à¥¤­ §­ ç¥­ë ¤«ï à ¡®âë á á¨¬¬¥âà¨ç­ë¬¨ ¬ âà¨æ ¬¨. �á­®-
¢®© ¨á¯®«ì§®¢ ­­ëå ¢ ­¨å  «£®à¨â¬®¢ ï¢«ï¥âáï ¯à¨¢¥¤¥­¨¥ á¨¬¬¥âà¨ç­®© ¬ âà¨æë ª âà¥å¤¨ -
£®­ «ì­®¬ã ¢¨¤ã ¯à¨ ¯®¬®é¨ ®àâ®£®­ «ì­ëå ¯à¥®¡à §®¢ ­¨©. �â¨ ¤¥©áâ¢¨ï ®áãé¥áâ¢«ïîâáï ¯®¤-
¯à®£à ¬¬®© ThreeDiagonalization (¯à¨¢¥¤¥­¨¥ á¨¬¬¥âà¨ç­®© ¬ âà¨æë ª âà¥å¤¨ £®­ «ì­®¬ã ¢¨¤ã).
�àã£¨¥ £« ¢­ë¥ ¯®¤¯à®£à ¬¬ë íâ®£® ¬®¤ã«ï { EigenValueThreeDSMatrix (¢ëç¨á«ï¥â á®¡áâ¢¥­­®¥
§­ ç¥­¨¥ á¨¬¬¥âà¨ç­®© âà¥å¤¨ £®­ «ì­®© ¬ âà¨æë) ¨ EigenVectorThreeDSMatrix (¢ëç¨á«ï¥â ­®à-
¬¨à®¢ ­­ë© á®¡áâ¢¥­­ë© ¢¥ªâ®à á¨¬¬¥âà¨ç­®© âà¥å¤¨ £®­ «ì­®© ¬ âà¨æë), EigenValueSymMatrix
(¢ëç¨á«ï¥â á®¡áâ¢¥­­®¥ §­ ç¥­¨¥ ¯à®¨§¢®«ì­®© á¨¬¬¥âà¨ç­®© ¬ âà¨æë) ¨ EigenVectorSymMatrix
(¢ëç¨á«ï¥â ­®à¬¨à®¢ ­­ë© á®¡áâ¢¥­­ë© ¢¥ªâ®à ¯à®¨§¢®«ì­®© á¨¬¬¥âà¨ç­®© ¬ âà¨æë). �ã­ªæ¨ï
NormThreeDiagSMatrix ¢ë¤ ¥â ®æ¥­ªã á¢¥àåã ¥¢ª«¨¤®¢®© ­®à¬ë á¨¬¬¥âà¨ç­®© âà¥å¤¨ £®­ «ì­®©
¬ âà¨æë. �­ ç¥­¨¥ äã­ªæ¨¨ ThreeDiagCond { ¥áâì ç¨á«® ®¡ãá«®¢«¥­­®áâ¨ á¨¬¬¥âà¨ç­®© âà¥å¤¨ -
£®­ «ì­®© ¬ âà¨æë.
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�.5.1 �®¤¯à®£à ¬¬  ThreeDiagonalization

� §­ ç¥­¨¥:

�à¨¢®¤¨â ¯à®¨§¢®«ì­ãî á¨¬¬¥âà¨ç­ãî ¬ âà¨æã A = SymMatrix à §¬¥à  M ª âà¥å-
¤¨ £®­ «ì­®¬ã ¢¨¤ã ¯à¨ ¯®¬®é¨ ®àâ®£®­ «ì­ëå ¯à¥®¡à §®¢ ­¨©: S = PAP �, £¤¥ P =
P1P2 : : :PM�2 { ¯à®¨§¢¥¤¥­¨¥ ¯à¥®¡à §®¢ ­¨© ®âà ¦¥­¨ï � ãáå®«¤¥à .
SymMatrix { ¢å®¤­ ï á¨¬¬¥âà¨ç­ ï ¬ âà¨æ , ®­  ¦¥ ­  ¢ëå®¤¥ (à¥§ã«ìâ â âà¥å¤¨ £®­ -
«¨§ æ¨¨) { âà¥å¤¨ £®­ «ì­ ï á¨¬¬¥âà¨ç­ ï ¬ âà¨æ  â®£® ¦¥ à §¬¥à . � ª¦¥ ­  ¢ëå®¤¥
­¥®¡ï§ â¥«ì­ë¥ ¯ à ¬¥âàë: MainDiag; SecondaryDiag { £« ¢­ ï ¨ ¯®¡®ç­ ï ¤¨ £®­ «¨
âà¥å¤¨ £®­ «ì­®© á¨¬¬¥âà¨ç­®© ¬ âà¨æë, P = MirLeft { ª¢ ¤à â­ ï ®àâ®£®­ «ì­ ï
¬ âà¨æ  à §¬¥à  M , á®¤¥à¦ é ï ¯à®¨§¢¥¤¥­¨¥ ¯à¥®¡à §®¢ ­¨© ®âà ¦¥­¨ï � ãáå®«¤¥-
à  ¯à¨¬¥­ï¥¬ë¥ á«¥¢ . �ë¤ ¥â ®æ¥­ªã ®â­®á¨â¥«ì­®© ¯®£à¥è­®áâ¨ âà¥å¤¨ £®­ «¨§ æ¨¨
error.

�¡à é¥­¨¥ ª ¯®¤¯à®£à ¬¬¥:

Call ThreeDiagonalization(SymMatrix,MainDiag,SecondaryDiag,MirLeft,error)

� à ¬¥âàë:

SymMatrix { ¢å®¤­®© ¨ ¢ëå®¤­®© ¯ à ¬¥âà, ¤¢ã¬¥à­ë© ª¢ ¤à â­ë© ¬ áá¨¢ à §¬¥à M , ¢¥é¥áâ¢¥­-
­ëå ç¨á¥« á ¤¢®©­®© â®ç­®áâìî. �  ¢å®¤¥ á®¤¥à¦¨â í«¥¬¥­âë ¨áå®¤­®© á¨¬¬¥âà¨ç­®© ¬ âà¨-
æë, ­  ¢ëå®¤¥ { ¢ëç¨á«¥­­ë¥ í«¥¬¥­âë âà¥å¤¨ £®­ «ì­®© á¨¬¬¥âà¨ç­®© ¬ âà¨æë.

MainDiag { ¢ëå®¤­®© ­¥®¡ï§ â¥«ì­ë© ¯ à ¬¥âà, ®¤­®¬¥à­ë© ¬ áá¨¢ ¤«¨­ëM ¢¥é¥áâ¢¥­­ëå ç¨á¥«
á ¤¢®©­®© â®ç­®áâìî, á®¤¥à¦¨â í«¥¬¥­âë £« ¢­®© ¤¨ £®­ «¨ á¨¬¬¥âà¨ç­®© âà¥å¤¨ £®­ «ì­®©
¬ âà¨æë.

SecondaryDiag { ¢ëå®¤­®© ­¥®¡ï§ â¥«ì­ë© ¯ à ¬¥âà, ®¤­®¬¥à­ë© ¬ áá¨¢ ¤«¨­ë M � 1 { ¢¥é¥-
áâ¢¥­­ëå ç¨á¥« á ¤¢®©­®© â®ç­®áâìî, á®¤¥à¦¨â í«¥¬¥­âë ¯®¡®ç­®© ¤¨ £®­ «¨ á¨¬¬¥âà¨ç­®©
âà¥å¤¨ £®­ «ì­®© ¬ âà¨æë.

MirLeft { ¢ëå®¤­®© ­¥®¡ï§ â¥«ì­ë© ¯ à ¬¥âà, ¤¢ã¬¥à­ë© ª¢ ¤à â­ë© ¬ áá¨¢ à §¬¥à  M , ¢¥é¥-
áâ¢¥­­ëå ç¨á¥« á ¤¢®©­®© â®ç­®áâìî, á®¤¥à¦ é¨© ¯à®¨§¢¥¤¥­¨¥ ¯à¥®¡à §®¢ ­¨© ®âà ¦¥­¨ï
¯à¨¬¥­ï¥¬ë¥ á«¥¢ .

error { ¢ëå®¤­®© ­¥®¡ï§ â¥«ì­ë© ¯ à ¬¥âà, ¯®«®¦¨â¥«ì­®¥ ¢¥é¥áâ¢¥­­®¥ ç¨á«® á ¤¢®©­®© â®ç­®-
áâìî, á®¤¥à¦¨â ®æ¥­ªã ®â­®á¨â¥«ì­®© ¯®£à¥è­®áâ¨ âà¥å¤¨ £®­ «¨§ æ¨¨ ¬ âà¨æë:

kS � PAP �k
kAk � error;

£¤¥ A { ¨áå®¤­ ï á¨¬¬¥âà¨ç­ ï ¬ âà¨æ , S { âà¥å¤¨ £®­ «ì­ ï á¨¬¬¥âà¨ç­ ï ¬ âà¨æ , ¯®-
«ãç¥­­ ï ¢ à¥§ã«ìâ â¥ ¯à®æ¥áá  âà¥å¤¨ £®­ «¨§ æ¨¨.

�®çª¨ ®áâ ­®¢ª¨ ¨ á®®¡é¥­¨ï:
1. �á«¨ ¯ à ¬¥âàë ­¥ á®®â¢¥âáâ¢ãîâ ®¯¨á ­¨î, ¯à®£à ¬¬  ¯à¥ªà é ¥â à ¡®âã. �à¨ íâ®¬ ¢ë¤ ¥âáï
á®®¡é¥­¨¥:

Incorrect Arrays Shape in \ThreeDiagonalization"

2. �á«¨ à §¬¥àë ¬ âà¨æë á«¨èª®¬ ¢¥«¨ª¨, â.¥. ­¥à ¢¥­áâ¢® (11) ­¥ ¢ë¯®«­¥­®, â® ®æ¥­ª  ®è¨¡ª¨
âà¥å¤¨ £®­ «¨§ æ¨¨ ¬®¦¥â ¡ëâì ­¥ â®ç­®©. �à®£à ¬¬  ¯à¥¤ã¯à¥¦¤ ¥â ®¡ íâ®¬ á®®¡é¥­¨¥¬:

Warring: Estimatin can be inaccurate, Matrix Size is too big in \ThreeDiagonalization"

3. �á«¨ à §­®à¬¨à®¢ª  ¬ âà¨æë ¯à¨¢®¤¨â ª ¯¥à¥¯®«­¥­¨î, â® à ¡®â  ¯à¥ªà é ¥âáï á ¢ë¤ ç¥©
á®®¡é¥­¨ï:

Warning: Matix and Diagonals Denormalization leads to Over
ow in \ThreeDiagonalization"
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�á¯®«ì§ã¥¬ë¥ ¢­¥è­¨¥ ¯®¤¯à®£à ¬¬ë:
1.MachConst (�®¤ã«ì ArithMod)
2.Eye (�®¤ã«ì ArithMod)
3.Re
ection (�®¤ã«ì RefMod)
4.VectorRe
ection (�®¤ã«ì RefMod)
5.NormThreeDSMatrix (�®¤ã«ì SymMod)

�.5.2 �®¤¯à®£à ¬¬  EigenValueThreeDSMatrix

� §­ ç¥­¨¥:

�ëç¨á«ï¥â, ¬¥â®¤®¬ ¡¨á¥ªæ¨©, J { ¥ á®¡áâ¢¥­­®¥ §­ ç¥­¨¥ Lambda á¨¬¬¥âà¨ç­®© âà¥å-
¤¨ £®­ «ì­®© ¬ âà¨æë S à §¬¥à � ,§ ¤ ­­®© £« ¢­®©MainDiag ¨ ¯®¡®ç­®© SecondaryDiag
¤¨ £®­ «ï¬¨. �®¡áâ¢¥­­ë¥ §­ ç¥­¨ï áç¨â îâáï à á¯®«®¦¥­­ë¬¨ ¯® ¢®§à áâ ­¨î. �ë-
¤ ¥â ®æ¥­ªã ®â­®á¨â¥«ì­®© ¯®£à¥è­®áâ¨ à¥§ã«ìâ â  error.

�¡à é¥­¨¥ ª ¯®¤¯à®£à ¬¬¥:

Call EigenValueThreeDSMatrix(MainDiag,SecondaryDiag,J,Lambda,error)

� à ¬¥âàë:

MainDiag { ¢å®¤­®© ¯ à ¬¥âà, ®¤­®¬¥à­ë© ¬ áá¨¢ ¤«¨­ë M ¢¥é¥áâ¢¥­­ëå ç¨á¥« á ¤¢®©­®© â®ç­®-
áâìî, á®¤¥à¦¨â í«¥¬¥­âë £« ¢­®© ¤¨ £®­ «¨ á¨¬¬¥âà¨ç­®© âà¥å¤¨ £®­ «ì­®© ¬ âà¨æë.

SecondaryDiag { ¢å®¤­®© ¯ à ¬¥âà, ®¤­®¬¥à­ë© ¬ áá¨¢ ¤«¨­ëM�1 ¢¥é¥áâ¢¥­­ëå ç¨á¥« á ¤¢®©­®©
â®ç­®áâìî, á®¤¥à¦¨â í«¥¬¥­âë ¯®¡®ç­®© ¤¨ £®­ «¨ á¨¬¬¥âà¨ç­®© âà¥å¤¨ £®­ «ì­®© ¬ âà¨-
æë.

J { ¢å®¤­®© ¯ à ¬¥âà, æ¥«®¥ ¯®«®¦¨â¥«ì­®¥ ç¨á«® 1 � J � M , ­®¬¥à ¢ëç¨á«ï¥¬®£® á®¡áâ¢¥­­®£®
§­ ç¥­¨ï.

Lambda { ¢ëå®¤­®© ¯ à ¬¥âà, ¤¥©áâ¢¨â¥«ì­®¥ ç¨á«® á ¤¢®©­®© â®ç­®áâìî, á®¤¥à¦¨â ¢ëç¨á«¥­­®¥
§­ ç¥­¨¥ J { £® á®¡áâ¢¥­­®£® ç¨á« .

error { ¢ëå®¤­®© ­¥®¡ï§ â¥«ì­ë© ¯ à ¬¥âà, ¢¥é¥áâ¢¥­­®¥ ç¨á«® á ¤¢®©­®© â®ç­®áâìî, á®¤¥à¦¨â
®æ¥­ªã ®â­®á¨â¥«ì­®© ¯®£à¥è­®áâ¨ ¢ëç¨á«¥­¨ï Lambda:

kLambda� �jk
kSk � error;

£¤¥ �j { â®ç­®¥ j { ®¥ á®¡áâ¢¥­­®¥ §­ ç¥­¨¥ ¨áå®¤­®© á¨¬¬¥âà¨ç­®© âà¥å¤¨ £®­ «ì­®© ¬ âà¨æë
S.

�®çª¨ ®áâ ­®¢ª¨ ¨ á®®¡é¥­¨ï:
�á«¨ ¯ à ¬¥âàë ­¥ á®®â¢¥âáâ¢ãîâ ®¯¨á ­¨î, ¯à®£à ¬¬  ¯à¥ªà é ¥â à ¡®âã. �à¨ íâ®¬ ¢ë¤ ¥âáï
á®®¡é¥­¨¥:

Incorrect Arrays Shape in \EigenValueThreeDSMatrix"

�á¯®«ì§ã¥¬ë¥ ¢­¥è­¨¥ ¯®¤¯à®£à ¬¬ë:
1.MachConst (�®¤ã«ì ArithMod)
2.NormalizationMatrix (�®¤ã«ì SymMod)
3.KShturm (�®¤ã«ì SymMod)
4.NormThreeDSMatrix (�®¤ã«ì SymMod)
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�.5.3 �®¤¯à®£à ¬¬  EigenVectorThreeDSMatrix

� §­ ç¥­¨¥:

�«ï § ¤ ­­®£® n { â®£® á®¡áâ¢¥­­®£® §­ ç¥­¨ï Lambda á¨¬¬¥âà¨ç­®© âà¥å¤¨ £®­ «ì­®©
¬ âà¨æë S à §¬¥à  M , á ®â­®á¨â¥«ì­®© ¯®£à¥è­®áâìî errorLambda, ¢ëç¨á«ï¥â ª®¬¯®-
­¥­âë ­®à¬¨à®¢ ­­®£® á®¡áâ¢¥­­®£® ¢¥ªâ®à  EigenV ector ç¥à¥§ í«¥¬¥­âë ¤¢ãáâ®à®­­¥©
¯®á«¥¤®¢ â¥«ì­®áâ¨ �âãà¬  ¤ ­­®© ¬ âà¨æë, § ¤ ­­®© £« ¢­®© MainDiag ¨ ¯®¡®ç­®©
SecondaryDiag ¤¨ £®­ «ï¬¨. �ë¤ ¥â ®æ¥­ªã ®â­®á¨â¥«ì­®© ¯®£à¥è­®áâ¨ à¥§ã«ìâ â 
error.

�¡à é¥­¨¥ ª ¯®¤¯à®£à ¬¬¥:

Call EigenVectorThreeDSMatrix(EigenVector,MainDiag,SecondaryDiag,n,Lambda,errorLambda,error)

� à ¬¥âàë:

Lambda { ¢å®¤­®© ¯ à ¬¥âà, ¤¥©áâ¢¨â¥«ì­®¥ ç¨á«® á ¤¢®©­®© â®ç­®áâìî, á®¤¥à¦¨â ¯à¨¡«¨¦¥­­®¥
§­ ç¥­¨¥ n { £® á®¡áâ¢¥­­®£® ç¨á«  ¢å®¤­®© á¨¬¬¥âà¨ç­®© âà¥å¤¨ £®­ «ì­®© ¬ âà¨æë.

errorLambda { ¢å®¤­®© ¯ à ¬¥âà, ¢¥é¥áâ¢¥­­®¥ ç¨á«® á ¤¢®©­®© â®ç­®áâìî, á®¤¥à¦¨â ®æ¥­ªã ®â­®-
á¨â¥«ì­®© ®è¨¡ª¨ Lambda.

n { ¢å®¤­®© ¯ à ¬¥âà, æ¥«®¥ ¯®«®¦¨â¥«ì­®¥ ç¨á«® 1 � n � M , ­®¬¥à n{£® á®¡áâ¢¥­­®£® §­ ç¥­¨ï
¢å®¤­®© á¨¬¬¥âà¨ç­®© âà¥å¤¨ £®­ «ì­®© ¬ âà¨æë.

MainDiag { ¢å®¤­®© ¯ à ¬¥âà, ®¤­®¬¥à­ë© ¬ áá¨¢ ¤«¨­ë M ¢¥é¥áâ¢¥­­ëå ç¨á¥« á ¤¢®©­®© â®ç-
­®áâìî, á®¤¥à¦¨â í«¥¬¥­âë £« ¢­®© ¤¨ £®­ «¨ ¢å®¤­®© á¨¬¬¥âà¨ç­®© âà¥å¤¨ £®­ «ì­®© ¬ -
âà¨æë.

SecondaryDiag { ¢å®¤­®© ¯ à ¬¥âà, ®¤­®¬¥à­ë© ¬ áá¨¢ ¤«¨­ëM�1 ¢¥é¥áâ¢¥­­ëå ç¨á¥« á ¤¢®©­®©
â®ç­®áâìî, á®¤¥à¦¨â í«¥¬¥­âë ¯®¡®ç­®© ¤¨ £®­ «¨ ¢å®¤­®© á¨¬¬¥âà¨ç­®© âà¥å¤¨ £®­ «ì­®©
¬ âà¨æë.

EigenVector { ¢ëå®¤­®© ¯ à ¬¥âà, ®¤­®¬¥à­ë© ¬ áá¨¢ ¤«¨­ëM ¢¥é¥áâ¢¥­­ëå ç¨á¥« á ¤¢®©­®© â®ç-
­®áâìî, á®¤¥à¦¨â ª®¬¯®­¥­âë ­®à¬¨à®¢ ­­®£® á®¡áâ¢¥­­®£® ¢¥ªâ®à  ¢å®¤­®© á¨¬¬¥âà¨ç­®©
âà¥å¤¨ £®­ «ì­®© ¬ âà¨æë, á®®â¢¥âáâ¢ãîé¥£® n { ¬ã á®¡áâ¢¥­­®¬ã §­ ç¥­¨î �n.

error { ¢ëå®¤­®© ­¥®¡ï§ â¥«ì­ë© ¯ à ¬¥âà, ¢¥é¥áâ¢¥­­®¥ ç¨á«® á ¤¢®©­®© â®ç­®áâìî, á®¤¥à¦¨â
®æ¥­ªã ®â­®á¨â¥«ì­®© ¯®£à¥è­®áâ¨ ¢ëç¨á«¥­¨ï EigenV ector.

�®çª¨ ®áâ ­®¢ª¨ ¨ á®®¡é¥­¨ï:
�á«¨ ¯ à ¬¥âàë ­¥ á®®â¢¥âáâ¢ãîâ ®¯¨á ­¨î, ¯à®£à ¬¬  ¯à¥ªà é ¥â à ¡®âã. �à¨ íâ®¬ ¢ë¤ ¥âáï
á®®¡é¥­¨¥:

Incorrect Arrays Shape in \EigenVectorThreeDSMatrix"

�á¯®«ì§ã¥¬ë¥ ¢­¥è­¨¥ ¯®¤¯à®£à ¬¬ë:
1.MachConst (�®¤ã«ì ArithMod)
2.NormalizationMatrix (�®¤ã«ì SymMod)
3.NormThreeDSMatrix (�®¤ã«ì SymMod)

�.5.4 �®¤¯à®£à ¬¬  EigenValueSymMatrix

� §­ ç¥­¨¥:

�ëç¨á«ï¥â J { ¥ á®¡áâ¢¥­­®¥ §­ ç¥­¨¥ Lambda ¯à®¨§¢®«ì­®© á¨¬¬¥âà¨ç­®© ¬ âà¨æë
A = SymMatrix à §¬¥à  M , à ¢­®¥ J { ¬ã á®¡áâ¢¥­­®¬ã §­ ç¥­¨î âà¥å¤¨ £®­ «ì­®©
á¨¬¬¥âà¨ç­®© ¬ âà¨æë ¯®«ãç¥­­®© ¢ à¥§ã«ìâ â¥ âà¥å¤¨ £®­ «¨§ æ¨¨ ¨áå®¤­®©. �®¡-
áâ¢¥­­ë¥ §­ ç¥­¨ï áç¨â îâáï à á¯®«®¦¥­­ë¬¨ ¯® ¢®§à áâ ­¨î. �ë¤ ¥â ®æ¥­ªã ®â­®á¨-
â¥«ì­®© ¯®£à¥è­®áâ¨ à¥§ã«ìâ â  error.
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�¡à é¥­¨¥ ª ¯®¤¯à®£à ¬¬¥:

Call EigenValueSymMatrix(SymMatrix,J,Lambda,error)

� à ¬¥âàë:

SymMatrix { ¢å®¤­®© ¯ à ¬¥âà, ª¢ ¤à â­ë© ¤¢ãå¬¥à­ë© ¬ áá¨¢ à §¬¥à  M ¢¥é¥áâ¢¥­­ëå ç¨á¥« á
¤¢®©­®© â®ç­®áâìî, á®¤¥à¦¨â í«¥¬¥­âë ¨áå®¤­®© á¨¬¬¥âà¨ç­®© ¬ âà¨æë.

J { ¢å®¤­®© ¯ à ¬¥âà, æ¥«®¥ ¯®«®¦¨â¥«ì­®¥ ç¨á«® 1 � J �M , ­®¬¥à ¢ëç¨á«ï¥¬®£® J { £® á®¡áâ¢¥­-
­®£® §­ ç¥­¨ï ¬ âà¨æë.

Lambda { ¢ëå®¤­®© ¯ à ¬¥âà, ¤¥©áâ¢¨â¥«ì­®¥ ç¨á«® á ¤¢®©­®© â®ç­®áâìî, á®¤¥à¦¨â ¢ëç¨á«¥­­®¥
§­ ç¥­¨¥ J-£® á®¡áâ¢¥­­®£® ç¨á«  ¢å®¤­®© á¨¬¬¥âà¨ç­®© ¬ âà¨æë.

error { ¢ëå®¤­®© ­¥®¡ï§ â¥«ì­ë© ¯ à ¬¥âà, ¢¥é¥áâ¢¥­­®¥ ç¨á«® á ¤¢®©­®© â®ç­®áâìî, á®¤¥à¦¨â
®æ¥­ªã ®â­®á¨â¥«ì­®© ¯®£à¥è­®áâ¨ ¢ëç¨á«¥­¨ï Lambda:

kLambda� �jk
kAk � error;

£¤¥ �j { â®ç­®¥ j { ®¥ á®¡áâ¢¥­­®¥ §­ ç¥­¨¥ ¨áå®¤­®© á¨¬¬¥âà¨ç­®© ¬ âà¨æë A.

�®çª¨ ®áâ ­®¢ª¨ ¨ á®®¡é¥­¨ï:
�á«¨ ¯ à ¬¥âàë ­¥ á®®â¢¥âáâ¢ãîâ ®¯¨á ­¨î, ¯à®£à ¬¬  ¯à¥ªà é ¥â à ¡®âã. �à¨ íâ®¬ ¢ë¤ ¥âáï
á®®¡é¥­¨¥:

Incorrect Arrays Shape in \EigenValueSymMatrix"

�á¯®«ì§ã¥¬ë¥ ¢­¥è­¨¥ ¯®¤¯à®£à ¬¬ë:
1.ThreeDiagonalization(�®¤ã«ì SymMod)
2.EigenValueThreeDSMatrix(�®¤ã«ì SymMod)

�.5.5 �®¤¯à®£à ¬¬  EigenVectorSymMatrix

� §­ ç¥­¨¥:

�«ï § ¤ ­­®£® J { £® á®¡áâ¢¥­­®£® §­ ç¥­¨ï Lambda ¯à®¨§¢®«ì­®© á¨¬¬¥âà¨ç­®© ¬ -
âà¨æë SymMatrix à §¬¥à  M , á ®â­®á¨â¥«ì­®© ¯®£à¥è­®áâìî errorLambda, ¢ëç¨á«ï¥â
ª®¬¯®­¥­âë ­®à¬¨à®¢ ­­®£® á®¡áâ¢¥­­®£® ¢¥ªâ®à . �«ï íâ®£® ¢å®¤­ ï á¨¬¬¥âà¨ç­ ï ¬ -
âà¨æ  ®àâ®£®­ «ì­ë¬¨ ¯à¥®¡à §®¢ ­¨ï¬¨ ¯à¨¢®¤¨âáï ª âà¥å¤¨ £®­ «ì­®¬ã ¢¨¤ã. �¯à¥-
¤¥«ïîâáï ª®¬¯®­¥­âë ­®à¬¨à®¢ ­­®£® á®¡áâ¢¥­­®£® ¢¥ªâ®à  á¨¬¬¥âà¨ç­®© âà¥å¤¨ £®-
­ «ì­®© ¬ âà¨æë ç¥à¥§ í«¥¬¥­âë ¤¢ãáâ®à®­­¥© ¯®á«¥¤®¢ â¥«ì­®áâ¨ �âãà¬  ¬ âà¨æë.
�®¡áâ¢¥­­ë© ¢¥ªâ®à EigenV ector ¨áå®¤­®© ¬ âà¨æë à ¢¥­ ¯à®¨§¢¥¤¥­¨î âà ­á¯®­¨à®-
¢ ­­®© ¬ âà¨æë ®àâ®£®­ «ì­®£® ¯à¥®¡à §®¢ ­¨ï ¨ á®¡áâ¢¥­­®£® ¢¥ªâ®à  á¨¬¬¥âà¨ç­®©
âà¥å¤¨ £®­ «ì­®© ¬ âà¨æë. �ë¤ ¥â ®æ¥­ªã ®â­®á¨â¥«ì­®© ¯®£à¥è­®áâ¨ à¥§ã«ìâ â 
error.

�¡à é¥­¨¥ ª ¯®¤¯à®£à ¬¬¥:

Call EigenVectorSymMatrix(EigenVector,SymMatrix,J,Lambda,errorLambda,error)

� à ¬¥âàë:

SymMatrix { ¢å®¤­®© ¯ à ¬¥âà, ª¢ ¤à â­ë© ¤¢ãå¬¥à­ë© ¬ áá¨¢ à §¬¥à  M ¢¥é¥áâ¢¥­­ëå ç¨á¥« á
¤¢®©­®© â®ç­®áâìî, á®¤¥à¦¨â í«¥¬¥­âë ¨áå®¤­®© á¨¬¬¥âà¨ç­®© ¬ âà¨æë.

J { ¢å®¤­®© ¯ à ¬¥âà, æ¥«®¥ ¯®«®¦¨â¥«ì­®¥ ç¨á«® 1 � J �M , § ¤ ­­ë© ­®¬¥à J { £® á®¡áâ¢¥­­®£®
§­ ç¥­¨ï ¨áå®¤­®© á¨¬¬¥âà¨ç­®© ¬ âà¨æë.

Lambda { ¢å®¤­®© ¯ à ¬¥âà, ¤¥©áâ¢¨â¥«ì­®¥ ç¨á«® á ¤¢®©­®© â®ç­®áâìî, á®¤¥à¦¨â §­ ç¥­¨¥ J { £®
á®¡áâ¢¥­­®£® ç¨á« .
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errorLambda { ¢å®¤­®© ¯ à ¬¥âà, ¢¥é¥áâ¢¥­­®¥ ç¨á«® á ¤¢®©­®© â®ç­®áâìî, á®¤¥à¦¨â ®æ¥­ªã ®â­®-
á¨â¥«ì­®© ®è¨¡ª¨ Lambda.

EigenVector { ¢ëå®¤­®© ¯ à ¬¥âà, ®¤­®¬¥à­ë© ¬ áá¨¢ ¤«¨­ëM ¢¥é¥áâ¢¥­­ëå ç¨á¥« á ¤¢®©­®© â®ç-
­®áâìî, á®¤¥à¦¨â ª®¬¯®­¥­âë ­®à¬¨à®¢ ­­®£® á®¡áâ¢¥­­®£® ¢¥ªâ®à  ¢å®¤­®© á¨¬¬¥âà¨ç­®©
¬ âà¨æë, á®®â¢¥âáâ¢ãîé¥£® j { ¬ã á®¡áâ¢¥­­®¬ã §­ ç¥­¨î �j .

error { ¢ëå®¤­®© ­¥®¡ï§ â¥«ì­ë© ¯ à ¬¥âà, ¢¥é¥áâ¢¥­­®¥ ç¨á«® á ¤¢®©­®© â®ç­®áâìî, á®¤¥à¦¨â
®æ¥­ªã ®â­®á¨â¥«ì­®© ¯®£à¥è­®áâ¨ ¢ëç¨á«¥­¨ï EigenV ector.

�®çª¨ ®áâ ­®¢ª¨ ¨ á®®¡é¥­¨ï:
�á«¨ ¯ à ¬¥âàë ­¥ á®®â¢¥âáâ¢ãîâ ®¯¨á ­¨î, ¯à®£à ¬¬  ¯à¥ªà é ¥â à ¡®âã. �à¨ íâ®¬ ¢ë¤ ¥âáï
á®®¡é¥­¨¥:

Incorrect Arrays Shape in \EigenVectorSymMatrix"

�á¯®«ì§ã¥¬ë¥ ¢­¥è­¨¥ ¯®¤¯à®£à ¬¬ë:
1.MachConst (�®¤ã«ì ArithMod)
2.ThreeDiagonalization(�®¤ã«ì SymMod)
3.EigenValueThreeDSMatrix(�®¤ã«ì SymMod)
4.EigenVectorThreeDSMatrix(�®¤ã«ì SymMod)

�.5.6 �ã­ªæ¨ï SymMatCond

� §­ ç¥­¨¥:

�ëç¨á«ï¥â ç¨á«® ®¡ãá«®¢«¥­­®áâ¨ ¯à®¨§¢®«ì­®© á¨¬¬¥âà¨ç­®© ¬ âà¨æë SymMatrix
à §¬¥à  M (®â­®è¥­¨¥ ¬ ªá¨¬ «ì­®£® ¨ ¬¨­¨¬ «ì­®£® á¨­£ã«ïà­ëå ç¨á¥« ¬ âà¨æë).
�¨­£ã«ïà­ë¥ ç¨á«  á¨¬¬¥âà¨ç­®© ¬ âà¨æë à ¢­ë  ¡á®«îâ­ë¬ §­ ç¥­¨ï¬ á®¡áâ¢¥­­ëå
ç¨á¥« íâ®© ¬ âà¨æë. �®§¢à é ¥â ¢¥é¥áâ¢¥­­®¥ ç¨á«® á ¤¢®©­®© â®ç­®áâìî, à ¢­®¥
� = �max

�min
.

�¡à é¥­¨¥ ª äã­ªæ¨¨:

SymMatCond(SymMatrix)

� à ¬¥âàë:

SymMatrix { ¢å®¤­®© ¯ à ¬¥âà, ª¢ ¤à â­ë© ¤¢ãå¬¥à­ë© ¬ áá¨¢ à §¬¥à  M ¢¥é¥áâ¢¥­­ëå ç¨á¥« á
¤¢®©­®© â®ç­®áâìî, á®¤¥à¦¨â í«¥¬¥­âë ¨áå®¤­®© á¨¬¬¥âà¨ç­®© ¬ âà¨æë.

�®çª¨ ®áâ ­®¢ª¨ ¨ á®®¡é¥­¨ï:
�á«¨ ¯ à ¬¥âàë ­¥ á®®â¢¥âáâ¢ãîâ ®¯¨á ­¨î, ¯à®£à ¬¬  ¯à¥ªà é ¥â à ¡®âã. �à¨ íâ®¬ ¢ë¤ ¥âáï
á®®¡é¥­¨¥:

Incorrect Array Shape in \SymMatCond"

�á¯®«ì§ã¥¬ë¥ ¢­¥è­¨¥ ¯®¤¯à®£à ¬¬ë:
1.ThreeDiagonalization (�®¤ã«ì SymMod)
2.ThreeDiagCond (�®¤ã«ì SymMod)

�.5.7 �ã­ªæ¨ï ThreeDiagCond

� §­ ç¥­¨¥:

�ëç¨á«ï¥â ç¨á«® ®¡ãá«®¢«¥­­®áâ¨ âà¥å¤¨ £®­ «ì­®© á¨¬¬¥âà¨ç­®© ¬ âà¨æë à §¬¥à 
M , § ¤ ­­®© £« ¢­®© MainDiag ¨ ¯®¡®ç­®© SecondaryDiag ¤¨ £®­ «ï¬¨. �®§¢à é ¥â
¢¥é¥áâ¢¥­­®¥ ç¨á«® á ¤¢®©­®© â®ç­®áâìî à ¢­®¥ � = �max

�min
, £¤¥ �max ; �min { ¬ ªá¨¬ «ì-

­®¥ ¨ ¬¨­¨¬ «ì­®¥ á¨­£ã«ïà­ë¥ ç¨á«  ¨áå®¤­®© ¬ âà¨æë, ª®â®àë¥ ¤«ï á¨¬¬¥âà¨ç­®©
¬ âà¨æë à ¢­ë ¥¥ ¬ ªá¨¬ «ì­®¬ã ¨ ¬¨­¨¬ «ì­®¬ã ¯® ¬®¤ã«î á®¡áâ¢¥­­ë¬ ç¨á« ¬.
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�¡à é¥­¨¥ ª äã­ªæ¨¨:

ThreeDiagCond(MainDiag,SecondaryDiag)

� à ¬¥âàë:

MainDiag { ¢å®¤­®© ¯ à ¬¥âà, ®¤­®¬¥à­ë© ¬ áá¨¢ ¤«¨­ë M ¢¥é¥áâ¢¥­­ëå ç¨á¥« á ¤¢®©­®© â®ç­®-
áâìî, á®¤¥à¦¨â í«¥¬¥­âë £« ¢­®© ¤¨ £®­ «¨ á¨¬¬¥âà¨ç­®© âà¥å¤¨ £®­ «ì­®© ¬ âà¨æë.

SecondaryDiag { ¢å®¤­®© ¯ à ¬¥âà, ®¤­®¬¥à­ë© ¬ áá¨¢ ¤«¨­ëM�1 ¢¥é¥áâ¢¥­­ëå ç¨á¥« á ¤¢®©­®©
â®ç­®áâìî, á®¤¥à¦¨â í«¥¬¥­âë ¯®¡®ç­®© ¤¨ £®­ «¨ á¨¬¬¥âà¨ç­®© âà¥å¤¨ £®­ «ì­®© ¬ âà¨-
æë.

�®çª¨ ®áâ ­®¢ª¨ ¨ á®®¡é¥­¨ï:
�á«¨ ¯ à ¬¥âàë ­¥ á®®â¢¥âáâ¢ãîâ ®¯¨á ­¨î, ¯à®£à ¬¬  ¯à¥ªà é ¥â à ¡®âã. �à¨ íâ®¬ ¢ë¤ ¥âáï
á®®¡é¥­¨¥:

Incorrect Arrays Shape in \ThreeDiagCond"

�á¯®«ì§ã¥¬ë¥ ¢­¥è­¨¥ ¯®¤¯à®£à ¬¬ë:
1.MachConst (�®¤ã«ì ArithMod)
2.EigenValueThreeDSMatrix (�®¤ã«ì SymMod)
3.NormalizationMatrix (�®¤ã«ì SymMod)
4.KShturm (�®¤ã«ì SymMod)

�.5.8 �ã­ªæ¨ï NormThreeDSMatrix

� §­ ç¥­¨¥:

�ëç¨á«ï¥â ®æ¥­ªã á¢¥àåã ¥¢ª«¨¤®¢®© ­®à¬ë á¨¬¬¥âà¨ç­®© âà¥å¤¨ £®­ «ì­®© ¬ âà¨æë
à §¬¥à  M, § ¤ ­­®© £« ¢­®© MainDiag ¨ ¯®¡®ç­®© SecondaryDiag ¤¨ £®­ «ï¬¨. �®§-
¢à é ¥â ¢¥é¥áâ¢¥­­®¥ ¯®«®¦¨â¥«ì­®¥ ç¨á«® á ¤¢®©­®© â®ç­®áâìî, ª®â®àë¬ ®æ¥­¨¢ ¥âáï
­®à¬  âà¥å¤¨ £®­ «ì­®© ¬ âà¨æë.

�¡à é¥­¨¥ ª äã­ªæ¨¨:

NormThreeDSMatrix(MainDiag,SecondaryDiag)

� à ¬¥âàë:

MainDiag { ¢å®¤­®© ¯ à ¬¥âà, ®¤­®¬¥à­ë© ¬ áá¨¢ ¤«¨­ë M ¢¥é¥áâ¢¥­­ëå ç¨á¥« á ¤¢®©­®© â®ç­®-
áâìî, á®¤¥à¦¨â í«¥¬¥­âë £« ¢­®© ¤¨ £®­ «¨ á¨¬¬¥âà¨ç­®© âà¥å¤¨ £®­ «ì­®© ¬ âà¨æë.

SecondaryDiag { ¢å®¤­®© ¯ à ¬¥âà, ®¤­®¬¥à­ë© ¬ áá¨¢ ¤«¨­ëM�1 ¢¥é¥áâ¢¥­­ëå ç¨á¥« á ¤¢®©­®©
â®ç­®áâìî, á®¤¥à¦¨â í«¥¬¥­âë ¯®¡®ç­®© ¤¨ £®­ «¨ á¨¬¬¥âà¨ç­®© âà¥å¤¨ £®­ «ì­®© ¬ âà¨-
æë.

�®çª¨ ®áâ ­®¢ª¨ ¨ á®®¡é¥­¨ï:
�á«¨ ¯ à ¬¥âàë ­¥ á®®â¢¥âáâ¢ãîâ ®¯¨á ­¨î, ¯à®£à ¬¬  ¯à¥ªà é ¥â à ¡®âã. �à¨ íâ®¬ ¢ë¤ ¥âáï
á®®¡é¥­¨¥:

Incorrect Arrays Shape in \NormThreeDSMatrix"

�á¯®«ì§ã¥¬ë¥ ¢­¥è­¨¥ ¯®¤¯à®£à ¬¬ë: ®âáãâáâ¢ãîâ.
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�.5.9 �®¤¯à®£à ¬¬  NormalizationMatrix

� §­ ç¥­¨¥:

�à®¢®¤¨â á¯¥æ¨ «ì­ãî ¯®¤£®â®¢ªã ¨áå®¤­®© á¨¬¬¥âà¨ç­®© âà¥å¤¨ £®­ «ì­®© ¬ âà¨æë,
§ ¤ ­­®© ¤¨ £®­ «ï¬¨MainDiag ¨ SecondaryDiag, ­¥®¡å®¤¨¬ãî ¤«ï ¡¥§ ¢ à¨©­®£® ¢ë-
ç¨á«¥­¨ï ¯®á«¥¤®¢ â¥«ì­®áâ¥© �âãà¬ . �î¤  ¢å®¤¨â ­®à¬¨à®¢ª  ¬ âà¨æë (ã¬­®¦¥­¨¥
¬ âà¨æë ­  ç¨á«® ro, ¯®¤®¡à ­­®¥ â ª, çâ®¡ë ¬ ªá¨¬ «ì­ë© ¨§ ­¥­ã«¥¢ëå í«¥¬¥­â®¢ ¬ -
âà¨æë «¥¦ « ¢ ®¯à¥¤¥«¥­­ëå £à ­¨æ å) ¨ § ¬¥­  ¢á¥å ­ã«¥¢ëå í«¥¬¥­â®¢ ­  £« ¢­®© ¨
¯®¡®ç­ëå ¤¨ £®­ «ïå ­  á¯¥æ¨ «ì­®¥ ç¨á«®. �®§¢à é ¥â ­®à¬¨à®¢®ç­ë© ¬­®¦¨â¥«ì ro
{ ¢¥é¥áâ¢¥­­®¥ ç¨á«® á ¤¢®©­®© â®ç­®áâìî, à ¢­®¥ áâ¥¯¥­¨ ®á­®¢ ­¨ï á¨áâ¥¬ë áç¨á«¥­¨ï

k (
 ¤«ï ª®­ªà¥â­®© ��� ®¯à¥¤¥«ï¥âáï ¯®¤¯à®£à ¬¬®© MachConst) ¨ ­®à¬¨à®¢ ­­ë¥
¤¨ £®­ «¨ d ¨ b ¬ âà¨æë.

�¡à é¥­¨¥ ª ¯®¤¯à®£à ¬¬¥:

Call NormalizationMatrix(MainDiag,SecondaryDiag,ro,d,b)

� à ¬¥âàë:

MainDiag { ¢å®¤­®© ¯ à ¬¥âà, ®¤­®¬¥à­ë© ¬ áá¨¢ ¤«¨­ë M ¢¥é¥áâ¢¥­­ëå ç¨á¥« á ¤¢®©­®© â®ç­®-
áâìî, á®¤¥à¦¨â í«¥¬¥­âë £« ¢­®© ¤¨ £®­ «¨ á¨¬¬¥âà¨ç­®© âà¥å¤¨ £®­ «ì­®© ¬ âà¨æë.

SecondaryDiag { ¢å®¤­®© ¯ à ¬¥âà, ®¤­®¬¥à­ë© ¬ áá¨¢ ¤«¨­ëM�1 ¢¥é¥áâ¢¥­­ëå ç¨á¥« á ¤¢®©­®©
â®ç­®áâìî, á®¤¥à¦¨â í«¥¬¥­âë ¯®¡®ç­®© ¤¨ £®­ «¨ á¨¬¬¥âà¨ç­®© âà¥å¤¨ £®­ «ì­®© ¬ âà¨-
æë.

ro { ¢ëå®¤­®© ¯ à ¬¥âà, ¢¥é¥áâ¢¥­­®¥ ç¨á«® á ¤¢®©­®© â®ç­®áâìî, ­®à¬¨à®¢®ç­ë© ¬­®¦¨â¥«ì.

d { ¢ëå®¤­®© ¯ à ¬¥âà, ®¤­®¬¥à­ë© ¬ áá¨¢ ¤«¨­ë M ¢¥é¥áâ¢¥­­ëå ç¨á¥« á ¤¢®©­®© â®ç­®áâìî,
á®¤¥à¦¨â ­®à¬¨à®¢ ­­ë¥ í«¥¬¥­âë £« ¢­®© ¤¨ £®­ «¨ á¨¬¬¥âà¨ç­®© âà¥å¤¨ £®­ «ì­®© ¬ -
âà¨æë.

b { ¢ëå®¤­®© ¯ à ¬¥âà, ®¤­®¬¥à­ë© ¬ áá¨¢ ¤«¨­ëM�1 ¢¥é¥áâ¢¥­­ëå ç¨á¥« á ¤¢®©­®© â®ç­®áâìî,
á®¤¥à¦¨â ­®à¬¨à®¢ ­­ë¥ í«¥¬¥­âë ¯®¡®ç­®© ¤¨ £®­ «¨ á¨¬¬¥âà¨ç­®© âà¥å¤¨ £®­ «ì­®© ¬ -
âà¨æë.

�®çª¨ ®áâ ­®¢ª¨ ¨ á®®¡é¥­¨ï:
�á«¨ ¯ à ¬¥âàë ­¥ á®®â¢¥âáâ¢ãîâ ®¯¨á ­¨î, ¯à®£à ¬¬  ¯à¥ªà é ¥â à ¡®âã. �à¨ íâ®¬ ¢ë¤ ¥âáï
á®®¡é¥­¨¥:

Incorrect Arrays Shape in \NormalizationMatrix"

�á¯®«ì§ã¥¬ë¥ ¢­¥è­¨¥ ¯®¤¯à®£à ¬¬ë:
1.MachConst (�®¤ã«ì ArithMod)

�.6 �®¤ã«ì ArithMod

�«ã¦¥¡­ë© ¬®¤ã«ì, ¢ ª®â®à®¬ á®¡à ­ë â ª¨¥ ¯à®æ¥¤ãàë, ª ª ®¯à¥¤¥«¥­¨¥ ¬ è¨­­ëå ª®­áâ ­â,
¢ëç¨á«¥­¨¥ ãâ®ç­¥­­®£® §­ ç¥­¨ï ª¢ ¤à â­®£® ª®à­ï, £¥­¥à æ¨ï ¥¤¨­¨ç­®© ¬ âà¨æë, ¢ëç¨á«¥­¨¥
­®à¬ë ¢¥ªâ®à  ¨ ¬ âà¨æë.

�.6.1 �®¤¯à®£à ¬¬  MachConst

� §­ ç¥­¨¥: ®¯à¥¤¥«ï¥â ¬ è¨­ë¥ ª®­áâ ­âë

 = Gamma; "0 = Eps0; "1 = Eps1; "1 = EpsMax.
�¡à é¥­¨¥ ª ¯®¤¯à®£à ¬¬¥: Call MachConst
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�.6.2 �ã­ªæ¨ï SqRoot

� §­ ç¥­¨¥: á¯¥æ¨ «ì­®¥ ¨§¢«¥ç¥­¨¥ ª¢ ¤à â­®£® ª®à­ï ¨§ ­¥®âà¨æ â¥«ì­®£® ¬ è¨­­®£® ç¨á« 
£ à ­â¨àãîé¥¥ ®â­®á¨â¥«ì­ãî ¯®£à¥è­®áâì à¥§ã«ìâ â .
�¡à é¥­¨¥ ª äã­ªæ¨¨: SqRoot(x)
� à ¬¥âà: ¢å®¤­®© ¯ à ¬¥âà { ¢¥é¥áâ¢¥­­®¥ ç¨á«® á ¤¢®©­®© â®ç­®áâìî.
�¥§ã«ìâ â: ¢¥é¥áâ¢¥­­®¥ ç¨á«® á ¤¢®©­®© â®ç­®áâìî, ãâ®ç­¥­­®¥ §­ ç¥­¨¥ ª¢ ¤à â­®£® ª®à­ï.

�.6.3 �®¤¯à®£à ¬¬  Eye

� §­ ç¥­¨¥: ¢å®¤­ãî ª¢ ¤à â­ãî ¬ âà¨æã § ¬¥­ï¥â ­  ¥¤¨­¨ç­ãî.
�¡à é¥­¨¥ ª ¯®¤¯à®£à ¬¬¥: Call Eye(A)
� à ¬¥âà: A { ¢å®¤­®© { ¢ëå®¤­®© ¯ à ¬¥âà, ¤¢ã¬¥à­ë© ¬ áá¨¢ ¢¥é¥áâ¢¥­­ëå ç¨á¥« á ¤¢®©­®©
â®ç­®áâìî à §¬¥à  N � N . �  ¢ëå®¤¥ á®¤¥à¦¨â ¥¤¨­¨ç­ãî ¬ âà¨æã.
�®çª¨ ®áâ ­®¢ª¨ ¨ á®®¡é¥­¨ï:
�á«¨ ¬ áá¨¢ A ­¥ ª¢ ¤à â­ë©, ¯à®£à ¬¬  ¯à¥ªà é ¥â à ¡®âã á á®®¡é¥­¨¥¬:

Incorrect Array Shape in \Eye".

�.6.4 �ã­ªæ¨ï VectorNorm

� §­ ç¥­¨¥: ¢ëç¨á«ï¥â ­®à¬ã ¢¥ªâ®à , ¨á¯®«ì§ãï äã­ªæ¨î SqRoot.
�¡à é¥­¨¥ ª äã­ªæ¨¨: VectorNorm(Vector)
� à ¬¥âà: Vector { ¢å®¤­®© ¯ à ¬¥âà, ®¤­®¬¥à­ë© ¬ áá¨¢ ¢¥é¥áâ¢¥­­ëå ç¨á¥« á ¤¢®©­®© â®ç-
­®áâìî ¤«¨­ë N .
�¥§ã«ìâ â: ¢¥é¥áâ¢¥­­®¥ ç¨á«® á ¤¢®©­®© â®ç­®áâìî, ¢ëç¨á«¥­­ ï ­®à¬  ¢¥ªâ®à .

�.6.5 �ã­ªæ¨ï FrobeniusNormMatrix

� §­ ç¥­¨¥: ¢ëç¨á«ï¥â äà®¡¥­¨ãá®¢ã ­®à¬ã ¬ âà¨æë.
�¡à é¥­¨¥ ª äã­ªæ¨¨: FrobeniusNormMatrix(Matrix)
� à ¬¥âà: Matrix { ¢å®¤­®© ¯ à ¬¥âà, ¤¢ã¬¥à­ë© ¬ áá¨¢ ¢¥é¥áâ¢¥­­ëå ç¨á¥« á ¤¢®©­®© â®ç­®-
áâìî à §¬¥à  N �M .
�¥§ã«ìâ â: ¢¥é¥áâ¢¥­­®¥ ç¨á«® á ¤¢®©­®© â®ç­®áâìî, ¢ëç¨á«¥­­ ï ­®à¬  ¬ âà¨æë.

�¨â¥à âãà 

[1] �.�. � ­â¬ å¥à, �¥®à¨ï ¬ âà¨æ, � ãª , �®áª¢  (1967).

[2] �.�. �®¤ã­®¢, �.�. �­â®­®¢, �.�. �¨à¨«îª,�.�. �®áâ¨­, � à ­â¨à®¢ ­­ ï â®ç­®áâì à¥è¥­¨ï
á¨áâ¥¬ «¨­¥©­ëå ãà ¢­¥­¨© ¢ ¥¢ª«¨¤®¢ëå ¯à®áâà ­áâ¢ å, � ãª , �®¢®á¨¡¨àáª (1992).

[3] �.�. �¨¡¥à¤®àä, �.�. �®¯®¢ , �¥è¥­¨¥ «¨­¥©­ëå á¨áâ¥¬ á £ à ­â¨à®¢ ­­®© ®æ¥­ª®© â®ç­®-
áâ¨ à¥§ã«ìâ â®¢ (ç áâì ¯¥à¢ ï) �à¥¯à¨­â ��� �� ��� 99-49, �®¢®á¨¡¨àáª,(1999).

[4] �.�. �®¤ã­®¢, �.�. �ï¡¥­ìª¨© �¢¥¤¥­¨¥ ¢ â¥®à¨î à §­®áâ­ëå áå¥¬, �®áª¢ , ����� (1962).

[5] �.�. � ãáå®«ì¤¥à, �á­®¢ë ç¨á«¥­­®£®  ­ «¨§ , �®áª¢ , �� (1956).

[6] �.�. � «ëè¥¢, �¢¥¤¥­¨¥ ¢ ¢ëç¨á«¨â¥«ì­ãî «¨­¥©­ãî  «£¥¡àã, � ãª , �®¢®á¨¡¨àáª (1991).

[7] �¦.�. �¨«ª¨­á®­, �«£¥¡à ¨ç¥áª ï ¯à®¡«¥¬  á®¡áâ¢¥­­ëå §­ ç¥­¨©, � ãª , �®áª¢  (1970).

[8] �.�. � ¤¤¥¥¢, �.�. � ¤¤¥¥¢ , �ëç¨á«¨â¥«ì­ë¥ ¬¥â®¤ë «¨­¥©­®©  «£¥¡àë, �¨§¬ â£¨§, �®áª¢ 
(1960).

[9] D.H. Bailey, ACM Translation on Math. Software 19, 288 (1993).

[10] �.�. �¨ª¨ä®à®¢, �.�. �¢ à®¢, �á­®¢ë â¥®à¨¨ á¯¥æ¨ «ì­ëå äã­ªæ¨©, � ãª , �®áª¢  (1974).

47


