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� à ¡®â¥ ¤«ï ­¥áª®«ìª¨å ¯à¨¬¥à®¢ ¨§ íªá¯¥à¨¬¥­â «ì­®© ä¨§¨ª¨ í«¥-
¬¥­â à­ëå ç áâ¨æ ¯à®¢¥¤¥­ à áç¥â ¬¥â®¤®¬ �®­â¥-� à«® ¢¥à®ïâ­®áâ¨
¯®ªàëâ¨ï ¨áâ¨­­ëå §­ ç¥­¨© ¯ à ¬¥âà®¢ â¥®à¥â¨ç¥áª®© ¬®¤¥«¨ ¤®¢¥à¨-
â¥«ì­ë¬¨ ¨­â¥à¢ « ¬¨, ®æ¥­¥­­ë¬¨ ¯® «®£ à¨ä¬¨ç¥áª®© äã­ªæ¨¨ ¯à ¢-
¤®¯®¤®¡¨ï. �à¨ ¬ «®© áâ â¨áâ¨ª¥, ®¡ëç­®, ¯®ï¢«ï¥âáï § ¬¥â­®¥ ®âª«®-
­¥­¨¥ íâ®© ¢¥«¨ç¨­ë ®â ®¦¨¤ ¥¬®£® ãà®¢­ï ¤®¢¥à¨ï.

�«ï ­¥áª®«ìª¨å ¯à®áâëå á«ãç ¥¢ ¢ëç¨á«¥­ë ¤®¢¥à¨â¥«ì­ë¥ ¨­â¥à¢ -
«ë ¯® ª« áá¨ç¥áª®¬ã ¬¥â®¤ã �¥©¬ ­ , ª®â®àë¥ ¬®£ãâ ¡ëâì ¨á¯®«ì§®¢ ­ë
¢ á®®â¢¥âáâ¢ãîé¨å á«ãç ïå ¢¬¥áâ® ¯à¨¡«¨¦¥­­ëå ®æ¥­®ª ¯® äã­ªæ¨¨
¯à ¢¤®¯®¤®¡¨ï.

�à®¢¥¤¥­® áà ¢­¥­¨¥ ­¥áª®«ìª¨å á¨áâ¥¬ ¤®¢¥à¨â¥«ì­ëå ¨­â¥à¢ «®¢
¤«ï ¯ à ¬¥âà  �ã áá®­®¢  à á¯à¥¤¥«¥­¨ï. � à¥§ã«ìâ â¥ ¯à¥¤áâ ¢«ï¥âáï
­¥®¡®á­®¢ ­­ë¬ ¯¥à¥å®¤ ¢ 1998 £. ¢ à¥ª®¬¥­¤ æ¨ïå Particle Data Group
®â ¢¥àå­¥£® ¯à¥¤¥«  p < 2:30 ª p < 2:44 ­  90%-®¬ ãà®¢­¥ ¤®¢¥à¨ï ¯à¨
­ã«¥¢®¬ ç¨á«¥ § à¥£¨áâà¨à®¢ ­­ëå á®¡ëâ¨©.

c
The Budker Institute of Nuclear Physics



Comparison of likelihood function method and
classical Neyman's method for the
construction of con�dence interval

A.D.Bukin

Budker Institute of Nuclear Physics,

630090, Novosibirsk, Russia

Abstract

In the paper for several examples of elementary particle physics
experiments the Monte Carlo evaluation of the probability of coverage of
the true values of theoretical model parameters by loglikelihood function
con�dence intervals is carried out. Usually for low statistics there is noticeable
deviation of this probability from expected con�dence level.

For several simple cases there are calculated the con�dence intervals
according to the classical Neyman's method, which can be used in appropriate
cases instead of the likelihood function estimates.

A comparison of several systems of the con�dence intervals for Poisson
distribution parameter is performed. As a result the change of Particle Data
Group in 1998 of the upper limit p < 2:30 to p < 2:44 at 90% con�dence level
for zero number of detected events seems to be not enough founded.

c
The Budker Institute of Nuclear Physics
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1. �¢¥¤¥­¨¥

� íªá¯¥à¨¬¥­â «ì­®© ä¨§¨ª¥ í«¥¬¥­â à­ëå ç áâ¨æ ¢ ­ áâ®ïé¥¥ ¢à¥¬ï
è¨à®ª® à á¯à®áâà ­¥­ ¬¥â®¤ ¯®áâà®¥­¨ï ¤®¢¥à¨â¥«ì­ëå ¨­â¥à¢ «®¢ ¤«ï
¯ à ¬¥âà®¢ â¥®à¥â¨ç¥áª®© ¬®¤¥«¨ á ¯®¬®éìî äã­ªæ¨¨ ¯à ¢¤®¯®¤®¡¨ï [1{
4]. � ¤àã£®© áâ®à®­ë, ¨§¢¥áâ­®, çâ® ¬¥â®¤ ¬ ªá¨¬ «ì­®£® ¯à ¢¤®¯®¤®¡¨ï
¤ ¥â ­ ¨«ãçè¨¥ à¥§ã«ìâ âë ¯à¨ ¡®«ìè®© áâ â¨áâ¨ª¥, á ã¬¥­ìè¥­¨¥¬ ¦¥
áâ â¨áâ¨ª¨ à¥§ã«ìâ âë áâ ­®¢ïâáï ¢á¥ ¡®«¥¥ ¯à¨¡«¨¦¥­­ë¬¨.

�« áá¨ç¥áª¨© ¬¥â®¤ �¥©¬ ­  [5] ¯®áâà®¥­¨ï ¤®¢¥à¨â¥«ì­ëå ¨­â¥à¢ -
«®¢ ¯®§¢®«ï¥â ¢ ¡®«ìè¨­áâ¢¥ á«ãç ¥¢ â®ç­® à¥è¨âì § ¤ çã ®æ¥­ª¨ ­¥¨§-
¢¥áâ­®£® ¯ à ¬¥âà  ¢ ¢¨¤¥ ¨­â¥à¢ « , ®¤­ ª®, íâ®â ¬¥â®¤ ï¢«ï¥âáï £®-
à §¤® ¡®«¥¥ âàã¤®¥¬ª¨¬.

� ¤ ­­®© à ¡®â¥ ­  ¯à¨¬¥à¥ ­¥áª®«ìª¨å à á¯à®áâà ­¥­­ëå § ¤ ç ¢
ä¨§¨ª¥ í«¥¬¥­â à­ëå ç áâ¨æ ¨áá«¥¤ãîâáï £à ­¨æë ¯à¨¬¥­¨¬®áâ¨ ¬¥â®-
¤  ¯®áâà®¥­¨ï ¤®¢¥à¨â¥«ì­ëå ¨­â¥à¢ «®¢ á ¯®¬®éìî äã­ªæ¨¨ ¯à ¢¤®¯®-
¤®¡¨ï.

2. �¡é¨¥ ¯à¨­æ¨¯ë ¯®áâà®¥­¨ï ¤®¢¥à¨â¥«ì­ëå ¨­-

â¥à¢ «®¢

�¡ëç­® à¥§ã«ìâ â íªá¯¥à¨¬¥­â  ¯® ¨§¬¥à¥­¨î ¯ à ¬¥âà  a â¥®à¥â¨-

ç¥áª®© ¬®¤¥«¨ § ¯¨áë¢ îâ ¢ ¢¨¤¥ a = p+�p
(+)

��p(�) . �è¨¡ª¨ ¨§¬¥à¥­¨ï ¯ -

à ¬¥âà  �p(�) ­¥ ¬®£ãâ å à ªâ¥à¨§®¢ âì áà¥¤­¥ª¢ ¤à â¨ç­ë© à §¡à®á
®æ¥­®ª ¯ à ¬¥âà  ¯à¨ ¬­®£®ªà â­®¬ ¯®¢â®à¥­¨¨ íâ®£® íªá¯¥à¨¬¥­â  ¢
®¤¨­ ª®¢ëå ãá«®¢¨ïå. �®-¯¥à¢ëå, ª ª ¯à ¢¨«®, ®è¨¡ª¨ ­¥á¨¬¬¥âà¨ç­ë
(�p(+) 6= �p(�)), ¢®-¢â®àëå, ¢ ®¡é¥¬ á«ãç ¥ ¤¨á¯¥àá¨ï à á¯à¥¤¥«¥­¨ï
¢¥à®ïâ­®áâ¥© ®æ¥­®ª ¯ à ¬¥âà  § ¢¨á¨â ®â íâ®£® ­¥¨§¢¥áâ­®£® ¯ à ¬¥-
âà . �  á ¬®¬ ¤¥«¥ ¢ íâ®© § ¯¨á¨ á®¤¥à¦¨âáï ¤¢®©­ ï ®æ¥­ª  ¯ à ¬¥-
âà : p ï¢«ï¥âáï  á¨¬¯â®â¨ç¥áª¨ ­¥á¬¥é¥­­®© ¨ íää¥ªâ¨¢­®© ®æ¥­ª®©
§­ ç¥­¨ï ¯ à ¬¥âà  ¯® ¬¥â®¤ã ¬ ªá¨¬ «ì­®£® ¯à ¢¤®¯®¤®¡¨ï,   ¨­â¥à-
¢ « (p��p(�); p+�p(+)) ®æ¥­¨¢ ¥â §­ ç¥­¨¥ ¯® ¢¥à®ïâ­®áâ¨ [1{4] á ­¥-
ª®â®àë¬ ãà®¢­¥¬ ¤®¢¥à¨ï � (®¡ëç­® � = 0:683). �â® ­¥«ì§ï ¯®­¨¬ âì
â ª, çâ® ¨áâ¨­­®¥ §­ ç¥­¨¥ ¯ à ¬¥âà  á ¢¥à®ïâ­®áâìî � ¯®¯ ¤ ¥â ¢ ¨­-
â¥à¢ «, ¯®«ãç¥­­ë© ¢ ¤ ­­®¬ íªá¯¥à¨¬¥­â¥ | ã ¨áâ¨­­®£® §­ ç¥­¨ï ­¥â
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à á¯à¥¤¥«¥­¨ï ¢¥à®ïâ­®áâ¥©. � ª ï ®æ¥­ª  ®§­ ç ¥â, çâ® ¬­®£®ªà â­®
¯®¢â®àï¥¬ë© ®¤¨­ ¨ â®â ¦¥ íªá¯¥à¨¬¥­â ¡ã¤¥â ¯®«ãç âì à §­ë¥ ®æ¥­-

ª¨ ¯ à ¬¥âà  ¢ ¢¨¤¥ ¤®¢¥à¨â¥«ì­®£® ¨­â¥à¢ « , ¨ ª ª®¥ ¡ë ­¨ ¡ë«® ¨á-

â¨­­®¥ §­ ç¥­¨¥ ¯ à ¬¥âà , ®­® á ¢¥à®ïâ­®áâìî � ¡ã¤¥â ¯®ªàë¢ âìáï
¤®¢¥à¨â¥«ì­ë¬¨ ¨­â¥à¢ « ¬¨.

�«£®à¨â¬ ®æ¥­ª¨ ¯ à ¬¥âà  ¬¥â®¤®¬ ¬ ªá¨¬ «ì­®£® ¯à ¢¤®¯®¤®¡¨ï
á«¥¤ãîé¨©. � ¯¨áë¢ ¥âáï «®£ à¨ä¬¨ç¥áª ï äã­ªæ¨ï ¯à ¢¤®¯®¤®¡¨ï
L(a), ª®â®à ï ï¢«ï¥âáï «®£ à¨ä¬®¬ (á ®¡à â­ë¬ §­ ª®¬) ¯«®â­®áâ¨ ¢¥-
à®ïâ­®áâ¨ ¯®«ãç¨âì ¤ ­­ë© ­ ¡®à íªá¯¥à¨¬¥­â «ì­ëå ¤ ­­ëå ¯à¨ ­¥-
ª®â®à®¬ §­ ç¥­¨¨ ¯ à ¬¥âà  a â¥®à¥â¨ç¥áª®© ¬®¤¥«¨ (¨«¨ ­ ¡®à  ¯ -
à ¬¥âà®¢). �à¨ ¢ëç¨á«¥­¨¨ ¤®¢¥à¨â¥«ì­®£® ¨­â¥à¢ «  ¯® ª ª®¬ã-«¨¡®
¯ à ¬¥âàã ¬®¤¥«¨, ­ ¤® ¯à¨ ª ¦¤®¬ §­ ç¥­¨¨ ¨­â¥à¥áãîé¥£® ¯ à ¬¥âà 
a ¬¨­¨¬¨§¨à®¢ âì äã­ªæ¨î L ¯® ¢á¥¬ ®áâ «ì­ë¬ ¯ à ¬¥âà ¬ â¥®à¥â¨-
ç¥áª®© ¬®¤¥«¨. �â®© ¯à®æ¥¤ãà®© äã­ªæ¨ï L ¯à¥¢à é ¥âáï ¢ äã­ªæ¨î
®¤­®£®  à£ã¬¥­â . �¥¯¥àì §­ ç¥­¨¥ ¯ à ¬¥âà  a = p, ¯à¨ ª®â®à®¬ ¤®áâ¨-
£ ¥âáï ¬¨­¨¬ã¬

L0 = min
a

L(a) = L(p); (1)

ï¢«ï¥âáï ®¯â¨¬ «ì­®© ®æ¥­ª®© ¯ à ¬¥âà  ¯® ¬¥â®¤ã ¬ ªá¨¬ «ì­®£® ¯à ¢-
¤®¯®¤®¡¨ï,   ¨­â¥à¢ « (p1; p2), £¤¥

L (p1) = L (p2) = L0 +�L; p1 < p < p2 (2)

­ §ë¢ ¥âáï ¤®¢¥à¨â¥«ì­ë¬ ¨­â¥à¢ «®¬ ­  ãà®¢­¥ ¤®áâ®¢¥à­®áâ¨ �. �¥-
«¨ç¨­ë � ¨ �L á¢ï§ ­ë á®®â­®è¥­¨¥¬

1p
2�

p
2�LZ

�
p
2�L

e�
x
2

2 dx = �: (3)

� ¯à¨¬¥à, �L = 0:5 á®®â¢¥âáâ¢ã¥â � � 0:683, �L � 1:353 á®®â¢¥âáâ¢ã¥â
� = 0:9, �L = 2 á®®â¢¥âáâ¢ã¥â � � 0:9545, �L � 3:318 á®®â¢¥âáâ¢ã¥â
� = 0:99.

�à ¤¨æ¨®­­ ï § ¯¨áì à¥§ã«ìâ â  á® áâ â¨áâ¨ç¥áª¨¬¨ ®è¨¡ª ¬¨ ¯®-
«ãç ¥âáï, ¥á«¨ ®¡®§­ ç¨âì

�p(+) = p2 � p; �p(�) = p� p1:

� ª®© ¤®¢¥à¨â¥«ì­ë© ¨­â¥à¢ « ­ §ë¢ ¥âáï "æ¥­âà «ì­ë¬" ¯® â®© ¯à¨-
ç¨­¥, çâ® ¯à¨ ¬­®£®ªà â­®¬ ¯®¢â®à¥­¨¨ íªá¯¥à¨¬¥­â  ¢ (1 � �)=2 ¤®«¥
á«ãç ¥¢ ¨áâ¨­­®¥ §­ ç¥­¨¥ ¯ à ¬¥âà  a < p1,   ¢ (1� �)=2 ¤®«¥ á«ãç ¥¢
¨áâ¨­­®¥ §­ ç¥­¨¥ ¯ à ¬¥âà  a > p2.
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�­®£¤  ®æ¥­ª  ¯ à ¬¥âà  áâ â¨áâ¨ç¥áª¨ á®£« áã¥âáï á ä¨§¨ç¥áª¨¬
¯à¥¤¥«®¬ ¤«ï ¨§¬¥àï¥¬®£® ¯ à ¬¥âà  ¬®¤¥«¨. �®£¤  ¢¬¥áâ® "æ¥­âà «ì-
­®£®" ¤®¢¥à¨â¥«ì­®£® ¨­â¥à¢ «  ¯à¨¢®¤ïâ ¢¥àå­¨© ¯à¥¤¥« | ®¤­®áâ®-
à®­­¨© ¤®¢¥à¨â¥«ì­ë© ¨­â¥à¢ «. �ªá¯¥à¨¬¥­â «ì­ë© à¥§ã«ìâ â ¢ íâ®¬
á«ãç ¥ ¢ë£«ï¤¨â â ª

a < p2 ­  ãà®¢­¥ ¤®áâ®¢¥à­®áâ¨ �; (4)

£¤¥ ¯à®æ¥¤ãà  ®¯à¥¤¥«¥­¨ï £à ­¨æë p2 â ª ï ¦¥, ª ª ¢ á«ãç ¥ "æ¥­âà «ì-
­®£®" ¤®¢¥à¨â¥«ì­®£® ¨­â¥à¢ « , ­® á®®â¢¥âáâ¢¨¥ ¬¥¦¤ã �L ¨ � ®¯à¥¤¥-
«ï¥âáï á®®â­®è¥­¨¥¬

1p
2�

p
2�LZ

�1
e�

x
2

2 dx = �; (5)

çâ® ¤ ¥â ¤«ï � = 0:9 �L � 0:822, ¤«ï � = 0:99 | �L � 2:707.
� ª ã¦¥ ¡ë«® áª § ­®, ¬¥â®¤ ¬ ªá¨¬ «ì­®£® ¯à ¢¤®¯®¤®¡¨ï ¤ ¥â ¯à¨-

¡«¨¦¥­­ãî ®æ¥­ªã ¤®¢¥à¨â¥«ì­®£® ¨­â¥à¢ « . �« áá¨ç¥áª¨© ¬¥â®¤ �¥©-
¬ ­  ®¯¨á ­ ­¨¦¥ ­  ¯à¨¬¥à¥ ®æ¥­ª¨ ¤®¢¥à¨â¥«ì­®£® ¨­â¥à¢ «  ¯à¨ ¨§-
¬¥à¥­¨¨ ¢à¥¬¥­¨ ¦¨§­¨ (à §¤¥« 3.2).

3. �¥¯à¥àë¢­ë¥ à á¯à¥¤¥«¥­¨ï

3.1. �¯à¥¤¥«¥­¨¥ áà¥¤­¥£® ¤«ï � ãáá®¢  à á¯à¥¤¥«¥­¨ï

� ¤ ç  ®¯à¥¤¥«¥­¨ï áà¥¤­¥£® §­ ç¥­¨ï ¢¥«¨ç¨­ë, íªá¯¥à¨¬¥­â «ì­ë¥
®æ¥­ª¨ ª®â®à®© ¯®¤ç¨­ïîâáï � ãáá®¢ã à á¯à¥¤¥«¥­¨î á ¨§¢¥áâ­ë¬ áà¥¤-
­¥ª¢ ¤à â¨ç­ë¬ ®âª«®­¥­¨¥¬, ï¢«ï¥âáï à¥¤ª¨¬ ¯à¨¬¥à®¬, ª®£¤  ¬¥â®¤
¬ ªá¨¬ «ì­®£® ¯à ¢¤®¯®¤®¡¨ï ¤ ¥â  ¡á®«îâ­® â®ç­ë© à¥§ã«ìâ â. � ®¡-
é¥¬ ¢¨¤¥ § ¤ ç  ä®à¬ã«¨àã¥âáï á«¥¤ãîé¨¬ ®¡à §®¬. � n íªá¯¥à¨¬¥­â å
¨§¬¥à¥­  ®¤­  ¨ â  ¦¥ ¢¥«¨ç¨­  x. � ª ¦¤®¬ íªá¯¥à¨¬¥­â¥ á¢®ï â®ç­®áâì
¨§¬¥à¥­¨ï | ®âª«®­¥­¨¥ ®â áà¥¤­¥£® ¯®¤ç¨­ï¥âáï à á¯à¥¤¥«¥­¨î � ãáá 
¨ å à ªâ¥à¨§ã¥âáï áà¥¤­¥ª¢ ¤à â¨ç­ë¬ ®âª«®­¥­¨¥¬ �i. � ©â¨ ®¯â¨-
¬ «ì­ãî ®æ¥­ªã ¯ à ¬¥âà  ¨ 68%-ë© ¤®¢¥à¨â¥«ì­ë© ¨­â¥à¢ «.

�ã­ªæ¨ï ¯à ¢¤®¯®¤®¡¨ï à ¢­ 

L(x) =
nX
i=1

"
(xi � x)2

2�2i
� ln

�p
2��i

�#
: (6)
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�¢¥¤¥¬ ®¡®§­ ç¥­¨¥:

� =

"
nX
i=1

1

�2i

#� 1
2

(7)

�¥£ª® ã¡¥¤¨âìáï, çâ® ¬¨­¨¬ã¬ äã­ªæ¨¨ ¯à ¢¤®¯®¤®¡¨ï ¤®áâ¨£ ¥âáï ¯à¨
x = a

a = �2 �
"

nX
i=1

xi
�2i

#
; (8)

  68%-ë© ¤®¢¥à¨â¥«ì­ë© ¨­â¥à¢ « à ¢¥­ (a� �; a+ �). �¥£ª® ã¡¥¤¨âìáï
(­ ¯à¨¬¥à, ¬¥â®¤®¬ �®­â¥-� à«®), çâ® ¯à¨ ¬­®£®ªà â­®¬ ¯®¢â®à¥­¨¨
íªá¯¥à¨¬¥­â  ¨áâ¨­­®¥ §­ ç¥­¨¥ áà¥¤­¥£® ¯®ªàë¢ ¥âáï ¤®¢¥à¨â¥«ì­ë¬
¨­â¥à¢ «®¬ à®¢­® ¢ 68% á«ãç ¥¢.

3.2. �§¬¥à¥­¨¥ ¢à¥¬¥­¨ ¦¨§­¨

�¥§ã«ìâ âë ¤ ­­®£® à §¤¥«  ¯à¨¬¥­¨¬ë ª ®¡à ¡®âª¥ ¤ ­­ëå «î¡®£®
íªá¯¥à¨¬¥­â , £¤¥ ¨§¬¥àï¥¬ ï ¢¥«¨ç¨­  ¨¬¥¥â íªá¯®­¥­æ¨ «ì­®¥ à á¯à¥-
¤¥«¥­¨¥ ¢¥à®ïâ­®áâ¥©:

dW

dt
=

1

�
exp

�
� t

�

�
(9)

�â® ¬®¦¥â ¡ëâì, ­ ¯à¨¬¥à, à á¯ ¤ ­¥áâ ¡¨«ì­®© ç áâ¨æë ¨«¨ ¯à®¡¥£
ç áâ¨æë ¯à¨ ¯®áâ®ï­­®¬ ª®íää¨æ¨¥­â¥ ¯®£«®é¥­¨ï. �«ï ã¤®¡áâ¢  ¤ «¥¥
¨§¬¥àï¥¬ãî ¢¥«¨ç¨­ã t ¡ã¤¥¬ ­ §ë¢ âì ¢à¥¬¥­¥¬ ¦¨§­¨,   ¯ à ¬¥âà â¥-
®à¥â¨ç¥áª®© ¬®¤¥«¨ � | áà¥¤­¨¬ ¢à¥¬¥­¥¬ ¦¨§­¨.

�®£ à¨ä¬¨ç¥áª ï äã­ªæ¨ï ¯à ¢¤®¯®¤®¡¨ï ¯à¨ n ­¥§ ¢¨á¨¬ëå ¨§¬¥à¥-
­¨ïå à ¢­ :

L = n � ln � + 1

�

nX
i=1

ti (10)

�¨­¨¬ã¬ íâ®© äã­ªæ¨¨ L0 ¤®áâ¨£ ¥âáï ¯à¨

�̂ =
1

n

nX
i=1

ti ; min L = L0 = n+ n � ln �̂ : (11)

�â  ®æ¥­ª , ®ç¥¢¨¤­®, ï¢«ï¥âáï ­¥á¬¥éñ­­®© ¯à¨ «î¡®¬ ç¨á«¥ ¨§¬¥à¥­¨©
n. �¥£ª® § ¬¥â¨âì, çâ® áâ â¨áâ¨ç¥áª¨¥ á¢®©áâ¢  ®æ¥­ª¨ ¯ à ¬¥âà  ¨
¤®¢¥à¨â¥«ì­ëå ¨­â¥à¢ «®¢ §¤¥áì ­¥ § ¢¨áïâ ®â ¢¥«¨ç¨­ë � ,   § ¢¨áïâ
â®«ìª® ®â ç¨á«  ¨§¬¥à¥­¨© n. �à ­¨æë ¤®¢¥à¨â¥«ì­®£® ¨­â¥à¢ «  ¬®£ãâ
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� ¡«¨æ  1: �à ­¨æë �� = � � �̂ ¤®¢¥à¨â¥«ì­ëå ¨­â¥à¢ «®¢ ¤«ï ãà®¢­ï
¤®¢¥à¨ï 68% (�L = L � L0 = 1=2) ¨ 95% (�L = 2), ®¯à¥-
¤¥«ñ­­ëå ¯® ¬¥â®¤ã ¬ ªá¨¬ «ì­®£® ¯à ¢¤®¯®¤®¡¨ï.

�L = 1
2 �L = 2

n
��(�)

�̂
��(+)

�̂

q
2�L
n

��(�)

�̂
��(+)

�̂

q
2�L
n

1 0:5759 2:3144 1:0000 0:7780 18:0588 2:0000
2 0:4689 1:2283 0:7071 0:6822 5:3054 1:4142
3 0:4095 0:8940 0:5774 0:6206 3:1642 1:1547
4 0:3697 0:7253 0:5000 0:5759 2:3144 1:0000
5 0:3405 0:6212 0:4472 0:5410 1:8579 0:8944
6 0:3177 0:5496 0:4082 0:5127 1:5714 0:8165
7 0:2992 0:4968 0:3780 0:4891 1:3736 0:7559
8 0:2839 0:4560 0:3536 0:4689 1:2283 0:7071
9 0:2708 0:4232 0:3333 0:4513 1:1164 0:6667
10 0:2595 0:3963 0:3162 0:4357 1:0274 0:6325
20 0:1939 0:2614 0:2236 0:3405 0:6212 0:4472
50 0:1290 0:1558 0:1414 0:2367 0:3456 0:2828

¡ëâì ®¯à¥¤¥«¥­ë â®«ìª® ç¨á«¥­­ë¬¨ ¬¥â®¤ ¬¨. � â ¡«. 1 ¯à¨¢¥¤¥­ë
£à ­¨æë ¤®¢¥à¨â¥«ì­ëå ¨­â¥à¢ «®¢ ¤«ï ­¥áª®«ìª¨å §­ ç¥­¨© n ¨ ¤«ï
ãà®¢­ï ¤®¢¥à¨ï 68% (�L = 1=2) ¨ 95% (�L = 2). � ¯à¥¤¥«¥ ¡®«ìè¨å n
¤®¢¥à¨â¥«ì­ë© ¨­â¥à¢ « áâ ­®¢¨âáï á¨¬¬¥âà¨ç­ë¬ á ¯®«ãà §¬¥à®¬:

�� = �̂ �
r
2�L

n
(12)

�§ â ¡«¨æë ¢¨¤­®, çâ® ¤ ¦¥ ¯à¨ n = 50 ¤®¢¥à¨â¥«ì­ë¥ ¨­â¥à¢ «ë ¥éñ
­¥ áâ ­®¢ïâáï á¨¬¬¥âà¨ç­ë¬¨. �®á¬®âà¨¬, ­ áª®«ìª® á®®â¢¥âáâ¢ã¥â à¥-
 «ì­ ï ¢¥à®ïâ­®áâì "¯®ªàëâ¨ï" ¨áâ¨­­®£® §­ ç¥­¨ï ¤®¢¥à¨â¥«ì­ë¬ ¨­-
â¥à¢ «®¬ ®¦¨¤ ¥¬®© ¢¥à®ïâ­®áâ¨ (à¨á. 1). �¥á¬®âàï ­  ­¥¡®«ìèãî ¢¥-
«¨ç¨­ã ®âª«®­¥­¨ï à¥ «ì­®© ¢¥à®ïâ­®áâ¨ ¯®ªàëâ¨ï ¨áâ¨­­®£® §­ ç¥­¨ï
®â ¯« ­¨àã¥¬®© ¢¥«¨ç¨­ë �, ¢á¥ ¦¥ íâ  ¢¥«¨ç¨­  ï¢­® ¬¥­ìè¥ ®¦¨¤ ¥-
¬®© ¯à¨ ç¨á«¥ ¨§¬¥à¥­¨© n < 10 ¨ áâà¥¬¨âáï ª � ¯à¨ n !1. � ¨¡®«¥¥
§ ¬¥â­® íâ® ®âª«®­¥­¨¥ ¤«ï ®¤­®áâ®à®­­¥£® ¤®¢¥à¨â¥«ì­®£® ¨­â¥à¢ « 
(¢¥àå­¥£® ¯à¥¤¥« ). �¤¥áì ®âª«®­¥­¨¥ ®â � § ¬¥â­® ¤ ¦¥ ¯à¨ n = 50.
� áá¬®âà¨¬ ­  ¯à¨¬¥à¥ â ª®£® â¨¯  íªá¯¥à¨¬¥­â®¢ ª« áá¨ç¥áª¨© ¬¥â®¤
�¥©¬ ­  [5] ¯®áâà®¥­¨ï ¤®¢¥à¨â¥«ì­ëå ¨­â¥à¢ «®¢, ¤«ï ª®â®àëå ¢¥à®ïâ-
­®áâì ¯®ªàëâ¨ï ¨áâ¨­­®£® §­ ç¥­¨ï ¯ à ¬¥âà  ¢ â®ç­®áâ¨ à ¢­  �.
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�¨á. 1: �¥à®ïâ­®áâì¯®¯ ¤ ­¨ï ¨áâ¨­­®-
£® §­ ç¥­¨ï ¢à¥¬¥­¨ ¦¨§­¨ ¢­ãâàì ¤®¢¥-
à¨â¥«ì­®£® ¨­â¥à¢ « . � | �L = 1=2,
N | �L = 2, � | �L = 0:8221 (¯®«ã-
¡¥áª®­¥ç­ë© ¨­â¥à¢ «, 90%-ë© ¢¥àå­¨©
¯à¥¤¥«). �®à¨§®­â «ì­ë¥ á¯«®è­ë¥ «¨-
­¨¨ ¯®ª §ë¢ îâ \¯à ¢¨«ì­®¥" §­ ç¥­¨¥
¢¥à®ïâ­®áâ¨ (0.6827, 0.9545 ¨ 0.9).

�¨á. 2: �à¨¬¥à ¯®áâà®¥­¨ï ¤®¢¥à¨â¥«ì-
­®© §®­ë ¨ ¤®¢¥à¨â¥«ì­ëå ¨­â¥à¢ «®¢
¤«ï íªá¯¥à¨¬¥­â  ¯® ¨§¬¥à¥­¨î ¢à¥¬¥-
­¨ ¦¨§­¨ á n = 5, � = 0:6827.
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�¯¨áë¢ ¥¬ë© ¬¥â®¤ á¯à ¢¥¤«¨¢ ¤«ï «î¡ëå ®æ¥­®ª ¯ à ¬¥âà®¢ | ­¥
â®«ìª® ¤«ï â¥å, çâ® ¯®«ãç¥­ë ¬¥â®¤®¬ ¬ ªá¨¬ «ì­®£® ¯à ¢¤®¯®¤®¡¨ï (¤ -
¦¥ ¤«ï á¬¥éñ­­ëå ®æ¥­®ª | ¢ ­¥ª®â®àëå á«ãç ïå ¬®¦¥â ®ª § âìáï, çâ®
¤®¢¥à¨â¥«ì­ë© ¨­â¥à¢ « ­¥ ¢ª«îç ¥â ¯®«ãç¥­­ãî ®æ¥­ªã ¯ à ¬¥âà ).

�®§ì¬ñ¬ ®æ¥­ªã ¢à¥¬¥­¨ ¦¨§­¨ �̂ ¨§ (11). � á¯à¥¤¥«¥­¨¥ ¢¥à®ïâ­®áâ¥©
¯® §­ ç¥­¨ï¬ �̂ ¯à¨ ­¥ª®â®à®¬ ¨áâ¨­­®¬ §­ ç¥­¨¨ ¢à¥¬¥­¨ ¦¨§­¨ � à ¢­®

fn (�̂ ) =
dW

d�̂
=

1

(n� 1)!
�
�
n�̂

�

�n�1
� n
�
� exp

�
�n�̂

�

�
(13)

� ª ã¦¥ ãª §ë¢ «®áì, íâ  ®æ¥­ª  ¯ à ¬¥âà  ï¢«ï¥âáï ­¥á¬¥éñ­­®©, â.¥.
áà¥¤­¥¥ §­ ç¥­¨¥ �̂ à ¢­® � . � ¨¡®«¥¥ ¢¥à®ïâ­ë¬ §­ ç¥­¨¥¬ �̂ ï¢«ï¥âáï

�̂­.¢. =
n � 1

n
�:

�á¯®«ì§ãï à á¯à¥¤¥«¥­¨¥ ¢¥à®ïâ­®áâ¥© (13), ¬®¦­® ¯®«ãç¨âì ¤®¢¥à¨â¥«ì-
­ë© ¨­â¥à¢ « ¤«ï �̂ ¯à¨ «î¡®¬ ¨áâ¨­­®¬ §­ ç¥­¨¨ � á ãà®¢­¥¬ ¤®¢¥à¨ï
� < 1. �¥­âà «ì­ë© ¤®¢¥à¨â¥«ì­ë© ¨­â¥à¢ « ¬®¦­® ®¯à¥¤¥«¨âì ¤¢ã¬ï
äã­ªæ¨ï¬¨ �̂1(� ) ¨ �̂2(� ) â ª¨¬ ®¡à §®¬:

�̂1Z
0

fn (�̂ ) d�̂ =
1� �

2
;

1Z
�̂2

fn (�̂ ) d�̂ =
1� �

2
: (14)

�«ï ¤ ­­®© äã­ªæ¨¨ à á¯à¥¤¥«¥­¨ï ¢¥à®ïâ­®áâ¥© ¨­â¥£à « ¢ëç¨á«ï-
¥âáï ¢ ¢¨¤¥

1R
a

fn (�̂) d�̂ =
n
1 + na

�
+ 1

2 �
�
na
�

�2
+ : : :+ 1

k! �
�
na
�

�k
+ : : :

+ 1
(n�1)! �

�
na
�

�n�1o � exp ��na
�

�
:

(15)

� á®¦ «¥­¨î, äã­ªæ¨¨ �̂1(� ) ¨ �̂2(� ), ­ ©¤¥­­ë¥ ¨§ ãà ¢­¥­¨ï (14), á«®¦-
­ë¬ ®¡à §®¬ § ¢¨áïâ ®â n. �¥¬ ­¥ ¬¥­¥¥, ¥á«¨ à¥è¨âì ãà ¢­¥­¨¥ ¤«ï
ª ¦¤®£® � ¨ ­ ­¥áâ¨ ­  £à ä¨ª, £¤¥ ¯® ®¤­®© ®á¨ ®âª« ¤ë¢ ¥âáï �̂ ,   ¯®
¤àã£®© | � , â® ¯®«ãç¨âáï ¤®¢¥à¨â¥«ì­ ï §®­ . �  à¨á.2 ¯à¨¢¥¤ñ­ ¯à¨-
¬¥à â ª®© ¤®¢¥à¨â¥«ì­®© §®­ë ¤«ï n = 5, � = 0:6827. �¥¯¥àì ®ç¥¢¨¤­®,
çâ® ¥á«¨ ¬ë ¤«ï ª ¦¤®© ®æ¥­ª¨ �̂ , ¯®«ãç¥­­®© ¢ á®®â¢¥âáâ¢¨¨ á ä®à¬ã-
«®© (11), ¯à®¢¥¤ñ¬ ¢¥àâ¨ª «ì­ãî «¨­¨î ¤® ¯¥à¥á¥ç¥­¨ï á ¤®¢¥à¨â¥«ì­®©
§®­®© (ª ª ¯®ª § ­® ­  à¨áã­ª¥), â® ¯®«ãç¨¬ ¤®¢¥à¨â¥«ì­ë© ¨­â¥à¢ «
(�1; �2), ª®â®àë© à®¢­® ¢ 68.27% á«ãç ¥¢ ¯®ªàë¢ ¥â ¨áâ¨­­®¥ §­ ç¥­¨¥
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� ¡«¨æ  2: �à ­¨æë �� (�) = j�2;1 � �̂j ¤®¢¥à¨â¥«ì­ëå ¨­â¥à¢ «®¢ ¤«ï ãà®¢­ï ¤®-
¢¥à¨ï 68% ¨ 95%, ®¯à¥¤¥«ñ­­ëå ¯® ª« áá¨ç¥áª®¬ã ¬¥â®¤ã �¥©¬ ­  (¢
áª®¡ª å ãª § ­ë £à ­¨æë ¤®¢¥à¨â¥«ì­ëå ¨­â¥à¢ «®¢ ¨§ â ¡«¨æë 1, ¯à¨-
¡«¨¦ñ­­® ®æ¥­¥­­ë¥ ¯® äã­ªæ¨¨ ¯à ¢¤®¯®¤®¡¨ï).

� = 0:6827 � = 0:9545
n

��(�)

�̂
��(+)

�̂
��(�)

�̂
��(+)

�̂

1 0:457 (0:577) 4:789 (2:314) 0:736 (0:778) 42:45 (18:06)
2 0:394 (0:469) 1:824 (1:228) 0:648 (0:682) 7:690 (5:305)
3 0:353 (0:410) 1:194 (0:894) 0:592 (0:621) 4:031 (3:164)
4 0:324 (0:370) 0:918 (0:725) 0:551 (0:576) 2:781 (2:314)
5 0:302 (0:341) 0:760 (0:621) 0:519 (0:541) 2:159 (1:858)
6 0:284 (0:318) 0:657 (0:550) 0:492 (0:513) 1:786 (1:571)
7 0:270 (0:299) 0.584 (0:497) 0:470 (0:489) 1:538 (1:374)
8 0:257 (0:284) 0:529 (0:456) 0:452 (0:469) 1:359 (1:228)
9 0:247 (0:271) 0:486 (0:423) 0:435 (0:451) 1:225 (1:116)
10 0:237 (0:260) 0:451 (0:396) 0:421 (0:436) 1:119 (1:027)
20 0:182 (0:194) 0:285 (0:261) 0:331 (0:341) 0:654 (0:621)
50 0:124 (0:129) 0:164 (0:156) 0:232 (0:237) 0:356 (0:346)

�0 (ª ª®¥ ¡ë ­¨ ¡ë«® ¨áâ¨­­®¥ §­ ç¥­¨¥!). �â®¨â ¥éñ à § ¯®¤ç¥àª­ãâì
á¯¥æ¨ä¨ªã íâ®£® ¯®¤å®¤ : ¯®áâà®¥­¨¥ ¤®¢¥à¨â¥«ì­®© §®­ë ¨¤ñâ \¯® £®-
à¨§®­â «¨",   áç¨âë¢ ¥âáï ¤®¢¥à¨â¥«ì­ë© ¨­â¥à¢ « ¤«ï ª ¦¤®© ¯®«ã-
ç¥­­®© ¢ íªá¯¥à¨¬¥­â¥ ®æ¥­ª¨ ¯ à ¬¥âà  | \¯® ¢¥àâ¨ª «¨". �¥âàã¤­®
§ ¬¥â¨âì, çâ® ­¥á¬®âàï ­  ­¥®¡å®¤¨¬®áâì à¥è¥­¨ï ãà ¢­¥­¨ï ç¨á«¥­­ë¬
á¯®á®¡®¬, à¥è¥­¨¥ ¤«ï ¤®¢¥à¨â¥«ì­®£® ¨­â¥à¢ «  ¢ ¤ ­­®¬ á«ãç ¥ ¬®¦¥â
¡ëâì ¯à¥¤áâ ¢«¥­® ¢ ã¤®¡­®¬, ­¥ § ¢¨áïé¥¬ ®â �̂ , ¢¨¤¥ �� (�)=�̂ (ª ª ¢ â -
¡«¨æ¥ 1). � â ¡«. 2 ¯à¨¢¥¤¥­ë ¤®¢¥à¨â¥«ì­ë¥ ¨­â¥à¢ «ë, ¯®«ãç¥­­ë¥ ¢
ª« áá¨ç¥áª®¬ ¯®¤å®¤¥. �®¢¯ ¤¥­¨ï ¤®¢¥à¨â¥«ì­ëå ¨­â¥à¢ «®¢, ¯®«ãç¥­-
­ëå ¯à¨¡«¨¦ñ­­® á ¯®¬®éìî äã­ªæ¨¨ ¯à ¢¤®¯®¤®¡¨ï, á â¥¬¨, ª®â®àë¥
¯®«ãç¥­ë ¡®«¥¥ â®ç­ë¬ ª« áá¨ç¥áª¨¬ ¬¥â®¤®¬ �¥©¬ ­ , ­¥â ¤ ¦¥ ¯à¨
áâ â¨áâ¨ª¥ n = 50 ¨§¬¥à¥­¨©. �¤­ ª®, «¥£ª® § ¬¥â¨âì, çâ® ¤«¨­  ¨­â¥à-
¢ «  ¯à¨ ¡®«ìè¨å n á®¢¯ ¤ ¥â «ãçè¥, ç¥¬ ¥£® ¯®«®¦¥­¨¥. �à¨ n = 50
¤«¨­ë íâ¨å ¨­â¥à¢ «®¢ á®¢¯ ¤ îâ á â®ç­®áâìî 1% (¯à¨ á¬¥é¥­¨¨ ®ª®-
«® 2% ®â ¤«¨­ë ¨­â¥à¢ « ). �§ áà ¢­¥­¨ï à¥§ã«ìâ â®¢ â®ç­®£® ¬¥â®¤ 
®æ¥­ª¨ ¤®¢¥à¨â¥«ì­®£® ¨­â¥à¢ «  ¨ ¯à¨¡«¨¦ñ­­®£® ¯® äã­ªæ¨¨ ¯à ¢¤®-
¯®¤®¡¨ï ¬®¦­® á¤¥« âì ¢ë¢®¤, çâ® ®¯à¥¤¥«¥­¨¥ ¤®¢¥à¨â¥«ì­®£® ¨­â¥à-
¢ «  ¯® äã­ªæ¨¨ ¯à ¢¤®¯®¤®¡¨ï ¯à¨  ­ «¨§¥ ®¤­®£® ¨§¬¥à¥­¨ï ¢à¥¬¥­¨
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¦¨§­¨ (¨«¨ «î¡®£® ¤àã£®£® ¯ à ¬¥âà , ª®â®àë© á¢ï§ ­ ¢ íªá¯¥à¨¬¥­â¥ á
íªá¯®­¥­æ¨ «ì­ë¬ à á¯à¥¤¥«¥­¨¥¬ ¢¥à®ïâ­®áâ¨) ¯à¨¢®¤¨â ª §­ ç¨â¥«ì-
­®© ®è¨¡ª¥, ­® á ¯®¢ëè¥­¨¥¬ áâ â¨áâ¨ª¨ ¨§¬¥à¥­¨© ¨á¯®«ì§®¢ ­¨¥ ¯à¨-
¡«¨¦ñ­­®£® ¬¥â®¤  ¢áñ ¡®«¥¥ ®¡®á­®¢ ­­®.

�à¨ ¬ «®¬ ç¨á«¥ ¨§¬¥à¥­¨© n áâ â¨áâ¨ç¥áª ï â®ç­®áâì à¥§ã«ìâ â 
­¨§ª ï, ¨ ¨­®£¤  ¨¬¥¥â á¬ëá« £®¢®à¨âì ® ¢¥àå­¥¬ ¯à¥¤¥«¥. �®¤ ¢¥àå­¨¬
¯à¥¤¥«®¬ ¯®­¨¬ ¥âáï £à ­¨æ  ®¤­®áâ®à®­­¥£® ¨­â¥à¢ « , ¢¥à®ïâ­®áâì ¯®-
ªàëâ¨ï ª®â®àë¬ ¨áâ¨­­®£® §­ ç¥­¨ï ¨§¬¥àï¥¬®£® ¯ à ¬¥âà  ­ §ë¢ ¥âáï
ãà®¢­¥¬ ¤®¢¥à¨ï. �¡ëç­® ¢ ä¨§¨ª¥ í«¥¬¥­â à­ëå ç áâ¨æ ¨á¯®«ì§ã¥âáï
¢¥àå­¨© ¯à¥¤¥« á 90%-­ë¬ ãà®¢­¥¬ ¤®¢¥à¨ï. �â¥¯¥­ì ­¥â®ç­®áâ¨ ¯à¨-
¡«¨¦ñ­­®© ®æ¥­ª¨ ¢¥àå­¥£® ¯à¥¤¥«  ¢à¥¬¥­¨ ¦¨§­¨ ¯® äã­ªæ¨¨ ¯à ¢¤®-
¯®¤®¡¨ï ¢¨¤­  ¨§ à¨á.1 (à¥§ã«ìâ âë ­ ­¥á¥­ë á¨¬¢®« ¬¨ �). �¨¤­®, çâ®
¯à¨ ¬ «®¬ ç¨á«¥ ¨§¬¥à¥­¨©, ª®£¤  íâ®â à¥§ã«ìâ â ¨ ¯à¥¤áâ ¢«ï¥â ¨­â¥-
à¥á, ®è¨¡ª  ¢ ãà®¢­¥ ¤®¢¥à¨ï §­ ç¨â¥«ì­ ï, á®áâ ¢«ï¥â ®ª®«® 10%.

�« áá¨ç¥áª¨© ¯®¤å®¤ ¯à¨¬¥­¨¬ ¨ ¤«ï â®ç­®£® ãáâ ­®¢«¥­¨ï ¢¥àå­¥£®
¯à¥¤¥« . �à ªâ¨ç¥áª®¥ ®â«¨ç¨¥ ®â ­ å®¦¤¥­¨ï ¤¢ãáâ®à®­­¥£® ¤®¢¥à¨-
â¥«ì­®£® ¨­â¥à¢ «  á®áâ®¨â ¢ á«¥¤ãîé¥¬. �à¨ à áçñâ¥ ¤®¢¥à¨â¥«ì­®©
§®­ë ­ ¤® ¯à¨ ª ¦¤®¬ ¯à¥¤¯®« £ ¥¬®¬ §­ ç¥­¨¨ ¢à¥¬¥­¨ ¦¨§­¨ � ¢ë-
ç¨á«ïâì £à ­¨æã ¨­â¥à¢ «  �̂1(� ), ¤«ï ª®â®à®© ¢¥à®ïâ­®áâì P (�̂ � �̂1)
à ¢­  § ¤ ­­®¬ã ãà®¢­î ¤®¢¥à¨ï (­ ¯à¨¬¥à, 0.9). �à®¢¥¤ï á®®â¢¥âáâ¢ã-
îé¨¥ ¢ëç¨á«¥­¨ï, ¯®«ãç¨¬ ¢ á«ãç ¥ ®¤­®ªà â­®£® ¨§¬¥à¥­¨ï ¢à¥¬¥­¨
¦¨§­¨ �̂ 90%-ë© ¢¥àå­¨© ¯à¥¤¥«, à ¢­ë© 9:49 � �̂ ,   ¤«ï áà¥¤­¥£® ¯® ¤¢ã¬
¨§¬¥à¥­¨ï¬ | 3:76 � �̂. �¥â®¤ ¬ ªá¨¬ «ì­®£® ¯à ¢¤®¯®¤®¡¨ï ¤ ¥â ®æ¥­ªã
¤®¢¥à¨â¥«ì­®£® ¨­â¥à¢ «  8:49 � �̂ ¨ 2:76 � �̂ ¤«ï ®¤­®£® ¨ ¤¢ãå ¨§¬¥à¥­¨©,
á®®â¢¥âáâ¢¥­­®.

3.3. �§¬¥à¥­¨¥ ¯ à ¬¥âà®¢ � ãáá®¢  à á¯à¥¤¥«¥­¨ï

� áá¬®âà¨¬ § ¤ çã ®¯à¥¤¥«¥­¨ï ¯ à ¬¥âà®¢ a ¨ � � ãáá®¢  à á¯à¥¤¥-
«¥­¨ï

dW

dx
=

1p
2��

exp

"
� (x� a)

2

2�2

#
(16)

¯® ¢ë¡®àª¥ n ¨§¬¥à¥­¨© á«ãç ©­®© ¢¥«¨ç¨­ë xi; i = 1; : : :n:
�®£ à¨ä¬¨ç¥áª ï äã­ªæ¨ï ¯à ¢¤®¯®¤®¡¨ï § ¢¨á¨â ®â ¤¢ãå ¯ à ¬¥-

âà®¢

L =
nX
i=1

"
(xi � a)2

2�2
+ ln

�p
2��

�#
(17)
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¨ ¤®áâ¨£ ¥â ¬¨­¨¬ã¬  ¯à¨

â =
1

n

nX
i=1

xi; �̂ =

vuut 1

n

nX
i=1

(xi � â)2: (18)

�à ­¨æë ¤®¢¥à¨â¥«ì­ëå ¨­â¥à¢ «®¢ ¤«ï �L, á®®â¢¥âáâ¢ãîé¥£® ãà®¢­î
¤®¢¥à¨ï �, ¯®«ãç îâáï ¨§ ãà ¢­¥­¨©

�
a� â

�̂

�2

= e
2�L
n � 1; 2 ln

��
�̂

�
+

�
�̂

�

�2

� 1 =
2�L

n
: (19)

�¥à¢®¥ ¨§ íâ¨å ãà ¢­¥­¨© ®¯à¥¤¥«ï¥â á¨¬¬¥âà¨ç­ë© ¤®¢¥à¨â¥«ì­ë©
¨­â¥à¢ «

�a(�) = �̂ �
q
e
2�L
n � 1: (20)

�â®à®¥ ãà ¢­¥­¨¥ ®¯à¥¤¥«ï¥â ­¥á¨¬¬¥âà¨ç­ë© ¤®¢¥à¨â¥«ì­ë© ¨­â¥à¢ «
��(�) ¨ ¬®¦¥â ¡ëâì à¥è¥­® â®«ìª® ç¨á«¥­­® ¤«ï ª®­ªà¥â­ëå �L ¨ n.

�¡®¡é¥­¨¥ ª« áá¨ç¥áª®£® ¬¥â®¤  �¥©¬ ­  ¯®áâà®¥­¨ï ¤®¢¥à¨â¥«ì­ëå
¨­â¥à¢ «®¢ ­  á«ãç © § ¢¨á¨¬®áâ¨ â¥®à¥â¨ç¥áª®© ¬®¤¥«¨ ®â ­¥áª®«ìª¨å
¯ à ¬¥âà®¢ «¥£ç¥ á¤¥« âì ¢ â¥à¬¨­ å "í««¨¯á®¢ ®è¨¡®ª", ª®£¤  ¤®¢¥à¨-
â¥«ì­ë¥ ¨­â¥à¢ «ë ãª §ë¢ îâáï ­¥ ¤«ï ª ¦¤®£® ¯ à ¬¥âà  ¢ ®â¤¥«ì-
­®áâ¨,   ¢ ¢¨¤¥ ®¡« áâ¨ ¢ ¬­®£®¬¥à­®¬ ¯à®áâà ­áâ¢¥ (å®âï â¥å­¨ç¥áª¨¥
á«®¦­®áâ¨ ¬®£ãâ á¤¥« âì íâ® ¯à ªâ¨ç¥áª¨ ­¥¢®§¬®¦­ë¬). �á¥ ¦¥ ¯®¯à®-
¡ã¥¬ ®¯à¥¤¥«¨âì ¤®¢¥à¨â¥«ì­ë¥ ¨­â¥à¢ «ë ®â¤¥«ì­® ¤«ï a ¨ �.

�§¢¥áâ­®, çâ® ¯¥à¥¬¥­­ ï

t =
p
n� 1 � â � a

�̂
(21)

¨¬¥¥â áâ ­¤ àâ­®¥ à á¯à¥¤¥«¥­¨¥ �âìî¤¥­â  (á¬., ­ ¯à¨¬¥à, [1]), ­¥ § -
¢¨áïé¥¥ ®â §­ ç¥­¨© a ¨ �. �«®â­®áâì ¢¥à®ïâ­®áâ¨ à á¯à¥¤¥«¥­¨ï �âìî-
¤¥­â  á (n� 1) áâ¥¯¥­ìî á¢®¡®¤ë à ¢­ 

dW

dt
=

A�
1 + t2

n�1
�n=2 ; �1 < t < +1: (22)

�¤¥áì A | ­®à¬¨à®¢®ç­ ï ª®­áâ ­â . �®«ì§ãïáì íâ¨¬ à á¯à¥¤¥«¥­¨¥¬,
¤«ï ª ¦¤®£® n ¨ ãà®¢­ï ¤®¢¥à¨ï � ¬®¦­® ¯®áç¨â âì £à ­¨æë á¨¬¬¥âà¨ç-
­®£® ¤®¢¥à¨â¥«ì­®£® ¨­â¥à¢ «  ¤«ï ¯¥à¥¬¥­­®© t: ��t < t < �t. �âáî¤ 
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¬®¦­® ®¯à¥¤¥«¨âì á¨¬¬¥âà¨ç­ë© ¤®¢¥à¨â¥«ì­ë© ¨­â¥à¢ « ¤«ï ¯ à ¬¥-
âà  a:

�a = ja� âj < �̂ � �tp
n� 1

=
�tp

n(n � 1)

vuut nX
i=1

(xi � â)
2
; (23)

ª®â®àë© ­¥§ ¢¨á¨¬® ®â ¨áâ¨­­ëå §­ ç¥­¨© a ¨ � ¢ � ¤®«¥ á«ãç ¥¢ ¡ã¤¥â
¢ª«îç âì ¨áâ¨­­®¥ §­ ç¥­¨¥ a.

� á¯à¥¤¥«¥­¨¥ ¢¥à®ïâ­®áâ¥© ¤«ï ¢¥«¨ç¨­ë � = n � �̂2=�2 ï¢«ï¥âáï
áâ ­¤ àâ­ë¬ à á¯à¥¤¥«¥­¨¥¬ �2 á (n � 1) áâ¥¯¥­ìî á¢®¡®¤ë. �«ï ­¥£®
¬®¦­® ­ ©â¨ £à ­¨æë ¤®¢¥à¨â¥«ì­®£® ¨­â¥à¢ «  �1 < � < �2 á ãà®¢­¥¬
¤®¢¥à¨ï �. �®£¤  £à ­¨æë ¤®¢¥à¨â¥«ì­®£® ¨­â¥à¢ «  ¤«ï ¯ à ¬¥âà  �
¯®«ãç îâáï

�1 =

r
n

�2
� �̂ < � <

r
n

�1
� �̂ = �2: (24)

� â ¡«¨æ¥ 3 ¯à¨¢¥¤¥­ë £à ­¨æë ¤®¢¥à¨â¥«ì­ëå ¨­â¥à¢ «®¢ ¤«ï a ¨
� ¯à¨ ­¥áª®«ìª¨å §­ ç¥­¨ïå n. �¬¥áâ® ®æ¥­ª¨ ¬ ªá¨¬ «ì­®£® ¯à ¢¤®¯®-
¤®¡¨ï �̂ ­  ¯à ªâ¨ª¥ ç é¥ ¨á¯®«ì§ã¥âáï â ª ­ §ë¢ ¥¬ ï \­¥á¬¥é¥­­ ï"
®æ¥­ª  áà¥¤­¥ª¢ ¤à â¨ç­®£® ®âª«®­¥­¨ï

~� =

vuut 1

n� 1

nX
i=1

(xi � â)2 (25)

� ª ¢¨¤­® ¨§ â ¡«¨æë 4, ®¡¥ íâ¨ ®æ¥­ª¨ ï¢«ïîâáï á¬¥é¥­­ë¬¨, ­¥á¬¥-
é¥­­®© ®æ¥­ª®© ï¢«ï¥âáï â®«ìª® ®æ¥­ª  ¤¨á¯¥àá¨¨ ~�2. � ª ª ª £à ­¨æë
¤®¢¥à¨â¥«ì­ëå ¨­â¥à¢ «®¢ ­¥ § ¢¨áïâ ®â ¢á¯®¬®£ â¥«ì­ëå ®¡®§­ ç¥­¨©,
â® ¯à¨ ¢ëç¨á«¥­¨¨ £à ­¨æ ¢¬¥áâ® �̂ ¬®¦­® ¯®¤áâ ¢«ïâì ¥¥ ¢ëà ¦¥­¨¥
ç¥à¥§ ~�:

�̂ =

r
n � 1

n
� ~�:

�â«¨ç¨¥ ¯à¨¡«¨¦¥­­®© ®æ¥­ª¨ £à ­¨æ ¤®¢¥à¨â¥«ì­ëå ¨­â¥à¢ «®¢ ®â
â®ç­ëå ¢ â ¡«¨æ¥ 3 § ¬¥â­ë, ­® ª ª ï ¯à¨ íâ®¬ ¤®¯ãáª ¥âáï ®è¨¡ª  ¢ ¢¥-
à®ïâ­®áâ¨ ¯®ªàëâ¨ï ¨áâ¨­­®£® §­ ç¥­¨ï ¨§ íâ®© â ¡«¨æë ­¥ ¢¨¤­®. �«ï
®¯à¥¤¥«¥­¨ï íâ®© ¢¥à®ïâ­®áâ¨ ¡ë«¨ ¯à®¢¥¤¥­ë à áç¥âë ¬¥â®¤®¬ �®­â¥-
� à«®, ¨ à¥§ã«ìâ âë ¯à¥¤áâ ¢«¥­ë ­  à¨á.3 ¤«ï áà¥¤­¥£® ¨ áà¥¤­¥ª¢ -
¤à â¨ç­®£® ®âª«®­¥­¨ï ®â¤¥«ì­®.
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� ¡«¨æ  3: �à ­¨æë ¤®¢¥à¨â¥«ì­ëå ¨­â¥à¢ «®¢ ¤«ï ¯ à ¬¥âà®¢� ãáá®¢  à á¯à¥¤¥«¥-
­¨ï, ®¯à¥¤¥«ï¥¬ëå ¯® n ¨§¬¥à¥­¨ï¬ ¯¥à¥¬¥­­®© x. � áª®¡ª å ãª § ­ë ®æ¥­ª¨ £à ­¨æ
¤®¢¥à¨â¥«ì­ëå ¨­â¥à¢ «®¢ ¯® äã­ªæ¨¨ ¯à ¢¤®¯®¤®¡¨ï ¯® ä®à¬ã«¥ (19).

n
� = 0:6827 (�L = 0:5)

�a
�̂

�1
�̂

�2
�̂

2 1:837 (0:805) 1:003 (0:651) 7:065 (1:821)
3 0:934 (0:629) 0:903 (0:698) 2:947 (1:604)
4 0:691 (0:533) 0:878 (0:729) 2:190 (1:493)
5 0:571 (0:471) 0:870 (0:751) 1:879 (1:424)
6 0:497 (0:426) 0:868 (0:768) 1:708 (1:376)
7 0:445 (0:392) 0:869 (0:782) 1:600 (1:341)
8 0:407 (0:365) 0:870 (0:794) 1:525 (1:313)
9 0:377 (0:343) 0:872 (0:804) 1:469 (1:291)
10 0:353 (0:324) 0:874 (0:812) 1:426 (1:273)
12 0:316 (0:295) 0:878 (0:826) 1:363 (1:245)
15 0:277 (0:263) 0:885 (0:842) 1:303 (1:215)
20 0:236 (0:226) 0:893 (0:861) 1:243 (1:182)
30 0:189 (0:184) 0:906 (0:884) 1:182 (1:144)
50 0:144 (0:142) 0:922 (0:908) 1:130 (1:109)

n
� = 0:9545 (�L = 2)

�a
�̂

�1
�̂

�2
�̂

2 13:968 (2:528) 0:621 (0:471) 49:59 (4:366)
3 3:201 (1:671) 0:630 (0:526) 8:074 (3:042)
4 1:909 (1:311) 0:647 (0:564) 4:449 (2:511)
5 1:435 (1:107) 0:663 (0:593) 3:296 (2:223)
6 1:185 (0:974) 0:678 (0:616) 2:744 (2:041)
7 1:027 (0:878) 0:690 (0:635) 2:423 (1:914)
8 0:918 (0:805) 0:701 (0:651) 2:212 (1:821)
9 0:837 (0:748) 0:711 (0:665) 2:062 (1:748)
10 0:773 (0:701) 0:720 (0:677) 1:951 (1:691)
12 0:680 (0:629) 0:735 (0:698) 1:795 (1:604)
15 0:587 (0:553) 0:753 (0:722) 1:649 (1:515)
20 0:491 (0:471) 0:776 (0:751) 1:511 (1:424)
30 0:388 (0:378) 0:806 (0:788) 1:376 (1:326)
50 0:293 (0:289) 0:841 (0:829) 1:265 (1:239)
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� ¡«¨æ  4: � ¨¡®«¥¥ ¢¥à®ïâ­ë¥ ¨ áà¥¤­¨¥ §­ ç¥­¨ï ­¥ª®â®àëå ®æ¥­®ª ¯ à ¬¥âà  �
� ãáá®¢  à á¯à¥¤¥«¥­¨ï ¯® n ¨§¬¥à¥­¨ï¬ xi.

�¥«¨ç¨­  �̂
�

~�
�

�
�̂
�

�2 �
~�
�

�2
� ¨¡®«¥¥ ¢¥à®ïâ­®¥

q
n�2
n

q
n�2
n�1

n�3
n

n�3
n�1

�à¥¤­¥¥ §­ ç¥­¨¥ (n�2)!!
(n�3)!! �

q
Rn
n

  (n�2)!!
(n�3)!! �

q
Rn
n�1

n�1
n 1

 �¤¥áì ¨á¯®«ì§®¢ ­ë ®¡®§­ ç¥­¨ï:

n!! = n � (n� 2) � (n� 4) � � � ; R2k = 2=�; R2k+1 = �=2:

�¨á. 3: �¥à®ïâ­®áâì P ¯®ªàëâì ¨áâ¨­­®¥ §­ ç¥­¨¥ ¯ à ¬¥âà®¢ a (á«¥¢ ) ¨ � (á¯à ¢ )
� ãáá®¢  à á¯à¥¤¥«¥­¨ï¤®¢¥à¨â¥«ì­ë¬¨­â¥à¢ «®¬¤«ï ¤¢ãå ãà®¢­¥© ¤®¢¥à¨ï: 68.27%
¨ 95.45%. � | ¤®¢¥à¨â¥«ì­ë© ¨­â¥à¢ « ®¯à¥¤¥«ï¥âáï ¯® äã­ªæ¨¨ ¯à ¢¤®¯®¤®¡¨ï, �
| ¤®¢¥à¨â¥«ì­ë© ¨­â¥à¢ « ®¯à¥¤¥«ï¥âáï ¬¥â®¤®¬ �¥©¬ ­ . �â â¨áâ¨ª  à áç¥â  ¢
ª ¦¤®© â®çª¥ à ¢­  104.
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4. �¨áªà¥â­ë¥ à á¯à¥¤¥«¥­¨ï

4.1. � á¯à¥¤¥«¥­¨¥ �ã áá®­ 

� áá¬®âà¨¬ ¯à®áâ¥©è¨© á«ãç ©, ª®£¤  ¯® ¥¤¨­áâ¢¥­­®¬ã ¨§¬¥à¥­¨î
n ¬ë ¯ëâ ¥¬áï ®¯à¥¤¥«¨âì áà¥¤­¥¥ §­ ç¥­¨¥ p �ã áá®­®¢  à á¯à¥¤¥«¥­¨ï:

Wk =
pk

k!
e�p: (26)

�ã­ªæ¨ï ¯à ¢¤®¯®¤®¡¨ï ¢ íâ®¬ á«ãç ¥ ¬®¦¥â ¡ëâì § ¯¨á ­  ¢ ¢¨¤¥

L = p� n+ n � ln n
p

(27)

(§¤¥áì ¨á¯®«ì§®¢ ­® â® ®¡áâ®ïâ¥«ìáâ¢®, çâ® ª «®£ à¨ä¬¨ç¥áª®© äã­ªæ¨¨
¯à ¢¤®¯®¤®¡¨ï ¬®¦­® ¤®¡ ¢¨âì «î¡®¥ á« £ ¥¬®¥, ­¥ § ¢¨áïé¥¥ ®â ¯ à -
¬¥âà  p). �à ä¨ª íâ®© äã­ªæ¨¨ ¢á¥£¤  ­¥á¨¬¬¥âà¨ç¥­ (¯à¨¬¥à £à ä¨ª 
¯à¨ n = 2 ¯à¨¢¥¤ñ­ ­  à¨á.4). �¥£ª® ¯®«ãç¨âì ®æ¥­ªã ¯ à ¬¥âà  p ¯®
¬¥â®¤ã ¬ ªá¨¬ «ì­®£® ¯à ¢¤®¯®¤®¡¨ï:

p̂ = n: (28)

68%-­ë© ¤®¢¥à¨â¥«ì­ë© ¨­â¥à¢ « (p̂��p1; p̂+�p2) ¯®«ãç ¥âáï à¥è¥­¨¥¬
ãà ¢­¥­¨ï

�p� n � ln
�
1 +

�p

n

�
=

1

2
(29)

®â­®á¨â¥«ì­® �p. �ç¥¢¨¤­®, çâ® ¯à¨ «î¡®¬ n > 0 áãé¥áâ¢ã¥â à®¢­®
¤¢  à¥è¥­¨ï ¢ ®¡« áâ¨ �p > �n. � ¯à¥¤¥«¥ ¡®«ìè¨å n ¢¥«¨ç¨­  �p

n
áâ ­®¢¨âáï ¬ «®© ¨ «®£ à¨ä¬ ¬®¦­® à §«®¦¨âì ¢ àï¤ ¤® ¢â®à®£® ç«¥­ ,
â®£¤  à¥è¥­¨¥ ¯®«ãç ¥âáï ¢ á«¥¤ãîé¥¬ ¢¨¤¥

�p2

2n
=

1

2
=) �p = �pn (30)

�â® ®âà ¦ ¥â â®â ä ªâ, çâ® ¯à¨ ¡®«ìè®© áâ â¨áâ¨ª¥ à á¯à¥¤¥«¥­¨¥
�ã áá®­  ¯¥à¥å®¤¨â ¢ à á¯à¥¤¥«¥­¨¥ � ãáá  á® áà¥¤­¨¬ n ¨ áà¥¤­¥ª¢ ¤à -
â¨ç­ë¬ ®âª«®­¥­¨¥¬

p
n. �à¨ ¬ «®© áâ â¨áâ¨ª¥ ãà ¢­¥­¨¥ (29) ¬®¦­®

à¥è âì «î¡ë¬ ç¨á«¥­­ë¬ á¯®á®¡®¬, ­ ¯à¨¬¥à, ¬¥â®¤®¬ ¤¥«¥­¨ï ¯®¯®-
« ¬. �®¦­® â ª¦¥ ¨á¯®«ì§®¢ âì ¬¥â®¤ ¯®á«¥¤®¢ â¥«ì­ëå ¯à¨¡«¨¦¥­¨©
á à¥ªãàà¥­â­ë¬¨ ä®à¬ã« ¬¨. � ¯à¨¬¥à, ¬®¦­® ¨á¯®«ì§®¢ âì â ª®© ¯®¤-
å®¤. �á«¨ ®¡®§­ ç¨âì §  ¢¥«¨ç¨­ã x = �p=n, â® ¤«ï ¯®«®¦¨â¥«ì­®© ¢¥â¢¨
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�¨á. 4: �ã­ªæ¨ï ¯à ¢¤®¯®¤®¡¨ï ¤«ï
�ã áá®­®¢  à á¯à¥¤¥«¥­¨ï ¢¥à®ïâ­®-
áâ¥©.

�¨á. 5: �¥à®ïâ­®áâìP ¯®¯ ¤ ­¨ï¨áâ¨­-
­®£® §­ ç¥­¨ï ¯ à ¬¥âà  p �ã áá®­®¢ 
à á¯à¥¤¥«¥­¨ï ¢ ¤®¢¥à¨â¥«ì­ë© ¨­â¥à-
¢ «, ¯®«ãç¥­­ë© ¬¥â®¤®¬ ¬ ªá¨¬ «ì­®-
£® ¯à ¢¤®¯®¤®¡¨ï. � | 68%-ë© ¤®¢¥-
à¨â¥«ì­ë© ¨­â¥à¢ «, N | 95%-ë© ¤®-
¢¥à¨â¥«ì­ë© ¨­â¥à¢ «. �®à¨§®­â «ì-
­ë¥ á¯«®è­ë¥ «¨­¨¨ ¯®ª §ë¢ îâ \¯à -
¢¨«ì­®¥" §­ ç¥­¨¥ ¢¥à®ïâ­®áâ¨ (0.6827 ¨
0.9545).
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à¥è¥­¨ï ¬®¦­® ¨á¯®«ì§®¢ âì ä®à¬ã«ã

xk+1 =

�
ln (1 + xk) +

1
2n

� � (1 + xk)� xk

xk
; x1 = 1 (31)

¨ ¤«ï ®âà¨æ â¥«ì­®© ¢¥â¢¨

xk+1 = exp

�
xk � 1

2n

�
� 1; x1 = �1: (32)

� á«ãç ¥ n = 0 ¯à¨ ¯àï¬®«¨­¥©­®¬ ¨á¯®«ì§®¢ ­¨¨ à¥ª®¬¥­¤ æ¨© ¬¥â®¤ 
¬ ªá¨¬ «ì­®£® ¯à ¢¤®¯®¤®¡¨ï, ®¯â¨¬ «ì­®¥ §­ ç¥­¨¥ p̂ = 0 ¨ 68%-ë©
¤®¢¥à¨â¥«ì­ë© ¨­â¥à¢ « ¯®«ãç ¥âáï (0; 0:5).

�®«ãç¥­­ë© â ª¨¬ ®¡à §®¬ ¤®¢¥à¨â¥«ì­ë© ¨­â¥à¢ « ¬®¦­® ¯à®¢¥-
à¨âì ¬¥â®¤®¬ �®­â¥-� à«®, ¢ëç¨á«¨¢ ¢¥à®ïâ­®áâì P | ¢ ª ª®© ¤®«¥
á«ãç ¥¢ ¤®¢¥à¨â¥«ì­ë© ¨­â¥à¢ « § å¢ âë¢ ¥â ¨áâ¨­­®¥ §­ ç¥­¨¥ p. � -
¢¨á¨¬®áâì íâ®© ¢¥«¨ç¨­ë P (p) ¯à¥¤áâ ¢«¥­  ­  à¨á. 5 (â ¬ ¦¥ ­ à¨á®¢ ­
 ­ «®£¨ç­ë© £à ä¨ª ¤«ï 95%-®£® ¨­â¥à¢ « , £¤¥ �L = 2). �¡à é ¥â
¢­¨¬ ­¨¥ ­  á¥¡ï ¬¥¤«¥­­ ï áå®¤¨¬®áâì à¥§ã«ìâ â  ª  á¨¬¯â®â¨ç¥áª®-
¬ã ¯à¨ ã¢¥«¨ç¥­¨¨ áâ â¨áâ¨ª¨ ¢®¯à¥ª¨ âà ¤¨æ¨®­­®¬ã ¬­¥­¨î, çâ® ¤«ï
�ã áá®­®¢  à á¯à¥¤¥«¥­¨ï ¯à¨ áâ â¨áâ¨ª¥ 10 ¨«¨ ¡®«¥¥ á®¡ëâ¨© ¢á¥ å -
à ªâ¥à¨áâ¨ª¨ á®¢¯ ¤ îâ á å à ªâ¥à¨áâ¨ª ¬¨ � ãáá®¢  à á¯à¥¤¥«¥­¨ï.
�à¨ç¨­®© ­¥£« ¤ª®áâ¨ ¯à¥¤áâ ¢«¥­­®© äã­ªæ¨¨ ï¢«ï¥âáï ­¥ ®£à ­¨ç¥­-
­ ï áâ â¨áâ¨ª  à áçñâ  ¬¥â®¤®¬ �®­â¥-� à«®,   ¤¨áªà¥â­®áâì à á¯à¥¤¥-
«¥­¨ï �ã áá®­ .

�®¯ëâ ¥¬áï ¯®áâà®¨âì ¤®¢¥à¨â¥«ì­ãî §®­ã ¢ á®®â¢¥âáâ¢¨¨ á ¬¥â®¤®¬
�¥©¬ ­ . �¨áªà¥â­®áâì à á¯à¥¤¥«¥­¨ï ¢¥à®ïâ­®áâ¥© ­¥ ¯®§¢®«ï¥â ®¯à¥-
¤¥«ïâì £à ­¨æë §®­ë  ­ «®£¨ç­® ä®à¬ã«¥ (14). �à ¤¨æ¨®­­®¥ à¥è¥­¨¥
¢ íâ®¬ á«ãç ¥ | ¬¨­¨¬ «ì­ë¬ ®¡à §®¬ à áè¨à¨âì ¤®¢¥à¨â¥«ì­ãî §®-
­ã â ª, çâ®¡ë ¢á¥£¤  ¢ë¯®«­ï«®áì ­¥à ¢¥­áâ¢® P (p) � �. � ª®© ¯®¤å®¤
­ §ë¢ ¥âáï ª®­á¥à¢ â¨¢­ë¬. � ­ è¥¬ á«ãç ¥ ®æ¥­ª  ¯ à ¬¥âà  p̂ = n
¨ ¨¬¥¥â â® ¦¥ á ¬®¥ à á¯à¥¤¥«¥­¨¥ ¢¥à®ïâ­®áâ¥© �ã áá®­ . � à ¬ª å
ª®­á¥à¢ â¨¢­®£® ¯®¤å®¤  ¯à¨ ¯®áâà®¥­¨¨ ¤®¢¥à¨â¥«ì­®© §®­ë ¤«ï «î-
¡®£® §­ ç¥­¨ï p ¬ë ¤®«¦­ë ®¯à¥¤¥«¨âì ¨­â¥à¢ « áã¬¬¨à®¢ ­¨ï (k1; k2)
â ª®©, çâ®¡ë

k2X
k=k1

pk

k!
e�p � �: (33)

�®¢¥à¨â¥«ì­ ï §®­  ¤«ï á«ãç ï � = 0:6827 ¨§®¡à ¦¥­  ­  à¨á.6. � ª
ª ª à¥§ã«ìâ âë íªá¯¥à¨¬¥­â  §¤¥áì | ¢á¥£¤  æ¥«ë¥ ç¨á« , â® ¬®¦­®
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�¨á. 6: �®¢¥à¨â¥«ì­ ï §®­  ¤«ï ®æ¥­ª¨
¯ à ¬¥âà  p à á¯à¥¤¥«¥­¨ï �ã áá®­  á
ãà®¢­¥¬ ¤®¢¥à¨ï � = 0:6827

�¨á. 7: �¥à®ïâ­®áâì ¯®ªàëâ¨ï P ¨áâ¨­-
­®£® §­ ç¥­¨ï ¯ à ¬¥âà  p á¨áâ¥¬®© ¤®-
¢¥à¨â¥«ì­ëå ¨­â¥à¢ «®¢ ¤«ï � = 0:6827
(�) ¨ 0:9545 (�) ¨§ â ¡«. 5

� ¡«¨æ  5: �à ­¨æë ¤®¢¥à¨â¥«ì­ëå ¨­â¥à¢ «®¢ á ãà®¢­¥¬ ¤®¢¥à¨ï
� ¤«ï ®æ¥­ª¨ ¯ à ¬¥âà  p à á¯à¥¤¥«¥­¨ï�ã áá®­  ¯® ¥¤¨­áâ¢¥­­®¬ã
¨§¬¥à¥­¨î n

n
� = 0:6827 � = 0:9 � = 0:9545

p1 p2 p1 p2 p1 p2
0 0.000 1.290 0.000 2.436 0.000 3.234
1 0.382 2.593 0.105 4.951 0.047 5.752
2 1.145 4.787 0.532 6.470 0.337 6.742
3 1.290 5.250 1.102 7.969 0.787 8.332
4 2.444 7.296 1.745 8.597 1.324 9.769
5 2.593 7.569 2.433 9.716 1.917 11.100
6 4.122 9.792 2.436 11.993 2.551 13.280
7 4.787 10.811 3.589 12.531 3.214 14.764
8 5.250 11.242 4.532 14.508 3.234 15.360
9 6.438 13.299 4.951 15.298 4.309 16.401
10 7.296 14.312 5.976 15.986 5.208 18.768
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� ¡«¨æ  6: �­ ç¥­¨ï ¢¥àå­¥£® ¯à¥¤¥«  ­  ¯ à ¬¥âà p à á¯à¥¤¥«¥­¨ï
�ã áá®­  á ãà®¢­¥¬ ¤®¢¥à¨ï � = 90%, ãáâ ­ ¢«¨¢ ¥¬ë¥ ¯® äã­ªæ¨¨
¯à ¢¤®¯®¤®¡¨ï (�L = 0:822)

�¨á«® á®¡ëâ¨© n 0 1 2 3 4
�¥àå­¨© ¯à¥¤¥« 0.822 2.880 4.398 5.799 7.139

¤«ï ¯¥à¢ëå ­¥áª®«ìª¨å §­ ç¥­¨© n ¯à¨¢¥áâ¨ ¢ëç¨á«¥­­ë¥ ¤®¢¥à¨â¥«ì-
­ë¥ ¨­â¥à¢ «ë (â ¡«. 5). �  à¨á. 7 ¯®ª § ­  ¢¥à®ïâ­®áâì ¯®ªàëâ¨ï ¨á-
â¨­­®£® §­ ç¥­¨ï p á¨áâ¥¬®© ¤®¢¥à¨â¥«ì­ëå ¨­â¥à¢ «®¢ á ãà®¢­¥¬ ¤®-
¢¥à¨ï � = 0:6827 ¨ 0:9545. �à ¢­¨¢ ï ¢¥à®ïâ­®áâ¨ ¯®ªàëâì ¨áâ¨­­®¥
§­ ç¥­¨¥ ¤®¢¥à¨â¥«ì­ë¬ ¨­â¥à¢ «®¬ á 68%-ë¬ ãà®¢­¥¬ ¤®¢¥à¨ï, ¯®«ã-
ç¥­­ë¬ ¯® äã­ªæ¨¨ ¯à ¢¤®¯®¤®¡¨ï (à¨á.5) ¨ ¬¥â®¤®¬ �¥©¬ ­  (à¨á.7),
¬®¦­® § ¬¥â¨âì, çâ® ¯à¨ p > 2 à §¡à®á ¢¥à®ïâ­®áâ¨ ¤«ï íâ¨å ¬¥â®¤®¢
®¤¨­ ª®¢ (®¯à¥¤¥«ï¥âáï ¤¨áªà¥â­®áâìî à á¯à¥¤¥«¥­¨ï ¢¥à®ïâ­®áâ¥©), ®¤-
­ ª®, ¤«ï ¬¥â®¤  �¥©¬ ­  áâà®£® ¢ë¯®«­ï¥âáï ãá«®¢¨¥ \ª®­á¥à¢ â¨¢­®-
áâ¨" P (p) � 68:27%. �à®¬¥ â®£®, á ã¢¥«¨ç¥­¨¥¬ p à §¡à®á ã¬¥­ìè ¥âáï,
¨ ¢  á¨¬¯â®â¨ª¥ ®¡  ¬¥â®¤  ¡ã¤ãâ íª¢¨¢ «¥­â­ë.

�«ï ¬ «ëå ãà®¢­¥© íää¥ªâ  ­¥®¯à¥¤¥«¥­­®áâì à¥§ã«ìâ â  ¢®§à áâ ¥â,
¨ ¢ íâ®¬ á«ãç ¥ ¢¥«¨ç¨­ã ¯ à ¬¥âà  p ç áâ® \®æ¥­¨¢ îâ á¢¥àåã".

4.2. �¥àå­¨© ¯à¥¤¥« ¯à¨ ¬ «®¬ ç¨á«¥ á®¡ëâ¨© ¡¥§ ¢ëç¨â ­¨ï

ä®­ 

� áá¬®âà¨¬ á«ãç ©, ª®£¤  ¢ à¥§ã«ìâ â¥ íªá¯¥à¨¬¥­â  § à¥£¨áâà¨à®-
¢ ­® ¬ «®¥ ç¨á«® á®¡ëâ¨© ¨ ãà®¢¥­ì ä®­  ¤®áâ â®ç­® ¬ «, çâ®¡ë ¨¬
¬®¦­® ¡ë«® ¯à¥­¥¡à¥çì.

�æ¥­ª  ¢¥àå­¥£® ¯à¥¤¥«  ¯® äã­ªæ¨¨ ¯à ¢¤®¯®¤®¡¨ï ¯à®¨§¢®¤¨âáï ¯®
â¥¬ ¦¥ ä®à¬ã« ¬ (27|31), çâ® ¨ ¤«ï \¤¢ãáâ®à®­­¥£®" ¤®¢¥à¨â¥«ì­®£®
¨­â¥à¢ « . �áâ¥áâ¢¥­­®, ¤«ï ¯®«ãç¥­¨ï á®®â­®è¥­¨ï ¬¥¦¤ã ãà®¢­¥¬ ¤®-
¢¥à¨ï � ¨ ¯à¥¢ëè¥­¨¥¬ äã­ªæ¨¨ ¯à ¢¤®¯®¤®¡¨ï ­ ¤ ¬¨­¨¬ã¬®¬�L ­ ¤®
¨á¯®«ì§®¢ âì (5). �­ ç¥­¨ï ¢¥àå­¥£® ¯à¥¤¥« , ª®â®àë¥ ãáâ ­ ¢«¨¢ îâáï
­  ¯ à ¬¥âà p ¯® äã­ªæ¨¨ ¯à ¢¤®¯®¤®¡¨ï á ãà®¢­¥¬ ¤®¢¥à¨ï 90%, ¯à¨¢¥-
¤¥­ë ¢ â ¡«.6. �¥à®ïâ­®áâì ¯®ªàëâ¨ï ¨áâ¨­­®£® §­ ç¥­¨ï ¯ à ¬¥âà  p
íâ®© á¨áâ¥¬®© ¢¥àå­¨å §­ ç¥­¨© ¯à¨¢¥¤¥­  ­  à¨á.8. �¨¤­®, çâ® ¢ ®¡« -
áâ¨ ¬ «ëå §­ ç¥­¨© ¯ à ¬¥âà  p ¢¥à®ïâ­®áâì ¯®ªàëâ¨ï ¨áâ¨­­®£® §­ -
ç¥­¨ï ¤®¢¥à¨â¥«ì­ë¬ ¨­â¥à¢ «®¬ ®¯ãáª ¥âáï ¤® 0:6, çâ® ­¥ ¬®¦¥â ¡ëâì
ã¤®¢«¥â¢®à¨â¥«ì­ë¬. �®á¬®âà¨¬, çâ® ¤ ¥â ¬¥â®¤ �¥©¬ ­ .

\�®­á¥à¢ â¨¢­ãî" ¤®¢¥à¨â¥«ì­ãî §®­ã ¯® ¬¥â®¤ã �¥©¬ ­  á ®¤­®áâ®-

22



�¨á. 8: �¥à®ïâ­®áâì â®£®, çâ® ¨áâ¨­-
­®¥ §­ ç¥­¨¥ ¯ à ¬¥âà  p ®ª ¦¥âáï ­¨-
¦¥ ¢¥àå­¥£® ¯à¥¤¥« , ãáâ ­®¢«¥­­®£® ¯®
äã­ªæ¨¨ ¯à ¢¤®¯®¤®¡¨ï

�¨á. 9: �®¢¥à¨â¥«ì­ ï §®­  á ãà®¢­¥¬
¤®¢¥à¨ï 90% ¤«ï ®æ¥­ª¨ ¯ à ¬¥âà  à á-
¯à¥¤¥«¥­¨ï �ã áá®­  p̂ á¢¥àåã

à®­­¥© £à ­¨æ¥© ¬®¦­® ®¯à¥¤¥«¨âì á«¥¤ãîé¨¬ ®¡à §®¬:

1X
n=p̂1(p)

Wn � � >

1X
n=1+p̂1(p)

Wn; (34)

£¤¥ � | § ¤ ­­ë© ãà®¢¥­ì ¤®¢¥à¨ï. �®áâà®¥­­ ï ¯® íâ®¬ã ¯à ¢¨«ã ¤®-
¢¥à¨â¥«ì­ ï §®­  ¤«ï 90%-®£® ãà®¢­ï ¤®¢¥à¨ï ¨§®¡à ¦¥­  ­  à¨á.9. �
â ¡«.7 ¯à¨¢¥¤¥­  ¢¥«¨ç¨­  ¢¥àå­¥£® ¯à¥¤¥«  ­  ¯ à ¬¥âà �ã áá®­®¢ 
à á¯à¥¤¥«¥­¨ï p ¤«ï ­¥áª®«ìª¨å §­ ç¥­¨© ç¨á«  § à¥£¨áâà¨à®¢ ­­ëå á®-
¡ëâ¨©. �¬¥­­® â ª à¥ª®¬¥­¤®¢ «®áì íªá¯¥à¨¬¥­â â®à ¬ ãáâ ­ ¢«¨¢ âì
¢¥àå­¨© ¯à¥¤¥« ¢ à §¤¥«¥ áâ â¨áâ¨ª¨ ¢ [6] ¤® 1996 £®¤ . �  à¨á.10 ¯à¥¤-
áâ ¢«¥­  ¢¥à®ïâ­®áâì ¯®ªàëâ¨ï ¨áâ¨­­®£® §­ ç¥­¨ï ¢¥àå­¨¬ ¯à¥¤¥«®¬,
ãáâ ­ ¢«¨¢ ¥¬ë¬ ¯® íâ¨¬ ¯à ¢¨« ¬.

� à ¡®â¥ [7] ¯à¥¤« £ ¥âáï á¯®á®¡ ¡®àì¡ë á àï¤®¬ ¯à®¡«¥¬, ¢®§­¨ª î-
é¨å ¯à¨ ¯®áâà®¥­¨¨ ¤®¢¥à¨â¥«ì­ëå ¨­â¥à¢ «®¢ (­ ¯à¨¬¥à, ¤®¢¥à¨â¥«ì-
­ë¥ ¨­â¥à¢ «ë ­ã«¥¢®© ¤«¨­ë). � à ¡®â¥ ¯à¥¤«®¦¥­® ä®à¬¨à®¢ âì ¤®-
¢¥à¨â¥«ì­ãî §®­ã ¯® £®à¨§®­â «¨ ã¦¥ á ãç¥â®¬ ä¨§¨ç¥áª¨å ®£à ­¨ç¥­¨©
­  ¯ à ¬¥âàë ¬®¤¥«¨,   â ª¦¥ ¢ë¡¨à âì £à ­¨æë §®­ë ­¥ ¯® à ¢¥­áâ¢ã
¢¥à®ïâ­®áâ¨ ¢ëå®¤  §  ¯à ¢ãî ¨ «¥¢ãî £à ­¨æë,   ¯® à ¢¥­áâ¢ã äã­ªæ¨©
¯à ¢¤®¯®¤®¡¨ï ­  £à ­¨æ å. � ®â­®è¥­¨¨ ãáâ ­®¢«¥­¨ï ¢¥àå­¥£® ¯à¥¤¥-
«  ¯à¨ ¬ «®¬ ç¨á«¥ á®¡ëâ¨© ¢ íâ®© à ¡®â¥ â ª¦¥ ¯à¥¤«®¦¥­® ¨§¬¥­¨âì
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� ¡«¨æ  7: �¥àå­¨© ¯à¥¤¥« ­  ¯ à ¬¥âàp à á¯à¥¤¥«¥­¨ï�ã áá®­  ­  90, 95 ¨ 99%-­®¬
ãà®¢­¥ ¤®¢¥à¨ï.

�¨á«® § à¥£¨áâà. á®¡ë-
â¨© n

0 1 2 3 4 5

�¥àå­¨© ¯à¥¤¥« ­  ¯ -
à ¬¥âà p (� = 90%)

2.30 3.89 5.32 6.68 7.99 9.27

�¥àå­¨© ¯à¥¤¥« ­  ¯ -
à ¬¥âà p (� = 95%)

3.00 4.74 6.30 7.75 9.15 10.51

�¥àå­¨© ¯à¥¤¥« ­  ¯ -
à ¬¥âà p (� = 99%)

4.61 6.64 8.41 10.05 11.60 13.11

�¨á. 10: �¥à®ïâ­®áâì â®£®, çâ® ¨áâ¨­-
­®¥ §­ ç¥­¨¥ ¯ à ¬¥âà  p ®ª ¦¥âáï ­¨-
¦¥ ¢¥àå­¥£® ¯à¥¤¥« , ãáâ ­®¢«¥­­®£® ¯®
â ¡«¨æ¥ 7
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� ¡«¨æ  8: � ¡«¨æ  ¤®¢¥à¨â¥«ì­ëå ¨­â¥à¢ «®¢ ¨§ [8] ¤«ï ¯ à ¬¥âà  p �ã áá®­®¢ 
à á¯à¥¤¥«¥­¨ï

n 0 1 2 3 4 5

� = 0:9
2.44
0.00

4.36
0.11

5.91
0.53

7.42
1.10

8.60
1.47

9.99
1.84

� = 0:95
3.09
0.00

5.14
0.05

6.72
0.36

8.25
0.82

9.76
1.37

11.26
1.84

n 6 7 8 9 10 11

� = 0:9
11.47
2.21

12.53
3.56

13.99
3.96

15.30
4.36

16.50
5.50

� = 0:95
12.75
2.21

13.81
2.58

15.29
2.94

16.77
4.36

17.82
4.75

¯®¤å®¤: ¢ à¥ «ì­®¬ íªá¯¥à¨¬¥­â¥ ¯à¨ ­ã«¥¢®¬ ç¨á«¥ § à¥£¨áâà¨à®¢ ­-
­ëå á®¡ëâ¨© íªá¯¥à¨¬¥­â â®àë ®¡ëç­® ãáâ ­ ¢«¨¢ îâ ¢¥àå­¨© ¯à¥¤¥«,
  ¯à¨ ­¥­ã«¥¢®¬ ç¨á«¥ á®¡ëâ¨© | ãª §ë¢ îâ ¤¢ãáâ®à®­­¨© ¤®¢¥à¨â¥«ì-
­ë© ¨­â¥à¢ «. � á®®â¢¥âáâ¢¨¨ á íâ¨¬¨ ¨¤¥ï¬¨  ¢â®à ¬¨ ¡ë«  ¯à¥¤«®-
¦¥­  â ¡«¨æ  8, ª®â®à ï á â¥å ¯®à ¨á¯®«ì§ã¥âáï ¢ [8] ¢ ª ç¥áâ¢¥ à¥ª®¬¥­-
¤ æ¨¨ ¤«ï ãáâ ­®¢ª¨ ¢¥àå­¨å ¯à¥¤¥«®¢. �à®¢¥àª  ¬¥â®¤®¬ �®­â¥-� à«®
§ ¢¨á¨¬®áâ¨ P (p) ¯à¨¢¥¤¥­  ­  à¨á.11.

�¥¯¥àì ¤«ï á«ãç ï, ª®£¤  áâà â¥£¨ï íªá¯¥à¨¬¥­â â®à  ¬¥­ï¥âáï ¢ § -
¢¨á¨¬®áâ¨ ®â à¥§ã«ìâ â  (¤«ï ­ã«ï á®¡ëâ¨© | ¢¥àå­¨© ¯à¥¤¥«, ¢ ®áâ «ì-
­ëå á«ãç ïå | ¤¢ãáâ®à®­­¨© ¤®¢¥à¨â¥«ì­ë© ¨­â¥à¢ «), ¯®¯à®¡ã¥¬ ¬¨-
­¨¬¨§¨à®¢ âì ¢¥«¨ç¨­ã ¯à¥¢ëè¥­¨ï ¢¥à®ïâ­®áâ¨ P (p) ­ ¤ ãà®¢­¥¬ �.
�«ï § ¤ ­­®£® ãà®¢­ï ¤®¢¥à¨ï � íâ  § ¤ ç  ¬ â¥¬ â¨ç¥áª¨ á®®â¢¥âáâ¢ã¥â
á«¥¤ãîé¥© ä®à¬ã«¨à®¢ª¥: ¤«ï «î¡®£® §­ ç¥­¨ï ¯ à ¬¥âà  p ¯®¤®¡à âì
¨­â¥à¢ « áã¬¬¨à®¢ ­¨ï (k1; k2) ¤«ï äã­ªæ¨¨

Pk1k2(p) =
k2X

k=k1

pk

k!
e�p; 0 � k1 � k2 <1 (35)

â ª, çâ®¡ë ¢á¥£¤  ¢ë¯®«­ï«®áì ­¥à ¢¥­áâ¢® Pk1k2(p)� � � 0, ­® ¢¥«¨ç¨-
­  ¯à¥¢ëè¥­¨ï ¡ë«  ¬¨­¨¬ «ì­®©. �à¨ ¬ «ëå p â ªãî ¬¨­¨¬¨§ æ¨î
¬®¦­® ¯à®¢¥áâ¨ ç¨á«¥­­® ¨ á®áâ ¢¨âì â ¡«¨æã ¤®¢¥à¨â¥«ì­ëå ¨­â¥à¢ -
«®¢ (â ¡«.9). �¥à®ïâ­®áâì ¯®ªàëâ¨ï ¨áâ¨­­®£® §­ ç¥­¨ï ¯ à ¬¥âà  p
¤®¢¥à¨â¥«ì­ë¬¨ ¨­â¥à¢ « ¬¨ ¨§ íâ®© â ¡«¨æë ¯à¥¤áâ ¢«¥­  ­  à¨á.12.

�à ¢­¨¢ ï ¢á¥ à áá¬®âà¥­­ë¥ ¢ à¨ ­âë ¢ëç¨á«¥­¨ï ¢¥àå­¥£® ¯à¥¤¥-
«  ¯à¨ ¬ «®¬ ç¨á«¥ § à¥£¨áâà¨à®¢ ­­ëå á®¡ëâ¨©, ¬®¦­® áª § âì, çâ®
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�¨á. 11: �¥à®ïâ­®áâì P (p) ¯®ªàëâ¨ï ¨á-
â¨­­®£® §­ ç¥­¨ï ¯ à ¬¥âà  p ¤®¢¥à¨-
â¥«ì­ë¬ ¨­â¥à¢ «®¬ ¨§ â ¡«.8 á ãà®¢­¥¬
¤®¢¥à¨ï � (� | � = 0:9, � | � = 0:95)

�¨á. 12: �¥à®ïâ­®áâì P (p) \¯®ªàëâ¨ï"
¨áâ¨­­®£® §­ ç¥­¨ï ¯ à ¬¥âà  p ¤®¢¥à¨-
â¥«ì­ë¬ ¨­â¥à¢ «®¬ á ãà®¢­¥¬ ¤®¢¥à¨ï
� (� | � = 0:9, � | � = 0:95). �®¢¥à¨-
â¥«ì­ ï §®­  ¯®áâà®¥­  ç¨á«¥­­®© ¬¨­¨-
¬¨§ æ¨¥© ¯à¥¢ëè¥­¨ï ¢¥à®ïâ­®áâ¨ \¯®-
ªàëâ¨ï" ­ ¤ ãà®¢­¥¬ ¤®¢¥à¨ï

� ¡«¨æ  9: � ¡«¨æ  ¤®¢¥à¨â¥«ì­ëå ¨­â¥à¢ «®¢ ¤«ï �ã áá®­®¢  à á¯à¥¤¥«¥­¨ï, ¯®-
«ãç¥­­ ï ç¨á«¥­­®© ¬¨­¨¬¨§ æ¨¥© ¯à¥¢ëè¥­¨ï ­ ¤ ãà®¢­¥¬ ¤®¢¥à¨ï � ¢¥à®ïâ­®áâ¨
¯®ªàëâ¨ï ¨áâ¨­­®£® §­ ç¥­¨ï ¯ à ¬¥âà  p ¤®¢¥à¨â¥«ì­ë¬ ¨­â¥à¢ «®¬

n 0 1 2 3 4 5

� = 0:9
3.15
0.00

5.38
0.11

6.91
0.53

8.50
1.10

9.13
1.75

10.81
2.43

� = 0:95
3.98
0.00

6.12
0.05

7.58
0.36

9.08
0.82

10.63
1.37

12.23
1.97

n 6 7 8 9 10 11

� = 0:9
12.53
3.15

13.16
3.59

14.97
4.53

15.58
5.38

17.47
5.98

18.07
6.91

� = 0:95
13.86
2.61

14.50
3.29

16.20
3.98

17.91
4.46

18.57
5.32

20.35
6.12
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¯à¨¡«¨¦¥­­ë© ¬¥â®¤ ¯®áâà®¥­¨ï ¤®¢¥à¨â¥«ì­®£® ¨­â¥à¢ «  ¯® äã­ª-
æ¨¨ ¯à ¢¤®¯®¤®¡¨ï ¤ ¥â ­¥ã¤®¢«¥â¢®à¨â¥«ì­ë© à¥§ã«ìâ â ¢ á«ãç ïå n =
0; 1; 2. �§ ®áâ «ì­ëå ¢ à¨ ­â®¢ ¯à¥¤¯®çâ¨â¥«ì­ë¬ ¢á¥ ¦¥ ¯à¥¤áâ ¢«ï¥â-
áï â ¡«. 7. � ááã¦¤¥­¨¥, çâ® ¢ § ¢¨á¨¬®áâ¨ ®â ¯®«ãç¥­­®£® à¥§ã«ìâ â 
ã íªá¯¥à¨¬¥­â â®à  ¬¥­ï¥âáï áâà â¥£¨ï, §¤¥áì ¯à¥¤áâ ¢«ï¥âáï ­¥®á­®¢ -
â¥«ì­ë¬. �á«¨ ã¦ ¯ëâ âìáï á«¥¤®¢ âì ¯à ªâ¨ª¥ ¯à¥¤áâ ¢«¥­¨ï íªá¯¥à¨-
¬¥­â «ì­ëå à¥§ã«ìâ â®¢, â® â®£¤  á«¥¤®¢ «® ¡ë ãç¥áâì, çâ® ¯à¨ ­ã«¥¢®¬
ç¨á«¥ á®¡ëâ¨© ãáâ ­ ¢«¨¢ ¥âáï ¢¥àå­¨© ¯à¥¤¥« ­  ãà®¢­¥ ¤®¢¥à¨ï 90%,  
¯à¨ ­¥­ã«¥¢®¬ ç¨á«¥ á®¡ëâ¨© | ¤¢ãáâ®à®­­¨© ¤®¢¥à¨â¥«ì­ë© ¨­â¥à¢ «
á ãà®¢­¥¬ ¤®¢¥à¨ï 68%. � ª ï áâà â¥£¨ï á ¯¥à¥¬¥­®© ãà®¢­ï ¤®¢¥à¨ï ¢
§ ¢¨á¨¬®áâ¨ ®â à¥§ã«ìâ â  ­¥ ãª« ¤ë¢ ¥âáï ¢ à ¬ª¨ ª« áá¨ç¥áª®£® ¬¥â®-
¤  ¯®áâà®¥­¨ï ¤®¢¥à¨â¥«ì­®© §®­ë. �à®¬¥ â®£®, ¢ § ¢¨á¨¬®áâ¨ ®â § ¤ ç¨
¬®¦¥â ¯®âà¥¡®¢ âìáï ãáâ ­®¢¨âì ¢¥àå­¨© ¯à¥¤¥« ¨ ¯à¨ ­¥­ã«¥¢®¬ ª®«¨-
ç¥áâ¢¥ á®¡ëâ¨©. �áâ â¨, ¨§ ¢á¥å \ª®­á¥à¢ â¨¢­ëå" ¢ à¨ ­â®¢ â ¡«. 7
¤ ¥â ­ ¨¡®«¥¥ ¦¥áâª®¥ ®£à ­¨ç¥­¨¥ ¯à¨ ­ã«¥¢®¬ ç¨á«¥ á®¡ëâ¨© ­  ãà®¢-
­¥ ¤®¢¥à¨ï 90% | p < 2:3.

� á«ãç ¥, ª®£¤  âà¥¡ã¥âáï ¢ëç¨â âì à áç¥â­ë© ä®­, ­¥®¡å®¤¨¬® áâà®-
¨âì ¤®¢¥à¨â¥«ì­ãî §®­ã ¤«ï ª®­ªà¥â­®£® íªá¯¥à¨¬¥­â . �ç¥¢¨¤­®, çâ®
íâ® ­¥®¡å®¤¨¬® ¤¥« âì, ª®£¤  ç¨á«® á®¡ëâ¨© ¬¥­ìè¥ ¨«¨ ¯®àï¤ª  ¯ïâ¨.
� à¨ ­âë â ª¨å ¯®áâà®¥­¨© ¯®¤à®¡­® ®¯¨á ­ë ¢ [7]. �¤¥áì ¬ë ¥é¥ à á-
á¬®âà¨¬ ®¤­ã ¨««îáâà æ¨î ª ¤¨áªà¥â­ë¬ à á¯à¥¤¥«¥­¨ï¬ ¢¥à®ïâ­®áâ¨.

4.3. �®¤£®­ª  à¥§®­ ­á­®© ªà¨¢®©

� íªá¯¥à¨¬¥­â å ­  ª®«« ©¤¥à å, ª®£¤  § ¢¨á¨¬®áâì ç¨á«  á®¡ëâ¨©
®â í­¥à£¨¨ ¢ á¨áâ¥¬¥ æ¥­âà  ¬ áá ¯®¤£®­ï¥âáï ªà¨¢®© ¢®§¡ã¦¤¥­¨ï à¥§®-
­ ­á  á æ¥«ìî ¯®«ãç¨âì ¯ à ¬¥âàë ¨§ãç ¥¬®£® à¥§®­ ­á  (¬ ááã, è¨à¨-
­ã ¨ â.¯.), à á¯à¥¤¥«¥­¨¥ ¢¥à®ïâ­®áâ¥© ¯® ¯®«ãç¥­­ë¬ ®æ¥­ª ¬ ï¢«ï¥âáï
¤¨áªà¥â­ë¬, å®âï íâ® à á¯à¥¤¥«¥­¨¥ ç áâ® ¡ë¢ ¥â ¤®áâ â®ç­® ¯«®â­ë¬.
�®áâà®¥­¨¥ ¤®¢¥à¨â¥«ì­®© §®­ë ¤«ï â ª¨å á«ãç ¥¢ ¯à¥¤áâ ¢«ï¥âáï ¤®-
áâ â®ç­® âàã¤®¥¬ª®© § ¤ ç¥©, ¨ à¥§ã«ìâ â ¡ã¤¥â § ¢¨á¥âì ®â ¬­®£¨å ®¡-
áâ®ïâ¥«ìáâ¢: à á¯à¥¤¥«¥­¨ï ¨­â¥£à «  á¢¥â¨¬®áâ¨ ¯® í­¥à£¨¨, ­ «¨ç¨ï
ä®­ , â¥®à¥â¨ç¥áª®© ¬®¤¥«¨ ¨ â.¯. �ç¥¢¨¤­®, çâ® íâ¨¬ ­ ¤® § ­¨¬ âìáï
¢ â¥å á«ãç ïå, ª®£¤  ¥áâì ã¢¥à¥­­®áâì, çâ® ¯®áâà®¥­¨¥ ¤®¢¥à¨â¥«ì­ëå
¨­â¥à¢ «®¢ ¯® äã­ªæ¨¨ ¯à ¢¤®¯®¤®¡¨ï ¤ ¥â ­¥¢¥à­ë© à¥§ã«ìâ â. �® ¤ -
¦¥ íâ  ¡®«¥¥ ¯à®áâ ï § ¤ ç  ¯à®¢¥àª¨ ¤®¢¥à¨â¥«ì­ëå ¨­â¥à¢ «®¢ ¬®¦¥â
¯®âà¥¡®¢ âì ¡®«ìè®© ¢ëç¨á«¨â¥«ì­®© ¬®é­®áâ¨, â ª ª ª ¯à¨ ®¡à ¡®âª¥
íªá¯¥à¨¬¥­â «ì­ëå ¤ ­­ëå ®¡ëç­® ¯à®¢®¤¨âáï ç¨á«¥­­ ï ¬¨­¨¬¨§ æ¨ï
«®£ à¨ä¬¨ç¥áª®© äã­ªæ¨¨ ¯à ¢¤®¯®¤®¡¨ï, ¨ ç¨á«¥­­®¥ ¬®¤¥«¨à®¢ ­¨¥
¬­®£®ªà â­®£® ¯®¢â®à¥­¨ï ®¡à ¡®âª¨ íªá¯¥à¨¬¥­â  ¯à¨ à §­ëå ¨áâ¨­-

27



­ëå §­ ç¥­¨ïå ¯ à ¬¥âà®¢ â¥®à¥â¨ç¥áª®© ¬®¤¥«¨ ¬®¦¥â ¯à¥¤áâ ¢«ïâì
á«®¦­ãî â¥å­¨ç¥áªãî § ¤ çã.

�¤¥áì ¬ë à áá¬®âà¨¬ á®¢á¥¬ ã¯à®é¥­­ãî ¬®¤¥«ì íªá¯¥à¨¬¥­â  ¯®
®¯à¥¤¥«¥­¨î ¯ à ¬¥âà®¢ à¥§®­ ­á .

�ãáâì ¢ ¤¥áïâ¨ â®çª å ¯® í­¥à£¨¨ ¯®«ãç¥­® ç¨á«® á®¡ëâ¨© ª ª®£®-
«¨¡® ª ­ «  à á¯ ¤  à¥§®­ ­á , ¯ãáâì â ª¦¥ ­¥â ­¨ª ª®£® ä®­  (çâ® à¥¤-
ª® ¡ë¢ ¥â) ¨ á¢®¡®¤­ëå ¯ à ¬¥âà®¢ ¬®¤¥«¨ ¢á¥£® ¤¢ : ¬ áá  à¥§®­ ­á  ¨
¨­â¥­á¨¢­®áâì à á¯ ¤ . �® ¥áâì ¢¨¤¨¬ ï ä®à¬  à¥§®­ ­á  ä¨ªá¨à®¢ ­ 
¨ ®¯à¥¤¥«ï¥âáï, ­ ¯à¨¬¥à, ¨§¢¥áâ­ë¬  ¯¯ à âãà­ë¬ à §à¥è¥­¨¥¬ �,  
¨áâ¨­­ ï è¨à¨­  à¥§®­ ­á  ¬­®£® ¬¥­ìè¥ íâ®© ¢¥«¨ç¨­ë. �«ï ¯à®áâ®-
âë ¢ë¡¥à¥¬ íâã ä®à¬ã ¢ ¢¨¤¥ � ãáá®¢  à á¯à¥¤¥«¥­¨ï, å®âï ®¡ëç­® ¤ ¦¥
¢ â ª¨å ¯à®áâëå á«ãç ïå ®­  ¨¬¥¥â ­¥á¨¬¬¥âà¨ç­ë© ¢¨¤.

�â ª, ¯à®¢¥¤¥­ íªá¯¥à¨¬¥­â, ¢ ª®â®à®¬ ¢ â®çª å á í­¥à£¨¥©

Ei = E0 + (i � 5:5) � �=2; i = 1; 2; : : : ; 10

á à ¢­ë¬ ¨­â¥£à «®¬ á¢¥â¨¬®áâ¨ ¨§¬¥à¥­® ç¨á«® á®¡ëâ¨© ni à á¯ ¤ 
à¥§®­ ­á  ¯® ¨§ãç ¥¬®¬ã ª ­ «ã. �¦¨¤ ¥¬®¥ ç¨á«® á®¡ëâ¨© ¢ â®çª¥ i
à ¢­®

pi = B � exp
"
� (m� Ei)

2

2�2

#
: (36)

�ã­ªæ¨ï ¯à ¢¤®¯®¤®¡¨ï, § ¢¨áïé ï ®â ¯ à ¬¥âà®¢ m ¨ B, ¬®¦¥â ¡ëâì
§ ¯¨á ­  ¢ ¢¨¤¥

L =
10X
i=1

�
pi � ni + ni � ln ni

pi

�
: (37)

� á«ãç ¥ ni = 0 ¯®á«¥¤­¥¥ á« £ ¥¬®¥ ¢ áª®¡ª å ¯®« £ ¥âáï à ¢­ë¬ ­ã«î.
�® ¯ à ¬¥âàã B ¬¨­¨¬¨§ æ¨ï ¬®¦¥â ¡ëâì ¯à®¢¥¤¥­   ­ «¨â¨ç¥áª¨:

B0 =

10P
i=1

ni

10P
i=1

exp
h
� (m�Ei)2

2�2

i ; (38)

  ¬¨­¨¬¨§ æ¨ï ¯® ¯ à ¬¥âàã m ¬®¦¥â ¡ëâì ¡ëáâà® ¢ë¯®«­¥­ , ­ ¯à¨-
¬¥à, ¬¥â®¤®¬ \§®«®â®£® á¥ç¥­¨ï" [9].

�®§ì¬¥¬ â¥¯¥àì ¨áâ¨­­®¥ §­ ç¥­¨¥ m = E0, ¨ ¢ § ¢¨á¨¬®áâ¨ ®â ¨á-
â¨­­®£® §­ ç¥­¨ï B ¯à®¢¥à¨¬ ¢¥à®ïâ­®áâì ¯®ªàëâ¨ï ¨áâ¨­­ëå §­ ç¥­¨©
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�¨á. 13: �¥à®ïâ­®áâì ¯®ªàëâ¨ï ¨áâ¨­­ëå §­ ç¥­¨© ¯ à ¬¥âà®¢ B ¨ m à¥§®­ ­á­®©
ªà¨¢®© ¤®¢¥à¨â¥«ì­ë¬¨ ¨­â¥à¢ « ¬¨ (B̂1; B̂2) ¨ (m̂1; m̂2), á®®â¢¥âáâ¢¥­­®, ¯®«ãç¥­-
­ë¬¨ ¯® äã­ªæ¨¨ ¯à ¢¤®¯®¤®¡¨ï ­  ãà®¢­¥ �L = 1=2 (®¦¨¤ ¥¬ë© ãà®¢¥­ì ¤®¢¥à¨ï
68%). �â â¨áâ¨ª  à áç¥â®¢ ¬¥â®¤®¬ �®­â¥-� à«® ¢ ª ¦¤®© â®çª¥ | 103 \íªá¯¥à¨-
¬¥­â®¢"

m ¨ B 68%-¬¨ ¤®¢¥à¨â¥«ì­ë¬¨ ¨­â¥à¢ « ¬¨, ¯®«ãç¥­­ë¬¨ ¯® äã­ªæ¨¨
¯à ¢¤®¯®¤®¡¨ï. �¥£ª® § ¬¥â¨âì, çâ® áà¥¤­¥¥ §­ ç¥­¨¥

<

10X
i=1

ni >= B �
10X
i=1

exp

�
� (i � 5:5)2

8

�
� 5 �B: (39)

�®íâ®¬ã ¨­â¥à¢ « B ®â 1 ¤® 100 á®®â¢¥âáâ¢ã¥â áà¥¤­¥© áâ â¨áâ¨ª¥ íªá-
¯¥à¨¬¥­â  ®â 5 ¤® 500. �  à¨á.13 ¯à¨¢¥¤¥­  ¢¥à®ïâ­®áâì ¯®ªàëâ¨ï ¨á-
â¨­­ëå §­ ç¥­¨© B ¨ m ¤®¢¥à¨â¥«ì­ë¬¨ ¨­â¥à¢ « ¬¨, ¯®«ãç¥­­ë¬¨ ¯®
äã­ªæ¨¨ ¯à ¢¤®¯®¤®¡¨ï ­  ãà®¢­¥ �L = 1=2 (68%-ë© ¤®¢¥à¨â¥«ì­ë© ¨­-
â¥à¢ «).

�¥§ã«ìâ â ¯®«ãç¨«áï ­¥áª®«ìª® ­¥®¦¨¤ ­­ë© | ¤ ¦¥ ¯à¨ áâ â¨áâ¨ª¥
¯®àï¤ª  5 á®¡ëâ¨© ®æ¥­ª  ¤®¢¥à¨â¥«ì­®£® ¨­â¥à¢ «  ¯® äã­ªæ¨¨ ¯à ¢¤®-
¯®¤®¡¨ï ¤ ¥â ¤®áâ â®ç­® â®ç­ãî ¢¥à®ïâ­®áâì ¯®ªàëâ¨ï ¨áâ¨­­®£® §­ ç¥-
­¨ï. �«ï ®æ¥­ª¨ ¬ ááë à¥§®­ ­á  ¤ ¦¥ ­¥ ¢¨¤­® ãåã¤è¥­¨ï ¯à¨ ­¨§ª®©
áâ â¨áâ¨ª¥ ¯®àï¤ª  5 á®¡ëâ¨©. �®§¬®¦­®, íâ® ®¡êïá­ï¥âáï ®âáãâáâ¢¨¥¬
á¨«ì­®© ª®àà¥«ïæ¨¨ ¬¥¦¤ã ¯ à ¬¥âà ¬¨ B ¨ m (ª®íää¨æ¨¥­â «¨­¥©­®©
ª®àà¥«ïæ¨¨ ¢ ­ è¥¬ á«ãç ¥ à ¢¥­ ­ã«î). �®-¢¨¤¨¬®¬ã, ¥á«¨ ¡ë á¢®-
¡®¤­ë¬¨ ¯ à ¬¥âà ¬¨ ¬®¤¥«¨ ¡ë«¨ ¯®«­ ï è¨à¨­  ­  ¯®«ã¢ëá®â¥ � ¨
¨­â¥­á¨¢­®áâì à á¯ ¤  B, â® â®ç­®áâì ®æ¥­ª¨ ®¡®¨å ¯ à ¬¥âà®¢ ãåã¤-
è « áì á ã¬¥­ìè¥­¨¥¬ áâ â¨áâ¨ª¨.

29



5. � ª«îç¥­¨¥

� à ¡®â¥ ¤«ï ­¥áª®«ìª¨å ¯à¨¬¥à®¢, ¢§ïâëå ¨§ íªá¯¥à¨¬¥­â «ì­®© ä¨-
§¨ª¨ í«¥¬¥­â à­ëå ç áâ¨æ, ¯à®¢¥¤¥­ à áç¥â ¬¥â®¤®¬ �®­â¥-� à«® ¢¥à®-
ïâ­®áâ¨ ¯®ªàëâ¨ï ¨áâ¨­­ëå §­ ç¥­¨© ¯ à ¬¥âà®¢ â¥®à¥â¨ç¥áª®© ¬®¤¥«¨
¤®¢¥à¨â¥«ì­ë¬¨ ¨­â¥à¢ « ¬¨, ®æ¥­¥­­ë¬¨ ¯® «®£ à¨ä¬¨ç¥áª®© äã­ª-
æ¨¨ ¯à ¢¤®¯®¤®¡¨ï. �à¨ ¬ «®© áâ â¨áâ¨ª¥, ®¡ëç­®, ¯®ï¢«ï¥âáï § ¬¥â­®¥
®âª«®­¥­¨¥ íâ®© ¢¥«¨ç¨­ë ®â ®¦¨¤ ¥¬®£® ãà®¢­ï ¤®¢¥à¨ï.

� ¯à®áâëå á«ãç ïå ¢ëç¨á«¥­ë ¤®¢¥à¨â¥«ì­ë¥ ¨­â¥à¢ «ë ¯® ª« áá¨ç¥-
áª®¬ã ¬¥â®¤ã �¥©¬ ­ , ª®â®àë¥ ®¡¥á¯¥ç¨¢ îâ â®ç­®¥ á®®â¢¥âáâ¢¨¥ ¢¥à®-
ïâ­®áâ¨ ¯®ªàëâ¨ï ¨áâ¨­­®£® §­ ç¥­¨ï íâ¨¬¨ ¨­â¥à¢ « ¬¨ § ï¢«¥­­®¬ã
ãà®¢­î ¤®¢¥à¨ï. �®«ãç¥­­ë¥ â®ç­ë¥ §­ ç¥­¨ï ¤®¢¥à¨â¥«ì­ëå ¨­â¥à¢ -
«®¢ ¬®£ãâ ¡ëâì ¨á¯®«ì§®¢ ­ë ¯à¨ ®¡à ¡®âª¥ á®®â¢¥âáâ¢ãîé¨å íªá¯¥à¨-
¬¥­â®¢ (­ ¯à¨¬¥à, ¨§¬¥à¥­¨¥ ¢à¥¬¥­¨ ¦¨§­¨ ¯à¨ ­¥¡®«ìè®¬ ç¨á«¥ § à¥-
£¨áâà¨à®¢ ­­ëå à á¯ ¤®¢).

� á«®¦­ëå á«ãç ïå, ª®£¤  äã­ªæ¨ï ¯à ¢¤®¯®¤®¡¨ï § ¢¨á¨â ®â ¬­®£¨å
¯ à ¬¥âà®¢ ¨ ¯®áâà®¥­¨¥ ¤®¢¥à¨â¥«ì­®© §®­ë ¯® ¬¥â®¤ã �¥©¬ ­  § âàã¤-
­¨â¥«ì­®,   áâ â¨áâ¨ª  íªá¯¥à¨¬¥­â  ­¥¤®áâ â®ç­® ¢¥«¨ª , ¯à¥¤« £ ¥âáï
¯à®¢¥àïâì ¬¥â®¤®¬ �®­â¥-� à«® á®®â¢¥âáâ¢¨¥ ¢¥à®ïâ­®áâ¨ ¯®ªàëâ¨ï ¤®-
¢¥à¨â¥«ì­ë¬¨ ¨­â¥à¢ « ¬¨ ¨áâ¨­­®£® §­ ç¥­¨ï ¯ à ¬¥âà®¢ § ï¢«¥­­®¬ã
ãà®¢­î ¤®¢¥à¨ï.

�à®¢¥¤¥­® â ª¦¥ áà ¢­¥­¨¥ ¢¥à®ïâ­®áâ¨ ¯®ªàëâ¨ï ¨áâ¨­­®£® §­ ç¥-
­¨ï ¯ à ¬¥âà  p à á¯à¥¤¥«¥­¨ï �ã áá®­  ¤®¢¥à¨â¥«ì­ë¬¨ ¨­â¥à¢ « ¬¨
­  90%-®¬ ãà®¢­¥ ¤®¢¥à¨ï, ¯à¥¤« £ ¥¬ë¬¨ ¢ áâ â¨áâ¨ç¥áª®¬ à §¤¥«¥ á®-
¢à¥¬¥­­ëå â ¡«¨æ á¢®©áâ¢ ç áâ¨æ [8], á à¥ª®¬¥­¤ã¥¬ë¬¨ ¢¥àå­¨¬¨ ¯à¥-
¤¥« ¬¨ ¢ íâ¨å ¦¥ â ¡«¨æ å ¤® 1998 £. � à¥§ã«ìâ â¥ áà ¢­¥­¨ï ¯à¥¤áâ -
¢«ï¥âáï ­¥®¡®á­®¢ ­­ë¬ ¯¥à¥å®¤ ¢ 1998 £. ®â ¢¥àå­¥£® ¯à¥¤¥«  p < 2:30
ª p < 2:44 ¯à¨ ­ã«¥¢®¬ ª®«¨ç¥áâ¢¥ § à¥£¨áâà¨à®¢ ­­ëå á®¡ëâ¨© (å®âï
à §­¨æ  ¨ ­¥¢¥«¨ª ).
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