
�¨¡¨àáª®¥ ®â¤¥«¥­¨¥ �®áá¨©áª®© �ª ¤¥¬¨¨ ­ ãª

�������� ������� ������ ¨¬. �.�. �ã¤ª¥à 

�.�. �àç¥­ª®

� ������

������������� ��������� II

��� 2000-69

�����������

2000

brought to you by COREView metadata, citation and similar papers at core.ac.uk

provided by CERN Document Server

https://core.ac.uk/display/25369689?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1


� â¥®à¨¨ ¬­®£®ªà â­®£® à áá¥ï­¨ï II

�.�. �àç¥­ª®

�­áâ¨âãâ ï¤¥à­®© ä¨§¨ª¨ ¨¬.�.�. �ã¤ª¥à

630090 �®¢®á¨¡¨àáª, �®áá¨ï

�­­®â æ¨ï

� áá¬®âà¥­ë ¢®¯à®áë ¯®«ãç¥­¨ï â®ç­ëå ¨ ¯à¨¡«¨¦¥­­ëå à¥è¥­¨© ª¨­¥-
â¨ç¥áª¨å ãà ¢­¥­¨© ¢ § ¤ ç¥ ¬­®£®ªà â­®£® à áá¥ï­¨ï. �«ï á¥ç¥­¨©, ï¢«ïî-
é¨åáï à æ¨®­ «ì­ë¬¨ äã­ªæ¨ï¬¨ ®â �2, � = 2 sin(�=2), � | ã£®« à áá¥ï­¨ï,
¯®«ãç¥­ë â®ç­ë¥ à¥è¥­¨ï ¢ ¢¨¤¥ àï¤  ¯® ¯®«¨­®¬ ¬ �¥¦ ­¤à .

�â®ç­ïîâáï £à ­¨æë ¯à¨¬¥­¨¬®áâ¨ ª¨­¥â¨ç¥áª®£® ãà ¢­¥­¨ï ¤«ï äã­ªæ¨¨
à á¯à¥¤¥«¥­¨ï ¯® ¯¥à¥¬¥­­®© q = 2 sin(#=2) [1], ¯à®¢¥¤¥­® áà ¢­¥­¨¥ à¥è¥­¨©
íâ®£® ãà ¢­¥­¨ï á â®ç­ë¬¨ à¥è¥­¨ï¬¨ ¤«ï á¥ç¥­¨© �¥§¥àä®à¤  ¨ �®ââ .

�¥èñ­ ¢®¯à®á ® áå®¤¨¬®áâ¨ ¯à¨¡«¨¦¥­­ëå à¥è¥­¨© ¢ ¢¨¤¥ àï¤  ¯® ¯®«¨-

­®¬ ¬ �¥¦ ­¤à  ¨ àï¤  ¯® áâ¥¯¥­ï¬ 1=B. � ª¨¥ ¯à¨¡«¨¦¥­¨ï ¯®«ãç¥­ë ¨

­ ©¤¥­ë £à ­¨æë ¨å ¯à¨¬¥­¨¬®áâ¨.

To the theory of the multiple scattering II

V.I. Yurchenko

Budker Institute of Nuclear Physics

630090 Novosibirsk, Russia

Abstract

The problem of kinetic eqution solution at the multiple scattering are discussed.

Exact solutions in Legendre polynomial expansion are derived for the cases of a

scattering cross-sections as a rational fuctions in the variable �2, � = 2 sin �=2), �

is angle of scattering. More exact bounds of bility are derived for kinetic equation

in the variable q = 2 sin(#=2) [1]. Approximate solutions in form of Legendre

polynomial expansion and power series in 1=B are obtained and bounds of its

bility are found.
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.

1 �¢¥¤¥­¨¥

�â  à ¡®â  ï¢«ï¥âáï ¯à®¤®«¦¥­¨¥¬ à ¡®âë [1], ¢ ª®â®à®© ¢ á¢ï§¨ á § ¤ -
ç¥© ¬­®£®ªà â­®£® à áá¥ï­¨ï à áá¬ âà¨¢ «®áì ª¨­¥â¨ç¥áª®¥ ãà ¢­¥­¨¥
¤«ï ã£«®¢®© äã­ªæ¨¨ à á¯à¥¤¥«¥­¨ï (®¡®§­ ç¥­¨ï â¥ ¦¥, çâ® ¢ [1])

@f(~n�~i; t)
@t

=N
Z
�(~n�~n0) [ f(~n0 �~i; t)� f(~n�~i; t) ] d


0

2�
; (1)

ª®â®à®¥ ¯à¨ f(cos #; 0)=�(1�cos#) ¨¬¥¥â à¥è¥­¨¥

f(cos #; t) =
1X
l=0

2l + 1
2

Pl(cos #) exp(�Ql(t)) ; (2)

Ql(t) = Nt

�Z
0

�(cos(�)) sin � d� [ 1� Pl(cos �) ] ; (3)

£¤¥ Pl { ¯®«¨­®¬ë �¥¦ ­¤à .

� [1] ¯®«ãç¥­® ¯à¨¡«¨¦¥­­®¥ ª¨­¥â¨ç¥áª®¥ ãà ¢­¥­¨¥

@f(q; t)
@t

= N

Z
�(�) [ f(j ~q�~� j; t)� f(q; t) ]

d~�

2�
; (4)

¢ ª®â®à®¬ ¨­â¥£à¨à®¢ ­¨¥ ¯à®¢®¤¨âáï ¯® ¯«®áª®© ®¡« áâ¨,

q=2 sin(#=2) ; �=2 sin(�=2) :

�à¨ f(q; 0)=�(1�cos #)=�(q)=q ¥£® à¥è¥­¨¥

f(q; t) =

1Z
0

�d� J0(�q) exp(�Q(�; t)) ; (5)
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Q(�; t) = Nt

1Z
0

�(�)�d� f 1�J0(��)g : (6)

� ª®¥ ¯à¨¡«¨¦¥­¨¥, ¢ á®®â¢¥âáâ¢¨¨ á ãá«®¢¨ï¬¨ ¥£® ¯®«ãç¥­¨ï [1],
¬®¦­® ­ §¢ âì ¯à¨¡«¨¦¥­¨¥¬ ¬ «ëå ¯¥à¥¤ ­­ëå ¨¬¯ã«ìá®¢ (¬ «ëå ¯¥-
à¥¤ ç), å®âï ¢ ¯à¥¤¥« å ­ ©¤¥­­ëå ¢ [1] £à ­¨æ ¯à¨¬¥­¨¬®áâ¨ ¬¥â®¤ 
à¥è¥­¨¥ (5), (6) ï¢«ï¥âáï ¤®áâ â®ç­® â®ç­ë¬ ¨ ¯à¨ q� 1. �à¨¡«¨¦¥­¨¥
¬ «ëå ã£«®¢ ­¥ ¨á¯®«ì§ã¥âáï, â. ¥. à¥è¥­¨¥ ¯®«ãç¥­® ¤«ï ®¡é¥£® á«ãç ï
á¥ç¥­¨ï. � á«ãç ¥ á¥ç¥­¨ï �¥§¥àä®à¤  ¥£® ¬®¦­® ¯à¥¤áâ ¢¨âì ¢ ¢¨¤¥
àï¤  [1-4]

f(q) =
1
�2

h
f (0)(X) + B�1f (1)(X) + B�2f (2)(X) + : : :

i
;

X = q=� ; 1=B = �2a=�
2 ; �2a = n�2a ;

£¤¥ �a { ã£®« ®¡à¥§ ­¨ï [2], n { áà¥¤­¥¥ ç¨á«® áâ®«ª­®¢¥­¨© ­  ¯ãâ¨ t, �
{ å à ªâ¥à­ë© à §¬¥à ®¡« áâ¨ ¬­®£®ªà â­®£® à áá¥ï­¨ï.

� [1] ¯®ª § ­®, çâ® ãà ¢­¥­¨¥ (4) ¯à¨¬¥­¨¬® ¢® ¢á¥© ã£«®¢®© ®¡« áâ¨
¨ ¯à®¢¥¤¥­® áà ¢­¥­¨¥ ¯à¨¡«¨¦¥­­ëå à¥è¥­¨© ãà ¢­¥­¨© (1), (4) ¤«ï
á¥ç¥­¨© �¥§¥àä®à¤  ¨ �®ââ . �à®¢¥¤¥­­®¥ à áá¬®âà¥­¨¥ ¯®áâ ¢¨«® àï¤
¢®¯à®á®¢, ª®â®àë¥ á®áâ®ïâ ¢ á«¥¤ãîé¥¬.

1. �¢¨¤ã ®âáãâáâ¢¨ï â®ç­ëå à¥è¥­¨© ãà ¢­¥­¨ï (1) ¯à¨¢«¥ª «¨áì
¯à¨¡«¨¦¥­¨ï, á ª®â®àë¬¨ àï¤ (2) à áå®¤¨âáï, çâ® ¯à¨¢¥«® ª ­¥ª®â®àë¬
âàã¤­®áâï¬ ¬¥â®¤¨ç¥áª®£® å à ªâ¥à , â. ª. à¥§ã«ìâ âë ¢ â®© ¨«¨ ¨­®©
áâ¥¯¥­¨ § ¢¨áïâ á¯®á®¡  ®¡à¥§ ­¨ï àï¤  (2).

2. � è¨à®ª®¬ ¤¨ ¯ §®­¥ §­ ç¥­¨© � à¥è¥­¨¥ (5), ¯à¥¤áâ ¢«¥­­®¥ ¢ ¢¨-
¤¥ àï¤  ¯® áâ¥¯¥­ï¬ 1=B á ãç¥â®¬ âà¥å ç«¥­®¢ à §«®¦¥­¨ï, ­ ¬­®£® â®ç-
­¥¥ ¢ ®¤­®ªà â­®© ®¡« áâ¨ (q � �), ç¥¬ ¢ ®¡« áâïå ªà â­®£®
(q � (2 � 4)�) ¨ ¬­®£®ªà â­®£® (0 � q � �) à áá¥ï­¨ï. �. ¥. ­¥®¡å®¤¨¬
ãç�¥â ¡®«ìè¥£® ç¨á«  ç«¥­®¢ à §«®¦¥­¨ï.

3. � íâ®¬ã á«¥¤ã¥â ¤®¡ ¢¨âì, çâ® àï¤ ¯® áâ¥¯¥­ï¬ 1=B à áå®¤¨âáï (á¬.
à §¤. 4 ¤ ­­®© à ¡®âë), â. ¥. ¢®§­¨ª îâ ¢®¯à®áë á ®æ¥­ª®© ¥£® â®ç­®áâ¨
¨ £à ­¨æ ¯à¨¬¥­¨¬®áâ¨.

4. �® íâ¨¬ ¯à¨ç¨­ ¬ ­¥ ã¤ «®áì ¯à®¢¥áâ¨ ¢ ¯®«­®© ¬¥à¥ áà ¢­¥­¨¥
à¥è¥­¨© ãà ¢­¥­¨© (1), (4) ­¨ ¤«ï ®¤­®£® ç áâ­®£® á«ãç ï á¥ç¥­¨ï, çâ®
ï¢«ï¥âáï ¯à¨­æ¨¯¨ «ì­ë¬ ¨«¨, ¯® ¬¥­ìè¥© ¬¥à¥, ¦¥« â¥«ì­ë¬ ¤«ï «î-
¡®£® ¯à¨¡«¨¦¥­­®£® ¬¥â®¤ . � [1] ¤«ï ª®­âà®«ï ¯à¨¡«¨¦¥­¨© ¯à¨¢«¥-
ª «áï ¬¥â®¤ �®­â¥-� à«®.

�¥«ì à ¡®âë á®áâ®¨â ¢ à¥è¥­¨¨ íâ¨å ¢®¯à®á®¢. �à®¢¥¤¥­® áà ¢­¥­¨¥
â®ç­ëå à¥è¥­¨© ãà ¢­¥­¨ï (1) á à¥è¥­¨ï¬¨ ãà ¢­¥­¨ï (4) ¤«ï á¥ç¥­¨©
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�¥§¥àä®à¤  [2]
�
R
(�) =

2s2

(�2 + �2a)
2 (7)

¨ �®ââ  �
M
(�) = �

R
(�)
�
1� 1

4
�2�2

�
(8)

¯à¨ ãç¥â¥  â®¬­®£® ä®à¬ä ªâ®à  (ã£«  ®¡à¥§ ­¨ï �a). �¥è¥­¨ï ãà ¢-
­¥­¨ï (1) ¤«ï íâ¨å á«ãç ¥¢ ¢ ¤ ­­®© à ¡®â¥ ¯®«ãç¥­ë. � áá¬®âà¥­ë
¯à¨¡«¨¦ñ­­ë¥ à¥è¥­¨ï, ¢ â®¬ ç¨á«¥ ¨ áå®¤ïé¨©áï àï¤ ¯® áâ¥¯¥­ï¬ 1=B,
á â®çª¨ §à¥­¨ï ¨å ¯à¨£®¤­®áâ¨ ¯à¨ ­¥¡®«ìè®¬ áà¥¤­¥¬ ç¨á«¥ áâ®«ª­®¢¥-
­¨©. �à¥¤¢ à¨â¥«ì­® à áá¬®âà¥­ ®¡é¨© á«ãç © á¥ç¥­¨ï

�(�) = �
R
(�)�(�) ; (9)

£¤¥ ¬­®¦¨â¥«ì �(�) ãç¨âë¢ ¥â ®â«¨ç¨¥ à¥ «ì­®£® á¥ç¥­¨ï ®â á¥ç¥­¨ï (7).

2 �¡é¨© á«ãç © á¥ç¥­¨ï

�®ª ¦¥¬, çâ® ¤«ï á¥ç¥­¨ï (9) ®¡é ï ä®à¬ã«  ¤«ï ¢¥«¨ç¨­ë Ql ¢ (2)
¨¬¥¥â ¢¨¤

Ql = �2c

lX
k=1

"k�1
�
Clk [ kA(") + "A0(") ] � kalk

�
; (10)

£¤¥ �2c=Nts
2, "=�2a ,

A(") =

2Z
0

�(�)
�2 + "

2�d� ; A0(") = �
2Z

0

�(�)
(�2 + ")2

2�d� ; (11)

alk = (�1)k 1
2k

1Z
�1


lk(x)�(x)dx
(1�x)k+1 ; (12)


lk(x) = 1� Pl(x)�
kX

m=1

(�1)m+1Clm�
2m: (13)

� íâ¨å ä®à¬ã« å x= cos � ; �2= 2(1�x), Clk { ª®íää¨æ¨¥­âë ¢ ¯à¥¤-
áâ ¢«¥­¨¨ Pl(x) ¢ ¢¨¤¥ £¨¯¥à£¥®¬¥âà¨ç¥áª®£® àï¤  :

Pl(x)=
lX

k=0

(�1)kClk�
2k; (14)
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Clk =
1

k!24k

k�1Y
j=0

[ l(l+1)�j(j+1) ]; Cl0=1 :

� ¯à¥¤áâ ¢«¥­¨¥¬ (14) ¢ ¨­â¥£à «¥ (3) ¨¬¥¥¬

1� Pl(x) =
lX

k=1

(�1)k+1Clk�
2k: (15)

�«ï á¥ç¥­¨ï (9) ¢ª« ¤ k-£® á« £ ¥¬®£® (�1)k+1Clk�
2k ¢ íâ®© áã¬¬¥ ¢

¨­â¥£à « ( ¯®« £ ¥¬ �2k=[ (�2+�2a)��2a ]k ¨ ¨á¯®«ì§ã¥¬ ä®à¬ã«ã ¡¨­®¬ 
�ìîâ®­  ), ¨¬¥¥â ¢¨¤

�2c

�
"k�1Clk[ kA(") + "A0(") ] +

k�2X
j=0

bj"
j

�
; (16)

£¤¥ bj { ­¥ª®â®àë¥ ª®íää¨æ¨¥­âë. � ª¨¬ ®¡à §®¬, ¢¥«¨ç¨­ã Ql ¬®¦­®
¯à¥¤áâ ¢¨âì ¢ ¢¨¤¥ (10) á ­¥¨§¢¥áâ­ë¬¨ ¯®ª  (ªà®¬¥ all = 0) ¢¥«¨ç¨­ -
¬¨ alk.

�«ï ¨å ®¯à¥¤¥«¥­¨ï ¢ë¤¥«¨¬ ¢ áã¬¬¥ (15) ¯¥à¢ë¥ k á« £ ¥¬ëå ¨ § -
¯¨è¥¬ Ql ¢ ¢¨¤¥ áã¬¬ë ¤¢ãå ¨­â¥£à «®¢

Ql=�
2
c =

2Z
0

2�d� g(�)
kX

m=1

(�1)m+1Clm�
2m +

2Z
0

2�d� g(�) 
lk(�) ;

£¤¥ g(�) = �(�)=(�2 + �2a)
2, ¢¥«¨ç¨­  
lk ®¯à¥¤¥«ï¥âáï ä®à¬ã«®© (13),


l0(�) = 1� Pl(x), 
ll(�) = 0. �¥à¢ë© ¨­â¥£à «, á®£« á­® (16), ¤ ¥â
áâ¥¯¥­­ë¥ á« £ ¥¬ë¥ ¯à®¯®àæ¨®­ «ì­ë¥ "m á m � k�2 ¨ á« £ ¥¬ë¥
â¨¯  "m�1[mA(") + "A0(") ] á m � k. � ãç¥â®¬ (10) ¯®«ãç ¥¬

2Z
0

2�d� g(�) 
lk(�) =

�kalk"k�1 +
lX

m=k+1

"m�1
�
Clm[mA(") + "A0(") ] �malm

�
+

+ á« £ ¥¬ë¥ � "m á m � k � 2 .
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�âáî¤ 

lim
"!0

dk�1

d"k�1

2Z
0

2�d� g(�) 
lk(�) = �k! alk

¨ íâ® ¯à¨¢®¤¨â ª ä®à¬ã«¥ (12).

�â¬¥â¨¬ ¥é¥ á«ãç ©, ª®£¤ 

�(�) = 2s2�(�)=(�2 + "):

�.ª. ®âà¨æ â¥«ì­ ï ¯à®¨§¢®¤­ ï ¯® " ®â íâ®© ¢¥«¨ç¨­ë à ¢­  á¥ç¥­¨î
(9), ¨­â¥£à¨àãï (10) ¯® " ¯®«ãç¨¬ ¤«ï íâ®£® á«ãç ï

Ql = �2c

�
al0 �

lX
k=1

"k
h
ClkA(") � alk

i�
: (17)

�®áâ®ï­­ ï ¨­â¥£à¨à®¢ ­¨ï al0=Ql=�
2
c ¯à¨ "=0, çâ® á ãçñâ®¬ (3) ¯à®-

¢®¤¨â ª ä®à¬ã«¥ (12) ¤«ï al0. �®à¬ã«  (17) ¯®§¢®«ï¥â ­ ¯¨á âì à¥è¥­¨¥
¤«ï á¥ç¥­¨ï �(�)=�

M
(�)�(�), â. ª.

�
M
(�) =

�
1 +

1
4
"�2
�
�
R
(�)� 1

4
�2

2s2

�2 + �2a
: (18)

� ª¨¥ ¦¥ ¯à¥®¡à §®¢ ­¨ï ¬®¦­® á¤¥« âì ¨ ¤«ï à¥è¥­¨ï (5), (6). �á-
¯®«ì§ãï ¢¬¥áâ® (14) à §«®¦¥­¨¥

J0(��) =
1X
k=0

(�1)kCk(�)�2k ; Ck(�) =
1

k!24k
�2k ; (19)

¨ ¯®¢â®àïï ¯à¥¤ë¤ãé¨¥ à ááã¦¤¥­¨ï, ¯®«ãç¨¬

Q(�) = �2c

1X
k=1

"k�1
�
Ck(�)[ kA(") + "A0(") ]� kak(�)

�
;

ak(�)=(�1)k
2Z

0


k(��)
�2(k+1)

�(�)2�d� ;


k(��)=1� J0(��)�
kX

m=1

(�1)m+1Cm(�)�2m:

�¥«¨ç¨­ë A("), A0("), ª ª ¨ à ­¥¥, ®¯à¥¤¥«¥«ïîâáï ä®à¬ã«®© (11). �â-
¬¥â¨¬, çâ® ¢ á«ãç ¥ á¥ç¥­¨ï (7) ¯à¨ ¯¥à¥å®¤¥ ¢ ¨­â¥£à « å íâ¨å ä®à¬ã«
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ª ¡¥áª®­¥ç­®¬ã ¢¥àå­¥¬ã ¯à¥¤¥«ã ¢®§­¨ª îâ à áå®¤¨¬®áâ¨ ¢ ¨­â¥£à « å
¤«ï A("), ak(�), ª®â®àë¥, ®¤­ ª®, £ áïâ ¤àã£ ¤àã£ .

�®à¬ã«ë (10) - (14) ¤ îâ ®¡é¥¥ à¥è¥­¨¥ § ¤ ç¨. �â® áâàãªâãà­ë¥
ä®à¬ã«ë, ¯®ª §ë¢ îé¨¥, ­ ¯à¨¬¥à, çâ® á« £ ¥¬ë¥ ¢ (2) § ¢¨áïâ ®â ¤¢ãå
ª®­áâ ­â A(") ¨ A0("), ¢¥«¨ç¨­ë alk ­¥ § ¢¨áïâ ®â ã£«  ®¡à¥§ ­¨ï �a
¨ â. ¤. �â¨ ä®à¬ã«ë ¬®£ãâ ¡ëâì ¨á¯®«ì§®¢ ­ë ¤«ï ¯®«ãç¥­¨ï â®ç­ëå
¨«¨, á ãç¥â®¬ ¬ «®áâ¨ ¢¥«¨ç¨­ë ", ¯à¨¡«¨¦¥­­ëå à¥è¥­¨©.

3 �¥ç¥­¨ï �¥§¥àä®à¤  ¨ �®ââ 

�à¨ �(x) = 1 ¨­â¥£à « ¢ ä®à¬ã«¥ (12) ­ ©¤¥­ ¢ ¯à¨«®¦¥­¨¨ A ¨

alk=2Clk(Sl�Sk) ; Sl=
lX

k=1

1
k
; S0=0 ; A(")=ln

4+"
"

; "A0(")=� 4
4+"

:

�«ï á¥ç¥­¨ï �¥§¥àä®à¤  (7) ¯®«ãç ¥¬

Q
R

l = �2c

lX
k=1

"k�1kClk

�
ln
4+"
"
�2 (Sl�Sk) � 1

k

4
4+"

�
: (20)

�«ï á¥ç¥­¨ï �®ââ  (8), á ãç�¥â®¬ (17), (18), ­ ©¤¥¬

Q
M

l =
�
1+

"�2

4

�
Q
R

l �
�2c�

2

4

�
ln
4+"
"
�

lX
k=0

"kClk

�
ln
4+"
"
�2(Sl �Sk)

��
:

(21)
�â ª, àï¤ (2), (20) ï¢«ï¥âáï à¥è¥­¨¥¬ ãà ¢­¥­¨ï (1) ¤«ï á¥ç¥­¨ï (7),

àï¤ (2), (21) { ¤«ï á¥ç¥­¨ï (8). �á¯®«ì§®¢ ­­®¥ ¢ [1] ¯à¨¡«¨¦¥­¨¥ �®ã¤-
á¬¨â  ¨ � ­¤¥àá®­  ¤«ï á¥ç¥­¨ï �¥§¥àä®à¤ 

Q
R

l � �2cCl1

h
ln
4
"
� 2(Sl � S1)� 1

i
{ íâ®, á ­¥áãé¥áâ¢¥­­ë¬¨ ®â«¨ç¨ï¬¨ ("� 1), ¯¥à¢ë© ç«¥­ à §«®¦¥­¨ï
¢ ä®à¬ã«¥ (20), ¢ª«îç îé¨© á« £ ¥¬ë¥ á ­ã«¥¢®© áâ¥¯¥­ìî ¬­®¦¨â¥«ï
"k,   ¯®«ãç¥­­®¥ ¢ [1] ¯à¨¡«¨¦¥­¨¥ ¤«ï á¥ç¥­¨ï �®ââ 

Q
M

l � �2c

�
Cl1

h
ln
4
"
� 2(Sl � S1) � 1

i
� 1
2
�2Sl

�
{ íâ® á« £ ¥¬ë¥ á ­ã«¥¢®© áâ¥¯¥­ìî ¬­®¦¨â¥«ï "k ¢ ä®à¬ã«¥ (21).
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� ­ ©¤¥­­ë¬¨ à¥è¥­¨ï¬¨ ¬®¦­® ¯à®¢¥à¨âì ¨ ãâ®ç­¨âì à §«¨ç­ë¥
¯à¨¡«¨¦¥­¨ï. �¬¥¥âáï â ª¦¥ ¢®§¬®¦­®áâì áà ¢­¥­¨ï à¥è¥­¨© ãà ¢­¥-
­¨© (1), (4).

�«ï á¥ç¥­¨ï (7) ä®à¬ã«  (6) ¯à¨¢®¤¨âáï ª ¢¨¤ã

Q
R

(�) =
�2c
�2a

�
1 + �

d

d�

1Z
0

J0(x)xdx
x2 + �2

�
; � = �a� :

�­â¥£à « à ¢¥­ K0(�) ¨ á ãç¥â®¬ K00(�)=�K1(�) ¯®«ãç ¥¬

Q
R

(�) =
�2c
�2a

n
1� �a�K1(�a�)

o
: (22)

�à¥¤áâ ¢«ïï K1 ¢ ¢¨¤¥ àï¤ , ¯®«ãç¨¬

Q
R

(�) = �2c

1X
k=1

"k�1kCk(�)
�
ln
4
"
�2 (S(�)�Sk )� 1

k

�
; (23)

S(�) = ln � +C ; Ck(�) =
1

k!24k
�2k ;

£¤¥ C { ¯®áâ®ï­­ ï �©«¥à , Ck(�) { ª®íää¨æ¨¥­âë ¢ à §«®¦¥­¨¨ (19).
�®à¬ã«  (20) ¯¥à¥å®¤¨â ¢ (23) ¯à¨

Clk ! Ck(�) ; Sl ! S(�) ; ln
4 + "

"
! ln

4
"
;

4
4 + "

! 1 : (24)

� á«ãç ¥ á¥ç¥­¨ï �®ââ  ¨­â¥£à « (6) à áå®¤¨âáï, ¥á«¨ ­¥ ®¡à¥§ âì
á¥ç¥­¨¥ ¯à¨ � = 2. �®à¬ã«ã â¨¯  (21) ¬®¦­® ¯®«ãç¨âì á ­¥ª®â®àë¬¨
¯à¨¡«¨¦¥­¨ï¬¨. �à¥¤áâ ¢¨¬ ¢ (18)

1=(�2+�2a) =
�
1=(�2+�2a)�1=�2

�
+ 1=�2 :

�¥à¢®¥ á« £ ¥¬®¥ §¤¥áì ¤ ¥â áå®¤ïé¨©áï ¨­â¥£à «, à ¢­ë©

�2c
�
ln(4=")�2K0(�a�)�2(ln �+C)

	
;

¨­â¥£à « ®â ¢â®à®£® ¯à¨¡«¨¦�¥­­® [1]

2�2c

2Z
0

1�J0(��)
�2

�d� � 2�2c lim
�!0

8<:
2Z
�

d�

�
�

1Z
�

J0(��)
�

d�

9=; = 2�2c (ln� +C) :
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� ãç¥â®¬ íâ®£®

Q
M

(�)�
�
1+

"�2

4

�
Q
R

(�)� �2c�
2

4

�
ln
4
"
�2K0(�a�)

�
:

� ¯à¥¤áâ ¢«¥­¨¥¬ K0 ¢ ¢¨¤¥ àï¤  ¯®«ãç¨¬

Q
M

l �
�
1+

"�2

4

�
Q
R

l �
�2c�

2

4

�
ln
4
"
�

lX
k=0

"kCk(�)
�
ln
4
"
�2 (S(�) �Sk)

��
: (25)

�.¥. á ¯à¨­ïâë¬¨ ¯à¨¡«¨¦¥­¨ï¬¨ §¤¥áì, ª ª ¨ ¤«ï á¥ç¥­¨ï �¥§¥àä®à¤ ,
¯®«ãç ¥âáï á®®â¢¥âáâ¢¨¥ á à¥è¥­¨¥¬ (21) ¯à¨ ãç¥â¥ ä®à¬ã« (24).

� ¨á¯®«ì§®¢ ­¨¥¬ ¯®«ãç¥­­ëå ä®à¬ã« ¬®¦­® ­ ©â¨ à¥è¥­¨ï ãà ¢­¥-
­¨© (1), (4) ¤«ï á¥ç¥­¨© �(�), ï¢«ïîé¨åáï à æ¨®­ «ì­ë¬¨ äã­ªæ¨ï¬¨
®â �2. � ãç�¥â®¬, ­ ¯à¨¬¥à, ¯à¨ k=1; 2

1

(�2+")k (�2+a)m
=

(�1)m+k�2

(m�1)!
@k�1

@"k�1
@m�1

@am�1
1

a�"
�

1
�2+"

� 1
�2+a

�
;

¯®«ãç îâáï à¥è¥­¨ï ¤«ï á¥ç¥­¨© �
R
(�)�(�), �

M
(�)�(�), ¢ ª®â®àëå

�(�) =
X
m

bm
(�2+am)

m :

�­®¦¨â¥«ì â ª®£® â¨¯  ®¡à¥§ ¥â á¥ç¥­¨¥ ¢ ®¡« áâ¨ �2 > am ¨ íâ® ¯®-
§¢®«ï¥â, ­ ¯à¨¬¥à, ¯®«ãç¨âì à¥è¥­¨¥ á ¯à¨¡«¨¦¥­­ë¬ ãçñâ®¬ ï¤¥à­®-
£® ä®à¬ä ªâ®à . � ª ¢¨¤­®, ä ªâ¨ç¥áª¨ ­ã¦­ë à¥è¥­¨ï ¤«ï á¥ç¥­¨©
� � 1=(�2+")�1=(�2+a). � á«ãç ¥ àï¤  ¯® ¯®«¨­®¬ ¬ �¥¦ ­¤à  ®­¨
¯®«ãç îâáï á ¯®¬®éìî ä®à¬ã«ë (17), ¢ ª®â®à®© alk=2Clk(Sl �Sk).

�®§¬®¦­®áâ¨ àï¤®¢ ¤«ï ¯®«ãç¥­¨ï Ql; Q(�), ¢®®¡é¥ £®¢®àï, ®£à ­¨-
ç¥­ë. �«ï Q(�), ­ ¯à¨¬¥à, ¯à¨ �a�� 1 ­¥®¡å®¤¨¬ë  á¨¬¯â®â¨ç¥áª¨¥
à §«®¦¥­¨ï. �«ï Ql, ¯à¨ ¡®«ìè¨å §­ ç¥­¨ïå l, ­ã¦­® á § ¬¥­®© [1]1

Pl(cos(�))! J0(��) ; � =
p
l(l + 1)

1�â® ¬®¦­® ®¡®á­®¢ âì ¢ ª¢ §¨ª« áá¨ç¥áª®¬ ¯à¨¡«¨¦¥­¨¨, ¥á«¨ ¨áå®¤­®¥ ãà ¢­¥-
­¨¥ ¤«ï Pl § ¯¨á âì ¢ ¯¥à¥¬¥­­®© �. �â® ãà ¢­¥­¨¥ £« á¨â

1

�

d

d�
�

�
1�

�2

4

�
d

d�
Pl = �l(l+ 1)Pl

¨ ¢ ª¢ §¨ª« áá¨ç¥áª®¬ ¯à¨¡«¨¦¥­¨¨ ¤ ñâ Pl(cos(�))� J0(��). � íâ¨¬ á®®â­®è¥­¨¥¬
¯à¨ ¯à¨¢¥¤¥­¨¨ àï¤  (2) ª ¨­â¥£à «ã (5), ª ª ¨ ¯à¨ ¯®«ãç¥­¨¨ ãà ¢­¥­¨ï (4) (á¬. ®¡
íâ®¬ ¢ [1]), ­¥ ¢®§­¨ª ¥â ­¥®¡å®¤¨¬®áâ¨ ¢ ¬ «®ã£«®¢®¬¯à¨¡«¨¦¥­¨¨ ¤«ï á¥ç¥­¨ï. �¥-
ç¥­¨¥ ®áâ ñâáï â®ç­ë¬, ç¥¬, ­  ­ è ¢§£«ï¤, ¨ ®¡¥á¯¥ç¨¢ ¥âáï ¯à¨¬¥­¨¬®áâì à¥è¥­¨ï
(5),(6) ¢® ¢á¥© ®¡« áâ¨ ã£«®¢.
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¯¥à¥©â¨ ª ¨â¥£à «ã

Ql = Nt

2Z
0

�(�)�d� f 1�J0(��)g ! n� Nt

1Z
0

J0(��)�(�)�d� ;

£¤¥ n = Nt�t { áà¥¤­¥¥ ç¨á«® áâ®«ª­®¢¥­¨© ¤«ï ®¡à¥§ ­­®£® ¯à¨
�=2 á¥ç¥­¨ï. �. ¥. ¤«ï ¯®«ãç¥­¨ï â®ç­ëå à¥è¥­¨©, ¥á«¨ áã¬¬¨à®¢ ­¨¥ ¢
(2) ®áãé¥áâ¢«ï¥âáï ¤® l � 1=�a, ­¥®¡å®¤¨¬® ¯à¨¢«¥ç¥­¨¥  ­ «¨â¨ç¥áª¨å
à¥§ã«ìâ â®¢ ¤«ï § ¤ ç¨ (4) - (6).

�á­®¢­®¥ ¢­¨¬ ­¨¥ ¤ «¥¥ ã¤¥«¥­® á¥ç¥­¨î �¥§¥àä®à¤ . �¥§ã«ìâ âë
áà ¢­¥­¨ï ¯à¨¡«¨¦¥­­ëå à¥è¥­¨© á â®ç­ë¬¨ ®¡áã¦¤ îâáï ¢ à §¤¥«¥ 6.

4 �ï¤ ¯® áâ¥¯¥­ï¬ 1=B. �ã­ªæ¨¨ f (n)(X)

�¥è¥­¨¥ (5), (22) § ¢¨á¨â ®â ¯ à ¬¥âà®¢ �2a, �
2
c=�

2
a. �â®à®© ¨§ ­¨å à ¢¥­

áà¥¤­¥¬ã ç¨á«ã áâ®«ª­®¢¥­¨©

n = �2c=�
2
a ;

â.ª. ¯®«­®¥ á¥ç¥­¨¥ �t = s2=�2a. � «¥¥ ¨á¯®«ì§ãîâáï ¯ à ¬¥âàë �; B.
� àï¤ã á B ¨á¯®«ì§ã¥âáï â ª¦¥ ¡®«¥¥ ­ £«ï¤­ë© ¬ «ë© ¯ à ¬¥âà

� = �2a=�
2 :

�¥«¨ç¨­ë B, � ®¯à¥¤¥«¨¬ ¯®áà¥¤áâ¢®¬ [1,3,4]

B�lnB = lnn�2C+1 ; �2=nB�2a; (26)

¯à¨ íâ®¬
n�B=1 ;

¨ ¯¥à¥©¤ñ¬ ¢ (5), (22) ª ¯¥à¥¬¥­­ë¬

u = �� ; X = q=� :

�ï¤ (23) ¯®«ãç¨â ¢¨¤ (¨­¤¥ªá R ¤ «¥¥ ®¯ãáª ¥¬, ¢ ª ç¥áâ¢¥  à£ã¬¥­â 
¨á¯®«ì§ã¥¬ ¢¥«¨ç¨­ã p)

Q(p) =
1X
k=1

k

k!2
�k�1pk

�
1� 1

B

�
ln p� 2Sk +

k+1
k

��
; p =

u2

4
: (27)
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� íâ¨¬¨ ¯à¥®¡à §®¢ ­¨ï¬¨ ( á ãçñâ®¬ B =B(n) ¨ �= 1=(nB) ) ä ª-
â¨ç¥áª¨ ®áãé¥áâ¢«ï¥âáï ¯¥à¥å®¤ ª ¯ à ¬¥âà ¬ �; n. �ã­ªæ¨ï à á¯à¥¤¥-
«¥­¨ï ¤«ï á¥ç¥­¨ï �¥§¥àä®à¤  ¯®«ãç ¥â ¯à®áâ®© ¢¨¤

f(q) =  (X;n)=�2 ¨«¨ f(q) qdq =  (X;n)XdX ; (28)

£¤¥ äã­ªæ¨ï  § ¢¨á¨â ®â � â®«ìª® ç¥à¥§ ®â­®á¨â¥«ì­ãî ¢¥«¨ç¨­ã
X=q=�.

�ç¨â ¥¬ áà¥¤­¥¥ ç¨á«® áâ®«ª­®¢¥­¨© n ¤®áâ â®ç­® ¡®«ìè¨¬, â ª çâ®
1=B�1 ¨ �=1=(nB)�1. � ãç¥â®¬ íâ®£® ®áâ ¢¨¬ ¢ (27) â®«ìª® ¯¥à¢ë©
ç«¥­ à §«®¦¥­¨ï. �®£¤ 

Q(p) � p

�
1� ln p

B

�
; (29)

¨, ¯à¥¤áâ ¢«ïï exp(�Q) ¨ à¥è¥­¨¥ (5) ¢ ¢¨¤¥ àï¤  ¯® áâ¥¯¥­ï¬ 1=B,
¯®«ãç¨¬

f(q) =
1
�2

nmX
n=0

B�nf (n)(X) ; X=q=� ; (30)

f (n)(X) =
2
n!

1Z
0

e�p
�
p ln p

�n
J0(2

p
pX) dp: (31)

�â¬¥â¨¬, çâ® ¯ à ¬¥âà � ¨­â¥à¯à¥â¨àã¥âáï, ª ª å à ªâ¥à­ë© à §-
¬¥à ®¡« áâ¨ ¬­®£®ªà â­®£® à áá¥ï­¨ï (¤¨ääã§¨®­­®© ®¡« áâ¨), ¢ ª®â®-
à®© à á¯à¥¤¥«¥­¨¥ ç áâ¨æ ¡«¨§ª® ª £ ãáá®¢®¬ã ( f (0)(X)=2 exp(�X2) ) ¨
£¤¥ á®áà¥¤®â®ç¥­  ¡®«ìè ï ç áâì à áá¥ï­­ëå ç áâ¨æ.

� ©¤¥¬ ¤«ï äã­ªæ¨© f (n)(X) ¯à¥¤áâ ¢«¥­¨ï ¢ ¢¨¤¥ àï¤®¢ ¨ ¨å  á¨¬-
¯â®â¨ç¥áª¨¥ à §«®¦¥­¨ï. � ¯à®¬¥¦ãâ®ç­ëå ä®à¬ã« å á¤¥« ¥¬ § ¬¥­ã

f (n)(X) ! f (n)(z); z = X2 :

�®¤áâ ¢«ïï ¢ (31) à §«®¦¥­¨¥ (19), ¯®«ãç¨¬ ¢á¯®¬®£ â¥«ì­ë© àï¤

f (n)(z) = 2
1X
k=0

(�1)k (k+1):::(k+n)
k!

hn(k+n+1) zk;

hn(�+1) =
1

n! �(�+1)

1Z
0

e�pp�(ln p)ndt =
1

n! �(�+1)
dn

d�n
�(�+1) :

�®à¬ã«ë ¤«ï hn ¯à¨¢¥¤¥­ë ¢ ¯à¨«®¦¥­¨¨ B.
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�ï¤ ¯à¨£®¤¥­ ¢ à áç¥â å «¨èì ¤® X � 3. � ¯®¬®éìî á®®â­®è¥­¨ï
hn(�+1) = hn�1(�)=�+hn(�), ª ª®â®à®¬ã ¯à¨¢®¤¨â ¯à®¨§¢®¤­ ï n - £®
¯®àï¤ª  ®â �(�+1)=��(�), ¯à¥®¡à §ã¥¬ ¥£® ª ¢¨¤ã

f (n)(z) = 2
1X
k=0

(�1)k (k+1):::(k+n�1)
k!

hn�1(k+n)zk+

+2n!hn(n)� 2
1X
k=0

(�1)k (k+1):::(k+n)
k!

�
zk+1

k+1
+ n

zk+1

(k+1)2

�
hn(k+n+1):

�¥âàã¤­® ¢¨¤¥âì, çâ® ­ ¯¨á ­® á®®â­®è¥­¨¥

f (n)(z) = f (n�1)(z) + 2n!hn(n)�
zZ

0

f (n)(�) d� � n
zZ

0

d�

�

�Z
o

f (n)(�) d� :

� ãç¥â®¬ 1
2

1R
0

f (n)(�)d�=�on (¯à¨«®¦¥­¨¥ C), ¤«ï äã­ªæ¨¨

Fn =
1
2

1Z
z

f (n)(�) d�

¯®«ãç¨¬ ãà ¢­¥­¨¥
F 00n + F 0n +

n

z
Fn = F 00n�1

á ­ ç «ì­ë¬¨ ãá«®¢¨ï¬¨

Fn(0) = 0 ; F 0n(0) = �n!hn(n + 1) :

�â® ¯®§¢®«ï¥â ¯®á«¥¤®¢ â¥«ì­® ¨áª âì äã­ªæ¨¨ Fn(z), f (n)(z) á® ¢áñ ¡®-
«¥¥ ¢ëá®ª¨¬¨ §­ ç¥­¨ï¬¨ n (á¬. ¯à¨«®¦¥­¨¥ D).

�­ «®£¨ç­ë© ¯®å®¤ ¬®¦­® ¯à¨¬¥­¨âì ¤«ï ¯®«ãç¥­¨ï äã­ªæ¨© ¡®«¥¥
®¡é¥£® ¢¨¤  á m > n

f (n)m (X) =
2
n!

1Z
0

e�ppm(ln p)nJ0(2
p
pX) dp:

�¥®¡å®¤¨¬®áâì ¢ íâ¨å äã­ªæ¨ïå ¢®§­¨ª ¥â ¯à¨ ¯®áâà®¥­¨¨ ¯à¨¡«¨¦¥­-
­ëå à¥è¥­¨©. �®à¬ã«ë ¤«ï ­¨å ¯®«ãç îâáï ä ªâ¨ç¥áª¨ â¥ ¦¥, çâ® ¨ ¢
á«ãç ¥ m=n. �à ¢­¥­¨¥ ¤«ï

Fnm(z) =
1
2

1Z
z

f (n)m (�) d� ;
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­ ¯à¨¬¥à, ¨¬¥¥â ¢¨¤ F 00nm + F 0nm +
m

z
Fnm = F 00n�1;m�1. �à¨ ­¥¡®«ìè¨å

m ¤«ï ¯®«ãç¥­¨ï f (n)m (X) ¬®¦­® ¨á¯®«ì§®¢ âì á®®â­®è¥­¨¥

f
(n)
m+1(z) = �

d

dz
z
d

dz
f (n)m (z):

� «¥¥ ¤«ï m=0; 1; 2 ¯®âà¥¡ãîâáï äã­ªæ¨¨

f (0)m (z) = 2m! e�zLm(z) ;

L0(z)=1 ; L1(z)=1�z ; L2(z)=1�2z+z2=2 :

�«ï äã­ªæ¨© Fn ¬®¦­® ¯®«ãç¨âì  ­ «¨â¨ç¥áªãî à¥ªãàà¥­â­ãî ä®à-
¬ã«ã. � ¯¨è¥¬

Fn(z) = n!hn(n+1) e
�zL�1n (z) + �(z) ;

£¤¥ L�1n { ¯®«¨­®¬ � ££¥à  Ljn ¯à¨ j =�1, ¯¥à¢®¥ á« £ ¥¬®¥ { à¥è¥­¨¥
®¤­®à®¤­®£® ãà ¢­¥­¨ï ¤«ï Fn. �«ï �(z) ¯®«ãç¨¬ ãà ¢­¥­¨¥ á ­ã«¥¢ë-
¬¨ ­ ç «ì­ë¬¨ ãá«®¢¨ï¬¨, ¨­â¥£à¨àãï ª®â®à®¥ ¯®á«¥¤®¢ â¥«ì­® k à § ¢
¯à¥¤¥« å ®â 0 ¤® z, ­ ©¤¥¬

z�00k + (z � k)�0k + (n� k)�k = sk ;

£¤¥ �k, sk { k-ªà â­ë¥ ¨­â¥£à «ë ¢ ¯à¥¤¥« å ®â 0 ¤® z, ®â � ¨ s=zF 00n�1.
�¥è ï íâ® ãà ¢­¥­¨¥ ¯à¨ k=n, ¯®«ãç¨¬

Fn(z) = n!hn(n+1) e�zL�1n (z) +
dn�1

dzn�1

8<:zne�z
zZ

0

ett�n�1sn(t)dt

9=; :

�® ¥áâì äã­ªæ¨î Fn ¬®¦­® ¢ëà §¨âì ç¥à¥§ ®¯à¥¤¥«¥­­ë¥ ¨­â¥£à «ë ®â
Fn�1. � á«ãç ¥ n=1, ­ ¯à¨¬¥à,

L�11 (z) = �z; s1 = z e�z; h1(2) = 1� C;

F1(z) = e�z � 1 + z e�z[Ei(z)� ln z ];

¨ ¤«ï f (1) ¯®«ãç ¥¬ ¨§¢¥áâ­ãî ä®à¬ã«ã [3,4] (¯¥à¥å®¤¨¬ ª  à£ã¬¥­âã X)

f (1)(X) = 2 e�z(z�1) [Ei(z)�ln z ]� 2(1�2e�z ) :
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�®«ãç îé¨¥áï ¨§ ãà ¢­¥­¨ï ¤«ï Fn àï¤ë (¯à¨«®¦¥­¨¥ D)

Fn(X) = n! e�z
1X
k=1

ak
k!
zk ;

f (n)(X) = 2n! e�z
"
�a1 +

1X
k=1

(ak�ak+1) z
k

k!

#
;

¯à¨£®¤­ë ¤®2 z � 100 ¨ áè¨¢ îâáï á  á¨¬¯â®â¨ç¥áª¨¬¨ àï¤ ¬¨

Fn(X) =
1X
k=0

(k+n)!2

k! zk+n

n�1X
j=0

�n�j(k+n+1)
lnj z
j!

;

f (n)(X) = 2
1X
k=0

(k+n)!2

k! zk+n+1

n�1X
j=0

�n�j(k+n+1)
lnj z
j!

:

�ã­ªæ¨¨ f (n)(X) ¯®ª § ­ë ­  à¨á. 1. �à¨ n� 2 á¢®©áâ¢  íâ¨å äã­ªæ¨©
¬¥¤«¥­­® ¬¥­ïîâáï á ¢®§à áâ ­¨¥¬ ­®¬¥à  n. �ã­ªæ¨¨ f (0) ; f (1) ¢ë¤¥«¥-
­ë â¥¬, çâ® f (0) ®¯à¥¤¥«ï¥â ¯®¢¥¤¥­¨¥ äã­ªæ¨¨ à á¯à¥¤¥«¥­¨ï ­  ¬ «ëå,
  f (1) { ­  ¡®«ìè¨å ã£« å.

� á«ãç ¥ ¡®«ìè¨å n ¤«ï íâ¨å äã­ªæ¨© ¬®¦­® ¯®«ãç¨âì ¤®áâ â®ç­®
â®ç­ë¥ ¯à¨¡«¨¦¥­¨ï. �ãàì¥-®¡à §ë íâ¨å äã­ªæ¨©

fn(p) =
1
n!
e�p [ p lnp ]n (32)

¨¬¥îâ ¬ ªá¨¬ã¬ ¯à¨ p > 1 (à¨á. 2). �¡« áâì íâ®£® ¬ ªá¨¬ã¬  ¯à¨
¤®áâ â®ç­® ¡®«ìè¨å n ¢­®á¨â ®á­®¢­®© ¢ª« ¤. � ¯¨è¥¬ ¯à¨¡«¨¦ñ­­®

fn(p) � fn;max [ (1��)gm(p) + �gm+1(p) ] ; (33)

gm(p)=(p=pn0)m exp[�m (p=pn0 � 1)] ;

£¤¥ fn;max { §­ ç¥­¨¥ fn ¢ ¬ ªá¨¬ã¬¥, â®çª  ¬ ªá¨¬ã¬  pn0 ®¯à¥¤¥«ï¥âáï
à¥è¥­¨¥¬ âà ­áæ¥­¤¥­â­®£® ãà ¢­¥­¨ï

pn0 = n (1 + 1= lnpn0) : (34)

2�à¨ ¢ëç¨á«¥­¨¨ ç«¥­®¢ àï¤ , ­ ¯à¨¬¥à, ¤«ï Fn ¯® ä®à¬ã«¥

expf ln jakj � lnk! + k ln z � z + lnn! g :
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�¨á. 1: �ã­ªæ¨¨ f (n)(X). �®¬¥à  ¢®§«¥ ªà¨¢ëå ¯®ª §ë¢ îâ §­ ç¥­¨ï n.
�®çª¨ { ¯à¨¡«¨¦¥­¨¥ (35).

�¨á. 2: �ã­ªæ¨¨ fn(p). �®¬¥à  ¢®§«¥ ªà¨¢ëå ¯®ª §ë¢ îâ §­ ç¥­¨ï n.
�®çª¨ { ¯à¨¡«¨¦¥­¨¥ (33).
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� ä®à¬ã«¥ (33) â®çª¨ ¬ ªá¨¬ã¬®¢ äã­ªæ¨© á«¥¢  ¨ á¯à ¢  ¨ ¨å §­ ç¥­¨ï
¢ ¬ ªá¨¬ã¬ å á®¢¯ ¤ îâ. �á«®¢¨¥ á®¢¯ ¤¥­¨ï ¢â®àëå ¯à®¨§¢®¤­ëå ¯à¨
p=pn0 ¨¬¥¥â ¢¨¤

� = m + � = n (1 + ln�1 pn0 + ln�2 pn0) :

�¥«¨ç¨­ë m, � ®¯à¥¤¥«ïîâáï ®âáî¤  ãá«®¢¨¥¬ m < � < m+ 1.
� ãçñâ®¬ íâ®£® ¨¬¥¥¬

f (n)(X)�fn;max

�
a1e

��1zLm(�1z) + a2e
��2zLm+1(�2z)

	
; z=X2;

(35)

�1 =
pn0
m

; �2 =
pn0
m+1

; a1 =
2 (1��)m!�1
e�mmm

; a2 =
2 � (m+1)!�2

e�m�1(m+1)m+1
:

� à ¬¥âàë a1; a2; �1; �2 § ¢¨áïâ ®â n, ¨­¤¥ªá n ¤«ï ªà âª®áâ¨ ®¯ãé¥­.
�à¨¡«¨¦ñ­­ë¥ §­ ç¥­¨ï äã­ªæ¨© fn, f (n) ¯®ª § ­ë ­  à¨á. 1,2 â®çª ¬¨.

�®ª ¦¥¬ ¢ § ª«îç¥­¨¥, çâ® àï¤ (30) à áå®¤¨âáï. �®§ì¬¥¬ q=0, ª®£¤ 

f (n)(0) =
2
n!

dn

d�n
�(� + 1)

���
�=n

:

�à¨ ¤®áâ â®ç­® ¡®«ìè¨å � � 0(�+1)=�(�+1) (�+1)��(�+1) ln�. �áâ -
¢«ïï ¢ ª ¦¤®¬ ¤¨ää¥à¥­æ¨à®¢ ­¨¨ ¢ ¬­®¦¨â¥«¥ ¯à¨ �(�+1) ­ ¨¡®«ìè¥¥
á« £ ¥¬®¥, ¯®«ãç¨¬ (dn=d�n)�(�+1)��(�+1) lnn �. �. ¥. f (n)(0)�2 lnn n,
®¡é¨© ç«¥­ à §«®¦¥­¨ï ¢ (30) ¯à®¯®àæ¨®­ «¥­ [ lnn=B ]n ¨ àï¤, ®ç¥¢¨¤-
­®, à áå®¤¨âáï.

� ª¨¬ ®¡à §®¬, ­ã¦­® ãç¨âë¢ âì «¨¡® ª®­¥ç­®¥ (ª ª®¥?) ç¨á«® ç«¥-
­®¢ à §«®¦¥­¨ï, «¨¡® ­ ©â¨ áå®¤ïé¨©áï àï¤ ¯® áâ¥¯¥­ï¬ 1=B. �«ï íâ®£®
­¥®¡å®¤¨¬  áå®¤¨¬®áâì ¨áå®¤­®£® ¨­â¥£à «  (5), ª®â®àë© á ¯à¨¡«¨¦¥­¨-
¥¬ (29) à áå®¤¨âáï.

5 �¡à¥§ ­¨¥ ¨­â¥£à «®¢ ¨ àï¤®¢.

�å®¤ïé¨©áï àï¤ ¯® áâ¥¯¥­ï¬ 1=B

� ä®à¬ã«¥ (27) ¢ëà ¦¥­¨¥ ¢ ä¨£ãà­ëå áª®¡ª å ¯à¨ ¤®áâ â®ç­® ¡®«ìè®¬
§­ ç¥­¨¨ p áâ ­®¢¨âáï ®âà¨æ â¥«ì­ë¬, ¯®íâ®¬ã ¯à¨ ãç�¥â¥ m ç«¥­®¢ à §-
«®¦¥­¨ï lim

p!1
Q(p)!�1 ¨ ¨­â¥£à « (5) à áå®¤¨âáï. �çâ�¥¬ á«¥¤ãîé¨©

(m+1) - © ç«¥­ à §«®¦¥­¨ï ¨, áç¨â ï ¢¥«¨ç¨­ã 1=B ¬ «®©, ®¯ãáâ¨¬ ¢
­¥¬ á« £ ¥¬®¥ �1=B. �®«ãç¨¬

Q(p) �
mX
k=1

: : : + �m m+1
(m+1)!2

pm+1 ; (36)
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�¨á. 3: � §«¨ç­ë¥ ¯à¨¡«¨¦¥­¨ï ¤«ï Q(�), � = �a� ¯à¨ n = 5: 1 { 4 {
ä®à¬ã«  (36) ¯à¨ m= 1 � 4; 5 { ä®à¬ã«  (22); �®çª¨ { §­ ç¥­¨ï eQ ¯®
ä®à¬ã« ¬ (40), (22).

£¤¥ §­ ª áã¬¬ë ®¡®§­ ç ¥â ®¡à¥§ ­­ë© ¯® m - ¬ã á« £ ¥¬®¬ã àï¤ (27).
�â® ã«ãçè ¥â â®ç­®áâì ¯à¨¡«¨¦¥­¨ï ¢ ®¡« áâ¨ å à ªâ¥à­ëå §­ ç¥­¨©
p�1 ( ��1=�) ¨, ªà®¬¥ â®£®, ®¡¥á¯¥ç¨¢ ¥â áå®¤¨¬®áâì ¨­â¥£à «  (5).

�®¤®¡­ ï ¯à®æ¥¤ãà  á®®â¢¥âáâ¢ã¥â ®¡ê¥¤¨­¥­¨î á« £ ¥¬ëå ¢ (27),
¨¬¥îé¨å ®¤¨­ ª®¢ãî áã¬¬ à­ãî áâ¥¯¥­ì ¯à®¨§¢¥¤¥­¨© ¬ «ëå ¢¥«¨ç¨­
� ¨ 1=B, â.¥. á« £ ¥¬ëå, ¯à®¯®àæ¨®­ «ì­ëå �i ¨ �i�1=B, ¨ ãç¥âã ¯®á«¥
íâ®£® ª®­¥ç­®£® ç¨á«  ç«¥­®¢ à §«®¦¥­¨ï. �«¥­ë â ª®£® à §«®¦¥­¨ï á
¢®§à áâ ­¨¥¬ p áâà¥¬ïâáï ª ¡¥áª®­¥ç­®áâ¨, â. ¥. ¡®«ìè¨¥ §­ ç¥­¨ï p ®¡-
à¥§ îâáï (à¨á. 3) ¨ ¨­â¥£à « áå®¤¨âáï. �à¨¡«¨¦¥­¨¥ á m=0, ­ ¯à¨¬¥à,
á®®â¢¥âáâ¢ã¥â ¯¥à¢®¬ã ç«¥­ã â ª®£® à §«®¦¥­¨ï (á i= 0), à ¢­®¬ã p, ¨
®¯¨áë¢ ¥â £ ãáá®¢® à á¯à¥¤¥«¥­¨¥. �«ï Ql  ­ «®£¨ç­®¥ ¯à¨¡«¨¦¥­¨¥
¯®«ãç ¥âáï ¯à¨ ¯¥à¥å®¤¥ ¢ (36) ª ¨áå®¤­ë¬ ¯¥à¥¬¥­­ë¬ " ; � ¨ ¨á¯®«ì§®-
¢ ­¨¨ ä®à¬ã« á®®â¢¥âáâ¢¨ï (24). �®«ãç ¥¬ ®¡à¥§ ­­ë© àï¤ (20) :

Ql � �2c

(
mX
k=1

: : : + (m+1)Cl;m+1B "m

)
: (37)

�à¨ m>l àï¤ ä ªâ¨ç¥áª¨ ®¡à¥§ ¥âáï ¯à¨ m= l, â. ª. ¯à¨ m>l Clm=0.
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�. ¥. ¢¥«¨ç¨­  Ql ¯à¨ l�m ¨¬¥¥â â®ç­ë¥ §­ ç¥­¨ï. � ª¨¬ ®¡à §®¬, ¯à¨
m� 1, ­®à¬¨à®¢ª  ¨ ¢¥«¨ç¨­  q2, ª®â®àë¥ ®¯à¥¤¥«ïîâáï á« £ ¥¬ë¬¨ á
l=0; 1 ¢ (2), ¡ã¤ãâ â®ç­ë¬¨.

�®§­¨ª ¥â ¢®¯à®á á ¨­â¥à¯à¥â æ¨¥© â ª¨å ¯à¨¡«¨¦¥­¨©, â.ª. ®­¨ ­¥
á®¤¥à¦ â ­¥à áá¥ï­­ëå ç áâ¨æ, â.¥. ä ªâ¨ç¥áª¨ ¯à¨­ïâ®, çâ® ¢ª« ¤ íâ¨å
ç áâ¨æ ¢ à¥è¥­¨¥ ¯à¥­¥¡à¥¦¨¬® ¬ «.

� á¢ï§¨ á íâ¨¬ ¯®«¥§­® ®â¬¥â¨âì, çâ® ãà ¢­¥­¨ï¬ â¨¯  (1), (4) ¯®¤-
ç¨­ï¥âáï ®¯à¥¤¥«¥­­ë© ª« áá á¨áâ¥¬, ¯¥à¥å®¤ë ¬¥¦¤ã á®áâ®ï­¨ï¬¨ ª®-
â®àëå ®¡à §ãîâ æ¥¯ì � àª®¢ . �ãáâì á¨áâ¥¬  ¯®¤¢¥à£ ¥âáï ­¥ª®â®à®©
á«ãç ©­®© ¯®á«¥¤®¢ â¥«ì­®áâ¨ ¢®§¤¥©áâ¢¨© ¨ �n(�) d� { ¢¥à®ïâ­®áâì ®¡-
­ àã¦¥­¨ï á¨áâ¥¬ë ¢ ¨­â¥à¢ «¥ á®áâ®ï­¨© d� ¯®á«¥ n - £®  ªâ  ¢®§¤¥©-
áâ¢¨ï. �®£¤ 

�n(�) =
Z
W (�; �0) �n�1(�0) d�0

( ãà ¢­¥­¨¥ �¬®«ãå®¢áª®£® ), £¤¥ W (�; �0)d� { ¢¥à®ïâ­®áâì ¯¥à¥å®¤  ¢ à¥-
§ã«ìâ â¥ ®¤­®£®  ªâ  ¢®§¤¥©áâ¢¨ï ¢ ¨­â¥à¢ « d� ¨§ ­ ç «ì­®£® á®áâ®ï­¨ï
�0. �¥à®ïâ­®áâì â®£®, çâ® ª ¬®¬¥­âã ¢à¥¬¥­¨ t (¨«¨ ­  ¯ãâ¨ t) ¯à®¨§®©-
¤¥â n  ªâ®¢ ¯®¤ç¨­ï¥âáï à á¯à¥¤¥«¥­¨î �ã áá®­  á® áà¥¤­¨¬ §­ ç¥­¨¥¬
n ç¨á«   ªâ®¢ §  ¢à¥¬ï t. �® ¨áâ¥ç¥­¨¨ íâ®£® ¢à¥¬¥­¨ äã­ªæ¨ï à á¯à¥-
¤¥«¥­¨ï à ¢­  ¢ áà¥¤­¥¬

f(�; n) =
1X
n=0

e�n
nn

n!
�n(�) :

�¨ää¥à¥­æ¨àãï íâ® á®®â­®è¥­¨¥ ¯® n, ¯®á«¥ í«¥¬¥­â à­ëå ¢ëª« ¤®ª
¯®«ãç¨¬

@f(�; n)
@n

= �f(�; n) +
Z
W (�; �0) f(�0; n) d�0 :

�â® ãà ¢­¥­¨¥ â®£® ¦¥ â¨¯ , çâ® ¨ (1), (4) (¤®áâ â®ç­® ¯¥à¥©â¨ ¢ ãà ¢-
­¥­¨ïå ®â ¯à®©¤¥­­®£® ¯ãâ¨ t ¨ á¥ç¥­¨ï � ª n = Nt�t ¨ W = �=�t).
� ª ¢¨¤­®, à¥è¥­¨ï íâ¨å ãà ¢­¥­¨© | íâ® áà¥¤­¨¥ ¯® à á¯à¥¤¥«¥­¨î
�ã áá®­  ¨ ¯à¨ § ¤ ­­®¬ §­ ç¥­¨¨ n á«¥¤ã¥â ¯à¥¤áâ ¢¨âì

f(q; n) = e�nf�(q) + (1�e�n)fs(q; n) ;
£¤¥ f�(q) = �(q)=q, fs(q; n) { äã­ªæ¨¨ à á¯à¥¤¥«¥­¨ï ­¥à áá¥ï­­ëå

á n = 0 ¨ à áá¥ï­­ëå á n � 1 ç áâ¨æ, 1�e�n { ¢¥à®ïâ­®áâì à áá¥ï-
­¨ï.

�¥à áá¥ï­­ë¥ ç áâ¨æë ¬®¦­® ®â¤¥«¨âì ¢ à¥è¥­¨ïå (2), (5). � ¯à¨-
¬¥à, ¢ (22) ¯à¨ � � 1
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K1(�)�
p
�= 2� exp(��) ¨ lim

�!1
Q(�)=n.

� ®¡é¥¬ á«ãç ¥, ¥á«¨ á¥ç¥­¨¥ ­¥ á®¤¥à¦¨â �-®¡à §­ëå ®á®¡¥­­®áâ¥©, ¥£®

äãàì¥-®¡à § ¯à¨ � !1 áâà¥¬¨âáï ª ­ã«î, â. ¥. ä®à¬ã«ë (3), (6) ¯à¨¢®-
¤ïâ ª ¯à¥¤¥«ã lim

�; l!1
Q = n. �â®â ¯à¥¤¥« á®®â¢¥âáâ¢ã¥â ­¥à áá¥ï­­ë¬

ç áâ¨æ ¬, ª®â®àë¥ ¬®¦­® ®â¤¥«¨âì á ¯®¬®éìî § ¬¥­ë e�Q ! e�Q�e�n
¨ ãç�¥â  ¢ à¥è¥­¨¨ á« £ ¥¬®£® e�nf�(q). �®«ãç îé¨¥áï ä®à¬ã«ë ¤«ï
äã­ªæ¨¨ fs, ¢ ®â«¨ç¨¥ ®â à¥è¥­¨© (2), (3) ¨ (5), (6), ª®àà¥ªâ­ë ¢ ¯à ª-
â¨ç¥áª¨å à áçñâ å, â. ª. ­¥ á®¤¥à¦ â �-®¡à §­®© ®á®¡¥­­®áâ¨.

�«ï à áá¥ï­­ëå ç áâ¨æ ¨¬¥¥¬

fs(cos #; t) =
1X
l=0

2l + 1
2

Pl(cos#) exp(� eQl(t)) ; (38)

fs(q; t) =

1Z
0

�d� J0(�q) exp(�eQ(�; t)) ; (39)

e�eQ = (e�Q�e�n)=(1�e�n) : (40)

�â¬¥â¨¬, çâ® ®âáî¤  ¯à¨ n � 1, ª®£¤  Q � 1 ¨ e�eQ � 1�Q=n, á
ãçñâ®¬ (3), (6), á«¥¤ã¥â ®¤¨­ ª®¢ë© ¤«ï ãà ¢­¥­¨© (1), (4) ¨ ¤®áâ â®ç­®
¯®­ïâ­ë© à¥§ã«ìâ â fs(q; t) � �(q)=�t. �à¨ q � �, ª®£¤  ¢ äãàì¥-
à §«®¦¥­¨¨ áãé¥áâ¢¥­­ë ¬ «ë¥ �; l�1=� ¨ Q�1,

e�eQ � 1�Q=(1�e�n) ;
â¥¬ ¦¥ ®¡à §®¬ (á ®â¡à áë¢ ­¨¥¬ ­¥­ã¦­ëå §¤¥áì á« £ ¥¬ëå � �(q) ),
¯®«ãç¨¬ ¢ ®¤­®ªà â­®© ®¡« áâ¨

fs(q; t) � n

1�e�n
�(q)
�t

; f(q; t) � n
�(q)
�t

:

�¥à­ñ¬áï ª ¯à¨¡«¨¦¥­¨ï¬ (36),(37). �­®¦¨â¥«ì e�eQ ¢ (38), (39) ®¡-

à¥§ ¥â ¡®«ìè¨¥ §­ ç¥­¨ï �; l (e�eQ!0 ¯à¨ �; l!1) ¨, ¢ íâ®¬ á¬ëá«¥,
¯à¨¡«¨¦¥­¨ï (36), (37) ¬®¦­® ¨á¯®«ì§®¢ âì ¤«ï à áá¥ï­­ëå ç áâ¨æ, â.¥.

¯à¨­ïâì eQ � Q. �¤¥« ¥¬ ãâ®ç­¥­¨¥eQ � Q=(1�e�n) : (41)

�â® á®®â­®è¥­¨¥, á¯à ¢¥¤«¨¢®¥ ¤«ï ¬ «ëå �; l�1=�, ª®£¤  eQ; Q�1,
ãâ®ç­ï¥â äã­ªæ¨î à á¯à¥¤¥«¥­¨ï ­  ¡®«ìè¨å ã£« å, ¥á«¨ á ¥£® ãçñâ®¬
®¯à¥¤¥«ïîâáï ¢¥«¨ç¨­ë B; �. �«ï íâ®£® ¯®« £ ¥¬
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Q=
Qs ; B=1=(ns�) ; ns=n=
 ; 
=1�e�n : (42)

�ï¤ ¤«ï Qs ¢ § ¢¨á¨¬®áâ¨ ®â p=u2=4 ¯à¨¬¥â ¢¨¤

Qs(p) =
1X
k=1

k

k!2
�k�1pk

�
1� as � 1

B

�
ln p� 2Sk +

k+1
k

��
; (43)

as =
1
B
(B + 2C + ln� � 1) : (44)

�¯à¥¤¥«¨¬ ¢¥«¨ç¨­ë B, � ¨§ á®®â­®è¥­¨©

B�lnB = lnns�2C+1 ; �2=nsB�2a: (45)

�à¨ íâ®¬ as=0 ¨ àï¤ ¤«ï Qs(p) á®¢¯ ¤ ¥â á (27).
� ¨â®£¥ ¨¬¥¥¬ ¯à¨¡«¨¦¥­¨¥ eQ�Qs, ¡®«¥¥ â®ç­®¥ ¢ áà ¢­¥­¨¨ á eQ�Q

¯à¨ ¬ «ëå � ¨ ¯à¨¡«¨¦ñ­­® ®¡à¥§ îé¥¥ ¡®«ìè¨¥ §­ ç¥­¨ï �. �à¨ m=1
¢ (36) ¯®«ãç¨¬ ¢¬¥áâ® (29)

eQ(p) � p

�
1� lnp

B

�
+
1
2
� p2:

� ª ¨ à ­¥¥ ¬®¦­® á¤¥« âì à §«®¦¥­¨¥ ¯® áâ¥¯¥­ï¬ 1=B ¨ ¯®«ãç¨âì àï¤

(30) á äã­ªæ¨ï¬¨ ef (n)(�; X), ª®â®àë¥ ®¯à¥¤¥«¥­ë ä®à¬ã«®© (31) á ®¡à¥§ -
îé¨¬ ¬­®¦¨â¥«¥¬ ¯®¤ ¨­â¥£à «®¬, à ¢­ë¬ exp(�� p2=2). �®à¬¨à®¢ª 
íâ¨å äã­ªæ¨© ®áâ ñâáï â®© ¦¥, çâ® ¨ ¢ á«ãç ¥ �=0 (¯à¨«®¦¥­¨¥ C). �â¨
äã­ªæ¨¨, ®¤­ ª®, § ¢¨áïâ ®â ¤¢ãå ¯¥à¥¬¥­­ëå ¨ ­¥ã¤®¡­ë ¢ ¯à¨«®¦¥­¨-
ïå.

� ¯¨è¥¬ à §«®¦¥­¨¥ ¢ ¢¨¤¥

e�eQ(p) =
nmX
n=0

1
n!
e��p vn(p) ; v(p) = �p� eQ(p) = �a p (p� 1) +

p ln p
B

;

� = 1 + a ; a = �=2 :

�ã­ªæ¨ï v(p) à ¢­  ­ã«î ¢ â®çª å p = 0, p = p2 = 1 ¨ ¯à¨ §­ ç¥­¨¨
p=p3 > 1, ®¯à¥¤¥«ï¥¬®¬ ¨§ ãà ¢­¥­¨ï

p3=2ns � ln(p3=2ns) = ln ns + ln 2+ 1=2ns :

�à ¢­¥­¨¥ á (45) ¯®ª §ë¢ ¥â, çâ® p3 � 2nsB. �à¨ p > p3 v(p) < 0 ¨eQ(p) > �p3 � 2nsB. �«ï n > 10 p3 � 1. �®íâ®¬ã ®£à ­¨ç¨¬ ¢­ ç «¥

®¡« áâì ¨­â¥£à¨à®¢ ­¨ï ãá«®¢¨¥¬ p < p3. � íâ®© ®¡« áâ¨ àï¤ ¤«ï e�eQ(p)
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áå®¤¨âáï à ¢­®¬¥à­® ¨ ¬®¦­® ¯¥à¥©â¨ ¢ (39) ª ¯®ç«¥­­®¬ã ¨­â¥£à¨à®¢ -
­¨î.

� ãçñâ®¬ p�1 � ln p ¯à¨ p � 1, áç¨â ¥¬ ¢ íâ®© ®¡« áâ¨ ¤®áâ â®ç­®
â®ç­ë¬ ¤«ï n � 2 ¯à¨¡«¨¦¥­¨¥

1
n!
e��p vn(p) � B�n anfn(cnp) ; cn = pn0=pn ;

£¤¥ cn � 1, pn0 { â®çª  ¬ ªá¨¬ã¬  äã­ªæ¨¨ fn(p) (á¬. (32), (34)),
pn { â®çª  ¬ ªá¨¬ã¬  n-£® ç«¥­  à §«®¦¥­¨ï. �ã­ªæ¨¨ á«¥¢  ¨ á¯à -
¢  ¨¬¥îâ ¬ ªá¨¬ã¬ ¯à¨ p=pn, p2 < pn < p3. �¥«¨ç¨­ã an ®¯à¥¤¥«¨¬ ¨§
ãá«®¢¨ï á®¢¯ ¤¥­¨ï ¨å ¬ ªá¨¬ «ì­ëå §­ ç¥­¨©. �à¨ ¯¥à¥å®¤¥ ª ®à¨£¨-
­ «ã ¯®«ãç¨¬

fs(q) =
1
�2

�
a01f

(0)
1 (k0X) + a02f

(0)
2 (k0X) +

nmX
n=0

B�nanc
�1
n f (n)(X=

p
cn)
�
;

(46)
a01 =

�
a� B�1 ln�

� �
�2 ; a02 = �a=�3 ; k0 = 1=

p
� ;

a0 = 1 ; a1 = 1=� ; c0 = c1 = � :

�¤¥áì ¬ë á­®¢  ¯¥à¥è«¨ ª ¡¥áª®­¥ç­®¬ã ¢¥àå­¥¬ã ¯à¥¤¥«ã ¢ äãàì¥-¨­â¥£-
à « å. � ãçñâ®¬ â®£®, çâ® §­ ç¥­¨¥ pn «¥¦¨â á«¥¢  ®â â®çª¨
p = pmax, ï¢«ïîé¥©áï ª®à­¥¬ ãà ¢­¥­¨ï v0(p) = 0, ¨ ¯à¨ n ! 1
pn ! pmax, ¯®«ãç¨¬ ¯à¨ ¡®«ìè¨å n

B�n an ! 1
n! fn;max

e��pmax vn(pmax) ; fn;max � e�nnn

n!
lnn pn0 � lnn n ;

çâ® ®¡¥á¯¥ç¨¢ ¥â áå®¤¨¬®áâì àï¤  (46).
�ã­ªæ¨¨ f (0)m ¯à¨ m=1; 2 ¯à¨¢¥¤¥­ë ¢ ¯à¥¤ë¤ãé¥¬ à §¤¥«¥ ¨ ï¢«ï-

îâáï ¯® áãé¥áâ¢ã í«¥¬¥­â à­ë¬¨. � £à ­¨æ å ¯à¨¬¥­¨¬®áâ¨ íâ®£® ¯à¨-
¡«¨¦ñ­­®£® àï¤  ¤®áâ â®ç­® ¢§ïâì nm = 15, ¨á¯®«ì§ãï ¯à¨ n > 5 ¯à¨-
¡«¨¦¥­¨¥ (33), (35). �®à¬¨à®¢ª  äã­ªæ¨¨ fs(q) ®¯à¥¤¥«ï¥âáï á« £ ¥¬ë¬
á n=0 ¨ à ¢­  1. �á¨¬¯â®â¨ç¥áª®¥ ¯®¢¥¤¥­¨¥ ®¯à¥¤¥«ï¥âáï á« £ ¥¬ë¬ á
n=1. �à¨ q � �

fs(q) � 1
1�e�n

2�2c
q4

; f(q) � 2�2c
q4

:

�®ï¢«¥­¨¥ §¤¥áì ¬­®¦¨â¥«ï 1=(1�e�n) á¢ï§ ­® á ¯à¥¤¯à¨­ïâë¬¨ ¢ëè¥
ãâ®ç­¥­¨ï¬¨ (41) - (45).
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6 �¡áã¦¤¥­¨¥

� à¥§ã«ìâ â ¬¨ à §¤. 3 ¬®¦­® ¯à®¢¥áâ¨ áà ¢­¥­¨¥ à¥è¥­¨© (38), (39)
ª¨­¥â¨ç¥áª¨å ãà ¢­¥­¨© (1) ¨ (4). �«ï á¥ç¥­¨ï �¥§¥àä®à¤  (7) â ª®¥
áà ¢­¥­¨¥ ¤«ï ¤ ­­ëå â ¡«¨æë 1, ¢§ïâ®© ¨§ à ¡®âë [1], ¯à¥¤áâ ¢«¥­® ­ 
à¨á. 4. � ®¡« áâ¨ §­ ç¥­¨© q, £¤¥ å à ªâ¥à­ë¬ à §¬¥à®¬ ¬®¦­® áç¨â âì
¢¥«¨ç¨­ã �, ­ ©¤¥­­ë¥ ¢ [1] ®æ¥­ª¨ ®â­®á¨â¥«ì­®© ¯®£à¥è­®áâ¨ �(q)
à¥è¥­¨ï ãà ¢­¥­¨ï (4), ¢®§­¨ª îé¥© ¢á«¥¤áâ¢¨¥ ¯¥à¥å®¤  ®â áä¥à¨ç¥-
áª®© ª ¯«®áª®© ®¡« áâ¨ ¨­â¥£à¨à®¢ ­¨ï, ¤®áâ â®ç­® â®ç­ë. �â® ®¡« áâì
§­ ç¥­¨© q=� ¬¥­ìè¥ ¨«¨ ¯®àï¤ª  ­¥áª®«ìª¨å ¥¤¨­¨æ (®¡« áâ¨ ªà â­®£®
¨ ¬­®£®ªà â­®£® à áá¥ï­¨ï, à¨á. 4a). �¤¥áì ¨¬¥¥¬

�(q) �
8<:
�0:3�2=2 ; q < q0 ;

0 ; q �q0 =
p
2� ;

�2=2 ; q > q0 :

� ¡«¨æ  1. �¥ç¥­¨¥ �¥§¥àä®à¤ . �-¬¥§®­ë. �®«®â®.
Ekin = 50 �í�, �a = 2:77 � 10�4:

No �t � B n �(0) �max �(2) �culc:(2)
£/á¬2 % % % %

1 0.00375 3.51�10�3 4.93 32.7 �0.096 0.61 0.002 0.002

2 0.015 8.14�10�3 6.61 131 0.003 0.13 0.007 0.008

3 0.060 1.81�10�2 8.21 523 �0.002 0.05 0.030 0.032

4 0.24 3.96�10�2 9.77 2.09�103 �0.013 0.11 0.12 0.13

5 0.4 5.26�10�2 10.34 3.49�103 �0.024 0.20 0.20 0.22

6 2 0.127 12.11 1.74�104 �0.14 1.28 1.01 1.07

7 4 0.185 12.86 3.49�104 �0.30 2.88 2.07 2.15

8 10 0.304 13.85 8.71�104 �0.80 8.46 5.59 5.37

� ®¡« áâ¨ q�� ¯®£à¥è­®áâì ®æ¥­¨¢ ¥âáï ä®à¬ã«®©

�(q) � a2

4�(q)

1

q

d

dq

q3

4

d

dq
�(q);

£¤¥

a2 � q2 = Nt

2Z
0

�2�(�)� d� :
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�¨á. 4: � ¢¨á¨¬®áâ¨ �=�(q) { ®â­®á¨â¥«ì­®© ¯®£à¥è­®áâ¨ à¥è¥­¨ï (39),
(40), (22) ¢ áà ¢­¥­¨¨ á (38), (40), (20). �®¬¥à  ¢®§«¥ ªà¨¢ëå ®§­ ç îâ
­®¬¥à ¢ à¨ ­â  ¢ â ¡«. 1. �®çª¨ ­  ªà¨¢ëå à¨á. 4b á®®â¢¥âáâ¢ãîâ §­ ç¥-
­¨î q=2, ¯ã­ªâ¨à­ë¥ ªà¨¢ë¥ { ®æ¥­ª¥ �culc:(q) (à §¤. 6) ¤«ï ¢ à¨ ­â®¢
1� 3 â ¡«. 1.
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�à¨ ¯®«ãç¥­¨¨ íâ®© ®æ¥­ª¨ ¢ à ¡®â¥ [1] à áá¬ âà¨¢ «¨áì ¤¢¥ áãé¥áâ¢¥­­ë¥
®¡« áâ¨ ¨­â¥£à¨à®¢ ­¨ï: ®ªà¥áâ­®áâì ¬ ªá¨¬ã¬  á¥ç¥­¨ï á æ¥­âà®¬ ¢ â®çª¥ ~n
¨ ®ªà¥áâ­®áâì ¬ ªá¨¬ã¬  äã­ªæ¨¨ à á¯à¥¤¥«¥­¨ï á æ¥­âà®¬ ¢ â®çª¥~i (à¨á. 1 ¢
[1]), ¨ ®áãé¥áâ¢«ï«®áì ¨­â¥£à¨à®¢ ­¨¥ ¯® íâ¨¬ ®¡« áâï¬, ¯à¨çñ¬ ¨­â¥£à¨à®-
¢ ­¨¥ ¢ â®¬ ¨ ¤àã£®¬ á«ãç ¥ ®áãé¥áâ¢«ï«®áì ¯® ¢á¥© áä¥à¨ç¥áª®© ¯®¢¥àå­®áâ¨.
� ¡®«¥¥ â®ç­ë¬ ¯®¤å®¤®¬ ¯à¥¤¥«ë ¨­â¥£à¨à®¢ ­¨ï ­ã¦­® ®£à ­¨ç¨âì, â.ª. ¨­-
â¥£à¨à®¢ ­¨¥ ¯® 
0 ¤®«¦­® ¡ëâì ®¤­®ªà â­ë¬. � ª ¢¨¤­® ¨§ à¨á. 1 ¢ [1],
¯à¨ ¨­â¥£à¨à®¢ ­¨¨ ¢ ®ªà¥áâ­®áâ¨ â®çª¨ ~n (d
0 =� d�d') ¨ ¢ ®ªà¥áâ­®áâ¨ ~i
(d
0=q0dq0 d') ¯à¥¤¥«ë ¯® ¯¥à¥¬¥­­ë¬ �, q0 ¤«ï ®æ¥­®ª ¬®¦­® ¢§ïâì à ¢­ë¬¨

�m = �m(q) = 2 sin(#=4);

çâ® á®®â¢¥âáâ¢ã¥â ¢¥ªâ®àã ~n0, ­ ¯à ¢«¥­­®¬ã ¯® ¡¨áá¥ªâà¨á¥ ã£«  #.
�®£¤ 

a2(q) = Nt

�mZ
0

�2�(�)�d�:

� ãçñâ®¬ íâ®£® ¤«ï á¥ç¥­¨ï �¥§¥àä®à¤  ¯®«ãç¨¬ ¤«ï ¡®«ìè¨å ã£«®¢ ¡®«¥¥
â®ç­ãî, ª ª ¢¨¤­® ¨§ à¨á. 4b (¯ã­ªâ¨à­ë¥ ªà¨¢ë¥), ®æ¥­ªã

�culc:(q) = a2(q)=2:

� ¯à ªâ¨ç¥áª¨å á«ãç ïå ¯®¯à ¢ª¨ ª á¥ç¥­¨î �¥§¥àä®à¤  (á¥ç¥­¨¥ �®ââ ,
ï¤¥à­ë© ä®à¬ä ªâ®à) áãé¥áâ¢¥­­ë «¨èì ¢ ®¤­®ªà â­®© ®¡« áâ¨, ¯®íâ®¬ã ¢
®¡« áâ¨ §­ ç¥­¨© q=�, ¯®ª § ­­ëå ­  à¨á. 4a, ®á­®¢­®¥ ¢«¨ï­¨¥ ®áâ �¥âáï § 
à¥§¥àä®à¤®¢áª®© ç áâìî á¥ç¥­¨ï ¨ ®æ¥­ª¨ ¯®£à¥è­®áâ¨ ®áâ îâáï ¯à¥¦­¨¬¨.
� ®¤­®ªà â­®© ®¡« áâ¨ ¯®£à¥è­®áâì à¥è¥­¨ï ®æ¥­¨¢ ¥âáï ¢ á®®â¢¥âáâ¢¨¨ á
§ ¢¨á¨¬®áâìî �=�(�). �«ï á¥ç¥­¨ï �®ââ 

�culc:(q)=
1

2
a2(q)=

�
1��2q2=4

�
:

� â ¡«. 1 ¯à¨¢¥¤¥­ë §­ ç¥­¨ï �(q) ¤«ï àï¤  (46) ¢ áà ¢­¥­¨¨ á (38), (40),
(20). �max { ¬ ªá¨¬ «ì­ ï ¯®£à¥è­®áâì ¢ ¨­â¥à¢ «¥ 0 < q < 6�. �à¨¬¥à­®
¯à¨ � > 4 � 10�2 ¯®£à¥è­®áâì àï¤  á¢ï§ ­  á ¯à¨¡«¨¦¥­­ë¬ å à ªâ¥à®¬ ãà ¢-
­¥­¨ï (4) ¨ á®®â¢¥âáâ¢ã¥â à¨á. 4, ¯à¨ ¬¥­ìè¨å §­ ç¥­¨ïå { á ¯®£à¥è­®áâìî
¯à¨¡«¨¦¥­¨ï (36) ¨ á«¥¤ãîé¥£® ¨§ ­¥£® ¯à¨ m=1 àï¤  (46).

� ­­ë¥ ¤«ï á¥ç¥­¨ï �®ââ  [1] á ãçñâ®¬ (21) ¯à¨¢¥¤¥­ë ¢ â ¡«. 2, ¢ ª®â®à®©
qe { §­ ç¥­¨¥ q ¯à¨ #=150o. � ª ¢¨¤­®, ®æ¥­ª¨ ¯à¨ q � � ¤®áâ â®ç­® ­ ¤ñ¦­ë,
¢®¯à®á ¬®¦­® áç¨â âì ¨áç¥à¯ ­­ë¬.

25



� ¡«¨æ  2. �¥ç¥­¨¥ �®ââ . �«¥ªâà®­ë. �«î¬¨­¨©.
Ekin = 15 �í�, �a = 6:89 � 10�4:

No �t � B n �(0) �max �(qe) �culc:(qe)
£/á¬2 % % % %

1 0.00375 9.10�10�3 5.01 34.8 �0.079 0.56 0.20 0.17

2 0.015 2.10�10�2 6.68 139 �0.002 0.12 0.81 0.66

3 0.030 3.15�10�2 7.49 278 �0.01 0.08 1.59 1.32

4 0.06 4.68�10�2 8.28 556 �0.02 0.11 3.08 2.64

5 0.12 6.93�10�2 9.06 1.11�103 �0.05 0.26 5.95 5.28

6 0.24 0.102 9.84 2.23�103 �0.10 0.63 11.3 10.6

7 0.4 0.135 10.41 3.71�103 �0.18 1.24 18.0 17.6

8 1 0.224 11.42 9.28�103 �0.47 5.23 39.1 44.0

� ­­ë¥ ¤«ï ¯à¨¡«¨¦¥­¨ï (37) ¯à¨¢¥¤¥­ë ¢ â ¡«. 3. �¢¨¤ã ¯à¥¤áâ ¢«¥­¨ï
(28) ¤®áâ â®ç­® ­ ©â¨ ¢¥«¨ç¨­ã ¯®£à¥è­®áâ¨ ¢ § ¢¨á¨¬®áâ¨ ®â áà¥¤­¥£® ç¨á« 
áâ®«ª­®¢¥­¨© n. �®íâ®¬ã §­ ç¥­¨¥ � ä¨ªá¨à®¢ ­®,   ¯ à ¬¥àë �2c, �

2
a ®¯à¥¤¥«ï-

îâáï ¯® §­ ç¥­¨ï¬ n,�. � ã¢¥«¨ç¥­¨¥¬ m â®ç­®áâì ¯à¨¡«¨¦¥­¨ï ¢®§à áâ ¥â,
­® ¯à¨ ­¥¡®«ìè¨å §­ ç¥­¨ïå n § â¥¬ ­ ç¨­ ¥â ã¬¥­ìè âìáï (¢ à¨ ­â á n=10).
�ã¦­® ®â¬¥â¨âì, çâ® ¯à¨ ®¯¨á ­¨¨ à áá¥ï­­ëå ç áâ¨æ §­ ç¥­¨¥ m ­¥ ¤®«¦­®
¡ëâì á«¨èª®¬ ¡®«ìè¨¬, â.ª. ¢ ¯à¥¤¥«¥ m ! 1 ¯à¨¡«¨¦¥­¨¥ (37) ¯à¨¢®¤¨â
ª �-®¡à §­®© ®á®¡¥­­®áâ¨ ¢ à¥è¥­¨¨. �¢ï§ ­­®¥ á íâ¨¬ ¨áª ¦¥­¨¥ à¥è¥­¨ï ¢
®¡« áâ¨ ¬ «ëå ã£«®¢ ¡ã¤¥â â¥¬ ¡®«ìè¥, ç¥¬ ¬¥­ìè¥ n. �à¨ n = 5 â®ç­®áâì
á ã¢¥«¨ç¥­¨¥¬ m ­¥ ã«ãçè ¥âáï. �. ¥. ¯à¨¡«¨¦¥­¨¥ (37), ª ª ¨ ¯à¨¡«¨¦¥­¨¥
(36), ¢¬¥áâ¥ á ¯®«ãç¥­­ë¬ ¨§ ­¥£® ¯à¨ m=1 àï¤®¬ (46), ¨¬¥îâ ¥áâ¥áâ¢¥­­ë©
¯à¥¤¥« ¯à¨¬¥­¨¬®áâ¨ ¯à¨ n � 10. �®¤ç¥àª­�¥¬, çâ® ¯ à ¬¥âà � ¥éñ ¤®áâ â®ç­®
¬ « ¨ íâ®â ¯à¥¤¥« ®¯à¥¤¥«ï¥âáï ­¥ ª ª¨¬¨-«¨¡® ä¨§¨ç¥áª¨¬¨ ®£à ­¨ç¥­¨ï¬¨,
  á¢ï§ ­ á â¥¬, çâ® ä®à¬ã«ë (41), (36), (37) { íâ® ¯à¨¡«¨¦¥­¨¥ ¤«ï ¢¥«¨ç¨­ë

Q=
,   ­¥ eQ, ª ª íâ® ïá­® ¢¨¤­® ¨§ à¨á. 3, ¨ ¯à¨ n=5 ¯à¨¡«¨¦¥­¨¥ áâ ­®¢¨âáï
£àã¡ë¬ ¢ ®¡« áâ¨ � > 1=�a.

�«ï àï¤®¢ (30) ¨ (46) à¥§ã«ìâ âë ¯à¨¢¥¤¥­ë ¢ ¯à ¢®© ç áâ¨ â ¡«. 3. �á«¨
áç¨â âì £à ­¨ç­ë¬ §­ ç¥­¨¥ � � 5%, â® àï¤ (30) á nm=2 ¯à¨£®¤¥­ ¤® n � 100
(§¤¥áì ¯®¤¡¨à ï nm ¤«ï ª ¦¤®£® §­ ç¥­¨ï n ¬®¦­® ã¢¥«¨ç¨âì â®ç­®áâì ¤«ï
�(0), ­® ­¥ ¤«ï �max), àï¤ (46) { ¤® n � 10.
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� ¡«¨æ  3

�â­®á¨â¥«ì­ ï ¯®£à¥è­®áâì �(q) àï¤  ¯® ¯®«¨­®¬ ¬ �¥¦ ­¤à  (38), (41), (37)
á à §«¨ç­ë¬¨ §­ ç¥­¨ï¬¨ m ¢ § ¢¨á¨¬®áâ¨ ®â áà¥¤­¥£® ç¨á«  áâ®«ª­®¢¥­¨© n.
� = 10�2. � ¯à ¢®© ç áâ¨ â ¡«¨æë ¯à¨¢¥¤¥­ë ¤ ­­ë¥ ¤«ï àï¤  (46) | ¯¥à¢ ï
áâà®ª  ¤ ­­ëå, ¨ àï¤  (30) c nm=2 | ¢â®à ï áâà®ª  ¤ ­­ëå.

n ��102 B m �(0)% �max% �(0)% �max %

130 0.117 6.60 1 3.0�10�3 3.2�10�2 0.001 0.24
�1.4 2.8

30 0.692 4.82 1 �0.12 �0.24 �0.13 0.72
2 �2:0 � 10�4 1.4�10�3 �3.3 6.3

20 1.16 4.30 1 �0.48 �0.48 �0.50 1.0
2 �1:4 � 10�2 �1:4 � 10�2 �4.6 8.3

15 1.70 3.92 1 �1.3 �1.3 �1.3 1.4
2 �0.12 �0.12 �5.9 10.4
3 �2:4 � 10�2 �2:4 � 10�2

10 2.98 3.36 1 �4.7 �4.7 �4.7 �4.7
2 �1.4 �1.4 �9.7 14.7
3 �0.44 �0.44
5 0.29 0.30
7 0.80 0.80

5 8.67 2.29 1 �14.1 �14.1 �13.5 �13.9
2 �2.3 7.2 �14.6 �37.5
3 7.0 8.4
4 16.1 16.1

�à¨¡«¨¦¥­¨¥ (37) ­¥ ­ ¬­®£® á«®¦­¥¥ à¥è¥­¨ï �®ã¤á¬¨â 
¨ � ­¤¥àá®­ , ª ª ¨ àï¤ (46) { àï¤  (30). �â¨ ¯à¨¡«¨¦¥­¨ï ¯à¨¬¥­¨¬ë ¤«ï n �
10 � 100, çâ® á®®â¢¥âáâ¢ã¥â ª®«¨ç¥áâ¢ã ¢¥é¥áâ¢ 
� 1� 10 ¬£/á¬2. �«ï ¬¥­ìè¨å §­ ç¥­¨© n ­¥®¡å®¤¨¬® ¡®«¥¥ â®ç­®¥, ç¥¬ (46),
¯à¨¡«¨¦¥­¨¥ ¤«ï äã­ªæ¨¨ fs(q).

7 � ª«îç¥­¨¥

� ¯¥à¢®© ç áâ¨ à ¡®âë á ãçñâ®¬ ã£«  ®¡à¥§ ­¨ï �a ­ ©¤¥­ë áâàãªâãà­ë¥
ä®à¬ã«ë à¥è¥­¨© ¤«ï á¥ç¥­¨© �(�) = �

R
(�)�(�) ¨ �(�) = �

M
(�)�(�), £¤¥

� = 2 sin(�=2), � { ã£®« à áá¥ï­¨ï, ¬­®¦¨â¥«ì �(�) ãç¨âë¢ ¥â ®â«¨ç¨ï à¥ «ì-
­ëå á¥ç¥­¨© ®â á¥ç¥­¨© �¥§¥àä®à¤  �

R
¨ �®ââ  �

M
. �â® ¯®§¢®«ï¥â ¯®«ãç¨âì

ª ª â®ç­ë¥, â ª ¨ ¯à¨¡«¨¦¥­­ë¥ à¥è¥­¨ï.

27



�«ï á¥ç¥­¨© �¥§¥àä®à¤  ¨ �®ââ  ­ ©¤¥­ë à¥è¥­¨ï ¢ ¢¨¤¥ àï¤  ¯® ¯®«¨-
­®¬ ¬ �¥¦ ­¤à , çâ® ¯®§¢®«ï¥â ¯®«ãç¨âì à¥è¥­¨ï ¤«ï á¥ç¥­¨©, ï¢«ïîé¨åáï
à æ¨®­ «ì­ë¬¨ äã­ªæ¨ï¬¨ ®â �2.

� ­® áà ¢­¥­¨¥ íâ¨å à¥è¥­¨© á à¥è¥­¨ï¬¨ ¯à¨¡«¨¦¥­­®£® ª¨­¥â¨ç¥áª®£®
ãà ¢­¥­¨ï, ¯®«ãç¥­­®£® ¢ à ¡®â¥ [1], ¯à¨ç�¥¬ ¤«ï á¥ç¥­¨ï �¥§¥àä®à¤  { ¡¥§ ¯à¨-
¢«¥ç¥­¨ï ª ª¨å-«¨¡® ¤®¯®«­¨â¥«ì­ëå ¯à¨¡«¨¦¥­¨©. � ãçñâ®¬ íâ®£® § ¢¥àè�¥­
¢®¯à®á ® £à ­¨æ å ¯à¨¬¥­¨¬®áâ¨ íâ®£® ãà ¢­¥­¨ï, ®æ¥­ª¨ ª®â®àëå ¤ ­ë ¢ à -
¡®â¥ [1].

�¥§ã«ìâ âë ¢â®à®© ç áâ¨ ®â­®áïâáï ª à¥è¥­¨î ¯à¨­æ¨¯¨ «ì­ëå ¢®¯à®á®¢ :
¯®«ãç¥­¨î áå®¤ïé¥£®áï àï¤  ¯® áâ¥¯¥­ï¬ 1=B ¨ äã­ªæ¨© íâ®£® àï¤  f (n). �ë-
ïá­¥­®, çâ® àï¤ ¯® áâ¥¯¥­ï¬ 1=B, ¤ ¦¥ á áã¬¬¨à®¢ ­¨¥¬ §­ ç¨â¥«ì­®£® ç¨á« 
ç«¥­®¢ à §«®¦¥­¨ï, ¯à¨£®¤¥­ ¤® ¬¨­¨¬ «ì­®£® áà¥¤­¥£® ç¨á«  áâ®«ª­®¢¥­¨©
n � 10. �à¨ íâ®¬ ­¥®¡å®¤¨¬ ãç¥â ¥é¥ ®¤­®£®, ¢ áà ¢­¥­¨¨ á à ¡®â ¬¨ [3, 4],
ç«¥­  à §«®¦¥­¨ï � �2a ¤«ï ¯®«ãç¥­¨ï áå®¤ïé¥£®áï àï¤  ª ª ¯® áâ¥¯¥­ï¬ 1=B,
â ª ¨ ®¡à¥§ ­­®£® àï¤  ¯® ¯®«¨­®¬ ¬ �¥¦ ­¤à .

�à¨«®¦¥­¨ï
A. � áá¬®âà¨¬ ¨­â¥£à «

Ik =

1Z
�1


k(x)

(1�x)k+1 dx

á ­¥ª®â®à®© ¨áå®¤­®© äã­ªæ¨¥© 
k(x) ( ¨­¤¥ªá l ã 
lk(�) ¤«ï ªà âª®áâ¨ ®¯ãé¥­),
ã¤®¢«¥â¢®àïîé¥©, á®£« á­® ®¯à¥¤¥«¥­¨î (13) ãá«®¢¨ï¬


k(x) = O
�
(1�x)k+1

�
; ( 1)


k(x) =

lX
i=0

AiPi(x) ; ( 2)

Ai =

(
Clk=Ckk ; i = k ;

0 ; i = k+1; : : : ; l�1 ;
�1 ; i = l :

( 3)

�®à¬ã«  ( 3) á«¥¤ã¥â ¨§ â®£®, çâ® ¢ à §«®¦¥­¨¨ �2k ¯® ¯®«¨­®¬ ¬ �¥¦ ­¤à 
Pl ­ ¨¡®«ìè¥¥ §­ ç¥­¨¥ ¨­¤¥ªá  l à ¢­® k, ª®íää¨æ¨¥­â à §«®¦¥­¨ï ¯à¨ Pk,

ª ª á«¥¤ã¥â ¨§ (14), à ¢¥­ (�1)k=Ckk .
�­â¥£à¨àãï ¯® ç áâï¬, ¯®«ãç¨¬


k(x)

k (1�x)k

�����
1

�1

� 1

2k

1Z
�1

2 g0k(x)

(1�x)k dx :
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�¥à¢®¥ á« £ ¥¬®¥, á®£« á­® ( 1), à ¢­®

� 1

2kk

k(�1) : ( 4)

� ¨­â¥£à «¥ ¯¨è¥¬

2

(1�x)k =
1�x2

(1�x)k+1 +
1

(1�x)k�1 ;

¨ ¨­â¥£à¨àãï ¯® ç áâï¬ ¯®«ãç¨¬

� (1�x2) 
0k(x)
2k2(1�x)k

�����
1

�1

+
1

2k2

1Z
�1

�
(1�x2)
0k(x)

�
0

(1�x)k dx �

� 
k(x)

2k(1�x)k�1

�����
1

�1

+
k�1
2k

1Z
�1


k(x)

(1�x)k dx :

�¥à¢®¥ á« £ ¥¬®¥ à ¢­® ­ã«î, â.ª.


0k(x) = O
�
(1�x)k� : ( 5)

�à¥âì¥ á« £ ¥¬®¥ á®ªà é ¥âáï á ( 4). � ¨â®£¥ ¯à¨å®¤¨¬ ª ä®à¬ã« ¬

Ik =
1

2k2
Ik�1 ; Ik�1 =

1Z
�1


k�1(x)

(1�x)k dx ;


k�1(x) = O
�
(1�x)k

�
;


k�1(x) = �
lX

i=0

[ i(i+1)�(k�1)k ]AiPi(x) ;

£¤¥ ¨áå®¤­®¥ ¢ëà ¦¥­¨¥ ¤«ï 
k�1(x) ¨¬¥¥â ¢¨¤


k�1(x) = k(k�1) 
k(x) +
�
(1�x2) 
0k(x)

�
0

;

¨ ãçâ¥­ë ä®à¬ã«ë ( 1), ( 5), (a2) ¨
�
(1�x2)P 0i (x)

�
0

= �i(i+1)Pi(x).
�®á«¥¤®¢ â¥«ì­®¥ ¯à¨¬¥­¥­¨¥ íâ¨å ä®à¬ã« ¤ ¥â

Ik =
1

2k k!2

1Z
�1


0(x)

1�x dx ;


0(x) = (�1)k+1
lX

i=0

k�1Y
j=0

[ i(i�1)� j(j�1) ]Ai [ 1�Pi(x) ]:
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�¤¥áì ¢ ä®à¬ã«¥ ¤«ï 
0(x) á¤¥« ­  § ¬¥­  Pi(x)! Pi(x)�1, çâ® ¢®§¬®¦­®,

¢¢¨¤ã 
0(1) = 0 ¨ Pi(1) = 1. �ç¨âë¢ ï, çâ® ¢ áã¬¬¥ á« £ ¥¬ë¥ á i < k à ¢­ë
­ã«î,   â ª¦¥ ä®à¬ã«ë ( 3), (14) ¨ [4]

1Z
�1

1�Pl(x)
1�x dx = 2Sl; Sl =

lX
k=1

1

k
;

¯®«ãç¨¬ ®ª®­ç â¥«ì­® Ik = (�1)k 2k+1 Clk (Sl�Sk).
B. �«ï ®¯à¥¤¥«¥­¨ï ¢¥«¨ç¨­ë

hn(m;�+1) =
1

n! [�(�+1)]m
dn

d�n
[�(�+1)]m ;

¢®§ì¬�¥¬ ¯à®¨§¢®¤­ãî (n�1) - £® ¯®àï¤ª  ®â á®®â­®è¥­¨ï

d [�(�+1)]m=d�=m [�(�+1)]m  (�+1) .

�¤¥áì ¨ ¤ «¥¥ �(� + 1) { £ ¬¬ -äã­ªæ¨ï,  (� + 1) { ¯á¨-äã­ªæ¨ï,
�(m;� + 1) { ¤§¥â -äã­ªæ¨ï �¨¬ ­ . (�¢¥¤¥­¨ï ¯® ¨á¯®«ì§®¢ ­­ë¬ ¢ à ¡®-
â¥ äã­ªæ¨ï¬ á¬. ¢ [5] ). � ãç¥â®¬

1

(i�1)!  
(i�1)(�+1) = (�1)i�(i; �+1); i = 2; 3; :::

¨ ¤®®¯à¥¤¥«¥­¨¥¬ �(1; � + 1)=� (� + 1); ¯®«ãç ¥¬ à¥ªãàà¥­â­ãî ä®à¬ã«ã

hn(m;�+1) =
m

n

nX
i=1

(�1)i hn�i(m;�+1) �(i; �+1)

n = 1; 2; :::; h0(m;�+1) = 1:

� á«ãç ¥ m=1 hn(�+1)�hn(1; �+1). �«ï ­¥¡®«ìè¨å n (� { æ¥«®¥):

h1(�+1)= (�+1) ;  (�+1)= �C+
�X

k=1

1

k
,

h2(�+1)=
1

2
[ 2(�+1)+�(2; �+1) ] ; �(2; �+1)=

�2

6
�

�X
k=1

1

k2
,

¨ â.¤. � ã¢¥«¨ç¥­¨¥¬ n ï¢­ë¥ ä®à¬ã«ë áâ ­®¢ïâáï ¢á�¥ ¡®«¥¥ á«®¦­ë¬¨ ¨
­¥®¡å®¤¨¬® ¨á¯®«ì§®¢ âì à¥ªãàà¥­â­ãî ä®à¬ã«ã.

�à¨ m=2 à¥ªãàà¥­â­ ï ä®à¬ã«  ®¯à¥¤¥«ï¥â ¢¥«¨ç¨­ã hn(2; �+1), ­¥®¡å®-
¤¨¬ãî ¢  á¨¬¯â®â¨ç¥áª¨å ä®à¬ã« å ¤«ï Fn ; f (n).
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C. � à §«®¦¥­¨¥¬ f(q) =

1Z
0

f� J0(q�) �d� ­®à¬¨à®¢®ç­ë© ¨­â¥£à « ¤«ï

äã­ªæ¨¨ f(q) ¯®«ãç ¥âáï áà §ã, ¥á«¨ ãç¥áâì

f� =

1Z
0

f(q) J0(q�) qdq :

�®« £ ï �=0, ¯®«ãç ¥¬
1Z
0

f(q) qdq = f�

���
�=0

¨

1Z
0

f (n)(X)XdX = �on:

�¥©áâ¢ãï ­  f� ®¯¥à â®à®¬ bL =
1

�

d

d�
�
d

d�

¨ ãç¨âë¢ ï bLJ0(q�)=�q2J0(q�), ¯®«ãç¨¬ ä®à¬ã«ã ¤«ï ¢â®à®£® ¬®¬¥­â 

q2 =

1Z
0

f(q) q3dq = �bLf� ���
�=0

:

�âáî¤ 
1Z
0

f (n)(X)X3dX =

(
1; n = 0
1; n = 1
0; n � 2

�. ¥. ¢¥«¨ç¨­  q2 ¢ ¨­â¥à¢ «¥ 0�q�2 ®¯à¥¤¥«ï¥âáï ¢ ®á­®¢­®¬ äã­ªæ¨ï¬¨
á n=0; 1.

D. �à¥¤áâ ¢¨¬ ¢ ãà ¢­¥­¨¨ ¤«ï Fn(z)

Fn(z) = e�z'n(z); 'n(z) = n!

1X
k=1

ak
k!
zk :

�«ï 'n ¯®«ãç¨¬ ãà ¢­¥­¨¥

'00n�'0n+ n

z
'n='

00

n�1�2'0n�1+'n�1

á ­ ç «ì­ë¬¨ ãá«®¢¨ï¬¨ 'n(0) = 0, '0n(0) =�f (n)(0)=2. �«ï ª®íää¨æ¨¥­â®¢
ak ¯®«ãç¨¬

a1 = �hn(n+ 1) ; ak+1 =
k�n
k

ak + ck ;

ck =
1

n
[ak+1 � 2ak + ak�1]n�1 ; k = 1; 2; ::: ;

31



£¤¥ ck ®¯à¥¤¥«ï¥âáï ¯® §­ ç¥­¨ï¬ ak ¤«ï 'n�1 .

�à¨ n=0
f (0)(z) = 2e�z; F0(z) = e�z; '0 = 1 :

�. ¥. ¯à¨ n = 1 ck = �k1 ¨, á ãçñâ®¬ h1(2) =  (2) = 1�C, ¨¬¥¥¬ a1 =
�(1�C) ; a2=1 ¨ â. ¤. � ¨â®£¥

F1(z)=e
�z

"
(C�1)z +

1X
k=2

zk

(k�1)k!

#
:

� «ì­¥©è¥¥ ¯à¨¬¥­¥­¨¥ ä®à¬ã« ­¥ ¢áâà¥ç ¥â § âàã¤­¥­¨© : ¢ ä®à¬ã«¥ ¤«ï ck
a0=0, ä®à¬ã«ë ¤«ï hn(n + 1) ¤ ­ë ¢ ¯à¨«®¦¥­¨¨ B.

�«ï ¯®«ãç¥­¨ï  á¨¬¯â®â¨ç¥áª¨å ä®à¬ã« ¯à¥¤áâ ¢¨¬

f (n)(X)=(dn=d�n)I(�; z)j�=n ;

I(�; z) =
2

n!

1Z
0

e�tJo(2
p
zt) t�dt=

2

n!
�(� + 1) e�z 1F1(��; 1; z) :

�à¨ ¡®«ìè¨å §­ ç¥­¨ïå z

I(�; z) = �2 sin(��)
� n!

z�(�+1)
1X
k=0

�2(k+�+1)

k! zk
:

�®á«¥ ¤¨ää¥à¥­æ¨à®¢ ­¨ï ¯®«ãç¨¬  á¨¬¯â®â¨ç¥áªãî ä®à¬ã«ã ¤«ï fn(X), ¢
ª®â®à®©

�l(k+n+1) = (�1)l
lX

i=1

hl�i(2; k+n+1)bi ; bi = (�1)(i+1)=2�i�1=i! ;

£¤¥ áã¬¬¨à®¢ ­¨¥ ®áãé¥áâ¢«ï¥âáï ¯® ­¥ç¥â­ë¬ §­ ç¥­¨ï¬ i, ¢¥«¨ç¨­ë
hn(2; �+1) ®¯à¥¤¥«ïîâáï á®£« á­® ¯à¨«®¦¥­¨î B. �à¨ ­¥¡®«ìè¨å §­ ç¥­¨ïå l
(� { æ¥«®¥)

�1(�+1)=1 ; �2(�+1)=�2 (�+1) ; �3(�+1)=2 2(�+1)�
�X

k=1

1

k2
:

�®íää¨æ¨¥­âë �l ¢  á¨¬¯â®â¨ç¥áª®¬ ¢ëà ¦¥­¨¨ ¤«ï Fn ¬®¦­® ­ ©â¨ ¯®
¯à®áâ®© à¥ªãàà¥­â­®© ä®à¬ã«¥ ( á«¥¤áâ¢¨¥ dFn(z)=dz=�f (n)(z)=2 )

�l =
1

k+n
(�l � �l�1) : l = 1; 2; : : : ; n ; �0=0 :
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�¤¥« ¥¬ ­¥ª®â®àë¥ ¤®¯®«­¥­¨ï.

�â¬¥â¨¬, çâ®  ­ «¨â¨ç¥áª ï à¥ªãàà¥­â­ ï ä®à¬ã« , á«¥¤ãîé ï ¨§ ãà ¢-
­¥­¨ï ¤«ï 'n(z), ¨¬¥¥â ¢¨¤

'n(z) = L�1n (z)

zZ
0

�
L�1n (t)

�
�2
etdt

tZ
0

L�1n (�)F 00n�1(�)d�+ hn(n+1)L
�1
n (z) :

�à¨ n=1, ­ ¯à¨¬¥à, ¯®«ãç¨¬ '1(z)=1�ez+z(Ei(z)� ln z), ¨ ®âáî¤  á«¥¤ã¥â

 ­ «¨â¨ç¥áª ï ä®à¬ã«  ¤«ï f (1)(z)=2e�z
�
'1(z)�'01(z)

�
.

�ª ¦¥¬ ¥é�¥ ®¤¨­ á¯®á®¡ ¯®áâà®¥­¨ï ¡ëáâà®áå®¤ïé¥£®áï àï¤ , ª®â®àë©
¬®¦­® ¨á¯®«ì§®¢ âì ¤«ï ª®­âà®«ï ¢ëç¨á«¥­¨©. �á¯®«ì§ãï ¢ ä®à¬ã«¥

f (n)(X) =
2

n!

1Z
0

e�tJ0(2
p
zt)[ t ln t ]ndt

à §«®¦¥­¨¥ J0 ¯® ¯®«¨­®¬ ¬ � £¥àà : J0(2
p
zt) = e�z

1X
k=0

zk

k!
Lk(t):

�®«ãç ¥¬ àï¤ f (n) = 2n!e�z
1X
k=0

g
(n)
k

zk

k!
; £¤¥

g
(n)
k =

1

n!2
dn

d�n
Ik(�+1)

����
�=n

; Ik(�+1) =

1Z
0

e�tt�Lk(t)dt :

�¬­®¦ ï ­  e�tt� à¥ªãàà¥­â­ãî ä®à¬ã«ã

t
d

dt
Lk(t) = (k+1)Lk+1(t)� (k+1)Lk(t) + tLk(t) ;

¯®á«¥ ¨­â¥£à¨à®¢ ­¨ï ¯®«ãç¨¬ (k+1)Ik+1(�+1)=(k��)Ik(�+1) : �âáî¤  ¤«ï
¯à®¨§¢®¤­ëå m - £® ¯®àï¤ª  ¯® � ¯à¨ �=n ­ ©¤¥¬

(k+1)I(m)
k+1 (n+1) = (k�n)I(m)

k (n+1)�mI(m�1)k (n+1) ; I
(i)
j (n+1) =

di

d�i
Ij(�+1)

����
�=n

:

�«ï ¢¥«¨ç¨­

g
(m)
k =

1

m!n!
I
(m)
k (n+1)

íâ® ¯à¨¢®¤¨â ª à¥ªãàà¥­â­ë¬ ä®à¬ã« ¬
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(k+1) g
(0)
k+1 = (k�n) g(0)k ; g

(0)
0 = h0(n+1) = 1 ;

(k+1) g(m)
k+1 = (k�n) g(m)

k � g(m�1)k ; g
(m)
0 = hm(n+1) ;

¯®§¢®«ïîé¨¬ ­ ©â¨ g(n)k , ¯®« £ ï ¯®á«¥¤®¢ â¥«ì­® m=0; 1; 2; : : : ; n.

�à¨¢¥¤ñ¬, ­ ª®­¥æ, ¥éñ ®¤¨­ á¯®á®¡ ¯®«ãç¥­¨ï ãà ¢­¥­¨ï ¤«ï Fn. � ¢ëà -
¦¥­¨¨

f (n)(X) =

1Z
0

Cn(u)J0(Xu)udu; Cn(u) =
1

n!
exp

�
�u

2

4

��
u2

4
ln
u2

4

�n

¯®« £ ¥¬ J0(Xu) = � 1

u2
1

X

@

@X
X

@

@X
J0(Xu), ã¬­®¦ ¥¬ ¥£® ­  X ¨ ¨­â¥£à¨-

àã¥¬ ¢ ¯à¥¤¥« å ®â 0 ¤® X. �®«ãç¨¬

1Z
0

1

u
Cn(u)X

@

@X
J0(Xu)du = Fn(X):

� «¥¢®© ç áâ¨ ¯¨è¥¬

X
@

@X
J0(Xu) = u

@

@u
J0(Xu);

¨­â¥£à¨àã¥¬ ¯® ç áâï¬ ¨ ãç¨âë¢ ¥¬

� d

du
Cn(u) =

1

2
Cn(u)u� 2n

1

u
Cn(u)� 1

2
Cn�1(u)u:

�®«ãç ¥¬

�1
2

1

X

d

dX
Fn(X)� 2n

1Z
0

1

u
Cn(u)J0(Xu)du+

1

2

1

X

d

dX
Fn�1(X) = Fn(X):

�¥©áâ¢ã¥¬ ­  íâ® á®®â­®è¥­¨¥ ®¯¥à â®à®¬ X
d

dX
¨ ¯¥à¥å®¤¨¬ ª ¯¥à¥¬¥­­®©

z=X2. �à¨å®¤¨¬ ª ãà ¢­¥­¨î

F 00n + F 0n +
n

z
Fn = Fn�1:

E. �à¨¢¥¤ñ¬ ­¥ª®â®àë¥ ¯®¤à®¡­®áâ¨ à áçñâ®¢.

�®«¨­®¬ë �¥¦ ­¤à  ¢ëç¨á«ï«¨áì ¯® ¬ âà¨ç­®© à¥ªãàà¥­â­®© ä®à¬ã«¥ 
Pl+1

"l+1

!
=

0B@ 1� q2
1+Al

2
Al

�q2 1+Al

2
Al

1CA Pl

"l

!
;
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Al =
l

l + 1
; "l = Pl � Pl�1; "0 = 0 ; P0 = 1:

�®¡áâ¢¥­­ë¥ ç¨á«  ¬ âà¨æë ¯¥à¥å®¤ , ª ª íâ® ¬®¦­® ¯®ª § âì, ¯® ¬®¤ã«î
¬¥­ìè¥ ¥¤¨­¨æë ¨ ä®à¬ã«  ãáâ®©ç¨¢  ª ®è¨¡ª ¬ ®ªàã£«¥­¨ï.

� à áçñâ å ¨­â¥£à «  (39) äã­ªæ¨ï �¥áá¥«ï J0(z) ¢ëç¨á«ï« áì á«¥¤ãîé¨¬
®¡à §®¬.

�à¨ z � 16 ¨á¯®«ì§®¢ «®áì à §«®¦¥­¨¥ [5]

J0(2
p
yx) = e�y

1X
k=0

yk

k!
Lk(x) ; y =

z2

4x
;

á x = 2, Lk(x) { ¯®«¨­®¬ë � £¥àà , ª®â®àë¥ ¢ëç¨á«ï«¨áì, ª ª ¨ ¯®«¨­®¬ë
�¥¦ ­¤à , ¯® ¬ âà¨ç­®© à¥ªãàà¥­â­®© ä®à¬ã«¥ á �=0 

L�
k+1

"k+1

!
=

0B@ 1 � x

k+1

k+ �

k+1

� x

k+1

k+ �

k+1

1CA L�
k

"k

!
;

"0 = 1 ; L�
0 = 1 :

�à¨ z > 16 ¨á¯®«ì§®¢ « áì  á¨¬¯â®â¨ç¥áª ï ä®à¬ã«  ¤«ï J0(z), ª®â®à ï
¯à¨¢®¤¨â ª  «£®à¨â¬ã

J0(z) =

r
2

z�

"
1X
k=0

ak +

1X
k=0

bk

#
;

a0 = cos(z � �
4
) ; ak = �ak�1 [(4k �3)(4k �1)]

2

(4z)2 (4k �2) 4k ;

b0 =
1

8z
sin(z � �

4
) ; bk = �bk�1 [(4k �1)(4k+1)]

2

(4z)2 4k (4k+2)
:

�¨â¥à âãà 
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