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Abstract

We derive the scalar potential of the effective theory of type IIB orientifold with
3-form fluxes turned on in presence of non abelian brane coordinates.
N = 4 supergravity predicts a positive semidefinite potential with vanishing cosmo-
logical constant in the vacuum of commuting coordinates, with a classical moduli
space given by three radial moduli and three RR scalars which complete three copies
of the coset (U(1, 1+n)/U(1)⊗U(1+n)), together with 6n D3–branes coordinates,
n being the rank of the gauge group G. Implications for the super Higgs mechanism
are also discussed.
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1 Introduction

Recently it was shown [1] that the bulk sector of the type IIB orientifolds with 3–form
fluxes turned on [2], [3] corresponds, for a generic choice of fluxes which give a vanishing
vacuum energy, to a gauged N = 4 supergravity with a linear action of SL(2) × GL(6)
on the 12 vector potentials (belonging to the representation (2,6)) of N = 4 supergravity
coupled to six N = 4 vector multiplets [4].
An important ingredient is that, in order to obtain the correct theory, only a GL(6)
subgroup of the global symmetry group SO(6, 6) acts linearly on the gauge potentials,
while other SO(6, 6) transformations mix electric with magnetic field strengths [5].
Fluxes turned on correspond, in the supergravity language, to a gauging of translational
isometries of SO(6, 6) in the decomposition

so(6, 6) = gl(6,R) + 15
′+ + 15− (1.1)

The only fields which are charged under this gauging are the 15 RR scalars whose dual
have a charged coupling to the 12 vectors

∇µB
ΛΣ = dBΛΣ + fΛΣ∆αA∆α (1.2)

Here Λ, Σ, ∆ are GL(6) indices, the axion BΛΣ is an antisymmetric tensor and the
”charges” fΛΣ∆α are the 3–form (RR and NS) fluxes [1], [2], [3].
The corresponding N = 4 supergravity sector has a scalar potential given by

V =
1

12
|F− IJK |2 (1.3)

where

F− IJK =
1

2

(
F IJK − i ∗F IJK

)
(1.4)

and
F IJK = Lαf IJK

α (1.5)

Lα parametrizes the SU(1, 1)/U(1) coset of the NS and RR dilaton sector as follows: let
the generic element of SU(1, 1)/U(1) be given by s,

s =

(
φ1 φ2

φ2 φ1

)
(φ1φ1 − φ2φ2 = 1) (1.6)

introducing the 2-vector

Lα ≡
(
L1

L2

)
=

1√
2

(
φ1 + φ2

−i(φ1 − φ2)

)
(1.7)

Lα ≡ ǫαβL
β (1.8)

the identity φ1φ1 − φ2φ2 = 1 becomes

LαL
β − L

α
Lβ = iǫαβ (1.9)

To relate this to the standard complex dilaton,

S = ieϕ + C (1.10)
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where ϕ is the string dilaton and C is its RR partner, let us set

φ2

φ1
= z =

−i+ S

i+ S
(1.11)

then we have

eK =
1

2i(S − S)
=
e−ϕ

4
(1.12)

so that

φ2 =
1

2
[i(eϕ − 1) + C]e−

ϕ

2 (1.13)

φ1 =
1

2
[i(eϕ + 1) + C]e−

ϕ

2 (1.14)

Using the above relations, one easily shows that the potential given in reference [1] agrees
with the potential recently discussed in reference [6] since

|φ2|2 =
1

2
(coshϕ− 1 +

1

2
e−ϕC2) (1.15)

The gravitino mass matrix is given by [1], [5]

SAB = − i

48
F

−IJK
(ΓIJK)AB (1.16)

This is a no–scale model [7], [8] in that the contribution of |SAB|2 to the gravitational
potential exactly cancels (even away from the extremum) with the four goldstinos which
come from the 4 in the 6 × 4 = 20 + 4 SU(4) decomposition of the gauginos of the six
matter multiplets.

2 Coupling to Yang–Mills matter

The above discussion gives the result derived in reference [1] which agrees with the po-
tential obtained by the bulk part of the action of type IIB on T 6/Z2 orientifold [2], [3],
[6].
A less obvious result is the coupling of this system to additional Yang–Mills matter, that
is in presence of additional n vector multiplets which are Lie algebra valued on some com-
pact group G. This result, in the superstring framework, comes from the coupling of the
Born–Infeld non abelian action to the gravity sector of the ambient space. Some of these
couplings have been computed in the literature [9], [10], but their completion, to give an
effective theory with N = 4 local supersymmetry, is not a straightforward exercise.
This completion was obtained [11] in the particular case of a N = 1 sector coupled to
Yang–Mills, as one would obtain if all degrees of freedom (in particular three massive
gravitinos) in the partial breaking N = 4 −→ N = 1 were integrated out. The result,
with only one residual flux breaking N = 1 −→ N = 0, is a no–scale model with a
particularly simple structure.
The amazing fact of this result is that the non abelian effective theory does not contain,
for example, terms of order a3, where a are the D3–brane coordinates, but only a pure a4
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term, as in the pure Born–Infeld with non gravitational back–reaction corrections. The
cubic term is predicted by an explicit calculation [9] but it is known to vanish if the
equation F IJK− = 0 is used. This equation, among other things, stabilizes the (complex)
dilaton in terms of flux entries [2], [3].
To have a better insight of these results we now present the full N = 4 potential
where both fluxes and non abelian brane coordinates are present. This potential is
completely predicted by N = 4 supergravity with gauge group G of dimension 12 + n
(n = dimG) which is the direct product of 12 translations with the compact Lie group
G: G = T12 ⊗ G. Note that this requires a non standard symplectic embedding [12] of
the full SL(2,R) × SO(6, 6 + n) symmetry in Sp(24 + 2n) group because SL(2,R) acts
linearly on the first 12 vectors, but acts as an electric–magnetic duality on the remaining
2n field strengths and their dual. This embedding was discussed in reference [5] and the
subgroup which acts on the gauge potentials is GL(6) × SO(n). In this framework the
scalar fields BΛΣ, aΛ

i (i = 1 . . . n) are treated as tensors of GL(6) and they complete the
GL(6)/SO(6) manifold to the full SO(6, 6+n)/SO(6)×SO(6+n). This formulation, in
absence of gauge coupling and fluxes, is related by a duality transformation to the N = 4
action constructed a long time ago in reference [13], [14]. However, when the fluxes and
the non abelian couplings of G are turned on, this action is no longer equivalent to any
of the previously proposed actions and it allows to obtain a no–scale extended N = 4
supergravity with non abelian gauge interactions.
The potential can be computed from the fermion shifts modified by the charge couplings.
These shifts can be computed from the N = 4 gauged theory using superspace Bianchi
identities

δψ
(shift)
Aµ = SABγµε

B = − i

48
(F

IJK−

+ C
IJK−

)(ΓIJK)ABγµǫ
B (2.17)

δχA (shift) = NABǫB = − 1

48
(F

IJK+
+ C

IJK+
)(ΓIJK)ABǫB (2.18)

δλ
I (shift)
A = ZI B

A ǫB =
1

8
(F IJK + CIJK)(ΓJK) B

A ǫB (2.19)

δλ
(shift)
iA = W B

iA ǫB =
1

8
L2 q

JjqKk cijk(ΓJK) B
A ǫB (2.20)

Here cijk are the structure constants of G, CIJK are the boosted structure constants
defined as

CIJK = L2q
IiqJjqKk cijk (2.21)

and qIi = EIΛa
Λ
i where EIΛ are the coset representatives of GL(6)/SO(6).

The knowledge of the fermion shifts allows us to use the Ward identity of supersymmetry
in the Lagrangian [?] to compute the scalar potential which turns out to be

V =
1

12
|F IJK− + CIJK−|2 +

1

32
|L2cijkq

jJqkK|2 (2.22)

Some comments are in order. If we set qiI = 0 (or commuting) we retrieve the previous
potential given in reference [1]. On the other hand, if we set F IJK− = 0 we retrieve the
standard potential (as for instance it comes from the heterotic string compactified on T6

[18], [19], [20]).
Interestingly, the first term contains an interference term

F IJK−C∗

IJK−
+ cc (2.23)
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which is what was obtained from the Born–Infeld action [9]. However, as it can be seen,
this term completes to a perfect square because of the extra (pure gravitational) higher
order a6 term 1

12
|CIJK−|2. This actually explains why, integrating out the dilaton, such

terms may disappear and this is consistent with the N = 1 reduction studied before [11].
Also note that the a6 terms would not always disappear if more supersymmetry remains
unbroken, for instance, integrating out the dilaton in the N = 4 −→ N = 3 reduction
[1], the non vanishing flux fijk = ǫijkf just predicts that the pure holomorphic part of
CIJK−, i.e. the singlet in the SU(4) −→ SU(3) decomposition 10 −→ 6 + 3 + 1 should
not be present. This is indeed true as in the N = 3 supergravity the a6 terms are of the
form |zzz|2 [15], where zA are holomorphic triplet coordinates in the splitting 6 −→ 3+3

Note that a puzzle seems to emerge on the fact that the Yang–Mills contribution to the
gravitino mass is proportional to

SAB ∝ cijkz
CizDjzk

(BǫA)CD (2.24)

where A, B, C are SU(3) indices; this term is not holomorphic in the zAi coordinates,
while it is holomorphic in the N = 1 case [11].
The resolution is the fact that the supergravity transformations of the three zA (for a
fixed value of the i index) and the four left–handed λA, λ gauginos are

δzA = ǫABCλBǫC + λǫA (2.25)

δλA = −iǫABCγ
µ∂µz

BǫC (2.26)

δλ = iγµ∂µzAǫ
A (2.27)

So, if we pick up ǫA = (ǫ1, 0, 0) as in N = 1 reduction, we see that the left–handed N = 1
multiplets are

(z3, λ2) (z2, λ3) (z1, λ) (2.28)

so that we can identify z with the third holomorphic coordinate. The remaining λ1 is the
N = 1 gaugino.
The condition for the potential to have minimum with vanishing cosmological constant is

δλ
(shift)
iA = 0 (2.29)

δχA(shift) = 0 (2.30)

δλ
(20)(shift)
IA = 0 (2.31)

The first equation implies cijkq
iIqjJ = 0, that is the qiI are in the Cartan subalgebra of

G. This also implies CIJK = 0 and then the other equations imply F IJK− = 0.
The latter equation implies, for arbitrary values of the gravitino masses, that the complex
scalar in L2 (coordinates of SU(1, 1)/U(1)) and eighteen of the twenty–one coordinates
of GL(6)/SO(6) are stabilized. Twelve axions in BΛΣ are eaten by twelve vectors with a
Higgs mechanism [1], leaving 6 + 6n (n = Rank(G)) flat directions.
By integrating out the massive modes, the space is (at least classically) the product of
three CP n+1 = U(1, 1 + n)/U(1) × U(1 + n) σ–model, as was shown in reference [11].

3 N=2 examples

A particular interesting case to study is also the reduction to N = 2, where both vector
multiplets and hypermultiplets are present and the general for of the non linear σ–model
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is predicted to be [11]

U(1, 1 + n)

U(1) × U(1 + n)
× U(2, 2 + n)

U(2) × U(2 + n)
(3.32)

This theory has two flux parameters corresponding to a gauging of a two translational
isometry of the U(2,2)

U(2)×U(2)
coset. They are gauged by the two vectors of the n = 0 grav-

itational sector [4]. Special geometry predicts [16] that the N = 2 −→ N = 1 partial

breaking is possible only if the U(1,1+n)
U(1)×U(1+n)

special manifold has a symplectic section which

cannot be derived from a prepotential function F (X). We now show that this is indeed
the case. The argument is very similar to the analogous example, studied in reference [17]

for the special cosets SU(1,1)
U(1)

× SO(2,n)
SO(2)×SO(n)

.
For the CPn+1 special cosets, the holomorphic prepotential in the natural basis where the
U(n) symmetry is manifest is

F (X) = i(X0X1 +XaXa) a = 2, . . . n+ 1 (3.33)

with symplectic (holomorphic) sections (XΛ, FΛ), Λ = 0, 1, . . . n+ 1 with

F0 = iX1; F1 = iX0; Fa = 2iXa (3.34)

The corresponding Käler potential is

K = −log i(XΛ
FΛ −XΛFΛ) = −log[−2(S + S + 2xaxa)] (3.35)

where S = X1

X0 and xa = Xa

X0 . Let us now perform the following symplectic change of
holomorphic section, using a symplectic matrix

S =

(
A B
C D

)
(3.36)

where

A = D =

(
p2×2 02×n

0n×2 1n×n

)
; −B = C =

(
q2×2 02×n

0n×2 0n×n

)
(3.37)

p2×2 =

(
1 0
0 0

)
; q2×2 =

(
0 0
0 1

)
(3.38)

which satisfy the symplectic conditions

ATD − CTB = A2 + C2 = 1; ATC = BTD = 0 (3.39)

We have in the new basis (
X̃
F̃

)
=

(
A B
C D

) (
X
F

)
(3.40)

where

X̃Λ = (X0, −iX0, Xa); F̃Λ = (iX1, X1, 2iXa) (3.41)
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Since X̃Λ does not contain X1 this basis is singular and no prepotential F̃ (X̃) exists. The
matrix NΛΣ can be obtained from the special geometry relations [17]

FΛ = NΛΣX
Σ, DlFΛ = NΛΣDlX

Σ

DiX
Λ = ∂iX

Λ + ∂iKX
Λ, DiFΛ = ∂iFΛ + ∂iKFΛ (3.42)

The vector kinetic matrix NΛΣ turns out to be holomorphic and is given in this basis by

ÑΛΣ = (Ñab, Ña0, Ña1, Ñ01, Ñ00, Ñ11) (3.43)

with

Ñab = −2iδab, Ña0 = 2ixa, Ña1 = −2xa

Ñ01 = xaxa, Ñ00 = iS − ixaxa, Ñ11 = iS + ixaxa (3.44)

So that the vector kinetic term takes the form

Im(NΛΣF
+Λ
µν F

+Σµν) (3.45)

The above result show that the N = 2 model is compatible with partial breaking of
N = 2 supersymmetry to N = 1, 0 (N = 2 models with partial supersymmetry breaking
have been considered in the literature [21], [22], [23], [24]). The moduli space of such

N = 2 −→ N = 1 −→ N = 0 theories is given by three copies ofthe coset SU(1,1)
U(1)

. One is

the original SU(1,1)
U(1)

in the vector multiplet sector, while
(

SU(1,1)
U(1)

)2

⊂ U(2,2)
U(2)×U(2)

comes from

the quaternionic manifold. Note that this is an extension of the minimal model based on
the coset Usp(2,2)

Usp(2)×Usp(2)
of reference [16].

A detailed analysis of the above situation will be given elsewhere.
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