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Abstract

We studythe interactionof thesynchrotronradiation,pro-
ducedby a relativistic particle in a bendingmagnet,with
the electroncloudpresentin the samemagnet.Thecloud
is describedasa collisionlessmagnetizedplasmaof very
low, but finite temperature.Expressionsarederivedfor the
spectralintensityof synchrotronradiationfar from thepar-
ticle,whichin absenceof acloudreduceto theSchottspec-
trum of radiationin vacuum.

For typical cloud parameters– a rarefiedplasma,we
fully neglect the refractionandonly take into accountthe
dampingof the extraordinaryandordinaryplasmawaves
at frequenciesnearthe first electroncyclotron resonance
(wave lengths � mm) via interactionwith resonanceelec-
trons. This effect would bethestrongestin thehypothetic
caseof electronbeamandelectroncloud, but is found to
be weaker in the realisticcaseof positively chargedbeam
particle (proton, positron). In the latter case,by taking
Maxwellianvelocitydistributionof theelectrons(r.m.s.ve-
locity ���������
	 ) and fully neglecting the ordinary wave
(factor��� ), wedemonstratethatthedominanteffect is cou-
pling of � - modeof thespontaneousradiationwith theex-
traordinaryplasmawave.

1 INTRODUCTION

Thegoalof this paperis to studywhethersynchrotronra-
diation generatedin a LHC bendingmagnetcan signifi-
cantly affect the electroncloud presentwithin the same
magnet. We considerthe radiationof a relativistic parti-
cle (alsocalled“test” particle)with restmass� , charge
��������

and energy ��� 	���� ������� � moving along the
central trajectory of a bendingmagnet(field !#" , radius$%� � 	��&� �(' � �)���*� ! " � ) in presenceof a non-relativistic
electronplasma(electroncloud) surroundingthe central
trajectory. Sincethe lengthof the magnetis much larger
than the formation length $ '+� , we will assumethat the
whole plasmavolume is illuminated by the sameradia-
tion spectrumandthat thesizeof theelectroncloud,both
transversallyand longitudinally with respectto the direc-
tion of propagationof theradiation,is muchlargerthanthe
radiatedwavelength.

Following mainly [1], in Section2 wecomputethespec-
tral densityof radiationat frequency , , generatedby the
test particle as it traversesfinite volume of cold electron
plasmaof very low density. By neglectingtwo-particlein-
teractions,thetestparticleradiatesasif it is in afreespace,

but theradiationdecaysasit propagatesthroughthecloud.
The energy lossesof the testparticlearedefinedasthe

work perseconddoneby the breakingforceactingon the
particledueto electromagneticfield producedby theparti-
cle itself: -/.-10 � �)� �32547698(:&; � (1)

where 2 47698 is the test particle velocity vector; ; is the
field producedby the particle at its own position <>= and�

is the electroncharge. Onecanthink of the field ; in
(1) asthe planemonochromaticwave which, far from the
source(currentdensity? 47698 � ��� 2 47698 ), coincideswith the
spontaneoussynchrotronradiation. By neglectingall ef-
fectstakingplaceat theplasmaboundary, thiswavewithin
the plasmasplits into two waves – ordinary ( @ ) and ex-
traordinary(+) one. Propagationof the two plasmawaves
is describedin the so calledquasi-linear(geometricalop-
tics) approximation.We realizethatthegeometricaloptics
descriptionis not correctwithin severalwavelengthsfrom
the source,but it canstill be usedapproximately(as this
wasdonein [1]).

It is alsoassumedthat the plasmais stationaryin time,
i.e. it hasno unstable(growing with time) modeseven
at the (low) frequenciesnearthe electroncyclotron reso-
nance.

In the limit of zeroplasmadensity, or negligible damp-
ing of the waves at frequency , , i.e. A�B BC � ,)��D E�E
� ; �*F>G B BH 47IJ8LKNM � ; where D is the lengthtraversedby the
radiationwithin the plasmaand A B BC are absorptioncoef-
ficients, our result shouldreduceto the usualformula of
Schottfor thespontaneoussynchrotronradiationspectrum
(asin vacuum).

By expandingtheexponent:
� FOG B BH 47IJ8LK M �P@QARB BC � ,)�SD ,

the correction to the spontaneouslyradiated power is
proportional to @�A�B BT � ,)��D , while the absolute valueA�B BT � ,)�SD , multiplied by the spontaneouslyradiatedpower
andintegratedover , andtheangles,givesthetotal power
depositedin the cloud. The latter quantityasconsidered
in this work to beanadequatemeasurefor thestrengthof
interactionbetweensynchrotronradiationandplasma.

Thetwo cases– negative(
� F

) andpositive (
� T

, or U T )
radiatingparticle

If thetestparticleis anelectronin vacuum,a remoteob-
server whoseradiusvectordescribesan angle V with the
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externalmagneticfield ( VWEQ�5'YX meansabove themedian
plane),seeselliptically polarizedspontaneoussynchrotron
radiationwave with electricvector Z[ rotatingin the same
directionastheelectron([5]). More precisely, theprojec-
tion of Z[ on themedianplanerotatesin thesamedirection
astheelectron.This remainstrue for bothanobserver lo-
catedabove or below the medianplane– the polarization
changesfrom left- to right-, or reversewhen V crosses�5'\X .
Thusin this case Z[ rotatessynchronouslywith theplasma
extraordinarywave, implying strongerinteraction.

If thetestparticleis apositronor proton,thencompared
to the electroncase, Z[ reversesits orientation Z[^] @ Z[ ,
but still rotatesin thesamedirectionasthetestparticle,i.e.
oppositeto the electronsof the cloud andsynchronously
with theordinarywave.

Parameters

_
– propagationlengthof theradiationwithin thecloud;`ba
– externalmagneticfield;c and dfe�g*h5iYj c – frequency andwavelengthof radia-

tion far from theplasma;k a
– thenumberof electronspercubiccm;c(lWm n h kpo/q j&rts uwv q myx>z {Jn}|�~&�J�*����� u�� k a � i�r ��� �

– theelectronplasmafrequency;� s m s�����)�L� m�~�z��+{�|�~+� �J����� u�� ` a ����� � – cyclotron fre-
quency of theelectrons;� m�� s����� �S� – cyclotronfrequency of therelativistic LHC
particle(�t��� ~ );� m¡c j � s – harmonicnumber;¢}m¤£�c l j � s*¥ q – densityparameter;¦ s e § ¦ q �¨jY© – the r.m.s. thermalvelocity of the
electronsin caseof Gaussiandistribution function:

ª s m k a r sg*h¬« s
� v q o � �®­/¯ v q&° �+± (2)

where«²s³eyrps ¦ qs mN´ �(« �7µ � ; ¶¬s)e ¦ s*j i ( ~ j&¶ qs myxOz·~ ~�|~+� ¸ j&«¹s � o�º � );»*¼ e ¦ s j c l – theDebyelength;½ a – thedistanceof theelectronicgyro-frequency to the
critical frequency of thespontaneoussynchrotronradiation
spectrum:

½ a e g � s© � � � m g©*� q
¾¿ r s z (3)

For electronrings( À ¿ À m¨~ ,
���� m¨~ ), ½ a is small: Á � � q .

For protonsin the LHC (
¾ m r l�Â ����ÄÃ m�xOz nÅ|Q~+�Æ��� ),

½ a §�§ ~ both at injection (� mÇn ÈJ� ± ½ a mÉ~ j ~+È È )
and collision (� m �&nJ{ g ± ½ a m g |Ê~+�Æ�Ë¸ ). For
heavier radiating particles(like Ì q1Íq a Ì Î�Ï

ions), with mass¾ mÑÐÒ| r l , assumingthe rigidity Ó¬Ô is the sameas
for protons, the Lorenz factor � is multiplied by

¿ j Ð ,
so the ½ a valuesfor protonsare multiplied by £SÐ j ¿ ¥ � .
Onehas: at injection (� mÕ~&ÈJÖ ± ½ a¡× �Oz·~ ) andcollision
(� m g ÖJn g ± ½ a}× © |t~+�Æ��� ).

Estimationof theeffect
Thefractionof powerdepositedin thecloudrelative to to-
tal power radiatedcanbe estimatedin the following way.
We take:

k³a mØ~&� Ù i�r ��� , d^Á ~ rfr , ¢�mÚ~&��� Ì ,½ a Á ~&����� andthicknessof the plasmaslab
_ m^~&� r .

For Maxwellianplasma,theorderof magnitudeof theab-
sorptioncoefficientsis known: ´�Û ÛÍ _ ×ÝÜÞ �Oß à , which should
bemultiplied by ½ a (thecenterof theabsorptionline) and
by ¶¬s (its width) to get:

¢
¶ s

_
d ½ a ¶¬sQÁ ~&� �Ë� z

2 CORRECTIONS TO THE
SPONTANEOUS SYNCHROTRON

RADIATION SPECTRUM CAUSED BY
WAVE ABSORPTION IN THE

ELECTRON CLOUD

Figure1: Left: testparticlewith velocity vector á¦�â1ã á`#a
traversing electronplasmaand velocity vector á¦ s of an
electronof theplasma.Right: coordinateframe áo&ä ± áo+å ± áo+æ .
obtainedby rotationof áo u ± áo q ± áo � aroundthe áo q axisat an-
gle ç�è , so that thedirectionof propagationof radiationis
along áo+æ ( á´êé áo&æ )

2.1 The self-consistentequations describing
small plasmaoscillations and the disper-
sionrelation([1], [2], [7])

We mainly follow [1], wheretheenergy lossesdueto syn-
chrotronradiationarestudiedfor aslabof quasi-relativistic
uniform electronplasma(thethermo-nuclearreactor).The
electricfield within theplasmaë , whichcorrespondsto an
externalcurrent,or a testparticlecurrentì>í î3ï , satisfiesthe



Maxwell equation:

ðËñ 0 ð�ñ 0 ;óò �	 �
- �Y;-10 � ò ? 47ô+õ�ö�8 � ? 4ø÷38&ù (4)

wherethecurrentdensity? 47ô+õ�ö�8 , causedby thefield ; , de-
scribesabsorptionandinducedradiationwithin theplasma.

A testparticletraversingtheplasmais shown on Fig. 1.
We havechosenthedirectionof theexternalfield Z! " to be
parallelto the Z�/ú axisandtheradiusvector Zð of theremote
observer to lie in theplane Z��û ù Z�1ú .

In whatfollowsweusetherelativistic form of thedielec-
tric permittivity tensor(asin [1]; seealso[8], [9]) to com-
putetheFouriercomponentsof therelativistic test-particle
current.Thesametensor, but takenin anon-relativistic ap-
proximation,([2], [4]) will laterbeusedto describesmall
oscillationsof theelectronplasma.

For a particlewith massof rest � andcharge ü � �³�
,

therelativistic tensoris:

ý � @ þ �5ü �ÿ � ú ���²� Z� � �� �
� ,�@ A����('&�� 	 �	 � @ A���

	 �	 �
�� T�


�� F 


� 
 � Z� �,�@ � A�����'+� �Æ@����
@ þ �5ü �ÿ � ú ���²� Z� � �� � � 	 �	 � @�� 	 �	 � ������� (5)
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 ��/ �1032 ),4657+.- 298:2�;<;�2>=@?BA 4DC�+.),EF4HG /JI ALK � ' � �b�5� G

ZA � ALK Z� û ò A�� Z� ú (seeFig 1) and � and � denotingthe

componentsof thevector Z� transverseandparallelto Z!#" .
Above �²� Z� � is relativistic distribution function,normal-

ized so that � ú �%�²� Z� � � � . The argument Z� (noticean
unusualnotation!)denotestheparticlemomentumdivided
by the massof rest,i.e. Z�MI �#	 � , with � beingthe usual
relativistic factor: � I � �Ä@ �¹� � F ûON � � � �LP ��� ' 	�� � ûON � . In
the non-relativistic case(� ] � ), Z� becomesthe particle
velocity.

By taking plane monochromatic waves ; �;RQGTS I � # 4 QGFU QV 8 F # I�6 , ? 47698 � ?�WYX.Z[\^]`_ � # 4 QG@U QV 8 F # IR6 (the size of

theplasmavolumeis muchlargerthanthewavelengthsof
interest),theFourier-transformof (4) reads:a 4 � 8 :+; [\�]b_ � ?�WBX.Z[\�]b_ ùa 4 � 8 I¨��	 � A � @�, � �Bcf@ 	 �>d�d ò ý 4 � 8fe (6)

wherec is theunity g � g matrix,
a 4 � 8 and

ý 4 � 8 arefunc-
tions of real d and , and

ý 4 � 8 is obtainedfrom
ý

in (5)

with substitutingtheelectronparameters
�
, ÿ � , Z� � , �²� Z� � � ,� � .

In therotatedcoordinateframe Z�fh ù Z�fi ù Z�  :
��	 � A � @�, � �Bc @ 	 ��d�d � @#, � �®@�j � k kk �®@�j �lkk k �

G
j I A 	 '&, e

For a Maxwellian plasma,the non-relativistic approxi-
mation of

ý 4 � 8 nearthe first cyclotron resonanceis dis-
cussedin Section3.

Thedispersionequationof smallplasmaoscillationsis:m � A>� Ion 2 + a 4 � 8 �pk e (7)

For a fixedreal , , it canbeshown ([1]) that in thelimit
of rarefiedplasma,rqÅE�E%, , the dispersionequation(7)
becomesbiquadraticwith respectto A , so thereare only
two solutionsfor A � , denotedhereby A �C , corresponding
to the ordinaryandextraordinarywaves(refractionindex
valuesj C I A C 	 '&, ). Thuswe have in this limit:m � A>� �¤	�s�� A � @ A �T � � A � @ A � F � e (8)

2.2 Thefieldpropagator

Considera statistical ensemble(the beam) of test par-
ticles with coordinates Zð = , velocities Z� = . One can in-
troducemacroscopicfluctuating-currentdensitiest �

0 ù Zð = � ,
functionsof time and Zð = . To find the field radiatedat fre-
quency , by acurrentfluctuationt �

0 ù Zð = � , onehasto invert
(6) andthencarryoutcontourintegrationover A andspatial
integrationoverall sourcesZð = . Theresultis [1]: 1

; I � <�� � � ú ð =�u : ? 47698I � Zð = � ù (*)`+�-
u � &�, � # 47I N<v 8 V F # 47I Nwv 8fxV U QV B	 s ð>� A �T @ A � F �y 4 � 8T � FOG B Bz V�{ @ y 4 � 8F � F>G B B| V�{ ù}ð I Zð ' ð ù (9)

wheretheelementsof thematrix
y 4 � 8 arethecofactorsofa 4 � 8 , i.e. ~�� 4 � 8 � F û � y 4 � 8 ' m andð õ denotesapointat the

plasmaboundary.
The indices ò and @ appearbecauseduring the con-

tour integrationtheargumentA in � 4 � 8# S � � A ù ,)� is substituted
with A C , where A C are the two roots out of four having
positive imaginarypart. The factor � A �T @ A � F � in the de-
nominatorappearssince,accordingto (8), � m ' � A � G � G+H �
 X 	 s A C � A �T @ A � F � � 
 X�, 	 ú � A �T @ A � F � .

In thelimit ,rq E�E�, (sameasfor (� )), it canbeshown
that: y 4 � 8T @ y 4 � 8F �¤	 � � A �T @ A � F � � c @ }ð }ð � ù (10)

1This expressionfor thefield hasthecorrectasymptoticat �*��� . It
hasbeenassumedvalid alsoin thevicinity of thesource ��w� .



wherein therotatedframe Z�fh ù Z�fi ù Z�  , shown on Figure1:

� c @ }< }<ê� � � kk � e
If we furthertake

��FOG B BH V { ] � , then � reducesto thevac-
uumpropagator.

2.3 Thespectral densityof radiation ���
Thepower radiatedin direction

}ðt� Zð ' ð perunit areaand
perunit frequency interval is [1] (thebar indicatesstatisti-
cal average):

� I � 	
��� �

T�

F 
 �f� � # IT� ;��
� Zð ù

0
� :+;¡� Zð ù

0 ò � �
� 	

��� � ; F I � Zð � :+; I � Zð � e (11)

We substitutehere(9) andnoticethattheonly dependence
on Zð = is in the factor

� # 4�I Nwv 8fxV U QV B . � I thereforecontainsthe
expression:

� ú ð = � ú ð B B
T�

F 
 ��� � # I�� � # 47I N<v 8fxV U 4 QV B F QV B B � �

? 47698 S �\� Zð = ù
0
� : ? 47698 � Zð BøB ù

0 ò � � ù (12)

wherethe advancefrom Zð B to Zð B B , during time interval � ,
is alongtheunperturbedtrajectoryof thetestparticle.The
above expression(12) (asa functionof real , ) is equalto
the spectraldensity � ? 47698'� ? 47698 � QG �J� � xV S I of currentfluctua-
tionsfor a plasmain anexternalmagneticfield, [1], [2]. It
is alsocallednon-interactingcurrentcorrelator. Thuswe
obtainfor

� I :� I � 	
�*� � � U u T :J� ? 4�698�� ? 4�698 � QG � � � xV S I : u (13)

2.4 Thespectral densityof testparticlecurrent

The spectral density ? 4�698 � ZA � I v }ð ù ,)� , or correlator� ? 47698�� ? 47698 � QG �J� � xV S I , can be obtained either directly, by
Fourier-expandingtheunperturbedtest-particlemotion,or
by applying the dissipation-fluctuationtheorem, [1],[2].
The latter theoremstatesthat it equalsthe anti-hermitian
part of the tensor

ý
definedabove, but written for an en-

sembleof testparticlesinsteadof electrons.Also, accord-
ing to thesametheorem,

ý 47698 shouldbetakenin the limit
of vanishingparticle-particleinteractions,soonehasto use
a vanishingimaginarypart , ] , @�&'� . Correspondingly,
we replacetheparametersü , ÿ , Z� , �²� Z� � , � in (5) with the
onesdescribingan“ensemble”of asingletestparticlewith
charge

�³�
, mass� ÿ , momentumÿ Z� 6 , relativisticdistribu-

tion function �²� Z� =6 � �
- � Z� =6 @ Z� 6 � andcyclotron frequency� � �³� !b" ' � � ÿ�	 � 6 � . Theresultis:

� ? 4�698�� ? 4�698 � QG �1� � xV S I � ��'YX�� ý 4�698 @ ý 4�698 T�� � QG ��� � xV S I � (14)

� X�� � �)� � �� �6
T�


�� F 


- � , @���� � � 
 � Z� 6 � � QG � � � xV S I ��
^� ù

whereusehasbeenmadeof theformalequality:

= ),� �¡ "�¢ ÿ �,y@�&O��@���� � @#�
- � , @���� � e (15)

To simplify thetensor
� 
 � Z� 6 � , we first noticethat � 6 �£k ,

hencetheelementsin thethird row andcolumnof
� 
 � Z� 6 �

arezero.Theremaining2x2partof thetensor, transformed
in therotatedcoordinateframe Z�fh ù Z�fi ù Z�  , is

� 
 � Z� 6 � � QG � � � xV S I
� 
^�w���¤ �"! �
 C>E ; � V # 
���� ¤ ! 
 ! =
 C>E ;�VF # 
���� ¤ ! 
 ! =
 C�E ;²V � �6 ! = �
 QG � � � xV S I �
� t �h S 
 &Ot h S 
 t i S 
@¥&'t h S 
 t i S 
 t �i S 
 � Zt 
 � Zt 
 ù

where

Zt 
 I t h S 
&'t i S 
 G
(16)

t h S 
 I t>¦ S 
 � � � 6/ ! 
 C�E ;²V � ���b� 6ALK ! 
 C>E ;�V
� ���b� 6,P' 	 C>+.5 V ! 
 �¤	 � 6 C>+.5 V ! 
 G

t i S 
 I t>§ S 
 �¨� 6 ! = 
 �¤	�� 6 � 6 ! =
 (17)

andtheargumentis/ � , � 6 ; ),4 V�' � � 6 	 � � � � � 6 	 ; ),4 V�'&� 6 � � � 6 ; )`4 V
(wehavereplaced, with ��� andusedthat A�� � , C�E ;�V�' 	
and ALK � ,�; ),4 V�' 	 ).

Wewill see(theSchottformulabelow) thatt�¦ S 
 andt § S 

areactuallyproportionalto the � and © -componentof lin-
earpolarizationof theelectricvectorof spontaneousradi-
ation (harmonic� ). Thusthe electricvectoris parallel toZt 
 andelliptically polarized(

� t ¦ S 
 �Jª� � t�§ S 
 � ), with direc-
tion of rotation,left- or right- asgivenby the signsof the
componentsof Zt 
 . For any � , thesetwo componentshave
equalsign for V � k , andoppositesignsif V ] � @¨V ,
i.e. thedirectionof polarizationof the � -th harmonicis re-
versed.If onefixesthe frequency seenby the observer to
a realpositive value,¤� k , thenfor anobserverabove the
medianplane�%� k , which meansthatpositive � have to
be taken in the sumbecauseof the

-
-function. Below the

medianplane( V ] ��@ V ), � is negative andhenceneg-
ative � valueshave to betaken,which leadsboth t>¦ S 
 andt § S 
 reversingtheirsigns.

For
� I we getfrom (13), (9) and(14) :

ð � � I � , ��� �³� � �þ � 	�« � �6
T�


�� F 


- � ,�@���� � � U� A �T @ A � F � �
y 4 � 8T � F>G B Bz Vf{ @ y 4 � 8F � FOG B B| Vf{ T : � 
 � Z� 6 � :: y 4 � 8T � FOG B Bz Vf{ @ y 4 � 8F � F>G B B| V�{ (18)



2.5 TheSchott formula

Herewe derive thespectraldensity
� "I of spontaneousra-

diationof thetestparticle(asin vacuum,nocloud),emitted
atangleV with respectto theexternalmagneticfield, called
theSchottformula[5].

If thesizeof theplasmais muchsmallerthantheabsorp-
tion depth( A�B BC ð õ E�E%� ) then,by taking into account(10),
(18) becomes:

ð � � "I � , ��� �³� � �þ � 	 ú � �6
T�


�� F 


- � ,�@���� � � t �¦ S 
 ò t �§ S 
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� , ��� �³� � �þ � 	 ú � �6
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�� F 


- � ,�@���� � ��	 � � �6 C�+.5 � V ! �
 ��/ �
ò¬� �6 ! B �
 ��/ � � �

� � �)� � � � �X*� 	



�� û � � C�+.5 � V ! �
 ��/ � ò�� �6 ! = �
 ��/ �- � ,y@���� � ù (19)

where /f� � � 6 ; ),4 V . The termwith � �­k doesnot con-
tribute and the termswith � and @¥� are equal,giving a
factor2. In (19), ð�� � "I is the the energy/sec,radiatedat
angle V with respectto theexternalmagneticfield, perunit
solid angleandperunit frequency interval.

2.6 Integrationof theSchott spectrumover fre-
quenciesandangles

We follow the standardintegrationprocedure([5], [6]) to
obtain the total power radiatedby the test particle (from
now on we omit thesubscript“t”). For a highly relativistic
suchparticle����� � , � M � , theradiationis concentrated
nearthemedianplane: V M �5'\X . Theorder� of theBessel
functionsis thereforenearlyequalto their argument: / �� � ; ),4 V � � andonecanusetheasymptoticformulas:

! 
 ��/ � � ® ûON ��¥¯ g ° ûON ú � g �
úwN � ù

! =
 ��/ � � �� ¯ g ° � N ú � g �
úwN � ù (20)

where� � �²@ / � 'f� � � �¹@ � � ; ),4 � VQE�E¨� . Wewill only
needthe above expressionsfor large harmonics� ���^� ,
wherethesumover � canbereplacedby anintegral,which
is doneby the following transformationfrom � ù V to new
variables± , ² :

² � � C�E ;²V G ± � Xg �¬� F
ú G

� ² � � � C>E ;�V G � ± � X g � �¬� F
ú � � � � � � G

@#��E³² E^� G k E´±fE­µ e
Here ± measuresthe relative distanceto the critical har-
monic

ú� � ú (nearlyequalto thespectrummaximum),while² measurestheanglebetweenthedirectionvectorof prop-
agationof theradiationandthehorizontalplane(in unitsof

�*'+� ). In theargumentsof
°

, � is expandedover thesmall
quantitiesC>E ;�V and ¯ � " I �*'&� andby keepingonly terms
of theorderof ��'&� � :

� � � " � ò C�E ;�V¯ � "
� ò e>e�e M � " � ò ² � �

� �� � � ò ² �
C>+.5 V M C>E ;�V � ² � e

By substituting(20) into (19) andintegratingover angles
andfrequencies,the total power radiated� " is (here$ �	 '�� ):

X��


" � , ¦

" � V%; )`4 V ð � � "I � V�� �
� � �³� � � 	g�� � $ �

¦
" � V%; )`4 V




�� û � �	 0 ¶ � Vw� ° � ûON ú � g �

ú·N � ò � � ° �� N ú � g �
ú·N � �

� X�¸�f¹Ä� � � " 

" ± � � ±

T�º
F º � ²

² � � � ò ² � � ° �ûON ú �,» � ò � � ò ² � � � ° �� N ú �,» � �
� � " �� ò ¸� � � " ù

(21)

where » � û� ± � � ò ² � � ú·N � and � " � �ú½¼ � � � v¾ � � s . (� is
replacedwith infinity in theupperlimit of integrationover² , becausethe

°
functionsarenonzeroonly for argument

of theorderof unity).
The frequency radiated, ��� ��� � , which corresponds

maximumof the spontaneoussynchrotronradiationspec-
trum is ¿ � g>'YXÆ�Y�b� ú meaningthattheexpressionunderthe
integralsignin (21),asafunctionof ± I �ú I� ºLÀ , reachesits
maximumat ±Á¿¨� .

The � mode(first term) is radiatedin directionsabove
andbelow themedianplaneandbecomeszeroin theplane
(thefactor² � ). For the © mode,theradiationis centeredin
themedianplaneandits totalcontributionis 7 timeslarger.

3 ESTIMATION OF THE ABSORBED
POWER FOR A MAXWELLIAN

CLOUD

3.1 Wave absorptionat frequenciesnear the
firstcyclotron resonance

Weconsiderararefiedplasmaü³E�E � with electronictem-
peratureÂ � � � k@k ��Ã

(���ÁI³Ä��� ' 	 � k e k � ). We assume
that: ,�q, � �� � � ü� � � � E�E¨� (22)

is fulfilled for all harmonics� of , � �¨� � , even at the
cyclotronresonance� � � . For frequenciesin thevicinity



of thefirst cyclotronresonance,thedielectrictensor(5) has
theform ([2], [7]):

Å � @�Æs ò © # Æs ò &f© kF # Æs @�&f© @�Æs ò © kk k @�ü
� © ���¤ü �

© � & � � , �q, � ��� C�E ;²V � ��/ û � ù
� ��/ û � � � F  <� Ç C>E ;�V� C�E ;¬V � ò X^&¯ �

 Ç
" � i � � ± ù

(23)

where � ��/ � is the probability integral (error function of
complex argument).

In more details, for Maxwellian distribution, the n-th
memberof the sum in (5) (� � 
 � 
 X e>e�e ) is propor-
tional to

� F  <� È
with / 
 I I F 
DÉ �HÊ<ÉË � I�Ì Ê�Í�Î�Ï�Ð . As , approaches� � � � , the contribution to the tensorof the member(term)

with � � � is the largestsince
� F  <� Ç � � . This term is is

causedby “normal Dopplereffect”, i.e. presenceof elec-
tronsrotatingin thesamedirectionasthe , -harmonicand
with velocitiesnearlyequalto its phasevelocity(for which,Q@ � � � � M � ��' 	 �>, C�E ;�V ). For the othermembersof the
sum,including the onewith � � @}� , producedby a har-
monic rotating oppositeto the electrons,

� / 
 � ��� � , so
their contribution is exponentiallysmall (their total contri-
bution is � ü ). The picture is the samefor higher reso-
nanceswith

� © 
 � rapidlydecreasing(roughlyas �*'f�9Ñ ).
By keepingonly theresonance© terms,thetensor

Å
be-

comes2-dimensionalandaftertransformingit into to frameZ� h ù Z� i ù Z�  andsubstitutingit into (6), onegets:

a 4 � 8 � , � j � @�� ò © C�E ; � VÒ&f© C�E ;²V
@¥&f© C�E ;�V j � @Q� ò © ù (24)

where

j I A 	 '+, e
Thedeterminantis (j C I A C 	 '&, ):m � , s�� j � @�j �T � � j � @�j �F � ù (25)

wheretherootsare:

j �F � � G j �T � �®@´© � � ò C>E ; � VJ� e (26)

As expected,in ourapproximationtheordinarywaveprop-
agatesas in vacuum. The matrices� 4 � 8C arecomputedby
taking � 4 � 8 I � � 4 � 8 � F û m andsubstitutingtherej C from
(26). Theresultis:

y 4 � 8T � , � © @ C�E ; � V @¥& C>E ;¬V& C�E ;¬V @}� ù (27)

y 4 � 8F � , � © � @¥& C�E ;¬V& C>E ;¬V C>E ; � V ù (28)

which canalsobewrittenas:y 4 � 8C � Z� C Z� �C � UÓ� 4 � 8C G � U�� 4 � 8C �ÕÔ}� � ò C>E ; � V�� ù
(29)

wheretheeigen-vectorsare:

Z� T I @ C�E ;¬V&¯ � ò C�E ; � V Z� F I
�& C�E ;²V¯ � ò C�E ; � V e (30)

Thus the columnsof
y 4 � 8C areproportionalto the compo-

nentsof the electric field vectors Z[ C of the two eigen-
solutionscalledextraordinary(+) andordinary( @ ) plasma
waves. Theextraordinarywave electricfield vector Z[ T is
parallelto Z� T androtatesin thesamedirectionastheelec-
trons.

It canbeshown[2], that(29)is alwaysfulfilled for nearly
transparentmedia (when the anti-hermitianpart of

ý
is

smallcomparedto its hermitianpart).
Onecanalsocheckdirectly that(10) is indeedfulfilled:

�, �
y 4 � 8T @ y 4 � 8Fj �T @�j �F � y 4 � 8T @ y 4 � 8F	 � � A �T @ A � F � � � kk � e (31)

3.2 Estimationof theabsorbedpower

Theroots A C andthecofactors
y C arefound in theprevi-

oussection.By usingsomepropertiesof
y C :y C e y¬Ö �£ky TT e y T

, s © � � � � ò C�E ; � V�� C>E ; � V�& C�E ;¬V@¥& C>E ;¬V � ù
y T F e y F, s © � � � � ò C�E ; � V�� � @�& C>E ;�V& C�E ;¬V C>E ; � V ù

andalsothespectraldensity(16)of thetestparticlecurrentZt 
 , (18) is transformedasfollows:

ð � � I � , ��� �³� � �þ � 	�« � �
T�


�� F 


- � , @���� �� A �T @ A � F � � �
� � U y TT e y T e � F � G B Bz V�{ ò y T F e y F e � F � G B B| Vf{ e Zt 
 � Zt 


� , ��� �³� � �þ � 	 ú � �
T�


�� F 


- � , @���� �� ò C>E ; � V �
� � t ¦ S 
 C>E ;�V ò t>§ S 
 � � � F � G B Bz Vf{
ò�� t>¦ S 
 @�t § S 
 C>E ;�V�� � � F � G B B| V {

(32)

Wewill interpret(32), integratedoverrealandpositivefre-
quencies, andanglesk E VNE^� , astheenergy persec-
ondradiatedby anelectron in presenceof electronplasma.
If thebeamparticleandparticlesof thecloudhasopposite
sign,thentherolesof ordinaryextraordinarywavesarere-
versedandcorrespondinglyonehasto exchangetheindicesò and @ of A�B B in thetwo exponents.



With this in mind, we substituteð õ with the propaga-
tion length D within the cloud andexpandthe exponents� F � G B BH K M � @®XOA�B BC D . This canonly bedonefor smallopti-
cal depth A�B BT D � � ¦ Æ KÌ Ê�× E�E � , which is truefor ��� � k e k �
andtheparametersin Table1. Theunity producesthespon-
taneousspectrum(19) while the terms @®XOARB BC D with their
signsinvertedyield:

, �R� �)� � �X*� 	 ú � �
T�


�� F 


- � , @���� �� ò C�E ; � V � t>¦ S 
 C�E ;�V ò t § S 
 � � A B BC D
ò�� t ¦ S 
 @�t�§ S 
 C�E ;²VJ� � A B BÖ D (33)

wheretheuppersignappliesif a negatively chargedbeam
travelsthroughtheelectroncloud,andthelowersignrefers
to apositivebeamchargeasin theLHC, and

t>¦ S 
 � 	 � 	 0 ¶ V ! 
 G t § S 
 � 	 � ! =
 ù
A B BT � , ù VJ��D � ,PDX 	ÙØ � j �T �

� �þ � X � � �, ü*D�¬�*	 � ò C�E ; � VC�E ;�V �
� � F:Ú � |�Û Ü Ê ÛÝ � �LÞ ÊfßBàOáLâLã � � ü*D� � � G

A B BF � , ù VJ�SD � ü*D� � F Ú � |�Û Ü Ê ÛÝ � �>Þ Ê ßBàOá�â ã �
� (*- 2�ä<2å� I X*� 	 '+, G , � ��� M � � � e

(34)

SinceA�B BF is � � timessmallerthanARB BT weonly show itsorder
of magnitude.It is easyto computeit, if the ü termsin

ý
arekept,[2].

We choosethecyclotronfrequency of thetestparticleto
bepositive for anobserverabovethemedianplane� � k .
Since, � k , only positive � contribute. For each� , there
aretwo contributions– scalarproducts(squared)betweenZt 
 andtheunit vectors Z� T and Z� F of thecounterclockwise
andclockwiserotatingplasmawaves.Thustheelliptically
polarizedsynchrotronradiationwave interactswith both
extraordinaryandordinaryplasmamodes.This is because
the elliptical polarizationcan be decomposedinto a left-
andright- circularpolarizations.

1) In thehypotheticcase– thetestparticlebeinganelec-
tron in electroncloud,thecurrent Zt I hascounterclockwise
polarization2 and an observer locatedabove the median
plane (C>E ;�VÒ� k ), seescounterclockwiserotating both
beamandplasmaelectrons.

By settingA�B BF �£k (takingonly thefirst term),andnotic-
ing that � , C>E ;�V , t ¦ S 
 andt>§ S 
 areall positive,we seethat
thecontributionsfrom © and� modesaddup(strongerab-
sorption).

2) For a protonor positronin anelectroncloud,by set-
ting A�B BF �æk (taking only the secondterm), the contribu-
tions from the © and � modespartially compensateeach

2meaning that ç<è�é ê and çwë>é ê have the samesign, so the vectorì�í6îbï�ðñ îòï�ð�óÁôÓõ�ö �ç<÷ ö>ø ÷�ù rotatescounterclockwise

other. Thefactor �*' C>E ;¬V in A B BT is canceledandbothmodes
participatewith a factor C>E ;�V � � F û . Theabsorptionoc-
cursaway from the medianplane(zeroin the plane). For
this casetheintegrationis carriedoutbelow.

We take only thesecondtermin (33) andintegrateover
anglesand frequencies,sameas this was done for (21)
(here � " ± " � �%� � ' $ ):

X��


" � , ¦

" � V%; ),4 V � ¯ �þ ¯ X
� �)� � � � � � ü*D$ 	�� � �

� 


�� û � � C�E ;�V � ! 
; ),4 V @ ! =
 � � F:Ú � |�Û Ü Ê ÛÝ � �>Þ Ê�ßBàOáLâ ã � �

� ¯ �Xú¯ X �g*� � gX
s � �	 ü*D� � � " ± " � �

� 

" ± � ±

T�º
" � ²¬² �

� � ò ² � ° û�N ú �,» ��@ � ò ² �� ° � N ú �û» � � � F6ü � M
M k e g � �	 ü DR� " ± s N ú" ù

(35)

where

ü � �ý�Q@R� �¯ Xå�ý� � � C�E ;²V � ± @�± "¯ X*± � � ²)'+� �
� �² m �®@ ± "± ù
m I ¯ X � � '+� ù ±J" � XF� �gF�b� ú e

(36)

Thuswe have neglectedthetermwith
° � N ú , becauseof

the factor �*'+� andhave only estimatedthe term
° û�N ú

(�
mode)in thefollowing way (confirmedwith directnumer-
ical integrationfor � up to 300):


" ± � ±
T�º
" � ²¥² � � ò ² � � ° � û�N ú �û» � � F�ü � �

� ± �" m T�º
" � ²¥² � � � ò ² � � ° � ûON�ú �,» " � M

M �¯ g)X ûON ú1þ � XO'>gÆ� m ± ûON ú"
(37)

(here» " � i<ÿ� � � ò ² � � ú·N � ).
We haveusedthefollowing integral:T�


F 
 � ²¥² � � � ò ² � � ° � ûON�ú �,» "�� �
� �¯ g*± "


i ÿ °�� N�ú ��� � � ��ò ° � N ú � ±J"R� M
M �¯ g*± " gX X � N ú þ ��� '�gÆ�T± F � N ú" @ X F û�N ú þ � X>'�g��T± F � N ú" �
� �¯ gPX û�N ú þ � X>'�g��T± F

� N ú"
(38)



°�� � ±J"�� M X � F û þ �	� �6± F �" � ±J"�E�E � � e
Accordingto (35), thefractionof depositedenergy ism �� " M k e g � �	 ü D�± s N ú" M D � üH± s N ú" e

This expressionscaleswith the beamenergy as � F�
 N ú . If
the propagationlength within the cloud D is fixed, it is
inverselyproportionalto themagneticfield !b" . If D varies
accordingto D � $ '+� , then the dependenceis stronger:� ! F �" .

LHC parameters

The values of the density parameter ü in Ta-
ble 1 correspondto pessimistic(large) electrondensity� " � � k�
 � 	�ÿ F ú �

( ü scalesas
� " ) andthe propagation

lengthwithin thecloudis takento be D M � k ÿ . For LHC
circulatingbeamcurrent � k e � � , thetotal radiatedpower
is �f" M k e k ¹ W atinjectionandg e ¹ kW atcollision,hence
theabsolutedepositedpowerperbeamis negligible.

Table1: Fractionof depositedenergy with LHC parame-
ters.

U T collision U T injection� 7460 480!#" 83860 5390, � � � � e � � k û � � e � � k û "��� 	�ÿ � 0.1 2� � e k �W� k�
 � e k � � k�
±J" X � k F � � � k F úü � � " � � k 
 � 	�ÿ F ú � � � e � � k F�� g e � � k F «m ��'@� " ( D � � k ÿ ) � � k F û � � � k F�


4 SUMMARY AND CONCLUSIONS

An expression(correctedSchottformula)hasbeenderived
for thesynchrotronradiationspectrumproducedby a rela-
tivistic particle,which traversesa large (w.r.t. the wave-
length) volume of magnetizedplasma(electroncloud in
acceleratorbendingmagnet).We have estimatedthe frac-
tion of absorbedpower at frequenciesnear the first cy-
clotron resonancedue to the presenceof resonanceelec-
trons(Cherenkov resonance).We foundthat:

– theabsorptionwould have beenstrongerin caseof an
electrontraversingan electroncloud, since in suchcase
the stronger© modeof linear-polarizationcomponentsof
spontaneousradiationdecaysas(coupleswith) theextraor-
dinarywave;

– for therealisticcaseof positively chargedbeamparti-
cle, theabsorptionoccursaway from themedianplaneand
is causedby couplingbetweenthe � modeandtheextraor-
dinarywave;

– for thecaseof LHC, boththeabsorbedpower andthe
effecton theradiatedspectrumarenegligible.

Our estimationsare basedon a collisionlessplasma
model for the cloud, typical (LHC) densityand tempera-
ture parameters,and Maxwellian velocity distribution of
theelectrons.
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