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Abstract

The stronghead-tailinstability of a positronor proton
bunch may be causedby wakefieldsarising in the elec-
tron cloud presentin the beampipe. Thesewakefields
areknown to produceboth deflectionand tuneshiftvary-
ing along the bunch. We discussa model involving this
tuneshiftas well as the machinechromaticityand trans-
versefeedback.

1 INTRODUCTION

Therecentyearsbroughta lot of informationconcerning
the influenceof electroncloud on collective dynamicsof
positron/protonbeams,see[1] andreferencestherein.Par-
ticularly, observationsof the thresholdsand growth rates
of the transversebeaminstabilitiesat KEKB LER, CERN
SPS,andothermachinesseemto beconsistentwith thehy-
pothesisof thehead-tailinstability in asinglebunchcaused
by the cloud wakefields[2], degradationof the effective
transverseemittancebeinga manifestationof this instabil-
ity.

Our objective in this paperis a detailedcharacterization
of the stronghead-tailinstability, provided the cloud re-
sponseis alreadyknown. We first considerthe properties
andparametrizationof theelectroncloudwake in Sections
2,3. In Section4.1 we summarizeessentialsof the stan-
dard techniquefor analysisof single-turninstabilities in
a bunchedbeam,seee. g. [3]. The stability analysis
is basedon finding the complex tunesof transverse(syn-
chrobetatron)modesfrom linearizedVlasov equation.We
emphasizethe role of themachinechromaticityin control
of the modegrowth rates. The transverseelectroncloud
wake known from simulationsis thenusedfor characteriz-
ing thechromaticity-dependentmodetunesin KEKB LER
andCERNSPS.

Thestandardwakeandimpedanceapproachcanbemod-
ified soasto includesomespecificfeaturesof thecloudre-
sponse.In Section4.2 we includein our considerationthe
betatrontunevariationalongthebunchdueto differencein
incoherenttuneshiftscausedby growthof theclouddensity
duringthebunchpassage(pinchingof thecloud).

Simulationof the cloud responseshows that the cloud
pinching resultsin non-trivial behavior of the transverse
dipolewakefield[4, 5], andin Sections4.3,4.4wepresent
the modificationof the standardVlasov eigenvalueprob-
lemfor thewake function
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dardapproachcanincludea simplifiedmodelof thetrans-
versebunch-to-bunchfeedback,its influenceon the beam
instability dueto electroncloudis discussedin Section5.

Using the presentedtechniques,we discussthe typical
behavior of thehead-tailmodesin Section6, usingthepa-
rametersof the electroncloud wake for KEKB LER and
CERNSPS.

Section7 is devotedto theestimateof stabilitybasedon
the coasting-beamlimit. And finally, we summarizethe
resultsin Conclusion.

2 EQUATIONS OF MOTION

Following the theoryof beam-ionor beam-electronin-
teraction[6] we derive one-dimensionalequationsof mo-
tion for our casewherethe photoelectroncloud is already
presentprior to arrival of thebunchwhosemotionis stud-
ied.

We write the linearequationsfor thebeamcentroidoff-
set ��� ��������� , andelectroncloudcentroid��� ��������� at thema-
chineazimuth

�
at thetime

�
. Uniform longitudinaldensity

is assumedin both the electroncloudandpositronbunch,
aswell asequaltransversesizes.

� � �� ��� �� �  ��� ��������� � !  " ��� ���������# $ � ��� ���������%� ��� ���������&�'��  � �  � � ��������� # (  � � � � ���������%� � � ���������&��)
Betatronoscillationsof thebeamaretakenin thesmooth

form with ! " # �+*-,
,
,

beingtheverticalamplitudefunc-
tion.

The beam-cloudinteraction parameter$ can be ex-
pressedas
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0 � is thetime-averagedelectronclouddensity,3 6

and
3 5

aretheverticalandhorizontalbeamsizes,7
is theelectroncharge,9 is its restmass,8 is thebeamLorentz-factor,� is thespeedof light,< = is theclassicalelectronradius.
Electronsof thecloudoscillatein thebunchspacecharge

field with thefrequency ( � ,
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here > � is the bunch populationand
3 B

is its Gaussian
length.

We canobtaintheequationfor thebeamcentroidalone,�  � �  � �����D��� �E!  � �����
��� #�$ ( ��
B
"GF � �
HJI2K ( �� ���L�M� � � � �����
� � ��)

With a slowly-varying complex amplitude N �����D��� of the
betatronoscillation,
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afteraveragingout the N\[ termon theright-handside,we
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Thustheproblemis reducedto thebeambreakupwith an
oscillatingtransversedipolewake function

�_���`�����a�
,�_�����b� � �dc $ ( � 3	B� > � HJI2K
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3 DECOHERENCE AND

PARAMETRIZATION OF THE WAKE
FUNCTION

Non-uniformity of the positronbunch density leadsto
the frequency spreadof the photoelectronoscillationand
results in decoherenceof the cloud response. A sim-
ple estimatecan be doneby averagingthe wake with a
weight function e �2fg� which implies e. g. horizontalnon-
uniformity of the bunchdistribution affecting the vertical
wake function:�_� ( � �D���ih �_� ( � �jfd���
��� e �2fg� F fk)
If we takea Gaussiandistributionof thebeamdensity,

e �jfd� # A1 7TS 5
l^m  �
then ( � �jfd� #n( " 7 S 5
l^mJo )
Henceweobtainthewakewith theaccountof decoherence,

p�_����� #q$ ( "sr� t
" H^IXK ( " �� 7 S 5
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Theresultcanbeexpressedin termsof theStruvefunction
andcanbe fitted eitherby the Besselfunction v �D� ( " � * � �
for large

�
, or by thebroad-bandresonatorwake,

� � ����� # �Zwyx (dz{.|( 7TS?} B~m � H^IXK |( �� �������b�:���
� # ( zA { � |(�# (  z � �  )

Figure 1 shows the comparisonof thesefits with actualp�_�����
.
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Figure1: Thedecoherencewake
p�_�����

(solid line) andthe
fitting function(dashedline). Top: fit by theBesselfunc-
tion v �D� ( " � * � � ; bottom: fit by the broad-bandresonator
with (�#n( " .

The correspondingtransverse impedanceis sampled
by the long bunch spectrumin the low-frequency range
((gz 3 B * �y��� at KEKB LER),

� � # �Zw�x * {( { � ] (dz � (  ( z
� �Zwyx{ ( z ({ ( z � ] )

Thebroad-bandresonatorparametersrelevantto theKEKB
LER andthe SPS(seeTable1 for the parameterlists) are
determinedfrom the simulationsof the wake function [4,
5], andlistedin Tables2,3.

4 STRONG HEAD-TAIL INSTABILITY

In contrastto thebeambreak-upproblemin a linac, the
dynamicsin a circularmachineis stronglyaffectedby the
synchrotronoscillations.The electroncloud effect on co-
herentmotionof thesinglebunchcanbemodelledby the
stronghead-tailinstability [2]. This will betheframework
of thestability analysisin thefollowing section.

4.1 Standard Case, the Transverse Wake Func-
tion in the Form ���&�����s�a� 1

Notation:> � is thenumberof positronsin a bunch,

1In thissubsectionwecloselyfollow thederivationpresentedin Chap-
terVI of A.W. Chao,Physics of Collective Instabilities in High Energy Ac-
celerators (J. Wiley, New York,1993),andrefer to the equationstherein
usingtheformat“Eq. (6.xxx)” in thefollowing partof thepaper.



Table1: Basicparametersof the KEKB LER andCERN
SPS

variable KEKB-LER SPS
particletype

7~� �
circumference � � �Z� m 6900m
beamenergy � ) � GeV 26 GeV
bunchpopulation � ) ��� � � � " � ) � � � �J�
bunchspacing 8 ns —
rmsbeamsizes

�?) / A mm 3 mm
0.06mm 2.3mm

bunchlength 5 mm 30 cm
rmsenergy spread 0.0007 0.002
slippagefactor

� ) � � � � S o �?) � � � � S o
chromaticity / * � � *�� �
synchrotrontune

�?) � � �
0.0046

betatrontune � 46. 26.7
averagebetafunction 15m 40 m

Table 2: Analytically determinedparametersfor wake
force inducedby electroncloud using the resonatorap-
proximation. w * { in units of � can be obtainedby�
wyx * { ��� � . �Zwyx * { and (  � , which linearly dependon� , areevaluatedfor � � # � � �  

m
S�u

.

KEKB-LER CERN-SPS
x y y( ��� H S ��� � ) / � � � � " � )��-� � � � �J� � ) � � � �s�( ��� H S ��� � )�� � � �C  / ) � � � �s  � ) / � � �s �
wyx * { � ¡ S  � � ) � � � �C  A ) ¢ � � �s£ �?) �¤� � �s 

Table3: Simulatedparametersfor the wake field induced
by anelectroncloudof density� = # � � �  m

S'u
, asobtained

by fitting to theresonatormodel.
KEKB-LER SPS

x y y(gz � H S ��� �V)j� � � � � " A ) A � � � �J� � ) � � � �s�{ A )�� � ) � / ) ¢�Zw x * { � ¡ S  � A ) ¢ � � �C£ �?) �G� � �C£ � ) A � � �s£

� 5	¥¦6~§ �����D�D�a� is the horizontal (vertical) dipole momentof
particlesat

���
,¨ is theslippagefactor,©

is therelativemomentumdeviation,(gªV« 5	¥¦6~§ # � *-, 5	¥¦6~§ is thehorizontal(vertical)angularbeta-
tron frequency in thesmoothapproximation,¬ # (dªV« 5	¥¦6~§

� (dªV« 5	¥¦6~§�  is thechromaticity,( Y is theangularsynchrotronfrequency.
Thebeamdistribution functioncanbesplit into theun-

perturbedtermandasingle-frequency perturbation,® # ® " � ® � 7 SVU¦¯%Y m � �
and

® " is expressedvia functionsof the unperturbedin-
variantsof motionfor eachdegreeof freedom,® " #n° " ��±C��² " � < ���
where

< # �  � ¨³�( Y ©
 �

� # <g´
µ HL¶ � © # ( Y <¨·� H^IXK¸¶ �
± # �  � �( ªV« 6 � 6  �
� # ± ´
µ HL¹ �º� 6 # � ± ( ªV« 6� HJI2K¸¹ )

The Vlasov equationis linearizedfor a small perturba-
tion of thedistribution function,

® � ��±+� ¹ � < � ¶ � :
] � � ® � � ( ª� � � � ¬ © � � ®¸�� ¹ � ( Y� � ®¸�� ¶ 7 S?U»¯:Y m �

� �  ( ª � ® "� ± H^IXK¼¹T½ �����D��� # �?� (1)

wheretheactionof transversedipolewakefield
� � ���d������

is representedby theforce

½ �����
��� # � > � < =8 � 6 �����b� � � � 6 « � �����
� � � F � � � (2)

and� 6 « � �����D�D��� is theverticaldipolemomentof particlesat�D�
for theperturbeddistribution

® �
.

In the dipole approximation,the solution shouldbe a
function of

±
and

¹
in the form which follows from Eqs.

(6.168–169,175),

® � c � ® "� ± 7ZUX¾C¿q� < � À W�Á
À W e
À W � < ��7ZU

À¦Â 7-U2Ã ¥ Â § �
(3)

whereÄ � ¶ � is thechromaticphase,Ä � ¶ � # ¬ ( ª <Å´Dµ H³¶ * ��¨ ,
and e

À W � < � form a setof orthogonalfunctionswhich char-
acterizeradialmodesandsatisfythenormalizationt

" ¿�� < � e
À W � < � e

À W
Æ � < � < F < # © WZW
Æ � (4)

¿q� < � being the weight function of radial modes. This
weight function is relatedto the unperturbedlongitudinal
distribution

² " � < � : ¿q� < � # ( Y¨³� ² " � < ��) (5)

By using the expansionEq. (3) in Eq. (1), replacingHJI2K¸¹ hÇ7 U2¾ * A ] in thesmoothapproximation,rewriting the
forceEq. (2) in the frequency domainvia the impedance,



and substitutingthe Fourier transformof the dipole mo-
mentdistribution from Eq. (6.75),theproblemis reduced
to a linearequationset,and � is to befoundfrom thecor-
respondingeigenvalueproblem,

� � ( ª( Y Á
À W # � r © À»À Æ © WZW
Æ ��È

À W « À Æ»W
Æ � Á
À ÆXW
Æ ) (6)

Thematrix È is expressedby

È
À W « À Æ»W
Æ # � ]É> � < = �A 8:Ê " ( ª ( Y ]

À S À Æ
(7)

� t
S t �y�
� ( � $

À W � ( � (gË � $ À ÆXW
Æ � ( � (gË � F (
wherewe introduced

$ À W � ( � # t
" < F < ¿q� < � e

À W � < � v
À ( � < �

(8)

and(dË¼# ¬ ( ª * ¨ is thechromaticfrequency.
Thewake forceentersvia its impedancerepresentation,

� � � ( � #�] t
S t F �� 7TS?U2Ì B~m � � � ������) (9)

If wetakethebroad-bandresonatorimpedancemodel,then
for given shuntimpedancew x , quality factor

{
, andres-

onatorfrequency ( z , theimpedanceis expressedas

�E�
� ( � # �( w x
� � ] { ( z( � ((gz

)
(10)

For a Gaussiandistribution in the longitudinal phase
space,theunperturbeddistributionfunctionandtheweight
functioncanbewrittenas

² " � < � # ¨³� 7 SVÍ l^m  -Î lA 143  ( Y �Ï¿q� < � # 7 SVÍ l&m  -Î lA 143  )
(11)

The orthonormalradial functionsare the generalizedLa-
guerrepolynomials

e À W � < � # A 1 !VÐ��Ñ r Ñ �P! � Ð <@ A 3
Ò À Ò
Ó Ò À ÒW <  A 3  �

(12)

thenfrom Eq. (8),

$ À W � ( � # Ô � r �A 1 !VÐ ��Ñ r Ñ �P! � Ð
( 3@ A �

Ò À Ò �  W 7 S?Ì l Î l~m  � l �
Ô � r � # � � r·Õ �`Ö��� � � À � r%× �R) (13)

Thiscorrespondsto theHermitemodesof thedipolemo-
ment, � 6������ØcÙ7TS B^lJm  -Î lTÚ Ò À Ò �  W �@ A 3 )

(14)

We considerheretheazimuthalmodecouplingonly for
threelowestradialmodes( ! # �?� � � A ). Thecouplingma-
trix consistsof 9 blocks,

È # r © À¦À Æ ��È
À " « À Æ " È

À " « À Æ � È
À " « À Æ  È

À � « À Æ " r © À¦À Æ ��È
À � « À Æ � È

À � « À Æ  È À  « À Æ " È À  « À Æ � r © À¦À Æ �bÈ À  « À Æ  
�

(15)

È
À W « À ÆXW
Æ # � ] > � < = �/ 1 8:Ê " ( ª ( Y

]
À S À Æ Ô � r � Ô � r ��!VÐ ��Ñ r Ñ �Û! � Ð»! � Ð ��Ñ r � Ñ �Û! � � Ð

� t
S t
� � � ( � ( Ë ��7TS?Ì l Î l^m � l ( 3@ A �

Ò À Ò � Ò À Æ Ò �  ¥ W � W Æ §
F ( )

Before computing, the integration variable ( should be
changedto thedimensionlessÜ #Ï( 3 * � , andaccordingly
we introduce

Ü zÏ#n(dz 3 * � � Ä #n( Ë 3 * � #�Ý ª ¬ 3	Þ * Ý x �
�3 �E�
� ( � # �Zw�x * {

Ü * { � ] � Ü z � Ü  * Ü z � ) (16)

Here Ä is the effective value of chromaticphasefor a
Gaussianbunch,andtheimpedanceis substitutedfrom the
broad-bandresonatormodel,Eq. (10). Thenwerewrite the
modecouplingmatrixas

È
À W « À Æ»WDÆ # � ]'> � < = � � �Zw�x * { �/ 1 8:Ê " ( ª ( Y

]
À S À Æ Ô � r � Ô � r � �!VÐ ��Ñ r Ñ �Û! � Ð»! � Ð �&Ñ r � Ñ �Û! � � Ð

� tS t
� Ü * @ A � Ò

À Ò � Ò À Æ Ò �  ¥ W � W Æ § 7 SVß l F Ü� Ü.��Ä � * { � ] � Ü z �¤� Ü.��Ä �  * Ü z � ) (17)

Thetuneof eachmode
� � � ( ª � * ( Y is obtainedby solv-

ing theeigenvalueproblem,Eq. (6), for matrix r ©
À¦À Æ © WZW
Æ �È

À W « À Æ»W
Æ . At > � hà�
the modefrequency � #á( ª � r ( Y

correspondsto the r th synchrobetatronsideband.Thema-
trix hasinfinite dimensionbecauseof

�¸â ×ãr·× â
.

For most casesconsideredbelow we can truncatethe
matrix at

�y��ä r ä / , andcalculatethe eigenvaluesnu-
merically. To check-uptheconvergency, we comparedthe
eigenvalueswith thoseof thetruncationat

�y¢åä r ä � .

4.2 Betatron Tune Variation Along the Bunch

Thetransversefieldsof thepositron/protonbunchcause
variationof the effective transversesizeof electroncloud
over thebunchpassage.Thevariabledensityof thecloud
resultsin different incoherenttuneshiftsalong the bunch.
Simulationshows that in somecaseswe canonly consider
thelinearpartof thetunevariationalongthebunch[5].

Let usmodify thestandardanalysisof Section4.1 to in-
cludethis effect. Now, in additionto the chromaticityef-
fect,we have to introducethebetatronfrequency variation
term æ � * 3 , then( ª � © �
��� #�( ª � � � ¬ © ��æ � * 3L�



and the transversedipole perturbation
® �

in the Vlasov
equation(1) shouldbedecomposedas®¸�Ec � ® "� ± 7 U2¾ ¿�� < � À W�Á

À W e À W � < ��7 U
À¦Â 7 U2Ã ¥ Â § SVU¦ç ¥ Â § �

(18)

wherebesidesthechromaticphase,Ä � ¶ � # ¬ ( ª <d´
µ H³¶ * �a¨ #�(gË <g´
µ H³¶ * � � (dË¸# ¬ ( ª * �a¨ �
we introducedè � ¶ � # æ ( ª < H^IXK¼¶ * 3 ( Y #n(dé < HJI2K¸¶ * � � (géL# æ ( ª � * 3 ( Y )
This will modify the Besselfunction argument in Eqs.
(6.74,75)andhenceforth, ~ê

" F ¶A 1 Q
ë�ì � � ] r ¶ � ]( � � � ] � ( Ë ´
µ HL¶ � (dé H^I2K¸¶ � < � �
#�]
À 7 S?U À¦Â í v À � < � � ( � (dË �  � (  é ���

where ¶ " #nîsïJð � ( � ( Ë � ]a(dé ��)
As a consequence,we shouldmodify the modespectrain
Eq. (7) usingEq. (8),

$ À W � � ( � ( Ë �  � (  é � # 7TS?U
À¦Â í t

" < F < ¿q� < � e
À W � < �

� v À � < � � ( � (dË �  � (  é ���
andthusthe formalismfor the longitudinaltunevariation
is ready.

For theGaussianbunchwe only have to replacethe ar-
gumentsof $

À W � ( � in Eq. (13),

$ À W � ( � ( Ë � (gé � # Ô � r ��7 S ¥ñ¥ Ì%SVÌ�ò §ól � Ì l ôó§ Î l^m  � lA 1 !VÐ ��Ñ r Ñ ��! � Ð
� 3L� ( � ( Ë � ]a(gé �@ A �

Ò À Ò

� 3  �J� ( � ( Ë �  � (  é �A �  
W �

Ô � r � # � � r³Õ �\Ö��� � � À � r·× ��)
The final form of the coupling matrix for the Gaussian
bunchandbroad-bandresonatorimpedancenow is

È À W « À Æ W Æ # � ]�> � < = � � �
wyx * { �/ 1 8:Ê " ( ª ( Y
]
À S À Æ Ô � r � Ô � r ��!VÐ ��Ñ r Ñ �Û! � Ð¦! � Ð �&Ñ r � Ñ �Û! � � Ð

� t
S t

N � Ü � F Ü� Üá�.Ä � * { � ] � Ü z �Ï� Üá�.Ä �  * Ü z � � (19)

N � Ü � # � Ü � ] è � Ò
À Ò � Üá� ] è � Ò

À Æ Ò � Ü  � è  � W � W ÆA W � W Æ � ¥ Ò À Ò � Ò À Æ Ò §m  7+SVß l S'ç l )
Theeigenvaluesdonot dependon thesignof

è
.

With thesameSPSparametersasusedin Figs. 6,7,we
canseein Figs.15,16thestabilizingeffectof thetunevari-
ationat

è Õ �
, aspredictedin [7]. Thepositivechromatic-

ity effect remains,seeFig. 17.

4.3 General Case, the Transverse Wake Func-
tion in the Form ���&�%õ��	�a�

For moregeneralsituations,e. g., for theelectroncloud
responseto dipole perturbations,translationinvariancein�

doesnot hold, andthewake functioncannotbereduced
to the form

�_���k�á���a�
. We now tracethe differencesin

thelinearizedVlasov formalismresultingfrom thegeneral
form of thewake,

�������	�
����
. This functionmustvanishfor���ã���

.
First we introduceits full Fourier transform ö�E�D� ( � ( � �

andcall it a generalized impedance,

�������	�
� � � # F (A 1 F ( �A 1 �] ö�E�D� ( � ( � ��7ZU ¥ Ì B SVÌ Æ B Æ §m � )
(20)

Theparticularcasewhere ö�E�D� ( � ( �a� # A 1 © � ( � ( �����¸� ( �
correspondsto theconventionalwake

���������b����
.

SubstitutingEq. (20) into Eq. (2), wefind thetransverse
force½ �����D��� # � > �a<+=8 7 SVU¦¯%Y m � � � ���	�
� � � � � ��� � � F � �
# > �a<T=8 7TS?U»¯:Y m � F (A 1 7ZUXÌ B F ( �A 1 p� � � ( � � ö� � � ( � ( � ��� (21)

where p� � � ( � # F �47 SVUXÌ B~m � � � ����� (22)

is theFouriertransformof thebeamdipolemomentdistri-
bution � � ����� . Usinga derivationshown in Eq. (6.75),we
arriveat theresultof Eq. (6.178),

p� �D� ( � � # A 1 ( Y�a¨ À « W
t
" < F < ¿q� < �

� Á
À W e
À W ] S

À
v
À �&� ( � � ( Ë � < * � ��) (23)

Weputthisexpressionin Eq. (1) transformedappropriately
(cf. thederivationof Eq. (6.177)),

] � � ( ª( Y � r ¿�� < � W Æ Á
À W Æ e

À W Æ # > �a<T= � ]
À ² " � < �/ 1 8 ( ª ( Y Ê "

� F (A 1÷v
À �&� ( � ( Ë � < * � � F ( �A 1 p� � � ( � � ö� � � ( � ( � ��� (24)

andrelating the weight function
¿�� < � to the unperturbed

distribution
² " � < � , Eq. (5), we only needto usethe or-

thonormalityconditionEq. (4) to reducetheintegralequa-
tion Eq. (24) to a linearequationsetin thebasisof mode
functions e

À W ,
� � ( ª( Y � r Á

À W # � > � < = �A 8 ( ª ( Y Ê " À ÆXW
Æ öÈ
À W « À Æ W Æ Á

À Æ W Æ �
(25)

where the generalmode coupling matrix öÈ
À W « À ÆXW
Æ is ex-

pressedvia thegeneralizedimpedance,

öÈ
À W « À Æ»WDÆ # � ]å> � < = � ]

À S À Æ
/ 1 8 ( ª ( Y Ê "



� F ( F ( � $
À W � ( � ( Ë � $ À Æ»WDÆ � ( � � ( Ë � ö� � � ( � ( � ��� (26)

while themodespectrum$
À W � ( � is givenby Eq. (8), asfor

thestandardcase.
Going to the time domain,we introducethedipolemo-

mentdistributionscorrespondingto themodespectra,

p$ À W ����� # F (A 1 � $
À W � ( ��7 U2Ì B^m � � p$ À W ���¼��� # p$ [À W ������� (27)

andrewrite thedoubleintegral, in Eq. (26),

öÈ
À W « À Æ2W
Æ # 1 > ��<+= � ]

À S À Æ8 ( ª ( Y Ê "
t
S t F � p$ [

À W �����
� tB F � � p$

À Æ W Æ ��� � ���_���s�D� � ��7TS?U2Ì ò ¥¦B S B Æ §
(28)

It is easyseethatat vanishingchromaticity, ( Ë # � , all the
matrix elementsarerealnumbers.

This time-domainform may give anadvantagein com-
putationof themodecouplingmatrix.

4.4 Gaussian Bunch

For the radial head-tailmodesof the Gaussianbunch,
we useEqs. (11-13) to write the final form of the mode
couplingmatrix,

öÈ À W « À Æ»WDÆ # � ] > ��<+= ��+1  8:Ê " ( ª ( Y ]
À S À Æ Ô � r � Ô � r �a�!VÐ ��Ñ r Ñ �Û! � Ð»! � Ð �&Ñ r � Ñ �Û! � � Ð

� t
S t

t
S t F ( F (

� ö�y�
� ( � (dË � ( � � (gË �
� ( 3@ A �

Ò À Ò �  W ( �3@ A �
Ò À Æ Ò �  W Æ7 S ¥ Ì l � Ì Æ lJ§ Î l~m  � l )

(29)

To obtain the time-domainform, we transformthe mode
spectra,Eq. (13),andget

p$ À W ����� # ø � !ù� � � Ò À Ò �A 143 1 !:Ð �&Ñ r Ñ �P! � Ð � ½ � � !¸�
� � Ñ r ÑA � �A ÖZ� �  A 3  ���

(30)
for even r , and

p$ À W ����� #n] H^I ð K r ø � !¸� � � Ò À Ò �A 143 1 !:Ð �&Ñ r Ñ �P! � Ð
�@ A 3

� � ½ ��� !�� � � Ñ r ÑA � �A ÖZ� �  A 3  ��� (31)

for odd r . Of course,thehypergeometricfunctioncanbere-
ducedto the “oscillator wave functions”expressedvia the
Hermitepolynomials,seeEq. (14). However, for higher-
ordermodesthe above form is moreefficient in computa-
tion. For

� Õ 3 Ñ r Ñ � A ! thesefunctionshavea Gaussian
cut-off, andthusthe infinite integrationrangein Eq. (28)
is notaseriousproblem.Finally wehaveto substituteEqs.
(30,31)into Eq. (28) in orderto evaluatethegeneralmode
couplingmatrix for theGaussianbunch.

5 A SIMPLE MODEL OF TRANSVERSE
FEEDBACK

A bunch-to-bunch feedbackintegratesthe dipole mo-
mentover the total bunchlength(

3 B # �
mm at KEKB!)

and applies its proportionalkick after one turn, with a
tunablegain and phaseshift. The feedbackkicker pulse
is practicallyconstantover this bunch length. At KEKBA 1 Ý Y¤ú �

, thustheone-turndelaymaynot causea prob-
lem like in LEP machine.

Assuming a perfectly linear (no gain saturation)and
noiselessfeedbackhardware,we candescribeits actionby
anequivalenttransverseimpedance,�Åû³ü # � ]a$ û³ü�7-U

Â ý	þ © � ( �
where$ û³ü and

¶ û³ü
arethefeedbackgainandphase.

The feedbackphaseparametercan be tunedto purely
resistive,

¶ ûLü # 1 * A , or purely reactive,
¶ û³ü # �V�	1 , or

mixedmode.
At zero chromaticity, the feedbackonly actsupon ther # �

mode; at positive chromaticity, higher-order syn-
chrobetatronmodesarealsoinfluenced.

6 TYPICAL BEHAVIOR OF THE MODE
TUNES

Theeigenvaluesof truncatedÈ , Eq. (17) (i. e.,tunesof
eachmode)arecomputedasfunctionsof �Zwyx * { at fixed
bunchintensity, using(dz and

{
from thewake simulation

for KEKB LER andCERNSPS[4, 5].
The following figuresshow the computedmodetunes

vs w�x * { or the cloud density� � , since wyx * { is linearly
relatedwith it.

The positive slopeof all the modetunesresultingfrom
incoherenteffect of the electroncloud (single-particlefo-
cusingby thecloud)is equalin all themodes;it is ignored
in thefollowing figures.

The parametersof the transversedipole wake from the
electroncloud correspondto large valuesof the wake os-
cillation parameter

� #ã(dz 3 B * � . For KEKB LER
� # � ,

for CERN SPS
� # � ) �

. So, we are working with the
caseof “long” bunch, the beam spectrumsamplesthe
low-frequency part of the cloud impedance. An impor-
tant consequenceis that the positive chromaticityresults
in dampingof all thelower-orderhead-tailmodesup to or-
ders

Ñ r Ñ � A ! � �  
, at least for small bunch intensities,è ÝZÿ���� ú Ý Y .

The above statementdoesnot contradictwith the van-
ishingsumof all decrements,seeAppendixA. Thedamp-
ing of a dozenlower-ordermodesis balancedby theweak
anti-dampingof agreatmany of higher-ordermodes.How-
ever, their weakinstability is not importantbecauseof sta-
bilization by the incoherenttunespreadof any nature,or
by quantumfluctuationsin electron/positronmachines,see
AppendixB.

At high intensitythemodecouplingbecomesimportant,
althoughfor the long-bunchcasethediagonalelementsin



the mode coupling matrix tend to dominate. With suf-
ficiently high chromaticities,Ä � A

, all the lower-order
modesincludedin truncationbecomestable,i. e. thehigh
positive chromaticitycansignificantlyenhancethe TMCI
thresholdfor “long” bunches.

Figures2,3 show the effect of positive chromaticityfor
the parametersof KEKB LER. With highervaluesof

{
,

seeFigs. 4,5, the chromaticityeffect becomesmorepro-
nounced. The instability thresholdswith

{ # �
, Figs.

2,3, are in reasonableagreementwith observationsof the
positronbeamblowupatKEKB LER [8].

The sameeffect is shown in Figs. 6,7 with the param-
etersrelevant to the CERN SPS.The chromaticitydepen-
denceshown is consistentwith theelectroncloudinstabil-
ity simulationfor thismachine[9].

Now returnto theKEKB LER. Thetransversefeedback
is not very efficient againstratherhigh incrementsof the
TMCI at zerochromaticity, Fig. 8. However, thefeedback
tunedresistive,andin combinationwith themoderatepos-
itive chromaticity, canseriouslyraisethethreshold,Fig. 9.
The sameenhancementfrom the reactive feedbackalone,
Figs.10,11,leadsto aconclusionthattheparametersof the
bunch-to-bunchfeedback,includingits phase,canbeopti-
mizedwith respectnot only to the residualdipoleoscilla-
tion, but alsoto thebeamblowup believedto becausedby
theelectroncloud.And in combinationwith thechromatic-
ity, Fig. 12, theeffectof thefeedbackphaseis stronger.

Dependenceof the instability thresholdon the bunch
current with different filling patternsat KEKB LER is
shown in Figs. 13,14. Herevariationof thebunchcurrent
meansproportionalvariationof the clouddensityplus the
square-rootscalingof thewake oscillationfrequency (gz .

For theparametersof CERNSPS,Figs. 15,16show the
modecouplingdependenceat 6 differentgradientsof the
linear tunevariationalongthebunch,thetunevariationof
1 meansthat the incoherenttuneshift variesfrom

{ Y to� { Y over
� 3	B

. Thegraphsdemonstratethestabilizingef-
fect from the longitudinalvariationof incoherentbetatron
tune, cf. [7]. Fig. 17 presentsthe effect of the positive
chromaticityat fixedtunevariationparameter.

7 MODE STABILITY IN THE COASTING
BEAM LIMIT

Usingthecoasting-beamlimit, ( z 3	B * ��� �
,for estima-

tion of the bunched-beamstability, one usually takes the
maximumof ORQ �E� to besurethatall the modes arestable.
For theBBR (���	 5 � ( z , this meansO�Q �E�D� ( z � .

However, for our casewith low modenumbers,r � �
,

and r � * 3	B ú ( z , this will yield too stronga condition
(sufficient,but not necessary).

Let ustake thecoasting-beamlimit conditionfor stabil-
ity in its full form, seeEq. (6.263)in [3]:

� >�aÊ " < = �  A 8VÊ " ( ª ORQ � � � 0 |( " � ( ª � × è.© Ñs� 0 |( " ¨ � ¬ ( ª ÑX�

with thelineardensitycorrespondingto thatin thebunch,

> �@ A 143 B�
 >�aÊ " �
and

è.©
correspondingto

3�Þ *  for Gaussianbunches.
Relating this coastingbeamsituation to the bunched

beamparameters,weshouldalsoreplace

0 |( " h ( µ����� Q ¡ µ�� Q¬ ( ª * ¨ h ( Ë � ��� Q ´�� ï µ ¡ î � I ´�� ïJQ����?Q K ´���a¨ è.© * ( Y h 3 B � ��� Q���� K ´���� Q K ð ���
For the higher-ordermodesthe accuratetreatmentby the
TMC theoryshowsstability.

For thelower-ordermodes, r � � � A
, we take

(! � �3 B r � ú ( z �
andapproximatetheimpedance

O�Q � � � �Zw x{ ({ (  z )
Then,neglecting( ª ú ( , weobtainthestabilitycondition
for the r th mode

> < = �  A 8VÊ  " ( ª ( Y 3�B �Zwyx{
�{ (  z × � � ( Ë 3 B� r # Ñ � �.Ä * r Ñ
�

whereÄ is thechromaticphase.Notethat (  z c > � * 3	Bùc> , �
w x * { c � � � and( Y 3	Bùc ¨ .
Hence,we cometo thescalingof the thresholdlevel of

theelectronclouddensity

� � « " � c ¨ { Ñ � � Ä * r ÑX� ��µ ï r � � � A )
For thecase( � � ( z � weapproximate

O�Q � � � �Zw�x{ {( z �
andarriveat somewhatdifferentstability condition,

> < = �  A 8VÊ  " ( ª ( Y 3�B �
wyx{
{(  z × Ñ � � ( Ë * (gz Ñ
�

whencethethresholdscalingis

� � « " � c ¨ { Ñ � � Ä �(gz 3 B ÑX� ��µ ï r � ( z 3	B * � �
i. e. themodenumberis replacedwith thewakeoscillation
parameter. In thesaturationcondition,� � « " � c > � « " � *

Ó
#%$�& .

For theoppositesituation,( z 3�B * � ú �
, fromthesingle-

bunchinteractionparameter
�E� > � * 3	B , with

�E�Ûc � � , we
find a differentscalingof theinstability threshold,� � > � * 3 B c >  � * 3 B

Ó
#'$�& )



8 CONCLUSION

Thepaperpresentsanalyticaltools for studiesof strong
head-tailinstabilitycausedby electroncloud,includingthe
machinechromaticity. The standardmulti-mode eigen-
valueanalysisof thetransversemodecouplingis extended
by including into considerationthe specificpropertiesof
thecloudresponsecausedby its pinching,Section4.

On the basisof this studywe cometo a conclusionon
very importantrole of the high positive chromaticity, the
mostappropriatemeasureof its stabilizingeffectbeingthe
respective chromaticphaseÄ . In differentparametersets
consideredin Section6 wealwaysobtainedstabilizationatÄ � A

radian. Smallervaluesof the chromaticitywere
neverthelessefficient in combinationwith the transverse
bunch-to-bunchfeedbacksystem.

Although it is difficult to take into full accountanalyt-
ically sucha complex phenomenonasthe electroncloud,
the analyticaleffort appliedto simplifieddynamicalmod-
elsmayprovidesomeinsightandhelpin betterunderstand-
ing theresultsof simulationstudiesof thebeamdynamics
undertheinfluenceof theelectroncloud.
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Appendix A: The Sum of Decrements for a Gaus-
sian Bunch

Thesumof eigenvaluesis equalto thetraceof themode
couplingmatrix. Hence,from Eq. (7), thesumof thesyn-
chrobetatronmodedecrements

W « À)( ¡å� # � > < = �A 8:Ê " ( ª
� t

S t F ( � O�Q � �E�
� ( � � (dË � � W « À $
 À W � ( � ��)

For a Gaussianbunch,from Eq. (13),A 1 W « À $
 À W � ( � � # 7TS?Ì l Î l~m � l tÀ

* S t
t
W+* "

� (  3  * A �  � Ò
À Ò �  W

!VÐ ��Ñ r Ñ �Û! � Ð
# 7TS?Ì l Î l m � l tÀ

* S t , Ò À Ò (  3  �  
# 7TS 5 �-, " �2fg� � A ,����2fd� � A ,  �jfd� � )
)D)j�# 7TS 5 7 5 # � )

Sincewakefieldsarerealfunctionsof
�
, ORQ � � � ( � is anodd

function of ( with a vanishingaverage.Thus,the sumof
themodedecrements, W « À ( ¡÷� , alsovanishes.

Appendix B: Effect of Diffusion on Higher-Order
Head-Tail Modes

With the fast-oscillatingwake (or for a “long” bunch),
the positive chromaticitycanstabilizeall the lower-order
head-tailmodesupto modenumbers

Ñ r Ñ � A ! äÙ� ( z 3	B * � �  .
However their decrementswill becompensatedby (small)
incrementsof alargenumberof higher-ordermodesto give
avanishingsum.But thereis areasonwhy thehigher-order
modesareof no specialconcern.

In e
�

e
S

machinesquantum fluctuationsof the syn-
chrotronradiationcausediffusion in particleoscillations.
Consider

Ñ r Ñ»� ! � �
, then the dipole momentis given by

theHermitemode,Eq. (14),

� 6 �����Åc�7 S B^l^m  -Î l Ú Ò À Ò �  W �@ A 3 �Lh ´
µ H pr �3 �LÑ»��Ñ�äÙ3�)
In theabove,

pr # Ñ r Ñ � A ! . TheGreenfunctionof diffusion
is . ���	�
� � � # �A @ 10/¼� Q
ë�ì � �����b�D�a�  / /¼� �
wherethediffusionconstant

/ � 3  *21
, and

1
is theradi-

ationdampingtime.
After a shorttime,

� ú ( S �Y ,p� 6 ����� � t
S t � 6 ��� � � . ���	�
� � � F � �

� ´
µ H pr �3 Q
ë�ì � pr  /¸�3  � 7 S43
À l�5�m+6 � 6 ������)

Thus,while theincoherentdampinggives
1L* pr , thediffusion

smeartime is evenmuchshorter, � 1L* pr  .
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Figure2: KEKB LER, head-tailmodetunesin units of the synchrotrontunevs the cloud density � � � � � S �  m S'u at, � # �?) � A mA,
{ # �

. Left: realpart,right: imaginarypart.Fromtop to bottom:thechromaticphaseis 0.0,0.25,0.5.
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Figure3: Continuedfrom previousfigure:KEKB LER, head-tailmodetunesin unitsof thesynchrotrontunevs thecloud
density� � � � � S �  m S'u at

, � # �?) � A mA,
{ # �

. Left: realpart,right: imaginarypart.Fromtopto bottom:thechromatic
phaseis 1.0,1.5,2.5.
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density � � � � � S �  m S'u at
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Figure9: KEKB LER, head-tailmodetunesin unitsof thesynchrotrontunevs theclouddensity� � � � � S �  m S'u . Left:
realpart,right: imaginarypart. Combinedactionof thechromaticityandfeedback,from top to bottom:a) no feedback,
no chromaticity;b) thefeedbackdampingis 0.2;c) no feedbackandthechromaticphaseis 0.5;d) thefeedbackdamping
is 0.2,andthechromaticphaseis 0.5.

{ # � , , � # �V) � A mA.



0 1 2 3 4 5
-4
-3
-2
-1
0
1
2

0 1 2 3 4 5
-0.3
-0.2
-0.1

0
0.1
0.2
0.3
0.4

0 1 2 3 4 5
-4
-3
-2
-1
0
1
2

0 1 2 3 4 5
-0.4
-0.3
-0.2
-0.1

0
0.1
0.2

0 1 2 3 4 5
-4
-3
-2
-1
0
1
2

0 1 2 3 4 5
-0.4
-0.2

0
0.2
0.4

0 1 2 3 4 5
-4
-3
-2
-1
0
1
2

0 1 2 3 4 5

-0.2
-0.1

0
0.1
0.2

Figure10: KEKB LER, head-tailmodetunesin unitsof thesynchrotrontunevs theclouddensity� � � � � S �  m S'u . Left:
real part, right: imaginarypart. Effect of the feedbackphase,from top to bottom: a) no feedback;b-d) the feedback
dampingis 0.2,andits phaseis varied907 , 1357 , 1807 . { # � , , � # �?) � A mA.
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Figure11: KEKB LER, head-tailmodetunesin unitsof thesynchrotrontunevs theclouddensity� � � � � S �  m S'u . Left:
real part, right: imaginarypart. Effect of the feedbackphase,from top to bottom: a) no feedback;b-d) the feedback
dampingis 0.3,andits phaseis varied907 , 1357 , 1807 . { # � , , � # �?) � A mA.
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Figure12: KEKB LER, head-tailmodetunesin unitsof thesynchrotrontunevs theclouddensity� � � � � S �  m S'u . Left:
realpart,right: imaginarypart. Combinedactionof thechromaticityandfeedback,from top to bottom:a) no feedback,
no chromaticity;b) the feedbackdampingis 0.2, its phaseis 1357 ; c) no feedback,the chromaticphaseis 0.5; d) the
feedbackdampingis 0.2, its phaseis 1357 andthechromaticphaseis 0.5.
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Figure13: KEKB LER, head-tailmodetunesin unitsof thesynchrotrontunevs thebunchcurrent,mA. Left: realpart,
right: imaginarypart.Fromtop to bottom:thebunchspacingis 2, 3, 4, 6;
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Figure 14: KEKB LER, head-tailmodetunesin units of the synchrotrontune vs the bunch current,mA. Left: real
part, right: imaginarypart. Combinedactionof thechromaticityandfeedback,from top to bottom: a) no feedback,no
chromaticity;b) thefeedbackdampingis 0.2; c) no feedbackandthechromaticphaseis 0.5;d) thefeedbackdampingis
0.2,andthechromaticphaseis 0.5.
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Figure15: CERN SPS,head-tailmodetunesin units of the synchrotrontunevs the cloud density � � � � � S �  m S'u at> � # � � �J�
,
{ # A

, zerochromaticity, at differenttunevariation. Left: real part, right: imaginarypart. From top to
bottom:thetunevariationis 0.0,0.5,1.0.
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Figure16: Continuedfrom previous figure: CERN SPS,head-tailmodetunesin units of the synchrotrontunevs the
clouddensity� � � � � S �  m S�u at > � # � � �^�

,
{ # A , zerochromaticity, at differenttunevariation.Left: realpart,right:

imaginarypart.Fromtop to bottom:thetunevariationis 1.5,2.0,2.5.
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Figure17: CERN SPS,head-tailmodetunesin units of the synchrotrontunevs the cloud density � � � � � S �  m S'u at> � # � � �^�
,
{ # A

, the tunevariationis 1.0. Left: realpart, right: imaginarypart. Fromtop to bottom: thechromatic
phaseis 0.0,1.0,2.5.


