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I. INTRODUCTION

Recent neutrino oscillation experiments [1] have highly suggested a nearly bimaximal
mixing (sin® 2015 ~ 1, sin? 203 ~ 1) together with a small ratio R = Am2,/Am2, ~ 1072.
This can be explained by assuming a neutrino mass matrix form [2]— [7] with a permutation
symmetry between second and third generations. We think that quarks and leptons should
be unified. It is therefore interesting to investigate a possibility that all the mass matrices
of the quarks and leptons have the same matrix form, which leads to a nearly bimaximal
mixing and U;3 = 0 in the neutrino sector, against the conventional picture that the mass
matrix forms in the quark sectors will take somewhat different structures from those in the
lepton sectors. In the present paper, we will assume that the mass matrix form is invariant
under a discrete symmetry Zs and a permutation symmetry Ss.

Phenomenologically, our mass matrices M,, My, M, and M, (mass matrices of up quarks
(u,c,t), down quarks (d,s,b), neutrinos (v, v,,v,) and charged leptons (e, u,7), respec-

tively) are given as follows:

My = P} M;Pg;, (1.1)
with
0 A A
]/\Zf: Af Bf Cf (f:u,d,l/,e), (12)
Ay Cy By

where Pp; and Pgy are the diagonal phase matrices and Ay, By, and C are real parameters.
Namely the components are different in M 7, but their mutual relations are the same. This
structure of mass matrix was previously suggested and used for the neutrino mass matrix in
Refs [2]- [7], using the basis where the charged-lepton mass matrix is diagonal, motivated
by the experimental finding of maximal v,~v, mixing [1]. In this paper, we consider that
this structure is fundamental for both quarks and leptons, although it was speculated from

the neutrino sector. Therefore, we assume that all the mass matrices have this structure.



Let us look at the universal characters of the model. Hereafter, for brevity, we will omit

the flavour index. The eigen-masses m; of Eq. (1.2) are given by

I % <B+(J— /842 + (B+(J)2>, (1.3)
iy — % (B+C+\/8A2+(B+C)2>, (1.4)

The texture’s components of M are expressed in terms of eigen-masses m; as

A= m2m1’
2
B = ~ms <1+m2_m1>, (1.6)
ms3
C = —lmg (]_ - 2 _m1>
ms3
That is, M is diagonalized by an orthogonal matrix O as
—my 0 0
O'TMO=1| 0 my, 0 |, (1.7)
0 0 ms
with
c s 0
= s c 1
0= -5 5 7 (1.8)
s c 1
V2 V2 V2

Here ¢ and s are defined by

mo + My mg + My

It should be noted that the elements of O are independent of mg because of the above
structure of M.
The zeros in this mass matrix are constrained by the discrete symmetry that is discussed

in the next section, defined at a unification scale (the scale does not always mean “grand



unification scale”). This discrete symmetry is broken below p = Mg, at which the right-
handed neutrinos acquire heavy Majorana masses, as we discuss in Sec. IV. Therefore, the
matrix form (1.1) will, in general, be changed by renormalization group equation (RGE)
effects. Nevertheless, we would like to emphasize that we can use the expression (1.1) with
(1.2) and (1.3) for the predictions of the physical quantities in the low-energy region. This
will be discussed in the appendix.

This article is organized as follows. In Sec. IT we discuss the symmetry property of our
model. Our model is realized when we consider two Higgs doublets in each up-type and
down-type quark (lepton) mass matrices. The quark mixing matrix in the present model is
argued in Sec. III. In Sec. IV, the lepton mixing matrix is analysed. Sec. V is devoted to a

sumimary.

II. Z; SYMMETRY AND MASS MATRIX FORM

We assume a permutation symmetry between second and third generations, except for the
phase factors. However, the condition (Z\//T 7)1 = 0 cannot be derived from such a symmetry.
Therefore, in addition to the 2 «+» 3 symmetry, we assume a discrete symmetry Zs, under
which symmetry the quark and lepton fields 7, which belong to 10z, 57, and 1, of SU(5)

(1, = v§), are transformed as

Y1 — Vi,
Yor, — wihar, (2.1)
Y3 — wisp,

where w?® = +1. (Although we use a terminology of SU(5), at present, we do not consider

the SU(5) grand unification.) Then, the bilinear terms G, ;ur;, qr,drj, Lr:Vrj, Crier; and

—c :
U%iVRj, are transformed as follows:

1 w? w?
w2 w ow |, (2.2)
w2 w o ow



where

qr = s fL = . (23)

Therefore, if we assume two SU(2) doublet Higgs scalars Hy and Hj, which are transformed

as
H, —wH,, H,— w*H,, (2.4)
the Yukawa interactions are given as follows

Hig = ) (Yr(ﬁl)z‘quiﬁAuRj + Y(flﬁl)z‘quiHAde)
A=12

- Z (Y(Z\)isziﬁA’/Rj +Y(f4)¢jZLz‘HA€Rj) (2.5)
A=1,2

™ (Y(]f)ijv%&)()y}zj + Y(IQ{)Z'J'WECDOVRJ‘) +h.c.,

1

where
28 _ "
Hi=| |, Hy= S (2.6)
0} —Hy
so that
000 0 * x
u d v e R __ u d v e R __
Yy Yo Y0 Yo Yo = [ 0« [ Yo, Yo, Yo, Yo, Yo =[x 00 [ (27)
0 * x * 00

In (2.7), the symbol * denotes non-zero quantities. Here, in order to give heavy Majorana
masses of the right-handed neutrinos vg, we have assumed a SU(2) singlet Higgs scalar ®°,
which is transformed as H;. Since we have assumed that the 2 <+ 3 symmetry is applied to

(2.7) except for the phase factors, the general forms of Y; = Y({) + Y(’;) are given by

0 ae*i(aélf‘sfm) ae*i(‘slljl*é{zs)
Yf = pLTf?fPRf = ae_i(5£2_5{21) be_i(5£2_5{22) ce_i(5£2_5{23) . (28)

ae= 101370k ce=i0]3=0k)  pe—i(615—0%s)



We have already assumed that ¢, = (ver,d%; ur, dr, u, e%; ;) have the same transfor-
mation (2.1) under the discrete symmetry Zs, so that i {7, are transformed as (2.2). From

this analogy, we assume that the phase matrices Pry and Pry come from the replacement

¢L — Pf@Z)L, 1.e.
DY — b PIY Pl (2.9)

However, differently from the transformation (2.1), we do not assume in (2.9) that all the
phase matrices P are identical, but we assume that they are flavour dependent. This

explains the assumption

5}; = _51f%z‘ = o]

1

(2.10)

in the expression (2.8).

Since the present model has two Higgs doublets horizontally, in general, flavour-changing
neutral currents (FCNCs) are caused by the exchange of Higgs scalars. However, this FCNC
problem is a common subject to be overcome not only in the present model but also in most
models with two Higgs doublets. The conventional mass matrix models based on a GUT
scenario cannot give realistic mass matrices without assuming more than two Higgs scalars.
Besides, if we admit that two such scalars remain until the low energy scale, the well-known
beautiful coincidence of the gauge coupling constants at g ~ 10 GeV will be spoiled.
Although the present model is not based on a GUT scenario, as are the conventional mass
matrix models, for the FCNC problem, we optimistically consider that only one component of
the linear combinations among those Higgs scalars survives at the low energy scale y = m,
while the other component is decoupled at y < Mx. The study of the RGE effects given in

the appendix will be based on such an “effective” one-Higgs scalar scenario.

ITII. QUARK MIXING MATRIX

The quark mass matrices



My = PIM;Pf (f = u,d), (3.1)
are diagonalized by the bi-unitary transformation
Dy = U} ;M;Ug; (3-2)

where Ury = P;{Of, Urs = P;Oy, and Oy (O,) is given by Eq. (1.8). Then, the Cabibbo—

Kobayashi-Maskawa (CKM) [8] quark mixing matrix V' is given by

V =Ul Uy =0rP,PlO,

CuCd + PSuSd CuSd — PSuCd —0Sy
5uC4 — PCuSd  SuSd + PCuCd ocy | (3.3)
—0S8y 0Cq P

where p and o are defined by

_ 1 2y _ 03 — 02 [ 03+ 0
p—2(6 +e )—COS 5 expz( 5 ) , (3‘4)
L s iy . 03— 02 O3+ w
0= (¢ —e™) =sin— exm( : +2> . (3.5)

Here we have put P = PUPJ = diag(e™, 2, %), and we have taken §; = 0 without loss of
generality:.

Then, the explicit magnitudes of the components of V' are expressed as

sin 3=%2

V| =lole, = ——, (3.6)
/14 my/me

sin %a=% My,

V| = lo| 5 = ——2=— (3.7)

/14 my/me m.’

sin %=%2

Vis| = lolca = ——F=— (3.8)

1/1+md/m57

s 03—02
Sin 5 my

Vil = lo]sa = ——F=—/— (3.9)

/14 mg/mg ms’

1 SuCd| me mgq
P B me + My | Mg + myq
7

‘Vus| = CySd
Cy Sd



X |1 —2cos co
2 2 MMy 2

me mq
me + My, | M + mq

1
o 03 — 02 03 — 09 03 + 0y [myms, MM\ | 2
X | cos 5 — 2cos cos + .

(53 — (52 S 53 + 52 My M i 0052 (53 — 52 (mums>] 2 (3 10)

Su Cd
p _— —
Cy Sd

|Ved| = cusa

3.11
2 2 MMy memy ( )

It should be noted that the elements of V' are independent of m; and m,;. The independent
parameters in the expression |V;| are 6, = tan~'(m,/m.), 04 = tan='(mg/ms), 03, and ds.
Among them, the two parameters 6, and 6, are already fixed by the quark masses of the
first and second generations. Therefore, the present model has two adjustable parameters

d3 and Jy to reproduce the observed CKM matrix parameters [9]:

‘ Vus

e = 0.2196 £ 0.0026, |V

ep = 0.0412 £ 0.0020,

‘ Vub

op = (3.6 £0.7) x 1072, (3.12)

It should be noted that the predictions
V| Sy [my  [2.33
V| o \me Vor7
“/td‘ Sd mq 4.69

=—=,/—=4/—=0.22440.014 3.14
Vis|  cq ms | 93.4 ( )

are almost independent of the RGE effects, because they do not contain the phase difference,

0.0586 = 0.0064 , (3.13)

(03 — d2), which is highly dependent on the energy scale as we discuss in the appendix [see
(A.9)] and we know that the ratios m, /m. and mg/ms are almost independent of the RGE
effects. In the numerical results of (3.13) and (3.14), we have used the running quark mass

at u = myz [10]:

my(my) = 2.33703E MeV, m.(myz) = 67718 MeV,  my(myz) = 181 £ 13GeV, (3.15)
ma(mz) = 4.697550 MeV, m,(mz) = 93.47 135 MeV, my(myz) = 3.00 £0.11 GeV.
The predicted value (3.13) is somewhat small with respect to the present experimental value
|Vl /|Ver| = 0.08 £ 0.02, but it is within the error.
Next let us fix the parameters d3 and d,. When we use the expressions (3.6)—(3.11) at

1 = myg, the parameters 0, and 03 do not mean the phases that are evolved from those

8



at u = Mx. Hereafter, we use the parameters d, and d3 as phenomenological parameters
that approximately satisfy the relations (3.6)—(3.11) at ;1 = my. In order to fix the value of

d3 — g, we use the relation (3.6), which leads to

63 52

sin yvd,] = 0.0401 + 0.0018 , (3.16)

03 — 0o = 4.59° £+ 0.21°. (3.17)
Then, we obtain

V| = / |vcb| = 0.00234 £ 0.00028, (3.18)

My

Vil = me
vl =\ T

Ve

= 0.0391 £ 0.0018, (3.19)

exp

1+

Vigl = | ——e
[Vial 14 2

Td Ve, = 0.00880 £ 0.00094, (3.20)

which are consistent with the present experimental data. Therefore, the value (3.17) is
acceptable as reasonable. Then, by using the value (3.17) and the expression (3.10), we can

obtain the remaining parameter (03 + ds) :
83 + 6, = 93° £22° or — 80° £ 22° . (3.21)

Since sin(d3 — d2)/2 ~ 0.04 and cos(d3 + d2)/2 ~ 0.2, the present model also predicts the

following approximated relations

Sy Cd mq

‘Vus‘ CySd 1— Pc—s—d — m_7 (322)
Su C m,
Veal = cusa|p — C—S—Z =0l , (3.23)

Vil = |o] sa = \/|Vis|” + [Vi|? ,/ + ~ | Vip|  [Vus] - (3.24)

Using the rephasing of the up-type and down-type quarks, Eq. (3.3) is changed to the

standard representation of the CKM quark mixing matrix



. u u u . d d d

Via = diag(e®, e, %) V diag(e™d, %, ¢%)

—i8
C13C12 C13512 513€

5 "
—C23812 — $23C12513€"°  C23C12 — $23512513€" 523C13 : (3'25)
o i . i5
523512 — C23C12513€ 523C12 — C23512513€ C23C13
Here, o] comes from the rephasing in the quark fields to make the choice of phase convention.

The CP-violating phase ¢ in the representation (3.25) is expressed with the expression V' in
Eq. (3.3) by

V12V2*2) [Via|? 1
0 =ar + , 3.26
8 Kvlgvgg 1 — [Vig]? (3.26)

so that we obtain
d = +(80° £ 22°). (3.27)

It is interesting that nearly maximal |sind| is realized in the present model.
The rephasing invariant Jarlskog parameter J [11] is defined by J = Im(V, VAV V).

In the present model with (3.6)—(3.11), the parameter J is given by

03 + 02

J = |o|?|p|cusacasqsin

_ [Vis| |Vial|Vis| | Vao| <in 03 + 02
Vol 1+ |Viw/ Ven|? 2

(3.28)

Using the relation | V4| > |Vip||Vas| in (3.24), and the experimental findings |V,,|? > |Vi|? >

Vaol?, |Vis| = |Vep|, and |Vi| ~ 1, we obtain

03 + 0
T 2= V| Vil Vi sin 2222, (3.20)

On the other hand, in the standard expression of V', (3.25), J is given by

2 .
J = C13513C12512C23523 sin §

_ ’VudHVUSHVtLbHVchWb’
1 — |[Vil?

sind o~ |Vis|[Vis| | Ves| sin . (3.30)

Comparing Eq. (3.29) with Eq. (3.30), we obtain

10



sind ~ sin 3 _g o2 (3.31)

By using the numerical results (3.17)—(3.21), we obtain

|J| = (1.91 £0.38) x 107°. (3.32)

IV. LEPTON MIXING MATRIX

Let us discuss the lepton sectors. We assume that the neutrino masses are generated via

the seesaw mechanism [12]:
M, = —MpMgz' M} . (4.1)

Here Mp and Mg are the Dirac neutrino and the right-handed Majorana neutrino mass
matrices, which are defined by vy M,v{, v, Mprr and v, Mgvg, respectively. Since Mp =

PiMpP! and My = PIMgP} according to the assumption (2.9), we obtain
M, = —P!MpMz* ML P!

=P\ g (1 ) g (1wt | P 42
Ve s (L) s (1425
Here and hereafter, m;, ms and mgs denote neutrino masses unless they are specifically
mentioned. In the last expression, we have used the fact! that the product of AB~'A of the
matrices A and B with the texture (1.3) again becomes a matrix with the texture (1.3).

On the other hand, the charged lepton mass matrix M, is given by
0 /mu2me /mu2me
Mo =Pl fmgre dp, (14 2eme) L (1 Zeme) | PL (4.3)

mpme 1 _ Mmyu—me 1 my—me
V2 me(l m ) 2m7(1+ e )

!The seesaw invariant texture form was discussed systematically in [13].

11



where m,., m, and m, are charged lepton masses.
Those mass matrices M, and M, are diagonalized as (P/O.)'M.(P,0,) = D, and
(P1O,)'M,(P,0,) = D,, respectively, where

Ce Se O ¢, S, 0

— Se Ce 1 — Sy Cy 1
Cc=l-%%-w|" % |-%% (44)

Se Ce 1 Sy,  Cu 1

V2 V2 V2 V2 V2 V2

Here ¢, and s, are obtained from Eq. (1.9) by replacing m; and my in it by m. and m,; ¢,
and s, are also obtained by taking the neutrino masses m;. Therefore, the Maki-Nakagawa—

Sakata—Pontecorv (MNSP) lepton mixing matrix [14] U can be written as

U=0rPo,
CeCy + PuSeSy  CeSy — PuSeCy —0L8e
= | SeCy — pPuCeSy SeSy t+ PrCeCy 0,Ce ) (4-5)
—0,8y 0,Cy Pu

where P = P, P} = diag(e®®1, e2, ¢?3). Hereafter we take 0,1 = 0 without loss of general-
ity.

The explicit forms of absolute magnitudes of the components of U are given by expres-
sions similar to (3.4)—(3.12), where |V};|, (my, m., m;), and (mg, ms, my,) are replaced by |U;;|,
(ma, mg,ms), and (m., m,, m,), respectively. It should again be noted that the elements
of U are independent of m, and m3. The independent parameters of the unitary matrix
U are 6, = tan"'(m./m,), 6, = tan~'(my/ms), 0,3, and d,2. Among them, 6, is given by
charged-lepton masses of the first and second generations. Therefore, the model has the
three adjustable parameters d,3, 0,2, and m;/msy to reproduce the experimental values [9].

Let us estimate the values 6,, 0,3 and ,, by fitting the experimental data. In the
following discussions we consider the normal mass hierarchy Am32, = m2 — m2 > 0 for the
neutrino mass. The case of the inverse mass hierarchy Am3; < 0 is quite similar to it. It

follows from the CHOOZ [15], solar [16], and atmospheric neutrino experiments [1] that

12



U312, < 0.03 . (4.6)

exp

From the global analysis of the SNO solar neutrino experiment [16],

Am2, =m5 —m3 = Am2, = 5.0 x 107°eV?, (4.7)

tan® 6,5 = tan® 6., = 0.34, (4.8)

with x2,,/dof = 57.0/72, for the large mixing angle (LMA) MSW solution. From the

atmospheric neutrino experiment [1], we also have

Ami, =m3 —m3 ~ Am? =25 x 107%eV?, (4.9)

atm

sin? 2603 ~ sin® 26,,,, = 1.0, (4.10)

with x2,,, /dof = 163.2/170.

Independently of the parameters d,3 and d,5, the model predicts the following two ratios:

|U13| Se Me 0.487

== = =4/ ——= = 0.0688 4.11
’UQS’ Ce my, 103 ’ ( )
|U31| Sy my

LA 4.12
’U32’ Cy me ( )

Here we have used the running charged-lepton mass at © = my [10]: m.(mz) = 0.48684727+
0.00000014 MeV, m,,(mz) = 102.75138 = 0.00033 MeV, and m,(myz) = 1746.7 £ 0.3 MeV.

The neutrino mixing angle 6,,,, under the constraint |Am2;| > |Am2,| is given by

Sil’l2 29Mm =4 ’U23’2 ’U33’2

— 4 1p, 20,2 2 = sin®(05 — 8,0), | — i 4.13
Pl 2 = sin 5 6, [ (4.13

The observed fact sin?20,,,, ~ 1.0 highly suggests 0,3 — d,0 ~ 7 /2. Hereafter, for simplicity,

we take

B3 — By = g . (4.14)

Under the constraint (4.13), the model predicts

—_

U2 = §L = 0.00236 , or sin®20;; = 0.00942 . (4.15)
m, +m

w e

13



This value is consistent with the present experimental constraints (4.6) and can be checked

in neutrino factories [17], which have sensitivity to sin?26,3 for
sin®260;3 > 107°, (4.16)
The mixing angle 6., in the present model is given by

sin? 260, = 4 |Uy | |Us|?

4 51/ 51/ e 1 e
SN PR P T R mmu—(mm?)]
(mg +my) 2 mymy 2 \mymy

4m1/m2

L VALl R 4.17
(Lt myjma)? (4.17)
which leads to
M~ tan?6,, = 0.34 , (4.18)
mo

where we have used the best fit value (4.8). This value (4.18) guarantees the validity of

the approximation (4.17), because of \/(me/mu)/(ml/mg) ~ 0.12. Then, we can obtain the

neutrino masses

my = 0.0026 eV
my = 0.0075eV | (4.19)
mg = 0.050eV |

where we have used the observed best fit values of Am? and Am?_, (4.7) and (4.9), respec-
tively.
Next let us discuss the CP violation phases in the lepton mixing matrix. The Majorana

neutrino fields do not have the freedom of rephasing invariance, so that we can use only the

rephasing freedom of M, to transform Eq. (4.5) to the standard form

Cv13Cu12 Cylgsylgeiﬁ Sylgei(V*JV)
Ustd = | (—cy238012 — Sua3Cu23Si13e™® e Cu23Cu12 — Sya3Sp128u13€" Su23C13€ 079
(Sv235012 — 01/2:301/1251/1:3€ié”)671‘“Y (—Su23C012 — Cu235u128u13€w”)671’(%5) C23Cy13
(4.20)

14



as
Uga = diag(e’t, €2, ¢%) U diag(e*™/?,1,1) . (4.21)

Here, af comes from the rephasing in the charged lepton fields to make the choice of phase
convention, and the specific phase +m/2 is added on the right-hand side of U in order to
change the neutrino eigen-mass m; to a positive quantity. Similarly to the quark sector, the

CP-violating phase 0, in the representation (4.20) is expressed as

dv3 + 0,

0, =
arg 5

UinUs, — |Upef? ]2 . (qugz (4.22)

~ argp, + T = —
UnsUss  1— [UssP U13U53> 5

Though the lepton mixing matrix includes the additional Majorana phase factors 3 and
v [18,19], the number of parameters which will become experimentally available in the

near future is practically four, as in the Dirac case. The additional phase parameters are

determined as

Usta 12) ( Uia ) T
=ar =ar — | ~0F =, 4.23
p & (Ustd 11 S\ Upyetim 2 (4.23)
and
Ustd 13 s ) ( U13 iS5 > m T s
— —2 2 ot — - v ~ —0y 5V —_ ~ — =~ 424

by using the relations m, < m, and (d,3 — d,2)/2 ~ /4. Hence, we can also predict the
averaged neutrino mass (m,) [19], which appears in the neutrinoless double beta decay, as

follows:

<m,,> = ‘—mlUfl + m2U122 + m3U123‘

= ‘—Qp,,cese\/mlmg + p2s2(mg — my) + mas? (4.25)

The value of (4.25) is highly sensitive to the value of (d,3 + d,2)/2, which is unknown at
present, because the values s./c. = \/m./m, ~ 0.070 and \/m;my/ms ~ 0.088 are in the
same order. For (0,3 + d,2)/2 = 0, 7/2 and 7, we obtain the numerical results (m,) =

0.00018 eV, 0.00049 eV and 0.00069 eV, respectively. However, these values should not be

15



taken strictly because the value my/my is also sensitive to the observed value of tan? 6.
In any cases, the predicted value of (m,) will be less than the order of 1073 eV.
The rephasing-invariant parameter J in the lepton sector is defined by J =

Im(U12Us,U5Uss), which is explicitly given by

Ou3 + 0,
J = |0, pv|cus,Cese sin %
Uis| |Us1||Uss||U: Ou3 + 0, Uis| |Us1||Uss||U:
_ |Ui3| |Us1||Uss|| 332’sin 3+ 0u2 < |Ui3| |Us1||Uss|| 332\ ‘ (4.26)
|Ugs| 1+ |Uyz/Uss| 2 |Uzs| 1+ |Uyz/Uss|
The upper bound is described in terms of the ratio m;/ms, so that we obtain
J <0.019. (4.27)

It should be noted that if we again assume the maximal CP violation in the lepton sector,
the magnitude of the rephasing invariant |J| can be considerably larger than in the quark

sector, | Jyuark| = 2 x 107°.

V. CONCLUSION

In conclusion, stimulated by recent neutrino data, which suggest a nearly bimaximal
mixing, we have investigated a possibility that all the mass matrices of quarks and leptons
have the same texture as the neutrino mass matrix. We have assumed that the mass matrix
form is constrained by a discrete symmetry Zs and a permutation symmetry So, i.e. that
the texture is given by the form (1.1) with (1.2). The most important feature of the present
model is that the textures (1.1)—(1.2) are practically applicable to the predictions at the low
energy scale (the electroweak scale), although we assume that the textures are exactly given
at a unification scale.

It is well known that the matrix form (1.1) leads to a bimaximal mixing in the neutrino
sector. In the present model, the mixing angle 6’{2 between the first and second generations
is given by

tan 01, = \/m{ /mj . (5.1)

16



where m{ and mg are the first and second generation fermion masses. This leads to a

large mixing in the lepton mixing matrix (MNSP matrix) U with m; ~ msy (neglecting
tan 0y, = \/m in the charge lepton sector), and it also leads to the famous formula
20] |Vis| =~ \/m in the quark mixing matrix (CKM matrix) V' (neglecting tan 6}, =
\/Mu/m. in the up-quark sector). In the present model the mixing angle 953 between the
second and third generation is fixed as 04, = w/4. However, the (2,3) component of the
quark mixing matrix V' (and also the lepton mixing matrix U) is highly dependent on the

phase difference d3 — 9o, as follows

1 _
Vag = sin 23— 0 , (5.2)

1+ mi/my 2

where §; = 0* — 6. Replacing the arguments by their leptonic counterparts, we have the

same form for Uss. We have understood the observed values Va3 and Usz by taking (03 —ds) /2
as a small value for the quark sectors and as 7/2 for the lepton sectors, respectively. As

predictions, which are independent of such phase parameters, there are two relations

Vs | my | Vid] mq
_ T — /@ 5.3
|‘/cb| me ’ |V;s| mg ’ ( )

(and the similar relations for U). The relations (5.3) are in good agreement with experiments.

The relation |Uy3/Uss| = y/me/m,, in the lepton sectors leads to |Us|* ~ m./2m, = 0.0024
if we accept sin? 20, = 1.0. This value will be testable in the near future.

Since, in the present model, each mass matrix M (i.e. the Yukawa coupling Y7) takes
different values of Ay, By, and so on, the present model cannot be embedded into a GUT
scenario. In spite of such a demerit, however, it is worth while noting that it can give a

unified description of quark and lepton mass matrices with the same texture.
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The mass matrix texture (1.1) with (1.2), which is defined at the unification energy scale
i = My, is applicable to the phenomenology at the electroweak scale 4 = my. In the
present appendix, we demonstrate this for the quark mass matrices M, and M.

It is well known [21] that the energy scale dependences R(A) = A(u)/A(Mx) for ob-
servable quantities A approximately satisfy the relations R(|Vis|) >~ R(|V|) ~ R(|Via|) =~
R(|Vis|) ~ R(ma/my) ~ R(ms/my), and that the ratios R(|Vis|), R(|Ved|), R(ma/ms) and
R(m,/m.) are approximately constant. This is caused by the fact that the Yukawa coupling
constant y, of the top quark is extremely large with respect to other coupling constants. The
above relations on R are well explained by the approximation y? > yZ, vy, ---. Therefore,
we will also use approximation below.

The one-loop RGE for the Yukawa coupling constants Y; (f = u, d) has the form

ay, 1
dt 1672

(CrL+ CrpYyY] + CopYpY ) Yy (A1)

where f' =d (f' = u) for f =u (f = d), and the coefficients C, Cts and Cyp are energy
scale dependent factors which are calculated from the one-loop Feynman diagrams. We start
from the Yukawa coupling constants Y;(My), corresponding to the mass matrix form (1.1)
[with (1.2)].

Since the matrix Y, Yl is approximately given by

0 O 0

f my :
Yu(Mx)Y, (Mx) ~ 2 |0 1 —etiou |, (A.2)

0 —e Wu 1

where §, = 6% — 6%, v,/v/2 = (H?), and we have used the relations (1.6) and the approxima-
tion y? > y2, y2, - - -, the up-quark Yukawa coupling constant Y, (x) in the neighbourhood of

1= Mx is given by the form

0 0 0
Va) ~ ) [Tt [ 01—t || V() ~ 2ol
0/ V2

0 —e Wu 1



0 Aue*i‘sqﬁ Auefiég
Ayl + ey —el)e ™ By(1+ey—e,Cu/B)e % Cy(14 2, — £,B,/Cy)e %+

A1+, —2)e ™ Cu(l + ey — £4By/C)e %5 B (14 ¢, — £,C,/B,)e 2%
(A.3)

Although this form is one in u ~ M, but, since the texture keeps the same form under
the small change of energy scale, as a result, the texture of Y, (u) given by (A.3) holds at
any energy scale p. Therefore, we can obtain the expression (1.1) at an arbitrary energy
scale 1. (The demonstration (A.3) has been done for the case P = P} mentioned in (2.10).
However, the conclusion does not depend on this choice.)

On the other hand, the evolution of the down-quark Yukawa coupling constant Yy(u) is

somewhat complicated. By a way similar to (A.3), we obtain

1 0 0
Td(M)

va/ V2

Ya(p) ~ra(p) | 0 1465 —egetin | Ya(Mx) ~

0 —gge” @ 1+4¢gy4

0 Aqg Ag
Pj Ad(l +E&q — €d6+i(6“75d)) Bd(l +Eq — €d€+i(6“76d)0d/Bd) Cd(l +Eq — €d€+i(6“76d)Bd/Cd)

Ad(l +Eq — Sde_iw“_&d)) Cd(l +Eq — €d€_i(6“_6d)Bd/Cd) Bd(l +Eq4— €d€_i(5“_6d)cd/Bd)
(A4)

where 6, — 64 = (0% — 6%) — (64 — 64) = 03 — 5. Note that the part that is sandwiched
between Pj and Pj includes imaginary parts and those phase factors cannot be removed by
an additional phase matrix Py(y) into the form PJ(u)Yy(p)P)(1). However, the quantity

that has the physical meaning is YdeT. When we define

£ =14 gq(1 — 7Oy et =1 g gy(1 4 0700 | (A.5)
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we obtain

, Aj Aa(Ba + Cy) Aq(Ba + Cq)
mmww:%%@% Ay(Ba+ Ca)n A3€% + (B + Chyp AJ2e¥e ) 1 2B,Cn | PPl
Ag(By+ Ca)n A2 4 2B,Can*  A36% + (B3 + C3)n?
(A.6)
where
Py = diag(1,¢e" ™) | (A7)

so that we can obtain a real matrix for the part which is sandwiched by the phase matrix

P, Ps under the approximation A3/|B,Cy| ~ 0. This means that we can practically write

0 A; Ay
% ra(p)
Y, ~ , A8
a(p) NG A& Ban Cyn (A.8)
A& Cqn Ban
with
Pl(1) = diag(L, e~ 049 =i+ (A9)

at an arbitrary energy scale u. It should be noted that the changes of the phases ¢ — §4— 3
and 6§ — 64 4+ 3 do not come from the evolution of the phases d¢(u) and 6%(u), but they
are brought effectively by absorbing the unfactorizable phase parts in Y;(u). Thus, we can
again use the texture (1.1) at an arbitrary energy scale p from a practical point of view.

In the Yukawa coupling constants Y, and Y, of the leptons, the RGE effects are not so
large as in the quark sectors. In the charged lepton sector, since m? >> mi > m?, we can
again demonstrate that the expression (1.1) is applicable at an arbitrary energy scale in a
way similar to the quark sectors. For the neutrino Yukawa coupling constant Y, (x), the
evolution equation is different from (A.1). We must use the RGE for the seesaw operator
[22]. However, the calculation and result are essentially tge same as those in Y, (u), Ya(u)
and Y,(u), because m32 > m3 > m? in the present model.

Finally, we would like to add that these conclusions on the evolution of the mass matrices

My (f = u,d,e,v) are exactly confirmed by numerical study, without approximation.
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