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Abstract
Dispersionmatchingin a beamtransferline is an important issuein
orderto avoid blow-upandluminosityreduction.Thisis thecasefor the
LHC beam,dueto its small emittanceandrelatively large momentum
spread.The dispersionmatchingcanbe performedwith quadrupoles,
but one hasto imposethe additionalconstraintof leaving the Twiss
parametersunchanged,to preserve thebetatronmatching.

A first orderpertubativeapproach,usingtheMICADO solver, hasbeen
appliedto theproblemof simultaneousbetatronanddispersionmatch-
ing. A theoreticalderivationof thecorrectionmatrix, aswell assimu-
latedandexperimentalresultsarepresented.

1. Introduction

Theperformanceof thenew generationof circularmachinesheavily relieson theinjectorchain
performance.In orderto achieve thedesignluminosityall sourcesof emittancegrowth should
beavoided.Thismeansthatthetransferlinesbetweenthevariousmachinesshouldbecarefully
tunedin orderto matchthebeamparametersat theinjectionpointof thenext circularmachine.

If oneneglectsthe emittancedilution producedby injection oscillations,which canbe
curedby properlysteeringthebeamusingtheinjectionelements,theothersourcesof mismatch
arethedispersionmismatchandthebetatronmismatch.

In thefirst casethedispersionor its derivativeat theendof thetransferline do notmatch
thevaluesfor thecircularmachinedueeitherto dipolaror quadrupolarerrorsalongthetransfer
line, or wrong initial valuesat theentranceof the beamline. The resultingemittancegrowth
is quitesensible.This effect is in factsimilar to aninjectionmismatch:particleswith different
energiesenterinto themachineat a wrongpositionand/orangleandperformbetatronoscilla-
tions. In thesecondcase,theTwissparametersat theinjectionpointdo notagree.Theinjected
beamellipsewill rotatein phasespaceto matchthemachineparameters,henceproducingbeam
dilution. Also in thiscasethesourceof mismatchcanbefoundin thetransferline quadrupoles,
or theinitial values.

Thecorrectapproachto this problemis to find a strategy to simultaneouslycorrectboth
dispersionandbetatronmismatch. The simple techniqueof reducingthe betatronmismatch
without controllingthedispersionis not enough.Suchacombinedapproachis imposedby the
largemomentumspreadforeseenfor theLHC.

In the presentnote, the correctionmatrix is derived usinga perturbative approachand
assumingthatonly quadrupolescanbeusedto correctthemismatch.A carefulanalysisof the
high ordertermsis carriedout, althoughthe first orderis usuallyenoughto achieve goodre-
sults.Dif ferenttechniquesareappliedto theproblemof minimisingthemismatch:aMICADO
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approachanda full minimisationalgorithm.Thesetechniqueshave beenbench-markedby us-
ing a modelof theTT2 transferline andalsoby performingsomerealmeasurementsusingthe
26 GeV/c LHC-like beam:an overall reductionof the mismatchcould be achieved in all the
casesconsidered.

2. Twiss matching

The startingpoint for the analysisof the Twiss matchingis the studyof the evolution of the
Twissparametersalonga transferline. It is well-known [1] thattheopticalparametersbetween
two sectionsof beamline evolveaccordingto thefollowing rules
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Herethetransfermatrix betweencorrectorandmonitor is givenin termsof theso-called
cosine-like

�
andsine-like

�
functionsandtheirderivatives
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Furthermore,theparameter
�1�2��3
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hasbeenintroduced.

Toquantifytheeffectof abetatronmismatchandtodeterminetheapproachtocompensate
sucha mismatch,it is commonuseto inserta thin lensquadrupolarelementat the locationof
the corrector. This will generatea variationin the optical parametersdownstreamandsucha
variationcanbe measuredby usinga beammonitor device. In this casethe transfermatrix
betweenthecorrectorandthemonitorcanbeobtainedfrom Eq. (3) by multiplying by thethin
quadrupoletransfermatrix. Thefinal resultis
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where
8<9

is theintegratedgradientof theerror. By usingthematrix (4) in Eq.(2), onecanfind
theresultingTwissparametersat themonitorlocation,namely=��� � ���>�?���!�@�����A	B�����C"D8<9E���������F�G8<9H"I�
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It is customaryto usethefollowing variablesto evaluatethebetatronmismatch:�@8S�T"I�
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in which
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. Usingthestandardparametrisationof the
transfermatrix
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where
8Sb

representsthephase-advancebetweenthecorrectorandthemonitor, Eq.(8) together
with theexpression(6), allows to recastthemismatchvectorin thefollowing form:

�@8S�T"I�
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The expression(10) of the mismatchvectorcontainslinear andnon linear termsin the
quadrupolargradient

8:9
. Thelinearpartrepresentthewell-know contribution to the

�
- and

�
-

functions[2]. Thesameequationshold truealsofor theotherplane,providedthesignof
8:9

is
changed.

Thenonlineartermsareusuallydroppedasthewholeapproachis basedon a linearap-
proximation.In fact,oneshouldcomputethetransfermatrixfrom thefirstquadrupolarcorrector
to somemonitor, includingall thecorrectorsin between,namely
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or
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where t / is thenumberof correctorsbetweenthebeginningof thebeamline andthemonitoru . It is quite easyto prove by induction that the quantities s��( s�g( s� � and s� � arepolynomial
functionsof thegradients

8:9 o . More preciselyonehas:
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where s�
�.��� r (D� � (^y{y{y�(D����" is a polynomial of order � in the variables
� r (D� � (zy{y{y�(.��� . To ob-

tain the correctexpressionfor the propagationof the
�

- and
�

-functions,taking into account
thenonlineartermsin thegradients

8:9 o , oneshouldevaluatethestructureof thepolynomialss��( s�g( s� � ( s� � . By usingthesymbol � y'� o to representthehomogeneouspolynomialof order � in
thequadrupolargradients,it is possibleto recastEq.(12) in thefollowing form
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where
*F�P- �

representsthetransfermatrixbetweencorrector� andcorrector� .
To find out thequantities � ��� o ( � ��� o it is simplyamatterof replacing

�f(^��(z� � (z� �
with the

quantities s��( s�T( s� � ( s� � in Eq. (2) andgroupingtermsof the sameorder in the gradients
8:9 o ,

namely

� ���A� o � ��� o
�$p � � s
�!� � � s��� o � � 	��,���

o
�$p � � s
��� � � s��� o � � ���H�

o
�$p � � s
�&� � � s��� o � �

(13)

� ���A� o � 	���� o
��p � � s
��� � � s� � � o � � �����

o
�$p �
� � s��� � � s� � � o � � � � s�&� � � s� � � o � � "&	Z���

o
�$p � � s
��� � � s� � � o � � (

whereit hasbeenusedthe following expressionfor theproductof homogeneouspolynomialss��( s� of degree t (z� respectively:
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3. Dispersion matching

Whenbendingmagnetsarepresentin thetransferline, theevolution of thedispersionfunction
shouldbeincludedin theformalismusedto correcta mismatchin theopticalparameters.The
approachis now basedon �g��� transfermatrices[3]. Thepropagationof thedispersionfunction
from acorrectorlocationto a monitorplaceddownstreamcanbewrittenusingthematrix

* � - �[� � � �� � � � � �7 7 3 0 (15)

The
� � � sub-matrixrepresentsthetransfermatrix for thebetatronicmotionbetweencorrector

andmonitor. Thequantities
�a(D� �

aredifferentfrom zeroonly whenbendingmagnetsarepresent
in thetransferline.

It is customaryto introduceaquantity � definedas

� �
3
� K������k�@�M���Z�V���#"I�zN#( (16)

similarto theCourant-Snyderinvariant.In abending-freeregionof atransferline � is invariant
andit is calledDispersioninvariant[1, 4].

It is possibleto repeatwhatwasdonefor thebetatronmatching.Thedispersionatagiven
monitoris linkedto thevalueatthelocationof anupstreamcorrector(anormalquadrupole)and
thetransfermatrixof thesectionin between.Thepresenceof aquadrupolarerror, simulatedby
a thin lenselement,modifiesthetransfermatrix,accordingto thefollowing

* � - �6� � � �� � � � � �7 7 3
3 7 78<9 3 77 7 3 � �¡���18:9 � �� � ��� � 8:9 � � � �7 7 3 0 (17)
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Themodifieddispersionat themonitorlocationis thengivenby
=�¢� � �£�J���¤�S�W8:9

(18)=� � � � �����J�������S�W8:9~(
(19)

where

�¢� � � �S�A���¥���� ���
(20)���¦� � �����S�A���&������ ���,� 0 (21)

In this case,theexistenceof thedispersioninvariantsuggeststo definea dispersionmis-
matchvectoras �@8:�§"��

h ��� (U���
�@8:�§"��
h ��� � ���¨�@8:���#"I� (

(22)

where
�G8:�§"I�6� =�S�>	B�S�

and
�@8:� � "��[� =� �� 	B� ��

.
Onceagain,by usingthe form (8) for the transfermatrix betweenthe correctorandthe

monitor, it is possibleto obtaintheexpressionof thedispersionmismatchvector
�G8:�§"I�
h ��� � ���O�S��_�dPe!8Sbj8:9

(23)

��� �G8:�§"I�h ��� � ���S�G8<����"I� � ���O�S��\^],_a8Sbj8:9 0 (24)

In thecaseof thedispersionmismatch,thevectoris a linearfunctionof thecorrectorstrength.
Thesameexpressionshold for adispersive transferline.

Theapproachusedin thecomputationof thenonlineartermsdependingonthequadrupo-
lar gradientsin theexpressionof theTwissparameterscanbeappliedevenfor thedispersion
function. In this casetheknowledgeof thepolynomialfunctions s��( s��( s� � ( s� � allows to derive
thedevelopmentof

�©(z� �
asa functionof

8:9 o , namely
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� � � �A� o � �S� � s� � � o ��� �� � s� � � o ��ª oq� ��� � (
where

ª oG� � is theKronecker delta.
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4. Correction strategy

Thefirst approachconsistsin droppingthenonlineartermsin theEqs.(14)and(26). Thenone
canbuild upa correctionmatrix in thestandardway (seefor instanceRef. [2])

�@8S�T"¬« r� «r
� « r �@8S�T" « r� «r 	��G8<��" « r

�@8:�§"I« r� «r
� « r �@8:�§"I« r� «r

� � «r �@8:���#" « r
...
...�G8:�§"¬v w
� vxw

� v|w �G8<�<" v w� v w � � v w �@8:���®" vxw

�?¯
8<9 r8<9 �

...

...8<9{v|°
(

(26)

wherē is an ±,² � � ² � . Here ² � standsfor thenumberof monitors,while ² � is thenumber
of correctors.Thematrixelements̄ oq� � canbewrittenas

¯ o;� � �?� «� _Dd#e��,8Sb «� � ¯ o �`³ � � �?� � _�dPe��,8Sb � �¯ o � r´� � �?� «� \5],_a�,8Sb «� � ¯ o �`µ � � �?� � \^]`_a�,8Sb � �
¯ o � � � � � � «� � «� _Dd#e�8Sb «� � ¯ o �`¶ � � � � � � � _Dd#e!8Sb � �
¯ o � � � � � � «� � «� \5],_a8Sb «� � ¯ o �a· � � � � � � � \5],_a8Sb � � (

for
3E¸ � ¸ ² � and � � ± �@¹a	º3O"A�»3^(,3E¸2¹
¸ ² � . Note thatoneshouldin generalincludea

weightfactorbetweenthebetatronicpartof thematrixandthedispersionpart.This is obvious
sincethebetatronicmatrix elementshave unit ¼ � � , while thedispersionparthasunit ¼ �`�´½

³
.

For all the measurementsandsimulationspresentedin this notethis weight factorwassetto
unity, which wasfoundto work fine, but that is just onepossiblechoice.It is likely thata bad
choiceof weightfactorwill causetheminimisationprocedureto diverge.

5. MICADO and MINIMO

The correctorstrengthscanbe computedusinga numberof differentalgorithms. The algo-
rithmsdiscussedin this notearethewell-known MICADO [5], anda slower but moregeneral
algorithm,which hasbeennamedMINIMO [6].

In principle, assumingthat the responsematrix is non-singularthe numberof free pa-
rameters(correctormagnets)have to be the sameasthe numberof constraints(monitors)for
thelinearproblemto beexactly solved.However, in generala very goodapproximatesolution
canbeachievedby usingonly a smallsubsetof correctors,providedthatthesubsetis cleverly
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chosen.MICADO andMINIMO aretwo algorithmsthathavebeendevelopedto choosesucha
subset.

For a given subsetof correctors,the optimal solution can be defined,for example,as
the least-squarefit or a SVD fit with a certaintolerance. The least-squarefit suppressesall
null-spacecorrections,that is, linearcombinationsof individual correctionsthat in total gives
no effect on the monitors. The SVD fit alsosuppressesnear-to-null spacecorrections,which
arecombinationsof individual correctionsthat give a very small effect on the monitors. The
definitionof what is a very small correctionis givenby the tolerancelevel. The correctionis
computedusingthepseudo-inverseof theresponsematrix,whereall thesingularvaluessmaller
thanthetolerancearesetto zero.

MICADO startsout by testingall thepossiblesubsetscontainingonly onecorrectorand
finding thebestone.Thenit testsall subsetsthatcanbeobtainedby addingonemorecorrector
to this subset.In eachiteration,onecorrectoris thusadded,andthe time to find a correction
usinga subsetof ¾ correctorsout of a total of t available is approximatelyproportionalto� t � ¾ 	 t:¾ � "$4`� .

Theassumptionthat is madein theMICADO algorithm,that theoptimalsetcontaining9
correctorsis a subsetof the optimal setcontaining

9<�¿3
correctorsis not true in general.

It is in fact easyto constructcounter-examples. The assumptionis however a rathergood
approximationin mostcases,andit significantlyspeedsup thealgorithm.

MINIMO on theotherhand,is a brute-forcemethod.It checksall thepossiblesolutions,
without assumptions.Sincethe numberof possiblesubsetsof a certainnumberof available
correctorscanbevery large,this methodis slow, andin somecases,utterly uselessbecauseof
thecombinatorialgrowth of computationtime. In fact,thetimeneededto find acorrectioncon-
taining ¾ outof t correctorsis tcÀ 4~� ¾
À ���j	 ¾ " À " . However, in thecaseof transversematching,
thenumberof availablecorrectorsis rathersmall( typically Á 357 ). Thusthecomputationtime
is acceptable,andMINIMO canbeconsideredasanoption. An implementationof MINIMO
in Mathematica[7] have thusbeendonefor thepurposesof thesetests.

6. Simulation results

Sincethe validationmeasurementsaretime-consumingandat leastsemi-destructive, simula-
tionshavebeenperformedto testthemethod,andto quantifythedifferencebetweenMICADO
andMINIMO . It is notobvioushow to comparetheconvergencepropertiesof thetwo methods,
becausein reality an operatorwould be supervisingthe minimisationprocessandchangethe
free parameter(the numberof correctorsin eachiteration) if necessary. The chosenstrategy
consistsof makinga relatively largenumberof simulationswith randominitial errors,binning
thesimulationresultsaccordingto thesizeof theinitial errorandplotting for eachbin theaver-
ageresidualerrorasa functionof boththenumberof correctorsusedin eachiteration,andthe
numberof iterations.All thesimulationswerecarriedoutonthemodelof thesametransferline
usedto performtherealmeasurements[8]. Theresultsshow no significantdifferencebetween
thetwo algorithmsfor smallandmoderateinitial errors(Figs.1 and2).
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Fig. 1: Simulationresultsaveragedover 45 seeds.The initial rms error belongsto the interval [0.2,0.4]. The

verticalaxesrepresentstheaverageerror, thex axestheiterationnumber, they axesthenumberof correctorsused

in eachiteration.
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Fig. 2: Simulationresultsaveragedover17 seeds.Theinitial rmserrorbelongsto theinterval [1.0,1.2].Theaxes

arethesameasin Fig. 1.
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7. Experimental results

Testsof themethodhavebeenperformedin theCPS-SPStransferline. This line is dividedinto
two parts: theTT2 line andTT10 line. TT2 transportsthe beamfrom the extractionpoint of
thePSmachineto theTT10 part,which, in turn,connectsthetransferline to theSPSinjection
point. At thejunctionof thetwo lines,thebeamis deflectedabout81 mradto theright. Dueto
thedifferencein heightbetweenthePSandSPS,averticaldeflectionangleof about60mradis
imposedat theentranceof TT10 andthencancelledbeforeinjectionin theSPS.

ThreeSecondaryEmissionMonitorsareinstalledbothin TT2 andin TT10section.These
twosetsof monitorsareroutinelyusedto performemittanceandTwissparametersmeasurement
in bothlines.For this purpose,it is usedthestandardmethod,with thedispersionmeasuredby
performinganenergy shift.

A 26 GeV/c protonbeamis extractedfrom the PSmachineusinga kicker magnetand
deliveredto the SPSthroughthe TT2/TT10 line. The beamintensity is Â 3 0 3 � 357 r � ppp,
distributedinto 16 bunches15 ns long with a momentumspread

ª
of about

7 0�Ã � 357 �`� at
�Ä

.
Thebeamis extractedon a flat top in oneturn (fastextraction)by thestandardschemebased
on bumper, septumandkicker. Thenominalsettingof theseelementsis reportedin Table1.

Element Value

PE.KFA71 [kV] 710
PE.SMH16 [A] 28200
PE.BSW16 [A] 1350
PE.QKE16 [A] 1550
PE.DHZ15 [A] 250

Table1: Nominalsettingof theextractionelementsfor the26 GeV/cprotonbeam.

In Table2 arelisted the main parametersof the protonbeamusedduring the matching
studies.

p [GeV/c] 26Å « [
b

m] (normalised,rms) 3.0Å  [
b

m] (normalised,rms) 3.0
dp/p

357 �`�
bunchlength[ns] ( Æ Ä ) 5-7Å`Ç [eVs] 0.1

Table2: Parametersof theprotonbeamusedto studythesimultaneousmatchingof betatronanddispersionfunc-

tions.

The experimentalvalidationof the optimisationschemewasperformedin steps. In all
casestheopticalparameterswasfirst measured,thenanerrorwasintroducedon oneor several
quadrupoles,andMICADO or MINIMO wasusedto try to recover the initial values. First,
the result of the proposedcorrectionswasmeasuredfor differentnumberof correctors,and
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comparedto the linearpredictionsuppliedby MICADO andMINIMO . Theresultsareshown
in Fig. 4 andFig. 5 andshow a fairly goodagreementbetweenmeasurementandprediction,
with anapparenttendency for MINIMO to divergewhenmany correctorsareused.

Thentestweremadeto iteratively reducetheerrordown to zero.Theseresults,usingone
correctorperiterationareshown in Fig. 6. In thecaseof onecorrectorper iteration,MICADO
andMINIMO alwaysgivethesameresult.A testusingthreecorrectorsperiterationwasmade
to try to seea differencebetweenthe two algorithms,but no significantdifferencewasfound
(seeFigs.7 and8).

0 1 2 3 4 5 6 7
Correctors

0

0.2

0.4

0.6

0.8

1

E
r
r
o
r

Meas.

Pred.

20 Nov È 98
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8. Conclusions

We have found that both MICADO and MINIMO works well for combineddispersionand
betatronmatching,usingthecorrectionmatrix derivedin this note.A comparisonbetweenthe
two algorithms,show no major advantageof usingMINIMO for this kind of correction,and
sinceMICADO is fasterit shouldbenaturalto choosethis algorithm.
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[2] B. Autin, C. Carli, T. D’Amico, O. Gröbner, M. Martini andE. Wildner, “BeamOpticsA
Programfor AnalyticalBeamOptics”,CERN98-06 (1998).

[3] D. A. Edwards,M. J.Syphers,“An introductionto thephisicsof highenergy accelerators”,
(JohnWiley & Sons,NY, 1993).

[4] E. Keil, Y. Marti, B. W. Montague,A. Sudbø,“AGS,theISR computerProgramfor Syn-
chrotronDesign,Orbit analysisandInsertionMatching”,CERN75-13 (1975).

[5] B. Autin, Y. Marti, “Closedorbit correctionof alternatinggradientmachinesusingasmall
numberof magnets”,CERNISR-MA 73-17 (1973).

[6] T. Risselada,“An improvedversionof theorbit correctionprogramORBCOR”,CERNPS
(PSR)87-90 (1990).

[7] S. Wolfram, “Mathematica,a systemfor doing mathematicsby computer”, (Addison-
Wesley, NY, 1993).

[8] G. Arduini, M. Giovannozzi,K. Hanke,J.-Y. Hémery, M. Martini, “ MAD andBeamOp-
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