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1. Introduction

Four-dimensional string compactifications with ' = 1 supersymmetry allowing non-abelian
gauge symmetries and chiral matter contents are phenomenologically appealing. Recently,
D-branes on Calabi-Yau threefolds were studied extensively, partly because one may obtain
N =1 supersymmetry in four dimensions if the D-branes extend in the dimensions trans-
verse to the Calabi-Yau. However, consistency conditions require either the Calabi-Yau to
be non-compact or the tadpoles to be cancelled by some other objects. In the former case,
we are left with four-dimensional theories where gravity is essentially decoupled. Although
such systems are interesting in their own right, our main concern is the theory in four
dimensions with a finite Newton’s constant. Thus, we need to consider compact inter-
nal spaces. The only known candidates to cancel the tadpoles while maintaining NV = 1
supersymmetry are orientifold planes.

Orientifolding means to gauge a parity symmetry of the worldsheet theory. The basic
example is the gauging of the worldsheet orientation reversal Q2 of the type-I1IB superstring,
resulting in the type-I superstring. One is free, however, to consider more general parity

actions where 2 is combined with some action on space-time with a necessary consistency



condition that this combination is a symmetry of the underlying theory [, Bl Bl fl, B] (see [F]
for a recent review). The fixed-point sets of the space-time action, called orientifold planes,
can carry tension and RR charges opposite to those of D-branes and can be used for tadpole
cancellation. A crosscap state is associated to each parity symmetry, just as a boundary
state is associated with a boundary condition or D-brane [[], B]. These crosscap states
encode the physical data, such as tension and RR charges of the orientifold planes.

One approach to study orientifolds of Calabi-Yau manifolds is to consider special points
in the moduli space where the worldsheet theory is exactly solvable. Omne class of such
models are toroidal orbifolds, which have been extensively studied [, [0 [1]. Another
important class of systems are Gepner models whose basic building blocks are rational
N = 2 superconformal field theories (see [[2, [[3] for earlier work on orientifolds of Gepner
models). However, general methods to study parity symmetries and orientifolds of such
models are not developed to the same extent as in the case of D-branes.

The purpose of the present paper is to collect and review the known techniques to study
orientifolds of rational conformal field theories (RCFTs) and further develop them. We
present a coherent method to construct parity symmetries and the corresponding crosscap
states in RCFTs and their orbifolds. The method is then applied to two simple examples,
the rational U(1) and the parafermions SU(2)/U(1). This serves as a warm-up to the
N = 2 models, which will be reported in a forthcoming paper [[[4]. Along the way, we also
find the geometrical interpretation of the parity symmetries of these examples.

In section | we describe boundary and crosscap states and the corresponding parities
in RCFTs. We review the construction of a universal crosscap state by Pradisi-Sagnotti-
Stanev (PSS) [[13], which applies in any RCFT with the charge conjugation modular in-
variant. The corresponding parities can be combined with the discrete symmetries of the
system, giving rise to the class of crosscap states considered in [[f]. These crosscap states,
as well as the rational boundary states constructed by Cardy, preserve the diagonal subal-
gebra A of the full symmetry algebra 4 ® A.

We then proceed to study parity symmetries of orbifold models and provide a general
new method to construct the crosscap states. The emerging picture is much cleaner than
the construction of boundary states, which suffers from the fixed-point resolution problem.
Our method can be used to explain the result of an earlier paper [[[7], which also studied
the same subject (see [[[§, [[9] for earlier work concerning various special cases).

In the last subsection, we consider D-branes and parities preserving the subalgebra
A embedded into the symmetry algebra A ® A through an automorphism w of A: W +—
A®1+1®@w(W), in particular the mirror automorphism that acts as charge conjugation.
Extending the terminology of the A" = 2 supersymmetry algebra [R0, [4], we call them
B-branes/B-parities while the ones preserving the ordinary diagonal subalgebra shall be
called A-branes/A-parities. Sometimes, an orbifold model is the mirror of the original
model. In such cases, B-branes and B-parities can be obtained by applying the mirror map
to A-branes/A-parities of the mirror, which are constructed using orbifold techniques.

Sections B, ], fl and i are devoted to examples. In section B we revisit the free boson
compactified on a circle of arbitrary radius, including an extension of the standard con-
struction [f, §| to non-involutive parities. We prove that the orientifold corresponding to



the parity where the target space action consists of a half-period shift of the circle is T-dual
to the orientifold associated to the reflection X — —X of the circle coordinate with one
SO- and one Sp-type orientifold plane (see [fj] for a recent related discussion). Section [l is
concerned with the special case that the radius of the circle is R = vk, k a positive integer.
In this case, the theory becomes rational and one can apply the method of section P It
is instructive to see how the RCFT data encodes geometrical and physical information of
the orientifolds in this simple case.

Our second example is the parafermion system, which is discussed in sections f| and [j|
This model has a lagrangian description in terms of a SU(2); mod U(1); gauged WZW
model that is particularly well adapted to a study of the geometrical interpretation of
parity actions. Geometrically, the parafermion theory can be understood as a sigma-model
with a disk target space parametrized by a complex coordinate z with |z| < 1. D-branes
in this model have been studied in [R1]]. A-type parities act as antiholomorphic involutions
of the target geometry, the basic example being z — Z. It is possible to combine this
with an element of the Z; symmetry of the theory, which acts as a phase multiplication on
the target space coordinate. Accordingly, the corresponding orientifold planes are located
along diameters of the disk. B-type parities act holomorphically on the target space, the
fundamental B-type parity being z — z. This involution leaves the whole disk fixed and
therefore corresponds to an orientifold 2-plane. Combining this with phase rotations leads
generically to non-involutive parities, which we also consider. In the case where the level
k of the parafermion theory is even, there is a second involutive parity, z — —z, which
leaves only the center of the disk fixed and hence describes an orientifold 0-plane. Finally
we discuss the same model purely in terms of rational conformal field theory and give
a detailed map of RCFT results to geometrical properties. The questions discussed in
section f| have been partially addressed in [P2], but we disagree with some of the results in
that paper. In particular, we find that the geometric interpretation of the PSS crosscap
states is different.

2. Crosscaps in RCFT

We begin by describing the construction of boundary and crosscap states of rational con-
formal field theories. A review and extension of previous work in [R3, R4, [5, [6] 7]
B3, B6, BT, Bg] is followed by developing new techniques to construct crosscap states in
orbifolds.

We consider a quantum field theory in 1 + 1 dimensions. Let H, be the space of
states of the system formulated on a circle with the g-twisted periodic boundary condition,
where g is an internal symmetry. Let Hq, o, be the space of states on a segment with the
boundary conditions o and g at the left and the right ends. We denote by |%4,) and |€p)
the boundary and crosscap states corresponding to a boundary condition a and a parity
symmetry P = 7Q.1 The cylinder, Klein bottle (KB), and Mobius strip (MS) amplitudes

17 is an internal transform and € is the space coordinate inversion. If the system has fermions, Q is
assumed to include the exchange of left and right components.
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Figure 1: Cylinder, Klein Bottle and Mdébius Strip.

are expressed in two ways

Tr  ge Pl = (] M) 2y) (2.1)
Haq,a g g

Tr  Pye PHAD) = (4| e 5 H20)|5), (2.2)
HP1P2_1

Tt Pe Pl = (g,|e 2HCP|5p). (2.3)
Ha,P(a) P2

Here H.(¢) and H,(¢) are the hamiltonians of the system on a circle of circumference ¢ and
segment of length ¢ respectively. (The Hilbert spaces and boundary/crosscap states also
depend on the lengths which are omitted for notational simplicity.) The subscripts of the
boundary states show the periodicity of the boundary circle. For instance, |%5), consists
of elements in H,. Note that |¢p) has a periodicity determined by P?. (Eq (.3) makes
sense only if P2 = PZ.) In (R.3), P(«) stands for the P-image of the boundary condition
«. The left and the right hand sides of (R.1)-(R.3) may be referred to as loop channel and
tree channel expressions respectively.

In what follows, we will consider conformally invariant quantum field theories and
study boundary conditions and parity symmetries that preserve the conformal invariance.
In such a theory, one can rescale the lengths (L,3) — (AL, AB) without changing the
amplitudes. It is customary to choose the circumference of the closed string to be 27 and
the length of the open string to be 7. Suppose we choose (L, 3) = (7, —2mit), (27, —2miT),
(m, —2miT) in the loop channel expressions of (R.1]), (R.2), (R.3) respectively, where 7 is a
complex number on the positive imaginary axis. Then in the tree-channel expressions, we
take (L,B) = (—mi/7,2n), (—mi/7,m), (—mi/27,7). In string theory, egs. (R.1)-(R.3) are

referred to as loop/tree channel duality and have played an important role (see e.g. [f]).

The system we consider. We consider an RCFT based on a chiral algebra A = {Wnr)}
with a set of representations {7%}. We primarily consider the model C with the Hilbert
space of states

HC =P A @ 4. (2.4)



where 7 is the BPZ conjugate of i. This model has A ® A symmetry algebra generated by
W =W @1 and W = 1@ W), For each representation i, we fix an antiunitary
operator U : 74 — 4 such that

owOUt = (~1rw (2.5)
where s, is a spin of the current W ().

2.1 Symmetry-preserving D-branes/orientifolds

We first study D-branes and orientifolds that preserve a diagonal subalgebra of the A ® A
symmetry. On the Minkowski worldsheet with time and space coordinates (¢,x), “sym-
metry-preserving” means the following: for D-branes the associated boundary conditions
(say, at & = 0) are such that W) (¢,0) = w (t,0), while orientifolds should be associated
with parity symmetries that map W) (¢, z) to w) (t,—x).

2.1.1 Constraints on boundary/crosscap coefficients
A Wick rotation followed by a 90° rotation show that the boundary and crosscap states
obey
(W = (1) W) %) = 0, (2.6)
(W) — (=0 W g) = 0. (2.7)

n

The basic set of solutions to these equations was found by Ishibashi [P4]. Let us denote
by {|i, N)}n an orthonormal basis of the representation .7%. Equations (R.6) and (R.7) are
solved respectively by

|8,i)) = > _|i,N) @ Uli,N), (2.8)
|6, i) = emLo=hi) |z i) . (2.9)

It follows from the definition that

<<'@7 Z’ e2ﬂ—iTHc |'@7 ]» = 52,]XZ(2T) ) (210)
«cgj Z’ GQMTHC ‘%7.7» = 5i,in(27-) ) (2'11)
(B, ™G, §) = 6i5%:(27) (2.12)

where H. = Lo+ Lo — ¢/12 and y;(7) = e*”(hifc/%)xi(T + %) The actual boundary and
crosscap states are linear combinations of these Ishibashi-states:

’<@G> = an’%ﬂ/» )

€)= Dl 1) (2.13)

Here a and p are the labels for the boundary conditions and parity symmetries. We first
assume that the parity symmetries are involutive Pi = 1. (We will later treat those that



are not involutive.) A set of constraints on the coeflicients n4; and 7, are found by using

the loop/tree channel duality (R.1)-(R.3):

s

Tr?‘[aﬁ eQT(iTHo — <%a|e_7HC|e@ﬁ>, (214)
Try,,, Py e?miTHe — (%M\e—%ffcycm, (2.15)
TTHQ’MQ) Pu o2miTHo _ <%a|efﬁm|<€ﬂ>’ (2.16)

where g,,,, is the internal symmetry P, P, 1 that commutes with the chiral algebra A ® A,
and p(o) is the P,-image of the boundary condition o

Since the diagonal symmetry A is preserved by the boundary conditions o and 3, open
string states fall into a sum of irreducible representations

Hap = @D it (2.17)
7
on which H, acts as Ly — ¢/24, where ngﬁ are non-negative integers. Using (R.10)), (R.14)

Zi:”fxﬁxz‘(f) = Zi:nilmmxi (—%) (2.18)

For a symmetry g that commutes with the chiral algebra A ® A, the space H, of

is expressed as

g-twisted closed string states can be decomposed into the representations of A ® A,

My = P nil A 0 A5, (2.19)
ij

where hz,j are non-negative integers. Note that P, transforms the g-twisted boundary con-

1

dition into the 7,7 '7, !-twisted boundary condition. Since P, is a symmetry-preserving

parity, P,,W,gr) = /VIZ(LT)P,,, it acts on the closed string states essentially by the exchange of
the left and right factors. To be more precise, it maps the subspace hg 7 ® 7 of H, to

a subspace of H_ g as

—1,.—1
17'1,

i .. hji
P, t@ueveChi @ 04— K (gt ovoueC v @04, (2.20)
y y Rt
where K,/ (g) is a matrix acting on the multiplicity space Chi = C mo . (Note that it

has to be the case that hgj = hffl _,.) P2 =1 requires Ki'(r,97'r,; WK (g) = 1. In

TV
particular, K7*(g,,) is a matrix that squares to 1 and therefore its eigenvalues must be +1.

Thus, using (R-11)), (R.15)) is expressed as

i " 1
D kuxi21) =) v (—;) , (2.21)

i

where kfw = tr K'(g,). Since K!'(gu) squares to 1, the number ko

such that \k:fw| < hgiw and kfw = hsz mod 2.
Let us next consider the action of P, on open string states. Since it exchanges the left

must be an integer

and right boundaries of the string, the symmetry-preserving condition becomes PHW,gr) =



(—1)"W7(LT)PM. It therefore has to transform the subspace %”i@naﬁ of Hq g to a subspace of
Hu(8) () 2

Pﬂ:n®u€Caﬁ®%r—>Mﬁun®e Lo i)uecni(ﬁ)”@@%ﬁ,

. . nix . i
where Méﬂ# is a matrix agtmg on (C #. (Note that Ngg Must be equal to ”L(,@)p(a) for
any 1.) Pﬁ = 1 requires M;Zt(ﬁ)u(a)Méﬁu = 1. In particular, the eigenvalues of the matrix

Miu(a) have to be +1. Using this, we can rewrite (R.16) as

1
Z ma ;J,XZ Z nazr)//.nXZ <_ > ) (222)

(a) T For P2 = 1, the number mgu must be an integer such that

imfm < nfx and m!,, = n’ mod 2.
(o) ap ap(a)
We have found the constraints (R.1§), (R.21)) and (R.29). At this stage, we use the

modular transformation property of characters
1
Xi\—— )= ZXi(T)Sij :
Xj T + Z XZ ’lj 9
j ( ) Z Xz z] 5

- (4
where my,, = tr M

where

P =VTST*SVT, (2.23)

in which \/Tij = 0;,j e™(hi=37)  Here we are in the standard convention, STS =T8T,
The three constraints can then be rewritten as

Mo = D e85 » (2.24)
ki = ZVZﬂujsz‘j, (2.25)
J
My, = Zan%LjPz‘j , (2.26)
J
where ngﬂ, kfw and mgu are integers such that
° naﬂ >0,
° hzgzw <k, S hg.., ) kfw = h“ (mod 2),
M) S Moy < Mgya) s o = M) (mod 2), (2.27)

where hzj is the multiplicity of % ® ¢ in the space H, of the g-twisted closed string
states.



2.1.2 Cardy-PSS solution

A simple solution to the above constraints that applies to all RCFTs has been found by
Cardy [2J] for boundary states and by Pradisi-Sagnotti-Stanev [[[5] for a crosscap state.

Cardy’s boundary conditions carry the same labels as the representations {i}. The

k

coefficients n;; and the multiplicities n;; are given in terms of the modular S-matrix and

the fusion coefficients:

nij = : 2.28
Ao (2.28)
nk = NE. (2.29)

The constraints (R.24) translate into the Verlinde formula [R9].
PSS have found a crosscap state that corresponds to a parity symmetry transforming
the Cardy boundary states as
Py:ir—7. (2.30)

We label this state by “0” for a reason that will become clear shortly. The coefficients g,
and the numbers kéo, mi, are given by

P
Yoi = \/g;o , (2.31)
7
ko = Y30 2.32
mjy = Y, 2.33
where Yk is defined by
S P Py
k _ )
vh=y Bl (2.34)

It is straightforward to show that the constraints (R.2]) and (P.26) are satisfied for the
PSS crosscap state. To see that they obey (B-27), we first note that ggo = 1 and therefore
h_f}oo = h% = §;; because Hi = H = ®; 7 ® /. The conditions (.27) therefore require
koo = £0;7. Also, since n’ ip) = n% = NW the number mlO must be an integer such that

\m | < N J and ml.O = N% (mod 2). These constraints are obeyed by the above solution
because of Bantay s relation [24].

|Y | “7

YZ{) = N/ mod 2. (2.35)

Indeed the condition on mgo = Y% is nothing but Bantay’s relation. The condition on
kby = Yig also follows from this since NZ% = 0;7-

The number Y;J (which is £1 if i = 7 and 0 otherwise) is a CFT analog of the Frobenius-

Schur indicator for the theory of group representations.?

2The Frobenius-Schur indicator of an irreducible representation R of a finite group G is defined to be
+1 in the case when R is real, 0 when R is complex and —1 when R is pseudo-real.



2.1.3 Dressing by discrete symmetries

If an RCFT has a discrete symmetry of a certain type, one can find additional parity
symmetries together with the corresponding crosscap states.

Let ¢4 be the finite abelian group generated by the simple currents {g}. We recall
that a simple current g is a representation such that the fusion product of g with any
representation ¢ contains only one representation, which we denote by g(i). Let us introduce
the number

QQ(Z) = h; + hg — hg(z) mod 1. (2.36)

The map g — €2™“s() defines for each i a homomorphism ¥ — U(1) (some of the prop-
erties of Q4(7) are summarized in appendix B)). We can thus define a representation of ¢
on the Hilbert space H in such a way that ¢ acts by the phase multiplication e™@s(®)x
on the subspace J% ® 7. The Cardy state |%;) is mapped by ¢ as

Si' . . (z
)L I_ 2miQe(1)| 5, ) 5 |%’ N =1Byw), (2.37)
; < Z 9(2)

where we have used Sg(;); = e2milg(y )Sij.

We now find new parity symmetries P, that act on H as g o Py. It follows from (R.30)
and (), that these parities should map the Cardy branes as

Py i g(7). (2.38)
The crosscap coefficients and the numbers k:g 1929 mi , are given by
Py
Ygi = L (2.39)
VS
k;192 - YZZ;’ (2'40)
= YJ (2.41)
It is easy to show that this solves the constraints (P.25) and (R:26) [[5, [G]. The Y-tensors
can be rewritten as
A — . —1 — A 1 _ 1=
YZ!;; — ™R (92 191)*2Qg2(l))yigz o Yz; — o™i(Qq(g 1(]))*2Qg(l))yzg 1(3)7 (2.42)

where Qg(') =h;+ hg hg(z) (not just modulo integers). Since emi(Qq(5)=2Qq(a)) — 17 if
on = 0, the integrality of k‘gl g, and m g 18 also satisfied.

In order to show that the last constraint (B.27) is satisfied, we need to find the mul-
tiplicities h¥ = and n’

Vo 1P, (i) where g12 = PiPy ' = gig, ' and Py(i) = ¢(7) by (R-3§). The
space of g-twisted closed string states is given by Hy = &, ® Hyq) (see appendix [C.1]),

and therefore hY = 6; ;). Thus, (R.27) requires k} ,, = =£6, 9195 @)" We note that
95 g1 0 9t . ,
NZ? 7 = Nigl_ng(.) = 557g;1g2(l.) =9, 91951 and hence Y;j? © = £, 195 (@) USING Bantay’s
. 99
relation (R.35). This indeed shows that k:;lg2 = Yé; =+V;? 7 =44, 19105 ()" On the other

1 —
hand, the open string multiplicity is nig@) N = N% @) Then the claimed solution

()
. —1(=
mg, = iY{g 0) obeys the last condition of (), again due to Bantay’s relation (R.35)).

,10,



2.1.4 Summary

We have found D-branes %; and parity symmetries P, (g € ¢), which preserve the diagonal
symmetry A C A ® A. The corresponding boundary and crosscap states are given by

|2, 7)) (2.43)

Zw—m

€p,) = Z (2.44)
The cylinder, Klein bottle and Mobius strip amplitudes are given by
TI"HZ. , eQm‘rH — <c@i‘e—ﬂ?iH’¢@4,> — N]/Xj( )7 (2.45)
Tng,r1 P, o2miTH _ <ng‘e_%H‘CKh Z hX] 27' (246)
Trpe, oy Py €7 = () e B 1| Z i (r (2.47)

where a shorthand notation |€,) for |£p,) has been used. We can simplify expression (.45)
by using Nz, = N Also, taking the complex conjugate of (R.47) and using (Yj) Yf]’,
we have

Try

sy Do €T = (€,le 1| 2;) = D YIR(T). (2.48)
J

This can also be obtained from (R-47) by replacing i — g(7) and using Y = Y, which

A 9()g w’
can be derived by using Pj“j,C = Pjj, and e_QMQg(k)ng = P;k.

2.2 Crosscaps in orbifolds

We have constructed parity symmetries together with the crosscap states for the charge-
conjugate modular invariant C. We now turn to the orbifold model C/G where G is a group
of simple currents, G C 4. To define a consistent orbifold theory, G must have a symmetric
bilinear form ¢(g1, g2) with values in R/Z such that

le (92) = 2(](91,92) mod 1, (2.49)
and ¢(g,9) = —hg. The orbifold model we consider has modular invariant partition function
7C/G _ | Z o2 (Qgy (1)—q(g2,91)) ( )ngl(i)(T)' (2.50)

,91,92

We will find |¢| symmetry preserving parities/crosscaps in 1-to-1 correspondence to the
number |¢] of simple currents, just as in the original model C.

Let us first present the basic idea behind the construction of a crosscap state in the
orbifold model C/G for the parity symmetry that is induced by a parity P of the original

— 11 —



model C. The twisted partition function with respect to the induced parity, denoted again
by P, is expressed as

1
e ri = 3 T, ( (1 Tt ). o

g1€G g2€G

where the first sum is over the G-twisted spaces and ﬁ > goeG 92 18 the projection onto the

subspace of G-invariant states. Let us rearrange the sum as (1/|G[) 3=, ., Try,, g2 Pq'
and make a replacement g; — g195 L At this point we recall from (2.2) that

Tnglggl (92Pq") = ACyplal' |€y,p) .

where the superscript shows that the state |=)C is in the theory C. Then, we find
Trye/c Pq" ]G] > U plal’1€pf (2.52)
91,92

This implies that the crosscap state for the induced parity P is given by

6P/ = EZI op) (2.53)
‘G geG

2.2.1 PSS parities induced on orbifold models

We would like to apply this construction by identifying P as one of the parity symmetries
of C obtained in the previous section, say the original PSS parity Py. We know that Py
is equal to P; at least in the action on the untwisted states HC and we know the crosscap
states for all P;. Thus, (:53) appears to be an ideal formula for constructing a crosscap
state in the orbifold theory. However, one has to be careful when identifying Py as P and
P, as gPy. The subtleties are:

(i) P may differ from P in the action on the twisted Hilbert space H, by a g dependent
phase.

(ii) P, and go Py may differ in the action on the twisted Hilbert space H, by a g and ¢’
dependent phase.

Let us first examine (ii). Using k; ,, in (£.40) and the gs-action on H,, in (C.9), it is
straightforward to find

P, = mi(Qgy (91)— 24(92,91)) g, P on My, . (2.54)
To accommodate the possibility (i) we suppose that P and Py are related as

P=c"9p,  onH,. (2.55)
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Then the above procedure is modified as follows

H _
Tryc/c Pq = ]G! Z Try,, g P!

91,92
N !Gy Y emiflon) oomiQoa(9)-20l029) Tyyy Py oM
91
91,92
_ ’ Z e7r19 g1) QQQ(gl) 2q(92,91))C <%Pq1g2’qt ’Cgpg > . (256)
91,92

We would like the phase on the r.h.s. to be of the form e~ ®91927%9 5o that the partition
function can be expressed as (—|¢’|—), where

1 w C
= — e g (gp
= Vi &
Thus, we need to have
oTi(0(91)=Qg, (91)+24(92,91)) — —iwg, gy +iwg,

mi0(g) —

—iwg+iwy

Setting go = 1 we find e . Inserting this relation, we find the constraint

on 6(g):

(§

0(g192) = 0(g1) + 0(g2) — Qg (91) + 2q(g2,91) mod 2. (2.57)

For each solution 6(g) to this constraint, we find the crosscap state

|€pe)/C = Z e ™0 |5 C. (2.58)

\/W geG
Let us count the number of solutions to (B-57). If we find one solution, 6.(g), the other
solutions take the form 6.(g) + Af(g), where Af(g) obey the homogeneous equation
Ab(g1g2) = Ab(g1) + AB(go) mod 2. Note that g — ™399 defines a representation
of the group G into U(1). Since there are |G| such representations, we find that eq. (R.57)
has |G| solutions.

We could have chosen another P in this construction. In the above, P was equal to Py
when acting on the untwisted Hilbert space. Replacing Py here by P, does nothing new if
g1 € G, since the average over G will be taken. However, replacing Py by Py with ¢’ € 4\G
will make a difference. Repeating the above procedure, we find parity symmetries of the

orbifold theory induced from such a P. There are |G| of them: one for each solution 0(g)
of (2.:57) which acts on the states as

PY = i00-Qyp,  onH,, (2.59)
and has the crosscap state
C/G ™ —i( Qy(9)) C
| po ) e %p, . (2.60)

! v |G gelG

Again, replacing ¢’ by ¢'g; with g; € G makes no difference.
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To summarize, for each P we find |G| parities from the choice of solutions to (R.57),
and there are |¢ /G| choices for P itself. Thus, we have found as many parity symmetries

as

Gl < |9/G| = 9]

The square of Pge,. The parity symmetries obtained this way are not necessarily invo-

lutive. Since Py is involutive, the square of Pg/ is given by
(P9)? = 2060 =Qy @) x on H,. (2.61)

We note that 6(g) obeys 6(g192) = 6(g1) + 0(g2) modulo 1, since le (92) — 2q(g1,92) is
an integer. Note also that Qg (9192) = Qg (91) + Q4 (g2) modulo 1. Thus, we find that
g — 2™09)=Cy9)) is 4 homomorphism of G to U(1), namely a character of G. Therefore,
(P‘9 )? is a quantum symmetry of the orbifold model. In particular, the crosscap state
\Cﬁpe ) must be a state on the circle with the boundary condition twisted by this quantum
symmetry This means, as shown in appendix [C.4, that the state must transform under
the action of g as

(Cpo ) - 20O CQur 9|5, ) (2.62)
g9 g
which can also be confirmed by a direct computation.

2.2.2 Boundary states in orbifolds

An idea to obtain D-branes in the orbifold model is to pick a D-brane i in the original

system and to take the “average” over the image branes g(i), g € G. The corresponding

boundary states are given by
|By)</ ¢ =

\/\? > % (2.63)

geG

The normalization factor 1/ \/@ is required for the open string partition function to count
the 4-g(i) string just once. (A more careful treatment is required if g(i) = i for some g # id,
see below.) Since g|%;) = |By;)) [£.37), the state ]%WC/ @ is G-invariant and belongs to
the Hilbert space HC/¢. Obviously the brane Ay;) is the same as B ;).

Since the parities P? , are not involutive, but square to quantum symmetries (P.61]), one
is motivated to con31der the boundary states on the circle with twisted boundary condition.
Let g, be the quantum symmetry associated with the character g — e2™P(9) . We claim
that the g,-twisted boundary state for the brane %; takes the form

|B; pgp/G Z —2min(9)| B )C . (2.64)

v |G geG

Indeed, g € G transforms it as

e —271 T
|Bip) ¢ Y e TIN B0 = T B0 (2.65)

\% ’G g'eG

As shown in appendix [C.4, this means that L%’ng/ 9 is a state on the gp-twisted circle.
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As mentioned above, when g(i) # 7 if g # 1 for some 4, the argument has to be further
refined. This is known as “the fixed-point problem”. Resolved boundary states have been
constructed in [[[7, B0}, B1], BZ. In this paper, we do not try to reproduce a general solution,
but will revisit the resolutions in the concrete models we consider later.

2.2.3 Constraints on discrete torsion

In general, there can be more than one models of orbifold C/G. We have chosen a particular
one with the partition function (R.50)), but one could change the model by turning on
a “discrete torsion” [BJ]. This means adding an extra phase factor e27¢(92:91) for each
summand of (R.50)), where e(g2, g1) is an antisymmetric bilinear form of G with values in
R/Z such that e(g,g) = 0. Let us see how this modifies the above story.

The discrete torsion shifts the bilinear form ¢ as

q(92,91) — q(g92,91) — e(g2, 1) -

The argument above goes through without modification until (R.57), at which point one has
to be careful. We note that QQQ (91) = hg, + hg, — hg, g, is symmetric under the exchange
g1 < go. Thus, (R.57) is possible only if 2(q(g2,91) — e(g2, 1)) is symmetric (mod 2).
Since ¢(g2,91) is already symmetric, we find that 2e(g2,¢91) has to be symmetric modulo
2, or e(ga, g1) has to be symmetric modulo 1. Since e(g2,¢g1) is antisymmetric at the same

time, it may appear that no discrete torsion is allowed. However, since —% = % mod Z, a
symmetric form with 0 or % entries is at the same time antisymmetric modulo 1. Thus,

special types of discrete torsion are indeed allowed. We shall call them Zs discrete torsions.

Remark 1. In general, choices are involved in finding a symmetric bilinear form ¢(g1, g2)
such that 2¢(g1,92) = Qg,(92) mod 1 and ¢(g,9) = —hgy. A different choice corresponds
exactly to the modification by a Zs discrete torsion.

Remark 2. The restriction on the discrete torsion in orientifold models is not new, if
one recalls that the discrete torsion is a kind of B-field: type-I string theory projects out
the NS-NS B-field modes [BJ]. Furthermore, it is also known that special kinds of B-fields
(with period 7) are allowed [Bf]. (See also [B7))

Remark 3. It may appear natural to relate the Zqy discrete torsions to the group coho-

mology classes o € H?(G,Zy) in the standard way: e>™¢(@") = o(g, h)a(h,g)~*. However,
2mie(g,h)

unlike the ordinary case where both e and «(g, h) take values in U(1), it is not al-

ways true that the map o — e>™€ is one-to-one.? Thus, just from the above consideration,
one cannot conclude that H2(G,Zs) characterizes the Zy discrete torsion. However, there

is a claim [Bg] that this is indeed the case in certain models.

3Let A be an abelian group. Ext(G, A) = {a € H*(G, A)|symmetric}, the kernel of the map a(g, h) —
e(g,h) = alg,h)a(h,g)™", is the set of abelian extensions of G' by A. It is trivial for A = U(1) but not
always for other A. For example Z4 and Zy X Zg are inequivalent Z; extensions of Zz. (For a product
G=G1 xG2x - xGs, Ext(G,A) = [[;_, Ext(Gi, A) (Cor 3.17 of [@]) Also Ext(Zn, A) = H*(Zn, A) =
A/A™ (Theorem 3.1 of [@]) Thus, if G has a Z, factor with n even, Ext(G,Zz) cannot be trivial.)
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2.3 New crosscaps from mirror symmetry
2.3.1 Twisting the symmetry by automorphisms

Let w be an automorphism of the chiral algebra A that acts trivially on the Virasoro
subalgebra {L,,}. The space . acted on by A through w, W : v — w(W)wv, can be viewed
as another representation ;) of A. In other words, there is a unitary isomorphism

Vw : % - %(2) s (2.66)

such that w(W) = VWV,

The algebra A can be embedded into the symmetry algebra A®@ A as W — W ®
1+ 1®w(). We can then consider D-branes and orientifolds that preserve such “w-
diagonal” subalgebras [P, B9). They are associated with boundary conditions such that
W(t,0) = wW ™ (t,0) and parity symmetries that map W) (¢, z) to wW ™ (t,—z). The
conditions on the corresponding boundary and crosscap states are twisted accordingly:
W) in (.6) and (R.7) are replaced by w(vafr,z) The linear basis of solutions is given by

—n

the “w-type Ishibashi states”

1B, = (V, ®id)|B,w (i), (2.67)
%, 1) = (Vo @id)|€,w (i) = e™Fo=hid| 2 3),, | (2.68)

which are sums of elements in 47, ® %ﬁ. These states have the same mutual inner-
products as the ordinary Ishibashi states (R.10)—(R.19). Inner products of states with
different w’s (say w = 1 and w # 1) are given in terms of so-called “twining characters”.
For instance,

(B.3la"| B, Y0 = > (G, NIVog™ 5 [w™(6), M) (j, N|g"~ 5 [ (i), M)
N,M

= 5i,j6i,w(i) troy, VWQQLO_ﬁ = 5i,j6i,w(z‘)X§‘0) (2’7’) . (269)

Boundary and crosscap states are linear combinations of the w-type Ishibashi-states.
For boundary states, there is a long list of works that aim at determining the appropriate
linear combinations. For crosscaps, the same amount of investigation has not been done.
Here, we do not attempt to determine the appropriate combinations in full generality.
However, we will find that this can be done in the case where an orbifold is “mirror” to
the original (in the sense described below). The knowledge on the crosscaps for orbifolds

turns out useful here.

2.3.2 Mirror symmetry

An automorphism w that conjugates the representations w(i) =7 (any i) is called a mirror
automorphism. Two CFTs of symmetry algebra A ® A are said to be mirror to each other
when they are equivalent as 2d quantum field theories and the action of W @ W' € A® A
in one theory is mapped to the action of w(W) ® W’ € A® A in the other. Namely, if
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‘H1 and Hs are the Hilbert spaces of states of the two theories and V¥ is the isomorphism
between them, the following diagram commutes

Hy 2, Ho
W®W’l lw(W)@W’ (2.70)
Hy 2, Ho

On each A® A-irreducible subspace, the isomorphism ¥ acts as V,; ! ®id times a constant.
The two basic modular invariants — the charge conjugation modular invariant HS¢ =
& @ 4 and the diagonal modular invariant HP = @;4 @ J — are mirror to each
other.

A typical example of mirror symmetry is T-duality. The sigma model on the circle
of radius R = \/k1/ky and the model of radius 1/R = \/ko/k1, with k1, ko integers, are
both RCFTs with chiral algebra U(1)g,,. T-duality between them is a mirror symmetry.
Another example is the level & SU(2)/U(1) gauged WZW model, which is the charge-
conjugate modular invariant of the level k parafermion algebra, and its orbifold by a Zj
symmetry group, which is the diagonal modular invariant. These examples will be studied
in detail later in this paper. A related example is the level £ SU(2)/ U(1) supersymmetric
gauged WZW model (Kazama-Suzuki model), which is the charge-conjugate modular in-
variant of the level k superparafermion algebra, and its orbifold by a Zj 9 X Zy symmetry
group, which is the diagonal modular invariant. This last example will be studied in detail
in [[[4]. In fact, in this example, the two theories are mirror in the standard sense: the iso-
morphism of the Hilbert spaces acts on the (2,2) supersymmetry algebra via the standard
mirror automorphism.

2.3.3 A-branes/B-branes and A-parities/B-parities

In what follows, D-branes and parities that preserve the ordinary diagonal symmetry A C
A ® A shall be referred to as A-branes and A-parities. Cardy branes and PSS parities are
therefore A-branes and A-parities. For a mirror automorphism w, D-branes and parities
that preserve the w-diagonal symmetry shall be referred to as B-branes and B-parities. A-
branes and B-branes are exchanged under mirror symmetry, and so are A- and B-parities.
Let ¥ : Hy — Ha be a mirror isomorphism as above. If |#)9 and |%')2 are the boundary and
crosscap states corresponding to an A-brane and an A-parity in “theory 27, then ¥ 1| %),
and U~1|%)y correspond to a B-brane and a B-parity in “theory 1”. (The terminology
of “A-type” and “B-type” is the extension of the one used for N' = 2 supersymmetric
theories [0, [[4]. Mirror symmetry for orientifolds is used in [[f(] in that context.)

An RCFT C is sometimes mirror to one of its orbifold models, C/G, as in the three
examples mentioned above — rational U(1), SU(2)/ U(1) coset model, and supersymmetric
SU(2)/ U(1) model. In such a case, one can construct B-branes/B-parities in the model C
by applying the mirror isomorphism W' to the A-branes/A-parities of the orbifold model,
which are in turn obtained by applying the orbifold technique developed in the literature
and in section .2

To be specific, let C be the charge-conjugate modular invariant and C/G be the mirror
diagonal modular invariant. C/G has A-parities Pgo, with crosscap (R.60)), labelled by the
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solutions 6 to (B-57) and ¢’ € 4/G. Thus, C has B-parities Pg’g/ whose crosscap states are
given by
[Cpgar) = U € )/C (2.71)

(U1 acts as V, ® 1, up to a phase multiplication.) B-parities obtained this way are not
in general involutive. We recall from (R.61)) that the square of Pge, is the multiplication by
?m009) =Ry (9) op Hy = ©H; @ Hym)- Since the orbifold model is the diagonal modular
invariant, only the subspaces with ¢(7) = ¢ remain in the spectrum of C/G. Thus, (Pg(’,)2 =
209 =CQy 9) on 2 © H; such that g(7) = i, or on J4 @ # such that g(i) = 7. Since the
mirror isomorphism W' maps 4 ® J& to S ® 4, we find

(Pg,’g/)2 = 2m009)=Qy(9)) on 4 ® 4 C HE such that g(i) = 7. (2.72)

Here we are assuming that ¢g(7) = 7 uniquely fixes g. However, this is not always the case
if there are simple current fixed points. In such a case, we need to trace back in order to
see from which twisted sector comes the subspace %% ® 74 in the orbifold theory.

3. Circle of radius R

The sigma model whose target space is S' of radius R is described by a periodic scalar
field X = X + 2w R. The algebra of oscillator modes «,, and a,, of X acts on the space of
states

H= B Him, (3.1)

where the labels [ and m on the Fock space H; ,, correspond to the momentum and winding
number, respectively. We denote by |I,m) € H;,, the lowest energy state annihilated by
the modes a,, and &, with n > 0. The energy of this state is %((%)2 + (Rm)?) — &. There
are two U(1) symmetries

Ga, |l,m) — e_imx/Rﬂ,m), Ga,  ll,m) — e_imRAaﬂ,m}. (3.2)

We interpret g, as the rotation of the circle, X — X + Az. Under T-duality, the sigma
model on the circle of radius R is mapped to the model on the circle of radius 1/R. The
states and operators are mapped as follows

|l,m) — |m,1), ap — —Qy,, Ay, — Qi - (3.3)
The operation g ,, is interpreted as the rotation of the T-dual circle X’ — X' + Aa.

3.1 D-branes

There are two kinds of D-branes — D1-branes and D0-branes associated with the Neumann
and Dirichlet boundary conditions on X respectively. We denote by N, the D1-brane with
Wilson line a, and by D, the DO-brane located at X = x.

The Heisenberg algebra [a;, /] = 78,4, ¢ acts on open string states, where r € Z for
N-N and D-D strings and r € Z + % for D-N and N-D strings. The N,,—N,, string states
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are labelled by the momentum ! € Z and the state |l), 4, annihilated by a,,~¢ has the lowest
ener Lya—ay2_ L We assume the identification |1) g, 0, = |[+p1 —p2 2n 2
for iIgl?cfeé;grs p12,7;)2) ThfeAtDmlfDx2 string states are 1abe|llzad1 ,b2y th|e W]!i)ndiﬁgjleljrlrfblzelr,ULTQrJLr g pi
and the state [m),, ;, annihilated by a,~o has the lowest energy (Rm + £2-21)2 — L We
assume the identification [m)z, 2o = |M + ¢1 — ¢2)2,+27Rq1 ,za+27Rgs 10T q1, G2 € Z.
Computing the partition function and performing the modular transform, we find the

boundary states for these branes:

o0 1
—iRam ~
- —H—nt—n 07 ’ 3.4
| Ng, g e exp( 5: ~0—nQ )\ m) (3.4)

meZ

|D,) Z e 'Rwlexp (Z — QO ) |7,0) (3.5)

lEZ

The D1-brane wrapped on a circle and the D0O-brane in the dual circle are mapped to
each other under T-duality (B-3), where the Wilson line of a D1-brane is mapped to the
location of the DO-brane.

The rotation symmetries (B.9) act on the branes and the open string states as

. 1, ap—a
g, Ny — Ng; ‘l>a1 as —zAa:(—-i— E 1)‘l>a17¢127 (3.6)
as D, — Dx—l—Ax; ’m>x ’m>x1+Aa: To+ Az
§ . Ny, — Na+Aa§ |l>a |l>a1+Aa as+Aas (3 7)
A Dy — Dy; ‘m>m1 z2 ZAa(Rm+ 2 ") ’m>x17m2

-a9—
_i92

The extra phases, such as e AT iy (B-7), come from the parallel transport of the open

string boundary. Note that go,r and gz2r act as the identity on the closed string states,
R

but not on the open string states for generic values of Wilson lines and positions. As a

consequence, the symmetry group is no longer U(1) x U(1) but R x R.

3.2 Zs orientifolds

Let us consider the parities

Q: X(t,o) — X(t,—0), (3.8)
sQ:X(t,o) - X(t,—o) +7R.

These act on the states and branes as

|l,m) — |l, —m)

0: Ny — N_g; ’l>a1,a2 - ’l>—a2,—a1 (3'10)
Dy = Dy [M)aye; = | = M)
|1, m) — (=1)!I, —m)

S SNy = Nogy Dagay — ¢ ™S, (3.11)
Dy — DyyrR; IM)2y,20 = | = M)y tnRzi+7R
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The parity s acts in the same way as ¢,r€2 on the closed string states as well as the
DD string states, but differs from it by an overall phase e % in the action on the NN
string states. This is to make s{2 involutive (note that (g,zrQ)? = garr # 1 on NN string
states). Computing the partition functions and making the modular transform, we find
the following expressions for the crosscap states

[%a) = VRV2 ) exp (—Z (_1)nanan> 10, 2m) (3.12)
n=1

m/'€Z n
[e%¢) _1)"
%) = VRV2 D exp (-Z ( n) a_na_n> 0,2m/ +1). (3.13)
m/€Z n=1

Applying T-duality to (B.10), (B.11]) and (B.12), (B.13)) in the system of radius 1/R, we

find two other parity symmetries

[L,m) — | —1,m)

IQ: ¢ No— Nay [Daras = [ = Dassen (3.14)
Dy — D_z;  [M)ayar = M) —20,—21
l,m) — (=)™ —1,m)

r'a: Ny — Na+%§ D l>a2+%,a1+% (3.15)
D, — D_y; ’m>x17m2 - e—m’(m—i— x§:§2)‘m>—x27—$1

with the crosscap states

|610) = g > exp <Z (_l)na_na_n> 12',0) (3.16)

|Crq) = g > exp <Z (_l)nanan> 121’ +1,0). (3.17)

We see that they both correspond to the involution
X(t,o) = —X(t,—0). (3.18)

There are two orientifold fixed points of X — —X; one at X = 0 and another one at
X = wR. The difference between IQ and I’'Q arises, for instance, in the RP? diagram:
(0|1%70) = VRV2 whereas (0|€1:q) = 0. In a full string model that contains the circle
as one of the compactified dimensions, taking this overlap corresponds to determining the
total tension of the orientifold planes. The fact that the overlap for I’Q) vanishes means
that the tensions of the orientifold planes located at the two fixed points have opposite
signs and cancel out. In string theory language, the orientifold located at one of the fixed
points is a OT-plane, the one at the other a O~ -plane. For I the tensions add up and
the two orientifold planes are of the same type.

This can be confirmed by comparing the action on the open strings stretched between
DO0-branes. We consider DO-branes at the fixed points. The state |0)g is a state of the
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string ending on the D0O-brane at X = 0 without winding, whereas |1) r g is a state of
the string ending on the DO-brane at X = wR without winding. The action of the two
parities on these open string states are

10 - 00,0 — 10)0,0, 7’0 - 0)0,0 = 0)0,0, (3.19)
’1>7rR,—7rR - ‘1>7TR,—TI'R ’1>7rR,—7rR - _’1>7rR,—7rR

We see that the action of IQ on the two string states is identical, while I'Q) acts on them
with opposite signs. For I€2 orientifold, the orientifold planes at X = 0 and X = 7R are
both of SO-type. For the I'Q2 orientifold, the orientifold plane at X = 0 is of SO-type and
the one at X = 7R is of Sp-type.

Since I'Q) is obtained from T-duality applied to sQ2, we have proved that the sQ orien-
tifold is T-dual to the orientifold with Sp/SO mixture. This was observed in the context
of superstring theory in [ft]].

3.3 Combination with rotations I: involutive parities

One can combine the parity symmetries considered above and the rotation symmetries g

~1. They are involutive so

and g,,. We first consider the combinations of the form gPg
that the crosscap states belong to the ordinary space of states H. In fact, in order to find
the crosscap state we can use the recipe given in appendix D} ¢|€p) = |, YPg—1)-

Let us first consider the parity ¢ 4 IQg~! 2 which is actually the same as g, I€). The
crosscap state is obtained by applymg 9 nayo to |€10):

V2 v = (1)

|6y, 1) = fz oW AT/ R oxp Z( n) a_pa_y, | |20',0). (3.20)
l'eZ n=1

One can also consider gA I’Qg . It is the same as g, I'Q? in the action on the closed

string and N-N Strlngs but dlffel"b from it in the action on the D-D strings. We therefore
denote it as g,, LI,

n

) anan> 121" +1,0), (3.21)

|<€ I/Q Z Ax/R exp (i (—
n=1

I VeZ
Both ¢, I and gz;\l_"/Q act on the free boson as

X(t,o) = —X(t,—0) + Az.
This action has two fixed points at X = % and X = % + mR. If we move Az from 0 to
2m R, under which the two fixed points are exchanged, the crosscap for I€) comes back to
itself but the one for I'Q) comes back with a sign flip. This is because the two orientifold
planes are of the same type for IQ (both SO-type), while they are of the opposite type for
I'Q) (one is SO-type and the other is Sp-type).
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= o1
a

We next consider the parity symmetries g,,Q2 =g ,, Q29
The crosscap states for these parities are

= \/RV?2 Z e fida exp( Z( 1)na_n&_n> 0,2m/), (3.22)

m/ €7 =

g 5 1/R\/_Z —i(m/+5 )RAanp<_Z(_

m/EL

ol n) 0,2m’ +1). (3.23)

e~

We note that g, 2 as well as g,,s§2 change the Wilson line as a — —a + Aa.
The symmetry g,, commutes with the parities IQ2 and I'Q), whereas g, commutes

-1

with © and s€). Thus, there is no dressing of the form gPg~" other than the ones considered

above.

3.4 Combination with rotation II: non-involutive parities

We can also consider parities that are not involutive. An example is g, Q : X(t,0) —
X(t,—0) + Az, where (9,,Q)? = g,,,. The crosscap states for such a parity P are not
in the ordinary space of states but in the space of states with twisted boundary condition
determined by P2. We note that the effect of the twisting by g,. and g,, is just to shift

the momentum and winding number by —£4¢ and —£%:

My, 5. = $ Him - (3.24)

RAa Ax
lez— 27 meZ— 2R

The Wilson line of a D1-brane is preserved under the rotation g ,,, while the position of
a DO-brane is preserved by g,,. Thus one can consider the g, -twisted boundary state for
N, and the g, -twisted boundary state for D,. Computing the twisted partition function
and making the modular transform, we obtain the following expressions for these twisted
boundary states:

=1 Az
—iRam ~
‘Na>gAz ZG:Z e exp <_ ; Ea_na_n> 0, m — ﬁ> s (325)
RA
|D2)g,. = Z e R exp <Z —Q_p Oy ) ‘l— 5 a,0>. (3.26)
“ T
leZ

Note that these states change by a phase under Az — Az + 27R and Aa — Aa + %’T
because of the parallel transport involved in the action of g, and g,,,.
The crosscap state for g,,€2 consists of states in H,y  —and is given by

[€y,,0) = VRV2 ) exp <— i (_:L)na_na_n> 0,2m’ — ﬁ>. (3.27)

TR
m/€Z n=1

The crosscap state for g, €2 is a sum of states in Hg,

\%“Aam> = % Zexp (Z #Q_naﬂ) ‘QZ’ — R?a,0>. (3.28)

ez n=1
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Eq. (B-27) interpolates between the € crosscap and the s{) crosscap. Recall that g,z and
s€) are the same except for the difference in the action on N-N string states by an overall
phase. The same can be said of (B.2§).

One can also consider the parities g,,G,,2 or g,,9.,1€2. The crosscap states are given

by

— 4/ —iRAam/’ = (_1)n ~ Ax
|ngAz§AaQ> - R\/§ Z e eXp <_; anan> 'O,Qm/ - ﬁ>, (3.29)

n
m/EZ

\/5 7iﬂ / >0 —1 n ~ RACL
’%gMgAafw = R Z e VR ! exp Z ( n) a_pa_y | |20 - - ,0>. (3.30)
UVEZ n=1

The crosscap for g,,g,,? is obtained by applying g ,, to |<€gA o) and multiplying by the
St x

i AaAzx

phase e™*72r . The application of §,, is because g,,9,,Q2 = ., 94,929, . The extra
2 2 2

. ~ . . - AaAx
phase arises because g Aa|Na>gA is not just |Ng4 Aa>gA but has an extra phase e 2r .4
x x

The same can be said of |%, 19)-

Az9Aa

4. Rational U(1)

Let us consider the case R = v/k for a positive integer k. We can now use two approaches
to construct D-branes and orientifolds: on the one hand, we can insert the special value
of R in the formulae worked out in the previous section. On the other hand, the boson
at this particular radius is described by a rational conformal theory, so that the methods
developed in section P| can be applied. Needless to say, the two approaches lead to the
same results.

Let us briefly review the basic structure of the rational conformal field theory descrip-
tion, and in particular collect the ingredients for the construction of section f. At the radius
R = Vk, the system has two copies of chiral algebra A = U(1)g. One copy is generated by

the spin 1 and spin k£ currents
J=Vk(O —9,)X and  Wi= eVEXr,

while the other copy is generated by

J=—Vk(d, +0,)X and Wy = eT2VEXL

Since W has J-charge +2k, the representation of U(1), is labelled by a modulo 2k integer,
n, and the representation space is denoted by 7%,. Note that the state |I, m) of momentum

[ and winding number m has (J, J)-charge (I — km,—l — km). Thus, one may relabel the

states as
) = [ — km) @ | — 1 — km) = |n + 2kp) @ | — n — 2K7)
“In fact, 9o nn (Na|qHC|<€gAI;,AaQ> should be the same as 4, (Na_%|qHC|<€gAwQ>. The claimed con-
. _;AaAw -
struction of [ 5 q) follows because ¢, , (Na7%| =e "o, (Na|g%.
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where we have made the reparametrization [ = n + k(p + p) and m = —p +p. If [ and m
run over integers, then (n,p,p) runs over Zoi & Z @ Z. Thus, the space of states is given by

H=PHim= P A,
lm

n€loy,
The primary states are labelled by a mod 2k integer, n € Zsgg, and the fusion rules are
simply given by the addition modulo 2k. We choose the range n = —k +1,...,k as a
fundamental domain for Zg,. For any integer n, we denote by 7 the representative in this
fundamental domain. We also denote the addition of two labels n,m mod 2k by -+, such
that n+m € {—k+1,...,k}. The conformal weight of the primary field with label n is

)
hy = 2
4k
Modular matrices. The modular T and S matrices are
‘rrin2 T 1 imnn’
Tnn/ = 5n,n/ ez "1z, Snn/ =—=e "k . (41)

V2k
For orientifold constructions one needs in addition the P = T ST2Sv/T and Y matrices.
In order to compute them, it is convenient to introduce related matrices that do not

involve /T

Q = ST?S (4.2)
and
- SabQpa@: T
VG =) "X _ [2Cye 4.3
ab Zd: SOd Tb ab ( )
The absence of v/T makes the computation easier, and we find
1 7 _in n2 (2
anl - ﬁ ere ) 5514)—71’—1—]9 ;
on' _ —I(—n?4n?) <(2) (2k) _ 1\ +k 5(2k)
Ynn’ e 4k 5n’+n” <5n+ n/;nu ( 1) 5n+ n/;n// +k> .
The P-matrix and Y-tensor are then found to be
2 1 e
Paw = 62 " (1.4)
' _ ¢(2) (2k) _ \n/+k (2k)
Ynn’ - 5n’+n” <5n+ﬁ’2ﬁ” ( 1) 5n+ﬁ’2ﬁ”+k> . (4'5)

Discrete symmetry. The group of simple currents is the group of primaries itself, ¢ =
Zog. The charge Q,(n’) is given by
2 "2 "2 /
N on (n) (n+n') nn
= — - =—— d1.
@) =T+ 4k ik 2%

Thus, we find a discrete symmetry group Zop generated by an element g that acts on

H, @ A, by phase multiplication e ™% x. In terms of the symmetries ga, and gaq, this
generator can be expressed as

where R = vk is understood. One can also show that among gA,gA, the symmetries that
commute with the algebra U(1), ® U(1); are of the form grrn gzn = g" for some n € Zgy.
k
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T-duality. The T-dual model has radius 1/R = 1/vk = R/k, and can actually be
regarded as the orbifold by the group G = Zj, generated by gor g/ = g%. As arepresentation
of the U(1), ® U(1)y algebra, the space of states is given by the diagonal modular invariant

Hdeual :@%@)%

T-duality induces the mirror automorphism M : a, — —ay,, and the map of states ¥ :

H — HT~dwal is given by |I,m)r — |m, 1)1, which reads in the RCFT language as
R

V=VyeLl:lg)e))—|-qlg.
4.1 A-parities

A-branes and A-parities correspond to the Cardy states and the PSS crosscaps

1 'nn/
|Bn) = - Y e B, (4.7)
(2]{:)Z n/Eng
(2k)3 i ((2)
1) = d e i 5n+n ). (4.8)
\/E n! €Zoy,

To find out the geometrical meaning of these branes and parities, we express these

states in terms of the basis |, m) labelled by momentum and winding number. We first
re-express Ishibashi states:

|%B,n)) = Z e %O‘*ma*m\n +2kp) ® | —n — 2kp) = Z e %a*ma*m]n + 2kp, 0),
PEZL

PEZL
~ (n 2
€,n)) = emillo—hn)| g ny) = ke $7 X SHmamnom (T, o )
PEZL
Then, the Cardy states are expressed as
B0) = 3 T Y R R 4 2k, 0)
)t ez, pez
_ Z efmr a mo_ m‘l 0>
(2k 4 leZ
= !DWR%% (4.9)

Thus, the n-th Cardy state is identified as the DO-brane located at the point X = 27 R g
of the circle. To express the PSS crosscaps, it is convenient to use the )-matrices,

@) > %

1
— omithn—20) (%) ! $ eI o8 R ammom |9 4 4k, 0)
l//eZ

1€y nn10) (n+k)even
k
) (n+k) odd (4.10)

e7riL0 ‘%7 n/>>

9nxra 1’0
&
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In the last step, we used the crosscap formulae (B.20) and (B.21)) for the parity symmetries
studied in section . We see that the PSS parities are associated with reflections of the
circle. The n-th PSS parity has orientifold fixed points at the diametrically opposite
points, X = 27Ry; and X = 2nRy; + wR. For n even, the location of the orientifold
points coincides with the location of the Cardy branes %,,/, and %, /5, For n odd, the
fixed points are halfway between possible locations of Cardy branes. Furthermore, the two
orientifold points are both of the same type for n+ k even, whereas they are of the opposite
type for n + k odd.

We will now see how this information is encoded in the Y tensor of the RCFT. Us-

ing (.5 it is straightforward to write down the A-type Mdbius strips:

(Gnlaf | Bm) =D Vs X (1) = £Xn—2m(7) ;
1 if n — 2m = i — 2m mod 4k
+ = o 4.11
{(—1)"% if n — 2m = f — 2m + 2k mod 4k. (4.11)

Since (B |af | Bim) = 32,0 N X (T) = X' —m (T), we see that the P,-image of the Cardy
brane %, is By _m. (Actually, this also follows from the general rule (R.38).) In particular,
for n even, the Cardy branes %, , and %, /5, are left invariant, confirming that these
branes are located at the orientifold fixed points. The two cases in ([E.11)) are interchanged
under the shift m — m + k. In particular, the amplitude flips its sign under the exchange
B, > B if and only if n + k is odd. We note that the Cardy branes %,, and %, .«
are located at diametrically opposite points. In this way, the RCFT data encode the fact
that the crosscaps with n 4+ k£ odd lead to orientifold projections of different types at the
two fixed points, whereas crosscaps for n + k even give rise to the same projection.
For completeness, let us also write the Klein bottles, which are

(Galer) =S 8%, (57(5?%—4 + (=1)kFn 53R > Xom (4.12)
2

m+ 25t 4k
m
4.2 B-parities

We next study B-parities. To find B-crosscaps in our model, we first find A-crosscaps in
the mirror Zg-orbifold model, and then bring them back by the mirror map.

To find the A-crosscaps in the orbifold model, we apply the method of section £.3. The
bilinear form ¢ of the group G = Zj, is uniquely fixed by the requirement g(n,n) = —h,, =
—Z—; (mod 1) and is given by
nm
1k

Note that it is well-defined, namely invariant (mod 1) under 2k shifts of n and m since

qg(n,m) = — n,m even. (4.13)

both of them are even. Note also that 2q(n,m) = —nm/2k = Q,(m) (mod 1) as required.
To write down the eq. (R.57)) for 6, we first note that

. a2 w2 (ndm)2  nm
_ 2 - - - v
Qn(m) =+ 2q(n.m) = = = G5+ " ok
(n+m)?2  (A+m)®> nim A+m
- — = — 2. 4.14
1k 1k 2 g mod (4.14)
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Thus, the equation is (n +m) = 0(n) + 0(m) + "JrTm — 24m and the solutions are

Ll
k’

Then, the crosscap states (R.5§) and (R.60)) are given by

0y(n) = e Z/KE. (4.15)

|3

iu}o R M .
TE Y T E ) = e @mte, -2 k).

n:even

’Cgpgl > =

21tk
2

w1 . . .
€ ) = eﬁ Y e TG -QM)g, ) = et (o), ol — 1 - k).
1

n:.even
In the latter we have chosen n/ = 1 as the representative of the non-trivial element of
G |G = Zoy/ 7y, = Z. The phases €0 and e“! can be tuned so that no phases appear in
front of the Ishibashi states.

B-parities in the original model are obtained from these by the mirror map. We denote
the mirror images of Pg "and Ple ! by Pé“k and P;,HHIC respectively. Since the mirror map
U1 sends the Ishibashi states |4, —n)) to B-type Ishibashi states |¢’,n)) g, we find that
the crosscap states are given by

1
|€pp) = (2k)%|€, n) B . (4.16)
These parities are not necessarily involutive. Applying formula (R.72) we find that
(PB)? = g™". (4.17)

The crosscap state (f.16) belongs to the space ., ® . Since n = 2n + (—n) = g*"(a),
H @Iy, = H @ Hpen () is a space of states with g?"-twisted boundary condition. Namely,
|€pn) is a g*"-twisted state, which is consistent with (L.17).

Next, let us examine the geometrical interpretation of these parity symmetries. To
this end, we express the Ishibashi states in terms of the |I,m) basis.

[B.n)6 = (Var © 1|2, —n)) = (Var @1) Y X 55| — i+ 2kp) © |n — 2hp)

PEL
PEL PEZL
. 2 ) m _
Eons = | B,y = <) 3 (e - X S g, 9 ).
PEL

Comparing the latter with the formula (B.29), we find that

—7i n? L
gw(n];—k) gﬁTRnQ> = e (ar hn)(Qk) 4 |C€, n>>B . (4'18)

~

The crosscap state ({1.16) is equal to (f.1§), up to an overall sign, which is + if we choose
n = n. Thus, we conclude that the RCFT parities are interpreted as

Py = g%gn(ﬁﬂc)ﬁ. (4.19)
R



If n + k is even, Pg is equal to g»ra§), which is simply the worldsheet orientation reversal
k

Q) followed by the n/2k rotation of the circle. If n + k is odd, §rm+r is non-trivial, and
R

Pp is not just Q followed by the n/2k rotation, but it acts by extra sign multiplication
on odd-winding states. Note that grzrngrm+r) = ¢"g=x and hence Pp = " G=: . Since
E R R R

(Gz£ Q)% = 1, this also explains (E.17).
R
4.2.1 Klein bottles
We record here the Klein bottle amplitudes:

Tey PRg™ = (Gpyle™ 5 |€py) = Vahx(- 1/27)
= Z T X (27) Z 2miQn(m)y (27). (4.20)
m

This indeed shows that Pp = g”P]_% on the closed string states. One could also consider
(Cpnr|qf? |€pp), which is interpreted as Try P2g*. This vanishes.
B £

4.2.2 Mobius strips

Let us compute the Mobius strip amplitudes. Since P are not in general involutive (),
we need to find the boundary states on a circle with ¢?"-twisted boundary condition. They
are obtained via mirror symmetry from the twisted boundary states for the A-branes in
the orbifold model C/G.

To find the A-brane boundary states in the orbifold model, we use the method devel-
oped in section P.2.9. The symmetry g?" in the original model is mapped to the quan-
tum symmetry in the orbifold model associated with the character p, of G defined by
pn(m) = mn/2k (m even). Applying formula (R.64) with i = n’ = 0,1, we find

Bl = N (5) (B + 0B )

We choose the phase X so that et " = 1. The (twisted) boundary states for B-branes
in the original model are obtained by applying the mirror map ¥ ! to these states:

1
k4 /

B = (5) (Zmda+ (1Bt B, W =01 (@2

To find the geometrical meaning, we express them in terms of the |I,m) basis. Using

the expression for [, n)) p obtained above, we find

| B g = Z TX a0, — 8) = [NoYgyrp, (4.23)
T‘EZ k

| B gon = Z ) e X ma-m—m |0,y — g>:|N%>g%§n. (4.24)
T‘EZ

Thus, %’ﬁ is the D1-brane wrapped on S with trivial Wilson line, while %ﬁ] is the D1-

brane with Wilson line 7 along the S'. Using the action of ©, g, and ga, on the D-branes
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studied in section [}, we see that Pg = gxri Gr(atr) 2 maps the brane N, to N ot
k ~ R -

particular, the B-branes %[O] and ,%’m are invariant under Pg with even n + k, while they
are exchanged with each other under P5 with odd n + k.
Let us see how the RCFT data encode this information. It is straightforward to

r(atk) . 10
R

compute the open string partition function Tre;(g%"¢") = ;2 (%B] lgf! \%[b]>

Troo(g2an) :Trll 2n H Z efm—xm )

m:even
Tror (97"q™) = Trio(g®"q") = D e ™% xm(r).
m:odd
This shows that 0-0 and 1-1 string states have even charges under U(1); and 1-0 and 0-1
string states have odd charges. (Also, g2 acts on the charge m representation as the phase

- nm
X3 A

multiplication by e .) On the other hand, the M&bius strip amplitudes are

Z e " %55 (1) n + k even,

m:even

92"<‘@[§]‘q{{‘%}—’§> = __ihih
Z e "2k X (T) n+ k odd,

(4.25)

for both @ = 0, 1. They are to be identified with the twisted open string partition functions
Trig), Pn[a}( B4 ) For n + k even, only even charge states propagate, which means that
the brane %’[a] is preserved under the parity P5. For odd n + k, only odd charge states
propagate, which means that %’ﬁ] is exchanged with %’ﬁ.

5. Parity symmetry of (gauged) WZW models

In this section, we study Parity symmetry of the WZW model on a group manifold G, and
the G mod H gauged WZW model in which the vectorial rotation g — h~'gh is gauged.
We will focus on the case G = SU(2), the group of 2 x 2 unitary matrices of determinant
1, and its diagonal subgroup H = U(1). We denote the Lie algebras of these groups as g
and b.

5.1 The models

Let ¥ be a 1+ 1 dimensional worldsheet. The level kK WZW action [ for a map g : ¥ —
SU(2) in a background gauge field A € Q'(X, g) is given by

k _ _
Sk(A,g) = g/ztr (g 1Drg g 1Dﬂg) d’z +

127
where B is a 3—man1fold bounded by the worldsheet, 0B = ¥, g is an extension to it, and

k 1.3 Kk _ _ _
+— tr (g 1dg) —E/Ztr{A(g Ydg + dgg™) + Ag 1Ag}, (5.1)

gleug = gilaug + gflAug — A,. Let us consider the chiral gauge transformation
g — hflgh2a
Ay — hy A by 4+ b0, by
A_ — hytA_hg+hy'0_hy, (5.2)
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for any h; with values in G or its complexification G.. (Here we used the light-cone
coordinate z* = t + o, with 0+ = 8% = (9, £0,).) This changes the action according
to the Polyakov-Wiegmann (PW) identity [[£3], 4]

Si(A,g) — Sp(AM"2 hilghy) = Sp(A, g) — Sk(A, hihyt). (5.3)

In particular, it is invariant under the vectorial transformations ¢ — h~'gh, A — h='Ah +
h~'dh. The action Si(A,g) can also be defined when A is a connection of a topologically
non-trivial G/Zg-bundle on ¥ (where Zg is the center of G) and g is a section of the
associated adjoint bundle, so that the PW-identity still holds [[5].

The level K WZW model is the theory of the variable g with the action Sg(g) = Sk(0, g).
As a consequence of the PW identity (b.3), the action Sg(g) is invariant under

g— hl(x_)_lghg(ac+) . (5.4)

The corresponding currents (X € g),

—k (27 .

Jo(X) = — tr (0_gg~ ' X) =)o | (5.5)
2m1 0

- ko [2 .

Jn(X) = i ), tr (g7 '049X) o) dg (5.6)

obey the SU(2) x SU(2) current algebra relations at level k. The Hilbert space of states
decomposes into the irreducible representations of this algebra g @® g. Only the integrable

representations 17j = @G’k appear, where the spin j ranges over the set Py = {0, %, 1,..., g :
HO* = P VeV (5.7)

J€P
The system is a conformal field theory with ¢ = kg—fg The spin j € Py, representation V; of
SU(2) is included in 1/7] as the space of Virasoro primary states with h; = J %:21 ), and the

matrix elements of g in V; are the Virasoro primary fields corresponding to the states in
V; ® V; C V; ® Vj. In particular, for spin % representation, we have the relation

11 11 11 11
g1 912 —15,=3)®l3,3) —l3,—35)®l5,—3)
g:< ><_)< |i 2 l212 |i 2 272/ (5.8)
2 2

g21  g22

where |j,m) is the basis of V; with 03/2 = m. The minus signs in (F.§) originate in the

relation v® = €%y, defining the isomorphism Vi = VY. The relation for the higher spin
2 3

representations can be obtained from this by using the realization V; = Sym?' Vs .
2

Gauged WZW models. We next consider the SU(2) mod U(1) gauged WZW model.
This is the model with the action Sy (A, g) where A also varies over U(1) gauge fields. To be
precise, the gauge group H = U(1) is the diagonal subgroup of SU(2) divided by the center

Zy = {£1}. The model is a conformal field theory with the central charge ¢ = 1

Y

3k _
k42
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which is known as the Zj parafermion system. Let us decompose the representation ‘7] of
g into the irreducible representations of the subalgebra b generated by J,,(03);

‘7]' = @%,n ® ‘7_”. (5.9)

The sum is over the eigenvalue of —.Jy(03), which are integers such that 25 +n is even. The
space ¢, can be identified as the subspace of 17j consisting of states obeying J,,(03) = 0,
m > 1, and Jy(o3) = —n. The physical states of the G mod H model are the gauge
invariant states of the WZW model, which satisfy

Jn(v)|phys) = Jm(v)lphys) =0,  m>1, veh, (5.10)
(Jo(v) + Jo(v))|phys) =0,  wveb. (5.11)

The subspace of 17j ® ‘7] obeying this condition can be identified as @, , ® 5 _,.
However, the space of states is not the whole sum of these spaces. Since the gauge group has
a non-trivial fundamental group 71 (U(1)) = Z, there are large gauge transformations which
relate the physical states, acting on the labels as (j,n) — (% —j,n+k)— (j,n+2k) — -
The space of states is found by selecting one member from each orbit,

HOHE = D A @ S, (5.12)
(Jm)EPFy
where the sum is over
{(j,n) € Px x Z;2j +neven}  {(j,n) € Py, X Zoyy;2j + neven}
m1(U(1)) = G-dntk)

PF, =

The H-valued chiral rotations g — hi(z~) 'gha(zT) commute with the gauge group
and shift the action according to the PW-identity (f.):

Su(A BT @ hgha () = SlA,g) + 5 [ Palogmby), (.13

where F)y = dA is the curvature of the gauge potential A. For the constant hq, ho with

hit = hy = exp(iaos/2), the shift is —ka x o [tr(Fa03). Since tr((o3/2)os) = 1, the
integral i [tr(Fao3) is an integer on a compact space. Thus, the path-integral weight

¢Sk(A9) is invariant if ko € 2nZ. Therefore, the system has a symmetry generated by

a:g— emos/kgemios/k (5.14)

This is an order k symmetry since (em"’?’/ F)k = @™o — 1 acts trivially on g. Thus the
system has an axial Zj symmetry. The “axial anomaly” U(1) — Zj can also be seen in
the operator formulation. The axial rotation g — e??3/2g¢ei®3/2 acts on the S, ® ) _,
subspace as a multiplication by e (—1)/2 x gion/2 — gien  However, it is consistent
with the field identification (j,n) = (£ — j,n + k) only if ak € 27Z. The rotation (F.14)
acts on this subspace by multiplication by ¢2™/* which is indeed well-defined. The two
reasonings are of course related since the field identification originates from large gauge

transformations that produce topologically non-trivial gauge field configurations.
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A geometric picture can be given to the model. We parametrize the group element
and the gauge field by

g= ei(¢+t)a3/2 ei9(71 ei(¢—t)03/2 _ < €' cos 6 ie’t sin @, ) , (515)

ie"sin® e @ cosd

293/2 acts on these variables as

and A = %Ugaﬂdx“. The gauge transformation h = e
t—t— A\ a, — a,+ O\ Integrating out the gauge field a,, we obtain the sigma model
on the space with metric

ds? = k [(d@)Q + cot? a(d@ﬂ. (5.16)

In terms of the complex coordinate z = ¢® cos 6, it is the disk |z| < 1 with the metric ds? =
k|dz|?/(1—|z|?). As discussed in [1], the string coupling appears to diverge at the boundary
|z| = 1, but it is simply because of the choice of variables. The Zj symmetry (b.14]) acts
27r7§/kz

on the coordinates as the shift ¢ — ¢ + 27 /k, or equivalently z — e — the rotation

of the disk with angle 27 /k.

5.2 Parity symmetry of WZW models

The WZW action Sk(g) is not invariant under the simple Parity transformation
Q:t—t, o— —0o, (5.17)

since the WZ term fB tr(g—'dg)? flips its sign. However, if Q is combined with the trans-
formation

T:9g—g ", (5.18)
it is invariant because ¢g~'dg — gdg~! — —g(g~'dg)g~! yields an extra minus sign to
the WZ term. The kinetic term is of course invariant under both € and Z. Thus, WZW
model has a Parity symmetry P = ZQ. Under this symmetry, the currents (f.5) and (f.6)
transform as

Jn(X) = J(X),
Jn(X) = Jn(X). (5.19)

In particular, the right-moving highest weight state of spin j is mapped to a left-moving
highest weight state of spin j, and vice-versa. This shows that the Parity symmetry acts
on the states as the right-left exchange P : u®v — tv®u, up to the sign that may depend
on the spin j of the state. To fix the sign, we recall the field-state correspondence (f.§).

1 .1 .
sends the spin 5 matrix elements as g11 <> g22,912 — —g12 and go1 — —go1,

Since g — g~
we find that the sign is —1 for j = % The sign for higher j is (—1)%, since V} is realized as

the symmetric product of 25 copies of V1. Thus, we find that the action of P is given by
2

PiugveV;aVj— (-)YvoueV;oV;. (5.20)
The partition function with P-twist is
Try (P ™) = ) (=1)¥y(27), (5.21)
JEPL

where 7 is a positive imaginary number.
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Variants of the above involution Z can be considered. One is an involution
I :g——g'. (5.22)

The model is invariant under P~ = Z~ €2, and the currents transform in the same way
as (B.19). Since P~ is the composition of P and multiplication by the center —15, which
is represented as (—1)2j on Vj, it acts on the states as

P‘:u®v€‘7j®‘7j'—>v®ue‘7j®‘7j. (5.23)

The P~ -twisted partition function is given by

Tryg (P~ ™) = ) x;(27). (5.24)
J€EP
More general involutions are
TE 9 — %909 g0, (5.25)

for any element gg of G. Py, = IgiOQ is also a Parity symmetry of the model. The currents
transform as

Jn(X) = Ju(90X g5 "),
Tn(X) = Jnl(g5 X g0) .- (5.26)

Since Py, is the composition of P* and g — goggo (where PT := P), it acts on the states as
Pgio:u®v€17j®17jr—>(:F1)2jgalv®gou€‘7j®‘7j. (5.27)

The twisted partition function is independent of gg and reduces to (.21]) for P, and (6-24)

for P .

5.3 Parity symmetry of gauged WZW models

Now, we study Parity symmetries of the SU(2) mod U(1) gauged WZW model.
Under the involution g — ¢!, the covariant derivative is transformed as g_lDug —
— g(gleug) g~ ! with the gauge field A fixed. Thus, the kinetic term is invariant under

Ta:(Ag) — (Agh). (5.28)

On the other hand, the WZ term — second line of (f.J]) — flips its sign under Z 4. Thus,
Py =749 is a Parity symmetry of the gauged WZW model. Note that {2 exchanges the
+ components of the gauge field: (QA)4(t,0) = A(t,—0). Another Parity is Pp = ZpQ
where

Ip: (A 9) = (95 Agr 95 97 g0, (5.29)
0
s 1= imz(. é) (5.30)

7

Conjugation by g, preserves the U(1) subgroup, acting as g; 'hg, = h~'. Thus, a U(1)
bundle with connection A is mapped to another U(1) bundle with connection —A. By
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PW-identity (5.J), we have kS(g;'Ags, 9 '99+) = kS(A,g). Thus, g.,-conjugation is a
symmetry of the system. The Parity Pp is obtained by combining P4 with this symmetry.
Note that g, can be replaced by g.h; for any hy € H by a gauge transformation. The two
involutions Z4 and Zp act on the disk coordinate z = e cos 6 as

Ip:iz — 2, (5.31)
Igp:z — z. (5.32)

In fact, up to the Zj axial rotations, these are the only Parity symmetry obtained by
starting from the involutions of SU(2) of the type g — +g0g~ g0
These Parity symmetries act on the states as

Pi: u@v€ Hp®@H_nr— (—1)v@u€ Hj_pn@ Hip, (5.33)
Pg: u®v € Hy @Ky — (—1)¥ g0 @ gou € Hpy @ S, . (5.34)

Here g,u € J _y, for u € JZ,, is defined by considering u as an element of 173 if uisa
charge n highest weight state with respect to f)\, then g,u is a charge —n highest weight
state which can be regarded as an element of J¢; _,.

One can check that (5.33)) and (F.34) are consistent with the field identification. Let
us start with P4. The problem is trivial if (j,n) is not equivalent to (j, —n) since one can
choose the phase of the states so that P4 is compatible with the field identification. The
cases with (j,n) = (j, —n) consist of (j,n) = (4,0) and (j,n) = (%, +%). The case (5,0) is
trivial for an obvious reason. Non-trivial is the latter case. Let uy = ]%, :F§> S V% C ‘7%

be the vector representing the primary state of 7% ,». The field identification identifies
472
the states uy Qu_ € % 1 @ % _r and u_ Quy € H% _r ® % 1, Up to a constant;
4’2 4’ 40 2 472

2

Up QU = €U_ @ Uy . (5.35)

Then, P4 maps these states as

= (-2 luy @u_,
k
2

EU_ @ Uy . (5.36)

U ®U, — (—1)
u- @uy — (=1)

[SIESEER IR

U_ @ Uy
Uy QU

I
—
|
—_
~

These are indeed the same map, provided e ! = ¢, or ¢ = +1. Let us next consider the
action of Pp on the ground state [0,0) ® [0,0) in J% o ® %o which is identified with
the state |§,§> ® |§,—§> in %ﬂg,—k ® e%”g,k, up to some phase, say c. Now, g, sends
|7, m) — 2|5, —m). Thus, Pg maps these states as

10,0) ©10,0) — 0,0) ®0,0),
k k k k ekl kK wlk kK
T\ g|L, -2 kR |Z 2 WA
6‘2’2>®'2’ 2>'_>C( )i 2’2>®z 2’ 2>
Since (—1)¥i*i¥ =1, it is indeed compatible with the field identification.

Using (5.33)-(F.34), one can compute the twisted partition function. For P4, only
representations with (7, —n) = (j,n) contribute. As we have seen above, these are (j,0)
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with even j and (%, g) (the latter is possible only when k is even). It is then easy to see
that

Te(Pae® ™) = 37 y;0(2r) + 67 e(—1)5y

J:integer
where € is the constant that appears in the field identification (p.35)), which we learned
to be a sign +1. For Pg, all the representations contribute. The trace on the subspace

Hm @ HG _y s
Trj(Pp ™) = Z (N| @ (Mg (—=1)¥ g.| M) © g.|N)

x(27), (5.37)

M?r
Ml?&"

ZqEN DX (N|ge|M)(M|gs|N) = Tz, ¢*"0 73 (=1)¥ g2,

where {|N)} and {|M >} are the basis vectors of J#j,, and J# _,,. We note here that g? is
equal to —15 and thus acts on the spin j representation as (—1)%/. Thus, this contribution
is just x;n(27) and the total trace is the sum over (j,n) € PFy.

One could also consider parities combined with the axial rotation symrr;e_t[ry a’. Such

parities map the state u@v € Hjn @ Hj_pasa'Py:u@ve (~1)¥e * v®@u and
a’'Pg:u®@v— (—1)%e e gx0 @ gyu. Note that all a’Py4 are involutive but a’Pg are not;

(a‘Py)? =1,  (a'Pp)*=d*. (5.38)

For a‘Pg, only the one with £ =0 and ¢ = % are involutive (the latter applies only when &
il
is even). This can also be understood from the geometrical point of view, alZy:z— iz

27mil
and a'Zp : = — e * z. The twisted partition functions are

Tr(a'Pae®™ ™) = 37 xj0(2r) + 8 e(=1)% (=1) xx £ (27). (5.39)
J:integer

Tr(a‘Pg ™) = Z ejo,n(2T) : (5.40)
(],n)GPFk

We recall that € is some sign which has not been determined yet.

6. Parafermions: RCFT versus geometry

In this section, we describe the crosscap states of the SU(2)/U(1) coset model following
the general procedure given in section P Comparison with some of the results in section f]
will provide the geometric interpretation of the PSS and other parity symmetries. This is
also confirmed by using localized wave packets.

As a warm-up and for later use, we briefly review orientifolds of SU(2) [[H, B3, £, [

and their geometrical interpretation.

6.1 Orientifolds of SU(2): summary of the RCFT

Following section [}, we collect the basic RCFT data. The S-matrix of the SU(2) theory is
given by the well known expression

3 @irnei 4
Sy = g onT 12 . (6.1)
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From this and A; = I ggj; ) one computes the P-matrix

2 . (2+DERI+1) o
Pjjr = E T2 sm 20k + 2) ’ 52j+2j’+k (6.2)

With this, k41 Cardy boundary states can be constructed, labelled by the integral highest
weight representations. It is by now well known [[ig], 9] that the Cardy boundary state
|A) corresponds geometrically to a brane wrapping the conjugacy class C'; of SU(2)

containing the group element e2™/73/k,

The simple current group of the model is Zs, and is generated by the sector labelled
k/2. Fusing k/2 with itself yields the identity representation. Hence, one can construct two
different crosscap states, the standard PSS state |¢") and a simple current induced state

|€% ). The geometrical interpretation of those crosscap states has been given in [p2} f3] f1:
2

the standard PSS crosscap corresponds to the involution Z : g — ¢!

-1

, whereas the simple
current induced crosscap corresponds to Z~ : g — —g

In terms of the RCFT data, the Klein bottle amplitudes are obtained as

Try (P *™7H) Z Y]0X] (27) Z (=1)% y;(27)

J€EP J€EP

Try (P~ ™) = Z Z x;(27) (6.3)

jEP) JjEPy

M\R‘ M\R‘

, k
where we have used the fact that Y]% = (=1)¥ and that YJQE =1 for all j.
2

To construct and interpret the Mobius strips, one needs to know that
Vi, = (=1)7(-1)*N’; and Yj = N] ;- With the help of these identities, one ob-
tains

(@] 51 | 8) :Z 9%, Z (—1) %;(r)

<Cg§’e_%H“@J Z Jka ZNJk (T (6.4)

—1 acts as the

To make the connection to geometry for the first line, recall that Z : g — ¢
anti-podal map on the S? wrapped by the brane. In the classical limit, the primary fields
living on the brane become functions on S2. More precisely, the algebra of functions on
S? is spanned by the spherical harmonics Y;m, 7 € Z. Under reflection they transform
as Yjm — (=1)7Y} . This is exactly the action of P that one reads off from the Mobius

amplitude.

For the second line, observe that the spectrum of open string states in the Mobius
amplitude is exactly that of a brane J and its image g — J under 77

In this way, the CFT data encodes the geometry of the orientifold.
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6.2 Parafermions

We first review some basic facts on the SU(2)/ U(1) coset model, as a rational conformal
field theory. The Hilbert space

H = @ t%?,n & <%0j,—n )
(],TL)EPFk

decomposes into irreducible representations of the parafermion algebra. The conformal
weight of the primary field with label (j,n) is given by

G+ n?

him =0 12) T 1k 05

if (j,n) is in the range j = 0,...,k/2 and —2j < n < 2j. We shall call the latter the
standard range (abbreviated by S.R.). Any label (j,n) can be reflected to the standard
range by field identification (j,n) — (£ —j,n + k).

Modular matrices. The S and T-matrices of the coset model have the factorized form

Sy =285 Sans TmyGrn) = Tig Do » (6.6)

where it is understood that the matrices with pure j labels are those of the SU(2), WZW
model, and matrices with pure n labels are those of U(1). Using this factorization property,
we find . ) .

Ny = Nty 0ot + N3 820 e (6.7)
We also need to determine P and Y. As a first step, it is useful to consider instead the
quantities Q@ = ST2S and Y defined by (£J) and ([3). The computation is easy since v/T

is not involved and one can use the factorization (p.6)). The result is

Qim) (i m) = Qg Qur + Qi 51 Qo (6.8)
~ (j",n”) o —n/’ ~ E,]’Tn”+k
Yo imy = Yig Yo + Y5 Y (6.9)

From this, one can compute P = VT Q\/T and Y = /T / ch/acb.

Discrete symmetries. The group of simple currents of the model is Zj generated by
(0,2). The monodromy charge of the field in the representation (j,n) under the simple

current (0,2/) is
In

Qo,20)(J,n) = T (6.10)
Accordingly, there is a symmetry group Z; acting on the states as
2miln
af : ¢(j,n) — e k Tzz)(],n) for /lzz)(],’n) € %,n ® %,771, (611)

where we denote the generator of the group by a. This is in fact equivalent to the Zj axial
rotation symmetry of the gauged WZW model (p.14)).
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Mirror symmetry. The orbifold by the full symmetry group Z; has the Hilbert space
of states
H = P Hn® A, (6.12)
(4;n)EPFy
and can be regarded as the mirror of the original model. The mirror map ¥ : H — HM
acts on states as U=V ®@1: [j,n) ® |7, —n) — |4, —n) @ |j, —n).

6.3 A-type parities: RCFT and geometry

According to section [, there are Cardy branes (A-branes) % jn labelled by the represen-
tation and PSS parities (A-parities) P, labelled by the simple currents. The branes are

Q

transformed under the parities as (P.3§), which reads
Pg : %jm — %j,%fn . (613)

The crosscap state for the parity Py is

Gy =3 Mﬁm ). (6.14)

(j,;n)ePF, V 5(0,0)(j,n)

Explicit expressions for the A-type crosscap states can be found in the appendix. Of
particular interest is the coefficient of the identity (0,0), since in a full string model this
coeflicient would give rise to a contribution to the total tension of the orientifold plane. It

is given by
1 T
[(k+;)k]% cot {2(k+2)] k odd
for = L o . U : (6.15)
m (C0t2 [2(k+2)] + (—1)" tan2 [m]) k even

For k odd, it is manifestly independent of ¢ — all the PSS orientifolds have the same
tension. For k even, there is an additional term that depends on ¢ mod 2. The latter is

consistent with the action of the Z; generator a on the crosscap states

a: ) = [r2) ;

which implies that orientifolds related by symmetry operations have the same mass, as
required. In the geometric limit of infinite k, the ¢ dependence drops out and we get equal
masses also for orientifolds that are not related by symmetry.

The Cardy formula yields the boundary states

2= Y MI% ). (6.16)

(4',n)eEPFy V S(OO)(J n')

whose tension is

. ow(2541)
2 sin
Ty = V2 hi2 (6.17)

T k(k+2))5 | fsinmely

which is n-independent.
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6.3.1 The one-loop amplitudes

We next compute the cylinder, MS and KB amplitudes. Details are recorded in ap-
pendix -3 The cylinder amplitude are

<‘%j1,m’e_?H ’%j%w = Z ]1]2 nz n1+nX] n (7). (6.18)

2j+n even

The Mébius strip with boundary condition %, ., is

_ T 2k ~
(Gl T Biyny) = Y NL oo o n€inXin() (6.19)

27+neven

2j+n

where €}, is a sign factor which is (—1) 72, 1, (=1)" if (j,n), (5 —j,n+k), (5 —j,n—k) is in
the standard range, respectively. Comparison of (p.19) with (.1§) implies that the image
brane of #;, n, is %}, 20—n,, Which is indeed correct (.13). The Klein bottle amplitudes
are

_zi 2) (2
Gule 56 = Y Xn-n@)+ 8000, (1) Xk ki, (2T). (6.20)
2j4+01—£2 even

In particular, for ¢; = ¢5 we have

(Gl ETE) = Y xo(2r) + 00 (~1) xs

j integer

(2r). (6.21)

w\?r

For k odd, this is independent of ¢, whereas for k even there is an ¢ dependent term, which
plays only a role at finite k. This behavior was observed before, when we computed the
tensions of the orientifolds.

6.3.2 Geometrical interpretation

As noted in section [, the model has a o-model interpretation, where the target space is a
disk |z] < 1. A geometrical interpretation of the Cardy boundary states in that geometry
was provided by [R1]]. It was found that the Cardy states with j = 0 correspond to DO-
branes distributed at the & symmetric points at the boundary of the disk: %y, (n even)
is the DO-brane at the boundary point z = e “&". The Zj symmetry rotations act on the
boundary states by shifting n. The branes with hlgher j are D1 branes stretched between
two special points separated by the angle 4mj / k: Bin (2j+n even) is the D1-brane along
the straight line connecting the points z = e "*%) and z = e% »~%). Branes of a given
7 are related by Zj; symmetry, just as in the case 5 = 0.
The parity P4 found in the gauged WZW model analysis acts on the disk as z — Z,
a reflection with respect to the diameter Im(z) = 0. Since it maps the special points
as z = ek (E2) ef%("izj), it transform the Cardy branes as Py : Bj,, — Bj _n.
Also, the combination with the axial rotation symmetry a’ would act on the branes as
a‘Py - Bjn — PBjou—n. Comparing with the rule (b.13), we find the relation of gauged
WZW parities to the PSS parities:
Py=d'Py. (6.22)
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Indeed, under this identification, the Klein bottle amplitude (p.21)) is consistent with the
partition function (p.39) in the gauged WZW model. The sign € of the field identification
is now determined to be ¢ = (—1)2. It would be interesting to examine this using the
functional integral method.

6.3.3 Sketch of a shape computation

We now give an independent argument to determine the location of the orientifold planes.
In [P1] the location and geometry of D-branes was tested by scattering graviton wave
packets from the D-branes and taking the classical limit. These computations have been
repeated for orientifolds in [[[6, P2, FI]. Suitable graviton wave packets are localized 4-
functions, which are written down for parafermions in [R1]] appendix D. Since closed string
states with j ~ k are not well-localized, one only uses states with j < k as part of the
test wave function. This means that the shape of the brane is encoded in the couplings
of the brane to bulk fields with j < k. From the above argument, it is expected that the
orientifold planes in the parafermion theory are located along diameters of the disk. On
the other hand, it is known that the D-branes % Lk, are also located along diameters. To
compute the shape it is therefore not required to4 repeat the computation of [, but to
merely compare the coefficients of the crosscap state with the coefficients of the boundary
states | %n> If the asymptotic behavior of the boundary and crosscap coefficients is the
same, it can be concluded that their locations coincide. The D-brane couplings of the
Cardy state L%’%T) to the ground states |j, m) are given by

V2 (EDE

Bk yiim) = —— e k (6.23)
SO (ke + 2)]5 | fsin 2]
and the couplings of the PSS-crosscap state (for k even) are
. 2j+1 m+2j 2j+1
roo__ V2 o sinm oy +(-1) 2 cos Ty 24
Jm = 1 925 i . (6.24)
[k(k +2)]1 sin TrkJ—:2

In the large k limit, the contribution of the second term is dominant. In that limit, the
orientifold-couplings behave exactly like those of the boundary state L@k 4k /2> and the
conclusion is that the PSS crosscap is located along the same diameter as that brane. This
matches with the earlier conclusion based on the brane transformation rule (p.13). The
other crosscap states differ only in the m-dependence and hence correspond to rotated
diameters.

6.4 B-type parities: RCFT and geometry

As before, we construct B-type crosscap states by constructing A-type crosscaps in the
mirror Zj orbifold followed by an application of the mirror map.

To construct the crosscap states in the orbifold theory, we first need the bilinear form
q for the group G = Zj,. It is uniquely fixed by the requirement ¢(g,g) = —hg4 and is given
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by
q((0,n), (0,m)) := %, n, m even. (6.25)

Note that it is well-defined (invariant under 2k shifts of n and m) and obeys 2¢(g1,g2) =
Qg,(g2). We also need Qg(h) defined modulo 2. For this, we note that

n? In|

=—— 4+ — for —k<n<k. 2
h(0,n) e +5 or —k<n<k (6.26)
Then, we have (for n, m even)
R n? m? (ntm)? In| |m| |ntm]
Qoml@m)=—g-F+ o *2t% 5
_n—T—m—]n—T—m[_n—]n\_m—\m\_i_m_m mod 2
- 2 2 2 2k 2k 00T

In the second step we used (.14). In the last step we have used that n%'"' is an even
integer if n is even. Thus, we arrive at the conclusion that Q = 2¢q mod 2. Therefore,
eq. (R.57) is homogeneous, #(gh) = 0(g) + 0(h), and the general solution is given by
rl
0,.(¢0) = —2?, r € Z/KZ. (6.27)
Following the procedure given in section P, we find B-parities P} parametrized by a

mod-k integer r, whose crosscaps are given by
Tirl
%B,IZQ (Vs @ DI0) (6.28)

where Vi @ 7, — ¢ _, is the map induced from the mirror automorphism. More
explicitly, they are expressed as

1
k2 i
%) = vt S (1 Jeot ZEED IS (j20)) 5 +
j,(j,—2r)ES.R.
+ > cot ng%(%m» l (6.29)
J,(4,—2r)¢S.R.

The details of the computation are summarized in appendix The square of the B-type
involutions Pg can be computed to be

(P5)? = a®" . (6.30)

This is consistent with the crosscap |€,2) being a a* -twisted state (it belongs to @ ;5 2, ®
S 2y, which is a subspace of @, n, @ I ar—n = Hy2r). As before, the tensions of the
orientifold planes can be determined as overlaps with the ground state. They are only
non-vanishing for the involutive crosscaps Pg and Pé (the latter exists only for k even).
The result is

1
k1 1 T
T. = cot? 6.31
W (kt2)i [2(k+2)} (6:31)
1
ka 1[ T }
Typ=— tanz |— | . (6.32)
Bkt 2(k +2)
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Note the different behavior of the tension as kK — oo: the tension of the orientifold plane
k

for PY becomes infinite, whereas that for P2 goes to zero.

Boundary states for B-branes. In this section we write down the B-type boundary
states, which are obtained by taking the average over the Zj-orbit of the A-type boundary
states, followed by the action of the mirror map ¥~!. Since there is only one orbit for each
Jj, they are parametrized by just j (with the identification j = g —J):

S
|#7) = (Vir @ 1) | Bjny2e) = (2k) 1 |, (7,00,  (6.33)
\/_Z 8 j’i;eger SOj’

where n is an arbitrary integer such that 25 + n is even. For j = % which is possible only
when k is even, the Zj action has a fixed point, ¢ = % : (%,n) — ( n+k)= (4,n), and

special care is needed in the construction of the boundary states. In fact, it splits into two
B-branes distinguished by n = +1 [p1]], with the boundary states
k k
B, —, = 6.34
4 2>>B ( )

Under the symmetry af, these boundary states are transformed as L@jB> — L%’jB> and
“%g > "@k (= 1)n
Zy,, but the spemal B-branes %% N and %B are exchanged under odd elements of Zj.

4
One can also consider boundary states on a circle with Zj, twisted boundary conditions,

=

AL V=50t Y F'% 505 + 5 [k(k +2)]

7 integer

). Thus, each of the ordinary B-branes %’;3 (j # %) is invariant under

which can be used, for example, when we compute the M6bius strip amplitudes with respect
to non-involutive parities. The twist adds an appropriate phase factor in the Zg-average,
as explained in section P.2.2 For an ordinary B-brane % JB , since it is invariant under any
element of Zj, one can consider the boundary state with any twist ¢”. The symmetry

" is mapped under mirror symmetry to the quantum symmetry of the orbifold model,

. . _ 2mirt .
associated with the character a® — e~ & . Therefore, the relevant average is

a

mwirn

{%}JB%T = < Z %M(VM ®1) |%)J n+2€ % Z

\/E L 7’ integer V

r)hs- (6.35)

The overall phase e™%" is chosen so that n-dependence disappears in the final expression.
The special ones % , are invariant only under even elements a?". Thus we can only
47

%, (i §+2r)>>3 (6.36)

consider even twists:

B 1 1 Sk kj )
z >aw:§(2k)4 >, ——I% (J,2r)>>3+ [k(k+2)] %

4 717
jinteger V SO]

6.4.1 The one loop amplitudes

We present here the cylinder, MS and KB amplitudes. When the average formulae (5.2§),
(6.39), etc., are available, the computation is easily done using the results (p.18), (p.19)
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and (p.20) for the A-type amplitudes. In this way we obtain

o (BEle "BV = Y NI " xgn(r). (6.37)
2j+neven

(@GPle B or = > NI e v ¢ nXjm(7). (6.38)
2j+neven

(@Ple =gl = S T ya2n). (6.39)
(jan)ePFk:

Those involving the special B-branes may be computed independently.

2mirn

_mi 1 2 2j—n
ar{BL T INBE e = 7 D 08 (L (=1)77%) 7 X

LR
27+neven
1 2j+n 2mwirn
= > SO DTN ga(n). (640)
(Gim)EPF}
J integer

The last step would fail if 2r were formally replaced by an odd integer, which is consistent

with the boundary state for % , Dot admitting odd twists. The Mobius strip with special
4 b

boundary conditions is

mwirn

_mi 1 ~
(@GPl FNBE D =5 D % € nXjn(T)

27+neven
1 . 2j+n mirn __
(j,n)€5.R.
J integer

€j,—n are evaluated in the last step.

Let us examine how the B-parities P transform the B-branes. Comparing (f.3§)
and (B.37), one realizes that the Ph-image of %’f is %f” itself. Comparing (.40) and (p.41),
we see that the propagating modes in the loop channel are the same if nn’ = (—1)", namely
if 7 even and n = 1’ or r odd and n = —n’. This means that P}, with even r preserves each

of the two special branes, %f and %f _, while P; with odd r exchanges them.
4 47

6.4.2 Geometrical interpretation

To find the geometrical meaning of the parity symmetries, we first look at the Klein bottle
amplitudes (p.39). Comparing this with the result (f.40) in the gauged WZW model, we
find that the B-parities Py are identified as

PL=dPg. (6.42)

This means that the RCFT parity Pp is the orientation reversal €2 followed by the rotation
z— e % z of the disk.

Let us next see how the Mobius amplitudes fit with this interpretation. The geometrical
interpretation of B-type boundary states has already been given in [R1]: the brane % _]BZO
corresponds to a DO sitting at the center of the disk, and the branes of higher j < % are
D2-branes on a disk whose radius depends on j. Each of these are invariant under the
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rotation 2 — ek z, and hence also by Pg5. This agrees with the conclusion from the
cylinder and MS amplitudes. Moreover, the r-dependence of the MS amplitudes ([.3§)
resides only in the phase factor e™%, which is identified as the effect of the a"-action,
as can be seen from the cylinder amplitude (.37). This supports the structure of (.49).
The special B-branes % , are interpreted as D2-branes covering the whole disc. How the
two are distinguished is ot yet understood in a geometric way, but the boundary states
show that they are exchanged under the unit axial rotation a (or other odd rotations).
The interpretation (5.42) is therefore consistent with the conclusion from the cylinder/MS
comparison that the two are exchanged under Pz with odd r and preserved under Pz with
even r.

Finally we examine the tension formulae (f-31]) and (p.32)) from the geometric point of
view. The orientifold fixed point set of the parity P} is the whole disk. This fits with the
divergence of its tension in the geometric limit. The orientifold fixed point set of the other

k
involutive parity P2 (present only for even k) is just one point, the center of the disk. This
is consistent with the fact that it becomes light in the geometric limit.

6.4.3 Sketch of a shape computation

The localized wave packets one uses to determine the shape of branes are naturally elements
of the Hilbert space H (p.19). Hence, the scattering experiment makes sense only for
crosscap states containing Ishibashi states in that space. These are the crosscap states
leading to involutive parities.

From our previous considerations, we already know that the orientifold plane corre-
sponding to Pg extends over the whole disk. So does the D-brane £ E which exists
for k even. We can therefore independently confirm the location of %Pg by comparing
its couplings I'(; ;) to the closed string sector with the couplings of the brane B E (jam)*

Explicitly
V2K 2 (=1)

By, . = PO N St (6.43)

O k) ,/sm—%gi;

1 ; 241

2k cos

Ty = V2 L2k 55? 20k+2) (6.44)
(k—f—Q)Z \/SIDTFQI;?:_;

In the large k limit, these couplings do indeed agree, confirming that the crosscap and
boundary state are located at the same place.

k

Similarly, we know that P3 corresponds to a fixed point set consisting of the center of

the disk. That is exactly the location of the boundary state with J = 0. The closed string
couplings of the boundary and crosscap state are given by

1 . 2j+1
V2ki 528) 5(2) sinm 35y

BO,(j,m) — 1 (645)
(k+2)% \/sm7r2]g:21
1 2j+1
V2ki 5(2k) 5 SIN 755y (6.46)

L, = 2" ,
w2t Y i
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In the large k limit we can (for small j) replace the sin by the angle, and notice that the two
couplings have the same large k behaviour. This confirms that in this case the orientifold
is located at the center of the disk, just as the boundary state.
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A. Conventions on modular matrices

Here we collect the conventions on the modular matrices that are used throughout the
paper. For a representation 7, of the chiral algebra A we define the character by

Xi(T,u) == Tr e (eQmT(L“_ﬁ) e%ijo(u)) ) (A.1)

where 7 is in the upper half-plane and Jy(u) is the zero mode of a spin 1 current (or sum
of commuting spin 1 currents) in 4. We note that

Xi(T,u) = xz(1, —u), (A.2)

and therefore, 7 and its conjugate 7 can be distinguished by the introduction of u. We also
note x;(7,u) = x;(—7, —u) = x7(—7,u). The parameter u is usually suppressed in the main
text, but its presence is always borne in mind. We encountered its importance already in
the discussion of D-branes [f4].

For an element (ZZ) of SL(2,Z), the characters transform as

b+dr wu a b
Xi<a+c¢’a+cr> _;XJ(T’U)Mji<C d)' (A.3)

M(ZZ) is 7-independent at u = 0. We define S, T, C as M(gs)|u:0 for the SL(2,7Z)

elements 0 ) L1 Lo
SZ(l 0)’ T:<0 1>’ C:<0 —1>’ (A-4)

respectively. S, T and C are all unitary and obey the same algebraic relations as the above
SL(2,Z) elements, such as [S,C] = [T,C] =0, S? =C, (ST)3=C, STS =T'ST~. Cis

the charge conjugation matrix, C';; = d;7, because of relation (A2). T is a diagonal matrix

Tij = d;5e e2milhi—g3) —. 0; ;T;. More non-trivial is the fact that S is a symmetric matrix,
Sij = S5 B

The modular transformation of the M&bius strip involves

Xi 47' 27 & XZ 2 27

1 1 u p—
Xi ( 4r 2 27’) ’
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41 2u
Xk (7 ) Skiv/T;

14277 1+27
2

2u ) T2Ski\/Ti

Xk <_1+2T’1+2r

1
Xi (T + —,U> SikTESkin/T;

2

I
Mz - -1

Xi(T,u) <\/TST25\/T)

i
This introduces the new matrix
P =\TST?SVT. (A.5)

Using the properties of 5,7 and C, we find that P is a unitary, symmetric matrix such
that P2 = C.

B. Some properties of Q) (i)

A simple current g is a representation of the chiral algebra A such that the fusion product
of g with any representation i is just one representation, which we denote by ¢(). The set
of simple currents forms an abelian group ¢. Let us introduce the number (defined modulo

1)
Qqy(i) == hy + hi — hgiy mod 1. (B.1)

They obey the following properties:
(i) If Nijk # 0, then Qq(i) + Qg(j) = Qq(k).
(i) Qg (1) + Qgo (i) = Qygyga (7).
(ill) Sy, = €M@ S,

(iv) g — *Qs() is a homomorphism ¥ — U(1), as a consequence of (ii).
(v) Q1) = Qy).
(vi) Qq(7) = —Qgq(7), as a consequence of (ii) and (v).
(vii) e?™@s() = £1 if i =7, as a consequence of (vi).
(vili) Qulg) = —2h,.
(ix) Qg,(92(3)) — Qq, (i) = Qg,(g2), as a consequence of (i).

(i) follows from the operator product expansion of g, i, and j. Since N ggi(i) # 0 we find
Qg1 (92) + Qq, (1) = Qg,(92(?)) by (i). This is in fact equivalent to (ii). (iii) is shown
in [5G, b7, Bg). (v) is because hy = h;. (viii) is because Qq4(g) = —Qy-1(g) = —hy-1 — hy +
hi = —2hy.
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Let us consider Qg,(92) = hg, + hgy, — hg,g,, Which is symmetric under the exchange
g1 < g2. By the property (ii) above, (g1,92) — Qq, (g2) is a symmetric bilinear form of ¢
with values in R/Z. There is not always a symmetric bilinear form ¢(g1, g2) of 4 such that

Qg (92) = 2q(g1,92) mod 1. (B.2)

However, for some subgroup G of ¢, there can be such a symmetric bilinear form. The
existence of such a form is the condition for the existence of an G-orbifold with modular
invariant partition function (see appendix [J). For example let us consider a simple current
g of order N, g% = 1. Let us note from (ii) and (viii) that Qg (g™) = —2nmh,. For the
group G generated by g, a candidate bilinear form is thus ¢(g", g™) = —nmh,. However,
this is well-defined (as a function with values in R/Z) if and only if Nh, is an integer.

Formulae involving S, T'and P. We record some formulae involving S, T, P. We first
quote from [56, F7, Bg that

Sg(z'),j — 2miQq(5) Sii s Ty = o2milhg—Qq (1)) T, (B.3)

One can derive a similar relation for the P-matrix [f2, [[7:

PQQm(Z‘)J' = ¢(2m, l) e2TiImQyg (])]DZ] , (B4)

where
¢(2m,i) — 67T7;(hi_hg2mi_2ng(gm(i))) ] (B.5)
We are particularly interested in the case that ¢ = 0. In that case, the expression in

brackets in the exponent becomes —hgom —2Q m(9™) = hgam — 4hgm mod 1. This can be
rewritten as —Q,-m(g~"") — Qgm(g~™). Applying property (ii) above, one obtains that
this is 0 mod 1. The conclusion is that ¢(2m,0) is just a sign, and therefore

Pgom ; = +e*™mQ0) Py ;. (B.6)

C. Orbifolds

We consider the model C with the Hilbert space of states HE = @, 0 I Simple currents
act on HC by
g v 2Ry v e HRIG. (C.1)

This is a discrete symmetry of the system. We record and explain some known facts on
orbifold by a group of simple currents.

C.1 g-twisted Hilbert space

Let us quantize the system on the circle z = x + 1 with g-twisted boundary condition.
Namely, we impose the boundary condition ¢(z) = g¢(x+1) on the fields. We are interested
in the wavefunctions of such a system, the g-twisted states. We show that the space of
such states is given by

Hy = @ TR %(5) . (C.2)
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Lo—c/24gLo—¢/24 ig realized as the path-integral on the

The partition function Try, q
torus (z,y) = (x + 1,y) = (x,y + 1) (with complex coordinate z = = + 7y) on which
the fields are periodic in “time”, ¢(z,y) = ¢(x,y + 1), but obey the g-twisted boundary
condition in “space” ¢(x,y) = gd(z + 1,y). One can switch the role of time and space by
the coordinate transformation (x,y)! = S71(2/,y')! where S is the SL(2,Z) matrix (A.4).
Then, we have ¢(z,y') = (' +1,9') = gp(a’,y' + 1). Thus, the partition function can be

written as

Lo—c/24gLo—c/24

Tey, q — Try gq/Lo c/24 ;Lo—c/24 Z eQng(z ) ()

_ Z e27rng(i)Xj T)Sj_l m

ijk

= ZS -1(j)i ]“ XJ( )Xk‘—(T)7

ijk

where we have used Sg-1(;); = e_QWng(i)S Since ), st

the partition function equals

TI‘H qLo c/24—L0 c/24 __ ZX ) (03)

—10) Sk_z 6k7g*1(j) we find that

Since g~1(j) = g(7), this proves eq. (C.2)).
C.2 g action on Hy»
We next show that the discrete symmetry g acts on Hyn» by the phase multiplication
e~ 2mQqm (9" @) Fnmhg) o o the subspace 4 ® Hgn ) - (C.4)

To find the action of g on Hy» we compute the partition function Try,n quO*C/ 24 %

qLO*C/ 24 This is realized as the path-integral on the torus with boundary condition
o(z,y) = g"¢(x + 1,y) = gp(x,y + 1). Under the change of coordinates (z,y)! =
ST"S~(2',5)!, the boundary condition becomes ¢(z’,y') = ¢(z' + 1,9') = go(2',y + 1).

Thus the partition function can be written as

iy, gg-o =gl = Ty gg' ™~ o/ 2 lo=e/24 Z 25iQs () v, (') 3 ()
= > VO (ST S ™) jixu(T) (STS D
ijk
= ZXJ Sig Loy xx(T) ST} (C.5)
Jkl
We mnote here that 77, T7 = e2minthgw—h) =  @2miQy-n(9(l) g—2minhy Using

g(l)~1

Sjg@) Mi@g=n(a) — Sg-n(j)g) = eQng(g_n(J‘))ngn(j)l, we find that the partition func-

tion is given by
Tngn quo 0/24 —Lo—c/24 __ Z e2m Qqlg™™())— nhg)X](T)Xg*”(j)(T) ) (CG)

This shows the action of g on Hgn. g™ action (C.4) is obtained by iteration.
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Remark. If g is an order N simple current, we find ngv(—) = 0 mod 1, by the property

—2minNhg o« If we

(ii) in appendix [B. Thus, g%V acts on Hgn by phase multiplication e
want g to be order IV also in the action on the twisted states, we need Nhy to be an
integer. This explains why we need Nh, € Z in order to have the orbifold of C by the

N-1
group G = {g"}, -

C.3 g1 action on H,,

Suppose a group G of simple currents has a symmetric bilinear form ¢(g1, g2) € R/Z obeying
Qg,(92) = 2q9(91,92) mod 1 such that ¢(g,g9) = —hg. Then, one can define a G-orbifold of
C with the modular-invariant partition function

1 o _
7C/G — T Z o2mi(Qgs () Q(92791))Xi(T)Xg;1(i)(7-)_ (C.7)

1,91,92

(Note that the phase can also be written as e~27(@2(91()=a(92,91)) ) This shows that a go
action on Hg, (for g1, g2 € G) is given by

e~ 2m(Qaz(91(M)=al92:91)) 5 on the subspace . ® Ky ) - (C.8)

It is straightforward to show modular invariance of (C.7). Under 7 — 7+ 1, the extra
phase h; — hgl_1(i) = le_1(i) — hg, appears. At this point, we use hy, = —q(g1,91) =
q(97*,91). Then, we sce that the expression for Z(7 + 1) is the same as (.7) with go
replaced by g2g; 1. On the other hand

y_ 1 3 2miQua ()-alo2.91) () 830 (1))
Z<_?> ST X ST S (G9)
We now use e2™@s2 (i)Sji = Sg,(;)i and S;gl,l(,) = ¢¥Qa (k)Sl;.l, so that the sum over i can
1 (]

be performed, Y, Sy, ;1iSk" = Ok.gs(i)- Noting Qg, (92(5)) — q(g2,91) = @y (7) + a(g1,92),
we find that it is the same as ([C.7)) with (g1, g2) replaced by (g;l, g1)-

The complete set of all simple current modular invariant partition functions is obtained
in [F9). There are other modular invariants associated with the “discrete torsion” [B3].
Addition of a discrete torsion corresponds to shifting ¢(gs, g1) in (C.§) by an antisymmetric
bilinear form of G with values in R/Z that vanishes on the diagonals (g, g).

C.4 Quantum symmetry

For each character g — e2™9) of G, there is a symmetry g, of the orbifold theory C/G
that acts on the g-twisted sector states by the multiplication by the phase 27 This
is called a quantum symmetry. The group of quantum symmetries is the character group
GV, which is isomorphic to G itself.

Let us find out what the g,-twisted states are in the orbifold theory. We recall that
the untwisted states of the orbifold model are G-invariant states in ©pcgHp, the states
obeying g = 1, Vg € G. We claim that the g,-twisted states are the states in ®pecqHy
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obeying g = ¢2™9) Yg € G. Namely

(HY)g, = EP 7 @ A
ik

g:e27rip(g),vg€G . (C]‘O)

Since the action of g on J; ® A7) is given in (C9), it is the sum of 7 ® ) over those
(i,h) such that e~ 2™(Qq(h()=a(g:)) = &27ir(9) for any g € G.

This is shown as in appendix [C.1l The partition function on the gp-twisted circle is
the same as the partition function on the untwisted circle, but with a g, insertion in the
evolution operator:

L i Ti(Qgs (1) — I
ZS/G: T Z e27ip(g1) o27i(Qg, () q(927gl))Xi(T/)Xg;1(i)(T/)- (C.11)
2,91,92

After a manipulation similar to appendix [C.1], we find that it is equal to

1

T Z e2mip(91) o27i(Qg, (92 (7))"1(92’91)))(]»(T)ngl(j)(T) ) (C.12)

J»,91,92

This shows the claim.

D. Alternative way of dressing

For a crosscap state |¢p) and a symmetry g, what is g|ép)? We first note that

(Bale” 2T CO gl Gp) = (Byor (o] e 27D |i6p)

_ BHL (L)
Trry 1wy pom1(y £ ©

—1 —BH(L
=Ty, por9P9 € BHo(L) (D.1)
This suggests that g|€p) is the crosscap state for the parity gPg~!. Under this interpreta-
tion, (€p/|qg|€p) can be regarded as (€p/|q™c|€,p,-1) as well as (€,-1p1y|q"¢|€p). The
two indeed agree because

—BHe pePHe (D.2)

Tert,, 1,1 9P Try,

—1prgp—1

where we have used that g maps Hj, to H,j,,-1 (we have in mind h = g~ 'P'gP~!). Thus,

ghg~
we conclude that

g’cgp> = ’%ng*1> : (D3)

If P and gP are both involutive (or more weakly if (¢P)? = P?), then we find gPg = P
and hence
ngfl = g2P . (D4)

Let us apply this to the case of P = Py and g the symmetry associated with a simple
current: The crosscap state for the parity P, := gPog~ "t is g|%€p,) with the coefficients

Tyt = ¥R Doi_ (D.5)
Soi
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Since (gPp)? = P} = 1 on H, we find ﬁg = ¢?>Py on ‘H. Since the action of ]39 and Pp
agree on H, it is a natural question to ask whether they are the same parity symmetry. In

fact, we found in appendix B that
Pp; = +*M00) Py,

(D.6)

where the sign + depends only on g but not on ¢. Thus, we indeed see that the crosscap

states ]<€ng> and [¢5 ) agree up to a sign.
g9

E. Partition functions of the circle sigma model

We record here the cylinder, Klein bottle and Mobius strip amplitudes of the circle sigma

model. This can be used to justify the formula for the boundary and crosscap states used

in section . To perform the modular transformation, we will make use of the Poisson

resummation formula
2 : —man?—2mifn _ § : (m—l—ﬁ)2
- b
nez \/_ meZ

as well as the relations

ATy =VTH(e™),  fs(e™T) = f3(e7™),  foleT™T) = fa(e™™),

among the functions

1M 1M
Al =q2 JJO-¢*), folq) = vV2qu (1 + 4™,
n=1 n=1
—L s n— L - n
@) =g = [[a+Y,  fule)=q = [Ja-"
n=1 n=1
Note that f1(q) = n(q?).
The cylinder amplitudes are (¢ = e 2™, ¢, = e~ ™/T):
oy Y FE? Ry g miRaam
TrNg Ny (@7) = =—~—=—F% 5 = (Nay g7 | Nas)
n(q) V2 n(az)
o Z q(Rm+%)2 1 Zl qt%(%)Q efi%l
n(q) RV2 n(az)
1
qs 1
TI“DN((]H) = s 1. T - <D’(RH‘N>
= (=a"72)  Vag [ (1 +a)
Here Aa = as — a1 and Ax = 29 — 7.
The Klein bottle amplitudes are (g = e~ 2™ ¢, = ¢~ 7/2T):
R2m2
2R2 even
To(g) = LD pygtan BT (il a),

n(q?) (Qt )

12

odd
Tire(s2g”) = Zl(n(q)Q) = REn (5;)

R2m?2
2

= (chQ’th’chm.
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The Mébius strip amplitudes are: (¢ = e 2™, ¢, = e~ ™/4T)
L A even %(Rm)Q —iRAam
R 2w (6]
Ty, (") = — 2L ~ g G = (Valaf'[6a). (E.6)
¢TI (=1)"g") g2 T[(1 = (~1)ngp™)

S (~1) g F e _RZOddq%(Rm)QefiRAam

Try,n_, (sQq") = =5 = R=m = (Nalg{'|%s0), (E.7)
g2 [I(1 = (=1"q¢") g2 TI(1 - (~1)ng2")
1 1
g2t [[(1 + (=1)"g™) ¢ TI( + (=1)mg?™)
Trp,p, .x(s2¢") = 0= (D.lq/"|€s0) - (E.9)
Here Aa = (—a) — a = —2a. The last partition function vanishes because s{) maps
M)z z—nR 10 | — M)z 247k = |1 — M)z 2—rr, which cannot be the same as |m)g ,—r for

integer m.

The cylinder with ga,-twist is (¢ = e 277, ¢ = e~ ™/T)

N (™ SR A+ R Y g2 =2 =iRAam
I Naq Napy \GAzq = ==
P T 1(q) V2 n(a7)
= gas <Na1|QtH|Na2>gAx ) (E.10)
where Aa = as — a;. Mobius strip with ga,-twist is (¢ = e 2™, ¢, = e*”/‘lT)
Trn,N_, (92207 ) = =
g2 Hn:1<1 - <—1>"q"> ¢TIz, (1= (—1)ngi)
H
= 92Ax <Na‘qt ’ngAzQ> * (E11>

F. Formulae for SU(2)/ U(1)

F.1 A-type crosscaps

We compute the explicit coefficients of the A-type crosscaps

Gy = 3 020Gm) e () (F.1)

using the formula

1 1
P(jvn)(jlvn/) = 2 <Qj]/an/ + QE,J] Qn-‘,—k k;/) TQ/ n'* (F2)
1

1 1 1
The subtlety is that T]?n does not usually factorize as T]? T, ? except in the standard range
(henceforth S.R.) where (p.5) holds. Using

1 1

T, =TT, ?, (j,n) € S.R.,

.]7n

1 1 1 1 _1 2j+n k
szn:Tg Tn-i-Qk_TJQ T, 2 (—1) , <§—],n+k‘>ESR

1 1 _1 11 2j—n k
Tfn:Tgﬁ T,% =17 Tn*(-1) , <§—j,n—k> € S.R (F.3)
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the required P-matrix elements are computed to be

¢ SU(2 U(1 SU(2) ua) \*
P(Oﬂ)(j,n) =(-1) Po,j ) <P2£,n)) + P ( (P2f(+k,n> ) (F.4)

for (7,n) in the standard range and ¢ in the range —k < 20 < k. If (k/2 — j,n + k) is in
2jEn

the standard range, one needs the extra sign factor (—1) 2. The explicit expression for

the crosscap is

1
6) = ——— x (F:5)
[e(k + 2)]7
miln (27 2tn
X Z ek <5£LQ<|)>]€(_1)Z tan 2((2kj++21)) +5512)(_1) oy fcot 2((33121 > €, ()
(J,n)ES.R.

where, on the r.h.s., we need to bring £ in the range —k < 2¢ < k.

F.2 B-type crosscaps

We first construct A-type crosscaps in the orbifold, and then apply the mirror map. The
crosscaps of the orbifold are

1 A
Cpoy) = — e ™00 1z F.6
) = 3 16 ¥.6
where 6,.(¢) = —2r{/k, as explained in the main text. We also have set w; = 0. Inserting

the states (F.H), one sees that the following summations over ¢ are relevant:

‘rrM rtn, 2k il r n 2k
Z( ) @ren) = k5§r+)n+k’ Z e ) — 557""')"
l

The first sum plays a role when one sums up £ in the first term (~ y/tan) in the parenthesis
in ([F.5), and the second sum is relevant for the second term (~ y/cot) in the parenthesis.
n is projected on either n = —2r — k or n = —2r. Only one term gives a contribution, since
in (F.5) we are summing over (j,m) in the standard range. This leads to the following
expressions

ki PP N CTE R
|€po.) = 512 Ly(jv_;emi( 7 (1) feot Sargy 1€, G =2r) +

=

w0 feot %rg G, — )>>] . (F.7)

7,(4,—2r)¢S.R. )

Applying the mirror map, one obtains the B-type crosscaps

B\ _ k% _ 1\ (_1\" co 7T(23+1) i 9
%) = ot j,o,_;em( D (1) feot 5557 1€ G2 +
(2 +1) ]
+ cot S, (7,20) (F.8)
]}(J}%):gés.}%, 2(k +2)
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For the standard crosscap state with » = 0, only the first term contributes, since all states
(7,0) are in the standard range. For the state with » = k/2 (k even), only the second term
contributes. The respective crosscap states can be rewritten as

_ K i /R IP

{%OB> o (k + 2)% ji;eger(_l) cot 2(]{? + 2) |C€’ (]70)>>Ba (Fg)
_ ki (25 +1)

‘Cg@ (k+2)% > Tml‘f (7,005 - (F.10)

7 integer

F.3 Computation of one-loop amplitudes

Here we record some detail of the computation of the one-loop amplitudes (p.18)), (p.19),
and (B.20). For (B.19):

<<@J,M’%H‘<@J’M’> = Z N((J M))(J’ M/)ij( )

(J,m)EPFy,
1 (=)
- 5 Z N(} ﬁ)(]’ M’)vam(T) = Z th]‘]/ M/ M—‘,—mX] m( )
27+meven 2j7+meven

where we have used (f.7) in the last step. For (f.19)), we first note

0,2¢ ~ ~ k=20+k _
Glaf' By = D VG amTm) = 3 ViV TS

(J,m)EPF} 2j+meven

S

1
Xjm | T+ 5 )
Inserting the known Y-tensors from the U(1) theory, we see that this is equal to
2 2k 2k Cmi(h,_m2 e 1
Z YJ2]61(7Lzrk <5§\4 )£+m2 p (= )m+k6](w )Z+m+k>e milhy =i 24)Xj,m (7’ + 5) =

2j+m even
2 (2k) —wi(h-_m_Q_L) 1
- E: Y52M 2—km € T PNGm (TS )

27+m even

~

k

Replacing (j,m) — (% — j,m + k) in the sum, and using YJZ_ NJJ, we find this to be
equal to
mi(hym—hy ARy
Z NflJ S soym® 2 R (T).
27+meven
It is straightforward to see that
1 k_jm+k)eSR.
mi(hjm—hE .+ (mzkk)2 ) 2j4m ( 2 J )
€jm = € 277 =4 (1) (j,m) € S.R.
(-1)™ (5 —j,m—k) € SR

This shows (p.19). Computation of ((.20) is similarly straightforward. It is convenient to

. k
use Yj% = (~1)% and Y= Nj,ogij = 5j,§—j = 5j,§ (the latter is possible only for k even).
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