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Abstract

The doublet—triplet mass splitting problem is one of the most serious problems in
supersymmetric grand unified theories (GUTs). A class of models based on a product
gauge group, such as the SU(5)qurxU(3)n or the SU(5)gur xU(2)n, realize naturally
the desired mass splitting that is protected by an unbroken R symmetry. It has been
pointed out that various features in the models suggest that these product-group uni-
fication models are embedded in a supersymmetric brane world. We show an explicit
construction of those models in the supersymmetric brane world based on the Type
IIB supergravity in ten dimensions. We consider T®/(Zq5 x Z3) orientifold for the
compactified six extra dimensions. We find that all of the particles needed for the
GUT-symmetry-breaking sector are obtained from the D-brane fluctuations. The three
families of quarks and leptons are introduced at an orbifold singularity, although their
origin remains unexplained. This paper includes extensive discussion on anomaly can-
cellation in a given orbifold geometry. Relation to the Type IIB string theory, realization
of R symmetry as a rotation of extra-dimensional space, and effective superpotential at
low energies are also discussed.
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1 Introduction

Supersymmetric (SUSY) Grand Unified Theories (GUTs) have attracted many people for
a long time because of a number of theoretical beauties [1]. They have become even more
attractive recently since the precise measurements of the standard-model gauge coupling
constants support their SUSY SU(5) unification [2, 3].

However, there are serious problems in the SUSY SU(5) models. The most severe problem
is to provide coloured-triplet Higgs multiplets with masses of the order of the GUT scale,
~ 10% GeV, keeping two Higgs doublets almost massless. Another problem is the absence
of the dimension-5 proton decay [4, 5]. This problem is closely related to the previous
problem, because both indicate a particular structure of the mass matrix of the coloured
Higgs multiplets and a symmetry behind it.

A class of models of the SUSY GUTSs in Refs. [6, 7, 8, 9] is one of the solutiions to
these problems. A discrete R symmetry plays a crucial role there [9]. This R symmetry
forbids both large masses of the Higgs doublets and dimension-5 operators for proton decay,
simultaneously. Coloured Higgs multiplets are provided with mass terms through a kind of
missing-partner mechanism [10]. Their mass partners (triplets without doublets) emerge as
composite states, at the price of introducing a new gauge group above the GUT scale. Thus,
we call it the product-group unification?.

This class of models has to give up the “unification” by a simple group. The gauge
coupling constants are not universal either; the SU(5) gauge group has weak coupling, while
the newly introduced group(s) has(have) to have relatively large coupling(s). However, we
do not consider these features as ugly, because they are quite naturally explained along with
a number of other features of the models, if the models are embedded in a SUSY brane world
[14, 15]%. Here, the extra dimensions are assumed to be smaller than the inverse of the GUT
scale. Qualitative arguments in Ref. [14] show that the SUSY brane-world structure behind
the models is quite a natural possibility. The present authors briefly show in the previous
letter [15] an explicit construction of the brane-world model by adopting the D3-D7 system
of the ten-dimensional supergravity. This article provides an extensive and more detailed

construction. Theoretical consistency and relation to string theories are also discussed.

2Various unification models based on the SU(5)xSU(5) gauge group have been proposed to explain natu-
rally the doublet—triplet mass splitting [11, 12, 13]. However, in this paper, we mean by the “product-group
unification” the class of models developed in Refs. [6, 7, 8, 9], which was referred to as “semi-simple unifica-
tion” in [14, 15, 16, 17].

3A similar model has been proposed in [18].



This article is organized as follows. The original product-group unification in the four-
dimensional space-time is briefly reviewed in section 2. Motivation for extending the original
models to the SUSY brane world are summarized in section 3. Section 4 explains our principle
of the brane-world model construction in the Type IIB supergravity. The geometry of the
particular orbifold compactification we adopt is explained in section 5. Sections 6 and 7 are
devoted to explicit constructions of two different models of the product-group unification. We
describe the D-brane configurations on the orbifold and orbifold projection conditions. The
whole sector relevant to the SU(5)-symmetry breaking is perfectly obtained from massless
modes on D-branes, although we cannot find the origin of quarks and leptons. Anomaly
cancellation on the orbifold is discussed for both models. Relation to the Type IIB string
theory is also briefly mentioned in subsubsection 7.2.2. Particles that have a definite origin in
extra-dimensional space, i.e. particles obtained from massless modes on D-branes and from
the supergravity multiplet in the bulk, cannot have arbitrary R charges. We show that the
R-charge assignment in the extra-dimensional construction of the models can coincide with
the one required for successful phenomenology. Effective superpotentials below the Kaluza—
Klein scale are discussed at the ends of both sections. Section 8 provides a summary of this
paper and a brief discussion of phenomenological consequences of the present models.

2 Product-Group Unification Models
in Four Dimensions

The symmetry that governs the product-group unification models is a discrete R symmetry:
(mod 4)-R symmetry [9]. The R charges of all the fields in the minimal SUSY standard model
(MSSM) are given in Table 1. Higgsino does not have a mass of the order of the fundamental
scale because of this symmetry, and the Giudice-Masiero mechanism [19] provides the SUSY-
invariant mass term (u-term) for Higgs multiplets of the order of the electroweak (TeV)
scale after the (mod 4)-R symmetry is broken by the non-vanishing vacuum value of the
superpotential. The (mod 4)-R is actually the unique symmetry in the MSSM compatible
with the SU(5)gur that satisfies the above two properties and that may have [20] a vanishing
mixed anomaly [21, 22] with the SU(5)gur gauge group.

An immediate consequence of this symmetry is the absence of the dimension-5 proton
decay. At the same time, this symmetry implies that additional SU(3)c-triplets (without
SU(2)-doublets) should be introduced as mass partners of the coloured Higgs multiplets.



They should have R charge 2 rather than 0. The other possibility* is that the SU(5)cur
covariant fields, H!(5) and H;(5%), contain only doublets as one-particle degrees of freedom
without triplets in the SU(5)gur-breaking phase. The product-group unification we discuss
in this paper is a framework [6] that provides explicit models for the above two possibilities.

Let us first explain a model based on a product gauge group SU(5)gurxU(3)n [9]. Quarks
and leptons are singlets of the U(3)y gauge group and form three families of 5*410 of the
SU(5)qur. Higgs multiplets that contain two Higgs doublets are H(5)" and H(5*);, which
are also singlets of the U(3)y. Fields introduced for the SU(5)gur breaking are given as
follows: X% (a, 3 = 1,2,3) transforming as (1,adj.=8 + 1) under the SU(5)qur X U(3)n
gauge group, and Q%(i = 1,...,5) + Q% and Q' (i = 1,...,5) + QS, transforming as (5*+1,3)
and (5+1,3%). Indices i are for the SU(5)gur and « or 3 for the U(3)y. The chiral superfield
X is also written as X°(t.)%s(c = 0,1,...,8), where t,(a = 1, ...,8) are Gell-Mann matrices
of the SU(3)y gauge group® and ¢, = 1s.3/v6, where U(3)g ~ SU(3)gxU(1)g. The R
charges (mod 4) of these fields are given in Table 2. The mixed anomaly (R mod 4)[SU(3)y]?
happens to vanish [20]. The most general superpotential is given [9] by

W= V2XanQ X" (ta)%Q] + V2N Q5 X (ta)5Q%
+\/§)\1HQiaX0(to)oéQ€ + \/5)\/1HQ6aXo(t0)oéQﬂ6
—\/5/\1HU2X°; (1)
+0' H;Q' Q% + hQ%,QH'
+41010-10 - H + y5:5"-10- H + - - -,

where the parameter v is taken to be of the order of the GUT scale, y19 and y5« are Yukawa
coupling constants of the quarks and leptons, and Asg, Ay, A1, Ay, A’ and h are dimen-
sionless coupling constants. Ellipses stand for neutrino mass terms and non-renormalizable
terms. The fields Q% and @, in the bifundamental representations acquire vacuum expecta-
tion values (VEV’s), (Q%) = vd% and (Q’ ) = vd’ , because of the second and third lines in
(1). Thus, the gauge group SU(5)gur X U(3)y is broken down to that of the standard model.
The mass terms of the coloured Higgs multiplets arise from the fourth line in (1) in the GUT-
breaking vacuum. No unwanted particle remains massless after the gauge group is broken

4The only way to avoid providing only triplets or only doublets in SU(5) unified theories is to introduce
two sets of infinite number of the SU(5)-(5+5"), where one set has R charge 0 and the other has R charge 2.
This is what is done in [23, 24].

5The normalization condition tr(¢,t,) = 64p/2 is understood. Note that the normalization of the following
to is determined such a way that it also satisfies tr(totg) = 1/2.



down to that of the standard model. In other words, the above model is constructed so that
the U(3)y gauge interactions leave only two composite massless fields (moduli), (Q',Q%)
and (Q%,Q%,), after they are integrated out. These two composite fields have R charge 2 (see
Table 2), and contain only SU(3)c-triplets (without SU(2),-doublets) as one-particle degrees
of freedom. Thus, they can be the mass partners of the coloured Higgs multiplets. Therefore,
the doublet—triplet mass splitting problem is naturally solved.

Fine structure constants of the SU(3)y x U(1)g must be larger than that of the SU(5)gur-.
This is because the gauge coupling constants a¢, oy, and ay of the MSSM are given by

1 1 1
= (2)
ac agutT Qa3

1 1

and 3/5 1 2/5
36 _ 1 25

ay B agur  oqH’ (4)
at tree level, where agur, asy and oy are fine structure constants of SU(5)guT, SU(3)y and
U(1)y, respectively. The values of 1/asy and 1/ajy must be within a few percent of the
1/agur at the GUT scale to reproduce the approximate unification of a¢, o, and 5ay /3.

The large coupling constant of the SU(3)y required above, however, is not stable in the
renormalization group running [16]. Although its beta function is zero at 1-loop, renormal-
ization at higher-loop levels is not negligible; n-th loop effects arise with (3 x agp/(47))" ~ 1.
At 2-loop level, it is easy to see that the SU(3)y coupling becomes infinity immediately above
the GUT scale. In other words, the SU(3)y gauge interactions immediately become weak
below the cut-off scale. Thus, the approximate SU(5)qur relation of the MSSM gauge cou-
plings is not a natural consequence unless the large coupling constant of the SU(3)y is stable
against the radiative corrections.

An interesting way to solve this problem is to impose a specific relation,

(Aam)®  (Nam)?
Am Ar

~ Qgp. (5)

This relation is stable under the renormalization group, because there is a symmetry in the
limit of ggur, h, #',y10,¥5+ — 0: an N/ = 2 SUSY. The matter contents of the SU(5)gur-
breaking sector have a multiplet structure of the N’ = 2 SUSY [8]: the U(3)n vector multiplet
and the U(3)g-adj. chiral multiplet, X%, form an N/ = 2 vector multiplet, and the vector-like
pairs (Q%,Q%,) (k= 1,...,6) in this sector form A" = 2 hypermultiplets. The superpotential



(1) from the first to the third line exhibits the form of interactions of the N' = 2 SUSY
gauge theories [14]. The approximate N = 2 SUSY exists when the N/ = 2 relation in
Eq. (5) is satisfied. This relation, in turn, is stable because of the symmetry. Then, the
perturbative renormalization to the gauge coupling is 1-loop-exact in this N’ = 2 SUSY limit.
Higher-loop renormalization to the SU(3)sy gauge coupling only appears by involving weak
couplings, gaur, h, h', y10 and ys5+, and hence the large gauge coupling can be preserved under
the renormalization group. This is the main reason why we impose the approximate N = 2
SUSY in the SU(5)gur-breaking sector. We also impose (A1r)?/(47m) ~ (Ny)?/(47) ~ ain
so that the approximate N/ = 2 SUSY is maintained in the full SU(5)gyr-breaking sector.
The gauge coupling constant of the U(1)y is asymptoticcally non-free. The coupling,
which is already strong at the GUT scale, becomes infinity below the Planck scale, Mp; ~
2.4 x 10'® GeV. Even the N' = 2 SUSY does not solve this problem. Thus, the cut-off scale
(in other words, the fundamental scale) M, of this model should lie below the Planck scale.
On the other hand, the fundamental scale should be higher than the GUT scale by at least
one order of magnitude, so that the SU(5)gur-breaking corrections to the gauge coupling

constants, through non-renormalizable interactions such as

W = tr ((i + <QQ>> Wa,SU(E))WaSU(E))) : (6)

9> M
are suppressed below 1072,

The other model of the product-group unification is based on an SU(5)gur*xU(2)n gauge
group, where U(2)y ~ SU(2)gxU(1)g. This model provides two Higgs doublets without
triplets as one-particle degrees of freedom in massless composite fields, after the U(2) gauge
group is integrated out. This model realizes the other possibility discussed at the beginning
of this section.

Matter contents of this model are X% (1,adj.=3+1), Q% + Q%(5*+1,2) and Q, +
Q%(5+1,2") (o, 3 = 4,5;i = 1,...,5) in addition to the three families of quarks and leptons,
(5*+10,1). The ordinary Higgs fields H*(5) and H,(5*) are not introduced. The R charges
of those fields are given in Table 3. Mixed anomaly (R mod 4)[SU(2)y]?* happens to vanish
again. The superpotential is given by

W = V2AuQ', X (t)%Q" + V2Xoq Q% X (ta)%Q%
+V2AmQ", X (t0)%4Q + V2N Q% X (t0)5Q%
_\/iAlHUQXC; (7)
+¢10107210%(QQ) "% + ¢5+(QQ)°%; - 107 - 5 + - - -



where t,(a = 1,2, 3) is now one half of the Pauli matrices. The SU(5)gurxU(2)y symmetry is
broken down to that of the standard model through the expectation values (Q%) = vd% and
(Q%,) = v, When the U(2)y gauge interactions are integrated out, two moduli remain
massless in addition to the chiral quarks and leptons, which are (Q?_ Q%) and (Q°,Q%).
These two composite fields contain only SU(2),-doublets as one-particle degrees of freedom
in the SU(5)gur breaking phase. Thus, they play the role of the two Higgs doublets in the
MSSM. Their R charges are 0 (see Table 3) as required. There is no unwanted massless
particle in this model either.

The gauge coupling constants of the SU(2)yxU(1)y should also be relatively large, for
the same reason as in the SU(5)gurxU(3)y model. An N/ = 2 SUSY relation:

(Aam)®  (Nog)? (\m)®  (Mn)?

A7~ 4w = Qo A7~ Ar

~ gy, (8)

also stabilizes the large coupling constant of the SU(2)y gauge group. The cut-off scale should
lie below the Planck scale, as explained in the previous model.

Here, we summarize five remarkable features that are common to the two models described
above. First of all, the gauge groups of these “unification theories” have a product-group
structure, and secondly, the SU(5)qur gauge coupling constant is small while the rest of
the gauge couplings are relatively large. Third, there is an approximate N/ = 2 SUSY in
the SU(5)gur-breaking sector. The N' = 2 SUSY is crucial in maintaining the approximate
SU(5)gur unification of the MSSM gauge couplings at the GUT scale. It is quite remarkable
that the matter contents and interactions support the approximate N' = 2 SUSY. Fourth, the
cut-off scale should lie below the Planck scale because of the asymptotically non-free running
of the U(1)y gauge coupling constant. Finally, the discrete R symmetry that governs these
models should be preserved in an accuracy better than the 107'* level to keep the two Higgs
doublets almost massless.

3 Motivations of Product-Group Unification
in Type IIB Supergravity
3.1 Product-Group Unification in Supersymmetric Brane World

The five features listed at the end of the previous section are understood quite naturally when
we embed the models in a SUSY brane world [14, 15], as we briefly explain in this subsection.



This is the reason why we develop explicit construction of models in a SUSY brane world in
this paper.

It is quite reasonable to think of supersymmetric higher dimensions when one considers the
approximate A" = 2 SUSY in the SU(5)gur-breaking sector as an indication of an extended
SUSY at short distances (rather than as an accident); any extended SUSY can be easily
broken down to the A/ = 1 SUSY through extra-dimensional geometry, while it is difficult to
obtain successful models using the partial SUSY-breaking mechanisms in the four-dimensional
space-time [25]. The SU(5)gur-breaking sector should be localized in an extra-dimensional
manifold, or otherwise the low energy matter contents would be chiral and have the multiplet
structure of only the N' = 1 SUSY. This is the primary reason why we embed the original
models into a SUSY brane world.

There is a possibility that a localized sector has N' = 2 SUSY (eight SUSY charges),
when the short-distance physics possesses N = 4 SUSY (sixteen SUSY charges)®; sixteen
SUSY charges are necessary to realize the N/ = 2 SUSY on a localized sector, because the
localized sector itself breaks translational symmetry in the extra dimensions and hence SUSY
is broken by at least half. Partial breaking of the translational symmetry on the localized
sector can leave half of the original SUSY charges unbroken when the localized sector satisfies
BPS conditions (e.g. see appendix of [14]). Then, the N’ = 2 SUSY is preserved if we impose
sixteen SUSY charges in extra-dimensional space-time and if the local geometry around the
localized sector are not the extra source of further breakings of SUSY charges. Then, the
approximate N' = 2 SUSY (the third feature) is no longer an accident.

The whole geometry of the compactified manifold, on the other hand, is chosen so that
it preserves only the N = 1 SUSY of the four-dimensional space-time. It is only the local
geometry around the localized SU(5)gur-breaking sector that is required to preserve the N
= 2 SUSY.

On the other hand, the SU(5)gur vector multiplet should propagate in the extra space
dimensions. Indeed, gauge fields of the SU(5)gur should propagate around the localized
sector, since the hypermultiplets in the bifundamental representation (Q°,,Q%) are charged
under the SU(5)gur gauge group, while the SU(5)gur vector multiplet should not be con-
fined in the localized sector since we should not have chiral multiplets of the SU(5)gyur-adj.
representation (i.e. N'= 2 SUSY partner) in the models explained in the previous section.

When the compactified manifold has a moderately large volume in the M, units, the

6The N = 4 SUSY is understood as (1,1) SUSY in six dimensions, and is understood as ' = 1 SUSY in
more than six dimensions.



effective four-dimensional Planck scale Mp; is higher than the fundamental scale, which is
given by
M? ~ M?(M? x volume), (9)

pl —
where 0 is the number of sligtly large dimensions of the compactified manifold. The cut-off
scale lies below the effective Planck scale of the four-dimensional gravity. Therefore, the
fourth feature is translated into the moderately large volume of the extra dimensions. Now
the gauge coupling constant of the SU(5)gur Kaluza—Klein zero mode becomes weak with
respect to that of the U(3)n (U(2)n); this is because only the SU(5)gur gauge field propagates

in the extra dimensions and its gauge coupling is suppressed as

1 1 1 1
~ —(M? x volume), _— (10)
agutr O Q'3H 2H,1H Oy

Thus, the disparity in the gauge coupling constants (the second feature) follows naturally.
We impose”
(M? x volume) ~ 10? (11)

to maintain the approximate SU(5)gur unification. Then, in turn, M, ~ 10~*M,,; follows®
from Eq. (9), which is also a desirable value for the cut-off scale.

Another benefit of higher dimensions is that R symmetries can be realized as discrete
gauged symmetries below the compactification scale [26]. A discrete rotational symmetry
of the compactified manifold is in general recognized as an R symmetry below the com-
pactification scale. The rotational symmetry is a gauge symmetry, since it is a subgroup of
the extra-dimensional Lorentz group. The R symmetry is thus exact, unless broken spon-
taneously. The fifth feature finds its natural explanation when the (mod 4)-R symmetry is
identified with a suitable rotational symmetry of the compactified manifold.

As we have seen so far, an effective field theory with a localized sector and with an
higher-dimensional SUSY is able to explain basic structures of the product-group unifica-
tion models. Both the extended SUSY and the localization of gauge fields are natural in-
gredients of higher-dimensional supergravities. In fact, a number of indications have been
obtained, which suggest that SUSY gauge theories are localized on solitonic solutions of the
higher-dimensional supergravities [27] called D-branes?. Once we adopt this picture, then

"The volume for the gravity in Eq. (9) and the volume for the SU(5)gur gauge field in Eq. (10) are not
necessarily the same, in general. However, we have no motivations to consider such a situation.

8This relation is independent of the number of extra dimensions §.

9Those solitonic solutions were formerly called “black p-branes” [27]. We make no distinction between
“D-branes” in supergravities and “black p-branes”.



the product-group structure of the “unified gauge group” (the first feature) is quite a natural
consequence since each stack of D-branes provides each factor of the product group.

3.2 In Type IIB Supergravity

Therefore, it is quite interesting to consider that the product-group unification models are
realized on D-branes in higher-dimensional supergravities. References [14, 15| identify the
D3-D7 system (bound states of D3- and D7-branes) of the Type IIB supergravity, in ten-
dimensional space-time, with the origin of the SU(5)curxU(3)n (U(2)n) gauge group.

The Type IIB supergravity (in ten-dimensional space-time) has the maximally extended
SUSY and highly restricted multiplet structure. There are thirty-two SUSY charges (eight
times those of the four-dimensional N' = 1 SUSY), which are combined into two SUSY
generators Q@ and @', irreducible under the SO(9,1). Both the Q and Q' are Weyl and
Majorana spinors of the SO(9,1), and hence each one contains sixteen SUSY charges. The
Type 1IB supergravity allows only one SUSY multiplet, the supergravity multiplet. No other
multiplet is allowed as a massless representation of the SUSY generators and the Lorentz
symmetry SO(9,1). The supergravity multiplet consists of one hundred and twenty-eight
bosonic states and one hundred and twenty-eight fermionic states. The one hundred and
twenty-eight bosonic states are described by ten-dimensional metric, which contains thirty-
five on-shell states, two real scalar fields ¢ called dilaton and C|p), two 2-form fields B,,
and C(z), both containing twenty-eight states, and a self-dual 4-form field C'(z) containing
thirty-five states. The one hundred and twenty-eight fermionic states consist of two Weyl
and Majorana gravitinos (fifty-six states each) and two Weyl and Majorana spinors (eight
states each).

D-branes are soliton solutions made of those fields. D7-branes are soliton solutions that
extend in seven spatial dimensions. There are two codimensions in the ten-dimensional space-
time. D7-branes are made'® of the metric, the dilaton ¢ and the C(), whose discretized

7-brane charges are measured by
jI{ dCo), (12)

where the closed path is taken so that it winds around the D7-branes. D3-branes are solitons

10The D7-brane is a multi-valued solution of C(0), as is evident from the formula of 7-brane charges for
D7-branes, Eq. (12). The multi-valued soliton solution is a natural possibility because the D7-branes have
only two codimensions. The 7 = (C(g) + ie~?) of D7-brane solutions is considered as single-valued up to
SL2(Z) monodromy around them, where this SLa(Z) is a subgroup of the SLy(R) symmetry of the Type IIB
supergravity that acts on 7. (See, e.g. [28].)



that extend in three spatial dimensions made of the metric and the C(Z). The 3-brane charges
of the D3-branes are measured by

/S act, (13)

where the 5-form is integrated over a 5-sphere that wraps the D3-branes. The 5-brane charges

S3

on a 3-sphere surrounding the D5-branes, although this solution is not relevant to our con-
struction. What is called the D3-D7 system is a bound state of the D3- and D7-branes.

The D7-branes are BPS solutions of the Type IIB supergravity, on which half of SUSY
charges (sixteen SUSY charges, i.e. the N’ =1 SUSY in eight dimensions) are realized linearly
[27, 29, 30]. The SUSY charges preserved in the presence of D7-branes are!!

Q- T%Q. (15)

of the D5-branes are measured by

The SUSY charges preserved in the presence of D3-branes are
Q 4 F987654 Ql. (16)

The SUSY charges on the D3-D7 system, i.e. the SUSY charges that belong both to (15)
and to (16), are equivalent to (15) that satisfy an additional constraint

LT (Q —T9Q) = (Q — Q). (17)

Since the I'"%* has two eigenvalues'?, 1 and —1, both with the same multiplicity, the SUSY
charges are further broken by half on the D3-D7 system [29, 30]. Eight SUSY charges (SUSY
charges in the eigenspace (—['"%) = 1) are left unbroken among the sixteen SUSY charges
in (15).

Now we see that the D3-D7 system preserves the N' = 2 SUSY, which is necessary to
the SU(5)gur-breaking sector. Therefore, we consider the D3-D7 system as the origin of the

3

SU(5)gur-breaking sector'®>. The U(3)y or the U(2)y gauge group is expected to arise on

D3-branes and the SU(5)qur gauge group on D7-branes.

198 =978, A similar notation is used throughout this paper.

12Note that (—I'7%%%)2 = 1. This is why four extra dimensions, transverse to the localized SU(5)gur-
breaking sector, are necessary.

13There is another system that possesses the N’ = 2 SUSY: i.e. NS5-D4-D6 system [30]. We do not
discuss that system in this paper. Degrees of freedom on the NS5-brane are also relevant because the extra
dimensions are compactified, and moreover the weak coupling limit is not applicable in the case that interests
us.

10



Discrete rotational symmetry of the plane transverse to the D7-branes is identified [14, 15]
with an origin of the (mod 4)-R symmetry, which is crucial in the product-group unification

models. This is the primary reason why we construct models in ten-dimensional space-time.

3.3 Purpose of This Paper

The discussion given above does not go beyond qualitative arguments. Explicit models should
be constructed to examine theoretical consistencies in the Type IIB supergravity, which is
the purpose of this paper.

It is quite difficult to handle a six-dimensional compactified manifold, unless it has a
simple geometry. We only adopt an orbifold of a six-dimensional torus as the compactified
manifold!*. The purpose of the following sections is to see whether the basic idea is con-
sistently realized in the orbifold compactification of the Type IIB supergravity. Namely, we
want to see if the SU(5)gur-breaking sector of the product-group unification is naturally
realized on the D3-D7 system.

Once the orbifold geometry is fixed, we can calculate the low-energy spectrum on a
set of D-brane configuration and orbifold projection conditions. We show that the whole
SU(5)gur-breaking sector is obtained from fluctuations localized on D-branes. Although not
all the particles of the whole theory are obtained as D-brane fluctuations in our construction
(quarks and leptons are missing), we consider missing particles that do not arise as D-brane
fluctuations arise as fields at fixed points (see also discussion in section 4). Once particles
are obtained from the D-brane fluctuations, then their R charges are far from arbitrary. Now
that the (mod 4)-R symmetry is identified with a rotational symmetry of the compactified
manifold, we can determine how each particle transforms under the rotation and equivalently
under the R symmetry. Therefore, the model building in such a higher-dimensional space-
time is subject to a stringent consistency check. Anomaly cancellation at orbifold fixed points
is also discussed. This also serves as a non-trivial consistency check.

4 Our Principle of Model Construction
in Type IIB Supergravity

Our discussion is based on supergravity, and we do not assume the Type IIB string theory.
It is true that the Type IIB string theory is one of the candidates of quantum gravity that

MWe use the word “manifold” even if it has singularities. It is an abuse of terminology, though.

11



effectively provides the Type IIB supergravity below the fundamental scale (i.e. the string
scale), but there is no proof that it is the only one. The Type IIB string theory has a definitely
fixed spectrum that extends up to infinity above the fundamental scale. We have no strong
motivation that directly suggests to us to impose such a stringent restriction!®. Our study
keeps genericity and is independent of the ultraviolet (UV) spectrum above the cut-off scale
of the supergravity. Thus, we have more freedom to construct realistic models, since we do
not specify the UV physics. In particular, we do not ask the question of whether the UV
physics required for our model is contained in the vast variety of vacua of what is called the
M-theory [31]. This is not a question to be solved at present, since we do not have a precise
definition of the M-theory.

Massless matter contents and interactions on D-branes are known very well if one assumes
the Type IIB string theory. On the other hand, localized massless sectors on D-branes are not
well understood when one assumes only the Type IIB supergravity'®. However, various stud-
ies on the AdS/CFT correspondence [32] seem to suggest that those sectors in supergravity
are the same as those predicted by string theories in particular cases!”; there are a number
of evidences [33], when the 't Hooft coupling g3,,, sV is large, that U(N) gauge theo-
ries with sixteen SUSY charges are localized on coincident N D3-branes of the supergravity,
which is the same as the predictions of the Type IIB string theory. Although such studies
have not yet given proof that the gauge theories localized on any D-brane configuration in
supergravities with arbitrary 't Hooft coupling are the same as those in the Type IIB string
theory, we assume this to be the case [34].

Since string theories provide massless matter contents and their interactions that are
known to obey all consistency conditions of the higher-dimensional supergravity, it is con-
venient to adopt those string predictions as the starting point of our model construction.
This is another reason why we assume the same massless matter contents and interactions
on D-branes as in the string theories.

We consider that the SU(5)gur gauge group comes from five D7-branes and the U(3)y
or U(2)y gauge group from three or two D3-branes, respectively [14, 15]. The gauge group

5Even if one does not assume the exact spectrum of the Type IIB string theory, the SLy(Z) symmetry is
necessary in the UV spectrum, since this symmetry is crucial for the existence of the D7-brane solution.

16T W. thanks M. Nishimura for useful discussion.

1"Most of the studies on the AdS/CFT does not aim at showing a correspondence between supergravities
and gauge theories, but rather a correspondence between string theories and gauge theories [32]. However,
most of the evidences of this correspondence have been obtained for large 't Hooft couplings, where string cor-
rections are not important (i.e. only the supergravity is relevant). Such results, which are rather independent
of the UV spectrum, are just what we are interested in here.
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would be U(5) on D7-branes rather than SU(5)gur, but it is not a problem as will be shown
in subsections 6.4 and 7.4. We show that all the matter contents of the SU(5)gur-breaking
sector are obtained from the fluctuations of the D3-D7 system. We try to understand as
many particles of the models as possible as the D-brane fluctuations (i.e. massless fields on
D-branes), but quarks and leptons are not obtained.

The Type IIB string theory also has definite predictions on the massless matter contents
and interactions at orbifold singularities. Those massless matter contents are called the
twisted sector. However, we do not restrict ourselves to the matter contents of the twisted
sector determined by the Type IIB string theory.

The twisted sectors of the Type IIB string theory play important roles in the following two
aspects: first, in restoring the modular invariance of the string world-sheet and, second, in
keeping the unitarity of the theory. The first aspect, the modular invariance of world-sheets,
is crucial to make the string theories UV-finite [29]. Theories with modular invariance are
constructed so that the 1-loop amplitude with UV momentum, where an infinite number of
massive particles are in the loop, is equivalent to the 1-loop amplitude with infrared (IR)
momentum, where only massless particles are in the loop. This equivalence between the UV
and IR amplitudes enables one to cut out the UV part from theories, rendering the theories
UV-finite. This clearly shows that modular invariance is a constraint between UV physics
and IR physics, not a constraint on purely IR physics. In particular, this means that the
necessary massless contents at the orbifold singularities are different when the UV spectrum
in the bulk is different. Moreover, we are not sure whether the modular invariance in string
theories is the only way to make a theory UV-finite. Therefore, we have no reason to adopt
the massless matter contents at orbifold singularities predicted by the Type IIB string theory;
our study is based on a generic Type IIB supergravity and we do not specify the theory above
the cut-off scale. Thus, our framework is not restrictive enough to determine the massless
contents at orbifold singularities in a top-down way.

The second aspect, the unitarity, is a well-defined notion within field theories. Anomalies
appear at orbifold singularities, even if the theory is consistent in the ten-dimensional spce-
time. Some of the massless fields in the twisted sector in the Type IIB string theory provide
massless degrees of freedom necessary to cancel the pure gravitational anomalies, and some
of them realize the (generalized) Green—Schwarz mechanism [35, 36] at orbifold singularities,
cancelling the anomalies. Therefore, we also require in our model that the massless matter
contents at singularities are such that anomalies are all cancelled.

We expect that suitable particles can be supplied at singularities by a certain mechanism
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of a fundamental theory if they are required for theoretical consistency there. We do not
specify the mechanism in this paper. General interactions localized at singularities are also
considered as long as they satisfy the symmetries around there. Since we do not know the
origin of particles that arise at singularities, there is no way of determining their interactions
other than theoretical consistencies and symmetries.

There are consistency conditions called Ramond-Ramond tadpole cancellation [37] in
(string-based) Type IIB orientifolds [38]. These conditions are closely related to the matter
contents and interactions of the twisted sector. These conditions are generically equivalent
to conditions for vanishing non-Abelian anomalies at fixed-point singularities [39, 40], and
at the same time they ensure automatically that the mixed anomalies arising at fixed points
are cancelled through the fixed-point interactions (generalized Green—Schwarz mechanism)
predicted by the Type IIB string theory [38, 41, 40].

However, it is also known that the Ramond—Ramond tadpole cancellation is sometimes
more stringent than the triangle anomaly cancellation [40]. We clarify the relation between
the Ramond-Ramond tadpole cancellation and the anomaly cancellation in subsubsection
7.2.2, in addition to the arguments on the anomaly cancellation in subsections 6.2 and 7.2. We
conclude, there, that various anomalies vanish or can be cancelled through the (generalized)
Green—Schwarz mechanism, while one cannot argue some of the Ramond-Ramond tadpole
cancellation conditions in our models, since we do not specify the UV spectrum and the

matter contents at singularities.

5 Geometry of the T/(Z; (o) x Zy (QRgy)) Orientifold

The extra dimensions should be compactified to obtain realistic low-energy physics. Then,
the fluxes of gauge fields C(g) and C(Z) have nowhere to escape in the compactified extra
dimensions. This implies that the totality of 7-brane charges and that of 3-brane charges
scattered within the compact manifold should be zero. However, it is impossible for D7-branes
alone (D3-branes alone) to have vanishing total 7-brane charges (3-brane charges) without
breaking SUSY, because the unbroken half-SUSY on each BPS D-brane is determined by the
sign of its 7- (3-)brane charge [42]. This is a well-known phenomenon for the BPS monopoles
and instantons [42]. Therefore, in order for the 7- (3-)brane charges to cancel out within
the compactified manifold, there should be new objects with 7- (3-)brane charge whose sign
is opposite to the charge of D7- (D3-)branes and which also preserve the same SUSY as
D7- (D3-)branes do. Such candidates are known in string theories: orientifold 7-planes (O7-
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planes) and orientifold 3-planes (O3-planes) [43]. Orientifold planes emerge in string theories
when the world-sheet parity (2) (flipping of the orientation of strings) is gauged. One can
gauge an arbitrary combination of the world-sheet parity and order-2 space transformation
(g*> = 1;g €SO(6)) rather than a simple world-sheet parity, i.e. one can gauge Qg. Orientifold
planes are (loci of) fixed points of such order-2 space transformations.

Although the orientifold planes are well-formulated in string theories [29, 30|, their origin

is not clearly understood in general field theories's.

However, we assume that there exist
“orientifold planes” even in the Type IIB supergravity, since there is no clear obstruction
against this assumption. Furthermore, we assume that the “orientifold planes” have almost
the same properties as those in the Type IIB string theories. Namely, Op-planes have p-brane
charges opposite to that of the Dp-branes, and they are always (loci of) Z-fixed points as
explained above. Here, an orientifold p-plane carries —2P~% times the p-brane charge of a
single Dp-brane, as in string theories [29, 30]'7.

The D7-branes, O7-planes, D3-branes and O3-planes are put in a six-dimensional torus
T®. We will obtain most of matter contents of the product-group unification models by gaug-
ing the orientifold projection, and by gauging the discrete rotational symmetry of the T©.
The geometry we adopt in this paper is T®/(Zq (0) X Zy (QRsgg)). Let us first explain the
geometry of this manifold. The geometry is important when we discuss the D-brane config-
uration, anomaly cancellation, discrete R symmetry and effective superpotential. (However,
the reader can skip the rest of this section for now, and come back to it when necessary.)

TS denotes a six-dimensional torus (C* = {(z1, 29, 23)|21, 22, 23 € C})/T¢ in which the
lattice I'y is spanned by six base vectors ey, es, €4, €7, eg, and ey. In other words, two points
y,y € C? are identified with each other if and only if

y=y+nn,en, (N €24, m=4,---,9). (18)

The base vectors ey 567 will be chosen so that they span the first two complex planes C? =
{(#1, 22)|71,22 € C}, and egy for the last complex plane, whose coordinate is z3, in the
orbifold we adopt in this paper.

18 An O6-plane is realized as a solitonic solution of eleven-dimensional supergravity (in the context of M-
theory) in [44]. This O6-plane solution is also associated to a Zs projection and is found to have the same
6-brane charge as that predicted by string theories.

9Tt is not clear at all whether we have to impose this p-brane charge of the orientifold planes for the
consistency of models in a field theory. Our construction of models, nevertheless, does not change so much
even if the p-brane charges of the orientifold planes are different from the predictions of the string theories.
There is a related discussion at the beginning of subsection 6.1.
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We assume D7-branes stretched in the first two complex planes, and hence we need O7-
planes parallel to the D7-branes to cancel those 7-brane charges. We gauge the combination
Q) Rgg, where Rgg denotes the angle-m rotation in the last complex plane, having loci of fixed
points that extend parallel to the D7-branes. The loci of the Rgg-fixed points are the O7-
planes. Although this orientifold projection breaks half of the thirty-two SUSY charges of the
Type IIB supergravity, the unbroken sixteen SUSY charges are the same as those preserved
on the D7-branes (i.e. (15)), since the O7-planes are parallel to the D7-branes. There are
four O7-planes within the six-dimensional torus, whose z3-coordinates are given by

1
23 = énm//em//, (HlOd nm//em//|m//:879 where n,,» € Z) (19)

The total 7-brane charge of the O7-planes is —32 because each O7-plane carries?® the 7-brane
charge = —8. Thus, there should be thirty-two D7-branes within the six-dimensional torus
T,

We also need O3-planes parallel to the D3-branes so that the totality of the 3-brane
charges vanishes in the six-dimensional torus. This implies that (2Rs56739 should also be
gauged, where Rys¢789 reverses all six extra dimensions. In other words, Ry567 should also be
gauged, where Rys¢7 reverses all eq567. Indeed, gauging Zs (Rys67) is equivalent to gauging
Zs (QQR456780), under the condition that QRgg is already gauged because of the isomorphism
Zo (Ruser) X Zo (QRgg) =~ Zo (QQR4s56780) X Zo (2Rs9). Thus, the orbifold group should contain
Zs (Rys67) as a subgroup. The SUSY charges broken by this orbifold projection Zs (Rys67)
are the same as those broken in the presence of the D3-branes. Indeed, the SUSY charges on
which —I'7%%* acts trivially are not twisted by the Rys¢7 since the —I'"%* is the same as the
spinor representation of Ryse; = exp((7'*® — 7'%7)/2). Hence the eight SUSY charges (N
= 2 SUSY in four-dimensional spce-time) are preserved in the D3-D7 system along with the
O7- and O3-planes. There are sixty-four Rys6739-fixed points, whose coordinates are

1 1
y = §nm'em'|m/:4,5,6,7 and  z3 = inm”em”|m”:8,9 (20)

mod 7,€m|m=41... 9, Where n,, € Z. Thus, the total 3-brane charges from those O3-planes are
—32 because each O3-plane carries the 3-brane charge = —1/2. Therefore, thirty-two D3-
branes are required in the six-dimensional torus. The orbifold group should be much larger,

20Some works state that each O7-plane carries the 7-brane charge = —4, and that the total 7-brane charge of
O7-planes is cancelled by sixteen D7-branes. This discrepancy comes from adopting two different descriptions:
counting 7-brane charges either in projected space T¢/Zs (Q2Rgg), or in the covering space T®. We adopt the
latter counting throughout this paper.
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so that the SUSY of the whole geometry preserves only N’ = 1 SUSY of the four-dimensional
spce-time, i.e. only four SUSY charges. Thirteen Z,-type orbifold groups?! are listed in [45]
that can be imposed on the six-dimensional torus, keeping the A/ = 1 SUSY. Four of them
preserve even N/ = 2 SUSY, and two others do not contain Zs (Rys67) as their subgroup.
We adopt the Zj, (o) = {o*|k =0, ..., 11} orbifold®? among the seven remaining candidates.
There are a couple of reasons why we choose this group, each of which is explained in the
course of the following discussion.
The generator o of the present orbifold group, Zis (7), acts on the C? as

o1y = (2)|p=123 € CP—o-y= (e2m”bzb)|b:172,3 e C3 (21)

with (vp)|p=123 = (1/12,—5/12,4/12). Note that ¢® = Rys67, and hence the Zi5 (o) contains
Z> (0% = Rys67) as required, and hence there surely exist O3-planes (and D3-branes) in the
orbifold. On the other hand, since the ¢° is the only order-2 element in the Z (c), only
the QRgg and QRgeo% in Zys (o) X Zy (QRgg) are the elements that lead to the existence of
orientifold planes. Therefore, the O7- (O3-)planes transverse to the egg (€4567.59) directions
are the only orientifold planes, and no other types of orientifold planes exist in this manifold.

The six-dimensional torus T should be chosen so that it has the Z5 (o) symmetry. Thus,

the I'g, which determines the six-dimensional torus, is chosen as

€4 = (17 17 O)L47 €5 = (Ca C757 O>L47 (22)
€6 = (€27 g27 0)L47 €7 = (€37 C_?)? 0)L47 (23)
eg = (O, 0, ]_)LQ, €9 = (O, O,W)LQ, (24)
where ( = e*™/12 w = ¥/ and Ly, L, are two independent length scales of the six-

dimensional torus; L, corresponds to the size of the first four-dimensional torus and Lo
to that of the remaining two-dimensional torus.

The D7-branes are stretched in the e, 567 directions, on which the SU(5)gur gauge fields
are expected to propagate. Therefore, we require that the L, be slightly larger than the
fundamental-scale inverse, because the volume of these extra four dimensions should be large
enough to account for the disparity between gauge couplings of the SU(5)gur and U(3)y or

21'We restrict our attention only to orbifolds of the form T%/Z,. One can, in principle, consider orbifolds
such as T%/(Z,, x Z,,) or more complicated ones. However, the variety of higher-dimensional constructions
does not become very much richer by considering such possibilities.

22We follow the notation of [38].
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U(2)y. Equations (10) and (11) imply that
1
Z(M*L4)4 ~ 107, (25)

where (1/12) x 3(L4)* is the volume of extra dimensions where the SU(5)qur gauge field
propagates. Here, the D7-branes that provide the SU(5)gur are assumed to reside at a
Z1, (0)-fixed®® locus. On the other hand, the L, is considered to be of the order of the
inverse of the fundamental scale.

The generator ¢ in (21) rotates three complex planes separately, and satisfies 22:1 vy = 0.
Thus, it belongs to an SU(3) subgroup of the six-dimensional rotational symmetry SO(6) ~
SU(4). The o is regarded as an SU(4) element, which is written as®!

o — e—2midiag(Ta)a=0,1,23 _ e—QWidiag(O,%,;—g,%) c SU(4), (26)

where g = (v1 + v2 + v3)/2 and 9, = v, — g for b=1,2,3, or equivalently,

V1 + Vo +vV3 U] —VUgy — Vg —V; + Vg — V3 —VUp — Uy + Us
2 ’ 2 ’ 2 ’ 2

diag(?q)|a=0,1,2,3 = diag( ). (27)

Note that @ = 0 and @ = v, (for b = 1,2,3) when >>7_, v, = 0. The o belongs to an SU(3)
subgroup at the lower-right corner of the SU(4). This ¢y = 0, or equivalently an eigenvalue
e 2™ = 1, implies that SUSY charges are partially preserved in the orbifold geometry [46].
The unbroken SUSY charges, which correspond to the first entry of the fund. representation
of the SU(4) (i.e. o = e 2™ gigenspace), are half of the A' = 2 SUSY of the D3-D7 system,
because ((—['791) = g6 = =2 diag(ta)x6) — 1 eigenspaces are the first and fourth entries of
the fund. representation of SU(4) (~ spinor representation of SO(6)). That is, the N' = 1
SUSY, which is one half of the A/ = 2 SUSY preserved in the D3-D7 system, is also preserved
in the entire orbifold geometry.

There are several types of singularities on this geometry. Loci of points fixed under the o°
or 0% form two-dimensional singularities in the T that extend in the directions spanned by
es and ey (i.e. singularities with (five+-one) spce-time dimensions). This is because vz x3 € Z
or, in other words, the ¢® does not rotate the last complex plane. The coordinates of these

23The orientifold projection Zg (Q2Rg9) does not reduce the volume on which SU(5)guT propagates because
it acts only in the transverse directions to the D7-branes.

24Gection(s) 3 (and 5) and appendices of Ref. [14] might be useful to understand this paragraph and the
following sections. SO(6) ~ SU(4) transformation properties of gauge fields, scalars, fermions and SUSY
charges are explicitly written there.
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singularities in the first two complex planes, y’ = (z1, 20) € C?, are given by

€y

0'6—ﬁXed y/ — nm/T‘m/:zl,...j, (VZ3)7 (28)
est+e;+e est+e
o3-fixed y =ny 4t 25 +es ns ! ;— T+ neg€g + nrer, (VZ3)7 (29)

where |45 6,7 are integers. There are sixteen loci of oC-fixed points of within the covering
space T®, four of which are loci of points fixed under the 3. One locus (y’ = 0) among the
latter four is fixed under the ! as a locus. Three remaining loci among the four in T form an
orbit of Zy5 (o) /Z4 (c3), and become a single singularity in T®/Zy5 (o). Twelve remaining loci
of o%-fixed points in T form two distinct orbits of Zs (¢) /Z5 (¢5) and become two distinct
singularities in T%/Zj, (o). Thus, there are four distinct two-dimensional singularities in
TY/Z15 (o). The Zy (QRgy) projection acts only within each two-dimensional singularity, and
hence there are four two-dimensional singularities in T®/(Z5 (o) X Zy (QRgg)). The isotropy
group is Z4 (o) at a generic point of the first two singularities and is Zy (¢%) at a generic
point of the last two singularities.

Other singularities are points in the T® (i.e. singularities with only (three+one) spce-time
dimensions), whose coordinates y = (y’, 23) € C? are

e, + eg €5 + ey
N5
3 3
0-271_ﬁxed y/ et nm/em/‘m/:4,'”,7 (31)

olfixed y =mny + nge¢ + nrer, (30)

in the first two complex planes, where n,,|—4 7 are integers, and

esg + 289

ot fixed 23 =0,+ 3

(mod egg where ngg € Z) (32)

in the last complex plane. Note that all fixed points of o2 are fixed also under the ¢! in this
geometry.

Both four-dimensional loci in the T¢ determined by z3 = (es + 2e9)/3 and 23 = —(eg +
2e9)/3) are fixed under the o' as a four-dimensional locus, respectively. Although each point

L except y' = 0, they move only within each four-dimensional

on those loci are moved by o
locus. These two four-dimensional Zj, (0)-fixed loci, which are (seven+one)-dimensional sub-
spce-time, are distant from the loci of Zy (2Rgg) fixed points, where O7-planes reside. The
existence of this (seven+one)-dimensional fixed loci away from O7-planes is one of the reasons
why we chose the Z5 (o) orbifold. We put D7-branes on these (seven+one)-dimensional fixed

loci in the next section. D7-branes should be put on fixed loci; otherwise orbifold projection
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conditions would not be imposed. Incidentally, unwanted massless matter contents would
remain in the spectrum when a D3-D7 system coincides with orientifold planes. Therefore,
we need a fixed locus away from O7-planes. Only the Zg, Zj and Z, orbifolds* have such
a fixed locus among the seven candidates that reduce the higher-dimensional SUSY down to
four-dimensional N' = 1 SUSY accommodating the D3-D7 system.

6 SU(5)GUTX U(2)H Model

In the following two sections we explicitly construct the product-group unification models in
the Type IIB supergravity. We begin with the construction of the SU(5)qurxU(2)g model,
because its structure is simpler in some aspects. The SU(5)gurxU(3)g model is discussed in

section 7.

6.1 D-brane Configuration and Orbifold Projection

Matter contents below the Kaluza-Klein scale depend on the D-brane configuration (locations
of D-branes on the orbifold geometry) and the orbifold projection conditions. Let us first
describe how the SU(5)qurxU(2)y model is obtained.

We assume that the gauge theory on N coincident D7-branes (distant from any O7-
planes) consists of a U(N) vector multiplet (%)) (k,l = 1,...,N) of the N’ = 1 SUSY of
eight-dimensional space-time. M coincident D3-branes are also expected to have a U(M)
vector multiplet (X%) (a, 3 = 1,..., M) of the N = 4 SUSY of four-dimensional space-time.
There would be a hypermultiplet (Q*,,Q%,) of the four-dimensional N' = 2 SUSY when the
M D3-branes are on the N D7-branes. Here, the N' = 1 chiral multiplets Q*, and QY%
are in the bifundamental representation under the U(N)xU(M) gauge group, transforming
(N, M*) and (N* M), respectively. These are the particles we assume at the starting point
of our model construction in addition to the Type IIB supergravity multiplet in the ten-
dimensional bulk. These are exactly the same massless modes as in the D3-D7 system of the
Type IIB string theory. D7-branes are labelled by indices k, [, and D3-branes by «, 3.

We are concerned only with those massless modes in the following, except for massless
modes that are required at orbifold singularities. It is clear that those matter contents on
D-branes satisfy all consistency conditions of the supergravity. Anomalies would arise only
at orbifold singularities. These issues are discussed in subsection 6.2.

Z5Notations are based on [38].

20



We do not specify the spectrum of massive particles above the cut-off scale. Those
particles are not relevant to the physics at the GUT scale, or at low energies. It is true that
the theoretical consistency conditions can be modified if there are infinite numbers of massive
particles. However, we do not consider such theoretical conditions involving massive sectors,
since they are highly dependent on the UV spectrum above the cut-off scale.

In particular, string theories predict so-called winding modes. These are massive excita-
tions of a “string” in which a “string” winds around the circle of a torus. We do not require
theoretical consistency conditions that involve the contributions from winding modes?®. This
is because those conditions depend on the UV spectrum above the cut-off scale, which we do
not specify, and are not conditions of the physics below the cut-off scale.

We use twelve out of thirty-two D7-branes to provide the SU(5)gur vector multiplet.
They should be put on (seven+one)-dimensional loci fixed under the Z;5 (o) orbifold group,
so that the vector multiplet with sixteen SUSY charges is projected out except for a four-
dimensional N' = 1 SU(5)gur vector multiplet (without chiral multiplets in the SU(5)gur-
adj. representation). Six of them are put at a fixed locus z3 = es’;& and six remaining
D7-branes are at the Zy (2Rgg)-image of the fixed locus, i.e. at z3 = —%. The reason
why we put six D7-branes at each fixed locus rather than five will become clear later in
this subsection 6.1 (it is because we require that Q°, and Q% are obtained from the D3-D7
system).

The twenty D7-branes that have not been used are placed at the other fixed locus z, = 0
or are floating in the bulk. Their existence is irrelevant to the dynamics of the SU(5)gur-
symmetry breaking, while they provide a room for constructing the SUSY-breaking sector,
inflation sector and some other gauge theories we do not know yet.

Once the configuration of 7-branes is fixed, we can calculate the behaviour of the dilaton
VEV through equations of motion. In particular, the F-theory [48] implies that 7 = (C() +
ie~?) goes to ioo at the fixed loci where we put six D7-branes [49]. However, equations of

26Winding modes are equivalent to Kaluza-Klein modes through the T-duality in string theories. Thus,
the gauge theories on D7-branes or on D3-branes are essentially ten-dimensional gauge theories, in some
aspects, in the presence of the winding modes. In particular, the hexagonal anomalies of ten-dimensional
gauge theories are required to vanish, which is the case when both D7-branes and D3-branes have “ten-
dimensional” SO(32) gauge theory with sixteen SUSY charges (or its spontaneous breakdown) [47, 37]. This
provides an independent reason for the total number of D7-branes and D3-branes to be thirty-two within the
flat six-dimensional torus TS. We do not respect this reason, since it is heavily dependent on the presence
of the winding modes, but we still respect the total number of D-branes since we borrow “orientifold planes”
from string theories, which might not be fully justified within pure supergravity, as we discussed in section
5. However, the total number of D-branes is not an important constraint for our model construction.
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motion derived from the Type IIB supergravity is not reliable in the vicinities of D7-branes
within 1/M, (since we do not specify short-distance physics above the cut-off scale M., ), and
hence it does not make sense to discuss the short-distance behaviour of the dilaton VEV.
Moreover, a precise relation is not known in supergravities between the dilaton VEV around
the D7-branes and the effective coupling constant of the gauge theories on D7-branes®’.
Therefore, we cannot discuss what the natural values are for the effective coupling constants
1/a, and (M?volume)/c, in (10). The relative ratio, however, is reasonable, since gauge
theories on D7-branes become non-dynamical in the large-volume limit.

Now, the fields on the D7-branes at z3 = &3299 are identified with their image at z3 =
—% under the projection condition associated with the (2Rgg. Thus, we only need discuss
the fields on one of these images. Those fields are a U(6) vector multiplet X%, (z,y’) (z € R®?,
y' = (21, 22) € C?) of the N' = 1 SUSY in eight-dimensional space-time. Fields contained
in this multiplet are also described in terms of four-dimensional N' = 1 SUSY: one vector
multiplet (30)%,(z,y’,0) = Wg(6)(x,y’,0) and three chiral multiplets (3,)%(z,y’,0) (b =
1,2,3).

Let us see how those fields transform?

8 under the rotational symmetry of C? before we
discuss the orbifold projection conditions. Let us consider three independent rotations z, +—
ez, for (b = 1,2,3). The four-dimensional gauge-field strength in ¥y is a singlet under
the rotation of extra-dimensional space. The complex scalars of 3j_; o receive the phase
factors e’ since they originate from polarizations of gauge fields in higher-dimensional space
pointing at extra dimensions. Four fermions (Weyl in four-dimensional space-time) in 3,’s
(a = 0,...,3) receive phase factors ¢‘® due to the Lorentz transformation of the higher-
dimensional space-time in the spinor representation, where g = (o + s + a3)/2 and @, =
ap—ag for (b =1,2,3). Thus, in terms of four-dimensional N' = 1 superfields, they transform
as

So(x,y',0) — €%(z,y', e %p), (33)
Sp(z,y',0) +— eSy(x,y’, e %0) for b=1,2, (34)

where y” is a point that is moved to the point y’ under the rotation, i.e. y’ = (e7"1z, e 712 z,)
and y’ = (z1,22). The complex scalar component of Y3 receives the phase factor €', so that

Y3(z,y',0) — elas Y3z, y’, e’i&‘)@), (35)

27See also the question raised in the introduction of [50].
Z8Ref. [14] might be useful again.
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similarly to ¥, . This choice of the phase factor is to ensure that the sixteen-SUSY-charge

symmetric interaction in the superpotential,
26 (W = V20062 tr(E[Ss, 21])> , (36)
is invariant under the three independent rotations; indeed, we see that
¥ 5555() s ellertaztas) gy, 5 5 (e ieataztas)/2g), (37)

Let us now turn to the orbifold projection. The orbifold projection associated with Zq, (o)
extracts only singlets of a Zis symmetry generated by a o-transformation of fields, and all
other states are projected out of the theory. Namely, the following condition is imposed:

Yalz,y', 0)F = i(z,y’,@)kl, where o : X, (z,y’,0)%, — /Zva(a:,y’,e)kl. (38)

The whole sector comprised of all singlets of a symmetry consistently becomes a self-closed
theory. (Singular points of the geometry should be treated carefully, since the field theories
are not well defined there. This is the subject of the next subsection 6.2.) Here, the o-
transformation of fields is primarily determined by the geometric rotation (21). However, we
also have one degree of freedom in determining the o-transformation of fields on the geometry
— the geometric rotation of fields can be accompanied by a non-trivial twist through a
rigid gauge transformation by 7,7 €U(6). Notice that the o-transformation is still an exact
symmetry of the unorbifolded theory. Now, the o-transformation is given as follows:

g (Zo)kl(xa yla 9) = (i\;)kl('xa yla 9) = (ia;?)kk/(20>k;’(x7 0'71 : yla 9) (i;;%)l/la (39)
g (Zb)kl(‘r7 y,7 0) = (Zb)kl (ZE, ylv 0) = 62ﬂ—wb (/?0;7)kk’(2b)k;’ (ZE, 0_1 ' ylv 0) (ﬁ;})lll? (40)

where &, = 270, are substituted into Egs. (33)-(35) and we take the 6 by 6 unitary matrix*

Yo7 as

Lo

- . “ _1
(70;7)kl:d1ag e 12 e 12

—e | (43)

29This 6 by 6 unitary matrix 7,.7 is related to 32 by 32 unitary matrices v,.p7 found in references such as
[37, 51, 38] through
Yo:D7 = Foi7 B Vyr ® (20 by 20 matrix). (41)

The unitary matrix yors,; p7 associated to the projection condition of Q2Rgg is expressed in this basis as

0 1 0 1
YQRgo;: D7 = lexe @ ( 10 > @ Liox10 ® < 1 0 ) (42)
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First of all, in the above equations, Eqgs. (39) and (40), the Grassmann variable 6 of the
four-dimensional N' =1 SUSY does not receive a phase rotation because o € SU(3) C SU(4)
~ SO(6) (i.e. &g = 2wy = 0). This ensures [46] that the four-dimensional N' =1 SUSY is
preserved in the spectrum obtained from the orbifold projection conditions (38). Secondly,
we add a twist in the orbifold projection through the U(6) rigid transformation by 4,.7, which
causes U(6)-symmetry breaking.

The specific choice of 4,.7 in Eq. (43) is based on the following reasons. First, the twelve
times repeated application of 4,.; leads to an adjoint action by F,i2.7 = (55:7)'% = —1 x 1,

12 acts trivially on the space

whose effect is trivial. This is a required property®’, since o
TS Secondly, the sixth diagonal entry of the 9,7 is chosen differently from the first five
entries in order to break the U(6) gauge symmetry down to U(5)xU(1). Then, it follows
from the requirement (,.7)'? oc 1 that only the allowed difference is the twelfth root of unity
between the sixth and other entries. Thirdly, we avoid the phase difference {e?™™/12|n =
0,1,4,5,7,8,11}, since we do not want SU(5)-charged matter particles to appear on the
D7-branes. This is first because the elementary Higgs particles H'(5) and H;(5*) are not
necessary in the SU(5)gurxU(2)g model, and second because we give up trying to obtain
whole matter contents of the quarks and leptons from D-branes3!. Fourthly, we do not use
the phase difference {e?™™/12|n = 3,9}, since we want the U(6) symmetry to be restored,
at least, at the o%-projection, as we explain later in this subsection 6.1. Finally, among the
remaining candidates®? {e2™/12|n = 2, 6,10}, we use n = 6, since two other possibilities are

—mi/12

excluded by anomaly arguments in subsection 6.2. The overall phase e In 9,7 is not

30The 7,.p7 given in (41) satisfies an algebraic constraint

(Yo:07) (YRso;07) (Yo:07)" = (YaReo: D7) (44)

which is also required in [51].

31Tt is quite a difficult subject to obtain at the same time (i) three families of quarks and leptons,
(i) a SUSY SU(5) unified gauge group, and finally (iii) a sector that breaks the the unified symmetry, from
open strings on D-branes. There are some trials as follows, yet they are not satisfactory. The non-SUSY
standard model is obtained in [52], the SUSY standard model is obtained in [53] with exotic chiral multiplets,
and the flipped SU(5)-unified model is obtained in [54] with some necessary particles missing. Note also that
all these models listed above are constructed using the intersecting D6-D6 system [55] in the Type ITA string
theory. This framework is not in a simple T-dual to the D3-D7 system in the Type IIB string theory.

32The Z6(1/6,1/6,—2/6) and Zg(1/6,—3/6,2/6), which have (seven+one)-dimensional fixed loci away from
O7-planes, do not have such candidates. For the Zg, {¢*™"/6|n = 0,1,2,4,5} are excluded from the third
criterion in the text, but the fourth criterion requires {62””/6|n =0,2,4}. For the Zf orbifold, all possibilities
of choosing a phase difference in 4 are excluded by the third criterion. In short, both orbifolds have too simple
structure to fulfil our requirements. The Zg orbifold is disfavoured also by anomaly arguments, as mentioned
briefly in subsection 6.2.
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important since the 7,.7 acts on X,’s through adj. representation of the U(6). This choice is
just to make the expression similar to the conventions [37, 51, 38] among string theorists.

Only the U(5)xU(1)g vector multiplet of the four-dimensional N' = 1 SUSY survive these
orbifold projection in the low-energy spectrum. We identify the SU(5) part of the U(5) ~
SU(5)xU(1)5 gauge group with the SU(5)guT gauge group. Some linear combination of the
U(1)5xU(1)g is identified with the fiveness®® gauge symmetry in subsection 6.4. There is no
massless chiral multiplet arising from D7-branes. Although we do not need Higgs multiplets
in the SU(5)gurx U(2)g model, quarks and leptons (and right-handed neutrinos) are missing.
It is not easy to accommodate all the three families of quarks and leptons along with the
model of SU(5)gur breaking we discuss. We consider that the three families of quarks and
leptons reside at a fixed point of the orbifold geometry, although we cannot specify their
origin.

Let us now derive from the D3-D7 bound state the matter contents of the SU(5)gur-
breaking sector. D3-branes are put on a fixed point that preserves N' = 2 SUSY [15]. We
refer such fixed points to the N' = 2 fixed points. There would be unwanted SU(2)g-adj.
chiral multiplets if the D3-branes were not put at a fixed point; however, the multiplet
structure of the N' = 2 SUSY would be lost if they were put on a fixed point the N = 2
SUSY is not preserved.

SUSY of local geometry at a given fixed point is determined by its isotropy group, that
is a subgroup of the orbifold group that fixes the point. The isotropy group determines the
local geometry around the fixed point, and hence the SUSY. Matter contents from D-branes
located at that fixed point are also determined by imposing orbifold projection conditions
associated to the isotropy group.

The N = 2 fixed points should have isotropy group contained in a particular SU(2)
subgroup of the SU(4) ~ SO(6) rotation. This is because the local geometry, which is
determined by the isotropy group, should preserve the NV = 2 SUSY of the D3-D7 system.

Since the SUSY charges of this system are in the —I'76%

= 1 eigenspace, the isotropy group
should act only on the —I'™5* =£ 1 eigenspace. It is the SU(2) rotation of the two complex
planes C? = {(21, 23)|z1, 22 € C} that acts on this eigenspace; indeed this SU(2) subgroup

(one of SU(2)xSU(2) ~ (SO(4) of C?)) is given by
exp (gbaﬁﬁn,n,Fm/”/) , (45)

where 7%,., is the 't Hooft n-symbol [56] with a = 1,2,3;m/,n’ = 4,5,6,7, whose generators

33The fiveness is equivalent to B—L in the standard model.
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_ 10 - .
7%, T™™ are trivial on the —['"%%* = 1 eigenspace:

Mo T = 1 T (=T71) = =i, T (46)

SINCE Nrs i Emm/ i/l = — 2Ty -

There are essentially two different candidates of the N' = 2 fixed points on the D7-branes:
two points at which the isotropy group is Zs (¢°®) and a point at which the isotropy group is
Z4 (0®). All of them?! are at the intersections of the two-dimensional singularities in the T°
with the D7-branes. Note that 02, 0% and ¢ belong to the above-mentioned SU(2) subgroup,
since it does not rotate the third complex plane spanned by eg and ey because of v3 x 3 € Z.

We put the D3-D7 bound state at an N/ = 2 fixed point where the original U(6) sym-
metry is enhanced on the D7-branes. This is because the N' = 2 hypermultiplet (Q°,, Q%)
is necessary in the SU(5)qur-breaking sector in addition to the hypermultiplet (Q¢,, Q%)
(¢t = 1,...,5). The U(6) symmetry would be enhanced only at fixed points with isotropy
group Zs (o), where there is only N/ = 1 SUSY, if we were to adopt the phase difference
{e?in/12|n, = 3,9} in (43). Thus, there would be no fixed point where the N” = 2 SUSY and
the U(6) symmetry are simultaneously obtained. This is the reason why we reject the phase
difference {e?™/12|p = 3,9} in the J,.7. On the contrary, when we take the phase difference
{e2™/12|p = 2,6,10}, the symmetry is enhanced up to U(6) at fixed points with isotropy
group Zj (¢%), where the N' = 2 SUSY is also restored.

Therefore, we put two D3-branes on one of the fixed points where the isotropy group is
Zs (¢°). There are two such fixed points on the T%/(Z5 (0) X Zy (Q2Rg9)), and the resulting
phenomenology is different. However, we postpone choosing one from these two candidates
until subsection 6.4, since they make no difference in the theoretical construction of the
models. Such a fixed point, whichever one chooses, consists of twelve points in the covering
space T®, which are identified under the (Z13 (o) X Zy (QRs9))/Z2 (¢°). Thus, two D3-branes
have to be introduced at each of these twelve points. Twenty-four D3-branes are necessary
as a whole in the covering space T®. The rest of the D3-branes can be used for other sectors,
which are not directly observed today.

We concentrate on a set of fields at one of these twelve images on which the orbifold
projection associated with the isotropy group Zs (0%) is imposed: those fields are a U(2) vector
multiplet (X)%; (a, 3 = 4,5) of the four-dimensional N = 4 SUSY and a hypermultiplet of
the four-dimensional N/ = 2 SUSY in the (6,2*) representation of the U(6)xU(2) gauge

34Intersection of the two-dimensional singularity at y’=0 with the D7-branes, however, has only N' = 1
SUSY, because the isotropy group is Z13 (o) there.
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group. They are decomposed into irreducible multiplets of the AV = 1 SUSY: a U(2) vector
multiplet (Xo)%;(z,60) = WU®)(z,6) and three chiral multiplets (X3)*(z,0) (b = 1,2,3)
in the U(2)-adj. representation, chiral superfields Q% (z,#) in the (6*,2) representation and
Q" (x,0) in the (6,2*) representation.

Let us see how these fields transform under the three independent rotational symmetries
on the C? : z, — ez for b = 1,2, 3. The four chiral multiplets of four-dimensional A" =
1 SUSY X,’s, which are under the control of sixteen SUSY charges, transform in the same

way as 2,’s on the D7-branes (except for y’-dependence):
Xo(z,0) +— €% Xy(z,e"0), (47)

Xp(2,0) +— e Xy(x,e0) forb=1,2,3. (48)

The AdS/CFT correspondence on the D3-branes in the large 't Hooft coupling limit provides
sufficient evidence for this determination [32]. Transformation properties of (Q, Q) are deter-
mined through field theoretical arguments. The four-dimensional N = 2 SUSY interaction,

W= \/igU(Q)Qka(X?))aﬁQaka (49)
requires that the product QQ transforms as
QQ(x,0) > " IQQ(z, e~ 0). (50)

On the other hand, vanishing U(2)[rotation]? anomalies require that @ and @ have the same

rotational charge. Thus

Q(z,0) ei(a1+o‘2)/2Q(x,e_i&°0), (51)
Qz,0) — elerta2Q (g ¢=idog), (52)

These fields transform under the ¢° as

0% (X0) (@, 0) = (Xo)%(2,0) = (Foos) " (X0) (2, 0) (F55) 5, (53)

06 : (Xb)a,@(l‘7 Q) = (Xb)a,@(l‘7 Q) = 62“1}})6(5/06;3)02/ (Xb)a,,@’ (ZL‘, 0)(5/;61;3)/6@ (54)

06 : Qak(xa 6) = éak(xv 9) = em(vl—H&)G(:)/06;3>aa’Qal;’ (1}, 6) (:Ya_,g)k;w (‘55)

/

0% QF(2,0) = Q o(w,0) = TR QF, (,0) (T0) (56)
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where we take the 2 by 2 unitary matrix for the rigid U(2) transformation® 7,6.3 as

5/06;3 = dia’g(e_%ﬂ—i? 6_%m)' (58)
Here, (Y,6.3)2 = —1 oc 1 is satisfied. Phase e~™/2 is chosen so that the (Q, Q) survive the
orbifold projection conditions

Xo = X, Q = éa Q = éa (’59)

with a = 0,1, 2, 3.

Massless modes that survive the orbifold projection are a U(2) vector multiplet (Xg,X3)
of the four-dimensional A" = 2 SUSY, and a hypermultiplet (Q%,,Q*,) (k =1, ...,6). This is
exactly the matter content of the SU(5)gur-breaking sector in the product-group unification
model based on the SU(5)qurxU(2)y gauge group. An unwanted N/ = 2 hypermultiplet in
the U(2)-adj. representation (X7,X5) has been projected out.

6.2 Anomaly Cancellation

There is no anomaly in the ten-dimensional bulk. However, anomalies generally arise at
orbifold singularities. This subsection is devoted to the analysis of such anomalies. We
mainly consider the anomalies due to the Z5 (o) projection. Anomalies due to the Zy (Q2Rgg)

projection are briefly touched upon in the course of the discussion.

6.2.1 Triangle Anomalies

The matter contents we obtained below the Kaluza—Klein scale is free from triangle anomalies.
However, this only implies that the total sum of triangle anomalies localized at all the fixed
points cancel one another. Thus, anomalies at each fixed point can be non-zero. If it is the

case, then there will be violation of unitarity at an energy scale higher than the Kaluza—Klein

35The 32 by 32 matrix 7,;p3 in Refs. [37, 51, 38] is expressed in terms of the J,6.3 as

1 1

ol
S2)

Yoips = , ® (Fos:3) .| ©Gasa)F @ (8 by 8 matrix). (57)
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scale, which means that the description using higher-dimensional field theories is no longer
valid.

Kaluza—Klein particles of higher-dimensional massless fields play a crucial role in the
determination of the triangle anomaly distribution at fixed points, although the total sum
of the anomaly is determined only from the four-dimensional massless particles. This is
intuitively obvious from the fact that the anomaly distribution only from Kaluza—Klein zero
modes is homogeneous over the orbifold, because of their homogeneous wave functions. It is
the Kaluza—Klein towers that collect and redistribute to fixed points the anomalies carried by
zero modes (see below for a more concrete explanation). The resulting distribution depends
on the Kaluza—Klein spectrum.

Higher-dimensional massive excitations above the fundamental scale, if they exist, also
change the anomaly distribution. Their existence can results in replacement of the anomaly
that is once localized at a fixed point by the Kaluza—Klein towers to another fixed point. This
effect will be described by the Chern—Simons terms on the D7-branes after those massive
excitations are integrated out [57]. Thus, in general, one can expect that triangle anomalies
vanish at all fixed points whenever the total sum of these anomalies vanish; the anomaly
distribution determined by the Kaluza—Klein towers of higher-dimensional massless fields can
be gathered at a single fixed point to vanish in the presence of unknown massive excitations.

However, the general possibility described above does not work straightforwardly in the
presence of highly extended SUSY in the extra-dimensional space (on D7-branes). Let us dis-
cuss this issue by taking the effective theory description (i.e. massive particles are integrated
out and only massless fields of the Type IIB supergravity (including D-brane fluctuations)
are used). It is true that the effective Chern—Simons term on the D7-branes,

/ (dCa)) A tr(AFF + ), (60)

which is allowed by the N' = 1 SUSY of eight-dimensional space [58], replaces [59, 60]
triangle anomalies® from a fixed point to another, provided the C) field has a background

configuration such that

d(dC)) = Y sty —vl), (61)

v, €{fixed points}

where y’ is the coordinate on the D7-branes y’ = (z1,22) and 6*(y’ — y.) denotes, here, a

36Discussed in Ref. [59] is the replacement of box anomalies, which can be done without breaking SUSY.
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delta-function-supported 4-form. However, this condition on the background means that

/ dCz) = / d(dClz)) = ny., (62)
Sg B4

where the S3 is a 3-sphere in D7-branes surrounding a fixed point y! and 0B, = S3. In other
words, there are ny, 5-branes intersecting the D7-branes at y,. Since the SUSY charges
preserved in the presence of 5-branes alone are

Q . F7654Q/, (63)

these SUSY charges contain no common subset with the SUSY charges on the D7-branes
(15). Thus, it is in SUSY-violating vacua that the triangle anomalies on the D3-D7 system
can be replaced through the interaction (60).

Therefore, we require that the triangle anomalies vanish at all of the fixed points on the
D7-branes, in the distribution determined from the Kaluza—Klein spectrum. The simplest
way to calculate the triangle anomaly distribution is given in [61].

In the case of the S'/Z, orbifold [61], zero modes have distribution function 1/2, the
n-th excited Kaluza-Klein modes have distribution functions cos?(ny/L) or sin?(ny/L), with
anomaly coefficient opposite in sign. The total summation of all these contributions from all

the Kaluza—Klein towers,
1 2 (MY .o (Y
5 + Z (cos (f) — sin (f)) , (64)

leads to a delta-function distribution of the anomaly supported on the S*/Z, fixed points.

Now the generalization to higher-dimensional orbifold is straightforward. The anomaly
distribution is calculated as the total summation of absolute square of each Kaluza—Klein
wave function weighted by its anomaly coefficients:

1
ZAIE > Wraw )P (65)
Ia p'eA

Kaluza—Klein towers are labelled by I and a, where a = 0,1,2,3 runs over all components
of the SO(3,1)-irreducible decomposition of eight-dimensional Weyl fermions (the fermion
contents of the U(6)-adj. N = 1 vector multiplet of the eight-dimensional space-time), while
the I runs over irreducible representations I € {2409 100 50.=1) 5<=LDY (which form
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U(6)-adj.) of the unbroken gauge group SU(5)gurxU(1)5xU(1)s. The anomaly coefficient
Aj of a given type (such as [SU(5)qur]®, U(1)5[SU(5)qur]?, etc.) is determined as usual:

({7, 17347) = Ar tr({t, 47 39) | r—fund. of SUG)Gye- (66)

Each Kaluza—Klein particle in a Kaluza—Klein tower is labelled by its Kaluza—Klein momen-
tum p’. In (65) the A} denotes the dual lattice of the four-dimensional space lattice I,
spanned by ey, es5, e, €7, over which the D7-branes are stretched. The Kaluza—Klein wave
function on the Zj, (o) orbifold is given by

77Z)I,a,p’ Z pa pI zp’~(g-y’) (67)

v/ 12vol( T4 ocZralo

with phase factors p,(g) and p;(g) being fixed by the local Lorentz rotation and by the U(6)
rigid transformation associated with the orbifold transformation g € Z,, respectively. These
two phase factors are explicitly given by

Pa(0”) = (™) ]a=0,1,2,3 (68)

for four Weyl fermions of SO(3,1); pr(c”*) = (=1)* for I € {5~ 5*=LD1 and p;(a*) = 1
for I € {2409 1007}
The distribution function of triangle anomalies (65) is rewritten as

3

1 1 —ip’-(gy'—y’)
5 2 ol S e ZAIpI Z a(9); (69)

9€Z12(0) p'EA]

where algebraic relations p,(9')*pa(9) = pa(g'™" - ) and pr(g')*p1(g) = p1(g"" - g) are used.
The Poisson formula tells us that

1 N -1 / /
—i(g~tp'=p')y’ _ 70
VOI(T4) Z € ]F’ FE)’ Z y y* ( )

p/EAE) v EF/

Here, a momentum-space lattice Ay = {g7'-p'—p'|p’ € A} is a superlattice of A, and T’ y in
the above expression denotes the sublattice of I'y dual to Ay, This I} is also characterized as a
set of g-fixed points on the D7-branes. [I'} : I'j] is the number of the g-fixed points within the
covering space T#, which is the world volume of the D7-branes before the orbifold projection.
Thus, the integration of the (70) over a single unit cell of T yields unity. Therefore, the

triangle-anomaly distribution over the orbifold geometry is decomposed into parts, each of
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which corresponds to an element o of the orbifold group and is supported on the o*-fixed
points. The total amount of anomaly carried by this component is

%iz pa(0®) S (—iArpi(0")) = 11—24 (H sin(ropk) —|—2’HCOS(7rvbk)> S (—idrpi(0").

a=0 I

(71)
1/|T", : Tyl of (71) is distributed at each o*-fixed point through the o*-component. The
anomaly localized at a fixed point is given by the sum of all such g-component contribution,
where the fixed point is g-fixed The cosine part in this expression cancels with that of the
o'27*_component, and hence only the sine part is of importance.

Now it is easy to see that all triangle anomalies vanish at all fixed points on the D7-branes
in the SU(5)gurx U(2)g model described in the previous subsection 6.1. It is sufficient,
though not necessary, to see that all (—i Y, A;ps(c*)) vanish for k = 0,...,11. It is indeed
the case, since p;_ga.-1) (%) = pr_ge-1n(0%) = (=1)*, and A;_sa.-1) = —A;_g.-1) for all
types of triangle anomalies between SU(5)gur, U(1)s, U(1)s and gravity. It is extremely
encouraging that there is a set of geometry and U(6)-twisting matrix 7,.7 where the triangle

anomalies vanish at all fixed points.

2mi(n=12)/12 2mi(n=6)/12

If we were to take e as the phase difference in 7,.7, rather than e
as in the text, it turns out that [SU(5)gur|® triangle anomalies are distributed at all fixed
points contained in I" ., and IV ., = I" ., = I" .5 by a fractional amount that cannot be
cancelled by introducing new particles at fixed points. This is the reason why we do not

2mi(n==%2)/12

adopt e as the phase difference in (43).

6.2.2 More Anomalies

Now that the triangle anomalies vanish at all of the fixed points, the next question is whether
they are the only ones that we have to care about or not. We point out in the rest of this
subsection 6.2 that there are two other issues we have to discuss — higher-dimensional
anomalies and “anomalies in internal dimensions”. In the end, however, it is concluded that
two consistency conditions that come from those two issues depend on UV physics, and hence
there is a chance that these conditions would be satisfied by choosing suitable UV physics.
Therefore, they are not necessary conditions for physics below the cut-off scale.

Let us first discuss higher-dimensional anomalies. Although the ten-dimensional space-
time is directly compactified to the four-dimensional space-time, singular loci, on which
anomalies may be localized, are not necessarily (three+one)-dimensional sub-space-time.
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The T®/Z;5 (o)-compactified ten-dimensional space-time possesses a couple of (five+one)-
dimensional singularities, on which box anomalies may appear.

First, we show that the box anomalies do appear at those singularities. Indeed, six-
dimensional (box) anomalies arise on the same footing as the triangle anomalies in the Fu-
jikawa method [62] extended to orbifold-compactified geometry [63]. Massless particles in the
bulk and massless particles on D-branes are already specified, and hence it is a well-defined
question how the box anomalies arise from these particles. We first show that the distribu-
tion of the triangle anomalies are re-obtained in the Fujikawa method and then discuss how
the box anomalies arise. We use non-gravitational (pure gauge) anomalies as examples, just
for illustration. Non-gravitational anomalies only arise from gauge-charged Weyl fermions,
and hence it is easy to calculate them. Anomalies involving gravity can also be treated in
a similar way by regarding the gravity as local Lorentz gauge theory. Actual calculation of
gravitational anomaly is presented later.

Gauge fermions on the D7-branes are the only source of pure gauge anomalies, since fields
on the D3-D7 bound state propagate only in four-dimensional space-time and since they keep
a vector-like structure even after the orbifold projection. We calculate the anomalies at each
fixed point that come from the fermions of the U(6) vector multiplet, which propagates in
the eight-dimensional space-time.

Anomalies are understood as anomalous variations of the functional measure [62]. The

daAnomalous variation of an action due to a chiral transformation is given by
6S = Tr (6%(3 — x)ys) (72)

from the measure of a four-dimensional Weyl fermion, where the trace is taken over space-
time coordinates & = z, spinor indices and gauge indices. One can think of anomaly to a more
general symmetry transformation by replacing 75 to the generator t* of that symmetry trans-
formation. A straightforward extension to the higher-dimensional space-time compactified
over orbifold geometry is simply given [63] by

1 ~ / ~ a
08 = Trco,sp,w,] E Z 54(y/ —g'y )54(]7 - x)psp(g)pl(g) t[ ) (73)

9€Z12(0)

where t{ is a suitable representation of the generator t* of the transformation of which we

consider the anomaly; (§%(Z —z)) in four dimensions is replaced by its orbifold analogue; the
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delta function on the orbifold geometry is given by

Y 5y —g-¥)5 E = 2)psp(9)pi(g). (74)

g€Z12 (0’)

Note that the gauge fermions of interest propagate in eight-dimensional space-time. Coordi-
nates of four extra dimensions are denoted by y’,y’ € T* = C?/T",. Here, the I} denotes the
lattice spanned by ey, €5, eg and e7; ¥y’ and ¢g-y'(g € Z12 (o)) are the same point on the orb-
ifold T4/Z1, (o). Fields on these two points are identified up to two internal transformations,
psp(g), which denotes the effect of local Lorentz rotation under g € Zys (o), and p;(g), which
denotes the effect of the rigid U(6) transformation given by 7,.7, as before. Here, py,(g) plays
the same role as p,(g) in (68), which is now given by

w

psp(0¥) = H cos(mupk) + 51n(7rvbk)F(2b+2)(2b+3)) (75)
b=1

The trace is taken over the space-time coordinates (i.e. summation over x and y’ with
F=zandy =y imposed), over eight spinor indices (since we consider a Weyl fermion
of eight-dimensional space-time), over weights (w) in a single irreducible representation
of the unbroken gauge groups, and finally over different irreducible representations I €
{2409 100 51-1)
51D}

The CPT conjugate of an eight-dimensional Weyl fermion gives a hermitian conjugate of
(73). The (73) and its hermitian conjugate as a whole are expressed just through taking the
trace over the whole sixteen spinor components of the eight dimensions. This is because the
CPT-conjugate of a Weyl fermion of eight dimensions has the chirality opposite to the original
one, and also because the whole relevant fermions form the vector-like (adj.) representation
of the U(6). The I'® in (75) is understood as 16 by 16 part (which acts on the U(6) gauge
fermion) of the 32 by 32 matrix of I'®.

The trace over the coordinate in the (z,y’)-base can be rewritten in the momentum-space

base as
dp A~ 947 A, g4 154 [~
0S = % Vol Z d*zdy' | d*zd*y'0%(z — x) (76)
IGA/
12 5> tfspwf (e W= Y54y — gy ) pop(g)pa(g)e" =471 )

9€Z12(o
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= / d*zdy’ /(g—iyvol Z > trspwz( TRy (g)m(g)t?) (77)

P’ A/ g€Z1 (o)

where now the trace runs only over the spinor and gauge indices.

This anomalous variation of the functional measure is regularized in a gauge-invariant way
by inserting ew Dram 2, where M is an energy scale of the regulator and ) the Dirac opera-
tor of eight-dimensional space-time. We adopt, here, the SO(7,1)-symmetric regularization.
Then,

Z /d4xd4 ' vol Z eilo Py (78)

g€Z12 /EA’

) ( M? 2 P +§FaprAB a
lim ¢ o trepwr|e 2M2 psp(9)p1(9)t7 ) -

M—o0

The space-time indices A and B run from 0 to 7. Here, we can see a structure similar to the
anomaly distribution obtained in Eq. (69). The anomalies are decomposed into parts, each
of which corresponds to each element g of the orbifold group Zj, (o). Each component has
its own distribution function determined by g. The major difference from Eq. (69) is that

the expression for the anomaly of each component

L tim (%) e o (€55 0 (9)or(9)5) (79)
127 M- \ 27 e Sp )
contains not only the triangle anomalies but also more information, including box anomalies
as we see below.

The triangle anomalies are obtained from (79) in the following way. The pg,(c*) in the
above expression contains a term [[;_, sin(mvk)[*567. Then, the trace over spinor indices
becomes non-vanishing when the regulator e*T)/(4M*) provides —(I'- F)?/(2(4M?)?). The
decoupling limit of the regulator M — oo leaves convergent and (generally) non-vanishing

quantities. The o*-component includes triangle anomalies as

%Z- (%2)2 <f[ sin(m)bk)> > pilg) tr e (t?Q(%]\ZQ)(FMNFMNFF%mg) (80)

b=1
trw(ta{tba tc}> ’szund b c 3 tr sp (F?é2%35?<7389>
- 3972 (£ F Usm Tupk) ; —ipr(g)Ar) G :

which coincides with (71).
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Let us now turn our attention to the box anomalies. The six-dimensional singularities
are associated with elements of the orbifold group that do not rotate one of three complex
planes. All the six-dimensional singularities on the T%/Zy, (o) orbifold extend in the third
complex plane labeled by z3. The isotropy groups at these singularites are generically Z4 (o)
or Z, (0%), as explained in section 5. The o®*(k = 0, 1,2, 3) do not rotate this third complex
plane. In other words, the loci of o®*-fixed points are no longer points in T, but rather fixed
two-dimensional planes in T% and hence they are (five+one)-dimensional singularities.

Since the gauge fields do not propagate in two dimensions among the six dimensions of
those singularities, we do not have to care about the pure gauge box anomalies on these six-
dimensional singularities. This is one of the benefits of the Z5 (o) orbifold, and one of the
reasons why we adopt the Z, orbifold. When the Z§ orbifold is adopted, where (v)|p=1,23 =
(1/6,—3/6,2/6), six-dimensional singularities develop in the directions to which the D7-
branes are stretched. In this case, one has to take care of the pure gauge box anomalies.

However, since the gravitational field propagates in all ten dimensions, pure gravitational
box anomalies may be localized on those six-dimensional singularities. We require that all of
them be cancelled out on each singularity. The distribution function in the first line of Eq.

(78) is now given by

1 P
Z eil(g 'pfp)'y’ (81)

vol(T%) =

where Aq is the dual lattice of the I'y. This distribution function is independent of z3, when
g = o does not rotate the third complex plane. Thus, the o**-component of anomalies are
localized on these six-dimensional singularities. At the same time, (79) yields box anomalies
for 3. Indeed, the ps,(c®*) do not contain the %™ term, since sin(wvs(3k)) = 0, but
rather another term )
H sin(mvy(3k))) cos(mus(3k)) 14757 (82)
b=1
The trace over the spinor indices becomes non-trivial when the regulator provides (T -
F)3/(31(4M?)3); the F is understood as the field strength R of the local Lorentz symme-
try. One can see that the decoupling limit of the regulator M — oo leaves convergent and
(generally) non-vanishing results o tr Sp((R AN RN R)|6pt®)|s.

The box anomalies consist of only o3*-components (0,1,2,3). All other transformations
in the orbifold group are irrelevant. This implies that the box anomalies can be calculated
by assuming only the Z, (o3)-orbifold projection. This is also intuitively reasonable. Since
anomalies are, in some sense, a UV phenomenon, they can be determined by looking at only
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local geometry. Then, since the local geometry around the six-dimensional singularities of
TS/ Z15 (o) is the same as that in C x (T*/Z, (¢®)), box anomalies calculated in the latter
geometry should be the same locally as those calculated in the former one. Now, the ten-
dimensional space-time is compactified on the T*/Z, (¢3) orbifold, and we have Kaluza—Klein
towers of six-dimensional particles. Thus, we can calculate box anomalies by summing up
the absolute square of Kaluza—Klein wave functions, just as we have done for the triangle
anomalies at the beginning of this subsection 6.2. The actual calculation is much easier in
this way than having to calculate the anomalies with various representations of SO(9,1) in
the Fujikawa method extended for orbifold geometry. The anomaly on the I" ;; is again given

by
1

7, (0% 2 A7 pr (o). (83)

The supergravity multiplet of the Type IIB supergravity has the following fields that
contribute to the pure gravitational anomalies: two Weyl and Majorana gravitinos (two
times fifty-six on-shell states), two Weyl and Majorana fermions (two times eight on-shell
states) and real self-dual 4-form fields (thirty-five on-shell states). These fields are irreducible
representations of ten-dimensional space-time, but they are decomposed into various fields
in the six-dimensional space-time after the Kaluza—Klein reduction, which we label I. The
term p;(g) denotes the phase factor due to the local Lorentz transformation associated with
g € Zy (0®).

A pair of the Weyl and Majorana gravitinos and Weyl and Majorana fermions is an
8, ® 8, representation of the little group SO(8) in ten dimensions, where 8, is the vec-
tor representaion of the SO(8) and 8 the spinor representation. This is decomposed into
Kaluza—Klein towers of six-dimensional fields (4, 4+ 2544 + 254-) ® (4_ + 4), where 4,
is vector representation, 2,.4+ are complex scalars, and 4, are Dirac spinors with opposite
I'"-chiralities. All these towers contribute to the pure gravitational box anomalies. The trans-
formation (21, z3) +— (€21, e **2y), to which the Z, (o) belong, acts on each Kaluza—Klein
tower through 4,,4_ +— 4,,4_, 2,4+ — 2, and 4, +— e“4_. The phase factor p; is
calculated from these transformations for each Kaluza—Klein tower I.

The self-dual 4-form is decomposed into Kaluza—Klein towers of two scalars, four vector
fields, one 2-form field, one complex rank-2 tensor contained in 4, ® 4, and one complex
rank-2 tensor in 4_ ® 4_. Only the last two of them contribute to the box anomalies. The
tensor in 4, ® 4., is multiplied by e, while the tensor in 4_ ® 4_ is multiplied by 1 under
the transformation described in the previous paragraph.
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Let us calculate the irreducible part of the box anomalies. The coefficient AY”™ of the
irreducible part of the pure gravitational box anomalies is given as follows: a gravitino in
4,®4_ has AY™™ = 245/360, AY”™ = 1/360 for a Dirac fermion 4_, and A>™"™ = —56/360
for a complex rank-2 tensor in 4, ®4, . Fields of opposite chirality have A?Ox’irr with opposite
sign.

The coefficient on the I, [r—0,1,2,3 lattice is calculated as

i%(z x (245(1 — i%) — 1(1 — %) + 2(¢% — % + 7% — 1)) — 56(:*" — 1)), (84)

where €® = i for 0 has been used. The coefficients do not vanish for & = 1,2,3. Thus, we
examine how much anomaly is distributed to each six-dimensional singularity. Sixteen points
in I 5 receive 1/16 of 240/360 from the o%-component, and four of them, which are also in

s =1",, also receive 1/4 of (1/360) x ((122(1—17)+28)+(122(144)+28)) = 300/360 from the
o3- and o®-components of the anomaly. Thus, the twelve loci of o%-fixed points in the covering
space T have 15/360 pure gravitational irreducible anomaly, and the remaining four loci of
o3-fixed points in the T® have 90/360 anomaly. Those sixteen singularities in the covering
space T correspond to four distinct two-dimensional singularities of the T°/Z;, (o). 90/360,
270/360, 90/360 and 90/360 of anomalies are localized on the four singularities, respectively.

One can, in general, cancel these irreducible pure gravitational anomalies, by introducing
gauge singlet fields at these singularities. However, the situation is not so simple in our case
of interest. It is because the matter contents that can be introduced on these singularities are
quite limited, since there is extended SUSY there. Since SUSY is broken at these singularities
only by Zs (0%)- or Z, (03)-orbifold, there are sixteen SUSY charges, which form (0,2) SUSY
of the six-dimensional space-time (e.g. [59]). The minimal SUSY multiplet of the (0,2) SUSY
theories is a tensor multiplet. Other SUSY multiplets cannot be introduced because they
always include fields of spin more than 1. The tensor multiplet consists of five real scalars,
one real rank-2 tensor in 4, ® 4., and two Dirac fermions in 4. Therefore, a single tensor
multiplet of the (0,2) SUSY contributes to the irreducible part of the pure gravitational box
anomaly by (—28 — 2 x 1)/360 = —30/360 (e.g. [59]).

The irreducible part of the pure gravitational box anomaly can be cancelled by introducing
the tensor multiplets of the (0,2) SUSY at each of four six-dimensional singularities. This
is because the amount of anomaly happens to be an integral multiple of —30/360, with
opposite sign at each singularity. All the box anomalies are cancelled out if the number of
tensor multiplets at those singularities is 3, 9, 3 and 3, respectively. This is also a miraculous

result.
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There will be non-vanishing reducible part of pure gravitational anomalies, but they can
be cancelled by the Green-Schwarz mechanism [59].

Finally, the Zy (QRgg)-projection does not give rise to anomalies since the theory obtained
by gauging only €2Rgg is nothing but the Type I’ theory known to be consistent.

We have discussed the box anomaly cancellation on six-dimensional singularities, and the
pentagonal anomalies on eight dimensions. In particular, we have shown that the irreducible
part of the pure gravitational anomalies can be cancelled by introducing suitable massless
fields in the six-dimensional singularities. However, the introduction of new massless fields
might not be necessary in a situation such as the following. When there are an infinite
number of massive excitations on D3-branes, D7-branes or four-dimensional fixed points,
those particles sometimes give rise to higher-dimensional anomalies. Winding modes on D-
branes in the Type IIB string theory are good examples. Since those particles can contribute
to the pure gravitational box anomalies, it does not make sense, in principle, to discuss
higher-dimensional anomalies without specifying a spectrum of infinite massive particles on

3138 We show above that it is possible to cancel the anomaly

four-dimensional space-time
in a genuinely field-theoretical manner (cancelling box anomalies through six-dimensional
massless fields). We do not consider that this is the only way, but rather we claim that there
is at least one way of cancelling the anomaly.

We have examined so far anomalies over untwisted space-time. We have discussed tri-
angle anomalies at (three-+one)-dimensional singularities and box anomalies at (five+one)-
dimensional singularities. They are anomalies over space-time that extend in untwisted
directions. However, there is another class of “anomalies” that arise from Eq. (79), and
these are over space in the twisted directions. This is the issue discussed in the rest of this
subsection 6.2. We only treat such anomalies on D7-branes, but the following discussion can
easily be extended to include the gravity in the bulk.

Equation (79) implies that there are other “anomalies”. Terms in pg,(g) proportional to
1, I'*, T'7 and I'*5%7 give rise to non-vanishing values after the trace over the spinor index is
taken by extracting terms proportional to themselves from the regulator e~ (PP +3Tas-F4%)/2M2
we adopt. We call them “anomalies in internal space dimensions”. The o*-component of these

anomalies is given by

4M*
T2

b=1 I

(H cos(m)bk)> (Z ipr(o®) tr w(t?)) (85)

3TFor a related discussion, see subsubsection 7.2.2.
38We expect that things are much the same for global anomalies, which we do not discuss in this paper.
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2 M2 i

+ — sin(mv k (H cos(mupk) ) (Z (ak)trw(t?tl})Fff)) (86)
2 M2 -

+ — sin(mvqok) (H cos(mupk) ) (Z (Uk)trw(t?tl})F&) (87)

I
tr, (t° tbatc =fund. [c
+ ( { 327-‘2)’1 o (FbF )’on 4567-th plane (88)

4 (H sin(m)bk)> cos(musk) (Z —ip;(ak)fh) :
b=1

1

Now, these expressions explicitly depend on the regulator mass M. This is in sharp contrast
with the ordinary anomalies discussed before. This suggests that these “anomalies in internal
dimensions” are regularization-dependent, and their values can be changed by UV physics (
~ regularization). Thus, the “anomalies” (85) — (87) do not lead to reliable constraints on
low-energy physics.

The “anomaly” (88), which is proportional to (F'' A F')|on 4567-th plane; S€€ms to be reg-
ularization-independent, but it is not the case either. We have only discussed so far the
consequences of adopting the regulator D Prm? g regulator fully respects the whole
SO(7,1) Lorentz symmetry. However, it does not have to do so, since the geometry of
the orbifold already breaks this symmetry. It is true that there exists the SO(7,1) lo-
cal Lorentz symmetry on the D7-brane world volume away from singularities. It is also
true that there exists the SO(5,1) local Lorentz symmetry around the six-dimensional sin-
gularities and that there exists the SO(3,1) local Lorentz symmetry at any point in the
orbifold, even around the four-dimensional singularities. However, the regulator does not
have to respect broken SO(7,1)/SO(3,1) symmetry (SO(7,1)/SO(5,1) symmetry) at four-
dimensional (six-dimensional) singularities, respectively. Then, regulators can include (F' A
F)|on 4567-th plane/M* explicitly at singularities, without being accompanied by %7 although
it is not easy to write down explicitly such regularization in the momentum-diagonal base.
Notice that the gauge transformation around the singularities cannot be topologically non-

1% in the twisted ey5¢7 directions; hence the explicit (F' A F)|on a567-th plane/M* (at

trivia
singularities) in the regulator is not forbidden by the remaining gauge symmetry. The
(Hi’:l cos(Tupk)) term in (75), thus, can also give rise to the “anomaly in internal dimen-

sions” proportional to (F' A F)|on 4567-th plane- Lhis contribution depends on the regulariza-

390ne can understand this statement by considering the gauge symmetry on S;-compactified and S /Zo-
compactified five dimensions.
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tion. Therefore, the “anomaly” (88) also depends on regularization (more specifically, on UV
physics at singularities), and does not lead to a constraint only on low-energy physics.

It is clear from the above argument that the anomaly in the untwisted directions is
not susceptible to these variation in the regulators. Regulators do not contain Fp;, Fbs or
(F'AF)|on 0123-th plane because of the unbroken local SO(3,1) symmetry and topologically non-
trivial gauge-symmetry transformation. Thus, terms in p,(g) that are not proportional to
%6789 o not give rise to the anomalies proportional to (F' A F)|on 0123-th plane- Lhe situation
is the same for the box anomalies (R A R A R)|on 012380-th plane i1l the untwisted directions.

We conclude that all the “anomalies in internal dimensions” are not constraints on low-
energy physics. Although they might be constraints on UV physics, especially on UV physics

at singularities, we do not discuss this issue further.

6.3 Discrete R Symmetry

Orbifold geometry preserves a discrete rotational symmetry, which is a subgroup of the SO(6)
rotational symmetry of the C3. This subsection is devoted to consequences of this symmetry.

Now that all the particles in the SU(5)gyr-breaking sector are obtained from D-branes,
we know how those fields transform under the discrete rotational symmetry of the orbifold
geometry. On the other hand, such a rotational symmetry is regarded as an internal symmetry
at energies below the Kaluza—Klein scale. This symmetry, in general, rotates SUSY charges
since these are in the spinor representation of the space rotational symmetry. Thus, it
becomes an R symmetry below the Kaluza—Klein scale. Therefore, we can figure out how
those fields transform under the discrete R symmetry.

The R symmetry obtained in this way is a gauged symmetry. Indeed the rotation is
nothing but the combined action of a general coordinate transformation and a local Lorentz
symmetry, both of which are gauged. Thus, the discrete gauge R symmetry (obtained in this
way) is exact unless it is spontaneously broken. This is quite important because the (mod
4)-R symmetry of the product-group unification models should be preserved at the 1074
level to keep the two Higgs doublets almost massless.

The (mod 4)-R symmetry is expected to be spontaneously broken by vacuum condensa-
tion of the superpotential, which is related to the spontaneous breaking of N’ = 1 SUSY.
Spontaneous symmetry breaking of geometry is related to the spontaneous breaking of SUSY
also in string theories [64]; the SUSY breaking causes tadpoles of NS-NS fields, leading to
instabilities of the geometry. Deformations of geometry due to this instability (due to SUSY
breaking) will lead to the spontaneous breaking of the discrete R symmetry. One might
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expect that a similar thing could happen in a model based on supergravity.

The transformation properties of various fields under the rotation of extra dimensions have
been already given in subsection 6.1. One can easily see that the R charge is properly assigned
for all the particles in the SU(5)gur-breaking sector when the R symmetry is identified*® with
the rotational symmetry of the third complex plane z3 — €®z3.

The toroidal compactification breaks the SO(6) rotational symmetry of the C* down to
a discrete subgroup of the SO(6). Discrete rotation that corresponds to the mod 4 part of
the R symmetry should be preserved by the geometry; otherwise the R symmetry, although
gauged, is spontaneously broken at the Kaluza-Klein scale and does not play any role in
phenomenology. Notice that the mod 4 discrete subgroup is naturally preserved by geometry
since that the subgroup corresponds to rotation of the third complex plane z3 € (C/(Z13 (o) X
Zy (QRg9)) by an angle 7.

The supergravity multiplet of the Type IIB supergravity also provides Kaluza—Klein zero
modes that survive the orbifold projection associated to Zis (o) X Zg (€2Rgg). Those matter
contents (all are gauge singlets) consist [38] of one supergravity multiplet of four-dimensional
N = 1 supergravity and four chiral multiplets. Three of the four chiral multiplets correspond
to the metric and the 2-form in three different complex planes, and the other one corresponds
to the dilaton and an axion. R charges of all these chiral multiplets are 0. Therefore,
these moduli are massless without (mod 4)-R symmetry breaking unless particles appear at
singularities whose R charges are 2.

Since we do not specify the origin of the quarks and leptons, it is impossible to determine
the R charges of those particles. We just expect that their R charges are determined as those
given in Table 3.

It is discovered in [20] that the (mod 4)-R symmetry has a vanishing anomaly with the
SU(2)y gauge group, and can be anomaly-free with SU(5)qur gauge group, if there is an
extra pair of (5,1) and (5%,1) chiral multiplets of the SU(5)gurxU(2)n gauge group. The
higher-dimensional construction motivates the existence of this SU(5)gyr-charged vector-like
pair at the TeV scale. The vector-like pair cannot have mass unless (mod 4)-R symmetry
is broken. Notice, however, that the (mod 4 R)[SU(5)gur|* can be cancelled also by the
generalized Green—Schwarz mechanism.

Although we examined whether triangle anomalies are cancelled at all fixed points, we do

40The required R-charge assignment is properly obtained as long as a; = —as. We put a; = ap = 0 in
the text just because of its simplicity. The unbroken subgroup discussed in the next paragraph is the mod 4
subgroup whenever (a1 = —a2) € asZ.
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not have to check that the (mod 4)-R symmetry has vanishing anomalies at each fixed point.
This is because the angle-m rotation that we are interested in is a rigid rotation of the whole
orbifold. We are not interested in a space rotation with the angle changing point by point.

6.4 Toward a Realistic Model

The most successful feature of this higher-dimensional construction is that the superpotential
of N'= 2 SUSY (the first and the second lines of (7)) is automatically obtained from (49).
The approximate N = 2 SUSY relation is naturally expected as a result of the extended
SUSY in the UV physics. The third line of (7) is also allowed by the N/ = 2 SUSY and the
(mod 4)-R symmetry (the Fayet—Iliopoulos F-term).

Let us now discuss what is needed to make the model realistic beyond the orbifold con-
struction obtained so far. The first issue to be discussed is the necessary particles that we
could not obtain from the orbifold construction.

Quarks and leptons, SU(5)gur-10 and -5*, are not obtained in our orbifold construction.
There is no model using D-brane construction based on string theories that has succeeded
in obtaining all of (i) the three families of quarks and leptons, (ii) a unified gauge group
and (iii) a sector to break that symmetry; this is not a difficulty limited to our construction.
We consider that the SU(5)gur-breaking sector with A/ = 2 SUSY is a strong indication of
the structure of higher-dimensional space, and we, therefore, construct the model so that
this structure is manifestly realized. The orbifold geometry thus obtained provides a good
description of the structure of the SU(5)gur-breaking sector, but not of the quarks and
leptons; these are described as particles put by hand at a fixed point. The fixed point where
they reside should preserve neither the U(6) symmetry nor N’ = 2 SUSY. There is only one
candidate for such a fixed point: y’ = 0 on the D7-branes.

As we have discussed in subsection 6.2, the pure gravitational anomalies localized on
six-dimensional singularities requires that some particles be newly introduced. The tensor
multiplet of (0,2) SUSY of the six dimensions with the number specified in subsection 6.2
is one of the possibilities. Towers of infinite massive particles on D3-branes or D7-branes, if
they exist, may also contribute to the anomaly cancellation.

The gauge symmetry of our model is now SU(5)qurxU(1)5xU(1)sxU(2)y. However,
when quarks and leptons are introduced at the y’ = 0 fixed point, it is probable that
only one linear combination of U(1); and U(1)s remains free from mixed anomaly with
the SU(5)qur gauge group; the other combination will be anomalous, but its anomaly will
be cancelled by the generalized Green—Schwarz mechanism [36]. The mixed-anomaly free
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combination must be what is called the “fiveness” U(1) symmetry!!, since this is the unique
assignment that leads to a vanishing mixed anomaly. However, there are still non-vanishing
U(1) fiveness|gravity]? and [U(1)gyeness)® triangle anomalies. These can be cancelled (i) by the
generalized Green—Schwarz mechanism or (ii) by introducing another particle. Three fami-
lies of right-handed neutrinos are sufficient to cancel these two anomalies simultaneously. In
case (ii), the U(1)gveness Symmetry is not broken at the Kaluza—Klein scale, and it should
be spontaneously broken at the intermediate scale to explain the small neutrino masses via
seesaw mechanism [65].

The T¢/(Z15 (o) X Zy (Q2Rgg)) geometry would have more discrete symmetries in addition
to the (mod 4)-R symmetry discussed above. We consider that they may be broken by
condensations of gauge-singlet fields introduced at singularities, although their geometrical
interpretations are not clear. Therefore, we do not take such discrete symmetries seriously
as a symmetry that determines the low-energy physics.

Now finally, at the end of this section 6, we discuss the low-energy superpotential. Yukawa
interactions of quarks and leptons are
@, | (@%QY)

W =¢10 10
c A M.

-10% - 57 (89)

in the SU(5)qurxU(2)g model. These interactions can be induced (i) by massive particle
exchange and (ii) by unknown non-perturbative effects.

The wave-function renormalization of composite states (Q°,Q%) and (Q%,Q%) in the
Kihler potential may be'? protected from the strong U(2)y couplings by the approximate N
= 2 SUSY [66]. The SU(5)gur gauge interactions, which do not preserve N' = 2 SUSY, do
not lead to a sizeable wave-function renormalization. Thus, the effective Yukawa coupling
may include a (Q) /M, ~ v/M, ~ 107! suppression factor in both cases (i) and (ii).

The effective coefficients ¢ and ¢ include an exponential suppression factor if they are
generated by massive particle exchanges (in case (i)). This is because these interactions can
be generated only by particles whose masses are of the order of the fundamental scale M,
and because the SU(5)qyp-breaking sector, to which the @, Q belong, and quarks and lep-
tons reside at different fixed points. The Kaluza-Klein modes of the U(6) vector multiplet
cannot induce the Yukawa couplings, since those particles that have suitable gauge charges

I The “fiveness” U(1) symmetry is given by a linear combination of the U(1) B—L symmetry and U(1)y
of the standard model that commutes with all generators in the SU(5)gur.

42The hyper-Kihler metric is not renormalized in general A' = 2 SUSY gauge theories [66]. However, our
case of interest is asymptotic non-free, and hence it is not obvious that it is indeed the case in the present
model.
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do not have non-vanishing wave functions at the fixed where quarks and leptons reside. The

~MiLa/2 op oM

exponential suppression factor is e L1 depending on which o%-fixed point the
SU(5)gur-breaking sector resides. Note that we have not yet chosen one from two candidates
of the o%fixed points in subsection 6.1. The former choice is preferred because of its mod-
erate suppression factor. The effective Yukawa coupling includes e=+F4/2 x (v/M,) ~ 1072
suppression factor as a whole. However, there is no way to estimate the effective coupling
between the massive particle in the extra dimensions and the quarks and leptons, since their
origins are not known. Thus, we see that the suppression of the order of 1072 is marginal®
to obtain the top Yukawa coupling of order 1.

The disunification between strange quarks and muons is obtained through an operator

Cl/

W:Mf

(QQ)"107(QQ)";5;. (90)

Thus, the effective coefficient would involve extra (v/M,)* ~ 1072 suppression with respect
to the Yukawa couplings of bottom quarks and tau leptons.

When there are non-perturbative contributions to the Yukawa couplings (in case (ii)),
it is impossible to determine how the effective couplings ¢ and ¢’ are suppressed. Yukawa
couplings may be obtained without an extra suppression factor if they are generated by
non-perturbative effects. But the study of such effects is beyond the scope of this paper.

7 SU(5)GUTXU(3)H Model

7.1 D-brane Configuration and Orbifold Projection

Let us now describe how the SU(5)gur-breaking sector of the SU(5)gurxU(3)y model is
derived. We adopt the same geometry, TO/(Zs (o) X Zs (Q2Rgg)), as in the previous model.
We basically assume the same massless field contents on the D-branes at the beginning,
i.e. U(N) vector multiplet on N coincident D-branes, etc. What is different between the
construction of the two models is the D-brane configuration, and also the choice of unitary
matrices Y,x.7 and ,+.3 that appear in the orbifold projection conditions.

We put seven D7-branes at the two Zi, (0)-fixed loci z3 = 429 and 25 = —%£2%2 The
Zy (QRgo) only identifies the fields on both fixed loci, and the identified fields are subject

43 Although figures larger that 1 are certainly required other than the exponential suppression factor in ¢
and ¢, the effective coefficients ¢ and ¢’ themselves do not exceed the bound from Born unitarity below the
cut-off scale M, as long as ¢, ¢/ f, 4.
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only to the orbifold projection conditions of the Z5 (o). Projection conditions are written in
the same way as in Eqgs. (39), (40) and (38). The only difference is that the vector multiplet
(X)k, (k,1=1,...,7) is of the U(7) gauge group rather than of the U(6). The 7 by 7 unitary

matrix 7,7 is now chosen as

5

A

Lo

(:70;7)kl:diag e 12 ,--.,671_12 ,671% ‘,6712‘ | (91)

instead of (43).

The sixth diagonal entry and seventh diagonal entry are chosen differently from the first
five entries, so that the U(7) gauge symmetry is broken down to U(5)xU(1)sxU(1)7. The
phase difference between the first five entries and the sixth is chosen as e ?™4/12 for the
following reasons. Since we require that the U(6) gauge symmetry be restored at the o?-
projection, for a reason that is explained later, the phase difference should be the third root
of unity. The phase difference can be e*?™*/12 but the model is not essentially different from
the model with the phase difference e=274/12,

No matter which phase difference we adopt, there exists a U(5)-(anti-)fund. chiral
multiplet that survives the orbifold projection. On the other hand, we observe in the next
subsection 7.2 that it is hard to cancel the triangle anomalies at each fixed point unless we
take a construction such that the U(5)-conjugate particle also survives the orbifold projection.
This is the reason why we start from U(7) vector multiplet. As a result, the SU(5)gurxU(3)n
model inevitably includes SU(5)-(5+45%) pair in the Kaluza—Klein zero modes from D7-branes.
The phase difference between the first five entries and the seventh entry is chosen so that
U(5)-conjugate matter appears in the low-energy spectrum. There are only two possibilities

—2mi5/12 2mi/12 - Both possibilities essentially lead to the same physics. Under the

—e and e
choice of the phase difference in (91), i.e. e=2™%/12 the U(7) symmetry is not enhanced at the
o3-projection. If the U(7) symmetry were to remain at the o3-fixed point on the D7-branes,
then the unwanted hypermultiplet (Q7,, Q%) would appear in the SU(5)gur-breaking sector.

The Kaluza—Klein zero modes that survive the orbifold projection in Eq. (38) are as
follows: N = 1 vector multiplets of U(5)xU(1)gxU(1)7, where the SU(5) subgroup of the
U(5) ~ SU(5)xU(1)s5 is identified with the SU(5)gur gauge group, and chiral multiplets,
(23)%; , (22)", and (%)%, which transform (5%)510 (5)10=1 and (1)©~5Y under the
gauge group SU(5)qurxU(1)5xU(1)gxU(1)7. The index “i” now runs from 1 to 5, not

to 7. Anomalies of the above gauge group are discussed in the next subsection 7.2. We
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identify (33)%, and (X,)*, with Higgs multiplets H;(5*) and H*(5) in subsections 7.4 and 7.3,
respectively.

Three D3-branes are put on a fixed point on the D7-branes where the isotropy group** is
Z4 (03). There is only one such a candidate in the T®/(Z5 (o) X Z3 (QRgg)) geometry. These
three D3-branes provide the U(3)y gauge group in the SU(5)gur-breaking sector. Eighteen
D3-branes (six images of three D3-branes) are necessary as a whole within the covering space
T, yet fourteen remaining D3-branes can be used for other sectors.

Fields are restricted only under the orbifold projection by the isotropy group Z, (c3).
Thus, the U(6) symmetry, which is required to be restored in the SU(5)gur-breaking sector,
is required to be restored on D7-branes under the o3-projection. This is the major reason
why we take the phase difference between the first five diagonal entries and the sixth diagonal
entry as the third root of unity in (91). Fields on the D3-branes transform under the Z, (?)

as
o’ (Xo)% - (Xo)% = (Fo3:3) “ar (X0) 5 () 1 (92)
ot (Xy)% = (X0)% = €T (Fa) % (X0) % (T5515) 0 (93)
o3 Qak N Qak = eﬂi(v1+v2)3(5/03;3)04&/62%;/(,?;?7))]9;“ (94)
— ~k . — 1./ o o
03 : Qka = Q o = eﬂl(vl+v2)3(7¢§;7)kk/Qka’ (70-31;3) ) (95)

where the (X,)’s form a U(3) vector multiplet of the four-dimensional N' = 4 SUSY and the
(Q, Q) is a hypermultiplet of the four-dimensional ' = 2 SUSY in the (7,3*) representation
of the U(7)xU(3) gauge group. The 3 by 3 unitary matrix J,s.3 is chosen as

Aosi3 = diag(e%”, e%”, e%”), (96)

so that the hypermultiplets (Q*,, Q%) (k = 1,...,6; a = 1,2, 3) survive the following orbifold
projection conditions. The orbifold projection imposes Eq. (59). Projected out by these
conditions are the N' = 2 hypermultiplet (X, X5) in the U(2)-adj. representation and
(Q7.,,Q%). What is left is exactly the matter contents of the SU(5)gur-breaking sector. It is
very encouraging that the full multiplets for the SU(5)gur-breaking sector are obtained with
the N' = 2 SUSY structure.

“The SU(5)gurxU(3)g model cannot be constructed by putting the D3-branes at a fixed point where
the isotropy group is Zso <06>. This is because thirty-six D3-branes (twelve images of three D3-branes) are
necessary within the covering space T® in this case. Thirty-six D3-branes are too many to cancel their 3-brane
charges by negative charges of O3-planes.
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7.2 Anomaly Cancellation and Tadpole Cancellation

7.2.1 Anomaly Cancellation

The SU(5)qur*xU(3)y model discussed in this section differs from the SU(5)qurxU(2)g
model in the previous section only in the D-brane configuration and the unitary matrices
Yor.7 and Y,r.3. Therefore, the discussion in subsubsection 6.2.2 exactly holds also in this
model. In particular, the pure gravitational box anomalies are cancelled because only the
supergravity multiplet in the bulk is relevant, whose Kaluza—Klein spectrum is exactly the
same as in the previous model. Anomalies in internal dimensions are not the conditions on
low energy physics either in this model, just because of the ambiguity of regularization at
singularities. However, triangle anomalies, which are related to gauge fields on D7-branes,
should be examined in this model again.

Let us discuss triangle anomalies between the unbroken gauge groups SU(5)gurxU(1)5X
U(1)6xU(1); and gravity. We first discuss the [SU(5)gur]® anomaly cancellation at each fixed
point because this type of anomaly cannot be cancelled out by incorporating the generalized
Green—Schwarz mechanism.

Formulae (69) with (71) (or equivalently, (78) with (80)) are applicable also to the
SU(5)gurxU(3)g model discussed in the previous subsection 7.1. What is obvious from
the expression (80) is that no anomaly arises on a fixed-point lattice I, in which ok € Z.
In particular, the fixed points with A" =2 SUSY, which are only on one of the I" ,,’s, do not
have any kind of triangle anomalies. This is because a vector-like structure is still kept at
those fixed points. Triangle anomalies are carried by o*-components with k = 1,2, 4,5,7,8, 10
and 11. These eight components have only two independent distribution functions. One is
the o?-fixed lattice, I, (= I" ), which contains nine points within a torus T* = C?/I'}. The
other is the I' ) 5571011, all of which consist of only one and the same fixed point, y’ = 0.
Thus, the anomaly in the o™*-components and the total anomaly that comes from the o*?,
o*? and o*°-components should separately vanish, so that the triangle anomalies vanish at
all the fixed points.

The [SU(5)cur]® anomaly of the SU(5)gurxU(3)y model on the I, vanishes because

8 3V3 , :
ot + 0% TR <—?\/_> X 21m(e2m% + 627”%) = 0. (97)

Now we do not have to make more calculations to arrive at the conclusion that there is no

[SU(5)gur]® anomaly on the IV 5571011 lattice (ie. fixed point y’ = 0) either, and hence at
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any fixed points. This is because the total amount of the [SU(5)gur]® anomaly integrated
over the whole compact space vanishes (due to the anomaly-free spectrum of the zero modes),
and also because this total anomaly consists of anomalies only on the I' ., and on y’ = 0.
We also show, however, the explicit calculation of the anomaly at the fixed point y’ =
0 just as a preparation for discussion in the next subsubsection 7.2.2. The [SU(5)cur])?

anomalies from o*!, 0%2 and o*°-components are

8 3 . .

o'+t —x —£ x 2Im <€2m% + 627”%) , (98)
12 8
8 3 ‘ ‘

P ITI A £ % 9lm <€27r15% n €2m5%> ’ (99)
12 8
8 3 ‘ .

o*+o': 5 % —%> x 2Im (&’”2% + eW%) : (100)

and the sum of all these three contributions vanishes, though each component does not.
If we were to start from the U(6) vector multiplet rather than the U(7), then the o*%-

+1 62 and o -components are separately non-vanishing. The

components and the sum of o
former has —3/4 and the latter has —1/4 times the anomaly of the SU(5)gyr-anti-fund.
representation. These anomalies are distributed into four different A/ = 1 SUSY fixed points,
and the amount of anomaly at each fixed point is a fractional number. These anomalies
cannot be cancelled even by introducing SU(5)qur charged particles®.

Let us now discuss the anomalies of the U(1) gauge groups. First, the U(1)5,647 gauge
field decouples from all the matter contents on the D7-branes and hence there is no anomaly
associated to this gauge group. Second, it is easy to see, from the same calculation as in the
case of the [SU(5)gur]® anomaly, that the U(1)5 gauge group does not have U(1)5[SU(5)quTt|?,
U(1)s[gravity]? and [U(1)5]* anomalies. Finally, the U(1)s_7 gauge group has a number of
anomalies at various fixed points, and hence these anomalies should be cancelled by the
generalized Green—Schwarz mechanism at all these fixed points. Thus, the U(1)g_7 symmetry

is spontaneously broken.

7.2.2 Relation to the Ramond—Ramond Tadpole Cancellation

Here, we clarify the relation between the Ramond-Ramond tadpole cancellation in string
theories and the anomaly cancellation discussed in subsection 6.2 and in subsubsection 7.2.1.

45In the previous paper [15], there is a mistake in this calculation. The model described there is also valid
if it is possible to replace triangle anomalies from one fixed point to another, though.
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This part is not necessary for the rest of this paper. The following discussion is basically
along the line of Ref. [40]. It is argued there that both conditions are generically equivalent,
while sometimes different.

The Ramond-Ramond tadpole cancellation conditions for the Z, (o)-orbifold is given by
(38, 67]

tr(Yorr DY) — T y—o(Tors ® V) =0 for k=1,2,57,10,11,  (101)

tr(Forsr © 0 7) + 30 yrenq 30) (Tors D Aoig) =0 for k=48, (102)

and
tr(Yoke7) + 2t yrenq.(20)(Vor3) =0 for k=3,9, (103)
tr(Yon.7) + 4t yrerq.28)(Yor3) =0 for k=6, (104)

with tr(yy0,7) = 32 and tr(vy,0,3) = 32. Here, the v,t.; denotes a 32 by 32 unitary matrix
(Yo;p7)" obtained from (41) and the Y, &3]y erq.(29) OF Vok.3|yrerq.(28) & diagonal block of (V. p3)*
obtained from (57) that corresponds to D3-branes at six-dimensional singularities whose y’
coordinates are one of Eq. (29) or Eq. (28). These matrices are replaced by corresponding
ones when the SU(5)gurxU(3)g model is considered. Equations (102), (103) and (104) are
imposed at each of their fixed points separately, e.g. Eq. (102) for £ = 4 contains nine
equations for nine fixed points given in Eq. (30). There are more Ramond-Ramond tadpole
cancellation conditions, which, however, do not restrict the projection on the D7-branes and
D3-branes in our model. Thus, we do not list them here.

Let us first show that Egs. (101) and (102) are derived generically from the cancellation
of non-Abelian triangle anomalies on the D7-branes. Let us take the ¥,.7 as

~ s 2mi L 2mi 21 27323
Yoz = diag(e ™21 Ly snys o5 €72 Ly o€ 2 Ly iy, ) (105)

This is a generalization of (43) and (91). Then, the gauge group from these D7-branes is
H]lil U(n;). Now the o*-component of the [SU(n;)]* anomaly is proportional to

3
14—2 [Isin(rok) ) (=i 3" Arpi(a™))
b=1 I
4 [ o e
= = ( TTsinrosk) | (=) (25 & D tr(550) = 25O tr(5,00))
b=1
4 [ e
= = ([T sin(rusk) | (~2)m <e*2mﬂ<2ﬂ>tr(%k;7)). (106)
b=1
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When it is required that all the o*-components separately’® vanish for all [SU(n,)]* anomalies
(j=1,...,12), then
tr(Jpeg) =0 for k=1,2,5,7,10,11,4,8 (107)

follows. No condition follows from the triangle anomaly cancellation for £ = 0, 3,6, 9, because
sin(mvgk) = 0. Equations (107) are the same conditions as Eqs. (101) and (102) in the absence
of the D3-branes at those fixed points. Notice that it is the case in our construction, since D3-
branes are put only at I'! 5 in the SU(5)qur xU(2)g model or at I' .5 in the SU(5)qurxU(3)u
model, not at I'! ,,,5 or I' ., .

The triangle anomaly cancellation (for the SU(5)gur xU(3)n model discussed in this sub-
section) does not require that each o*-component (106) separately vanishes, but rather, it is
sufficient to require vanishing sum of components that have the same distribution function.
In particular, the sum of (98), (99) and (100) vanishes, but not separately. This is one of
the differences between the triangle anomaly cancellation and the Ramond-Ramond tadpole
cancellation. The other difference is that we do not have to impose a non-Abelian triangle
anomaly cancellation when n; < 3. In particular, the [SU(nis = 5)]* anomaly cancellation is
imposed, while no other “[SU(n;.12)]*> anomaly” does not have to be cancelled, since n;g = 1
and all other n;’s are 0.

The origin of quarks and leptons is not identified, but they reside on the y’ = 0 fixed point,
which is exactly the IV, = I ; = I",. Therefore, they can also give certain contributions*’
to each of (98), (99) and (100), although we cannot calculate each contribution in terms of
try—0(Y,+.3). In particular, there is a possibility that each o*-component vanishes separately
owing to contributions from particles whose origins are not well-specified yet.

The Ramond-Ramond tadpole cancellation conditions for £ = 0,3,6,9, Egs. (103) and
(104) are not obtained from the triangle anomaly cancellation [40]. However, Eq. (103)% is
a condition for pure gauge box anomaly cancellation, assuming the massive spectrum in the
Type IIB string theory. It will be easily guessed from discussion in subsection 6.2. Since the
infinite towers of string excitations winding in the z3-direction on D7-branes and D3-branes
behave as Kaluza—Klein towers through T-duality, gauge theories on those branes effectively
extend in ten-dimensional and six-dimensional space-time, respectively. Thus, one has to
consider the cancellation of (the irreducible part of) pure gauge box anomalies. Equation

46The Ref. [40] does not require that each component of triangle anomalies separately vanish. Requiring
only vanishing total triangle anomalies integrated over the orbifold is sufficient to derive the Eq. (107) as far
as the triangle anomalies are concerned.

47The authors thank M. Cvetic for useful discussion.

“8Equation (104) is trivially satisfied as long as one takes the 7,.p7 and 7,.ps as in (41) and (57).

ol



(103) ensures that we can cancel that anomaly using the anomaly inflow to the singularities.
In the above situation, where the winding modes in the z3-direction play an important role,
all the fields on D7-branes and D3-branes, whatever the z3-coordinates are, contribute to the
same box anomalies on the six-dimensional singularities; z3-coordinates of initial points and
end points of strings are no longer important in the sense of local field theories when they
can wind around the torus of the z3-direction. Therefore, all thirty-two D7-branes and all
the D3-branes in a given six-dimensional singularity contribute to Eq. (103).

However, this condition depends highly on the spectrum above the cut-off scale (including
the existence of the winding modes), and on the configuration of D7- and D3-branes that are
away from the fixed loci at z3 = £(es + 2e9)/3. This is the reason why we do not take this
condition, Eq. (103), seriously in our generic study based on supergravity. The same thing

is expressed in another way also in subsection 6.2.2.

7.3 Discrete R Symmetry

The matter contents obtained from D-branes are the whole SU(5)gyr-breaking sector and
three chiral multiplets (X;)7, (X2)%, and (23)5,. We regard the rotational symmetry 2, —
ez, of C* with a; = —ay = a3 as the principal origin of the (mod 4)-R symmetry. Note
that the (mod 4)-subgroup is preserved by the geometry, since it is generated by the rotation
of three complex planes by an angle m. The zero modes have the following R charges under
this rotation: 2 for (X3)%, 0 for Q*, and Q% 2 for (X1)7q, —2 for (X2)"; and 2 for (33)S,.

As shown in the next subsection 7.4, it is reasonable to identify the chiral multiplet (33)S,
with one of the Higgs multiplets H;(5*). Then, the R charge of the (¥3); should be 0 mod
4, while the charge obtained from the rotation is 2. Thus, we consider that the (mod 4)-
R symmetry is a suitable linear combination of the rotational symmetry and anomaly-free
U(1)g,7 symmetry® so that the (33)%; has R charge 0. Then, it follows that (35), also has
R charge 0. The (X3)", has the same SU(5)gur charge and the same R charge as the Higgs
H'(5). Therefore, we identify the (33)", with the Higgs multiplet H(5). The R charges
(mod 4) of all the zero modes are now obtained exactly as in Table 2, including those of the

Q°, and Q%. We also note here that the SU(5)qur-singlet (31)7; has R charge 2.

49The (mod 4)-R symmetry can be a linear combination of the U(1)y and the U(1)5 symmetry in addition
to the geometric rotation and the U(1)g4+7. We do not exclude this possibility. The choice made in the text
is just to simplify the description.
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7.4 Toward a Realistic Model

We have obtained the SU(5)qurxU(1)5xU(1)g+7 vector multiplet and three chiral multiplets
S = (%)%, Hy(5*) = (33)% and H'(5) = (¥3)', from the D7-branes. The SU(5)qur-
breaking sector is exactly obtained on the D3-branes. Interactions determined by extended
SUSY provide tree-level interactions of these (Kaluza—Klein zero mode) fields. Some of them

are written in the superpotential as:

W = V20uQ ,(X3)%Q% + V20rQ°,(X5)*5Q% (108)
+\/§gGUTQa6(Z3)6iQia + \/igGUT(El)76(Z3)6i(22>i 7 (109)

The first line is the N = 2 SUSY interaction in (1), whose natural explanation is one of the
main purposes of our higher-dimensional construction. We identify the (X3)%, as one of the
Higgs multiplets H;(5*), because the first term in the second line gives the first term of the
fourth line of the superpotential (1). The last term implies that there exists a trilinear term

All particle contents have been obtained, except for three families of quarks and leptons,
5*4+10. They are introduced at the fixed point y’ = 0, just as in the SU(5)gur x U(2)g model.
Only one linear combination of the U(1)5 and the U(1)s,7 gauge groups is expected to be free
from mixed anomaly with the SU(5)gur gauge group in the presence of quarks and leptons.
It should be the U(1)gyeness: The other candidate of the anomaly-free gauge symmetry is
the (mod 4)-R symmetry discussed in the previous subsection 7.3. This symmetry is a
linear combination of the rotational symmetry of the extra dimensions and U(1)gy7. It was
discovered in Ref. [20] that this symmetry has vanishing mixed anomalies, not only with
the SU(3)y gauge group but also with the SU(5)qur gauge group, provided there is an
extra pair of SU(5)gur-(5+5*) chiral multiplets. In the presence of these extra particles,
this anomaly-free discrete gauge R symmetry can be kept unbroken at low energies, until
the vacuum condensation of the superpotential breaks it. We consider that other linear
combinations are anomalous, and that their anomalies will be cancelled by the generalized
Green—Schwrz mechanism or rather simply spontaneously broken. Thus, those symmetries
are not preserved at low energies. In the absence of the extra pair of SU(5)gur-(5+5%), the
(mod 4)-R symmetry is also anomalous, whose anomaly is also cancelled by the generalized
Green—Schwarz mechanism.

Yukawa couplings of quarks and leptons and a coloured Higgs mass term W = hQ%_ Q% H*
are expected to be generated through non-perturbative effects. We cannot estimate the
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Yukawa couplings since we do not know the dynamics that generates these couplings. We
expect all terms allowed by symmetries, namely the SU(5)gurxU(3)y gauge symmetry, the
(mod 4)-R symmetry, and U(1)gyeness (Which is assumed to be spontaneously broken at some
intermediate scale), are generated dynamically.

The symmetries listed in the previous paragraph allows a superpotential
W = A\S® + m?*S. (111)

However, the order of magnitude of m does not allow any expectation since it highly depends
on UV the cut-off.

Although both Higgs multiplets H;(5*) and H'(5) originate from higher-dimensional po-
larizations of the U(7) gauge fields, the U(7) gauge transformation, which causes inhomo-
geneous shifts also to the higher-dimensional polarizations, does not prevent the Yukawa
couplings from being generated. Both Higgs multiplets do not transform inhomogeneously
under the U(7) gauge transformation, since they are zero modes, although Kaluza—Klein
excitations do. Therefore, the Yukawa couplings can be generated and can be finite in the
effective action below the compactification scale, where the spontaneous breaking of higher-

dimensional Lorentz symmetry is already taken into account.

8 Summary and Phenomenological Consequences

The product-group unification constructed in four-dimensional space-time has been proposed
to solve the doublet-triplet mass splitting problem in SUSY GUT’s, which has a number of
interesting features. Models use product group as a “unified gauge group” with strong gauge
coupling constants for extra gauge groups. The N = 2 SUSY is necessary to maintain
the strong coupling, and the structures of the SU(5)gyur-breaking sectors of these models
accommodate the N' = 2 SUSY. The cut-off scale of the models should lie somewhat lower
than the Planck scale. Finally, the symmetry principle of these models, the (mod 4) R
symmetry, can be a discrete gauge symmetry, shedding some light on the required 10~
precision to keep light Higgs doublets at the TeV scale.

All these features can be naturally explained when these models are embedded into an
extra-dimensional space with extended SUSY, where the SU(5)gyur-breaking sector is ex-
pected to be localized on a point in the extra dimensions.

We have considered in this paper that the above localization mechanism of the SUSY

gauge theories is realized on solitonic solutions of the ten-dimensional Type IIB supergravity.
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Although the localization of a particular SUSY gauge theory predicted by the Type IIB string
theory is not perfectly proved within the Type IIB supergravity, we assume that the same
massless contents are realized on the D3-D7 system as in the Type IIB string theory. The
D3-D7 system preserves N' = 2 SUSY before the orbifold projection condition is imposed,
which is necessary in the models.

We have pursued the basic idea that the SU(5)gyr-breaking sector with N' = 2 SUSY is
realized on the D3-D7 system. We have shown that the whole of the sector is obtained from
D-brane fluctuations together with the A" = 2 SUSY, while the whole system has only N' = 1
SUSY; T®/(Zy2 (o) x Zg (Q2Rg)) is adopted as the compactified manifold. Quarks and leptons
are assumed to reside on one of the fixed points, since they are not obtained from D-brane
fluctuations. Anomalies are suitably cancelled within the framework of field theories. The R
charges are suitably obtained for particles that are identified with the D-brane fluctuations.

We finally summarize a couple of phenomenological consequences of these models. The
first issue is the proton decay. The analysis of Refs. [16, 17] has made two assumptions. One
is the approximate N' = 2 SUSY relations in Eqs. (5) and (8), and the other is the absence
of a tree-level contribution that involves SU(5)gur-breaking VEV such as the second term
in (6). Both assumptions are justified in our construction, because the N' = 2 SUSY is a
symmetry at short distances, and the second term in (6) has an extra suppression factor of
1072 relative to the first term in (6) because the first term comes from the whole D7-branes,
while the second term is only on D3-branes.

Threshold corrections to the MSSM gauge coupling constants arising from particles in
the SU(5)gur-breaking sector almost cancel each other in both the SU(5)gurxU(2)y and
the SU(5)qurxU(3)y models. This is because of the approximate N = 2 SUSY relation.
Cancellation of the threshold corrections enables one to estimate the GUT gauge boson
mass, leading to a prediction of the lifetime of the proton. Typically 7(p — e*n?) ~ (3 —
10) x 103" yrs is the prediction common to both models [16, 17|, which is a fairly short
lifetime compared with the typical prediction for ordinary grand unified theories, 7 ~ 103%yrs.
Although there is an SU(5) unification model [24, 69] that also predicts a short lifetime of
the proton (typically 7 ~ 103! yrs), their model and the present models can be distinguished
experimentally because all the decay modes p — e™7%, ut 7%, et KO pu* K°, 7o, KT can have
sizeable branching ratios in [69], while the standard decay mode p — e™n® is the dominant

%0The analysis in [16, 17] is based on models in four-dimensional space-time. Although the higher-
dimensional effects would not change the prediction very much, a detailed analysis of their effects will be
given elsewhere [68].
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one in the models we discuss in this paper.

The second issue is the gaugino mass. This mass does not necessarily satisfy the SU(5)
GUT relation [70], since there are contributions from masses of SU(2)gxU(1)y (or SU(3)y X
U(1)y) gauginos. We cannot determine the gaugino masses without fixing how the SUSY
breaking is mediated, however. Contact interaction between the U(2)yg (U(3)n) vector multi-
plet and chiral multiplets carrying the SUSY-breaking F-term VEV is, in general, forbidden
by local N/ = 2 SUSY, and then gaugino masses only come from the SU(5)gur, and the
SU(5) GUT relation is almost satisfied. However, such an N' = 2 SUSY-violating interaction
can be generated in an effective action below the Kaluza—Klein scale, and hence there is no
definite prediction.

The third issue is the discrete gauge R symmetry. Now the (mod 4)-R symmetry is a
gauged symmetry. Although it has vanishing mixed anomaly with SU(2)y or SU(3)y gauge
group, the mixed anomaly (mod 4 R)[SU(5)qur]? does not vanish. This anomaly might be
cancelled through the generalized Green—Schwarz mechanism, or otherwise, new SU(5)gur
charged particles are required. Those particles do not have masses without SUSY breaking,
which breaks the (mod 4)-R symmetry down to R parity, and hence they are expected, if
they exist, around the TeV scale [20].

Finally, there are possibilities that gauge-singlet particles exist (moduli) with masses of
the order of the TeV scale. The Kaluza—Klein zero modes that survive the orbifold projection
become moduli fields, unless they have mass partners whose R charges are 2. Those particles
may have interesting implications in the thermal history of the Universe. Another possibility
is the gauge singlet S = (31)7; in the SU(5)qurxU(3)g model, which is characterized by
its trilinear coupling with the two Higgs doublets in (110). This particle remains in the
low-energy spectrum as long as there is no mass partner having R charge 0. If the tadpole
term is not generated for the gauge singlet field S, then the model becomes the so-called
next-to-minimal SSM [71].
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Fields | QU,E DL H, Hy
R charges (mod 4) [ 1—n/5 1+3n/5 0+2n/5 0—2n/5

Table 1: R charges (mod 4) of the fields in the MSSM are given here. n is an arbitrary
integer.

Fields | 109 55 H(5) H(5"), X Q.,Q Qs Q°
Rcharges‘ 1 1 0 0 2 0 2 =2

Table 2: R charges (mod 4) of the fields in the SU(5)gurxU(3)y model are given here.

Fields | 107 57 X Q;,Q" Q4Q°
Rcharges‘ 1 1 2 0 0

Table 3: R charges (mod 4) of the fields in the SU(5)gurxU(2)y model are given here.
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