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Abstract

This paper is concerned with the error estimates involved in the solution of a discrete approx-
imation of a quantum stochastic differential inclusion (QSDI). Our main results rely on certain
properties of the averaged modulus of continuity for multivalued sesquilinear forms associated
with QSDI. We obtained results concerning the estimates of the Hausdorff distance between the
set of solutions of the QSDI and the set of solutions of its discrete approximation. This extends
the results of Dontchev and Farkhi [6] concerning classical differential inclusions to the present

noncommutative quantum setting involving inclusions in certain locally convex space.
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1. INTRODUCTION

In continuation of our work in [3, 4] concerning numerical procedures for QSDI, this paper is
concerned with the development, analysis and error estimates involved in a one - step discrete

scheme for solving quantum stochastic differential inclusion :

dX(t) € E(t,X(t)d Ax (t) + F(t, X (t))dAs(t) + G(t, X (t))dA] (t)
+ H(t,X(t))dt, almostall ¢e€0,T],
X0 = Xx° (1.1)

The coefficients E, F, G, H in (1.1) are elements of L? .([0,7] x A)pmws, and the integrators
Ay Ap, A;’ :[0,T] — A are the gauge, annihilation and creation processes. The locally convex
space A is the completion of the linear space LT (IDQIE, R ® ['(LZ(IR))) in the Hausdorff
topology generated by the family of seminorms {||z|,¢ =| <n, 2§ > | 1z € A, n,¢6 € DRIE}.

A solution X () of (1.1) is a densely defined linear operator lying in Ad(A)yq. (see [3, 4, 8, 9,
10] for details).

For arbitrary n,{ € IDQIF, the equivalent form of (1.1) is the first order initial value non-

classical inclusion given by

&< X(E> € Pl X0)0,0)

X(0) = X% almost all ¢ € [0,7], (1.2)

where (n,&) — P(t, X (t))(n,€) is a multivalued sesquilinear form on ID®IF with values in the
field of complex numbers. The explicit form of the map P(¢,z)(n, &) is described as follows:

For (t,z) € Ry x A, 1,6 € DRIE such that n = c®e(a), ¢ = d®e(f), ¢,d € D,

o, € LY,.(IRy), define

Pas : [0,T] x A — 24

by
Pos(t,z) = pap(t)Et,z) +va(t)F(t,z) + 0o (t)G(t, ) + H(t, x)

where
pap(t) =< a(t),m(t)B(t) >y, vg(t) =< f(1),8(t) >4, oal(t) =< alt),g(t) > .
This leads to the multifunction P : [0,7] x A — 25¢5¢(P2E) defined by

P(t,z)(n, &) =<, Pag(t,z)é >={<n,Z(t,x)¢ >: Z(t,x) € Pop(t,z)}. (1.3)



In what follows, we employ the basic function spaces, the set theoretic operations and the Haus-
dorff metric as in [3, 4, 8 - 10].

The plan for the rest of the paper is as follows: Section 2 contains preliminary statements and
basic results in respect of the modulus of continuity of multivalued sesquilinear forms associated
with QSDI (1.1). The main result of this paper concerning the error estimates of the discretized
inclusion is established in Section 3. This extends and compliments the results of reference [6]

concerning similar discretizations of classical differential inclusions.

2. PRELIMINARY STATEMENTS AND ESTIMATES

We present in this section, some notations, definitions and estimates which we will employ in
the sequel. Without loss of generality, we consider inclusion (1.1) and (1.2) defined only on the
interval [0,1] C IRy. Any other interval [0,T], for T > 0 may be converted into [0,1] by an
appropriate regular transformation. In what follows, unless otherwise indicated, n, ¢ € D®IF
such that n =c®e(a), { =d®e(B), c,d € D, a, B € LY, (R+).

Let P : [0,1] x A — 25es9(DBIE) he 3 multivalued sesquilinear form satisfying the following

conditions:

S(;) For every z € A, t € [0,1], P(t,z)(n,¢) is nonempty, compact and and convex subset
of @ the complex field.

Sy The map P(t,-)(n, &) is locally Lipschitzian uniformly in ¢ € [0,1], with Lipschitz con-
stants K, ¢.

Siii) There exists positive constants L and A such that
|P(t,2)(n,€)] < Ll||lpe + A

for all z € A, ¢ € [0,1] and for all n,¢ € DRIE.

Here,

|P(t,z)(n,E)l = sup  |Zye|.
Zye€P(t,)(m,E)

We note that the map ¢t — P(t,)(n, ¢) is measurable in [0, 1] for every fixed element z € A (see

[8]) since the map is locally integrable on IR, .

In our subsequent analysis, we shall need the following Theorem which is the basic existence

result of (1.1) due to reference [8].



Theorem 2.1. Let 6 be a positive number and I = [ty,7] C IR;. Assume that the fol-

lowing conditions hold.

(a) Z : I — A is an arbitrary process lying in Ad(A)yq. and there exists positive function
Wye(t) satisfying

d (4 <12 > P Z0)06)) < Welo).

(b) Each of the maps E, F,G, H is Lipschitzian from Qz to (clos(A), 7) where
Qzp={(t,2) € I x A: |l& = Z(1) e < 0,¥n & € DRIE and ||lzg — Z(to)|lpe < 0}

(c) For arbitrary n,¢ € DQIE, t €I,
t t t
Eye(t) = |lzo — Z(to) |l neexpl /t dsKP (s)) + /t dsWie (s)exp( /t drKE(r)).
0 0 0

If in addition, E, F, G, H are continuous from I x A to (clos(A), 75), then there exist a solution

® of inclusion (1.1) and a subset J C I such that
19(t) = Z(#)llne < Ene(t), teJ

and

d d
| <m®HE> = < Z(H)E > | < Kl () Epe(t) + Wie (),

for almost all t € J where J = {t € I : E,¢(t) < 6} and Kf; : I — (0,00) is the Lipschitz
function for P lying in L}, (I).

Remark 2.2. (i) In this paper, we assume that the coefficients F, F, G, H appearing in (1.1)
are Lipschitzian uniformly in ¢ € [0, 1].

Consequently, the map (¢,z) — P(t,z)(n, z)(n, ) is also Lipschitzian in z, uniformly in ¢ € [0, 1].
That is for (¢,z), (t,y) €[0,1] x A,

p(P(t,z)(n,€), P(t,y)(n,€)) < Kyellz — yllye.

(ii) By Theorem 2.1, the set of solutions of (1.1) is nonempty and the values of the solutions are
contained in the set
Q = Aexp(K,:)B C 6B,
where
B={zcA: |z, <1, Vn, £ € DRIE}

and @ > 0 is some positive fixed number. This can be shown by setting Z(t) = 0 and Z(0) = X°

in Theorem 2.1. Then by S;;) above,

d(0, P(t,0)(n,¢)) < A.



Setting W,¢(t) = A in Theorem 2.1, we conclude that there exists a solution ® € Ad(ﬂ)wac of
(1.1) such that
1@ (#)lIne < Aexp(Knye)

for all p, £ € ID®IE. Obviously, J x Q C Q.

Following a similar procedure as in [6], we now introduce the notion of the modulus of continu-
ity for multivalued sesquilinear forms associated with QSDI. Consider a multivalued sesquilinear

form
F 1 [0,1] — 25esaD2IE)

such that F(t)(n,£) is compact for all ¢ € [0,1],7, £ € DQIE.
Definition 2.3. (i) The local modulus of continuity for F'(-)(n,&) is defined by

W31, h,m,€) = sup{p(F ()0, €), Flu)n,€)); s, € [t~ 5,14 20,1

(ii) The L, averaged modulus of continuity for F(-)(n,&) is defined by

H(ER) 0,0y = [ [oF 1, P}, 1< p <
We note that the above modulus is well defined since the map
t— w(F;t,h,n,§)
is measurable and bounded on [0, 1]. For p = 1, we simply write

7(F;h)(n,&)1 = 7(F; h)(n,€).

(iii) For 0 < 1 <ty <--- <t <1, the p - variation of the map ¢t — F(¢)(n,&) is defined by

k
Wy(F;n,€) = sup{y_ [p(F(tir1)(n,€), F(t:)(n,))]" .
=1

Consequent upon the definitions above, we have the following results whose proofs follow similar

arguments as in [6].

Theorem 2.4. (i) For hy < hy, we have

T(F; hl)(nag)p < T(F;hQ)(nag)p'



(ii) 7(F1 + Fz;h)(n,E)p < 7(Fy; h)(n,é”)p + 7(F; h)(n,ﬁ)p,

where
(Fl + F2)(t)(77,f) = Fl(t)(naf) + F2(t)(777§)7

the algebraic sum of two mulivalued sesquilinear forms :
Fy, Fy:[0,1] — 25¢sa(D2E)
(iii) For any positive integer k,

T(F;kh)(n,§) < kT(F5h)(n,§).

(iv) If F has bounded p - variation Wy,(F;n, &), then

T(F3h)(0,€)p < [Wy(Fsn, €))7 Ao,

(v) Ilin% T(F;h)(n,€) = 0 if and only if the map ¢ — F(t)(n, &) is Hausdorff continuous at almost
—
all t € [0,1].

Next, we fix a partition 0 < ¢; < to---tx = 1 of the interval [0, 1] where ¢;41 —t; = h = % and
define the averaged modulus of continuity for the map (¢,z) — P(t,z)(n,£). This is needed for
the comparison of the set of solutions of (1.1) with the set of solutions of the associated discrete

inclusion

< ani+1§ > € < 777ng > +hP(tlaXz)(n7§)7
Xo = X% i=0,1---N—1. (2.1)

In (2.1), {X;}N, is a discrete set of members of A that approximates {X(#;)}, X(t) being
an exact solution of (1.1). By Theorem 6.3 in [8], inclusion (2.1) is equivalent to the discrete
inclusion given by

tit1

Xiy1 € Xi+/ ' (E'(ti,)(i)d/\7r (8)+F(ti,Xi)dAf(s)
t

7

+G(ti, X;)dAS (s) + H(ti,Xi)ds) :

for approximating QSDI (1.1) in the space A.

Definition 2.5. For fixed z € @, ¢t € [0,1], we adopt the following notations and defini-

tions as in [6].



(1) W(P§ta$,h,77af) = SUP{P(P(SafE)(Uaf)a P(uax)(nag))a
s, u € ft— g,t—i— g] 0,1},

where p(-,-) is the Hausdorff metric on 2¢.

(ii) Define the map
Q(Pa -,h,n,é’) = sup{w(P; -,m,h,n,ﬁ), S Q}

Then, the map ¢t — Q(P;t, h,n,§) is measurable, bounded and therefore integrable on [0, 1].

(iii) The averaged modulus of continuity for the map P is defined by

1
#(PiR)(n,€) = /0 Q(P:t, i, €)dt.

We remark here that Theorem 2.4 (i) - (v) hold for the map P(t,z)(n,&) appearing in (1.2)
provided that in (iv), P(-,)(n,£) has bounded p - variation uniformly in z € Q C A, and in

(v), P(-,x)(n,€) is Hausdorff continuous almost everywhere in [0, 1] uniformly in z € Q.

3. ERROR ESTIMATES

This section is devoted to the establishment of error estimates involved in solving the dis-
cretized inclusion (2.1) in place of (1.2). In what follows, let ,£ € ID®IE be arbitrary such that
n=c®e(a), {E=d®e(f), c,de D, «a, f€ L,QY(R+). In solving the discretized inclusion (2.1),
one may choose X,¢ ;11 :=< 1, X;1§ > arbitrarily from the right hand side of (2.1). However,
we employ a definite approach which ensures that these solutions possess certain properties. To

this end, we introduce the notion of Lipschitzian quantum stochastic processes.

Definition 3.1. A stochastic process X : [0,1] — A will be said to be Lipschitzian on [0, 1] if
there exist constants L,¢ > 0 such that

||X(t1) — X(tQ)“ng < Ln§|t1 — t2|, Yti, to € [0, 1]. (3.1)

We remark that the set of such processes denoted by L(.A), is not empty.
The annihilation process A : [0,1] — A given by

AWE = ([ BIE €= e(B), B € IielIR)



satisfies, for ¢, t2 € [0,1],

IA(h) — At e = | < A(E)E > — <, Alt2)E > |
t1
< |<nE> ||/t B(s)ds|
< M| <n,&> |t —to

= Lﬂ§|t1 - t2|v

where

Mzﬁ}lﬁlﬁ(é’)la Lpe = M| <n,& > |.

Let X € L(A) (N Ad(A)ypae. We construct the solution X" of the discrete inclusion (2.1) as follows:

Xt =X%and fori =0,1,2--- N — 1,
Xt = <n X E>
= proj(< n, X (tip1)€ >, < n, X[& > +hP(t;, X]') (n,€)), (3.2)

where proj(a, A) is the unique element of A closest to the element ¢ € @'. The existence and
uniqueness of proj(a, A) are assured by the convexity and compactness of A C €. Consequently,

we have the following results.

Proposition 3.2. Assume that the map (¢,2) — P(¢,2)(n,£) appearing in (1.2) satisfies the
conditions S;) — Si;)- Then there exists constant C'= C(n,£) > 0 such that for all N > 2,

h (4 % _ y0
gmax [1X! = X (1)l < C [I1X(0) = X° e+

+ [ dl <m X8>, P X))+ (PR 0.€) + ).

Proof. We first show that for any integrable sesquilinear form valued map f : [a,b] —

sesq(IDQIE) and any compact and convex set A C
(/f Vg, €)dt, (b— a) ) /d ), A)dt. (3.3)

[ proita, s 0t € (-0

Since

then

d ( [ s e, - a>A> <

b
< / F(B)(1,€) — proj(A, F(B)(n,£))]dt

b
0t~ [ proj(, f(t)(n,ﬁ))‘



- ["agom.o, Ha

Also, for any compact subsets A, B of €', y € @, we shall employ the well known inequal-
ity:
d(y, 4) <d(y, B) + p(4, B). (3.4)

Next, for 1 = 1,2--- N, we employ the notation

Crei=d (< n, X ()€ >, <0, X (1) > +hP (i1, X (i-1) (0,6) ) -

Using (3.3) and (3.4), we obtain

2 e = 2d(<n, D€ > = <, X (tim1)€ >, P, X (t-1))(1,€) )

M (G <nXOE>, Pl X(0)0.0)) de

[ (5 <7 XWe >, PuXO)0.)

+p(P(t,X(t>)(n,s>, P(ti1, X (t1))(n,€) ) | dt (3.5)
= [Ma (g <mXwe >, P XG0 d

+Z/:i+1P(P(t X(1)(n,€), P(ti—1, X (ti—1))(n, f)) (3.6)

i=1""

The last term in (3.6) satisfies

Z/ XO)0:8), Plti-1, Xlts0)(0,8)
Nt ) )

<3 [T o (P XO) 0.8, Pl X(6))(.6)) de
i=1""

N i -

+30 [ o (Pl X 0,8), Pl 1, X (1) (0,0)
i=1""

N oty - N

<3 [0 (P X008, Pl X (1) (0,6)) de
i=1""

N tit1 - .

+30 [ Kyl X (t) = X (tim)ledt < (P50 €) + KoeLyeh.
i=1""



+KyeLneh + 7(P; h)(n, €), (3.7)

where K¢, Ly are the Lipschitz constants for the map P(t,-)(n,£) and the process X respec-
tively.

Next, we define D", . by

Ny
Dlie;=d (<0, X(t:)¢ >, <n, X[\ > +hP(ti 1, X[ ) (1,6)) , i =1,2:+- N.

Again, by inequality (3.4),

Dk, <d (< 0, X (8)€ >, <0, X(ti_1)€ > —i—hP(ti_l,X(ti_l))(n,é’)) +

p (< m X8 > +hP(tia, X)), <, X (ti1)E > +hP (i, X (t1))(0.6))
Cres + 1K (bi=1) = X llye + ho (P(ti—1, X[ 1) (0,€), Pltimy, X (t21))(n,))

< Che i+ (L+hE) | X (tim1) — X[ [lne-

But by (3.2), the construction of solution Xn§ ; of the discrete inclusion (2.1) satisfies

Dn51_|<777 ( )§> Xn§z|_HX(tZ)_than

Therefore, setting
Dyeo = 1X(0) — X°llye,

we have

i SCOh i+ (1+ hEKye)Dhe iy, i=1,2---N.

By the discrete version of the well known Gronwall inequality (see Dontchev and Farhki [6], for

example) we get
¢
max Dye; < el (Z nei + )
Hence, by (3.7), the conclusion of Proposition (3.2) follows from the last inequality, where the
constant C' = exp(K¢).

Remark 3.3. If the quantum stochastic process X is a solution of (1.2), then
I0) = Xl =0, (5 <0 X0E > PEXO)0.) =
for almost all ¢ € [0,1]. Furthermore, by Theorem 2.3 (iv),
T(Psh)(n, &) < hW(P;n,§),

10



where W (P;n,&) is the variation of the map P introduced in Definition 2.2. In particular, if
P(-,x)(n,€) has a bounded variation uniformly in z € @, then 7(P;h)(n,£) = O(h). Conse-
quently, Proposition 3.2 yields

e X (1) = Xl gg < 6 [14 W(Pin.€)] b

The main result of this paper depends partially on the next lemma. To this end, we introduce

the following notation.

Rye := sup{|P(t;, XV )(n, &)] : X)X = (XL} solves (2.1), #; € [0, 1]}. (3.8)
N

Lemma 3.4. Let R, satisfy (3.8). Then for every solution

X=X, =<nXN¢> i=0,1,2---N}

of (2.1), there exists a solution ®(-) of (1.1) such that

Jmax [|®(t;) — X |lne < exp(Kne) (RpeKneh + 7(P; h)(n, €)) . (3.9)

Proof. Let a stochastic process Y : [0,1] — A be defined as follows:

1
YN0 = XN 42— 0) (XN - XN), i<t <tia, =012 N -1,

The associated piecewise linear matrix element Yn]g (t) :=< n, YN (t)¢ > is given by

1
YR () = Xpes (0 = 1) (Xl isn = Xpks) (3.10)
where {Xf]\éz} is a set of grid solutions of (2.1). Clearly, YV € Ad(A)waec-
By construction we have
d. N L N N N
27 Yne (1) = 7 (Xpeipn — Xpes) € Pt Xi7)(n,6). (3.11)

Next, we estimate p
d(—xgm,PmYwama).

By inequality (3.4),

d

a (5YE®, PEYY0)0.9)

<d (LY. POXD)0.9) + (P YV O) .. PEX)0,9)

11



d
<d (%YnN(t)’ P(t,XiN)(n,i)> + K[V (1) — XN || (3.12)

d
<d(ZYXO. PEXN)0.0)) + KeRych.

The last inequality follows from (3.8) and (3.10). Again, by employing (3.11) and (3.4), we

have

a (LY, Pe.XN)0.6)
p (Pt XY)(.€), P(t,X])(n.€))
w(P; XN, t,2h,n, €)

< supw(P;z,t,2h,n,&) = Q(P;t,2h,n,§).
TEQ

IA

IA

Applying Theorem 2.1 by setting
Wye(t) = KpeRpeh + Q(P;t,2h,1,§),

we conclude that there exists a solution ®(-) of (1.1) satisfying inequality (3.9).

Next, we present our main result. To this end, we introduce the following sets of vectors in
the space @V 11,
Denote by S(X?) the subset of Ad(A)yqc consisting of the trajectory bundle of (1.1). Then, we

define the following sets.

RY(X°)(n,€) = {@pe = (Ppe(ti), i =0,1,2--- N),
such that @(-) € S(X%)}.
DY(X)(n,€) := {Xpg = (Xpgio i =0,1,2--- N),
such that Xf,\g is a solution of the discretized inclusion (2.1)}
For U, V € @V 1!, we employ the maximum norm
U—-V]:= e Ui — Vil
and the associated Hausdorff metric p on 2N

Consequently, the following theorem has been established by the combination of Proposition 3.2

and Lemma 3.4.

Theorem 3.5. Assume that the QSDI (1.2) satisfies conditions Sy — S(j;3)- Then there exist

positive constants depending only on 7, & such that
p (RN (X%)(n,€), DY (X)(n,€)) < Clr(P;h)(n,€) + hl, (3.13)

12



for all N > 2.

ACKNOWLEDGEMENT

I am grateful to the Abdus Salam International Centre for Theoretical Physics, Trieste, Italy,
for a visiting Research Fellowship in Mathematics through which this work was done. I thank
Professor M. Virasoro, the Director of the Centre and Professor A. O. Kuku of Mathematics

Section, for his help and encouragement.

13



REFERENCES

Aubin, J.P; Cellina, A. : Differential Inclusions, Springer - Verlag, (1984).
Aubin, J.P; Frankowska, H. : Set - Valued Analysis, Birkhauser, (1990).

Ayoola, E.O. : Exponential formula for the reachable sets of quantum stochastic differential
inclusions, submitted to Stochastic Analysis and Applications.

Ayoola, E.O.: Construction of approximate attainability sets for Lipschitzian quantum
stochastic differential inclusions, Stochastic Analysis and Applications 19(3), (2001) 461-
471.

Ayoola, E.O.: On convergence of one - step schemes for weak solutions of quantum stochas-
tic differential equations, Acta Applicandae Mathematicae, 67(1), (May, 2001) 19 - 58.

Dontchev, A.L; Farkhi, E.M : Error estimates for discretized differential inclusions, Com-
puting 41 (1989) 349-358.

Dontchev, A; Lempio, F.: Difference methods for differential inclusions: A survey, STAM
Rev. 34(2), (1992) 263-294.

Ekhaguere, G.O.S. : Lipschitzian quantum stochastic differential inclusions, Internat. J.
Theoret. Phys. 31(11), (1992) 2003-2034.

Ekhaguere, G.0.S.: Quantum stochastic differential inclusions of hypermaximal monotone
type, Internat. J. Theoret. Phys. 34(3), (1995), 323-353.

Ekhaguere, G.0.S.: Quantum stochastic evolutions. Internat. J. Theoret. Phys. 35(9),
(1996), 1909 - 1946.

Hudson, R.L; Parthasarathy, K.R.: Quantum Ito’s formulae and stochastic evolutions,
Commun. Math. Phys. 93, (1984) 301-324

V.A.Komarov, V.A; Pevchikh, K.E. : A method of approximating attainability sets for
differential inclusions with a specified accuracy, Comput. Maths. Math. Phys, 31(1)
(1991) 109-112.

Veliov, V.: Second order discrete approximation to linear differential inclusions, STAM J.
Num. Anal. 29, (1992) 439-451.

Wolenski, Peter R. : A uniqueness theorem for differential inclusions, J. Differential Eq.,84
(1990), 165-182.

Wolenski, Peter R. : The exponential formula for the reachable set of a Lipschitz differential
inclusion, SIAM J. Control Optim. 28(5), (1990) 1148-1161.

14



