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Abstract
We construct new heterotic string backgrounds which are analogous to superstring solu-
tions corresponding to coset models but are not simply the ‘embeddings’of the latter. They
are described by the (1,0) supersymmetric extension of the G/H chiral gauged WZNW
models. The ‘chiral gauged’ WZNW action differs from the standard gauged WZNW ac-
tion by the absence of the AĀ-term (and thus is not gauge invariant in the usual sense)
but can still be expressed as a combination of WZNW actions and is conformal invari-
ant. We explain a close relation between gauged and chiral gauged WZNW models and
prove that in the case of the abelian H the G/H chiral gauged theory is equivalent to a
particular (G ×H)/H gauged WZNW theory. In contrast to the gauged WZNW model,
the chiral gauged one admits a (1,0) supersymmetric extension which is consistent at the
quantum level. Integrating out the 2d gauge field we determine the exact (in α′) form
of the couplings of the corresponding heterotic sigma model. While in the bosonic (su-
perstring) cases all the fields depend (do not depend) non-trivially on α′ here the metric
receives only one O(α′) correction while the antisymmetric tensor and the dilaton remain
semiclassical. As a simplest example, we discuss the basic D = 3 solution which is the
heterotic string counterpart of the ‘black string’ SL(2, R)×R/R background.
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1. Introduction

The Wess-Zumino-Novikov-Witten (WZNW) model [1][2] is a prototypical example

of a local field theory which is conformally invariant, i.e. which provides a realisation of

the conformal operator algebra [3]. The G/H gauged WZNW model (or GWZNW) can

be represented as a particular combination of the WZNW models for a group G and a

subgroup H. This explains its conformal invariance as well as its relation [4][5] to a coset

conformal field theory [6]. Starting with GWZNW it is possible to construct various string

solutions to the leading order in α′ (see, for example, [7][8][9][10]), or to all orders in α′

(see, for example, [11][12][13]).

One may question if there are other non-trivial combinations of WZNW models which

also correspond to local conformal field theories and thus generate new string backgrounds.

A closely related to GWZNW model is the so called chiral gauged WZNW model [14]

(CWZNW) in which one does not include the ‘counterterm’ Tr (AĀ) in the action [9]

(Am = (A, Ā) is a 2d vector field with values in the algebra of H) and thus one has

only ‘chiral’ gauge invariance (with gauge parameters constrained to be holomorphic or

antiholomorphic). As we shall see below, the action of CWZNW is, in fact, the only

local modification of the GWZNW action which can also be represented in terms of a

combination of independent WZNW actions and thus is certainly conformally invariant at

the quantum level. As a consequence, the σ-model for the coordinates of the group space

(G) obtained from a CWZNW model by integrating out the 2d gauge field (see [15][16] for

particular examples and [17] for a general case) will also be conformally invariant.

An interpretation that can be given to a ‘product’ of WZNW models depends crucially

on which combinations of fields are treated as ‘fundamental’ and which – as ‘auxiliary’ or

Lagrange multiplier-type variables. Since the actions of both GWZNW and CWZNW are

local, being expressed in terms of the group variable g and the 2d vector field Am (with the

latter having no kinetic term), it is natural to treat Am as an auxiliary field which should

be integrated out (without introducing a source term for it) in the path integral. It is
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within such an approach that the GWZNW model is related to the coset model. Below we

shall study a possibility to give a similar interpretation to CWZNW.1 We shall find that if

all the fields are treated on an equal footing, i.e. if one admits a possibility of making field

redefinitions that mix g with Am, then the CWNW models are essentially equivalent to a

subclass of GWZNW models: (G/H)CWZNW can be identified (modulo field redefinitions)

with the (G/H ×H)GWZNW . When H is abelian it is possible to establish a more direct

relation without the necessity to redefine Am: (G/H)CWZNW = [(G × H)/H]GWZNW ,

where in the GWZNW case the subgroup H is embedded into G×H in a specific way and is

gauged axially. The latter equivalence provides a general explanation for the observations

in [15][16] (to the leading order in 1/k) and [17] (exactly in 1/k) that the SL(2, IR)/IR

CWZNW model is a particular limit of the SL(2, IR) × IR/IR GWZNW (or ‘black string’

[18][13]) model.

Our interest in the CWZNW models, besides their importance as bosonic models with

exact conformal invariance (and in connection with O(d, d) duality which seems to relate

different ‘mixtures’ of WZNW models, see e.g. [19][20][21]) was originally motivated by a

desire to understand if they can be used for a construction of heterotic string backgrounds

which are not simply the embeddings of (1, 1) supersymmetric coset solutions. As we

shall show, this is indeed the case: CWZNW model has a consistent (1, 0) supersymmetric

generalisation and may thus serve as a basis for a non-trivial heterotic string world sheet

theory.

The question about heterotic string solutions related to coset models was recently

discussed in [22] where it was pointed out that the direct (1,0) truncation of the (1,1)

supersymmetric gauged WZNW model does not correspond to a consistent heterotic string

background since the resulting 2d theory is anomalous (the fermions couple chirally to

the 2d gauge field which is integrated over in the path integral). It was suggested to

1 We shall mostly consider CWZNW models in the cases when the ‘left’ and ‘right’ subgroups

are the same. We disagree with the claim [14] that the CWZNW model with HL = HR = H is

equivalent to G/H or GWZNW model.
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cancel the 2d gauge anomaly by introducing an additional world sheet coupling term which

corresponds to a non-vanishing target space gauge field background [22]. As a result,

the theory becomes effectively (1,1) supersymmetric and can be interpreted as a coset

model superstring solution embedded into the heterotic string theory. Because of (1,1)

supersymmetry the background fields are then not modified by α′ corrections [23][12][24]

[25].

The key observation made below is that it is possible to construct closely related but

non-trivial (1,0) supersymmetric model by giving up the 2d gauge invariance already at the

classical level and replacing the gauged WZNW model by the chiral gauged WZNW one,

i.e. by using the (1,0) supersymmetric CWZNW as a starting point for a construction of

a heterotic σ-model which has an exact conformal field theory interpretation. Practically,

this means setting to zero the coefficient of the AĀ-type term in the GWZNW action

or, equivalently, adding the anomalous gauge degree of freedom to the set of dynamical

variables and thus remaining on the target space of dimension equal to dim G (and not

to dim G/H). Then no inconsistency appears at the quantum level. In contrast to the

GWZNW case, the world-sheet theory here has only (1,0) (and not (1,1)) supersymmetry,

the target space dimension of the corresponding heterotic σ-model is D = dim G and the

background metric receives 1/k (or α′) correction. The first possibility for a non-trivial

solution is thus in D = 3, corresponding, e.g., to G = SL(2, IR) and H = IR. From the

point of view of the heterotic string theory, this D = 3 model is the simplest yet basic

example, similar to what the SL(2, IR)/IR D = 2 ‘black hole’ is for the bosonic or (1,1)

supersymmetric string theory.

We shall start in Section 2 with a description of the path integral formulation of the

GWZNW and CWZNW models clarifying their close connection. We shall establish their

formal equivalence relation (eq.(2.22)) and illustrate it by computing the central charges.

In Section 3 we shall compare the expressions for the Hamiltonians of the corresponding

conformal field theories demonstrating that the CWZNW Hamiltonian is different from
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the combination of the standard Hamiltonians of the ‘left’ (G/HL) and ‘right’ (G/HR)

coset models. In Section 4 we shall consider the case when the subgroup H is abelian and

identify G/H CWZNW model with a particular axially gauged (G×H)/H WZNW model.

The (1,1) and (1,0) supersymmetric versions of CWZNW theory will be discussed in

Sections 5 and 6. We shall first review the manifestly supersymmetric path integral quan-

tisation of the (1,1) GWZNW and then apply a similar approach to the CWZNW case

(discussing also the component formulation). In Section 6 we shall treat the case of (1,0)

supersymmetric CWZNW model, establishing, in particular, the expression for its effective

action which, in contrast to the (1,1) supersymmetric case, will contain a quantum correc-

tion term. Finally, in Section 7 we shall apply the effective action approach [26][27][25][17]

to derive the exact (in 1/k) form of the background fields of the corresponding heterotic

string solutions and present the first non-trivial D = 3 example which is similar to the

SL(2, IR) × IR/IR GWZNW model. Section 8 will contain some concluding remarks.

2. Gauged and ‘chiral gauged’ WZNW models

2.1. Path integral

Consider the classical action of the form

Ia(g, A) = I0(g, A) +
a

π

∫

d2z Tr (AĀ) , (2.1)

where A = Az, Ā = Az̄, a is a constant parameter and I0(g, A) is the gauged WZNW

action [1][28]

IGWZNW =I0(g, A) = I(g) +
1

π

∫

d2z Tr
(

A ∂̄gg−1 − Ā g−1∂g + g−1AgĀ− AĀ
)

,

I(g) =
1

2π

∫

d2z Tr (∂g−1∂̄g) +
i

12π

∫

Tr (g−1dg)3 .

(2.2)

The action (2.2) is invariant under the standard vector gauge transformations (A, Ā take

values in the algebra L(H) of the subgroup H)

g → u−1gu , A→ u−1(A− ∂)u , Ā→ u−1(Ā− ∂̄)u , u = u(z, z̄) ∈ H . (2.3)
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For a = 1 the action (2.1) is the CWZNW action of [9][14]

ICWZNW = I1(g, A) = I(g) +
1

π

∫

d2z Tr
(

A ∂̄gg−1 − Ā g−1∂g + g−1AgĀ
)

. (2.4)

This action is invariant under the following gauge-type transformations

g → u−1gū , A→ u−1(A− ∂)u , Ā→ ū−1(Ā− ∂̄)ū ,

u = u(z) ∈ H , ū = ū(z̄) ∈ H .
(2.5)

In general one can consider the ‘left’ and ‘right’ subgroups of G to be different, i.e. u ∈

HR, ū ∈ HL, A ∈ L(HR) and Ā ∈ L(HL) with HR 6= HL.2 Since the chiral gauge

transformations do not actually eliminate dynamical degrees of freedom (since u and ū are

holomorphic and antiholomorphic functions) it is more appropriate to consider them as

global symmetry transformations of the action (2.1) with a = 1.

Parametrising A and Ā in terms of h and h̄ which take values in H

A = ∂hh−1 , Ā = ∂̄h̄h̄−1 , (2.6)

one can use the Polyakov-Wiegmann identity [29] to represent the action (2.1) in terms of

one WZNW action corresponding to the group G and two WZNW actions corresponding

to the subgroup H,

Ia(g, A) = I(g̃) − I(h̃) + a [ I(h̃) − I(h−1) − I(h̄) ] ,

g̃ = h−1gh̄ , h̃ = h−1h̄ .
(2.7)

Clearly, the action Ia (2.1) (or equivalently (2.7)) is classically conformally invariant for

any value of a. However, it is only for a = 0 or a = 1 that Ia reduces to a sum of WZNW

2 In our notation the ‘left’ and ‘right’ in the group action sense and the world sheet (z, z̄) sense

are ‘cross-related’ in the action (but not in the Hamiltonian), i.e. HL acts from the left not on g

but on g−1.
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actions for independent fields and only in these two cases it is obvious that conformal

invariance is preserved at the quantum level. 3 Namely, we find

a = 0 : I0 = IGWZNW = I(g̃) − I(h̃) , (2.8)

and for

a = 1 : I1 = ICWZNW = I(g̃) − I(h−1) − I(h̄) . (2.9)

For the same values of a an extra local or ‘semi-local’ symmetry appears in (2.7) which

corresponds to the gauge symmetries (2.3), (2.5) :

a = 0 : g → u−1gu , h→ u−1h , h̄→ u−1h̄ , u = u(z, z̄) ∈ H

a = 1 : g → u−1gū , h→ u−1h , h̄→ ū−1h̄ , u(z), ū(z̄) ∈ H .
(2.10)

For all other values of a the above symmetries degenerate to global ones with constant

transformation parameters. It is clear that (2.9) (but not (2.8)) admits a straightforward

generalisation to the case when h and h̄ belong to diffent subgroups HR and HL of G.

The corresponding path integral has the form

Zp =

∫

[dg][dA][dĀ] exp[−kIa(g, A)]

= J0

∫

[dg][dh][dh̄] exp{−kI(g̃) + (k + 2gH)I(h̃) − p[I(h̃) − I(h−1) − I(h̄)]} ,
(2.11)

where p ≡ ak − 2qgH and gH is the dual Coxeter number for the subgroup H. We have

used the fact that there exists a freedom of introducing a local counterterm ∼ q Tr (AĀ)

in the definition of the Jacobian

J = det D(A) det D̄(Ā) = J0 exp{2gH[ I(h−1h̄) +
q

π

∫

d2z Tr (AĀ) ]} ,

J0 = [ det ∂∂̄ ]dH ,

(2.12)

3 Let us note that in the acse of the abelian H the action (2.1) can be interpreted as a gauge-

fixed form of the action of the G × H/H GWZNW nodel with a being related to the parameters

of embedding of H into G × H (see eq. (4.5)). Being understood in this way, the action (2.1)

corresponds to a conformal theory for all a. In particular, the σ-model obtained by integrating

out A, Ā should also be conformal invariant for any a. An example of such theory is provided by

the SL(2, IR) × IR/IR GWZNW model (the conformal invariance of the associated σ-model was

checked at the two-loop level in [30]).
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of the transformation from A, Ā to h, h̄. In the GWZNW case q is chosen to be zero in

order to preserve the vector gauge symmetry [5]. In the CWZNW case the natural choice

is the ‘left-right decoupled’ one q = −1, i.e. J ∼ exp{2gH[I(h−1) + I(h̄)]} [14]. It is only

for the two values of p

p = 0 : Z0 = ZGWZNW = J0

∫

[dg̃][dh̃] exp[−SGWZNW (g̃, h̃)] ,

SGWZNW = kI(g̃) − (k + 2gH)I(h̃) ,

(2.13)

and

p = k + 2gH : Z1 = ZCWZNW = J0

∫

[dg̃][dh][dh̄] exp[−SCWZNW (g̃, h, h̄)] ,

SCWZNW = kI(g̃) − (k + 2gH)[I(h−1) + I(h̄)] ,

(2.14)

that the resulting quantum theory reduces to a combination of independent WZNW the-

ories and therefore is guaranteed to be conformally invariant. In fact, a formal proof of

conformal invariance for the theories (2.13) and (2.14) reduces to that for the WZNW

model and an observation that conformal invariance (or UV finiteness) property is essen-

tially preserved under field redefinitions.

The quantum effective actions corresponding to GWZNW (2.2) and CWZNW (2.4)

models are obtained (up to a non-local field redefinition [25] which we shall ignore) by

replacing k and −k by k + gG and −k + gH in (2.13) and (2.14) (or by multiplying the G

and H terms in (2.8) and (2.9) by k + gG and k + gH) [26][27][25][17]

ΓGWZNW (g, A) = (k + gG)I(h−1gh̄) − (k + gH)I(h−1h̄)

= (k + gG)IGWZNW (g, A) + (gG − gH)Ω(A) ,
(2.15)

and

ΓCWZNW (g, A) = (k + gG)I(h−1gh̄) − (k + gH)[I(h−1) + I(h̄)]

= (k + gG)ICWZNW (g, A) + (gG − gH)[ω(A) + ω̄(Ā)] ,
(2.16)

where Ω(A) is a non-local gauge invariant functional of A and Ā,

Ω(A) ≡ I(h−1h̄) = ω(A) + ω̄(Ā) +
1

π

∫

d2z Tr (AĀ) , (2.17)
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and the functionals ω and ω̄ are given by

ω(A) ≡ I(h−1) = − 1

π

∫

d2z Tr {1

2
A
∂̄

∂
A+

1

3
A[

1

∂
A,

∂̄

∂
A] +O(A4)} ,

ω̄(Ā) ≡ I(h̄) = − 1

π

∫

d2z Tr {1

2
Ā
∂

∂̄
Ā− 1

3
Ā[

1

∂̄
Ā,

∂

∂̄
Ā] +O(Ā4)} .

(2.18)

As at the classical level, the effective action of the CWZNW is obtained from the effective

action of GWZNW by dropping out the AĀ-terms (which, of course, were crucial for gauge

invariance of (2.2) and (2.15)).

Let us note that in the general case of HL 6= HR when h and h̄ belong to HR and HL

the action SCWZNW in (2.14) and J0 in (2.12) are replaced by

SCWZNW = kI(g̃) − (k + 2gHR
)I(h−1) − (k + 2gHL

)I(h̄) , (2.19)

and

J0RJ0L = ( det ∂)dHR ( det ∂̄)dHL . (2.20)

Eq. (2.20) implies that if dim HR 6= dim HL the numbers of the ‘left’ and ‘right’ bosonic

degrees of freedom do not match and the theory is thus really ‘chiral’ in the 2d sense, i.e.

it has a Lorentz anomaly on a curved 2d background. Using it to construct a consistent

string theory, one needs to compensate the anomaly by introducing extra chiral degrees of

freedom.

2.2. Relation between ‘chiral gauged’ and gauged WZNW models

The models (2.8),(2.9) or (2.13),(2.14) are particular representatives of a general class of

models which can be called ‘twisted’ products of WZNW models,

S =
N

∑

i=1

κiIGi
(g̃i) , (2.21)

where IGi
stands for a WZNW action for a group Gi; the arguments are related to some

‘original’ variables gi by field redefinitions respecting global symmetries (e.g. g̃i are given

by particular products of some gi). Such models are conformally invariant and unless

8



there are some ‘accidental’ gauge symmetries (as in the case of GWZNW) they can be

represented as σ-models on the target space (of dimension
∑N

i=1 dim Gi) equivalent to

the direct product of the group spaces. For example, in the CWZNW case (2.14) we can

parametrise g, h, h̄ in terms of local group coordinates Xg, Xh, Xh̄; then the coordinates

corresponding to g̃ in (2.7) (g̃ = exp(T · Xg̃)) are given by a local transformation of

Xg, Xh, Xh̄. As a result, the action (2.14) will take the form of a σ-model on the group

space G×HL ×HR represented in terms of ‘transformed’ coordinates.

All becomes less trivial once we decide to treat some subsets of the fields among gi as

more ‘fundamental’ than others (by constructing observables in terms of them only, i.e. by

introducing sources in the path integral for them only). Such a split may be motivated by

locality considerations: one is prompted to treat h and h̄ in (2.8),(2.9) as auxiliary fields

(which should be integrated out first) by the observation that being expressed in terms of

the corresponding currents A, Ā in (2.6) the classical actions (2.2), (2.4) are local (while

they are non-local being expressed in terms of the current corresponding to g). Another

possible reason may be the elimination of negative norm fields associated with the negative

sign terms in (2.21) (as in the case of the GWZNW models).

Once one first integrates over a subset of ‘auxiliary’ fields (2d gauge fields in the

case of GWZNW and CWZNW models) one induces (on a curved 2d background) the

dilaton term in the effective action. The dilaton term is necessary in order to preserve

the Weyl invariance of the resulting lower dimensional σ-model [7]. Thus the appearance

of the dilaton can be considered as an artifact of concentrating on an ‘intermediate’ (or

‘reduced’) theory with a smaller number of fields than the original one.

If one does not make a separation into ‘fundamental’ and ‘auxiliary’ fields one may

be able to establish various formal equivalences between the models in (2.7). For example,

as we will show below, the G/H chiral gauged WZNW model can be represented as the

gauged WZNW model for the coset (Gk/Hk)×H−k−2gH
in the sense that the correspond-

ing quantum actions in (2.13) and (2.14) are related by a field redefinition. This is not
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too surprising since at the level of the path integral (2.13), (2.14) the two theories are

represented by combinations of WZNW models that can be directly related.

To demonstrate the formal equivalence

(Gk/Hk)CWZNW = [(Gk/Hk) ×H−k−2gH
]GWZNW

= [Gk ×H−k−2gH
×H−k−2gH

]WZNW ,
(2.22)

let us start with the quantum effective CWZNW action (2.16) and represent it as a sum

of the quantum actions for the Gk/Hk GWZNW and H−k−2gH
WZNW by making a field

redefinition

ΓCWZNW (G/H) = (k + gG)I(h−1gh̄) − (k + gH)[I(h−1) + I(h̄)]

= [ (k + gG)I(u−1fū) − (k + gH)I(u−1ū) ] − (k + gH)I(v)

= ΓGWZNW (Gk/Hk) + ΓWZNW (H−k−2gH
) ,

(2.23)

where f ∈ G, u, v ∈ H and

g = ū−1fūv−1 , h = ū−1u , h̄ = v . (2.24)

The same equivalence relation is true also between the classical actions in (2.2) and (2.4)

and the ‘quantum’ actions in (2.13) and (2.14). The fields of CWZNW are obviously in-

variant under the gauge transformations of the fields (f, u, ū) of G/H GWZNW. Since

transformation (2.24) mixes different fields the ‘intermediate’ σ-models obtained by inte-

grating out the gauge fields, in the GWZNW and CWZNW models will, in general, be

different.4

In the case when H is abelian it is possible to establish a more explicit equivalence

between the G/H GWZNW and axially gauged (G×H)/H WZNW models with a specific

embedding of H (see Sect.4). In this case the gauge fields are not transformed and thus

the corresponding σ-models (with G as a configuration space) are equivalent.

4 For example, the SL(2, IR)/IR × IR GWZNW theory reduces to the ‘uncharged black string’

D = 3 σ-model [18] while SL(2, IR)/IR CWZNW theory gives a ‘charged black string’ D = 3

σ-model [15][17].
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In contrast to G/G GWZNW model which is topological and therefore trivial from the

σ-model pont of view, the G/G CWZNW model is non-trivial and equivalent to G−k−2gG

WZNW model. In order to prove that one uses the expression for the σ-model obtained

from a general CWZNW model after integrating out the gauge fields [17]. One can show

that if H = G it takes the form of the σ-model appropriate for the G−k−2gG
WZNW

theory. This conclusion is of course in agreement with (2.22).

The equivalence (2.22) implies that if G and H are compact the resulting CWZNW

model will contain dim H negative norm fields (or ‘times’) and therefore the physically

interesting case is only that of an abelian H with dim H = 1 (the models considered in

[15][16][17] belonged to this class).

2.3. Central charge

The formal relation (2.22) between the path integrals of GWZNW and CWZNW models

implies the equality of the corresponding central charges. Adding the quantum shifts to the

levels, kI(g) → (k+gG)I(g), kI(h) → (k+gH)I(h) and accounting for the J0 contribution

in (2.12) it is straightforward to compute the values of the central charges for GWZNW

(2.13) [5] and CWZNW (2.14) models (dG = dim G, dH = dim H):

CGWZNW (G/H) =
kdG

k + gG
+

(−k − 2gH)dH

(−k − 2gH) + gH
− 2dH =

kdG

k + gG
− kdH

k + gH
≡ CG/H ,

(2.25)

and

CCWZNW (G/H) =
kdG

k + gG
+ 2

(−k − 2gH)dH

(−k − 2gH) + gH
− 2dH = CG/H +

(−k − 2gH)dH

(−k − 2gH) + gH
.

(2.26)

As a result, the G/H CWZNW model has the same central charge as the (Gk/Hk) ×

H−k−2gH
GWZNW model (and, in particular, it cannot be equivalent to G/H GWZNW

model, cf. [14]). If H is abelian, gH = 0 and (2.26) is equal to the central charge of the

Gk WZNW model.
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In the case when h and h̄ belong to different subgroups HR and HL of G one finds

from (2.14), (2.20), (2.19) the following expression for the central charge of CWZNW 5

CCWZNW =
kdG

k + gG
+

(−k − 2gHL
)dHL

(−k − 2gHL
) + gHL

+
(−k − 2gHR

)dHR

(−k − 2gHR
) + gHR

− dHL
− dHR

. (2.27)

This expression is equal to the central charge of the Gk × (HL)−k−2gHL
× (HR)−k−2gHR

×

IR−dHL
−dHR WZNW model (or of the (G/HL)k × (HR)−k−2gHR

× IRdHL
−dHR GWZNW

model or of the (G/HR)k × (HL)−k−2gHL
× IRdHR

−dHL GWZNW model) but is different

from the central charge of the direct product of the ‘left’ and ‘right’ parts of the G/HR

and G/HL GWZNW models (cf.[14]). In the latter case the central charge is

C =
1

2
CG/HL

+
1

2
CG/HR

=
kdG

k + gG
− 1

2

kdHL

k + gHL

− 1

2

kdHR

k + gHR

. (2.28)

Note that extra ‘one-halves’ in front of the HL and HR contributions do not actually

appear in CWZNW (the gH contributions from the Jacobians appear in (2.14) with the

same coefficient as in GWZNW). As we shall see in the next section, the Hamiltonian of

the GWZNW model is also different from the naive combination of the left part of the

Hamiltonian of the G/HL with the right part of the Hamiltonian of the G/HR GWZNW

models.

3. Hamiltonians

The form of the stress tensor for the GWZNW and CWZNW models can be easily

read off from (2.13), (2.14) by replacing each WZNW action by the bilinear products of the

corresponding currents (since the WZ-term does not depend on the world-sheet metric).

The zero mode of the T00-component of the classical stress tensor is the Hamiltonian

H = L0 + L̄0 associated with the classical action (2.8) or (2.9). The zero mode of the

5 This is the expression for the Weyl anomaly coefficient, i.e. for the ‘left’ plus ‘right’ central

charge C = 1

2
(Cl + Cr). As we have mentioned above, the theory contains also the Lorentz

anomaly, proportional to 1

2
(Cl − Cr) = dHR

− dHL
.
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quantum stress tensor is the Hamiltonian associated with the quantum effective action

(2.15) or (2.16) with shifted k’s. The ‘J2’ structure of the Hamiltonian follows from the

similar structure of the action in the 1d dimensional reduction limit (in which the WZ-term

in the action does not contribute). For example,

S = kGIG − kHL
IHL

− kHR
IHR

→ H =
1

kG
J2

G − 1

kHL

J2
HL

− 1

kHR

J̄2
HR

. (3.1)

It is instructive to derive the general expression for the Hamiltonian corresponding to

the theory (2.1) supplemented by extra A2 and Ā2 terms. Such terms are not Lorentz

invariant but they can be considered as originating (in the d = 1 reduction limit relevant

for the derivation of the zero mode Hamiltonian) from the Lorentz invariant non-local

terms A(∂̄/∂)A+ . . . and Ā(∂/∂̄)Ā+ . . . which appear in the quantum effective action of

the GWZNW and CWZNW models (see (2.15), (2.16), (7.3)).

Let us start with the following action

I = I0(g, A) +
1

π

∫

d2z Tr (aAĀ+
1

2
βA2 +

1

2
b̄Ā2) , (3.2)

where I0(g, A) is the GWZNW action (2.2). When a = 1, n = m = 0 this is the classical

CWZNW action (2.4). The case of

a = −b , b = b̄ = −gG − gH

k + gG
, (3.3)

corresponds to the quantum GWZNW effective action [26][27], whereas the case of

a = 1, b = b̄ = −gG − gH

k + gG
, (3.4)

corresponds to the quantum CWZNW effective action [17]. Let us find the classical Hamil-

tonian H of the model (3.2) treating A, Ā as non-dynamical fields that should be eliminated

at the end. One should express H in terms of currents that should satisfy proper Poisson

bracket current algebra relations as in the WZNW model (see e.g. [31]). These are the

left (g−1∂g) and right (−∂̄gg−1) currents expressed in terms of momenta (which will now

13



contain A, Ā so that the currents will also depend on A, Ā). Let JG, J̄G and JH , J̄H denote

the currents corresponding to G and H. In what follows we shall switch to the component

notation: JG = (JA
G ), JH = (Ja

H), A2 = AaAa = − Tr (A2), etc. Then H will be given

by (we rescale H by the factor of 2 and omit obvious factors of 1/(k + gG) and 1/π )

H =
1

2
J2

G +
1

2
J̄2

G − 2JHĀ− 2J̄HA+ 2(a− 1)AĀ+ (b+ 1)A2 + (b̄+ 1)Ā2 . (3.5)

For a = b = b̄ = 0 one obtains the Hamiltonian for the classical WZNW action (2.2) [31]

H0 =
1

2
J2

G +
1

2
J̄2

G − 2JHĀ− 2J̄HA+ (A− Ā)2 . (3.6)

In contrast to (3.6) where the A2-term is singular (as a consequence of the gauge invariance

of the GWZNW action (2.2)) it is straightforward to eliminate A, Ā from (3.5). The

singular case (3.6) can then be defined as the limit a, b, b̄ → 0 (in this way one is able

to avoid the complications (due to constraints) dealt with in [31]). We find (using that

J̄2
G = J2

G)

H = J2
G +

1

∆
[ −2(a− 1)JH J̄H + (b+ 1)J2

H + (b̄+ 1)J̄2
H ] ,

∆ ≡ (a− 1)2 − (b+ 1)(b̄+ 1) .

(3.7)

The ‘determinant’ ∆ is singular both in the classical (a = b = b̄ = 0) and quantum

(−a = b = b̄) GWZNW cases. To reproduce the well-known expression for the GWZNW

Hamiltonian from (3.7) let us consider the following limit: b = b̄, a = −b + ǫ, ∆ =

−2(b+ 1)ǫ+O(ǫ2), ǫ→ 0. Then

HGWZNW = J2
G +

1

b+ 1
JH J̄H − 1

2ǫ
(JH + J̄H)2 . (3.8)

To get a non-singular Hamiltonian one is to restrict it to a gauge invariant subspace on

which JH + J̄H = 0. Then (3.8) reduces to the standard expression6

HGWZNW = J2
G − 1

b+ 1
J2

H = J2
G − k + gG

k + gH
J2

H . (3.9)

6 The singular term in (3.8) can be thought of as giving rise to a δ-function in the path integral

approach.
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The CWZNW Hamiltonian (a = 1, b = b̄, ∆ = −(b+ 1)2) is given by

HCWZNW = J2
G − k + gG

k + gH
(J2

H + J̄2
H)

=
1

2
[ J2

G − 2
k + gG

k + gH
J2

H ] +
1

2
[ J̄2

G − 2
k + gG

k + gH
J̄2

H ] .

(3.10)

In contrast to the GWZNW case (3.9), here there is no need to restrict to a sector in

which JH + J̄H = 0. One can show [25][17] that the σ-model expressions for the metric

and dilaton obtained using the quantum effective actions (2.15), (2.16) coincide with the

corresponding expressions obtained in the operator approach using the Hamiltonians (3.8),

(3.10).

As we have noted already, the structure of HCWZNW directly reflects the structure

of the action in (2.9) and (2.14). According to the relation (2.22) it is possible to identify

the CWZNW theory with the GWZNW theory for the product (G/H)×H under a proper

definition of the currents. Namely, it should be possible to introduce the new currents J ′

G,

J̄ ′

G, J ′

H , J̄ ′

H ,J̃H , ¯̃JH such that on the subspace of states satisfying J ′

H + J̄ ′

H = 0 eq. (3.10)

takes the form

HCWZNW = [ J ′2
G − k + gG

k + gH
J ′2

H ] − k + gG

k + gH
J̃2

H , (3.11)

where we have used the fact that J̃2
H = ¯̃J2

H . Here the first and second terms represent

the Gk/Hk and H−k−2gH
factors in (2.22).

The Hamiltonian (3.10) has an obvious generalisation to the case of the different ‘left’

and ‘right’ subgroups HL and HR

HCWZNW =
1

2
[ J2

G − 2
k + gG

k + gHL

J2
HL

] +
1

2
[ J̄2

G − 2
k + gG

k + gHR

J̄2
HR

] . (3.12)

This expression is different from the straightforward combination of the ‘left’ part of the

Hamiltonian of the G/HL GWZNW with the ‘right’ part of the Hamiltonian of the G/HR

GWZNW
H = [HGWZNW (G/HL)]l + [HGWZNW (G/HR)]r

=
1

2
[ J2

G − k + gG

k + gHL

J2
HL

] +
1

2
[ J̄2

G − k + gG

k + gHR

J̄2
HR

] .
(3.13)
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The difference is due to the crucial coefficients 2 in front of the subgroup current terms

in the CWZNW case. We already noted a similar difference in the values of the central

charges.

In the case when HL is different from HR it is not clear how to interpret CWZNW

in terms of a particular GWZNW model. At the same time, the path integral analysis of

Sect.2.1 implies that this model can be represented as theGk×(HL)−k−2gHL
×(HR)−k−2gHR

WZNW model. That means that while for generic values of a, b, b̄ the Hamiltonian (3.5)

should not correspond to a conformal theory, the CGWZW Hamiltonian (3.12) should. One

may question how the structure of (3.11) is consistent with the known fact that the only

(relevant in the present case) solutions of the affine - Virasoro master equation [32][33] are

represented by coset (GWZNW) models. The answer is again implied by the structure of

the path integral (2.14) (with h and h̄ now belonging to HR and HL): it should be possible

to define the holomorphic and antiholomorphic currents J ′

G, J
′

HL
, J ′

HR
and J̄ ′

G, J̄
′

HL
, J̄ ′

HR

such that in terms of them (3.12) takes the form of the Hamiltonian of the three WZNW

models

HCWZNW = Hl + Hr = J ′2
G − k + gG

k + gHL

J ′2
HL

− k + gG

k + gHR

J ′2
HR

=
1

2
[ J ′2

G − k + gG

k + gHL

J ′2
HL

− k + gG

k + gHR

J ′2
HR

]

+
1

2
[ J̄ ′2

G − k + gG

k + gHL

J̄ ′2
HL

− k + gG

k + gHR

J̄ ′2
HR

] .

(3.14)

The new currents should directly correspond to the redefined variables g̃ = h−1gh̄, hR =

h−1, hL = h̄ in terms of which the path integral (2.14) factorises.

4. The case of the Abelian subgroup H

In this section we shall prove that the chiral gauged WZNW model with abelian HL =

HR = H is, in fact, equivalent to a specific (axially) gauged WZNW model (G × H)/H

with a particular embedding of the subgroup H into G×H. The basic idea is to ‘cancel’

the AĀ-term in the GWZNW action (2.2) in order to make it look like the CWZNW action
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(2.4). This is achieved by introducing extra H-degrees of freedom coupled to AĀ and then

gauging them away. To make this idea work one is to consider GWZNW with an axially

gauged abelian subgroup. In this case the action (cf. (2.2), (2.8))

Iaxial
GWZNW (g, A) = I(g) +

1

π

∫

d2z Tr
(

A ∂̄gg−1 − Ā g−1∂g + g−1AgĀ+ AĀ
)

= I(h−1gh̄) − I(hh̄) ,

(4.1)

computed for g = I does not vanish but is proportional to the integral of Tr (AĀ). Let

us consider the (G ×H)/H axially gauged WZNW theory and represent the elements of

G×H as block-diagonal matrices

g̃ = diag(g, h0) , h0 = diag(p1, . . . , prH
) , pa = exp(yaTa) , (4.2)

where g belongs to G and h0 is from H. An element of the abelian subgroup H (which we

can take, without lack of generality, to be generated by the maximal abelian subalgebra of

the algebra of G) of G×H can be represented in the form

h̃ = diag(h, h′) , h = exp(

rH
∑

a=1

xaTa) , h′ = diag(f1, . . . , frH
) , fa = exp(naxaTa) ,

(4.3)

where Ta are the generators of the abelian group H and na parametrise the embedding

of H into G ×H. Our aim will be to prove that there exist an embedding such that the

quantum effective action of (G×H)/H GWZNW model in the axial gauging (the analog

of (2.15)) is equal to the quantum effective action (2.16) of G/H CWZNW model, i.e.

(gH = 0)

Γaxial
GWZNW (G×H/H) = ΓWZNW (h̃−1g̃ ˜̄h) − ΓWZNW (h̃˜̄h)

= ΓWZNW (h−1gh̄) − ΓWZNW (h−1) − ΓWZNW (h̄)

= ΓCWZNW (G/H) .

(4.4)

In the large k limit this relation implies the equivalence of the corresponding classical

actions (4.1) and (2.9) (of course for abelian H only). The GWZNW action is invariant
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under the gauge transformations: g̃ → ũg̃ũ, h̃ → ũh̃, ˜̄h → ũ−1 ˜̄h, where ũ = ũ(z, z̄).

Therefore we can prove (4.4) in any gauge. It is convenient to fix the gauge so that

g̃ = diag(g, 1). Then computing the GWZNW action (4.4) using (4.3) we find

ΓGWZNW (G×H/H) = [ (k + gG)I(h−1gh̄) +

rH
∑

a=1

k′aI(fa
−1f̄a) ]

− [ kI(hh̄) +

rH
∑

a=1

k′aI(faf̄a) ]

= [ (k + gG)I(h−1gh̄) − kI(h−1) − kI(h̄) ] − 1

π

rH
∑

a=1

(2k′an
2
a + k)

∫

d2zAaĀa .

(4.5)

Here k and k′a are the coefficients of the WZNW actions corresponding to the G and H

factors in the product G × H, i.e. the central extensions in the current algebras defined

in G and for each factor in H. Also, Aa = ∂xa, Āa = ∂̄x̄a, Tr (TaTb) = −δab and we

have used that in the abelian case the WZNW action contains just the quadratic term, i.e.

I(h) = I(h−1). Choosing the embedding parameters na that satisfy

2k′an
2
a + k = 0 , ∀ a = 1, . . . , rH , (4.6)

we get the desired equality (4.4). Eq. (4.6) implies that if k is positive, all k′a will be

negative, i.e. the coordinates ya corresponding to the H-factor in G × H will have the

negative signs of their kinetic terms in the (G × H)/H GWZNW action. This can be

considered to be a consequence of the negative sign in front of the H-terms in the CWZNW

action in (4.4).

Since to prove (4.4) we did not make any field redefinitions, the established equivalence

implies the equivalence of the corresponding ‘reduced’ σ-models obtained by eliminating

the gauge fields from the GWZNW and CWZNW actions. In particular, the D = 3 models

corresponding to the [SL(2, IR) × IR]/IR GWZNW model (with the particular embedding

of H = IR) and SL(2, IR)/IR CWZNW model are, in fact, equivalent. This provides the
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general explanation for the observations made in [15][16] (to the leading order in 1/k

expansion) and in [17] (exactly in the 1/k expansion).7

It should be noted that if we have started with the effective quantum action for

(G×H)/H GWZNW model with a general embedding of an abelian H and with the vector

gauging, the result would be equivalent to (G/H)×H which, however, bears no resemblance

to the G/H CWZNW model. The reason is that under the vector gauge transformation

g̃ → ũ−1g̃ũ, the ya’s are invariant and therefore there must exist a field transformation

which maps the action for the (G × H)/H GWZNW model to the corresponding action

for the G/H ×H one (this was worked out explicitly for the SL(2, IR) × IRd−2/IR model

in [9][13]).

5. (1,1) supersymmetric chiral gauged WZNW theory

5.1. (1,1) supersymmetric GWZNW model

Before a discussion of the (1,1) supersymmetric generalisation of the chiral gauged

WZNW model (2.4) it is useful first to recall the supersymmetric version of the gauged

WZNW case. We shall follow the manifestly supersymmetric (superfield) approach of [25]

(see also [22]) and later compare this with the component formulation [34][35] in connection

with the N = 1 superconformal coset models [36][37].

The (1,1) supersymmetric generalisation of the gauged WZNW action (2.2) is given

by

Î(ĝ, Â) = Î(ĝ) +
1

π

∫

d2zd2θ Tr
(

Â D̄ĝĝ−1 − ˆ̄A ĝ−1Dĝ + ĝ−1Âĝ ˆ̄A− Â ˆ̄A
)

= Î(˜̂g) − Î(
˜̂
h) ,

(5.1)

7 An apparent disagreement in the exact values of the antisymmetric tensor couplings in the

two models observed in [17] can be interpreted as an artifact of the procedure of determining

BMN from the local part of the effective action. For the SL(2, IR) × IR/IR GWZNW model the

antisymmetric tensor coupling is given just by the semiclassical expression [27]. The procedure of

extracting it is not, however, completely unambiguous (for a detailed discussion of this issue see

[30]).
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where the gauge superfields Â, ˆ̄A take values in the algebra of the subgroup H and

Â = Dĥĥ−1 , ˆ̄A = D̄ˆ̄hˆ̄h−1 ,

˜̂g ≡ ĥ−1ĝ ˆ̄h ,
˜̂
h ≡ ĥ−1 ˆ̄h .

(5.2)

The quantisation of the theory can be reduced to that of the two ungauged supersymmetric

WZNW theories corresponding to the group and the subgroup

Z
(1,1)
GWZNW =

∫

[dĝ][dÂ][d ˆ̄A] exp{−kÎ(ĝ, Â)} =

∫

[d˜̂g][d
˜̂
h] J exp{−kI(˜̂g)+kI(˜̂h)} . (5.3)

Here J stands for the product of Jacobians of the change of superfield variables from Â

to ĥ and from ˆ̄A to ˆ̄h (and includes also a gauge fixing factor). While in the bosonic case

the corresponding product (regularised in the left-right symmetric way) is non-trivial and

leads to the shift of the coefficient of the H-term in the action, in the (1,1) superfield case

each of the Jacobians is proportional to a field-independent factor.8 It is important to note

that in the present case one should not include an extra local counterterm AĀ (needed to

preserve gauge invariance in the bosonic theory) since here the Jacobians are trivial.

The theory can thus be represented as a ‘product’ of the two (1,1) supersymmetric

WZNW theories for the groups G and H with the levels k and −k. Since in the (1,1) case

there is no shift of k at the quantum level [38][34] the corresponding effective action is the

same as the classical one (up to a field renormalisation) [25]. To see this in detail at the

component level, let us start with (5.3), express it in the component notation and make

the chiral rotations to decouple fermions from bosons (or, equivalently, integrate fermions

out). Then

Z
(1,1)
GWZNW = N ′

∫

[dg̃][dh̃] exp[−(k − gG)I(g̃) + (k + gH)I(h̃)] . (5.4)

8 This happens because the non-trivial contribution of the bosonic determinant is cancelled

out by the contribution of the fermionic one (this cancellation is similar to that of the bosonic and

fermionic contributions to the coefficient k of the effective action in the ungauged supersymmetric

WZNW theory). In fact, as in the bosonic case, the Jacobian of the change of variables Â → ĥ can

be expressed in terms of the path integral with the action
∫

d2zd2θU(DV +[Â, V ]) , where U and

V are superfields of opposite statistics. Rewriting this action in component fields and integrating

them out, it is easy to see that this Jacobian is Â-independent.
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Ignoring the free-theory factors, we can represent the resulting theory as the product of

the bosonic WZNW theories for the groups G and H with levels (k − gG) and (k − gH)

(we separate the shift gH corresponding to the bosonic change of variable).

The above approach can be compared with the one based on starting with the com-

ponent formulation of the (1,1) supersymmetric gauged WZNW theory. One considers for

both the ‘left’ and the ‘right’ movers the N = 1 superconformal field theory based on the

coset [36][37]
Gk̂ × SO(dim (G/H))1

Hk̂+gG−gH

, (5.5)

where the shifted level k̂ = k − gG is a result of the redefinition of the bosonic currents

necessary to decouple the fermions [36][37].

In [34][35] a Lagrangian formulation of the above models was given. One introduces

free fermions ψ, ψ̄ with values in the tangent space to G/H and couples them minimally

to the gauge fields A, Ā. Then the corresponding path integral is given by

Z
(1,1)
GWZNW =

∫

[dg][dA][dĀ][dψ][dψ̄] exp{−k̂I0(g, A)− k̂I0(ψ,A)} ,

I0(ψ,A) =
i

2π

∫

d2z Tr (ψ̄Dψ̄ + ψD̄ψ) ,

(5.6)

where the covariant derivatives are defined as

D = ∂ − [A, ] , D̄ = ∂̄ − [Ā, ] . (5.7)

The explicit form of the infinitesimal supersymmetric transformations is

δg = iǫψ̄g + iǭgψ ,

δA = δĀ = 0 ,

δψ = −ǭ(g−1Dg + iψ2)
∣

∣

G/H
,

δψ̄ = −ǫ(D̄gg−1 − iψ̄2)
∣

∣

G/H
,

(5.8)

where the supersymmetry parameters are chiral, i.e. ǫ = ǫ(z̄) , ǭ = ǭ(z). Integrating over

the fermions in (5.6) and going through the same steps as in the bosonic case we finish

with

Z
(1,1)
GWZNW =N ′

∫

[dg̃][dh̃] exp{−k̂I(g̃) + [k̂ + (gG − gH) + 2gH]I(h̃)} ,

g̃ = h−1gh̄ , h̃ = h−1h̄ ,

(5.9)
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where the contribution of the fermions is proportional to gG−gH. This expression becomes

equivalent to (5.4) once the relation k̂ = k − gG is being used. It is clear that after we

perform the bosonic quantum shiftings in the G and H terms in (5.4) the quantum effective

action one obtains is the same as the semi-classical one (cf. (2.8)) [25], and the σ-model

receives no 1/k corrections [23][12][24][25].

5.2. (1,1) supersymmetric CWZNW model

Let us now repeat the above analysis in the case of the (1,1) supersymmetric extension of

the chiral gauged WZNW action which is obtained by dropping out the Â ˆ̄A term in (5.1)

Î
(1,1)
CWZNW (ĝ, Â) = Î(ĝ) +

1

π

∫

d2zd2θ Tr
(

Â D̄ĝĝ−1 − ˆ̄A ĝ−1Dĝ + ĝ−1Âĝ ˆ̄A
)

= Î(˜̂g) − Î(ĥ−1) − Î(ˆ̄h) , ˜̂g ≡ ĥ−1ĝ ˆ̄h .

(5.10)

Instead of (5.3) we now get

Z
(1,1)
CWZNW =

∫

[dĝ][dÂ][d ˆ̄A] exp{−kI(1,1)
CWZNW (ĝ, Â)}

=

∫

[d˜̂g][dĥ][dˆ̄h] J exp{−kI(˜̂g) + kÎ(ĥ−1) + kÎ(ˆ̄h)} ,
(5.11)

where the Jacobian is the same as in (5.3), i.e. is trivial. As a result, the theory can be

represented as a product of the three (1,1) supersymmetric WZNW theories for the groups

G, H and H with the levels k,−k and −k. Using the (1,1) supersymmetric analog of

(2.22), i.e.

(G/H)(1,1) CWZNW =
Gk̂ × SO(dim (G/H))1

Hk̂+gG−gH

×H
−k̂H−2gH

× SO(dim H)1 , (5.12)

where k̂H = k − gH, it can also be interpreted as a ‘product’ of a supersymmetric gauged

WZNW model and a supersymmetric WZNW model. Because of the particular structure

of the levels of the various factors it is expected, as in the case of the (1,1) supesrymmetric

WZNW model [12], that the effective quantum action will receive no 1/k corrections. As

in the case of (1,1) supersymmetric gauged WZNW case, one should be able to reproduce
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the result (5.11) using the component approach. Since the bosonic CWZNW action is not

gauge invariant, the fermionic partners of the bosons g here take values in the algebra of G

itself and not in the tangent space to G/H as in the GWZNW case (5.6), i.e. ψ, ψ̄ ∈ L(G).

Then the path integral corresponding to the (1,1) supersymmetric CWZNW model is

Z
(1,1)
CWZNW =

∫

[dg][dA][dĀ][dψ][dψ̄] exp{−k̂I1(g, A)− k̂I0(ψ,A)} ,

I0(ψ,A) =
i

2π

∫

d2z Tr (ψ̄Dψ̄ + ψD̄ψ) ,

(5.13)

where the covariant derivatives were defined in (5.7). The explicit form of the infinitesimal

supersymmetric transformations is

δg = iǫψ̄g + iǭgψ ,

δA = δĀ = 0 ,

δψ = −ǭ
[

g−1(∂g −Ag) + ∂h̄h̄−1 + iψ2
]

,

δψ̄ = −ǫ
[

(∂̄g + gĀ)g−1 − ∂̄hh−1 − iψ̄2
]

,
(5.14)

where the supersymmetry parameters are chiral, i.e. ǫ = ǫ(z̄) , ǭ = ǭ(z). Expressed in terms

of the three superfields ĝ, ĥ, ˆ̄h the CWZNW action is manifestly (1,1) supersymmetric.

The supersymmetry is preserved if one integrates over ĥ, ˆ̄h obtaining the effective action

(or, up to non-local terms, a σ-model ) for ĝ. Integrating out only the fermionic partners

of h and h̄ (or of A and Ā) while keeping the bosonic fields h, h̄ one gets the action in

(5.13). The fields ψ are the fermionic components of the ‘rotated’ superfield ˜̂g in (5.10),

(5.11), i.e. they are the combinations of the original fermionic partners of g, h, h̄. As

we see from (5.14) the action (5.13) lacks a linearly realised supersymmetry. The formal

supersymmetry transformation laws are non-local being expressed in terms of A, Ā (but

local in terms of h, h̄). They become local once one integrates out A, Ā.

As in the GWZNW case (5.9) the combined contribution of the integrals over the

fermionic partners of g and A, Ā is proportional to gG − gH (the latter has the opposite

sign since it may be thought of as originating from the measure). Not including (as in

the bosonic CWZNW case) the local AĀ - counterterm in the results for both the bosonic

Jacobian and the fermionic determinants we find (cf. (5.9))

Z
(1,1)
CWZNW = N ′

∫

[dg̃][dh][dh̄] exp{−k̂I(g̃)+[k̂+(gG−gH)+2gH][I(h−1)+I(h̄)]} . (5.15)
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After one uses the relation k̂ = k−gG this expression becomes equivalent to the component

form of (5.11) with the fermions integrated out (cf. (5.4))

Z
(1,1)
CWZNW = N ′

∫

[dg̃][dh][dh̄] exp{−(k − gG)I(g̃) + (k + gH)[I(h−1) + I(h̄)]} . (5.16)

It is now straightforward to write down the expression for the effective action in the chiral

gauged (1,1) supersymmetric WZNW theory. Using either the representation in terms

of the ungauged supersymmetric WZNW theories (5.11) or the equivalent formulation in

terms of the ungauged bosonic WZNW theories (5.16) we get the following expression for

(the bosonic part of) the effective action (we omit non-local terms originating from field

renormalisations [25])

Γ
(1,1)
CWZNW (g, A) = kI(h−1gh̄) − kI(h−1) − kI(h̄) . (5.17)

As in the ungauged supersymmetric WZNW theory, but in contrast to the result in the

bosonic CWZNW theory, here there are no shifts in the overall coefficients of the G- and

H- terms in ΓCWZNW . The local part of the effective action of the (1,1) supersymmetric

CWZNW model is equal to the classical action of the bosonic CWZNW theory (2.4),

Γ
(1,1)
CWZNW (g, A) = k

[

I(g) +
1

π

∫

d2z Tr
(

A ∂̄gg−1 − Ā g−1∂g + g−1AgĀ
)]

, (5.18)

i.e. in contrast to the bosonic case (2.4) it does not contain the quantum correction term

proportional to b = −gG−gH

k+gG
. As a consequence, the exact form of the bosonic part of

the corresponding σ-model is equivalent to the ‘semiclassical’ form of the σ-model in the

bosonic theory. This result is similar to the one found for the (1,1) CWZNW theory, in

agreement with the equivalence (2.22) between CWZNW and (G/H)×H GWZNW models

which was established in the bosonic case and with similar relation (5.12) in the super-

symmetric one. The quantum Hamiltonian corresponding to the (1,1) supersymmetric

CWZNW model has the same form as the classical bosonic one, i.e. (3.10) in the k → ∞
limit (we consider the case when the left and right subgroups are the same)

H(1,1)
CWZNW = J2

G − J2
H − J̄2

H =
1

2
[ J2

G − 2J2
H ] +

1

2
[ J̄2

G − 2J̄2
H ]. (5.19)

Note again that this Hamiltonian is not equal to the sum of the Hamiltonians of the left

and right G/H coset models because of the extra coefficients 2 in front of the subgroup

current terms.
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6. (1,0) supersymmetric chiral gauged WZNW model

Let us now turn to a less trivial (1,0) supersymmetric theory, which is to be related to

the heterotic string σ-model [39]. We are going to repeat the previous analysis, replacing

(1,1) superfields by (1,0) ones. Part of the discussion will be similar to that in [22]. It

was concluded in [22] that since the direct (1,0) truncation of the (1,1) supersymmetric

GWZNW theory is anomalous, it does not describe a consistent heterotic string back-

ground. Here instead we shall start with the (1,0) supersymmetric extension of bosonic

(or truncation of (1,1) supersymmetric) chiral gauged WZNW model. Since we shall give

up the gauge invariance and will not reduce to G/H already at the classical level, no

contradiction will be found at the quantum level. As we shall see below in Section 7,

the resulting model provides a non-trivial example of a heterotic string solution that is

not effectively (1,1) supersymmetric (as were solutions in [22]) but still has a well defined

conformal field theory counterpart.

6.1. Component approach

To illustrate the point that the ‘anomalous’ contribution of Weyl fermions does not repre-

sent a problem in the CWZNW case it is instructive to start with a heuristic discussion in

the component approach. Using the component form of the action of the (1,1) supersym-

metric CWZNW and dropping out the right component (ψ̄) the fermionic fields we shall

add instead some ‘right’ internal fermions ψ̄I which are not coupled to A, Ā (but may be

coupled to a background target space gauge field which in the present case we shall set

equal to zero) and do not transform under supersymmetry. Then we get

I
(1,0)
CWZNW (g, A, ψ, ψ̄I) = ICWZNW (g, A) +

i

2π

∫

d2z Tr (ψD̄ψ) + Iint(ψ̄
I) . (6.1)

If one changes the bosonic variables from A, Ā to h, h̄ (without introducing the local AĀ-

counterterm) and integrates over the fermions ψ, ψ̄I one finds the following expression for

25



the quantum partition function

Z
(1,0)
CWZNW =

∫

[dg][dh][dh̄] exp{−k̂I(h−1gh̄) + (k̂ + 2gH)[I(h−1) + I(h̄)] + (gG − gH)I(h̄)}

=

∫

[dg̃][dh][dh̄] exp{−k̂I(g̃) + [k̂ + 2gH + (gG − gH)]I(h̄) + (k̂ + 2gH)I(h−1)}.
(6.2)

Here the (gG − gH)-term is the fermionic contribution. This expression is to be compared

with (5.15), (5.16) found in the (1,1) supersymmetric case. Using k̂ = k − gG as in the

(1,1) supersymmetric case9 we find

Z
(1,0)
CWZNW =

∫

[dg̃][dh][dh̄] exp{−(k−gG)I(g̃)+(k−gG+2gH)I(h−1)+(k+gH)I(h̄)} . (6.3)

To get the effective action corresponding to (6.3) one is to make further (bosonic) shifts of

the levels. Up to a non-local field redefinition we get (cf.(2.16))

Γ
(1,0)
CWZNW (g, A) = kI(g̃) − (k − gG + gH)I(h−1) − kI(h̄)

= kICWZNW (g, A) + (gG − gH)ω(A) ,
(6.4)

where ω was defined in (2.18). We conclude that in contrast to the (1,1) supersymmetric

model, in the (1,0) supersymmetric case there is a non-trivial quantum correction in the

effective action (or in the quantum Hamiltonian of the corresponding conformal theory).

The expression (6.4) can be obtained from its bosonic counterpart (2.16) by dropping out

the Ā-part of the quantum correction term and replacing the shifted k by the unshifted

one in the classical term.

According to (6.3) the bosonic sector of the (1,0) theory is represented by a combi-

nation of the three WZNW theories for G, H and H. Comparing (6.2) with (5.11) we

can interpret this theory as a ‘product’ of the supersymmetric (G/H)k = Gk−gG
/Hk−gH

GWZNW model and the bosonic H−k−gH
WZNW model (cf.(2.16)). Since the resulting

9 The shift of k that occurs in the (1,1) WZNW model must still be present in the (1,0) case

since going from superfields to components we still get the coupling of the Weyl fermions to the

g-dependent current and, as a result, the anomalous contribution that shifts the coefficient k of

the bosonic term in the action.
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theory is not (1,1) supersymmetric, it is not surprising that here we will have non-trivial

1/k corrections in the effective action (and, as a result, in the corresponding target space

background fields).10 We shall return to the discussion of the effective action (6.4) in

Section 7 below.

6.2. Superfield approach

Let us now support the above component analysis by using directly the (1,0) superfield

formulation. To obtain a manifestly (1,0) supersymmetric CWZNW action one starts

with the (1,1) supersymmetric action (5.10) and truncates the (1,1) superfields to (1,0)

superfields (in the heterotic string context we should also add the internal (1,0) superfields

ΨI which will not, in contrast to the case considered in [22], be important in the present

discussion). The resulting action is

Î
(1,0)
CWZNW (ĝ, Â,Ψ) = Î(1,0)(ĝ)+

1

π

∫

d2zdθ Tr
(

Â ∂̄ĝĝ−1− ˆ̄A ĝ−1Dĝ+ĝ−1Âĝ ˆ̄A
)

+Iint , (6.5)

where Î(1,0) denotes the (1,0) supersymmetric WZNW action [40]

Î(1,0)(ĝ) ≡ 1

2π

∫

d2zdθ{ Tr (Dĝ−1∂̄ĝ) − i

∫

dt[ĝ−1Dĝ, ĝ−1∂tĝ]ĝ
−1∂̄ĝ } , (6.6)

and

Iint =

∫

d2zdθΨIDΨI , ĝ = exp(TAX
A) , XA = xA + θψA

+ , ΨI = ψI
−

+ θf I ,

Â = χ+ + θA = Dĥĥ−1 , ˆ̄A = Ā+ θχ− = ∂̄ ˆ̄hˆ̄h−1 . (6.7)

We get the following path integral

Z
(1,0)
CWZNW =

∫

[dĝ][dĥ][dˆ̄h] J ′ exp{−kI(1,0)(ĥ−1ĝ ˆ̄h) + k[I(1,0)(ĥ−1) + I(1,0)(ˆ̄h)]} , (6.8)

10 Note that the quantum correction in (6.4) is absent when G = H. In this case the theory

effectively reduces to the (1,0) supersymmetric WZNW theory.
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where J ′ is the product of Jacobians of the two changes of variables Â → ĥ and ˆ̄A → ˆ̄h.

As discussed in [22], the first Jacobian is essentially the same as in the bosonic case while

the second one is still trivial as in the (1,1) supersymmetric case. Therefore,

Z
(1,0)
CWZNW =

∫

[dĝ][dĥ][dˆ̄h] exp{−kÎ(1,0)(ĥ−1ĝ ˆ̄h)

+ k[Î(1,0)(ĥ−1) + Î(1,0)(ˆ̄h)] + 2gHÎ
(1,0)(ĥ−1)} . (6.9)

There is also an extra anomaly term originating from non-invariance of the path integral

measure under the (1,0) superfield rotation of ĝ [22] so that the final result is

Z
(1,0)
CWZNW =

∫

[d˜̂g][dĥ][dˆ̄h] exp{−kÎ(1,0)(˜̂g)

+ k[Î(1,0)(ĥ−1) + Î(1,0)(ˆ̄h)] − (gG − gH)Î(1,0)(ĥ−1)} . (6.10)

The corresponding superfield effective action

Γ
(1,0)
CWZNW = kÎ

(1,0)
CWZNW (ĝ, Â) + (gG − gH)Î(1,0)(ĥ−1) (6.11)

is thus perfectly consistent with the expression (6.4) found above in the component ap-

proach.

In the case of CWZNW model with two different subgroups HL and HR its (1,0)

supersymmetric extension is different from the (0,1) one.11 The corresponding (bosonic

parts of) Hamiltonians of the (1,1), (1,0) and (0,1) supersymmetric CWZNW models can

be found using the general expressions (3.1),(3.4) (cf.(3.11),(5.16))

H(1,1)
CWZNW =

1

2
[J2

G − 2J2
HL

] +
1

2
[J̄2

G − 2J̄2
HR

] =
1

2
[J2

G − J2
HL

− J̄2
HR

] , (6.12)

H(1,0)
CWZNW =

1

2
[J2

G − 2
k

k − (gG − gHL
)
J2

HL
] +

1

2
[J̄2

G − 2J̄2
HR

]

11 Using such models for the construction of the heterotic string solutions we need to compensate

for a mismatch between the numbers of left and right bosonic degrees of freedom (see the remark

at the end of Section 2.1).
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= J2
G − k

k − (gG − gHL
)
J2

HL
− J̄2

HR
, (6.13)

H(0,1)
CWZNW =

1

2
[J2

G − 2J2
HL

] +
1

2
[J̄2

G − 2
k

k − (gG − gHR
)
J̄2

HR
]

= J2
G − J2

HL
− k

k − (gG − gHR
)
J̄2

HR
. (6.14)

Note that the Hamiltonians for the ‘heterotic’ cases (6.13),(6.14) are equal to the combi-

nations of the left and right parts of the Hamiltonians of the bosonic and supersymmetric

CWZNW models and not of the Hamiltonians of the bosonic and supersymmetric coset

G/H models. The important difference is also that here the configuration space is not

reduced to G/H but remains the group space itself. In contrast to a naive ‘left plus right’

combination of the bosonic and supersymmetric coset models the above models are well

defined.

7. Heterotic string solutions corresponding to the (1,0) supersymmetric chiral

gauged WZNW model

Let us now use the (1,0) supersymmetric CWZNW model as a basis for a construction

of the heterotic string solutions. As in the bosonic or (1,1) supersymmetric GWZNW case

the idea is to treat the 2d gauge field as an ‘auxiliary’ variable and thus to eliminate it

from the (effective) action obtaining the σ-model for the ‘observable’ coordinates xM of the

configuration space (G/H in the GWZNW case and group space G in the CWZNW case).

In the case of bosonic CWZNW model this was already discussed on particular examples in

[15][16] and in general in [17]. If we start with the (1,0) supersymmetric CWZNW theory

the resulting σ-model is bound to be conformal and (1,0) supersymmetric and therefore

to represent a solution of the heterotic string theory.
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7.1. General expressions for the background fields

As follows from the comparison of the corresponding effective actions (2.16), (5.18) and

(6.4) the semiclassical (or leading order in 1/k) expressions for the background fields are the

same in the bosonic, (1,1) and (1,0) supersymmetric CWZNW cases. Like the bosonic one,

the heterotic solution is modified by the 1/k (or α′) corrections. The generic expression

for the effective action can be represented in the form (cf. (2.1), (2.2), (2.15), (2.16), (3.2),

(6.4))

Γ(g, A, Ā) = κ [ I(g) +
1

π

∫

d2z Tr
(

A ∂̄gg−1 − Ā g−1∂g + g−1AgĀ− AĀ
)

+
a

π

∫

d2z Tr (AĀ) − bω(A) − b̄ω̄(Ā) ] ,

(7.1)

where the values of the constants a, b, b̄ corresponding to the bosonic GWZNW and

CWZNW models were given in (3.3), (3.4). The heterotic or (1,0) CWZNW case is inter-

mediate between the bosonic and (1,1) supersymmetric CWZNW ones (in the latter case

κ = k, a = 1, b = b̄ = 0)

κ = k , a = 1 , b = −1

k
(gG − gH) , b̄ = 0 . (7.2)

The derivation of the σ-model corresponding to the general effective action (7.1) which

encompasses all known GWZNW and CWZNW cases is given in [30]. Here for simplicity

we restrict the discussion to the heterotic case (6.4) or (7.1) with (7.2). Dropping out the

higher order non-local O(A3) terms in ω(A) (since they do not affect the derivation of the

local part of the σ-model action [25]) we obtain12

Γ(1,0)(g, A, Ā) = k [I(g)+
1

π

∫

d2z Tr
(

A ∂̄gg−1 − Ā g−1∂g+ g−1AgĀ+
1

2
bA

∂̄

∂
A

)

] . (7.3)

12 This is equivalent to approaching the point particle limit of the theory, in which all non-local

terms drop out, and then restoring formally the Lorentz invariance [27].

30



Introducing the notation (TA = (Ta, Ti) are the generators of G; Ta are the generators of

H; A = 1, . . . , dG; a = 1, . . . , dH ; ηAB is negative definite in the compact case)

A = AaTa , CAB ≡ Tr (TAgTBg
−1) , Tr (TATB) = ηAB ,

Ja = Tr (Tag
−1∂g) = LaM (x)∂xM , J̄a = − Tr (Ta∂̄gg

−1) = RaM (x)∂̄xM ,

J̃a = Tr (Tag
−1∂̄g) = LaM (x)∂̄xM , ˜̄Ja = − Tr (Ta∂gg

−1) = RaM (x)∂xM ,

RA
M = −CA

BL
B
M , CADCBD = δA

B ,

(7.4)

we find the following solution for Aa, Āa

A = (CT )−1J , Ā = C−1J̄ − b(CTC)−1J̃ + . . . , C = (Cab) , (7.5)

where dots stand for non-local terms. Inserting (7.5) back into the action (7.3) we get for

the local part of the effective action (7.3)

Γ
(1,0)
loc (g, A, Ā) = k {I(g) +

1

π

∫

d2z Tr
[

−JC−1J̄ +
1

2
bJ(CTC)−1J̃

]

} . (7.6)

Identifying this action with (the bosonic part of) the heterotic σ-model action we obtain

the exact expressions for the target space metric and the antisymmetric tensor coupling

S(x) = Γ
(1,0)
loc (g) =

k

2π

∫

d2z GMN (x)∂xM ∂̄xN , (7.7)

where
GMN ≡ G(MN) = G0MN − 2M−1

abL
a
(MRb

N) + b(MTM)−1
abL

a
MLb

N ,

BMN ≡ G[MN ] = B0MN − 2M−1
abL

a
[MRb

N ] , Mab ≡ Cab ,
(7.8)

where G0MN and B0MN are the original WZNW (group space) couplings,

G0MN = −ηABL
A
MLB

N , 3∂[KB0MN ] = LA
KL

B
MLC

NfABC . (7.9)

We conclude that the exact expression for the metric contains only the leading (two-loop)

correction (recall that b = −(gG − gH)/κ) while the antisymmetric tensor is the same as

in the semiclassical approximation. It is easy to see that the determinant of the matrix in
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the quadratic (A, Ā)-term in (7.3) does not depend on b and thus the expression for the

dilaton also remains semiclassical

φ = φ0 −
1

2
ln det M . (7.10)

Note that the ‘measure factor’
√
G exp(−2φ) still does not receive quantum corrections

since one can prove (cf. [25][17]) that G = det GMN does not depend non-trivially on

b (there is only an overall b-dependent factor). It is also clear that when G = H we get

just the WZNW model with the opposite sign in front of the first term in the action:

GMN = −G0MN , BMN = B0MN (the dilaton in (7.10) is then constant since according to

(7.4) |det CAB | = 1).

These expressions are to be compared with the (1,1) supersymmetric (superstring)

CWZNW case where all the fields are given by semiclassical expressions as well as with

the bosonic CWZNW case [17] where all the fields in general receive quantum corrections

to all orders in the 1/k expansion.13

What is the geometrical interpretation of the resulting spaces? These are some ‘defor-

mations’ of group spaces with the matrix C playing the role of a deformation ‘parameter’.

The deformation is related to the presence of a non-trivial dilaton which, in turn, is nec-

essary in order to satisfy the σ-model conformal invariance conditions once the model is

perturbed from the original (group space) conformal point. It should be stressed that the

‘J2-perturbation’ of the WZNW model in (7.6) is not in general of an integrably marginal

type; the ‘perturbed’ model is conformal only for the specific function Cab(g) that appears

in the CWZNW model.

13 For completeness, let us also recall that in the GWZNW case the semiclassical (b → 0)

expressions for the corresponding background fields are formally the same (before projection on

G/H) as in (7.8), (7.10) with Mab = Cab−ηab. However, in this case the residual gauge invariance

of the model demands gauge fixing, i.e. reducing the configuration space to G/H.
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7.2. Basic D = 3 example: heterotic SL(2, IR)/IR CWZNW model

Since the σ-model configuration space in the CWZNW case has dimension D = dim G

the first non-trivial example of the heterotic solution based on CWZNW model is found

for G = SU(2) or SL(2, IR). The form of the σ-model corresponding to the bosonic

SL(2, IR)/IR CWZNW theory was determined in [15][17] and it was noted that this model

is closely related to a specific limit of the [SL(2, IR)× IR]/IR GWZNW theory [18][13] (see

Section 4). Let us first recall the exact expressions for the background fields in the bosonic

model. In the bosonic case the exact metric, antisymmetric tensor and dilaton are given

by [17]

ds2 = −z − 1

z + b
dt2 − z + 1

z − b
dx2 +

dz2

4(z2 − 1)
,

Btx = −(1 − b)
z

z2 − b2
,

φ = φ0 −
1

4
ln (z2 − b2) .

(7.11)

where b = −(gG − gH)/κ = 2/(k − 2) (and α′ = 1/(k−2)). In the heterotic case (b = 2/k,

α′ = 1/k) we get the semiclassical expressions for the antisymmetric tensor and the dilaton,

i.e.

Btx = −1

z
, φ = φ0 −

1

2
ln z , (7.12)

while the metric one finds from (7.8)

ds2 = − z − 1

z
dt2 − z + 1

z
dx2 +

dz2

4(z2 − 1)

− b

2z2

[

(z − 1) dt+ (z + 1) dx
]2

(7.13)

contains a non-trivial O(α′) correction term.14

It is useful to give the explicit derivation of the expressions for the bosonic and het-

erotic SL(2, IR)/IR backgrounds using the following parametrisation of the SL(2, IR) group

14 The variables t, x in (7.11) have been rescalled with respect to the original ‘classical’ variables

of the SL(2, IR) group element, i.e. (t, x) →
(

2/(b + 1)
)1/2

(t, x). The corresponding rescaling in

(7.13) is (t, x) →
√

2(t, x).
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element15

g = e
i

2
θLσ2e

1

2
rσ1e

i

2
θRσ2 , θL = θ + θ̃ , θR = θ̃ − θ . (7.14)

Taking A, Ā to be in the U(1) subgroup generated by 1
2
σ2, the classical CWZW action

(2.4) can be represented in the form

S1(g, A) = kI1(g, A) =
k

2π

∫

d2z[
1

2
(∂r∂̄r − ∂θL∂̄θL − ∂θR∂̄θR − 2C ∂̄θL∂θR)

−A(∂̄θR + C ∂̄θL) + Ā(∂θL + C ∂θR) + CAĀ ] , C = C(r) ≡ cosh r . (7.15)

The effective actions corresponding to the bosonic and (1,0) supersymmetric CWZNW

theories (2.16) and (6.4) (or (7.1) with (3.4) and (7.2)) in the present model are particular

cases of (here the subgroup is abelian so the quantum terms are bilinear in A, Ā)16

Γ(g, A) =
κ

2π

∫

d2z [
1

2
(∂r∂̄r − ∂θL∂̄θL − ∂θR∂̄θR − 2C ∂̄θL∂θR)

−A(∂̄θR + C ∂̄θL) + Ā(∂θL + C ∂θR) + CAĀ+
1

2
bA

∂̄

∂
A+

1

2
b̄Ā
∂

∂̄
Ā ] . (7.16)

Eliminating A, Ā from (7.16) and dropping out the non-local terms we get the following

σ-model action

S(r, θL, θR) =
κ

4π

∫

d2z[∂r∂̄r + (1 + b̄)(C2 + b)V −1∂θL∂̄θL + (1 + b)(C2 + b̄)V −1∂θR∂̄θR

+ (1 + b̄)(1 + b)CV −1(∂θL∂̄θR + ∂θR∂̄θL) + (1 − bb̄)CV −1(∂θL∂̄θR − ∂θR∂̄θL)] , (7.17)

where the function V and the dilaton are given by

V ≡ C2 − bb̄ , φ = φ0 −
1

4
ln V . (7.18)

15 This parametrisation was used in [11] and also in [26]. The discussion that follows is very

close to that in [26] where the case of the SL(2, IR)/U(1) GWZNW model was considered. Note

that in our present notation the sign of A was changed.
16 Comparing with Section 7.1 note that here we use a different normalisation of the generators:

the generator of the subgroup is T = 1

2
σ2 so that Tr A2 = 1

2
A2.
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In terms of the coordinates r, θ, θ̃

S(r, θ, θ̃) =
κ

4π

∫

d2z[∂r∂̄r +Gθθ∂θ∂̄θ +Gθ̃θ̃∂θ̃∂̄θ̃

+Gθθ̃(∂θ∂̄θ̃ + ∂θ̃∂̄θ) +Bθθ̃(∂θ∂̄θ̃ − ∂θ̃∂̄θ)] , (7.19)

Gθθ = (C − 1)[(1 + b̄)(C − b) + (1 + b)(C − b̄)]V −1 , (7.20)

Gθ̃θ̃ = (C + 1)[(1 + b̄)(C + b) + (1 + b)(C + b̄)]V −1 , (7.21)

Gθθ̃ = (b̄− b)(C2 − 1)V −1 , Bθθ̃ = 2(1 − bb̄)CV −1 . (7.22)

If we identify α′ with 1/κ as in (7.11) (so that GMN and BMN are to be multiplied by

1/4) then in the bosonic case (b = b̄ = 2/(k − 2) = 2α′) we get

4ds2 = dr2 + 2(1 + b)
[C − 1

C + b
dθ2 +

C + 1

C − b
dθ̃2

]

, Bθθ̃ =
(1 − b2)C

2(C2 − b2)
, (7.23)

while in the heterotic one (b = 2/k = 2α′, b̄ = 0)

4ds2 = dr2 + (1 + bC−2)dθ2
L + (1 + b)dθ2

R + 2(1 + b)C−1dθLdθR

= dr2 + 2
C − 1

C
[1 + b

C − 1

2C
]dθ2 + 2

C + 1

C
[1 + b

C + 1

2C
]dθ̃2 − 2b

C2 − 1

C2
dθdθ̃ , (7.24)

Bθθ̃ =
1

2C
. (7.25)

The backgrounds (7.23) and (7.24),(7.25) coincide in the semiclassical (b = 0) limit and

are related to (7.11) and (7.13) by the coordinate transformations

z = C = cosh r , t = i[
1

2
(1 + b)]1/2θ , x = i[

1

2
(1 + b)]1/2θ̃ , (7.26)

and

z = C = cosh r , t =
i√
2
θ , x =

i√
2
θ̃ . (7.27)

The metric (7.24) has rather peculiar ‘heterotic’ (left-right asymmetric) form. For com-

parison, let us recall the exact form [13][27] of the ‘charged black string’ background [18]

35



(corresponding to [SL(2, IR) × IR]/IR gauged WZNW theory) represented in the same co-

ordinates r, θ, θ̃

4ds2 = dr2 + 2(1 + p+ b)
C − 1

C + p+ b
dθ2 + 2(1 − p+ b)

C + 1

C + p− b
dθ̃2 , (7.28)

Bθθ̃ =
(1 − p2

0)C

2(C + p0)
, φ = φ0−

1

4
ln [(C+p−b)(C+p+b)] , p = p0+b , p0 = 1+σ2 , (7.29)

where σ is the parameter that governs the embedding of the subgroup (for σ = 0

(7.28),(7.29) reduces to the exact D = 2 black hole background [11]).17 Note also that the

SL(2, IR) group space background is (see (7.15))

4ds2 = dr2 + 2(C − 1)dθ2 − 2(C + 1)dθ̃2 , Bθθ̃ =
1

2
C , φ = φ0 . (7.30)

8. Concluding remarks

There exist five distinct classes of conformal σ-models associated with gauged or chi-

ral gauged WZNW models: (1) models corresponding to bosonic G/H gauged WZNW

theories; (2) models corresponding to bosonic G/H chiral gauged WZNW theories; (3)

models corresponding to (1,0) supersymmetric G/H chiral gauged WZNW theories; (4)

models corresponding to (1,1) supersymmetric G/H gauged WZNW theories; (5) models

corresponding to (1,1) supersymmetric G/H chiral gauged WZNW theories. For all these

models the exact dependence of the couplings (background fields) on α′ is known and is

different in different classes. The background fields in the first two classes depend non-

trivially on α′ (contain terms of all orders in expansion in α′). There is only one O(α′)

term in the metric in the third class while the dilaton and the antisymmetric tensor are

α′-independent (i.e. semiclassical). The fields in the last two classes do not depend on α′.

The backgrounds of the first and fourth classes coincide in the α′ → 0 limit (the same is

17 To derive (7.28),(7.29) one is to add to the SL(2, IR)/IR GWZNW action an extra scalar

scalar term (∂y − σA)(∂̄y + σĀ) and then fix y = 0 as a gauge. The resulting effective action will

be (7.16) with CAĀ-term replaced by (C + p)AĀ (cf. (4.5)).
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true for the backgrounds of the second, third and fifth classes). The σ-models associated

with gauged (chiral gauged) WZNW theories have the configuration space of dimension

equal to dim G/H (dim G). In the case of the abelian subgroup H the models of the sec-

ond (fifth) class are equivalent to a particular subset of models (axially gauged (G×H/H

with a special embedding of H) in the first (fourth) class. The heterotic string solutions

are represented by the models of the third class (and also by the models of the fourth class

‘embedded’ into the heterotic string theory by introducing an extra gauge field background

[22]).

The conformal invariance of the simplest (D = 2) SL(2, IR)/U(1) model of the first

class was checked explicitly to α′3 [41](and α′4 [23]) order. In [30] we have checked that

the simplest (D = 3) background (7.11) of the second class solves the σ-model conformal

invariance conditions in the α′ and α′2 approximation. Though there are no doubts that

the heterotic background (7.12),(7.13) of the third class solves the corresponding heterotic

σ-model conformal invariance conditions (or, equivalently, the heterotic string effective

equations) it may be of interest to check this directly in the α′2 approximation. There

exists a scheme [42] in which the G,B, φ–dependent part of the α′2 term in the heterotic

string effective action is given by one half of the α′2 term in the bosonic string effective

action plus the non-covariant contribution α′H(ωR − 2
3ωωω) coming from the Lorentz

Chern-Simons modification of H = dB. In contrast to the bosonic case, there is no

(modulo a field redefinition) explicit O(α′3) term in the heterotic string effective action.

Though the metric (7.13) contains only the two-loop correction, this does not of course

imply that the string equations will be automatically satisfied to all higher orders.

The backgrounds corresponding to the chiral gauged G/H WZNW theories discussed

in this paper may be of interest from the point of view of a possible cosmological or black

hole – type interpretation. There are two cases when the resulting space-time metric

has the physical signature. If the group G is compact then according to the equivalence

relation (2.22)we can get just one time-like coordinate if a compact subgroup H is one-

dimensional, i.e. is U(1). If G is non-compact, but H is compact, one can consider the
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non-compact coset G−k/H−k and require that the corresponding σ-model has just one

time-like coordinate. Since H appears in (2.22)with level k − 2gH we will get no additional

time-like coordinates as long as the condition k > 2gH is satisfied.18

Acknowledgments A.A. Tseytlin is grateful to A. Giveon, E. Rabinovici and M.

Shifman for useful discussions and would like to acknowledge also a support of SERC.

18 This counting argument apparently does not depend on whether the ‘auxiliary’ fields are

integrated out or not. All single time coordinate models characterised by G/H cosets based

on simple as well as direct product non-compact groups are classified in [43][9]. The com-

plete list of chiral gauged WZNW theories with one time-like coordinate is: SU(p, q)/SU(p) ×

SU(q), SO(p, 2)/SO(p), Sp(2p, IR)/SU(p), SO∗(2p)/SU(p), E6/SO(10) , E7/E6. One can

also take direct products of the above models with any WZNW or GWZNW theory with no time-

like coordinates. The lowest-dimensional examples have D = 6, i.e. SO(2, 2)/SO(2) CGWZN and

SO∗(4)/SU(2) CWZNW (in both cases it is assumed that the overall coefficient in the action is

negative, i.e. −k).
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