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1. Introduction

The weakness of the gravitational force can be rephrased as an enormous hierarchy between
the Planck mass Mp and the scales characterizing non-gravitational interactions. In the
context of supersymmetric Grand Unified Theories the hierarchy between the Planck scale
Mp and the GUT scale Mgyt appears to be less dramatic (a mere 103), but is nevertheless
puzzling.

The natural framework for trying to understand this ratio is obviously superstring
theory, since it supposedly unifies all interactions. Such a theory contains a scale of its
own, the string mass Mg, which plays the role of a fundamental UV cut-off related to the
finite size of quantum strings. It is quite natural to identify Mg with Mgyr (though not an
absolute theoretical necessity) and, in this case, explaining the origin of the ratio Mg/Mp
becomes the problem.

Unfortunately, for closed strings and at tree level (or in string-loop perturbation the-
ory), this ratio gets related to \/agur in such a way that, when all factors are included,
one finds My ~ 2 x 107 GeV, i.e. an order of magnitude too large a value for identification
with Mqur ~ 2 x 10'® GeV. If we wish to insist on My ~ Mqgyr, this leaves e.g. the
possibilities of either considering open string theory, or going beyond the validity of the
loop expansion (for other possibilities see [f]).

A suggestion in the latter direction was recently made in [ff], where it was proposed
that, in the infinite bare coupling (also known as compositeness) limit, loop corrections
may explain My/Mp < 1 as a result of the different large-N behaviour of gravity and
gauge loops in a theory with a large number N of particle species. The arguments given
in [P] were quite heuristic since they assumed some UV completion of a toy model, making
it UV-finite, as well as the existence of an arbitrarily large parameter N. In this paper
we shall explore this suggestion (at one loop) in the context of superstring theories with
N = 2 space-time supersymmetry. A larger value of N' would presumably induce no one-
loop renormalization of Mp, while the non-supersymmetric case, N' = 0, would be generally
plagued by a large one-loop cosmological constant. Unfortunately, the models for which
we shall be able to perform the calculation do not contain an arbitrary parameter like V.
At the end of the paper we shall introduce models that do have this feature, but for which,
at present, we are unable to carry out a full string-theory calculation.



2. Background field method

The Einstein-Hilbert lagrangian reads (we use units in which i = ¢ =1)

1 M3
—_—~ JgR="FE /GR. 2.1
Torq VIl = 16, V9 (2.1)

In [f] Kiritsis and Kounnas compute the one-loop renormalization of the coupling of the
Einstein-Hilbert action (i.e. of Newton’s constant G or of the Planck mass Mp) for the
compactification of type-II string theory (both ITA and IIB) on the symmetric Zg X Zo
orbifold to 4 dimensions. First we notice that this compactification preserves N’ = 2 space-
time supersymmetry in 4 dimensions. If there were more unbroken supersymmetries, then
there should be no one-loop correction to the Planck mass due to extra zero modes. We
generalize their results in [f] using the background field method (see also [[] to [[0]) to
a large class of orbifold compactifications with A/ = 2 space-time supersymmetry in 4
dimensions. We can choose the axes such that the point group generator for Z y orbifolds

has the form (see [L1]] and [[[Z for the theory of orbifolds)
0 = exp[2mi(vaJys + v3Jor + vadsg)] . (2.2)
The criterion for space-time supersymmetry is then
tve tvstuvg =0, (2.3)

for some choice of the signs. If the v; are otherwise non-vanishing then we have N/ = 2
space-time supersymmetry. If one of the v;’s is zero, then we have N/ = 4 space-time
supersymmetry. For the Zy x Z s orbifolds we have a second set of point-group generators

Y= exp[?m’(wgJ45 + wsJg7 + U)4J89)] . (2.4)
The criterion for space-time supersymmetry then is Point group  (va, U3, v4) B
tugtug o =0, twstwytws=0, (2.5) | L3 (1,1,-2)/3
Z4 (1,1,-2)/4 12
for some choice of the signs. Only if v; = w; =0 for | Zg—1I (1,1,-2)/6 32
the same ¢ = 2,3,4 do we have N > 4 space-time su- | Zg — I] (1, 2,-3)/6 24
persymmetry. The requirement that the point group | Z; (1,2,-3)/7 48
acts crystallographically and the conditions (R.3) | Zg—1I (1, 2, -3)/8 60
and (R.§) lead to the orbifold models listed in ta- | Zg — IT (1,3,—4)/8 48
bles [l and | (see e.g. [I3]). Let us define the complex | Zs — I (1,4,-5)/12 128
combinations Zyo — 11 (1,5,-6)/12 108
Zh— L(X% + Z-X2i+1) i=92.34 (2.6) Table 1: Point-group generators for
V2 Zn orbifolds.
for the compactified bosonic coordinates and
= —(zp% +iap* ), i=2,34 (2.7)

N



Point group  (vg,v3,v4)  (wo,ws,wy) s
Zs % Zs (1,0,-1)/2 (0,1,-1)/2

Zs x Zs (1,0,-1)/3 (0,1,-1)/3 56
Ty X Ly (1,0,—1)/2 (0,1,—1)/4 42
Ty X Ly (1,0,—1)/4 (0,1,—1)/4 210
ZoxZe—1 (1,0,—-1)/2 (0,1,-1)/6 102
Tox Zg—II (1,0,-1)/2 (1,1,—-2)/6 134
Zs x Zg (1,0,-1)/3 (0,1,—1)/6 272
Zs X Zs (1,0,-1)/6 (0,1,-1)/6 1190

Table 2: Point-group generators for Zy X Zy; orbifolds.

for the fermions. The orbifold twist acts as

Z' (o +21) = 2™ 7' (o) (2.8)

on the bosons and as

(o + 27) = 2™V Gi (o) (2.9)

on the fermions, where v = 0 in the Ramond sector and v = 1/2 in the Neveu-Schwarz
sector. For the models of tables [l and f, we therefore find the following partition function
for a flat background generalizing the Zy x Zs result of [{] (for Zx orbifolds set M = 1):

1
ANM Imﬂn[‘l Z Z Z

a,3,a,=0 h1,91=0 h2,g2=0

Z(r,7) = —yetBraf(yatitas o

7 hivao+howo hivs+hows h11)4+h2w4] " (2.10)
g1V2+g2ws2 91v3+g2w3 91V4+Gg2w4
0 -a/2- 0 -a/2+hlvg+h2w2- -a/2—|—h1v3+h2w3_ 0 _a/2+hlv4+h2w4-
B/2| | B/ 2+g1vatgaws | | B/24g1vs+gaws || B/2+g1vatgows |
T n o 77 n ]
gl a2 gl a/2thvathaws | ol a/24hvathaws | 5| 6/2+hivathaws
| B/2] | B/24grvatgows | | B/24+givstgaws || B/24g1vatgows |
S 7 7 7

where ZZ[ZZ ] is the partition function of the complex bosons Z* with twists (h,g). We

have

where I'(2,2) is the (2,2

Z;

) lattice sum, and

-]

Zi

0

_I(22)

)

|4

(2.11)

(2.12)




for (h,g) # (0,0) (see e.g. [[1]]). We introduce a constant background curvature parame-
trized by R by the perturbation

/d% RIP+ ol [P+ lep? ] (2.13)

of the sigma model action, where I’ = k Tr[o'g~10g] and g = exp[io - /2]. Let @Q be the
momentum lattice associated to the left-moving U(1) current :p'4?: I the charge lattice
of the left-moving U(1) current associated to I3 and let @ and I be defined in terms of
the right-moving currents. For a pair of dimensions the 2 dimensional Majorana-Weyl
world-sheet spinors are given by one complex fermion

_ 1 1
V2 V2

The fermions can be bozonized (see [[LT]) by ¢ = ¢! and ¢ = e=* in such a way that
i0H =:4yn)p: . The operator Q) acts as the fermion-number operator. The undeformed

(0 (Y1 +iv2) ¢ = —=(¢h1 —itpa). (2.14)

partition function can be written as

Z:Tr <qLOqEO> , q:€27ri‘r (215)
where
1 I? - 1, I?
Lo=-0%+— +... Lo=-0%+"— ... 2.16
0= 5@+ +- 0= 5@+ +, (2.16)

where the dots stand for operators that do not involve I, I,Q,Q. In the heterotic string
theory the constant background field R transforms Lg and Lg to

5 + —r. (2.17)

- 1+k(E+2)R2 -1 +0?2 I?
L6_L0:L6_L0:(Q+I)+\/ kr2) [(i+2) 7

Let us expand the partition function in a power series in R
o0
Z(R)=> R"Zy. (2.18)
n=0

In string theory the partition function is already the generating functional of the connected
Green functions (this is in contrast to field theory where one would have to take the
logarithm) and the one-loop correction to the Einstein-Hilbert action in the effective action
is therefore given by

Ztet — _ArIm7((Q + I)I). (2.19)

As (I) = 0 on any genus Riemann surface, we find that the Planck mass is not renormalized
in perturbation theory for heterotic backgrounds with A/ > 1 space-time supersymmetry
(see also [B] and [[3] to [[F]). In type-II string theory the renormalization of the Planck
mass is given by

Zl = 2nIm7((Q + I)(Q + 1)) . (2.20)



The contribution of the pair of (transverse) world-sheet fermions that correspond to the
4-dimensional space to the partition function is given by (see [[L1])

0 {a/ﬂ (0,7)
Z5(r) = Trg [ eim@8) = L2217~ 2.21
5(r) =Tra |67 = =2 (2.21)
This was also used to derive (R.1(]). A similar computation leads to
; 1 1 0, |«/2
. [JHemesp] - L 1 0 2.22
fa [q ¢ Q} n(T) 2mi 61/6 [ﬁ/?] () 70 (2.22)

To compute (B-20) we therefore can simply replace the corresponding left and right theta
functions in (R.1() by their derivative. We can use the following Riemann identity

1 < /2 arthy a-thy a—hy—hs

92 Z(_)a+ﬁ+aﬁ9 32 (v, 7)0 64291 (0,7)¢ ﬁ+292 (0,7)6 ﬁ*ﬁ*gz 0,7) =

a,b=0 2 2 2
1 v 1—hy v 1—hso v 1+hi+ho v

=1 Gole | (5| ] oo || (5)- e

For v = 0 this shows that the partition function (R.1() vanishes and that we have at least
one unbroken supersymmetry. We find

1 —2nImrT
—2r1
TIm7(QQ) = NM Imﬂn\“ Z Z 2mn427m7
h1,91=0 h2,92=0

hiva+hows hivs + hows hivs+howy
X Zo Z X
g1v2+gaw2 g1v3+g2w3 g1v4+gawa
8 1 v l—hﬂ)g—hg?ﬂg 14
—lp|2 = 012 =
Xay[ [%] (2’T> [%—glvg—gw@} <2 ) x
% 0 [%—hﬂ)g—hg?ﬂg] (Z T> ) |:%—h1?}4—h2?,U4:| <z 7_) %
$—g1v3—gows | \ 2’ $—g1va—gowy | \2’ o
o |- v ~ l—hﬂ)g—hg?ﬂg v
— 1|2 - 612 -
Xaﬂ[ |:%:| (2’7—) [%—glm—gQwQ} <2,T) %
< 0 [%—hﬂ)g—hg?ﬂg] (E T> 7 |:%—h1?}4—h2?,U4:| <E 7_)
$—g1v3—gows | \ 2’ $—g1va—gowy | \2’ oo '
(2.24)
Because of 12
0 = 2.25
sl en=o (2.25)

the partial derivatives with respect to v and 7 have to act on the first theta functions.
From the N2M? possible sectors, those do not contribute where either

hive 4+ howe = g1vo + gowg = 0 mod1 (226)
or hivs + hows = g1v3 + gows = 0 mod1l (2.27)
or hivg + howy = g1v4 + gowyg = 0 modl1. (2.28)



All sectors that contribute give the same contribution. This is because they are all twisted,
and in this case the contribution of the twisted bosons cancels the one of the twisted
fermions (see (R.12)). Let s be the number of contributing sectors. The different values of
s are summarized in tables [[] and J]. We are left with

~ s —2xlm7r 1 0 1/2
—2r1 = — 0 2
mimT(QQ) NM Im7n|* 2min v [1/2} (/2,7) Vo0 x
1 0 -[1/2
— 0 /2 2.2
" orin 0w [1/2} Wiz (2:29)
Using
1/2 0 10
L T R 2 (2.30)
we arrive at
- 7T
—2rIm7(QQ) = SONTT (2.31)
Multiplying with the fundamental domain integral
d*r 7'('
— == 2.32
/].— (Im7)?2 3 (2:32)

we find the one-loop renormalization of the Planck mass for type-II string theory compact-
ified on symmetric orbifolds

7T2

S6NM

where the dots include higher derivative terms and we have recovered the string scale M.

ALeg = M2/gR+ -+, (2.33)

In the case of the Zy orbifold we have (v2,v3,v4) = £(1,0,—1) and therefore four su-
persymmetries. There are then two vanishing theta functions of the type (R.25)) in (P.24)
and the derivative can only act on one of them. There are therefore, as expected, no sectors
that contribute, and the one-loop renormalization of the Planck mass vanishes.

With the values of the GUT scale Mgyt ~ 2 x 1016 GeV, the Planck mass Mp =~ 10
GeV and 167 =~ 50 (see (2.1))) we find

M2
16—7‘; ~ 5000M&yr (2.34)

In the case of the Zg x Zg orbifold we find the one-loop renormalization of the Einstein-
Hilbert action of
119072

o M? ~ 50M2 . (2.35)

Under the assumption that the total value of the Planck mass is entirely due to one loop
(i.e. the tree value is small, e.g. of the order of the GUT scale or vanishing) this would
give a string scale of

M, ~ 2 x 10'7GeV =~ 10Mgur (2.36)

Amusingly, this value of Mg/Mgur is close to the one obtained at tree level using the

experimental value of agur.



According to the argument put forward in [B] a value for My/Mguyr closer to 1 could
result from a theory possessing a large number N of species (“flavours”). In order to
find a superstring model containing an arbitrarily large IV, let us consider type-I1IB string
theory compactified on My x EHg, where M, is 4-dimensional Minkowski space and FH3
is the Eguchi-Hanson space (see [[[1]]) that is a Calabi-Yau space with 3 complex, i.e. 6
real, dimensions and is the same as the orbifold T4/Z3 where the singularities have been
blown up. As in [[[f]] we consider a background of N coincident D5-branes wrapping a
supersymmetric 2-cycle of FHj3. The total one-loop renormalization of the Planck mass is

given by
2

4
ALy = (% + ch> M2GR+ -, (2.37)

where the first term is (R.33) with s = 8 for the Zs orbifold and the second term is the
contribution of the open strings that end on the branes that is determined by the constant
c. At low energies the massless open string modes that can propagate lead to pure NV =1
super Yang-Mills with gauge group SU(N,) in 4 dimensions (see [[L6]) with gauge coupling

(see [17)

gy = 29s(2m)P 2 ()P p =5, (2.38)

The field theory computation using the heat kernel regularization with the string scale My
as cut-off yields, in leading order in the coupling constant, the contribution of Ny N' =1

vector multiplets
Ny 1

6472 T 64n?’
If we assume that the string scale is of the order of the GUT scale and that the large value

M2/gR or c

(2.39)

of the Planck mass is entirely due to one loop, this leads to Nj, ~ 3 x 10%. It does definitely
not seem natural to have a configuration of such a large number of coincident branes as the
vacuum state of string theory. The problem is that we have only considered the leading
contribution at weak coupling for the massless spectrum (gauge fields) of the open strings
that end on the branes, and not the whole tower of states. A full string computation may
eventually give much larger contributions to the one-loop renormalization of the Planck
mass (using the same type of field-theory computation, the result that corresponds to (R.33)
is also much smaller than the full string result), but it will still have a term proportional
to NyM?2 v/9R. The needed number of branes may correspondingly be smaller.

3. Conclusion

By considering orbifold compactifications of type-II string theory we have shown that a
rather large one-loop renormalization of the Planck mass is possible, depending on the
choice of compactification within the set that preserves N' = 2 space-time supersymmetry
in 4 dimensions. This is in contrast to heterotic string models, where there is no renor-
malization for any compactification that preserves N’ > 1 space-time supersymmetry in 4
dimensions. As discussed in the introduction, in order to be able to lower the string scale
towards the GUT scale, a large number N entering in a different way gauge and gravity

loops is needed. Unfortunately, string backgrounds containing such a free parameter must



involve brane configurations for which adequate loop techniques are still lacking. We hope,
however, to have shown that a parametrically large renormalization of the Planck mass (in
string units) is all but impossible.
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