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Abstract

We analyse the spectrum of the three-particle Schrodinger operator with pair contact and
three-particle interactions on the neighboring nodes on a three-dimensional lattice. We show
that the essential spectrum of this operator is the union of two segments, one of which coincides
with the spectrum of an unperturbed operator and the other called two-particle branch. We will
prove finiteness of the discrete spectrum of the Schrodinger operator at all parameter values of

the problem.
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1. INTRODUCTION

Finiteness of the discrete spectrum of the SO (Schrodinger operator) H of a system of three
arbitrary rapidly decreasing interactions was established by Yafaev in [1] and by Zhislin in [2].
In [3,4,5], it was established that the discrete spectrum of the SO can also be infinite.

The so-called DSO’s (discrete SO) which are the lattice analogues of SO in the continuous
space appear in the models of solid state physics [6] and in the lattice field theory [7]. For these
operators, it is interesting to study finiteness or infiniteness of the discrete spectrum. The works
[8,9] were devoted to this problem.

In [10], the DSO of a system of three identical particles (bosons) interacting via pairwise
contact attractive potentials was considered. It is proved that the discrete spectrum of three-
particle DSO in the case when the operators described by the subsystems of two particles have
no virtual levels, is finite.

Note that in the continuous (Euclidean space) case, the energy of the motion of the center-
of-mass can be separated from the total Hamiltonian so that the essential spectrum and ”bound
states” are eigenvectors of the energy operator with total momentum separated (and this oper-
ator does not, in fact, depend on the values of the total momentum).

In lattice terms the ”center-of-mass separation” corresponds to a realization of the Hamil-
tonians as a ”fibered operator”, i.e., as the "direct integral of a family of operators” H,, »(K)
depending on the values of the total quasi-momentum K €T3 (T2 being the three dimensional
torus, 1 > 0 and A > 0 are energies of the interactions of two and three-particles respectively). In
this case a "bound state” is an eigenvector of the operator H, (K) for some K €T3, Typically,
this eigenvector depends continuously on K.

In this paper we consider the difference of DSO H,, y(K) with pair contact and three-particle
interactions on the neighboring nodes.

We prove finiteness of the discrete spectrum of the operator H, »(K) for K in the some set

[ITCcT?andallp>0, X\>0.

2. Description of difference three-particle DSO

Let Z3 be a three dimensional lattice, £5((Z3)3) the Hilbert space of square summable func-
tions which are defined on (Z3)3, and ¢5((Z3)?) C £2((Z3)?) a subspace consisting of functions
1(n1,n9,n3) which are symmetric with respect to the permutation of any two arguments.

In the coordinate representation, the DSO of a system of three bosons with pair contact and

three-particle interactions on the neighboring nodes acts on the space £5((Z3)3) and has the

form
N 1
(Huxp)(ni,m2,n3) = 3 > Be(ni,n2,n3) — (n1 + s,m2,n3) — @(n1,n2 + s,m3)—
[s|=1
A
—p(n1,n2,n3 + 8)] — (1(Oniny + Onang + Ongny ) (11, M2, M03) — 5[5n1n2(5|n1—n3|l+



+6|TL27TL3‘1) + 6"277/3 (6‘774177113‘1 + 6‘77.277111‘1) + 677/377/1 (6‘774277111‘1 + 6‘77.2777.3‘1)]()0("1’ n2, n3)'

Here ;4 > 0 and A > 0 are the interaction energies of two and three particles respectively; 0y, is
the Kronecker delta; s = (s(1),5) s3)) € Z3 | s|=| s |+ [s® |+ ].

The operator H s, commutes with the group of operators {U,,s € Z*} acting on the Hilbert
space £5((Z3)3) by the formula

Usp(ny,ng,n3) = o(ny + s,m2 + s,n3 + 5).
Let T3 be the three-dimensional torus, L§((T3)%) the space of square integrable symmetric
functions defined on (73)3.

In the momentum representation the DSO described above acts in L§((T%)?) to

(Huxf)(k1, k2, k3) = (e(k1) + e(ka) + e(k3)) f (K1, k2, k3)—
i Z / (ko — k)3 + ey — Ky — ) F (R}, K, K )kt byl —

—A/ZB — (ks — KD)|6(ky + ko + ks — K, — Kb — Ky) F (K, kb, k) dk! iy dich.

Here o /=B /=y /=a; ¢e(p) = 22 1(1 —cosp;), p = (p1,p2,p3) € T?, d(k) is the three-
particle Dirac delta function. Here we choose a unit measure on the torus 72, i.e. Jps dk = 1.
Throughout, an integral without limits denotes integration over the whole range of variation of
the variables of integration.

Taking the Fourier transform the group of translations {Us, s € Z3}, can be transformed to

the group of operators {Us, s € Z3} so that

(Usf)(kl, ko, kg) = emp{—i(s, k1 + ko + kg)}f(kl, ko, k3),

where (k,s) = 3.2_, k;s; is a scalar product of vectors k € T?, s € Z5.

Let K = k1 + ko + k3 be the total quasimomentum of the three particles system and Fx =
{(ky1, ko, k3) € (T?)3 : K = ky + kg + k3} be a six-dimensional manifold. We denote by L(K)
the Hilbert space of all square integrable functions defined on Fg and satisfy the conditions
f(k1, ko) = fko, k1) = f(k1,ks), ks = K — k1 — k.

The operator H, y commutes with the group {Us;, s € Z3}. Therefore H, 1, 18 Tepresented
as a direct operator integral (see [11]) of the family {H, \(K), K € T3}, acting on the Hilbert

space of L(K) as follows

3

3
Hu\(K)f(p,q) = Ho(K)f(p,a) — 11 > (Va ), 0) = A > (VaVaf)(p.q (1)
a=1

a=1
Here
Ho(K)f(p,q) = ex(p.q)f(p,q), ex(p,q) =e(p)+elq) +e(K —p—q)



and
(Vaf)(koukﬁ) = /f(kous)dsa (Vaf)(kaakﬁ) = /[3 - 5(ka - t)]f(tv kﬁ)dt'

Theorem 1. For all K € T?,11 > 0, X\ > 0 the operator H,, \(K) has no eigenvalue lying to the
right of the essential spectrum.

Let h, (k) be a two-particle DSO acting on the space L(k) having the form

(b (0)) () = =) @) = 11 [ F(s)ds, e

where e,(p) = e(k—p) +e(p), L(k) is the Hilbert space of the functions f € Lyo(T3), satisfying
for each k € T2 the following condition f(p) = f(k — p).
We recall some known facts (see [10]). Let m(k) and M (k) be the minimal and maximal

values of the function e (p) respectively. For any z € C'\ [m(k), M (k)] define

Al k,2) =1=puD(k,2), Dlk,2) = [ (enle) =2) 'da

For each p > 0 denote by G, C T® the set {k € T3 : D(k,m(k)) > 1/u}. Then for any k € G,
the operator h,(k) has a unique simple eigenvalue z,(k) < m(k) and for the spectrum o(h,(k))
of the operator h, (k) the equality

o(hu(k)) = {zu(k)} U[m(k), M (k)] (3)

holds. Let po = max(D(k,m(k)))~! then for any u € (0,po] the function z,(k) is defined on
G, (and G, = T3 for u > ). The eigenvalue z,(k) = z(u, k) is a solution of the equation
D(k,z) = 1/p and continuously depends on parameters 1 > 0 and k € G, and strictly decreases
on p € (0,00).

Let [] be a set of points K € T3\ {0}, at which minimums E,x = 2,(p) + (K — p) are
nondegenerate. The set [ is not empty and contains punctured neighborhood of zero, since
E,0(p) has a unique nondegenerate minimum at the point p = 0.

Theorem 2. For any K € [, p > 0 and X > 0 the operator H, \(K) has only a finite

discrete spectrum.

3. Structure of the essential spectrum of the DSO

Let Lo C Ly((T?)?) be the subspace consisting of functions f € Lo((T2)?) satisfying the condi-
tion f(kq,kg) = f(ka,ky), where kq, kg, k, are connected with relation ko + kg + k, = K.

Let hqu(K) = Ho(K) — pVo (e = 1,2,3) be the "channel operator” acting on the space L,
according to

e (B)f s ) = ¢ (ks 5) s i) = 1. [ f (ks 5)ds.

Since the system consists of three identical particles then the spectra of channel operators
hau(K), o = 1,2,3, coincide, that is o(hau(K)) = o(hg,(K)).



It is easy to check, that the channel operator hq,(K) commutes with the group of operators
{us,s € Z3} of the form (usf)(ka,kp) = exp(i(ka,s))f(ka,kg), therefore hq,(K) decomposes
into the direct operator integrals

heaK) = [ @l (k) + (ko) Tk,
where h, (k) is the two-particle DSO defined by formula (2).
Let

Emin(K) = min ek (p,q); Emaz(K) = max ex(p,q).
p,q€T? p,q€T?

From the Theorem of the spectrum of decomposable operators and the representation (3) it
follows that the spectrum o(hq,(K)) of the channel operator h,,(K) coincides with the set
Imeg UImE,, i.e.

0(hap(K)) = Imeg UImE, i,

and the discrete spectrum is absent.

The operator V, commutes with Va, ie V,V, = V,V, and denote by W, = Vo Va. The
operator H,, \(K) acting on the Hilbert space L(K) by formula (1) is represented as a sum of
operators

Ho(K) = Hy(K) — AW,

where

H#(K):HU(K)—NV, V=Vi+Veo+ Vs W=W; + Wy + Ws.

Note, that \W = H,(K) — H,, »(K) is the integral operator. Consequently it is compact.
Therefore according to the Weyl’s Theorem the essential spectrum of these operators coincides,
i.e.

Cess(Hy(K)) = 0oy (H,(K)).

Lemma 1. The essential spectrum of H,(K) coincides with the spectrum of the channel

operator hq,(K), ie. (see [10])
Uess(Hu,)\(K)) = Uess(Hu(K)) = U(ha,u(K)) =Imeg U ImE'“K.

The first part Imex = [emin(K),Emaz(K)] of the spectrum of hq,(K) does not depend
on u and coincides with the spectrum of the unperturbed three-particle operator Hy(K) and
it is called the three-particle branch of the essential spectrum of H,(K). We denote it by
Othree(Hu(K)). The set I'mE, i coincides with the range of values of the function E,x(p) =
2y (K —p) +¢e(p). It is called the two-particle branch of the essential spectrum of H,(K) and we
denote it by opye(H,u(K)) (see [10]).

According to the definition, the three-particle branch [e,,in(K), Emaz (K)] of the essential
spectrum of the operator H,(K) does not depend on p > 0 and the two-particle branch
Up{E,k (k)} displaces to the left with increasing ¢ > 0. That is Fyip (g, K) = ming B,k (k)



monotonically decreases with increasing p. Therefore at some threshold value p = u(K) the
left edge Fopin (1, K) of the two-particle branch and the left edge ep,in (K) of the three-particle
branch of the essential spectrum of H,,(K) coincide. The value of (K) is defined by the following
equality:

—1 —1
p(K) = min (D = p,emin(K) = (p)) —, () = max(D(K = p,emin (K) — £(p)

Lemma 2. a) If p < p(K), then 0ess(H,(K)) = [Emin(K), €maz (K));
b) if p € (u(K), a(K)], then oees(Hu(K)) = [Emin(tt, K), €maz (K)], where Epin(p, K) is lower
bound of the set oyyo(H,(K)) and Epin(p, K) < emin(K);
c)if p> (K), Ocss(Hu(K)) = [Emin (1, K), Emax(tt, K)]U[emin (K), Emaa (K)], where Epoq (1, K)
is an upper bound of the set oyo(H,(K)) and Epmag (i, K) < emin(K).

Remark. In the case K = 0 we have

Othree(Hyu(0)) = [0, %], Trwo(Hu(0)) = [2,(0),12 — p).

If = 11(0), then the two-particle branch o4y,,(H,(0)) coincides with the segment [0,12 — 1(0)]
in this case the left edges of two-particle and three-particle branches coincide. For the case
1 = 12 the right edge of two-particle branch and the left edge of three-particle branch coincide.
If i > 12 then these branches are mutually disjoint.

The operator V' = Vi + V5 + V3 is positive (see [10]). Similarly we can show that the operator
f/a, a = 1,2,3 is positive. The operators V, and Ve, commute, therefore W, = VoVa > 0.
Consequently W = Wy + Wy + W3 is positive.

We denote by Ry(z) the resolvent of Ho(K). For any z € C\ 0e5(H,(K)) we define the
operator Tu,,\(K, z), acting on the space Ly(T?) by the form

3
Tua(K,2) = (I = pVaRo(2) 'VaRo(2)[20] + 1) Val. (4)
p=1

The following lemma, establishes a connection between the eigenvalues of operators H,, »(K)
and Tu,/\(K, z).

Lemma 3. The number z € C'\ 0ess(H,,(K)) is an eigenvalue of H, x\(K) iff the number 1 is
an eigenvalue of Tm,\(K, z).

Proof. Necessity. Let z € C'\ 0s5(H,(K)) be an eigenvalue of the operator H, (K), i.e.

let the equation
3 3
(H()(K)—ZI)f:MZVaf+>\ZVaVaf (5)
a=1 a=1

have a nonzero solution f € L(K). On introducing the notation

9o = 9lka) = Val)(ka) = [ f(ka, 00t 0



we derive the following relation from (5)

3

3
f = ,URU(Z) Zga + ARU(Z) Z Vaga- (7)
i=1 a=1

Substitution of (7) for f in (6) leads to the conclusion that the equation

3 3
(I = uVaRo(2))ga = nVaRo(2) D 95 + AVaRo(2) > Vags (8)
B#a B=1

has a nonzero solution. For each z € C'\ 0.4s(H,(K)) the operator I — uV,Ro(z) is invertible,
therefore if we multiply (8) from the left by the operator (I — uVaRo(2)) ! we get

3 3
9o = (I - MVaRO(Z))_IVaRO(Z)[M Z g5+ A Z Vﬁgﬁ]' (9)
B#o p=1

Because of the identity of particles the functions g,, @ = 1,2, 3, represent the same function
g € Ly(T?), and the operator on the right-hand side of (9) does not depend on a. Therefore we
do not get a system of equations, but we get the equation g = TM,)\(K, z)g. Here TH,Q(K, z) is
defined by (4). It follows from, that g € Ly(T?) is an eigenfunction of Tu, A(K, z) corresponding
to the eigenvalue 1. The operator Tu, A(K, z) is called the Faddeev type operator. This proves
the necessity of the Lemma.

Sufficiency. Let the number 1, for some z € C\ 04s(H,(K)) be an eigenvalue of the
operator Tm,\(K, z) and let g € Lo(T?) be the corresponding eigenfunction. Then g; = g(k;)
satisfies equation (9) and the function f is defined by relation (7), belongs to L(K), satisfies
H,\(K)f = zf and f /=0. It follows from the inclusion g; € L(T?) and boundedness of
(ex(k1,ko) — 2z) ! that f € L(K). Summing the equality (9) all over indices « for the function
[ defined by equality (7) we obtain the relation H,, (K)f = zf. To prove that f £0, we will
check that it is possible to restore ; by f according to the formula g; = V;f /A0. This proves

sufficiency and hence Lemma 3 is proved completely.

4. Finiteness of the discrete spectrum of the DSO

Lemma 4. For any K = (K1,K9,K3), K; /~m,i=1,2,3 the function ex(p,q) has a unique
nondegenerate minimum at the point (K/3,K/3). If at some i € {1,2,3}, K; = m, then the
function ek has several coincident nondegenerate minimums.

Proof of Lemma 4. Since the function ex consists of three identical terms eg;, (pi, gi) =
3 — cos(K; —p; — qi) — cosp; —cos q;,i = 1,2, 3, each of which depends only on two real-valued
arguments p;,q; € [—m,7]|,i = 1,2,3, then it is enough to study minimums of functions eg;.
The function ek, is real-valued analytic with period 27 with respect to each argument p; and
gi, therefore it is enough to find all critical points of e, and compare the values of the function

€k, at these points. Calculating partial derivatives of the function €, and solving a system of



trigonometric equations with respect to unknowns p;, ¢;, we find all critical points of the function
£k;. They have the forms

K;,+2r K;+2n
3 ’ 3

K, -2rm K;—-27

(=) ( T3

) (

3 )

?a
(Ki+7r,Kz-+7r); (Ki-i-ﬂ',—Ki); (—KZ‘,KZ'—FTF).

For any K; € (—m,m) the minimum of ek, is reached at a unique point (K;/3, K;/3) which is
nondegenerate. Only in the case K; = 7, the minimum of e, is reached at two points (7/3,7/3)
and (—7/3,—m/3) and both points are nondegenerate. Nondegeneracy is checked directly and
emin(K) = 3e(K/3), for all K € T3.

Lemma 5. Let K £0, then

max D(K — g, emin(K) = €(g)) > D(K = ¢, min(K) — €(a))lg=r/3-

Moreover for any q € T? the operator hou(K,q) has no virtual level at the left edge of the
essential spectrum of the operator H,,(K).

Proof of Lemma 5. We can show that the maximal value of the function D(K —gq, z0—¢(q))
does not reach at the point ¢ = K/3, that is at the point ¢ = K/3 the necessary condition of

extremum is not fulfilled

OD(K — q,emin(K) —€(q)) o (1 — cosp;)dp
o o = sin(K3f3) [ et P s

The unique operator which can have a virtual level is the operator hq, (K, K/3), since the
left bounds of the essential spectrums of h,(K,q) and H,(K) coincide at the unique value
g = K/3. For ¢ /~K/3 these bounds do not coincide. Therefore the left edge e,,in(K) of the
spectrum of H,(K) does not have a virtual level for the operators ho, (K, q) at ¢ ~K/3.

Let u = pu(K), 20 = emin(K), Ap,z) =1 — pu(K)D(K — p,z — €(p)). It follows from
Lemma 5 that min, A(p, z0) = A(Q(K),z) =0 and Q(K) /~K/3. For any K € T? there exist
d > 0,C1,Cy such that the following inequalities are fulfilled (see [10])

a)Ci(lp—K/3 >+ |q—K/3 ") <ek(p,q) — 2 <
<Clp-K/3P+1q—-K/3°) for (p,q) € (Us(K/3))>. (10)

Der(pq) — 2> ex(p,q) —20 > C1 for  (p,q) £(Us(K/3))%.

Lemma 6. The conjugate operator TJ(K),A(K, z) = T)’f (2) is compact for any z < zy in the

Banach space C(T?). There exist C > 0 and § > 0 such that the following inequality

1T (20) = TX(2)|| < CVzo =2 for z € (20 — 6, 2)

1s valid.



Proof of Lemma 6. The kernel T)’\‘(z) has a form:

Tf(p,q;z)zw(K)(gK(iq - / ;quq 1)?;(; ;]ds'

For any z < 7 the compactness of T} (z) follows from the continuity of the kernel of T} (p, g; 2).
We will prove the estimate ||T5 () — T5(2)|| < Cv/zo — 2. For any g € C(T?), ||g|loo = max, |
g(p) |[< 1 we have
IITi‘(zo)g ~ T3 (2)gllo <

)(61((20, q) — z) — Ag; 20) (ex (P 9) — 20)

< llglloo mpax{2u( K / TA G e 0 0) — B 20) erpoa) — ) LT
6K q, ) z) - A(Q; 20)(51(((1,3) - Zo)
e R et s
Using (10) and the estimate
| Alg; 2)(ex (p,q) — 2) — Alg; 20) (ex (P, @) — 20) |< Clz0 — 2),
Cil(p — Q(K))* + 20 — 2] < A(p; 2) < Co[(p — Q(K)) + 20 — 2],
we have:
175 (20)9 — T5(2)gll0 < Cllglloc (20 — 2)
max[/ (p—5)+(q— %)+ 20— 2]7"dg N
et (g = QUE)((g - QU + 20— 2)[(p — 5 + (4 — 5]
(g — %)2 + (s — %)2 + 29 — 2]~ dqds
A Py iy e < ) )

Consider the first term in the square brackets on the right-hand side of the inequality (11). The
integral over the set 7%\ (Us(4) UU5(Q(K))) is uniformly bounded in p € T®. We estimate the
integral over the domain Us(%) U Us(Q(K)). Passing on to the spherical coordinate system in
the integrals over the sets U(;(%) Us(Q(K)) and substituting p = % we have:
g r2dr Oy
G+ [ ) <C .
O+ G, 0 7"2(7"2—1-,20—2)) - 1+\/20——Z

By analogous reasonings we can show that the second term in the square bracket on the right-side

of (18) is bounded by the same value, therefore

S . C
175 (20)g — Tx (2)glloo < (20 — 2)(C1 + \/Z()Z—_z)Hg“oo-
It follows from here that
IT5 (20) — T (2)|| < CV/zg — 2. (12)

Compactness of the limit operator T/{‘(zo) follows from the compactness of T/{‘(z),z < zp, and

the inequality (12). Thus Lemma 6 is proved.



Along with the Faddeev type operator Tu, A(K, z) we will consider the operator T}, (K, z) =
(I = uVaRo(2)) 2Ty (K, 2)(I — pVaRo(2)) V2, ie.

3
Tua(K,2) = (I = pVaRo(2)) "2 VaRo(2)21 + A 3. Val (I = uVaRo(2))™2. (13)

a=1
Note, that first term on the right side of (13) is a self-adjoint operator and the equations
TuA(K,2)g = g and T, z(K, 2)p = ¢ are equivalent.

Lemma 7. Let K €[] then the operator T, k) (K, z) = Tx\(2) is a Hilbert-Schmidt operator
for any z < zp and uniformly continuous in z = z.

Proof of Lemma 7 immediately follows, if we use the nondegeneracy minimums of e and
A.

Proof of Theorem 1. It follows from the above, that the right edge of the essential spectrum
of H, \(K) is equal to €0z (K). Since the operators V =V + Vo + Vz and W = W + Wy + W3
are positive the following inequality

H?}HlEI(Hu,A(K)faf) = ||§H£1[(H°(K)f’f) — (V) =AW ] <

< sup (Ho(K)f, f) = emaz(K)
IFlI=1

holds. It means, that o(H, x\(K)) N (€maz (K),00) = 0, i.e. the operator H, y(K) does not have
any points of spectrum on the semi-axes (€44 (K), 00).

Proof of Theorem 2. We will assume the contrary, that is the operator H, \(K) has
infinitely many eigenvalues z; such that lim; , 2; = 20 = enin(K). Let f; € L(K) be the
normed eigenfunction of H,, ) (K), corresponding to the eigenvalue z;. From the self-adjointness of
H,, »\(K) it follows that the system {f;} is orthogonal, that is (f;, fj) = d;;. Since any orthogonal
system weakly converges to zero, an orthogonal system of eigenfunctions {f;} weakly converges
to zero too.

It follows from Lemmas 6-7.

Lemma 8. Let K € [] and {f;} be the orthonormal system of eigenfunctions of the operator
H,A\(K) and gi(p) = [ fi(p.q)dg. Then:

a) the sequence {g;} strongly converges to zero.

b) there exists a constant C' > 0 not depending on i and 6 > 0 such that

| 9i(p) [< C for p € Us(K/3). (14)

Continuation of the proof of Theorem 2. The function g;(p) = [ fi(p,q)dg satisfies
the Faddeev equation at z = z;. It follows from Lemma 8 that the sequence {g;} strongly
converges to zero and is uniformly bounded in the neighborhood of the point p = K/3. Using
the representation (see (7))

gi(p)+gz()+gz(K P —q) +/\/ —ex 3t(p —t,q —t)]gi(t)dt

fip.a) = ex(p,q) — ex(p,q) — z

10



we will show that the sequence {f;} strongly converges to zero. This convergence contradicts the
condition of the normalization of f; and completes the proof of Theorem 2. In fact, according

to the properties of the norm we have

155 < 3 [ 1 2P 2 ox( [l Py [ 2 s)

Since e (p,q) — 2 > C > 0 for (p,q) EUZ(K/3), then the first integral on the right-hand side of
(15) over the set (1°)%\ UZ(K/3) converges to zero because of the convergence of the sequence

gi}. Estimate the integral over the domain U?(K/3). According to (14) we have
g 5 g

6K(P, Q) — Z

| for (p,q) € UF(K/3).

~ex(pg) — 2’
Since the minimum of ex is nondegenerate it follows from here that the majorizing function
belongs to Ly((T3)?). By virtue of absolute continuation of the Lebesgue integral, the integral
over the set UZ(K/3) can be estimated by a small quantity. Because of the strong convergence
of the sequence {g;}, it follows that the second term on the right-hand side of inequality (15)
converges to zero at ¢ — oco. It means that || f;|| — 0 as i — oo.

Proof of the Theorem in the case p /=u(K) is similar to that of the Theorem in [10] .
Theorem 2 is proved.
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