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Abstract

We establish an exponential formula for the reachable sets of quantum stochastic differential
inclusions (QSDI) which are locally Lipschitzian with convex values. Our main results partially
rely on an auxilliary result concerning the density, in the topology of the locally convex space
of solutions, of the set of trajectories whose matrix elements are continuously differentiable.
By applying the exponential formula, we obtain results concerning convergence of the discrete
approximations of the reachable set of the QSDI. This extends similar results of Wolenski [19]

for classical differential inclusions to the present noncommutative quantum setting.
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1. INTRODUCTION

We continue our studies in [5] concerning the reachable sets (or attainability sets) of quantum

stochastic differential inclusions given by

dX(t) € E(t,X(t))d Ar (t) + F(t, X (t))dAs(t) + G(t, X (t))dA] (t)
+ H(t,X(t))dt, almost all ¢ € [0,T]
X(0) = Xp. (1.1)

In (1.1), E,F,G,H lie in L2 ([0,7] X A)mps, X : [0,7] — A belongs to L? (A) and

loc loc

Ay Ap, A;“ :[0,T] — A are the driving gauge, annihilation and creation processes. As usual A
is the locally convex space of noncommutative stochastic processes whose topology is generated
by the family of seminorms {||z|l,c = | < n,26 > | 1z € A, n,& € DRIE}(see [2-5, 8-10] for
details).

For arbitrary n,{ € ID®IF, it is well known (see [3, 4, 8 ]) that (1.1) is equivalent to the first

order initial value nonclassical inclusion given by

&< XWE > € Pt X0)0,)

X (0) = Xy, almost all ¢t € [0,7] (1.2)

where (n,£) — P(t, X (t))(n,£) is a multivalued sesquilinear form on ID®IF with values in @,
the field of complex numbers. The explicit form of the map P is presented in Section 2 below.

By adopting similar notations as in Wolenski [19], involving reachable sets and sets of tra-
jectories of classical differential inclusions, our considerations in this paper mainly focus on the
reachable set R(T)(X;), which is defined by

RM (X)) = {®(T) : ®(-) solves (1.2)}. (1.3)

For arbitrary 7, ¢ € IDQIE, we associate with (1.3) the set
R (Xo)(n,€) == {< 0, ®(T)¢ >: &(T) € R (Xo)}. (1.4)

Similarly, the set of trajectories of (1.2) is defined by

ST (Xy) := {®(-) : ®(-) solves (1.2)}. (1.5)

Again, associated with (1.5), we define S)(Xy)(n, €) by :
ST (X0)(n,€) = {< m, ®(-)¢ >: () € ST (Xo)}. (1.6)

The main result of this paper is that the exponential formula

RO(Xo)(m,€) = Jim (T+ )" (Xo)(1.€) (17)



holds subject to the map (t,z) — P(t,x)(n, &) being locally Lipschitzian with convex values and
the stochastic processes are defined only on a simple Fock space. The power of (I + %P) in
(1.7) is that of composition of multivalued sesquilinear forms, defined in Section 4 and the limit
is a set limit in the sense of Kuratowski. The identity multifunction I : A — 24 takes z — {z}.

An important consequence of formula (1.7) is that solutions of the inclusion (1.1) or (1.2)
need not be invoked in order to determine the points in R(")(Xq)(n,¢). This situation is similar
to what was obtained in the case of reachable sets for classical differential inclusions as explained
in [19].

Another important feature of Equation (1.7) concerns discretizations of quantum stochastic
differential inclusion (1.2). Equation (1.7) implies that the set of all endpoints of the matrix
elements of discrete trajectories of (1.2) converge to the entire reachable set R(™)(X;)(n,¢).
Consequently, we obtain convergence results concerning discrete approximate reachable sets of
(1.2).

This work is partly motivated by the need to develop numerical analysis of quantum stochas-
tic differential inclusions. As highlighted in [5], emphasis so far has been on numerical procedures
for continuous quantum stochastic differential equations with high degree of differentiability of
the matrix elements of solutions (see [2, 3, 4]). The numerical analysis of the discontinuous
equations needs to be developed as well since a large number of quantum stochastic differential
equations arising from applications are discontinuous but may be reformulated as regularized
inclusions. Questions concerning estimations of the Hausdorff distance between the sets of so-
lutions of (1.2) and the set of solutions of its discrete approximation will be considered in a
forthcoming paper.

The plan for the rest of the paper is as follows: Section 2 contains preliminary notations
and basic prerequisite results. In Section 3, we establish a result concerning approximation of
trajectories of (1.2) by trajectories whose matrix elements are continuously differentiable. This
extends the result of Wolenski [19] concerning approximations of solutions of classical differ-
ential inclusions by C! trajectories. The main results, concerning the exponential formula, is
established in section 4. We formulate the discrete Euler approximations of the reachable set of
(1.2). Finally, we show that the discrete reachable sets converge to the entire reachable set of
(1.2).

2. PRELIMINARY RESULTS AND ASSUMPTIONS

As in [2-5,8-10], we associate with the locally convex state space A of noncommutative

(A), L, (IRy) for a fixed Hilbert

stochastic processes the spaces Ad(A), Ad(A)wae, LT,
space v and for 0 < p < co.
If A is a topological space, then clos(A) (resp. comp(A)) denotes the collection of nonvoid

closed (resp. compact ) subsets of A.



We employ the Hausdorff topology 75 on clos(.%i) determined by a family of pseudo-metrics

{pne(-), n,& € DRIE} on clos(A) as follows:
Forze A, M, N € clos(A),

d = inf —
ne (2, N) ylgNllx Yllne,

One (M, N) = sup dye(z,N),
zeM

and

pne(M,N) = max(0,e (M, N), dpe (N, M)).

For M € clos(A), [ Ml = dye (M, {0}).

Similarly, for A, B € clos(@) and z € @', the complex numbers, let
d(z, A) = inf |z —
(2, 4) = inf |z —y]

d(A, B) =supd(z, B)
TEA

and
p(A, B) = max(d(A, B), (B, A))

Then we employ the metric topology on clos(@) induced by p. The set -theoretic operations are

adopted as usual (see [8-10] for details).

In the following, Kuratowski limits of set will be frequently employed. If {M;}32, is a
sequence of subsets of A, we define the limsup and liminf of {M52,} by

]li)rglo supM; ={a: Jlggo infd,¢(a, M;) =0} (2.1)
Jll>1rrolo inf M; ={a: jli)rgosupdng(a,./\/lj) = 0}. (2.2)

If limsup M; = liminf M;, we say that the limit exists and write lim;., M; for the common
value. We observe that if each M; and A are compact in A and contained in a bounded set,
then from (2.1) and (2.2), A = lim;_,o, M if and only if p,e(M;, A) = 0 as j — oo.

Similar definitions hold for the Kuratowski limit of a sequence of subsets of @, the field of com-
plex numbers. However, the Hausdorff metric p will now replace the family of pseudo metric

above.

Continuous Multivalued Stochastic Processes

A multivalued stochastic process indexed by the set [0,7] C IRy is a multifunction on
[0, 7] with values in clos(A). As in [5], the set of all locally p-integrable multivalued stochastic

processes will be denoted by LY (A)muvs, p € (0,00) while L?

loc loc

(I X A)mos is the set of maps



®: I x A clos(A) such that the map t — ®(t, X (t)) ,¢ € [0,T] lies in LE (A)myps for every
X eI? (A).

loc

For f,g € L35,.(R+), ™ € Ly ,.(R+), 1 is the identity map on R ® (L3 ([R+)) and M is

any of the processes Ay, A;r, Ar and s — s1,s € IR4,then the multivalued stochastic integral
ftto (s, X (s))dM(s) is adopted as in [8].

Let G : [0,T] — 24 be a given multivalued stochastic process indexed by [0,T]. Then we
say that G is upper semicontinuous at ¢y € [0, 7] if
.lim sup G(t]‘) C G(to)
j—00

for all sequences {t;} with t; — ¢o.
The map G is lower semicontinuous at %y if
G(to) C lim inf G(t;)
j—o00

for all {tj} with t; — to.

G is said to be continuous if it is both upper and lower semicontinuous. Similar definitions

of continuity hold for a multifunction of the form:® : A= 24,

Lipschitzian Multifunctions

These are defined as follows:

(i) Let A/ be an open subset of A. A map ® : N' — comp(A) will be called Lipschitzian if
for all n,¢ € IDRIE, there exist positive numbers K¢ such that

pne(®(2), 2(y)) < Kyellw = yllng, Yz, y € N.

We say that @ is locally Lipschitzian if it is Lipschitzian on each compact subset of N.

(ii) If & : N' — 25¢5¢P2E)  where sesq(IDQIE) is the linear space of sesquilinear forms on
ID®IE, then @ is Lipschitzian if

p(®(2)(n,6), @(y)(n,£)) < Kpellz — yllye,

where K¢ are positive real numbers.

We remark here that by Proposition (6.2) in [8], the map (¢,z) — P(t,z)(n,£) appearing in



(1.2) is Lipschitzian if the coefficients E, F,G, H : [0,T] x A — 24 in (1.1) are Lipschitzian.

For E, F,G, H lying in L} (I x A)mws, (1.1) is understood as an integral inclusion given by
t
X(t) € Xo +/ (E(s, X (5))d Ax (s) + Fls, X (5))dAs (s)
0
+ G(s,X(s))dA] (s) + H(s, X(s))ds), t € [0,T], (2.1)
with initial data (¢9, Xo).

The explicit form of the map P(t,z)(n, ) is given as follows: For (t,2) € R, x A, n,¢ € DQIE,

such that n = c®e(a), ¢ =d®e(p), c,d € D, o, € Lfﬁloc(RJr), define the multifunction

Pas 1 [0,T] x A — 24

by
P.g(t,z) = pap(t)E(t,z) + vg(t)F(t,z) + 0o(t)G(t, ) + H(t, z)
where
tap(t) =< a(t), n(t)B(t) >,
vg(t) =< f(1),B(t) >
and

Ua(t) =< Ol(t),g(t) >’Y .
This leads to the multifunction
P:[0,T] x A — 28esa(D2E)
defined by

P(taﬁ)(ﬂaﬁ) =< U,Paﬁ(taﬁ)f >= {< UaZ(taﬁU)f >t Z(t,.’L‘) € Paﬁ(tvx)}'

As in [19], we shall introduce the notion of escape times. In what follows, unless otherwise

indicated, we consider the autonomous version of (1.1) and (1.2).

Let N' C A be an open subset and zy € N. Assume that P(z)(n,£) has compact values
and is locally Lipschitzian on A. Then we define the escape time T by

T :=sup{T:c |J R®(z4) is compact in N},
0<t<T

43

where “ c]” denotes the closure of the set.



Next, we present a non-commutative generalization of the Fillipov existence theorem for
inclusion (1.2) due to [8], in a form suitable for our purpose. To this end, for an arbitrary
process Z : [0,T] — A lying in Ad(A)yqc, we define

T d
o(2) = [ d(g <0 2(0¢ > P(2O)0. )t

Theorem 2.1. Assume that the following conditions hold:
(a) Z : I — A is an arbitrary process lying in Ad(A)qc such that there exists positive functions
Whe(t) satisfying

A5 < m, 20 >, PZ0)(0,€)) < Wae(1).

(b) There exists # > 0 and ' C A such that each of the maps E, F,G, H is Lipschitzian from

N to (clos(A), 7ir) and that
Qro={z € A: |z —Z([t)|lpe <0,Yn,¢ € DRIE for some t € [0,T]} CN.

(c) K¢ > 0 are the Lipschitz constants for the map P : N/ — 29¢s¢(P2F) on A/,
(d) For arbitrary n,¢ € DQIE, t € [0,T],

t
Eye(t) = eFne / dsWye(s).
0
If in addition, E, F, G, H are continuous from A to (clos(A), 75) and
T
/0 Wie(t)dt < e FneT,
then there exists a solution ® € S(T')(Z(0)) of (1.2) satisfying
1R() = Z(B)lne < o(Z)e T, te T

and

d d
5 <1 RO > — 5 <120 > | < KoBye(t) + Waelt

for almost all ¢ € J where

J={t€[0,T]: Ep(t) < o(Z)en" <0}

The next result is a useful lemma due to Wolenski [19].

Lemma 2.2. Suppose that R, S, My, My, My are real constants satisfying

M1 = R+ SMj,for j=1,2---N,



then

1-8N Ny o
) S Mo if S#1,

My = R(

3. SOME DENSITY RESULTS

In this section, we show that an arbitrary trajectory of the Inclusion (1.2) may be approx-
imated in A by a trajectory whose matrix elements are of class C'[0,T], provided that the
coefficients E, F, G, H are locally Lipschitzian and the map P(z)(n,&) has convex values in (.
This extends similar results in [19] to the present non-commutative quantum setting. In what
follows, in this Section and Section 4, we consider the initial space R = €. Consequently,
DRI = IE and RQ (L2 (IR )) = T(L2(IR,)).

Theorem 3.1. Suppose that the following conditions hold.

(i) NV is an open subset of A and P : N' — 25¢59F) ig a multivalued sesquilinear form with

nonempty, convex and compact values in @'.
(ii) The coefficients E, F, G, H are locally Lipschitzian on A.

(iii) ®(-) € ST (zg) is a trajectory of (1.2) with matrix element

<0, ()€ >i= Dpe(+) € ST (o) (n, ).

Then for each e > 0, there exists ®(-) € S (1) such that

<, (i()f >i= &)nﬁ() € S(T)(%)(Uaf) ﬂ CI[O’T]

and

10(8) = B(t)llye < €.

We first establish the following Proposition which will be employed in the proof of Theorem 3.1.

Proposition 3.2. Let N, the map P and the coefficients E, F, G, H be as in Theorem (3.1)
and suppose that the following hold.

(i) Y : [0,7] — A is an arbitrary process lying in Ad(A)yq. such that its matrix elements



Yye(-) :=< 1, Y (-)¢ > belong to C''[0, T] for each pair n,¢ € IE.

(ii) There is a compact set Q@ C A and 6 > 0 such that the set
{z:)lz =Y (@)|lpe <6, forsome 0<t<T V néclE} CQCN.
Let K¢ be Lipschitz constants for the map P on (). Assume further that
o(Y) < Qe KneT,

Then, there exists a trajectory Y (-) € ST)(Y(0)) with

Yae() € STV (0))(n,€) () C[0, T
satisfying
1Y (£) = Y ()l < o(Y)ene"

We require the following lemma for the proof of Proposion (3.2).

If A C @ is a closed, convex set and a € @, we denote by proj(a, A), the unique element in

A closest to the point a.

Lemma 3.3. Suppose that G : [0,T] — 24 is a multivalued stochastic process such that
the map t — G(t)(n, &) is a continuous multivalued sesquilinear form with nonempty, closed and
convex values on [0,7]. Suppose further that V : [0,T] — A is an adapted process such that
the map t —< n, V(¢)¢ > is continuous for each pair of n,& € IE. Then the map

t = proj(< n, V()¢ >, G(8)(1,£))

is continuous on [0,77].

Proof: The proof is an adaptation of the arguments in ( [19], Lemma 3.3 ) as follows: For
each pair of 7, ¢, set
Pe(t) := proj(< n, V(t) >, G(t)(n, £))

Let to € [0,T] and {t;};>1 C [0,T] with t; — tg as j — oo.

Since ¢t — G(t)(n,§) is continuous, the sequence {P(t;)} is bounded and therefore has a
convergent subsequence.

We assume that P (t;) — Py as j — 0o by passing to a subsequence if necessary but retaining

the same notation. To conclude the proof, it is sufficient for us to show that

Pnf(to) = Pnf-



Since t = G(t)(n, &) is upper semicontinuous at tp, we have p,e € G(to)(n,&), where ppe =<
n,p& >, for some p € G(ty) C A.

Again, since ¢t — G(t)(n, &) is lower semicontinuous at ty, there exists g,¢; € G(t;)(n,§) such
that gpe ; — Ppe(to).

Hence, we have
[Vine (f0) — Pne| = T [Vye () — Pye(t)]
< lim |Vn§(tj) — qnf,j| by definition of P (tj)
J—00
= [Vie (o) — Pye(to), (3.1)
by continuity of V,¢(-) and the absolute value function | - |.

But Py¢(to) is the unique element in G(to)(n, £) closest to Vy¢(to). Therefore, the last inequality
implies that

Pye(to) = pre-

Proof of Proposition 3.2. The stochastic process Y € Ad(./é{)wac is given such that <
Y (-)¢ >€ C'[0,T] for each n,¢ € IE and satisfies

o(Y) < fe HneT,
By Lemma 3.3,
d
E = Voo i= proj( <, Y (1€ >, P(Y (1)) (1, €))

is continuous on [0, T].

Set .
n@:<mymﬁ>+ﬁx%mg@
Then,
Yoea(+) € CHo, T,
with

C¥e(t) = Vagolt) € PY()(n,€)

by definition.
Since Yy¢1(t) is a sesquilinear form on [0, 77, there exists a stochastic process Y : [0,T] — A
such that

Yn§71(t) =< U,Ylf > .

Since
Ve = Yoel = | [ (aeols) = 5 < 0, Y(5)¢ )
< [ Waeals) = 2= <Y (s)¢ > lds

:/d_<m )€ >, P(Y (s))(n,€))ds
< oY) <o.

10



IYi(t) = Y(0) 4 < 0.

Then,
Yi(t) € Q CN,Vt € [0,T].

Next, we set
Vieo(:) = Ve ().
Inductively, suppose that n > 1 and that adapted processes {Y} _, have been chosen such

that the sequence {< n,Y;(-)¢ >}}_; are continuously differentiable on [0,7T] for all n,{ € IE
satisfying (3.3) -(3.6) below, for all 0 <¢ < T and j =1,2---

& <0 V(06 >€ PG (0)0,6), (33
Y)KI =2
<06 >~ <y > < T (3.4)
i—1
< T06 > - <n Va6 > | <o) T (35)
v € Q. (3.6)

First, we observe that when j = 1, (3.5) and (3.6) follow directly from (3.2), (3.3) is obvious
and (3.4) is vacuous.

Next, we begin by defining

D ) Ya(t)E >, PV (1) (0, €)

Vn&,nJrl(t) - prOJ(d

and

t
Vi1 (0) =< .Y (0 > + [ Vignia(s)ds
=<1, Ypa (8)€ >,

for some stochastic process Yy 41 : [0,T] — A.

By Lemma 3.3, ¢t = Vj¢ n11(t) is continuous and

d
dt nf,n+1(t) = an,n—i—l(t)-

This implies that
Ynﬁ,n-l—l(') € CI[O,T].

Let ¢t € [0,T1], then ;
Ly (8) € P 0.0).

11



Therefore,
d d
|2 ¥aen1() = 5 < Yalt)é > |

= A < Ya(0)E >, PYA(0) (0. 6))

< p(P(Yn-1(2))(n,€), P(Ya(%))(n.€)) by (3-3),
< Kypel||Yn—1(t) = Yu(t)|lpe by Lipschitz property,
77§|<771Yn—1( )€>_<na ()£>|
Kn tn—l
<o(V) 2
<o)
The last inequality shows that (3.4) holds for j = n + 1.

by (3.5). (3.7)

Next, we have

|<777Yn+1()£>_<771 ()€>

< [ 1 Yagmia () = o < Yol > Ids
t K gn— 1
< U(Y)/U ﬁds by (3.7)
K

- a(Y)(ZLiﬁt)n. (3.8)

The last inequality shows that (3.5) holds for j = n + 1. Finally, we have

1Yo (t) = Y () llne
= | <77,Yn+1(t)§> —<n,Y(#)E > |

<Z|<77, Vi1 ()€ > — < n, V()€ > |

7=0

<o)y (K’;ift)] by (3.5) and (3.8)
= 7

< o(Y)efnel <. (3.9)

This shows that Y,11(¢) € Q. The induction proof is complete.

The foregoings imply the existence of a subsequence {Y;}52, of adapted processes Y; : [0,T] — A

lying in @ with the property that the sequence {< n,Y;(-)¢ >}32, are continuously differentiable

on [0,T].

It follows from (3.5) and (3.4) that {Y;(#)} is Cauchy in @ with the property that {% <
Y;(t)¢ >} is also Cauchy in @, the field of complex numbers.

Consequently, {Y;(t)} converges uniformly to some Y (t) in @, i.e.
1¥5(t) =Y (@)llye = | <0, Y;(8) > = <0, Y ()¢ > | =0 as j — co.

This implies that
<N Y;(HE >=<n, Y () > as j — oo

12



The function < 7,Y (:)¢ > is continuously differentiable on [0,T] since < 7, Yj(-)§ > lies in
C'0,T] for each j.
Hence

d d
7 <Y (K>%d <n,Y(H)E>.

By (3.4), 4 o<, Y (t)¢ > is continuous by the continuity of the sequence {dt <n,Y;(t)€ >} on
[0,T] for each j.
Moreover, for each ¢ € [0,7T] and by (3.3), we have

d d
%<77,Y()5> = Jlggod <n,Y;(t)¢ >

€ jgrgloP(W—l(t))(naﬁ)

= P(Y(®)(n,9).

Hence,
V() € ST(v(0)

with
<, Y ()€ >€ SD(Y(0))(n, ).

Finally, from (3.9), we obtain

IV (6) = ¥ ()llge = lim [Yaer () = Y (0)]lg

< o(Y)efne,

The next result is a direct application of Lusin’s Theorem (see Rudin [16], Phillips [15]) to
elements of Ad(./I) with Lebesque measurable matrix elements. The result will be employed in

the proof of Theorem (3.1) that follows.
Theorem 3.4: Assume that the following conditions hold:

f:[0,T] = A is a stochastic process such that for all 7, ¢ € IE,

fue(t) =<, f(t)¢ >

is Lebesque measurable on [0,T] and

Rye = sup | fe(t)]-
[0,T]

Then, given € > 0, there exists a borel subset J C [0, 7] and a continuous function Z,¢ : [0,7] —
@ such that

an(t) = fng(t), t e [O,T] —J.

13



sup | Zpe ()| < Rye
[0.71]

and

where L denotes the Lebesque measure.

Proof: Since fy¢(t) is measurable on [0,7] and L([0,T]) < oo, then, by Lusin’s Theorem, (see
Phillip [15] page 225 ) there exists a Borel subset J C [0, 7] such that

L(J)<e

and
fne(+) € C([0,T] = J).

Next we define
Zne(t) = foe(t), t€[0,T] -,

R

Zpe(t) = — <> tel
=TS

We note that Z,¢(-)is well defined since | < n,{ > | #0, V n, £ € IF, where

<€ >=esn,

n= 6(0{), £ = 6(6)7 a, B € L'Zy(RJr)

Consequently,
Zne(+) € C[0,T7
and the set
J={t €[0,T]: Zye(t) # fre(t)}
satisfies
L(J) <e.
Again,

sup |Zn§(t)| < sup |fn§(t)| = Ry.
[0,7] [0,T7]

Proof of Theorem 3.1: Given that ®(-) € S()(Xp) and € > 0, we have ®,¢(-) € ST)(X,)(n, &)
for each pair of ,¢ € IE. We show that there exists a trajectory ®(-) such that

(I)nf() S S(T) (XU)(Tla 5) ﬂ CI[O,T],

and
() — D(t)llne < e,

14



where

Ppe(-) =<1, ()€ > .

We assume without loss of generality that € is sufficiently small so that the following hold
{u:llu—2()||ye <e forsome 0<t<T,VnéeclE} CQCN,

for some compact set @ contained in N.

Let K,¢ > 1 be Lipschitz constants for the map  — P(x)(n,£) on @ and let

Rye = sup{|vge| s vge € |J P(u)(n,6)}-
ueQ

Since @(-) € S (Xy), we have

d
|% < naq)(t)g > | < Rnﬁa
for almost all t satisfying 0 <t < T.
Let
d
fne(t) = 7 < n, ®(t)¢ >, te€l0,T],

then by Theorem (3.3), there exists continuous functions Z,¢(-) on [0,7] and a Borel subset
J C [0, T] such that
an(t) = fnﬁ(t)a for t € [OaT] —J, Vn,¢,
sup | Zpe (£)] < R,
[0,7]

and
€

<
- 4K,7§Rn§(1 + T)eKnéT’

L(J)

where L is the Lebesque measure on [0,77].

Next we define for each pair of 0, ¢

t
Yye () =< 1, Xof > +/0 Z,e(s)ds.

Then
Y,e(+) € CH0,T).

As Y,¢(t) is a sesquilinear form, there exists a stochastic process Y : [0,T] — A such that
Yye(t) =< n,Y(t)¢ >, almost all ¢ € [0,T].

It is immediate that Y lies in Ad(A)yqc by definition.
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Observe that for all t € [0,T] — J, < n, Y (£)€ > — < n,

However, for all ¢ € [0,T], the following hold:

Again, we observe that (3.10) implies that the set {u : ||Ju —

| <nY

<

<

IA

2Ry L(J)

€

(t§>_<n7

2K peefneT(1+T)
€

5"

Next, we estimate o(Y") as follows:

) ()¢ > =Y (t) -
/|Z,7§(s <n, B(s)E > |ds

d(t)¢ >=0.

() llne

(3.10)

Y (t)|lpe < £} is contained in Q.

)i= [ Al <Y (O > PO ()0,
s/ p(P(@(0)(0.€), P(Y (1)) (1.t
0,7~

J
+La%<me&nﬂﬂmW@Wt

T
< Ko [ 19(0) = Y () et + 2Ry L),

Consequently, by applying (3.10), we have

Application of Proposition (3.2) to the process Y :

Y)<
U( )— 2Kn§€K"£T(1 +T)

KngTE

€

K,

el +1 e KaeT

- E[Kng(l 1T)

€

—K,eT

< —e TnE
2

there exists ®(-) € ST (Xy) such that

and

, since K¢ > 1.

2K peefneT(14+T)°

0,7] — A with § = § and Q, implies that

Bye() € ST (Xo)(n, &) C'O,T] V 0, €€ B

IY'(#) —

~ €
B(t) e < 5-

Finally, by employing (3.10) again, we conclude that

1 (#) —

1.e

S(1)lne < ll(2)

1(t) -

(1)l < e.

16
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4. THE EXPONENTIAL FORMULA

We first present the definitions of composition of multifunctions suitable for our purpose. Unless
otherwise indicated, n,£ € IE such that n = e(a), & =e(8), a,B € L%(IR.Q. In what follows

I is the multifunction that takes z — {z}.

Definition 4.1. Let Gy and Gy : A — 94 be multifunctions defined on A. By composition
GooGy: A— 24 of G1 with G, we mean the set

GooGi(z) = {z: there exists y € G1(z) with z € Go(y)}.

G denotes the composition of G with itself N times.

Definition 4.2: The composition of the multivalued sesquilinear form P : A — 25¢54(E) with
itself NV times is defined by
PN (z)(n,€) =< n, Pa()¢ >,

where
PO% A= 2A

is the composition of P, with itself N times in the sense of Definition (4.1).

Theorem 4.3: Suppose N' C A is open and P : A — 25¢59(E) ig g locally Lipschitzian multi-

valued sequilinear form with nonempty, compact values on N. Let X, € N be fixed.
(i) For 0 < T < T, one has

Jim_sup(I 4+ 109V (%) (n,€) € dlRD (Xo)(,€) (4.1)

(ii) If in addition, P is assumed to have convex values, then for all T > 0, we have

RO (X0)(1,€) € Jim inf(I + )" (Xo)(1,€). (42)

Proof: (i) Suppose 0 < T < T. Let Q = ¢l Uo<t<r R (Xy).
Then Q is compact by definition of T'. So there exists § > 0 such that Q + 0B C N, where B is
the closed unit ball in A.
We put
Rpe = sup{|Ve| : Viie € P(Q +0B)(1,€)}

=sup{|[Voe| : Vie € | P(u)(n,6)}
ueEQ+0B

17



and put K,¢ > 0 to be Lipschitz constants for P on Q + 0B.
Let € > 0. We show that for all large N satisfying

T < min{ € 0
— min
N — RngKngTeKnéT’ 2R77§

1, (4.3)

the inclusion

T . )
(I + 5 Pap) (Xo) € RY

holds. Consequently, the inclusion

¥)(Xo) + €B (4.4)

(I + PV (Xo)(n,€) € RO

N ) (Xo)(1,€) + €B(n,€) (4.5)

immediately follows from (4.4). Here, B(n,&) = {< n,z€ >: x € B}. Since € is arbitrarily small,
we can then conclude that (4.1) holds.

In the sequel, we put h = %, tj =ghfor j =0,1,2--- N, where N satisfies (4.3).

We shall establish (4.4) by induction on j. The case j = 0 is trivial. For the induction hypothesis,
suppose (4.4) holds for all 7 such that 0 <7 < j < N.

Let Yj11 € (I + hPag)j+1(X0). Then there exists Yy = Xo, Y1, Yo---Y; and Uy, Uy ---Uj so
that for 0 <7 < 5, we have

U, € Pa/g(Yé) and Y=Y+ hU;.
We remark that when 0 < i < j, (4.4) implies that
0
Y,eQ+ §B

so that
<n,Ui§ >€ P(Q +6B)(n,¢)

and so

| <n,Ui& > | = [|Uillpe < Rye-

Let ®(-) be defined on [0,%;41] as the piecewise linear interpolation of {Y;}QOI equally spaced
on [0,t;41] as follows

O(t) =Y+ (t—t)U; if t; <t <tip. (4.6)

®(t) is adapted and weakly absolutely continuous on [0,%;1].
The range of ®(-) lies within @ + 6B because

0
Yi+(t—ti)UiEQ+§B+hRn§BgQ+QB.

This follows from (4.3) since AR, < &.

Hence we have

o) = [ (s <ma06 >, PE0) )t

18



I i
<> [ AP 0,00, P 0, €
1=0""

J tit1
< Ky Z/t |Y; — ®(t)||edt by Lipschitz property of P
i=0 7 ti

< KyeTRyeh < ee” Xnel by (4.3).

By Theorem (2.1), there exists a solution ® of (1.2) such that
12(t) = 2(#) e < o(@)e T, 0 <t <ty
In particular, if we put ¢t =t;41, 4 = j + 1, we have from (4.6) ®(t;41) = Yj+1 and
18(¢511) — Yisillne < o(@)e5s" < c.
This implies that
dye(Yj1, RU+ (X)) <e.

Hence, we have
Yji1 € R%+)(Xy) + €B.

Thus (4.4) holds for all j =0,1,2--- N. This completes the proof of (i).

(ii) The values of x — P(z)(n,{) are now assumed to be convex. Thus Theorem (3.1) can
be applied.

Let ®(-) € S (Xp) such that its matrix elements

<n,®(+)€ >= De(-) € C0,TY, for each pair of n,¢ € IE.

By Theorem (3.1), any ®(-) € S(T)(X;) can be approximated to any degree of accuracy by
®(-). Consequently, to prove (4.2), it is sufficient to show that

T
<n,®(T)> € lim inf(I + —=P)N(X)(n,&).
N—o00 N
Denote by @, the range of ®(-), i.e
Q={z:x=0(), tel0,T]}
and choose 6 > 0 so that

Q+60BCN.

Let K¢ be Lipschitz constants for the map P on Q + 6B. For each integer N, h = %, tj =
jh, j=1,2--- N, define

< Bt )E > — <n,®(t)E > d
enpe = sup | 1)t h S 7 < eME> =y |- (4.7)
]:071""]\7
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Since < 1, ®(-) > is continuously differentiable on [0,T], enye — 0 as N — oo.

Assuming that N is large enough so that

0K e
ENmE S KT 1
then it can be shown that
T EN
<0, (D)6 >€ (T+ P) (X0)(1,€) + ("¢ — 1) B(n, ). (48)

né

To prove (4.8), we proceed by letting Yy = Xy so that
Yoeo =<1, Y08 >=<1n, Xof >

and

d
Uneo = 7t <1, ®(t)E > |i=1y, Mo=0¢€ IR.

Having chosen

Yoej =<, Y56 >, Upey =<n,U;§ >
for some U;, Y; € A, let
Ynf,j-i-l =< 777}/36 > +h < m, Uj§ >,

where

Yj1 =Y; + hUj,

d
Ung,j1 = proj( <1, @€ > le=t;11, P(Vj41)(n,€))

and
Mj+1 = (1 + Kngh)Mj + 1.

We note that
M; < Mj
for each j and therefore by Lemma (2.2) ( with R =1, S =1+ K,¢h ) we have

1 1

My = 1+ Keh)N —1)) < KneT 7). 4.9
¥ =g (U Kaeh) = 1)) € o (0T = 1) (49)

Inductively, suppose for 0 < j < N, the estimate
1Y; — @(t))|lne < henpeM; (4.10)

holds. When j = 0, (4.10) is trivial as Yy = ©(0).
We have from (4.9) that

6N’
th,ngMj < ﬁnj(eK%T — 1) <40
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by the choice of N.
Hence (4.10) implies that
Y; € Q+ 0B,

since ) consists of elements in the range of ®(-) and
B={z:|azlle <1} C A
By the Lipschitz property of P on @ + 6B and the choice of U, j, we have

d
| <n,U;€ > 7 <0, ()€ > |i=y|

d
:,O(P(Yj)(nv£)aP((I)(tj))(na€)

< KpellYj — () lne < Kpeheye,n M (4.11)

by (4.10).

Therefore,

| <0, Y16 > — <n, ®(tj41)¢ > |

d
< | <771Y3€> - <77aq)(tj)£> |+h| <77an£> __t <77a<1)(t)5> |tj|

d
d

+| < an)(tj)f > +ha <mn, Q)(t)f > |tj_ <mn, q)(tj-l-l)g > |

< henpeMj + Kpeh?en yeMj + hen e, by (4.10), (4.11), and (4.7)
= h&ng[(l + Kngh)Mj + 1]

= henneMj1-

Hence

1Yji1 — @(tj11)llne < henpeMjy1-

The estimate (4.10) holds for j + 1.
When j = N, (4.10) combined with (4.9) leads to

| <, YNE> = <, @(T)E > | = |[¥Yn — (T)lne

< ENE (o KneT _ 1) (4.12)
Koe

By the choice of Y;, j =0,1,2--- N, < n,Yyé > lies in P(I + LP)V(X;)(n, &) so that (4.8)
follows directly from (4.12).
By letting N — oo in (4.8), the conclusion (4.2) follows.

The exponential formula is recorded in the next Corollary as an immediate consequence of

Theorem 4.3.
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Corollary 4.4. Suppose that N' C A is open and P is locally Lipschitzian on ' with nonempty,

compact and convex values. Then for any Xg € N, and 0 < T < T, we have

RT(Xo)(n,€) = lim (I + %P)N(Xo)(n,é“)-

The next Corollary indicates that the interval [0,7] may be partitioned in an arbitrary manner
provided that the width of the largest subinterval goes to zero. To this end, we need the follow-

ing definitions.

If D = {ty, t1,---,tn} is a patition of [0,T] ( that is ty < t; < t9--- <ty =T), define

|D| = sup |tji1— ]
0<j<N—1

If {Pug,; };Vzl is a collection of multifunctions Pns; : A — 2“‘{, define the multifunction product
by
(T2 Pagj) (%) = (Pap,y © PagN—10 - Pag1)(@).

For n, ¢ € IE, this leads to the definition of the sesquilinear form:

(I, Py) () (1,€) :=< n, (L1 Pag ) (2)€ > .

Corollary 4.5. Suppose that A/ and P are as in Corollary 4.4 and let Xq e N, 0 < T < T and
n, &€ € IE. Then for any sequence of partitions Dy = {t§, t¥ ... t’ka} of [0,T] with |Dy| — 0 as

k — oo, we have

m (I (T + (t41 — 15)P)(Xo) (n, &)

R™ (Xo)(n, &) = lem §=0 J J

Proof: Follows similar steps as in the proof of Theorem 4.3 by replacing i by hf = t? 41— t?.

Approximations of Reachable Set for the QSDI

Consider now the autonomous version of QSDI (1.2). Then the Euler approximation to the

reachable set in the case of equally spaced partition {#;} can be written as follows
Rpeq = (I+hP)(Yo)(n,€)

Rje o = (I +hP)*(Yo)(n,€)

Ryt = (I+hP)'(Yy)(n,¢)
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where the power of (I + hP) is that of composition of set valued map described in Section 4.

Then, by Theorem (4.3) and Corollary (4.4) R%N will converge to RT)(X()(n,£) in the sense

that

RO(Xo)n,€) = Jim (1 +1P)Y (Xo)(1,€).

= lim
N —00

provided that the conditions of the Theorem are satisfied.
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