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Abstract

The transient solution is obtained analytically using continued fractions for a state-dependent
birth-death queue in which potential customers are discouraged by the queue length. This
queueing system is then compared with the well-known infinite server queueing system which
has the same steady state solution as the model under consideration, whereas their transient
solutions are different. A natural measure of speed of convergence of the mean number in the
system to its stationarity is also computed. We also determine the distributions in discrete time

of the number of customers in line and of the busy period in closed form.
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1 Introduction

In the study of queueing systems the emphasis has been on obtaining steady state solution as
it is simple to derive and straightforward techniques can be employed. But in many potential
applications steady state measures of system performance simply do not make sense when the
practitioner needs to know how the system will operate up to some specified time [24]. Time-
dependent analysis helps us to understand the behaviour of a system when the parameters
involved are perturbed and it can contribute to the costs and benefits of operating a system.
In addition, such transient analysis is useful in obtaining optimal solutions which lead to the
control of the system. There has been a resurgence of interest in the time-dependent analysis of
birth-death queueing models (see, for example, [14, 20]).

The exact time-dependent analysis of the state-dependent queueing systems is usually diffi-
cult and often impossible. Even in the simple M /M /1 queue which is a birth-death process with
constant birth and death rates, analytical solution involves an infinite series of Bessel functions
and their integrals (see, for example, [19, 21]). In real world problems the underlying birth
and death rates are complex and the difficulty is compounded in the transient analysis of such
models.

In this work, the transient solution to a state-dependent birth-death queueing model in which
potential customers are discouraged by queue length is obtained using continued fractions, both
in continuous time and in discrete time. In continuous time, the Laplace transforms of the density
function for the length of the busy period and the mean busy period are also deduced. This
solution is then compared with the well-known infinite server queueing model to illustrate that
these two models having different transient behaviours lead to the same steady state solution.
This is also depicted through graphs. A measure of speed of convergence towards stationarity is
computed in terms of the parameters of the model. In discrete time, we obtain the generating
function of the busy period distribution and the mean busy period.

The model under consideration is the birth-death queueing system with the birth and death

rates as given below:

_ A
Cn+1’

n=0,1,2,... andpu,=p, n=123,.... (L.1)

n

This discouraged arrivals single server queueing system is useful to model a computing facility
that is solely dedicated to batch-job processing [[18], p.105]. Job submissions are discouraged
when the facility is heavily used and can be modelled as a Poisson process with the state-
dependent arrival rate. The time taken to process each job is exponentially distributed with a
constant service rate regardless of the number of jobs in the system.

The well-known infinite server queue, denoted as M /M /oo queue, is often used to anal-
yse manufacturing processes and to model phenomena in telecommunication networks. In the
context of broadband integrated services digital networks based upon the asynchronous trans-

fer mode (ATM), this system has been pointed out to be of interest when studying open loop



statistical multiplexing of data connections on an ATM network [9].

The discouraged arrivals queue has been studied in the past by Natvig [17], van Doorn [8]
and Chihara [6] and here the arrivals are geared (or could be controlled) in accordance with the
availability of service. However, the transient solution has not been obtained sofar explicitly in
closed form. In this work, we have obtained the transient solution analytically in closed form
by employing a new and effective continued fraction methodology. In this study the underlying
forward Kolmogorov differential-difference equations are first transformed into a set of linear
algebraic equations by employing Laplace transforms. This transform is then represented as a

continued fraction and the inversion is carried out analytically.

2 Continued Fractions

Continued fraction approximations often provide good representations for transcendental func-
tions, much more generally useful than the classical representation by power series. In addition,
a number of problems have been found for which algorithms involving continued fractions lend
themselves to high-speed computer operations. A systematic study of the theory of continued
fractions with stress on computation can be found in Jones and Thron [11]. Its application
to the study of birth-death processes, a special Markov process, was initiated by Murphy and
O’Donohoe [16]. On account of their algorithmic nature, they are used extensively in applied
areas like numerical analysis, computer science, the theory of automata, electronic communica-
tions. This importance has grown further with the advent of fast computing facilities.
A continued fraction is denoted by
a1

b1+____JEL___
b as
2+b3+-n.

or equivalently by

a1 a9 as
bi+ bet+ b3+

where the a,’s and b,’s are real or complex numbers. The value obtained by retaining the first
n terms and omitting the remaining terms is called the n-th convergent. For any continued
fraction the exact value of the fraction lies between two neighbouring convergents. All even
numbered convergents lie to the left of the exact value, that is they give an approximation to
the exact value by defect. All odd numbered convergents lie to the right of the exact value, that
is they give an approximation to the exact value by excess.

Conolly and Langaris [7], and Parthasarathy and Lenin [20] have applied continued fraction
methodology, which was till then used only to obtain numerical solutions, to obtain the transient
solution of birth and death processes analytically. We now apply this technique to obtain
analytically the transient system size probabilities of our models.

Some of the identities which are used in the following sections will be now presented.



The confluent hypergeometric function, also referred to as Kummer function, is denoted by

1F1(a;c; z) and is defined by

a z ala 22
1F(a2) = 14~ ﬁ+ﬁ o T (2.1)
_ oy (@ 2
_ ; S (2.2)

for z € C, parameters a,c € C (¢ not a negative interger), with (a),, known as Pochhammer
symbol, defined as

1, n=>0
(@ = {a(a+1)(a+2)...(a+n—1), n> 1. (2:3)

1—e*
Observe that 1F1(0;¢;2) =1 and 1F1(1;2;—2) = ¢

function satisfies the following recurrence relation [[1], (13.4.7), p.507]

. Also, this confluent hypergeometric

clc—=1)1Fi(a—1,c—1,2) —az 1Fi(a+1,c+ 1,2) =c(c— 1 —2) 1Fi(a,c, z). (2.4)

The following identity is from Lorentzen and Waadeland [[15], (4.1.5), p.573].

1File+ e+ 1;2) c (a+1)z (a +2)z
1F1(a;¢;2)  c—24+ c—z4+1+ c—z+2+

which can be rewritten as

1Fi(a;¢;2)
1Fi(a+ e+ 1;2)

(a4 1)z (a+2)z
—le—2) = c—z+1+ c—2z2+2+ ) (25)

The following identities are from Andrews [2].

(c—a)1Fi(as;c+1,2) +a1Fi(a+ e+ 1;2) = c1Fi(a;62), (2.6)
c1Fi(a+1;¢2) —c1Fi(a,c,2) = z1Fi(a+1;¢+1,2), (2.7)
(c—a)1Fi(a—1,¢,2) + (2a —c+2) 1 Fi(a,c,z) = a1Fi(a+1,¢z2), (2.8)
o0 k
@y 1Fila+kie+kx) = 1Fi(a;cz +vy). (2.9)
= () k!

In the sequel, for any function f(¢), let
R o0
fo)= [ et
0
denotes its Laplace transform.
In the next section, we derive the transient solution in continuous time for the model under

consideration by employing continued fractions.



3 Discouraged Arrivals Queue

Let P,(t),n =0,1,2,... be the probability that there are n customers in the system at time ¢.

Then, the forward Kolmogorov equations for the Model A are

dlz(;t(t) = pPy(t) — APy(t),
(3.1)
dpgt(t) %Pn_1(t) + MPn-I-l(t) - (n—j\d + M)Pn(t)’ n Z L.

Assume that initially the system is empty. By taking Laplace transforms, (3.1) is reduced to a
system of simultaneous equations given by

(s+NBy(s) ~1 = uby(s),

A A - - 3.2
<8+?+N>P ( ) = E n,1(3)+uPn+1(s), nZl. ( )
From the first equation of (3.2), we obtain
- 1
Py(s) = B (3.3)
S+ A— M—Al(s)
Poy(s)
and the second equation of (3.2) can be written as, for n > 1,
P A
Fuls) n o (3.4)
Pno1(s) S+ A +n—p "*E)
Iterating this equation, we get
. A
P,_1(s) s—i—%ﬂ—i-,u— s+%+2+,u—
By substituting (3.5) in (3.3) we get a continued fraction expression for Py(s) as
. 1 A 3
Po(s) = o 2! s (3.6)

stA= s+3+pu— s+3+p-
By making use of (2.5) the above equation simplifies to

i (L + 1
s+X+(s+p) <ﬁ 1) E (+M) (+M);
1F1 (25 o + 25
e T2 G

(ol

-1
)
SA + 1) 1 (1; (s—l—u)z +1 (s+ul;2> —u
2 Y ’
) (2 68+ 2 )

P()(S)

N 1 SA 11 (1; (eru)2 +1 (s+u) )
Po(S) = TERY) + 1
(sp) Fy (2 8 + 2 )

~1
Y
+ Ap 1 (1 (s+u)2 +2 (8+uu)2>
- . .
(s+m? R (2 A 42 Ng)

) i)
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Again, making use of (2.7) and using the fact that 1 F; (0;¢;2) = 1, we obtain
R 1

SA -
e Tz (e 2 orap) (37)

The above expression is equivalent to the one given by Natvig [17]. In a similar way, we will
find P,(s). Making use of (2.6), (2.7) and (2.8), we can write (3.5) as, for n > 1,

~ n+1)\
Pas) 1 A By (n+2 <s+u>2 ot <s+u> :)
P,_1(s) n ((s+u)2 +n+ 1) 1Fy (n—i-l (s+u)2 +n+1; (s+u) )

Iterating this equation and using (3.7), we get

5 o Pis)
P,(s) = =
() 21;[13 )

ntl (2 \"
= (3)
((8+u)2 + 1) <<s+u>2 + 2) : (<s+u>2 Tt 1)

SA —A\u
F )} 22— . 3.8
1 1("* rpmr T ’(sw)?) (3.8

Now, we will invert (3.8) by expanding the function as given below.

. B (n+ 1)>\n+1 (s +N)2(n+1)
(s+p)™ sA[sA+ (s+u)?] - [sA+ (n+1)(s + p)?]

k
> (n+2), (ﬁ)
2 Kl
i (e tnv2),
s >\n+k+1(_ﬂ') (n+k+ )
Z k! n!

y 1 (S +/1')2(n+k+1)
(3 +M)2k+n n+k+1

H [s\ +i(s + p)?]

k=0

=0
k+1
R e P G L nf (mEr )y 1
= k! n! (s + p)2ktn prs : S +i(s+ p)?

Y AL ntk+l

P T EaD Dl (A (]

k=0 i=0
1 1
“Crammarier Y
which on inversion becomes
Po(t) = Z# S () D o it),  n>0 (3.10)

k=0 T i=0



where

1
ho,ot) =+, (3.11)
(A2 an) e (A )t
hoa () = ;{ (o) (e “)}, (3.12)
2\/%4—)\#
1 t
hntor, ot) = NCE Y / e My T2k Ly for n+2k >0 (3.13)
and, for n + 2k, 7 > 1,
1
hptok, i(t) =
(n+2k—1)12 +)‘Z—-”
S22 )yt (Ao /AT
X {e (Q’Jm w )t/ 6(2i azt )yynHk*ld?J
0

2 2
(/3 /te(%+\/:?+%)yyn+mdy}_ (3.14)
0

Thus (3.10) gives explicit time-dependent system size probabilities for the discouraged arrivals

queueing system.

We observe that Ay, ok, ;(t) = 0, for i > 1, as ¢ — oo and

1 00
3 - - - -y, n+2k—1
A fino, o(?) )\(n+2k—1)!/0 ¢« dy
_ 1 1
- X Mn-i—?k:

and hence the steady state solutions are given by
= lim P,(¢
Pn = Jim Fal®)

St )\n+k+1(_u)k 1 1

k! n! A pntzk

k=0
= exp{—}“—, n=0,1,2,.... (3.15)
1 n!

We have obtained above the transient solution for the system size probabilities with the
assumption that there are zero customers in the system initially. One gets a complicated ex-
pression for P, (¢) with the initial number m in the system by defining certain polynomials in s;

incorporating with P, (s) and then inverting it [16].

Aliter:
If




then the second equation in (3.2) reduces to

<ﬁ +n+ 2) <ﬁ +n+ 1) gn—1(8) — (n +2) (ﬁ) gn+1(8)

_ <ﬁ+n+2> <ﬁ+n+1>gn(s)

We identify this equation with the recurrence relation (2.4) with a = n 4 2,¢ = (H_M)Q + 2,
z= (s +u) It is seen that this also holds for the first equation of (3.2). Thus, we will have
SA =\
s) = 1Fi(n+2——+n+2,——

we) = ori (3 )

and hence
n+1 ( A >n \ \

~ s S+ S — AU

P,(s) = hint+2,—+n+2; ——

") m (ne )

(i +1) - (g +n+1)

which is the same as (3.8) obtained earlier.

Busy Period:

Let the length of the busy period, a random variable, be denoted by T and ba(t) be its
probability density function. Let the arrival of a customer start the busy period and now the
system is at state ‘1’. Now, from (3.9), we finally deduce the Laplace transform ZA)A(S) of the
density function b4 (t) of the busy period as

21 o 3;
ba(s) = —pt - 1 Y
(S+M)2 +2 11 ( (s—l—u)z +2 (s-l-ul;z)

The mean busy period is given by

E(T) = lim (if“‘”)

—\u
s+u>2 +3 )

(3.16)

s—0 S

— A\l
1 1F (1, (s+“)z +2; (s_,_“)z)
AR 1By (2 (eru)2 +2 (_/\“2>

s+p)
1 2 -
= —er 1P <1;2;—>
i [

In the next section, we obtain the transient solution for the infinite server queue by our
methodology and compare it with the model under consideration, i.e., the discouraged arrivals

queue.



4 Infinite Server Queue

Let R,(t),n =0,1,2,... be the probability that there are n customers in the system at time ¢.

Then, the forward Kolmogorov equations for this system are

dRL;)t(t) = uRi(t) — ARo(t),
(4.1)
dR;t(t) = ARy 1(t) + (n+ DpRns1(t) — (A +np)Rn(t), n>1.

Assume that initially the system is empty. The above system of equations can easily be solved
using generating functions. However, we give here an alternate approach in tune with the
analysis given in the previous section.
Taking Laplace transforms (4.1) becomes
(s + M Ro(s) =1 = phi(s), )
(s + A+ np)n(s) = ARa1(s)+ (n+ Dplasa(s), n> 1.

By repeated substitution of the second equation into the first equation of (4.2) we get a continued

(4.2)

fraction expression for Ry(s) as
A 1 Al 22
Bls) — e 4.3
o(s) StA— S+tAtp— STAF2u— (4:3)

Using the identity (2.5),

. A
RU S - - 1F1 <]. +1 —> (44)
(s) p .
By a similar procedure used for the discouraged arrivals queue, we obtain
- AT S -2
R,(s) = 1F1(n+1;—+n+1;—>.
) T ACT T T T
o= (=Dk(n+ (=D +k)! (X mrko etk
- Elnl u n+k :
£=0 [T (s +in)
i=0
Using partial fraction expansion the above equation becomes
R ( ) _ i (_1)k(n+k)' A ek n+ki (_]‘)Z 1
8 = prt k!n! 1 a g prtkil(n + k — i)l s +ip
which on inversion becomes
o0 n+k
_ (_l)k(n+k)! A —pt\n+k
k=0
N
= ; exp{—— (l—e“t)}, n=0,1,2,..... (4.5)
n! 1
We also see that the steady state solutions are given by
o= Hm B ®)
0 ()
= emp{_—} “' , n=20,1,2 (4.6)
n!



Aliter:
If

gul) = BB ()

then the second equation in (4.2) reduces to

<£ +n+ 1) <£ + n) gn-1(s) = (n +1) <_7>\> gn+1(s)
- (SZ/\+R> <£+n+1> 9n(s)

We identify this equation with the recurrence relation (2.4) with a = n+ 1,¢ = ﬁ +n+1,

z = _T)‘ It is seen that this also holds for the first equation of (4.2). Thus, we will have

-
gn(s) = 1P <n+1;f+n+1;—>
I I
and hence
- AT S -2
Rn(s) = 1F1(n+1;—+n+1;—>
G | FE A R ey v p

which is the same as (4.5) obtained earlier.

Busy Period:
Proceeding on similar lines as we have done for the discouraged arrivals queue, we obtain
the Laplace transform bp(s) of the density function bg(t) of the busy period as
- s+A s 1

bp(s) = A A 1 Fi (1§ﬁ+1;%>

15 (2; s +2 _—/\)
_ nES) (4.7)
sTH R (152 4+122)

For different values of A with x = 1, Karlin [12] has given the first three zeros of the function
1F1 (1; i +1; %) which, for many purposes, are sufficient to approximate the probability den-

sity function of the duration of the busy period for large values of ¢. The mean busy period in
A

this case can be easily deduced to be eﬂT, same as the one given by Takdcs [23].

We observe that the transient solutions for the two models under consideration are not the
same (see (3.10) and (4.5)) whereas the steady state solutions are (see (3.15) and (4.6)). This
underlines the importance of the transient analysis of systems under study. It is also observed
that both the models under consideration have the same mean busy period.

For the purpose of illustration of our observations, we plot the graphs of system size prob-
abilities for the two models by assuming certain values for the parameters A and p with the

assumption that initially the system is empty.
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In Figure 1, some of the system size probabilities, Py(t), Pi(t), P>(t), P3(t) and Ps(t), are
plotted for the two models with the parameter values A = 4.8, 4 = 1.3. It can be observed from
the figure that while the discouraged arrivals queue attains the equilibrium distribution around

15 time units, the infinite server queue reaches it more rapidly around 5 time units.

5 Convergence to Stationarity of Mean

In the performance evaluation of queueing systems the approximation of the underlying stochas-
tic processes by their stationary versions is of considerable importance. As observed in the
previous section, the two models under consideration have the same steady state solution but
different transient solutions. One would naturally be interested to study the speed of conver-
gence of the underlying process towards its stationarity. Recently, Stadje and Parthasarathy
[22] showed how to compute measures of speed of convergence for the M /M /c queue. For the
models under consideration, we compute a measure of speed of convergence of the mean number
in the system to its stationary value in terms of the model parameters A and p.

Let GA(z,5) and Gp(z,s) be the Laplace transform of the generating functions for P, (t)
for the discouraged arrivals queue and the infinite server queue respectively. In the sequel, we
consider only the discouraged arrivals queue and the analysis for the infinite server queue follows

in similar lines. Now,
oo
Galz,8) = D Puls)2"
n=0

where P, (s) is given by (3.8). By making use of (2.9) we can deduce
Az

n
A _ 1 (2)n (s+u>
S ) S, "

A -
X 15, <n+2;87+n+2'7'u>

(s + p)? " (s +p)?
S
S <(s+”)2 + 1)

Observe that

~ A

lim sG4(z,s) = en®=l

s—0

as expected. By differentiating n times G A(z,s) and putting z = 1 we can find the Laplace

transform of the factorial moments. Now, let M,,(¢) be the n'* factorial moment. Then,

M,(s) = ﬁG’A(z, s)




By expanding and simplifying we get

N o0 \ntk+1 s k
Mn(S) = kZ:O Lk ((S+N)2>

n+k+1 k 1 1
n+ +1 i
-1
X Z ( )( )(s+u)”s)\+i(s+,u)2

which on inversion becomes

O yptk+1 n+k+1 .
M) = 32t S () (1), a0 (53)

k=0 ’ i=0

where '+’ denotes the convolution and ¢**(t) is the k-fold convolution of the function g(t) given

by

g(t) = e (1 - pt)
and the functions h,, ;(t) are as defined in (3.11), (3.12), (3.13) and (3.14).

In particular, the Laplace transform of the mean number M;(¢) in the system at time ¢ is
9 A

- SA SA
M (s) = stu 1Fy (3; 5 + 35 2) (5.4)
sA + +
s ((s+u)2 + 1) <—(s+u)2 T 2) (s + p) (s + p)
A
+

m SA SA
= — 1 <1; 5+ 2 2)- (5.5)
s\ s + s+
s (_(W)2 n 1) (s + 1) (s + p)

which on inversion yields

Mi(t) = ZWZ Z(’“”) )'hai(t) (56)

k=0 =0

where g**(t) and hy; are as given in (3.13) and (3.14). In a similar way, the variance can also
be obtained.

Let X(t) be the number of customers in the system at time ¢ and suppose that
X (0) = 0. Then it is well-known that X (¢) is stochastically increasing to a random variable X
distributed according to the stationary distribution (see [13]). Consequently, E(X(t)) 1 E(X)
as t T 0o. Now we will find the measure, say 14, of the speed of convergence to the stationarity

in term of the parameters A and p. Thus,

o= [0 - B

= lim e U (B(X) — E(X(t))dt

s—0 0

1 /A ~
= lim - <— - 3M1(3)> .
s=08 \ W

Using (5.5), we obtain

A

- 1in%1 i_ijﬂ 1F< ¥ _‘?) Ry i’\ )2>
s—0 S S S S
7 <(s+u)2+1) { {

12



On simplification, we finally deduce
I, = %(1+i> (5.7)
I 2p
Observe that I4 gives the area between the two graphs, the graphs of time-dependent mean
number in the system and its stationary counterpart. The smaller the number I the faster the
convergence.

For the infinite server queue, we have
R 1 A
Gotzs) = 1uk (124126 - )
S M M
which on inversion reduces to
A —ut
Gp(z,t) = expi—=(l—e ™) (1-2)
1
with mean % (1 — e*“t). Thus, we deduce
I = — (5.8)

which is, as one would expect, less than that of the one for the discouraged arrivals queue and
hence the infinite server queue attains equilibrium faster than the discouraged arrivals queue.

As an illustration, in Figure 2, the expected system sizes for the two models are drawn for
A = 3.8, 4 = 1.3. The discouraged arrivals queue reaches the steady state value around 15 time
units whereas the infinite server queue attains it around 5 time units. It can also be observed
that the area between the graph of mean system size of the discouraged arrivals queue and its
steady state counterpart, i.e., a straight line parallel to the time axis, is more than that of the
infinite server queue which confirms our observations.

In the succeeding sections, we analyse the discouraged arrivals queue in discrete time.

6 Discrete Time Solution of the Discouraged Arrivals Queue

With the rapid growth and technological innovation in computer communications, there has
been considerable interest in discrete time queueing models [3, 4, 5, 10]. The primary interest
of analysing a queueing system is the congestion that may develop and the distribution of and
the number of customers in the system at different time points are important measures. We
consider here a single server queue where the customers are discouraged by the queue length and
the arrivals are geared (or could be controlled) in accordance with the availability of service.
In this section, the time-dependent system size probabilities are obtained using the continued
fraction methodology for this discouraged arrivals queueing system in discrete time. Here, when
there are n customers in the system, the arrivals occur according to a Bernoulli process with
probability ni_H and service completions occur according to the geometric distribution with

probability p during any time slot. We assume that the probability of more than one arrival

13



(departure) or that arrivals and departures occur simultaneously during a given slot is zero and
that the events in different slots are mutually independent. Therefore, niﬂ +pu<lforalln >1.
This is ensured if we assume that % +up <l

Let X, be the random variable denoting the number of customers in the system at discrete

time epoch r. Then {X,,r =0,1,2,...} is a discrete time Markov chain. Let
P.(n) =P(X, =n|Xp=0), n=0,1,2,....

The function P,.(n) satisfies the following difference equations:

Pea(0) = (1=XPo(0) +uPi(1)
P.ii(n) = AP (n—1)+(1- ni—kl —p)Pr(n) + pPr(n+1), n>1.
o0
If G,(n) = Z P.(n)z"; |z| < 1, then the above system can be written as
r=0
[3 (=360 - Gatt) =
—%Gz(n—1)+E—( A )]G() WG.(n+1) = 0, n>1.

1
For the sake of simplicity we make the transformation s = — — 1 and denote G,(n) by Gs(n).
z

Then the above system reduces to

(S+>‘)Gs(0) _NGs(l) = s+1, (6 1)
—3G,(n—1) + (s + 727 +WGs(n) —pGy(n+1) = 0,  n>1 '
From the first equation of (6.1), we obtain
s+1
s+ A— 1 G (o)
and the second equation of (6.1) can be written as, for n > 1,
Gs(n) n
Gin—1) [ACESVN (6.3)
N s+ n+1 RN e N ey
Iterating this equation, we get
A
m — A )\ D) ( . )
s s+ e+l +pu— s+ n+o + p—
By substituting (6.4) in (6.2) we get a continued fraction expression for G(0):
1 A 3
G0 = =& a 2/ (6.5)

SHA= s+3+pu— s+3+pu-
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By making use of (2.5) the above equation simplifies to

. A LA
SA > 111 (1’ (stru)2 +1 (s+ul;2>
) +1

2 —
e B (2 G+ 2 )

Gs(0) = (s+1)<s+A+(s+p) <(

S+

-1
)
S+ p
-1
Fi (1225 + 1
A i\ Lo i
= (s+1) (S_'_M)((sj— )2+1> ( H”) (j,j)—
8 i (26 + 2 )
Use of (2.6) yields
s+ 1 SA 151 (1; (eru)2 +1 (s+u) )
Gs(0) = 5+ 1
s (54 1) 1F1< ( 2+2 s+“ )
_/\“
n Al 151 (1 (eru)2 +2 s+u
s+ p)? )
(s+ 1) 111 (2’ (s—l—u)2 +2 s-l—u
Again, making use of (2.7) and using the fact that 1 F; (0;¢; z) = 1, we obtain
s+1 SA —A\u
Gs(0) = ——— 1P (2; + 2 ) (6.6)
sA s+ 1)? s+ )2
s <(s+ﬂ)2 + 1) ( 1t) ( 1)

In a similar way, we will find Gs(n). Making use of (2.6), (2.7) and (2.8), we can write (6.4) as
forn > 1,
+1)A
Gs(n) 1 (ns+p3 1 (n + 2% Gt At (S+u) )
Gs(n—1 n ’
( ) <(s+”) -i—n—i—l) 1F1(n+1( e +n+1(s+u)>
Iterating this equation and using (6.6), we get
 GL(4)
Gs(i - 1)
n
(s + 1)t (2)
A A
(—(sjw + 1) (—(sju)Q +n+ 1)

SA =\
F 2 22— ). .
Xll(“* G T %s+uv> (6.7)

We can extract the coefficients of z from (6.7) by first expanding G(n) and then returning to

Gs(n) = Gs(0)

the variable z. We then get

20 \mkAl(_\k nt2k O m ,
() = kz())\” k!T(L! 1) z:o z%<n+2k—l+] >(1_M)J
= m =

> >\n+k+1( )k ntk+1

Dl DI G [

k=0 =1

,_.

m—

X i zm ( n+2k7 L+ )4(1 — [(31 + 1)m7j — (82 + 1)m7j]
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where s1, s5 are given as — (% + u) +4/ i\l—.; + /\T“, - (% + u) —1/ ZI\Z—:ZQ + /\T“ respectively. Note that

|sj + 1] <1,7 = 1,2 under the assumption % + p < 1. Further simplification of G,(n) yields

G,(n) = 2" Z a(n,m)z™ + 2" Z B(n,m)z™ (6.8)
m=0 m=1
where
5]

Atk (_M)k m—2k

a(n,m) = _ Z <n+2k].71+j )(1—,u)j (6.9)

k! n!
k=0 =0
[25] n+k+1 m—2k—1
)\n+k+1 Nk n ) " B )
Blm) = 3 el S (et s ()
k=0 i=1 =0
(I_M)j m—2k—j m—2k—j
xm[(sl—i—l) %=J _ (g, 4 1)m2k J} (6.10)

with [z] denoting the integral part of z.

Thus, the system size probabilities are given by

07 r<n
)\n
Pr(n) = e r=mn (6.11)

a(n,r —n)+ p(n,r—n), r>n

where a(n,m) and S(n,m) are as given above.

Since s = % — 1, using the final value theorem of z-transforms, we can obtain the steady
state solutions for n =0,1,2,... as
Jim ) = Ty G
A n
()
= exp {—} AL using (6.7).
L n!

7 Busy Period in Discrete Time

Let an arrival to an empty system start a busy period and define T as the time until the server
becomes idle for the first time. Thus T is what commonly referred to as the length or duration
of a busy period.

Busy period of a single server queue is the first passage time to state zero. In view of this
we modify the actual process by making state 0 the absorbing state, i.e., A\g = 0. Then P,(0)
gives the distribution function of the busy period and hence P,(0) = Pr(T < r). The function

P,(n) satisfies the following difference equations:

r+1(0) = ﬁr(o)_i_//'ﬁr(l) (7 1)
) = (L= 3 = wB (1) +uP(2) (7.2)
i) = P14 (= = WP 4 aPn 1), n>2 (7.3)



Considering (7.2) and (7.3) and by an analysis similar to the one in the previous section, the

generating function of 15,«(1) for the queueing system under consideration is given by

2 VP (3 A gy e
G.(1) = (1 w2 ( [T ((II_S)AP =) ]2) (7.4)

z(1=2)\ Lz L e :
({k(ku)z}? + 2) 151 (2’ T e T % [17(17u>z12)

Let Q,(0) be the probability mass function for the length of the busy period. Then Q,11(0) =

P,41(0) — P,(0). Now, from (7.1), Qy41(0) can be written as

QT+1(0) = IU‘PT(]')v T:071727"'

where P,(1) is the coefficient of 2" in (7.4). The mean busy period, say M, is given as

dG,(1
Mo 1, 150
dz z=1
2 2
== 1+>\+ M—1+)\—1F1 1;4;é
24 643 I
1 A A
= —+ -2 1F (1;32), by using (2.7).
M+221 1<’3,/~l>, yusmg( 7)

By making use of 1Fi(1;3;—2) = Z%(z +e7#* — 1), we obtain the mean busy period as

M = . (7.5)
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Figure 1: System size probabilities for the discouraged arrivals queue and the infinite
server queue
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Figure 2: Expected system sizes for the discouraged arrivals queue and the infinite server
queue
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