
Noncommutative Spacetime, Stringy Spacetime Uncertainty Principle,
and Density Fluctuations

Robert Brandenberger
TH Division, CERN, CH-1211 Geneva 23, Switzerland

and
Department of Physics, Brown University, Providence, RI 02912, USA

E-mail: rhb@het.brown.edu

Pei-Ming Ho
Department of Physics, National Taiwan University, Taipei 106, Taiwan, R.O.C.

E-mail: pmho@phys.ntu.edu.tw

We propose a variation of spacetime noncommutative field theory to realize the stringy spacetime
uncertainty relation without breaking any of the global symmetries of the homogeneous isotropic
universe. We study the spectrum of metric perturbations in this model for a wide class of accelerating
background cosmologies. Spacetime noncommutativity leads to a coupling between the fluctuation
modes and the background cosmology which is nonlocal in time. For each mode, there is a critical
time at which the spacetime uncertainty relation is saturated. This is the time when the mode
is generated. These effects lead to a spectrum of fluctuations whose spectral index is different
from what is obtained for commutative spacetime in the infrared region, but is unchanged in the
ultraviolet region. In the special case of an exponentially expanding background, we find a scale-
invariant spectrum. but with a different magnitude than in the context of commutative spacetime
if the Hubble constant is above the string scale.

I. INTRODUCTION

As a candidate for the theory of everything, string the-
ory should tell us everything about the universe. One of
the most important questions is how a successful theory
of cosmology can be derived from it. Cosmology is be-
coming the major testing ground for string theory, since
it tests the physics at energies much higher than can be
reached in any collider on earth. On the other hand, cos-
mology also appears to require the input from string the-
ory, since cosmological theories based on classical gravity
and the standard model of particle physics are expected
to break down at very high energies (see e.g. [1] for a
discussion of some of the conceptual problems of infla-
tionary cosmology). There is a growing symbiotic rela-
tionship between string theory and cosmology (see e.g.
[2]).

In this paper we are concerned with what string the-
ory can say about cosmology. Obviously, we are very far
from being able to derive cosmology directly from string
theory. Instead of proposing a new scenario starting from
a very special string theory configuration, we would like
to focus on a universal property of string theory, and
study its implication for cosmology. The universal prop-
erty which we wish to focus on is the stringy spacetime
uncertainty relation (SSUR), which states that the un-
certainties in the physical time and space coordinates
∆tp = ∆t and ∆xp satisfy

∆tp∆xp ≥ l2s , (1)

where ls is the string length scale. Yoneya suggested [3]

that the SSUR is a universal property for strings as well
as D-branes. This is in contrast with the other stringy
uncertainty relation [4]

∆xp∆p ≥ 1 + l2s∆p2, (2)

which implies a minimal length scale

∆xp ≥ ls (3)

but does not hold for D-branes. In an earlier paper [5],
it was argued that the SSUR can be used to solve the
flatness and the horizon problems in cosmology without
the need to invoke cosmic inflation.

In this paper, we study the effect of the SSUR on met-
ric perturbations in the early universe, which are the ori-
gin of the observed large-scale structure and of cosmic
microwave background anisotropies. The reason one ex-
pects signatures of Planck (string) scale physics in the
spectrum of density fluctuations on cosmological scales
today is the following [1,6]: since the fluctuations on large
scales are small today, and since gravity is a purely at-
tractive force, the fluctuations had to be extremely small
in the early Universe, thus justifying a linearized analy-
sis. According to such an analysis, the individual Fourier
modes of the fluctuation field evolve independently. In
the context of an expanding background cosmology, there
was thus a time when the physical wavelengths of modes
which are probed in current cosmological experiments
was smaller than the Planck (or string) scale, and hence
one cannot neglect the effects of Planck (string) scale
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physics ∗.
As a first step, we consider a simple model in which

matter is dominated by a single scalar field. As is done
in inflationary cosmology, we quantize the joint linear
metric and matter fluctuations about a classical homo-
geneous and isotropic background cosmology. With these
assumptions the cosmological perturbations are automat-
ically Gaussian.

In order to carry out the calculation explicitly, we
need a specific model to realize the SSUR. Motivated by
the recent developments on noncommtuative geometry in
string theory, we generalize the field theory on 1+1 di-
mensional noncommutative space, where the uncertainty
relation is a direct result of the spacetime noncommuta-
tivity, to (3+1) dimensions.

We identify two crucial effects which lead to a differ-
ence between the evolution of fluctuations in commuta-
tive and noncommutative spacetimes. The first is a cou-
pling between the fluctuation mode and the background
which is nonlocal in time, and the second is the appear-
ance of a critical time for each mode at which the SSUR
is saturated, and which is taken to be the time when the
mode is generated. †

These two effects lead to a change in the spectral index
of the fluctuations in the infrared region for all accelerat-
ing background cosmologies except for the exponentially
expanding case. Instead of a red spectrum (as is obtained
in commutative spacetime) we obtain a blue spectrum.
In the case of an exponentially expanding background, a
scale-invariant spectrum results.

II. PRELIMINARIES

In string theory, the best known example of noncom-
mutative field theory is the low energy effective the-
ory of D-branes in the background of a B field [8]. It
has also been proposed that R-R background fields may
lead to a low energy effective theory of gravity best de-
scribed as Einstein gravity living on a certain noncommu-
tative spacetime [9]. Motivated by recent developments
of noncommutative geometry in string theory, models for
cosmological fluctuations on noncommutative spacetime
have been proposed by several groups [10,11]. ‡ However,

∗In this context of inflationary cosmology, this non-
robustness of the predictions of inflation to possible effects of
Planck (string) scale physics is known as the trans-Planckian
problem.
†Note that this implies that the Hilbert space of the pertur-

bative quantum theory of gravity becomes time-dependent.
This appears to be a natural consequence of any attempt to
quantize gravity in the context of cosmology, as discussed in
[7] and in references therein.
‡Models based on (2) are also studied [12,13].

in these proposals, some isometries of the FRW metric are
broken by the noncommutativity. In this paper, we will
not give a specific commutation relation for spacetime.
Rather, we will imagine that the SSUR [3] is realized by
a deformation of the commutative field theory in a way
which preserves all of the global symmetries of the clas-
sical background. One can imagine that, although their
background expectation values vanish and thus there is
no well-defined spacetime noncommutativity, quantum
fluctuations of the B field (for D-branes) or certain R-
R fields (for spacetime) would still result in spacetime
uncertainty [14]. Keeping this in mind, we will first con-
sider field theories on noncommutative space, which may
give us a hint about the result of “averaging over” (in
a path integral) the effective action for different back-
ground fields.

The formulation of general relativity on noncommuta-
tive spacetime has been extensively studied [15–17]. The
notions of metric, distance, etc. can all be defined. It
is therefore natural for us to assume that the notion of
metric still makes sense as long as it is consistent with
SSUR. Assuming a homogeneous isotropic background,
we take the Friedmann-Robertson-Walker (FRW) metric

ds2 = dt2 − a2(t)
(

dr2

1−Kr2
− r2dΩ2

)
. (4)

For simplicity, we will focus on the case of a spatially flat
universe (K = 0). For later use, we introduce another
time coordinate τ (not the usual conformal time) such
that the metric is

ds2 = dt2 − a2(t)dx2 = a−2(τ)dτ2 − a2(τ)dx2 . (5)

Since the scale factor has no spatial dependence, the
SSUR imposes no restriction on the Hubble constant H ≡
ȧ/a, or any other scale associated with the scale factor,
such as Ḣ1/2. On the other hand, the constraint (3)
implies that H < Ms, and Ḣ < M2

s , etc., where Ms =
l−1
s is the string energy scale. As we will see below, this
difference is crucial for us.

In view of the connection between noncommutative
field theory and SSUR described above, the fact that
SSUR does not impose a restriction on quantities with
only time dependence can be understood via noncommu-
tative field theory. Obviously, if we only look for solutions
with a single variable, noncommutative field theories are
equivalent to commutative field theories.

In the case of a classical spacetime, for a given equation
of state of matter p = wρ with constant w, the solution
of the (classical) Einstein equations for the scale factor is

a(t) = a0t
n = α0τ

n
n+1 , (6)

where

n =
2

3(1 + w)
(7)
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and α0 = ((n + 1)na0)
1

n+1 . For an expanding universe,
n > 0. For a matter dominated universe, w = 0 and
n = 2/3; for a radiation dominated universe, w = 1/3
and n = 1/2. The universe accelerates if n > 1. If the
cosmological constant dominates, then w = −1, a(t) =
a0 exp(Ht) (n = ∞) and we have exponential inflation
[18,19].

Since we do not have the exact gravitational theory
with all the stringy corrections to Einstein gravity, we
will consider a generic expanding scale factor a. As we
review in the Appendix, for a given scale factor a, the
metric perturbations for gravity coupled to a single scalar
field obey an equation of motion of the form

µ
′′
k +

(
k2 − z

′′
k

zk

)
µk = 0, (8)

where the primes mean derivatives with respect to a cer-
tain time coordinate η̃ to be defined below. (In the com-
mutative case, η̃ = η is the conformal time defined by
dt = adη.) This equation applies both to gravitational
waves (in which case µ = ah, h being the amplitude of
the gravitational wave, and - for commutative spacetime -
zk = a) and to scalar metric fluctuations, the fluctuations
which couple to matter (in which case a−1µ is the scalar
field fluctuation in the uniform spatial curvature gauge
and - in commutative spacetime - zk = z is a function
describing the background model and is given explicitly
by (57)). For backgrounds in which the equation of state
does not change in time (the ones considered here), the
function z for scalar metric fluctuations is proportional to
a, and hence the equations for scalar metric fluctuations
and gravitational waves coincide.

A quantity used frequently to compare theory with ob-
servations is the power spectrum, which measures the
strength of the fluctuations on the scale k. The power
spectrum of metric perturbations is given by

Pk =
k3

2π2

|µk|2
z2

k

. (9)

(To allow comparison with what is done for a non-
commutative spacetime, we have allowed z to depend on
k) If the background is expanding, then as explained in
the Appendix (with the normalization factor chosen to
apply to gravitational waves),

P (k) ' k2z−2
k (η̃k)M−2

P (10)

where MP denotes the Planck mass, and η̃k is the earliest
time when

z
′′
k

zk
> k2. (11)

In the usual expanding cosmological models described
by the ansatz (6), then for a commutative spacetime,
we have zk = a. Hence, for n > 1, the time η̃k is the
time when the scale k exits the Hubble radius, and we

have ηk ∝ k−1, and thus zk(ηk) ∝ k
n

1−n . Therefore,
the spectrum of gravitational waves and of scalar metric
fluctuations obeys

Pk ' ck
2

1−n , (12)

where c =
(
(2n2 − n)na2

0

) 1
n−1 . For the spectrum to be

exactly scale invariant, we need n = ∞, that is, expo-
nential inflation, for which the spectrum is

Pk ' H2

M2
P

. (13)

III. TOY MODEL ON NONCOMMUTATIVE
SPACETIME

First we consider the case of 1+1 dimensions where the
SSUR can be easily realized by the ∗-product, so that we
can get some hint about how the SSUR affects the action
of a scalar field.

The SSUR

∆t∆xp = ∆τ∆x ≥ l2s . (14)

can be realized by the algebra of noncommutative space-
time

[τ, x]∗ = il2s . (15)

This ∗-product can be explicitly defined as

(f ∗ g)(x, η) = (16)

e−
i
2 l2s(∂x∂τ′−∂τ ∂y)f(x, τ)g(y, τ ′)

∣∣∣
y=x,τ ′=τ

.

The fact that the algebra (15) is time-independent
makes τ a better coordinate than the conformal time η
defined by dt = adη, which is frequently used when cal-
culating metric perturbations. Naively, the SSUR can be
written as

∆η∆x ≥ l2s
a2(η)

(17)

in terms of η. However, this relation is not well defined
when ∆η is large, because the argument η for the scale
factor on the right hand side changes over the time in-
terval ∆η, and it is thus not clear what to use for a(η) in
(17).

A comment on unitarity is in need at this point. Since
spacetime noncommutativity introduces higher deriva-
tives of time in the Lagrangian of a field theory, a naive
treatment will often result in loss of unitarity. (But there
are also examples [20] for which the unitarity is not bro-
ken by spacetime noncommutativity.) However, in our
case, the fundamental theory is string theory, and we are
looking at its effective field theory (with focus on the
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stringy effect described by the SSUR). It is very common
for effective theories to have higher derivatives terms, and
a proper treatment [21] should preserve unitarity order
by order perturbatively. Furthermore, the field theory
we will consider below is essentially a free field theory,
and so we will not have to worry about unitarity in this
paper.

As discussed in the Appendix, both scalar metric fluc-
tuations and gravitational waves are described by free
scalar field actions on the classical expanding background
(in two spacetime dimensions there are obviously no grav-
itational waves). We will now propose a noncommutative
field theory which generalizes the action for cosmological
perturbations to the case of noncommutative space-time.
We will start from the actions expressed in terms of the
observable fields h and R in the case of gravitational
waves and scalar metric fluctuations, respectively (see
Appendix). In the case of scalar metric fluctuations the
variable R is the fluctuation of the spatial curvature in
the comoving gauge in which δϕ = 0. As can be deduced
from (50) and (58), respectively, these are free field ac-
tions except that the expansion of the background cos-
mology has not been factored out (i.e. the equations of
motion for these variables contain the Hubble damping
terms). These actions thus contain a nontrivial measure
factor ad−1 or zd−1, in the cases of gravitational waves
and scalar metric fluctuations, respectively, where d is the
number of spatial dimensions. We will extract a factor
of a−2 from the measure and insert it into the operator
appearing in the Lagrangian to account for the fact that
the spatial gradient appearing in the operator should re-
duce to the usual operator in Minkowski space-time when
expressed in terms of physical distances. We propose to
make the transition to noncommutative spacetime obey-
ing the SSUR by taking the operator appearing in the
action and replacing all multiplications by ∗-products.

Based on the above considerations, we take the free
field action for a real scalar field in 1+1 dimensions

S̃ =
∫

dτdx
1
2
(
∂τφ† ∗ a2 ∗ ∂τφ− (∂xφ)† ∗ a−2 ∗ (∂xφ)

)
.

(18)

In terms of the Fourier transform of φ,

φ(τ, x) = V 1/2

∫
k<k0(τ)

dk

2π
φk(τ)eikx, (19)

(where V is the total spatial coordinate volume) the ac-
tion is

S̃ ' V

∫
k<k0

dτdk
1
2
(
β+

k ∂τφ−k∂τφk − k2β−k φ−kφk

)
,

(20)

where

β±k (τ) =
1
2
(
a±2(τ − l2sk) + a±2(τ + l2sk)

)
. (21)

The ∗-product in the action takes care of the SSUR for
the interaction between the background metric and the
scalar field. In order to realize the SSUR for the scalar
field by itself, we have imposed an upper bound on the
comoving momentum k at k0 in (19). The reason is as
follows. In order for a fluctuation mode with wave num-
ber k to exist, the SSUR must be satisfied. According to
(20), the energy defined with respect to τ for a mode k
is

Ek = ka−2
eff , (22)

where

a2
eff =

(
β+

k

β−k

)1/2

. (23)

Using ∆x ∼ 1/k, ∆τ ∼ 1/Ek together with the SSUR,
we find (

aeff (τ)
k

)2

∼ ∆xp∆t ≥ l2s (24)

and thus we have an upper bound on the wave number

k ≤ k0(τ) ≡ aeff (τ)
ls

. (25)

One should also check whether the background metric
satisfies the SSUR by itself. Yet as we mentioned above,
the SSUR imposes no contraint on the background since
it is homogeneous.

Due to the SSUR, the mode φk interacts with the back-
ground with an uncertainty of l2sk in τ . In general, if the
uncertainty relation is not realized exactly by the commu-
tation relation (15), we expect that β±k will be replaced
by functions of the form

β±k (τ) =
∫

dξf(ξ)a−2(τ − ξk), (26)

for some even function f(ξ) peaked at the origin with a
characteristic width l2s. By Taylor expansion, we have

β±k (τ) =

(
1 + C±

1

Hp

M2
s

+ C±
2

(Ḣ + H2)p2

M4
s

+ · · ·
)

a±2(τ),

(27)

where C± are constants of order 1, and p = k/a is the
physical momentum. This is a special case of the most
general correction due to new physics at an energy scale
Ms, which can be expanded in powers of (H/Ms)2 and
(p/Ms)2 independently [22].

The action (20) reduces to the action for metric fluc-
tuations (50) on classical spacetime when ls → 0.

To calculate the power spectrum, it is convenient to
rewrite the action in the form

S̃ ' V

∫
k<k0

dη̃dk
1
2
y2

k(η̃)
(
φ
′
−kφ

′
k − k2φ−kφk

)
, (28)

4



where the new time coordinate η̃ is defined by

dη̃

dτ
=
(

β−k
β+

k

)1/2

= a−2
eff , (29)

and

yk = (β−k β+
k )1/4. (30)

The primes mean derivatives with respect to η̃.

IV. THE MODEL

The previous section motivates a model to incorporate
the SSUR for any spacetime dimension:

S = V

∫
k<k0

dη̃ddk
1
2
zd−1

k (η̃)
(
φ
′
−kφ

′
k − k2φ−kφk

)
, (31)

where zk is some smeared version of z or a over a range
of time of characteristic scale ∆τ = l2sk. As τ increases,
the effect of the shift ∆τ for a given mode becomes less
important. The time coordiante η̃ is related to τ by dη̃ =
z̃−2

k dτ , where z̃k is another smeared version of a, As an
example, suppose that the only difference between the d+
1 dimensional action and the 1 + 1 dimensional one (28)
is the measure zd−1 for the additional (d−1) dimensions,
then we have

zd−1
k (η̃) = zd−1y2

k(η̃), z̃k(η̃) = aeff (η̃) (32)

with yk given by (30), and aeff by (23). In the case of
gravitational waves, the function zk is denoted ak, with
ak constructed from the scale factor a in the same way
as zk is obtained from z, say, in (32).

This deformation has the advantage of preserving both
spatial translational and rotational symmetry of the
(flat) FRW metric, in constrast with constructions based
on the commutation relations

[xµ, xν ] = iθµν . (33)

We can now turn to the calculation of the spectrum
of cosmological fluctuations in various expanding back-
ground cosmologies, including inflationary backgrounds.
We emphasize here that except the flat FRW metric, so
far we have not assumed anything about the stringy cor-
rection to the Einstein gravity. A key role in which the
SSUR enters in the analysis of fluctuations is the exis-
tence of a characteristic time η̃0

k for each mode k which
is the time when the SSUR is saturated

k = k0(η̃0
k). (34)

According to (25), the mode k can not exist before η̃0
k.

A major issue is in which state the fluctuations are
generated. On scales which are smaller than the Hubble
radius at the time of formation, the distinguished choice

is the local vacuum state (the state which appears empty
of particles in the comoving frame at the time of for-
mation). But it is unclear when should be the time to
impose this initial condition. For modes which are gen-
erated when the wavelength is greater than the Hubble
length, the choice is usually even less clear. However, in
our case, the choice is obvious for all modes. At η̃ < η̃0

k,
the fluctuation mode k does not exist. By continuity of
Nk, the operator representing the number of quanta of
the k’th mode measured with respect to the adiabatic
vacuum (see e.g. [23] for a textbook discussion of these
concepts), then when the mode first becomes physical at
η̃ = η̃0

k, it must be in the vacuum state. Our choice is
thus to consider the amplitude of the growing mode at the
time of formation to be the same as the function would
have in the vacuum state in the absence of cosmological
expansion.

As will be derived below, the fluctuations have a dif-
ferent spectral index in two wavelength regions which we
call UV and IR, respectively. The UV modes are gener-
ated within the Hubble radius, and it turns out that for
these modes the approximation (35) holds, The IR modes
are generated outside the Hubble radius, where the effect
of the SSUR is important, and the approximation (35)
breaks down.

We first consider the UV region, namely values of
k for which ∆τ is small in the sense that all smeared
versions of a can be approximated by a. As in (27), the
smeared scale factors zk, z̃k are expansions of (Hp/M2

s )2

(and Ḣp2/M4
s ) etc.) The approximation

zk ' z̃k ' a (35)

is valid when

Hp� M2
s . (36)

As a increases with time, this approximation gets better
and better.

For this bound to be true at all times for a mode k,
we only need to make sure that it is satisfied when the
mode first appeared at η̃0

k. Since ∆xp = ∆tp ' 1/p, the
saturation of the SSUR at η̃0

k implies that

p = Ms (37)

at η̃0
k. Hence, (36) is equivalent to

H(η̃0
k) � Ms. (38)

For the ansatz (6), as an example, the approximation
(35) is good if

k � A ≡ αn+1
0 ln−1

s (39)

From (10), the perturbation spectrum is determined
by the earliest time when (11) is satisfied. In the absence
of the cutoff (25), this is the time when

z
′′
k

zk
' k2. (40)
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Assuming (35), this condition can be rewritten as

Ḣ + 2H2 ' p2. (41)

For n > 1 (the accelerating case), this occurs roughly
when the size of the fluctuation crosses the Hubble radius,
i.e.,

H(η̃k) ' p. (42)

From (38), we see that η̃0
k ≤ η̃k. This means that the

fluctuations are generated inside of the Hubble radius,
and this was the initial definition of the UV region. Thus,
it is presicely in the UV region that the approximation
(35) is valid.

Since the UR modes are generated on scales inside the
Hubble radius in their local vacuum state, and since the
evolution of the modes after that is no different than in
the case of a commutative spacetime, it follows imme-
diately that the spectrum for the UV modes (39) is the
same as the classical case (12). The uncertainty relation
has no significant effect for these modes, in agreement
with the general consideration of [22].

Now we would like to study the IR modes k � A
which are generated outside the Hubble radius, and for
which the effects of the SSUR are important. Although
our discussion about the IR modes will be more spec-
ulative because the Hubble expansion rate is above the
string scale at the time of IR mode formation, the fol-
lowing provides an interesting example showing how new
physics at the string scale can have significant effect on
the spectrum of perturbations, evading the pessimistic
conclusion of [22]. § As we will see, our description of
the SSUR results in a spectrum which except in the case
of exponential inflation has a different spectral index than
what would be obtained in commutative space-time.

As an example, we take zk and z̃k given by (32) for
z = a. The first step in the analysis is to obtain the
expression for τ0

k . Starting point is (25) which defines the
initial time. Inserting the expression (23) for a2

eff and the
formulas (21) for β±k , and then using the equation (6) for
the scale factor, we obtain

τ0
k =

((
kls
α0

)2(n+1)/n

+ k2l4s

)1/2

. (43)

For the IR modes k which we are focusing on, i.e. k � A,
the second term dominates over the first term. Thus, we
have β+

k ' 1
2a2(τ + l2sk) and β−k ' 1

2a−2(τ − l2sk) (in the
case of an expanding universe).

§After completion of this manuscript two papers appeared
which reach similar conlusions concerning the potential ob-
servability of trans-Planckian physics in the spectrum of fluc-
tuations [24,25].

To find the power spectrum for these modes, we start
from (10) with the time η̃k replaced by the time η̃0

k when
the modes are generated. We then use (32) to replace z2

k
by the product of z2 and yk, and then insert the expres-
sion for yk from (30). After inserting the above approxi-
mate expressions for β±k we obtain

Pk ∼ k2a−2(τ0
k )a−1/2(τ0

k + l2sk)a1/2(τ0
k − l2sk) . (44)

It is apparent that the nonlocal coupling between back-
ground and fluctuation mode has a large effect. Making
use of (43) (and keeping in mind that the second term in
(43) dominates over the first one, the final result becomes

Pk = c′k
3

n+1 , (45)

where

c′ =
M

5n−1
n+1

s

2
n−1

2(n+1) α3
0M

2
P

. (46)

This is obviously very different from the old result (12).
Instead of a red spectrum we now obtain a blue spectrum.

To summarize, for an accelerating universe (n > 1),
the spectrum has a negative spectral index in the UV
region, but a positive one in the IR region. A smooth in-
terpolation between the two regions would yield a nearly
flat spectrum in the transition region. Note that as n in-
creases, the slope of the power spectrum decreases. Thus,
the more rapidly the Universe is accelerating, the closer
the spectrum is to being scale-invariant. This is similar
to what occurs in ordinary power law inflation, except
that the sign of the spectral index is opposite. In the
limit towards exponential inflation, the results for com-
mutative and non-commutative space-times converge.

The case of exponential inflation is very special in that
we do not need to specify zk or z̃k to determine the index
of the power spectrum. Despite the fact that zk(η̃) and
z̃k(η̃) are different from a, their dependence on k happens
to be the same as a(η̃0

k): zk(η̃0
k) ∝ z̃k(η̃0

k) ∝ a(η̃0
k) ∝

k. Therefore the spectrum is scale invariant, like in the
commutative case. For H � Ms, the approximation (35)
is valid, and the spectrum is roughly the same as (13).
But for H � Ms, the magnitude can be different. For
instance, if we take (32), it is

Pk ' M5
s√

2H3M2
P

. (47)

If we assume that (13) is correct for the tensor metric
perturbations, the observational bound for gravitational
waves Pk < 10−10 leads to the usual hierarchy problem
[26] H < 10−5MP of inflationary cosmology. But if (47)
is correct, the problem is alleviated. For H ' MP , we
only need MS < 10−2MP .
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V. DISCUSSION

We have studied the consequences of the SSUR on the
evolution of cosmological fluctuations in expanding cos-
mological backgrounds. Given a noncommutative space-
time obeying the SSUR, the cosmological background
will still be described by the Einstein equations since the
background fields only depend on one spacetime variable.
The equations for the linear fluctuations, however, are
modified. We have argued that the modifications take
the form of an interaction of the fluctuating field with
the background which is nonlocal in time.

An important consequence of the SSUR is that for each
comoving wavenumber k, there is an earliest time η̃0

k at
which the fluctuating mode exists. We assume that the
fluctuation starts out with its vacuum amplitude at this
time. Since the dependence of η0

k on k is nontrivial, we
expect that the index of the power spectrum of cosmo-
logical fluctuations will be different than for commuta-
tive spacetime. We find that this is indeed the case for a
range of wavelengths, except in the special case of expo-
nential inflation in which we also obtain a scale-invariant
spectrum. Note that for power law inflation (n > 1) the
spectrum of fluctuations is “blue” when the SSUR is ef-
fective (for the infra-red region k < A) in contrast to the
case of a commutative spacetime in which the spectrum
is “red”. The reason for this difference is that in our case,
modes with smaller values of k are generated later than
those with a larger value, and thus experience growth
due to squeezing for less time, whereas for commutative
spacetime the larger the value of k, the later the mode
leaves the Hubble radius and the less squeezing it will
experience.

Let us now conclude with a few remarks.

1. Although we find the same requirement m = −1
as in the undeformed scalar field theory for a scale-
invariant spectrum, it represents a special case be-
cause the spectrum is different for other values of
m in the IR.

2. In the case of exponential inflation, although the
spectrum is always roughly scale-invariant, the am-
plitudes are different for large H and small H ,

3. It may appear a little counter-intuitive that it is
the IR fluctuation modes that are severly modified
by the stringy spacetime uncertainty relation. This
may be interpreted as a manifestation of the UV/IR
connection.

4. A realization of inflation in the context of noncom-
mutative spacetime obeying the SSUR would not
be subject to the trans-Planckian problem of gen-
eral inflationary models [1]. The case of exponential
inflation in our model can also be viewed as a test
of the robustness of inflation, but with a different
kind of deformation of the dispersion relation than
those considered in [6].

5. In the case of scalar metric fluctuations, we had
to make a choice of which variable to consider as
the one whose action is subject to the transforma-
tion from commutative spacetime to noncommuta-
tive spacetime outlined in Section III. It would be
interesting to study the results for other choices.

6. An intriguing possibility is that there is only one
effective scale factor, i.e., zk = z̃k. With this as-
sumption, we do not need the approximation (35)
to calculate the spectrum. The spectrum (10) can
be interpreted as the physical energy Ek squared at
η̃0

k for all modes with η̃0
k > η̃1

k. The SSUR implies
that Ek(η̃0

k) = Ms, and so we obtain

Pk ' M2
s

M2
P

. (48)

for all UV modes (39).
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APPENDIX: ESSENTIALS OF THE THEORY OF
COSMOLOGICAL PERTURBATIONS

For a detailed review of the calculation of metric per-
turbations, the reader is directed to other references
[27,28] (see also [29] for a recent short review). Here
we outline the basic steps with modifications due to non-
commutative spacetime or SSUR effects.

There are two kinds of metric perturbations of inter-
est in early Universe cosmology: the scalar and tensor
fluctuations. Tensor fluctuations correspond to gravita-
tional waves. The perturbed metric only has nonvanish-
ing space-space components hij which can be expanded
in terms of the two basic traceless and symmetric polar-
ization tensors e+

ij and ex
ij as

hij = h+e+
ij + hxex

ij (49)
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where the space and time dependence is in the coefficient
functions h+ and hx.

The Einstein action can be expanded to second order
in the metric fluctuations about a Friedmann-Robertson-
Walker (FRW) background (4), and the action for h+

and hx reduces to that of a free, massless, minimally
coupled scalar field in the FRW background. To obtain
the correct normalization, the metric must be multiplied
by the normalization factor Mpl/

√
2. In Fourier space,

the action is

S =
∫

dη
1
2
ad−1

(
ϕ
′
−kϕ

′
k − k2ϕ−kϕk

)
, (50)

where ϕ stands for the coefficient functions h+ and hx,
and d denotes the number of spatial dimensions (set to
3 in the following in most of this Appendix). This leads
to the equation of motion

ϕ
′′
k + 2

a
′

a
ϕ
′
k + k2ϕk = 0 . (51)

The Hubble friction term can be eliminated via a change
of variables

µ = aϕ , (52)

yielding the equation of motion

µ
′′
k +

(
k2 − a

′′

a

)
µk = 0 . (53)

The power spectrum of gravitational waves in a par-
ticular state |0 > of the gravitational radiation field can
be written in terms of the new field µ as

Pg(k) = 2
k3

2π2

< 0|µ∗kµk|0 >

a2
. (54)

The two point function appearing in (54) is that of a free
canonically normalized massless scalar field multiplied by
2/M2

pl.
Scalar metric fluctuations couple to matter, and

give rise to the large-scale structure of the Universe.
The description of scalar metric perturbations is more
complicated than the analysis of gravitational waves
both because of the coupling to matter and also be-
cause some perturbation modes correspond to space-time
reparametrizations of a homogeneous and isotropic cos-
mology. This is the issue of gauge fixing. A simple way
to address this issue is to work in a system of coordinates
which completely fixes the gauge. A simple choice is the
longitudinal gauge, in which the metric takes the form
[27]

ds2 = a2(η)
[
(1 + 2Φ)dη2 − (1 − 2Ψ)γijdxidxj

]
, (55)

where the space and time dependent functions Φ and Ψ
are the two physical metric degrees of freedom which de-
scribe scalar metric fluctuations (γij is the metric of the

unperturbed spatial hypersurfaces). The fluctuations of
matter fields give additional degrees of freedom for scalar
metric fluctuations. In the simple case of a single scalar
matter field, the matter field fluctuation can be denoted
by δϕ. In the absence of anisotropic stress, it follows
from the Einstein equations that the two metric fluctu-
ation variables Φ and Ψ coincide. Due to the Einstein
constraint equation, the remaining metric fluctuation Ψ
is determined by the matter fluctuation δϕ.

It is clear from this analysis of the physical degrees
of freedom that the action for scalar metric fluctuations
must be expressible in terms of the action of a single free
scalar field v with a time dependent mass (determined by
the background cosmology). As shown in [30] (see also
[31], this field is

v = a
(
δϕ +

ϕ
′
0

H Ψ
)

= zR , (56)

where ϕ0 denotes the background value of the scalar mat-
ter field, H = a

′
/a,

z = a
ϕ
′
0

H , (57)

and R denotes the curvature perturbation in comoving
gauge [32]. The action for scalar metric fluctuations is
[33]

S =
1
2

∫
d4x

√−γ
(
v
′2 − γijv,iv,j +

z
′′

z
v2
)
, (58)

(where γ is the determinant of the metric γij) which leads
to the equation of motion

v
′′
k +

(
k2 − z

′′

z

)
vk = 0 , (59)

which under the change a → z is identical to the equation
(53) for gravitational waves. Note that if a(η) is a power
of η, then ϕ

′
0 and H scale with the same power of η so

that z is proportional to a, in which case the evolution
of gravitational waves and scalar metric fluctuations is
identical.

In analogy to (54), the power spectrum of the curvature
fluctuation R is

PR(k) =
k3

2π2

< 0|v∗kvk|0 >

z2
. (60)

So far, the theory was developed for commuting
space-time variables. To make the transition to non-
commutative space-time, and to take into account the
space-time uncertainty relation, we replace, as discussed
in the main part of the text, the k−independent function
z(η) by a k−dependent function zk(η). In addition, we
allow the initial time η0 to depend on k.

In order to show how the growth of the classical mode
function vk translates into the growth of the expectation
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value which determines the power spectrum we will make
use of the Hamiltonian formalism. From the action (58)
it follows that the momentum canonically conjugate to
the field v is

Πk = v
′
−k −

z
′
k

zk
v−k , (61)

and this leads to the Hamiltonian (see e.g. [6])

H =
∫

ddk

[
ka†kak +

i

2
z
′
k

zk
(a†ka†−k − aka−k)

]
, (62)

where a†k(η) and ak(η) are the creation and annihilation
operators at time η related to vk and its conjugate mo-
mentum by

vk =
1√
2k

(ak + a†−k), (63)

Πk =
−i√
2k

(a−k − a†k). (64)

In the Heisenberg picture, the creation and annihila-
tion operators evolve with time, while the state does not.
Assume that the Universe is in the state |0 > defined by

ak(η0
k)|0 > = 0 , (65)

which is the vacuum for mode k at some intial time η0
k.

It is in general not the vacuum at later times.
The Bogoliubov transformation relates the creation

and annihilation operators at η0 with the corresponding
operators at the time η:

ak(η) = αk(η)ak(η0) + βk(η)a†−k(η0), (66)

a†k(η) = β̄k(η)a−k(η0) + ᾱk(η)a†k(η0) , (67)

where αk and βk satisfy

αkᾱk − βkβ̄k = 1, ∀k . (68)

The Hamilton equations [H, ak] = iȧk and its Hermitian
conjugate take on a simpler form when written in terms
of the new variables

ζk = αk − β̄k, ξk = αk + β̄k. (69)

In terms of them they read

ζ
′′
k +

(
k2 − z

′′
k

zk

)
ζk = 0, (70)

ξ
′′
k +

(
k2 − (z−1

k
)
′′

(z−1
k

)

)
ξk = 0, (71)

The larger the value of |βk|2(η), the larger the number
of particles at time η created out of the initial vacuum
state |0 >.

Let us denote the factors in (70), (71) by

M = k2 − z
′′
k

zk
, N = k2 − (z−1

k )
′′

(z−1
k )

. (72)

For small η (η < −1/k) (scales smaller than the Hubble
radius), both M and N are positive and approximately
equal to k2. Thus, ζk and ξk oscillate. If the initial state
is taken to be the local vacuum state,

αk(η0) = 1, βk(η0) = 0, (73)

then the magnitudes of ζ and ξ are of order 1 until
η = −1/k. This represents the oscillation of quantum
vacuum fluctuations. We will refer to this regime as
phase I. On scales larger than the Hubble radius (at later
times), M and N are dominated by the second (negative)
term. In this period, ζ and ξ correspond to frozen fluc-
tuations which are undergoing quantum squeezing and
which scale like zk ∼ a and z−1

k ∼ a−1, respectively.
Since a is increasing with time, by (69) we can approx-
imate vk by ζk/

√
2k for sufficiently late times. This is

phase II When k2 is much smaller than both z
′′
k /zk and

(z−1
k )

′′
/(z−1

k ), and assuming that z is an increasing func-
tion, the dominant solutions are simply

ζk = Ckzk, ξk =
1

Ckzk
(74)

for real uk, vk. Note that the condition (68) is satis-
fied for this solution, but not for other solutions of the
second order differential equations. Suppose that for suf-
ficiently late times, zk � 1 (zk � 1) then vk ' 1

2ζk/
√

2k

(vk ' 1
2ξk/

√
2k). Since the initial condition is ζk(η0) =

ξk(η0) = 1, it is equivalent to say that for zk � 1,
for sufficiently large η, vk(η) is given by the solution to
the differential equation (70) with the initial condition
v(η0) = 1/

√
2k. For zk � 1, we replace zk by z−1

k . In
general we want to find the larger of the two functions ζk

and ξk. This then determines via the relations(69) the
Bogoliubov coefficient βk, in terms of which the power
spectrum of metric fluctuations becomes

PR(k) =
k3

2π2

1
2k

|βk|2
z2

k

. (75)

Note that the factor 1/(2k) represents the vacuum nor-
malization of the states, seen in (63).

In summary, for expanding zk, the spectrum is

PR(k) =
k2

4π2

1
z2

k(ηk)
, (76)

where ηk is the time when the fluctuation mode k crosses
the Hubble radius (M = 0). In this paper we also con-
sider the case of fluctuations outside the Hubble radius
starting in the vacuum. For them ηk should be taken to
be the time when they start in the vacuum.
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