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1. Introduction

In the early days of investigations by physicists [1] of the unitary irreducible representations

(UIRs) of SO(d, 2) (the d-dimensional conformal group), it was remarked that there exist

special degenerate representations (“singletons”) which give rise to just a pair of UIRs

when reduced to the subgroup SO(d− 1, 2).

These pairs of modules are “shadow pairs” [2], i.e., they have the same Casimir eigen-

values, and correspond to the so-called “conformally coupled fields” [1] in d dimensions.

We recall that SO(d, 2) can be viewed either as the isometry group of AdSd+1 or as the

conformal group in d-dimensional Minkowski space Md. The two are related by the fact

that a certain compactification of Md can be regarded as the boundary of AdSd+1.

In the present note we extend this analysis to superconformal symmetry. We show

that four-(or five-)dimensional supersingleton multiplets are decomposed in an analogous

way into pairs of three-(or four-)dimensional “mirror” supermultiplets corresponding to the

superalgebra embedding OSp(2N/4,R) ⊂ SU(2, 2/2N) (or SU(2, 2/1) ⊂ F(4)). A similar

result does not hold in the six-dimensional case because the superalgebra F(4) is not a

subalgebra of OSp(8∗/4).

These exceptional representations appeared recently in the physics literature in differ-

ent contexts. In the four-dimensional case (with N = 4) it is the study of the AdS/CFT

correspondence in the presence of “defects” [3, 4]. In the five-dimensional case, in IIB su-

pergravity on AdS5×T
1,1 the lowest-dimensional chiral primary operator Tr(AB) describes

precisely a conformally coupled scalar, which means that it has an extension (together with

its shadow) to a supersingleton representation of F(4) [5].
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The paper is organized as follows. In section 2 we explain how two scalar UIRs of

the d-dimensional conformal group SO(d, 2) of shadow conformal weights `± = (d ± 1)/2

merge together to form a scalar singleton UIR of the d + 1-dimensional conformal group

SO(d+1, 2). In section 3 we examine the possibilities to embed a d-dimensional conformal

superalgebra in a d + 1-dimensional one. We show that OSp(N/4,R) ⊂ SU(2, 2/N) and

SU(2, 2/1) ⊂ F(4), but F(4) ⊂ OSp(8∗/4). Next, in section 4 we study the branching

of d = 4 scalar supersingletons into pairs of d = 3 supermultiplets, corresponding to the

embeddings OSp(1/4,R) ⊂ SU(2, 2/1) and OSp(2N/4,R) ⊂ SU(2, 2/2N). We show that

the two d = 3 “shadow” scalars obtained by breaking up the d = 4 singleton, are found

in two “mirror” d = 3 supermultiplets of the same conformal dimension 2, but belonging

to two complementary R symmetry irreps (self-dual and anti-self-dual tensors of SO(2N)).

The d = 3 multiplets obtained can be viewed as “supercurrents”, i.e., as squares of the

two types of d = 3 supersingletons. In section 5 we perform a similar reduction from

d = 5 to d = 4, corresponding to the embedding SU(2, 2/1) ⊂ F(4). We show that the

d = 5 supersingleton branches into a pair of d = 4 chiral supermultiplets with “anomalous”

dimension 3/2.

2. Relationship between scalar UIRs of SO(d, 2) and SO(d + 1, 2)

In this section, following Fronsdal [1], we explain the basic phenomenon which underlies this

work. The question we want to answer is how to upgrade a scalar1 UIR of the conformal

group in d dimensions SO(d, 2) to a UIR of the conformal group in d + 1 dimensions

SO(d + 1, 2). The answer is very simple: we have to take two UIRs of SO(d, 2), namely,

scalars of conformal dimension `1 = (d − 1)/2 and `2 = (d + 1)/2; together they form a

massless scalar UIR of SO(d + 1, 2) (or a “singleton” in the AdS sense [6]) of canonical

conformal dimension (d− 2)/2. The explanation follows.

The algebra of SO(d, 2) contains SO(d − 1, 1) (Lorentz) generators Mmn = −Mnm,

translations Pm, boosts Km and dilatation D. Here m = 0, 1, . . . , d− 1 is a vector index of

SO(d− 1, 1). The commutation relations relevant to our discussion are

[Pm,Kn] = iMmn + iηmnD , [D,Pm] = iPm , [D,Km] = −iKm . (2.1)

The group SO(d, 2) is non-compact, so its UIRs are infinite-dimensional Hilbert spaces.

To construct such a space, consider a ground state |`, 0〉 of conformal dimension ` and spin

0 (i.e., a singlet of the Lorentz subgroup SO(d− 1, 1)) defined by

Mmn|`, 0〉 = Km|`, 0〉 = 0 , D|`, 0〉 = i`|`, 0〉 . (2.2)

Here the boosts Km play the rôle of annihilators whereas the translations Pm are the

creators. Applying the latter to the ground state, we obtain the Hilbert space

H`,0 : |`, 0〉 , Pm|`, 0〉 , PmPn|`, 0〉 , . . . (2.3)

1The same question can be asked about higher spin representations [1], but scalars are sufficient for our

purpose.
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In it we find states with spin 0 obtained by acting with the scalar PmPm:

|`+ 2k, 0〉 = (PmPm)
k|`, 0〉 . (2.4)

Note the absence of states |`+ 2k + 1, 0〉 in H`,0.

Now, we wish to upgrade this SO(d, 2) UIR to a UIR of SO(d+ 1, 2). The algebra of

SO(d+1, 2) contains d additional Lorentz generators Mmd, one boost (annihilator) Kd and

one translation (creator) Pd. If |`, 0〉 is to become the ground state of the SO(d+1, 2) UIR

with spin 0 (a singlet of SO(d, 1)) that we want to build up, then it must be annihilated

by Mmd and Kd:

Mmd|`, 0〉 = Kd|`, 0〉 = 0 . (2.5)

Further, the new creator Pd applied to this ground state produces the state

|`+ 1, 0〉 = Pd|`, 0〉 , (2.6)

which is not present in H`,0 (2.3). We must regard this state as the ground state of a new

SO(d, 2) Hilbert space H`+1,0. At the same time, it should be viewed as an excitation of

the SO(d + 1, 2) ground state. This explains why we need two UIRs of SO(d, 2) to form

one UIR of SO(d+ 1, 2).

Next, applying Pd twice we create the state |` + 2, 0〉 = (Pd)
2|`, 0〉. This time, a

similar state is contained in H`,0 (2.3), namely PmPm|`, 0〉. Irreducibility then leads to the

identification of these two states:

PmPm|`, 0〉 = (Pd)
2|`, 0〉 ⇔ P µPµ|`, 0〉 = 0 , µ = 0, 1, . . . , d . (2.7)

Thus, in d + 1 dimensions we are dealing with a massless UIR of the conformal group

SO(d+ 1, 2) (or a “singleton” in the AdS terminology).

Finally, the identification condition (2.7) should be compatible with the action of all

the annihilators Kµ of SO(d+1, 2). This leads to the well-known result that the conformal

dimension must take the canonical value for a d+ 1-dimensional massless scalar,

P µPµ|`, 0〉 = 0 ⇒ ` =
(d+ 1)− 2

2
=
d− 1

2
. (2.8)

In summary, the two SO(d, 2) ground states |(d− 1)/2, 0〉 and |(d+1)/2, 0〉 create two

Hilbert spacesH(d−1)/2,0 andH(d+1)/2,0 which merge into the single Hilbert spaceH′(d−1)/2,0

of an SO(d+ 1, 2) massless UIR of canonical dimension ` = (d− 1)/2 and Lorentz spin 0.

Note that `± = (d± 1)/2 are the “shadow dimensions” [2] corresponding to the same

value of the quadratic Casimir of SO(d, 2) (or “AdS mass” [7, 8, 9])

C2 =M2 = `(`− d) =
1

4
(1− d2) .

3. Embedding of superconformal algebras in diverse dimensions

In the preceding section we have seen that two shadow scalars in d dimensions combine to

form a singleton (massless) scalar in d+1 dimensions. In the supersymmetric case we would

expect to find a similar relationship between scalar supersingletons in d + 1 dimensions

– 3 –
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(massless scalar multiplets of the N -extended superconformal algebra ANd+1) and pairs of

scalar multiplets of the superconformal algebra ANd in d dimensions. An obvious necessary

condition for this to take place is the existence of the embedding ANd ⊂ A
N
d+1.

In this section we discuss the structure of the superconformal algebras OSp(N/4,R)

(d = 3), SU(2, 2/N) (d = 4), F(4) (d = 5) and OSp(8∗/2N) (d = 6) [10, 11]. We show that

the embeddings OSp(N/4,R) ⊂ SU(2, 2/N) (d = 3 ← d = 4) [12] and SU(2, 2/1) ⊂ F(4)

(d = 4← d = 5) exist, but F(4) ⊂ OSp(8∗/4) (d = 5← d = 6) is not possible.

To do this, we examine the structure of the anticommutator of the odd generators case

by case, starting from the highest dimension d = 6 for which a standard superconformal

algebra exists [13].

The d = 6 superalgebra OSp(8∗/2N) has the even part SO(6, 2) × USp(2N). Corre-

spondingly, the odd generators Σaα carry two indices. The index α = 1, . . . , 8 is in one of

the two inequivalent spinor irreps of SO(6, 2) (a non-compact form of SO(8)), e.g., 8s. The

index a = 1, . . . , 2N is in the fundamental irrep of USp(2N). These generators satisfy the

pseudoreality condition

Σaα = CαβΩ
ab(Σbβ)

∗ , (3.1)

where Cαβ is the charge conjugation matrix and Ωab = −Ωba is the USp(2N) symplectic

matrix. The anticommutator of two odd generators has the following structure:

{Σaα,Σ
b
β} = ΩabγµναβMµν + IαβT ab . (3.2)

Here Mµν = −Mνµ are the generators of SO(6, 2), Iαβ is the identity matrix in the appro-

priate Majorana-Weyl basis and T ab = T ba are the generators of USp(2N). We also note

the decomposition of a 8× 8 matrix Aαβ in terms of antisymmetrized products of gamma

matrices:

Aαβ = I(αβ)A
1 + γµν[αβ]A

28
µν + γµνλ(αβ)A

35
µνλ . (3.3)

Here we have indicated the symmetry properties of the gamma matrix products, as well as

the dimension of each SO(6, 2) irrep.

Now, consider the unique d = 5 superconformal algebra F(4) [14] whose even part is

SO(5, 2)×USp(2). The odd generators and their anticommutator have the same form as in

the case d = 6, α = 1, . . . , 8 being an index of the unique spinor representation of SO(5, 2)

(a non-compact form of SO(7)) and a = 1, 2 being a USp(2) ∼ SU(2) index. What changes,

however, is the decomposition (3.3):

Aαβ = I(αβ)A
1 + γµ[αβ]A

7
µ + γµν[αβ]A

21
µν + γµνλ(αβ)A

35
µνλ . (3.4)

We see that the 28 of SO(6, 2) splits into a 7 and a 21 of SO(5, 2), both being antisymmetric

matrices. Consequently, trying to break up the OSp(8∗/4) anticommutator (3.2) so that

the corresponding F(4) relation would emerge, we encounter a problem: it is not possible

to keep only the 21 generators of SO(5, 2) without the extra 7 generators of SO(6, 2). We

conclude that the embedding F(4) ⊂ OSp(8∗/4) does not exist.

The next step is to move from d = 5 to d = 4. The d = 4 superconformal algebra

SU(2, 2/N) has the even part SO(4, 2) × (S)U(N) (in general, the R symmetry group is
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U(N), except for N = 4 where it is SU(4)). This time the odd generators Σa
α (and their

conjugates Σ̄αa ) carry indices α = 1, . . . , 4 and a = 1, . . . , N in the fundamental irreps of

SU(2, 2) ∼ SO(4, 2) and of SU(N), respectively:

{Σaα, Σ̄
β
b } = δba(γ

µν)βαMµν + δβαT
a
b . (3.5)

The relevant matrix decomposition now concerns two kinds of matrices:

Aαβ = γµ[αβ]A
6
µ + γµνλ(αβ)A

10
µνλ , Aβα = δβαA

1 + (γµν)βαA
15
µν , (3.6)

where (γµν)βα is traceless. Let us now try to reduce F(4) to SU(2, 2/1) (we set N = 1 in

order to match the numbers of odd generators). To this end we have to break up the d = 5

generators Σaα into a pair of d = 4 generators Σα and Σ̄β and then try to fit the pieces of

the generators of the even part. We note that the 21 of SO(5, 2) decomposes into 15 and

6 of SO(4, 2). According to (3.6), the symmetry property of the 6 does not match that of

the d = 4 anticommutator {Σα,Σβ}, so we have to set the latter to zero. Further, there is

room for the 15 in the d = 4 anticommutator {Σα, Σ̄
β}. Thus, we arrive at the SU(2, 2/1)

algebra:

{Σα,Σβ} = 0 , {Σα, Σ̄
β} = (γµν)βαMµν + δβαT . (3.7)

We conclude that the embedding SU(2, 2/1) ⊂ F(4) is possible.

Finally, consider the reduction from d = 4 to d = 3. The superalgebra OSp(N/4,R)

has the even part SO(3, 2) × SO(N). The odd generators Σa
α carry indices α = 1, . . . , 4 in

the spinor irrep of Sp(4,R) ∼ SO(3, 2) and a = 1, . . . , N in the vector irrep of SO(N). In

addition, they satisfy the reality condition Σa
α = ΩαβΣ̄

aβ. Their anticommutator is

{Σaα,Σ
b
β} = δab(γµν)αβMµν +ΩαβT

ab , (3.8)

where T ab = −T ba are the SO(N) generators. Note also the matrix decomposition

Aαβ = ΩαβA
1 + γµ[αβ]A

5
µ + γµν(αβ)A

10
µν , (3.9)

where γµ[αβ] is traceless, Ω
αβγµ[αβ] = 0. Now we can see how the reduction from SU(2, 2/N)

works: the d = 3 odd generators are the real parts of the d = 4 ones; U(N) becomes

SO(N); SU(2, 2) becomes Sp(4,R). At the last step the 15 of SU(2, 2) breaks up into the

10 and the 5 of Sp(4,R), the former having the right symmetry property to fit in (3.8),

the latter has to drop out.

4. The reduction of SU(2, 2/N) scalar supersingletons to two OSp(N/4, R)

mirror multiplets

In this section we explain the mechanism of the decomposition of the d = 4 scalar supers-

ingletons (massless scalar multiplets of SU(2, 2/N)) into a pair of scalar multiplets of the

d = 3 superconformal algebra OSp(N/4,R) ⊂ SU(2, 2/N).

We start with the simplest case N = 1 which illustrates the origin of the shadow

scalars in d = 3. The d = 4 supersingleton multiplet consists of massless scalars and

– 5 –
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spinors. It is described by an ultrashort superfield (chiral in the case N = 1). Its θ

expansion contains a term with first-order derivatives of the scalars. Unlike standard

trivial dimensional reduction to d = 3, our procedure consists in keeping the derivative ∂3

of the scalars. It plays the rôle of the additional creation operator P3 described in section 2

and is thus responsible for the origin of the shadow scalars.

Next we discuss in detail the case with N = 2 extended supersymmetry, as well as the

generalization to an arbitrary even value of N . This time the d = 4 supersingletons are not

chiral, but Grassmann analytic ultrashort superfields in harmonic superspace [15, 16, 17].

Here we see a new feature: the scalars in d = 4 form an irrep R4 of the d = 4 R symmetry

group SU(N) which splits into two inequivalent halves under the d = 3 group SO(N),

R4 = R+
3 +R−3 . Accordingly, the d = 4 supersingleton decomposes into two “mirror” d = 3

supermultiplets. One of them has scalars of dimension 1 in, e.g., R+
3 as its “ground state”

and also contains scalars of dimension 2 in R−3 . The latter play the rôle of the “shadows”

of the ground state scalars of the mirror multiplet.

Another peculiarity of the reduction SU(2, 2/N) → OSp(N/4,R) is that the d = 3

supermultiplets can be viewed as “supercurrents”, i.e., as the squares of the d = 3 scalar

supersingletons. This implies that such representations correspond to “massless” fields in

AdS4 [6, 9, 18]. For N ≥ 2 there are two inequivalent species of d = 3 scalar supersin-

gletons. Each of them gives rise to one of the mirror supercurrent multiplets obtained by

decomposing the d = 4 scalar supersingleton.

4.1 N = 1

The d = 4 N = 1 scalar supersingleton (the massless Wess-Zumino multiplet) is described

by a chiral superfield W (x, θ, θ̄) subject to the massless field equation:

D̄α̇W = DαDαW = 0 . (4.1)

The component expansion of this superfield has the form

W = φ(x) + θαψα(x) + iθασµαα̇θ̄
α̇∂µφ(x) , (4.2)

where the complex scalar φ(x) and the left-handed spinor ψα(x) fields are massless:

¤φ = σ̃α̇αµ ∂µψα = 0 . (4.3)

Note that the space-time coordinates xµ in (4.2) are real. The derivative term originates

from the nilpotent shift defining the complex chiral basis xµL = xµ + iθασµαα̇θ̄
α̇, in which

W depends on θ only. This property is called “chirality”, which is a particular case of

“Grassmann analyticity”(or “1/2 BPS shortness”). In fact, the superfield (4.2) is even

“ultrashort”, since the term θαθα is missing. This is a characteristic feature of the supers-

ingleton superfields.

The reduction to three dimensions is achieved by identifying the two conjugate Grass-

mann variables

θα = θ̄α̇ (4.4)

– 6 –
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and by taking, e.g., the real part of the superfield W , J = ReW . We stress the important

difference between the procedure we follow here and the standard trivial dimensional re-

duction. In the latter case we would also set ∂3φ = 0. Then, since the d = 4 sigma matrices

σµαα̇ split into the d = 3 ones σm(αβ) (symmetric) and σ3
αβ = iεαβ , the derivative term in (4.2)

would drop out and we would get the short real d = 3 superfield J = A + iθαλα, where

A = Re φ, λ = Im ψ. Such a superfield satisfies the superspace constraint DαDαJ = 0,

which is easily shown to be superconformal only if the conformal dimension of the super-

field J equals 1/2 and not 1 (the dimension of W ). This is an indication that we have to

proceed differently.

The correct dimensional reduction procedure which preserves conformal invariance,

consists in keeping ∂3φ. According to the discussion in section 2, this corresponds to

considering ∂3 as the component of the raising operator P3 which is responsible for creating

a new scalar state. In terms of fields this means defining a new d = 3 field B = −Im ∂3φ.

Thus, we obtain a generic long real2 d = 3 superfield:

J = A(x) + iθαλα(x) + iθαθαB(x) , (4.5)

A = Reφ , λα = Imψα , B = − Im ∂3φ .

In the process the first scalar A keeps the original conformal dimension 1 of φ, but the new

scalar B acquires the “shadow” dimension 3− 1 = 2.

Instead of the real part of W , we could have taken its imaginary part, thus obtaining

an alternative (“mirror”) d = 3 supermultiplet:

J ′ = A′(x) + iθαλ′α(x) + iθαθαB
′(x) , (4.6)

A′ = Imφ , λ′α = −Reψα , B′ = Re ∂3φ .

The only difference between J and J ′ has to do with the fact that real part of φ is a scalar

while its imaginary part is a pseudoscalar. Later on we shall see that the difference between

the mirror d = 3 multiplets becomes more significant for N > 1.

Finally, J can be viewed as a “supercurrent” obtained from d = 3 supersingletons

Φ(x, θ) defined by the massless superfield equation

DαDαΦ = 0 ⇒ Φ = ω(x) + θαχα , ¤ω = ∂αβχβ = 0 . (4.7)

Note that this time the dimensions of the d = 3 fields are canonical, dimω = 1/2, dimχ = 1,

so that equation (4.7) can be superconformal. Then we can write the “supercurrent”

J = (Φ)2 which has the same content as (4.5). The term “supercurrent” will become more

clear when we move to N > 2, where we will find conserved currents among the components

of J .

4.2 N = 2

The d = 4 N = 2 scalar supersingleton is the hypermultiplet. Its adequate description as

a Grassmann analytic superfield is given in harmonic superspace [15]. To this end one in-

troduces harmonic variables uIi (and their complex conjugates uiI) parametrizing the coset

2This is the reason why we had to expand the chiral superfield W (4.2) in the real basis in superspace,

and not in the complex chiral basis.
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SU(2)/U(1). They form a matrix of the R symmetry group SU(2) whose index i trans-

forms under the fundamental representation of SU(2), whereas the index I is a collection

of U(1) charges. With the help of the harmonics we can covariantly project any SU(2)

representation with respect to the subgroup U(1). For instance, the Grassmann variables

θ̄iα̇ and θiα in the fundamental irrep of SU(2) can be projected onto the highest-weight

states (HWS) θ̄1
α̇ = θ̄iα̇u

1
i , θ2α = θiαu

i
2, etc. Note the existence of a particular conjugation

(real structure) which combines ordinary complex conjugation with the antipodal map on

the sphere S2 ∼ SU(2)/U(1):

θ̃2α = θ̄1
α̇ . (4.8)

The on-shell hypermultiplet can now be described by a Grassmann analytic superfield:

W 1(xA, θ̄
1, θ2, u) = φi(xA)u

1
i + θα2ψα(xA) + θ̄1α̇κ̄α̇(xA) + iθ2σ

µθ̄1∂µφ
i(xA)u

2
i , (4.9)

where the component fields are massless,

¤φi = ∂̃α̇αψα = ∂αα̇κ̄
α̇ = 0 . (4.10)

The space-time variables xµA in (4.9) are obtained from the real ones xµ by a nilpotent shift,

xµA = xµ+iθ2σ
µθ̄2−iθ1σ

µθ̄1. In this basis the Grassmann analytic superfield manifestly de-

pends only on half of the odd variables. In this respect the Grassmann analytic superfields

resemble the chiral ones, although the half of θ’s they depend on is chosen with regard to

the R symmetry instead of the Lorentz group. We can also say that this is another type

of 1/2 BPS short superfield.

In addition to Grassmann analyticity, W 1 is subject to the constraint of SU(2) irre-

ducibility (harmonic analyticity), which makes the harmonic dependence in (4.9) linear

and puts the physical fields on shell. As in the case N = 1, the supersingleton (4.9) is an

“ultrashort” superfield, in the sense that a number of components in its θ expansion are

missing.

One final remark concerns the derivative term iθ2σ
µθ̄1∂µφ

i(xA)u
2
i . It is not the analog

of the coordinate shift term in the N = 1 chiral superfield (4.2), but is due to the ultra-

shortness of the supersingleton. This term will play an important rôle in the dimensional

reduction.

Now we proceed to the reduction to three dimensions. There the N = 2 R symmetry

group SU(2) becomes SO(2) and the Grassmann variables belong to the vector represen-

tation, θ±±α.3 Thus, to reduce the d = 4 superfield (4.9) we have to identify the two

conjugate (in the sense of eq. (4.8)) θ’s,

θα2 = θ̄1α̇ ≡ θ++α . (4.11)

Further, we define the scalar field A++ ≡ φiu1
i and the spinor field λα ≡ 1/2(ψα + κ̄α̇).

Finally, much like in the case N = 1, from the derivative term in (4.9) only the component

B−− ≡ −∂3φ
iu2
i survives, giving rise to a new scalar field of shadow dimension 2. The

result is

J++ = A++ + θ++αλα + θ++αθ++
α B−− . (4.12)

3We use spinor units of charge, so the charge of a vector is ±2.
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Unlike the case N = 1, this time we obtain a 1/2 BPS short (or Grassmann analytic)

superfield depending only on half of the odd variables.4 However, this short superfield is

off shell, unlike its d = 4 counterpart (4.9).

A characteristic feature of the d = 3 supermultiplet (4.12), common for all even values

of N , is that its “ground state” A++ corresponds to half of the d = 4 scalars φi. It

is obtained by splitting the R symmetry n-fold antisymmetric irrep of SU(2n) into two

inequivalent irreps (self-dual and anti-self-dual) of SO(2n). The other half reappears at

the level of (θ)2, but this time with shadow dimension 2.

Choosing the other half of the scalars as the “ground state” of the supermultiplet, we

find an alternative (“mirror”) reduction of the d = 4 supersingleton. It is obtained from

the complex conjugate superfield W 2(θ1, θ̄
2) = φ̄iu

i
2 + · · · by the identifications θα1 = θ̄2α̇ ≡

θ−−α, A−− = φ̄iu
i
2, ρ

α ≡ 1/2(ψα − κ̄α̇) and B++ ≡ −∂3φ̄iu
i
2:

J−− = A−− + θ−−αρα + θ−−αθ−−α B++ . (4.13)

Notice the important fact that the “shadow” scalar B++ in (4.13) carries the same R sym-

metry quantum numbers as the “ground state” scalar A++ in (4.12). In other words, the

pair of d = 3 scalars which gives rise to a singleton scalar representation of SO(4, 2) (recall

section 2), is composed of states belonging to the two “mirror” d = 3 supermultiplets (4.12)

and (4.13). We conclude that this pair of d = 3 supermultiplets is equivalent to the d = 4

supersingleton multiplet (4.9). As we show below, the same phenomenon takes place for

all even values of N .

Finally, we remark that the d = 3 N = 2 supermultiplet we have obtained is a “su-

percurrent”, i.e., it can be viewed as the square of a d = 3 supersingleton. The latter is

described by an ultrashort analytic superfield,

Φ+ = ω+ + θ++αχ−α , ¤ω+ = ∂αβχ−β = 0 ⇒ J++ = (Φ+)2 , (4.14)

or, alternatively, by Φ− = ω− + θ−−αχ+
α , J

−− = (Φ−)2.

4.3 Arbitrary even N

The above discussion is easily generalized to the case of an arbitrary even value N = 2n.

Two examples of d = 4 supersingletons of physical interest are the on-shell multiplets of

N = 4 super Yang-Mills and of N = 8 supergravity [19].

4.3.1 Scalar supersingletons in d = 4

The d = 4 N = 2n scalar supersingleton is described by an ultrashort analytic superfield.

It depends on half of the Grassmann variables:

θ̄1,2,...,n α̇ = θ̄iα̇u1,2,...,n
i , θαn+1,...,2n = θαi u

i
n+1,...,2n , (4.15)

obtained with the help of the harmonic variables uIi (and their conjugates uiI) on the

coset SU(2n)/[U(1)]2n−1 [20]. They form an SU(2n) matrix and are used to project the

fundamental irrep of SU(2n) (index i) onto [U(1)]2n−1 (index I = 1, 2, . . . , 2n).

4The space-time variables in (4.12) include the nilpotent shift xm
A = xm + iθ++σmθ−− which originates

from the corresponding shift in d = 4.
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Below we list some of the terms in the θ expansion of the supersingleton:

W 12···n(θ̄1,2,...,n, θn+1,...,2n) = φ[i1···in]u1
i1 · · · u

n
in +

+θ̄n α̇ψ̄
[i1···in−1]
α̇ u1

i1 · · · u
n−1
in−1

+ perm. +

+θα2nκ[i1···in−1] αu
i1
2n−1 · · · u

in−1

n+1 + perm. +

+ · · ·+

+θ̄1
α̇1
· · · θ̄nα̇n

F (α̇1···α̇n) + θα1
2n · · · θ

αn

n+1G(α1 ···αn) +

+iθ2nσ
µθ̄n∂µφ

[i1···in]u1
i1 · · · u

n−1
in−1

u2n
in + perm. +

+other derivative terms (4.16)

These include: the scalars in the n-fold antisymmetric irrep [0 · · · 01n0 · · · 02n−1] of SU(2n);

the spin 1/2 fields in the n− 1-fold antisymmetric irrep [0 · · · 01n−10 · · · 02n−1]; the SU(2n)

singlets F and G with the top Lorentz spins (0, n) and (n, 0); the derivative terms relevant

to the dimensional reduction. All of these fields are massless,

¤φ = ∂αα̇ψ̄
α̇ = ∂̃α̇ακα = . . . = ∂αα̇1F

(α̇1 ···α̇n) = ∂̃α̇α1G(α1 ···αn) = 0 . (4.17)

The harmonic projections of the fields displayed in (4.16) correspond to the HWS of each

SU(2n) irrep, the rest are obtained by permutation of the indices 1, 2, . . . , 2n. The conju-

gation rules compatible with Grassmann analyticity are as follows:

θ̃n+1 = θ̄1, . . . , θ̃2n = θ̄n . (4.18)

Using these rules, we can impose a reality condition on the multiplet (4.16) if N = 2n = 4k.

To be more explicit, let us give the particular example of the N = 4 SYM multiplet in

detail:

W 12
N=4 SYM(θ̄1,2, θ3,4) = φ[ij]u1

iu
2
j +

+
(
θ̄2α̇ψ̄iα̇u

1
i − 1↔ 2

)
+
(
θα4ψαiu

i
3 − 3↔ 4

)
+

+θ̄1α̇θ̄2β̇F−
(α̇β̇)

+ θα4 θ
β
3F

+
(αβ) +

+
((
iθ4σ

µθ̄2∂µφ
[ij]u1

iu
4
j + 3↔ 4

)
− 1↔ 2

)
+

+other derivative terms . (4.19)

It consists of six scalars φij = 1/2 εijklφ̄kl in the real irrep [010] of SU(4), four spinors ψ̄iα̇
in the fundamental irrep [100] (and their conjugates ψαi in [001]) and the self-dual F+

(αβ)

and anti-self-dual F−
(α̇β̇)

parts of the YM field strength (SU(4) singlets).

In eqs. (4.16) and (4.19) we have displayed only one of the numerous derivative terms.

The remainder contains either derivatives of the spinors or higher-order derivatives of

the scalars. They are irrelevant for the dimensional reduction because of the field equa-

tions (4.17). Indeed, a term like ∂µψα will only generate derivative terms (descendants) in

d = 3, since ∂3ψα = σ̃αα̇3 σmα̇β∂mψ
β . Similarly, since ∂2

3φ = ∂2
mφ, derivative terms like ∂µ∂νφ

either give rise to descendants of the d = 3 field A ≡ φ or of the new d = 3 field B ≡ ∂3φ

(see below).
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4.3.2 Reduction to d = 3

By analogy with the case N = 2, after the reduction to d = 3 we expect to find an SO(2n)

covariant analytic superfield. In order to define it we have to introduce harmonic variables

on the coset SO(2n)/[U(1)]n.5 A characteristic feature of the orthogonal groups SO(2n)

(more precisely, of their covering groups Spin(2n)) is the existence of two inequivalent

spinor representations (left- and right-handed), denoted by undotted and dotted indices

a, ȧ = 1, . . . , 2n−1. Correspondingly, we introduce two sets of spinor harmonics,

u±1···±n−2[±]
a , w

±1···±n−2{±}
ȧ . (4.20)

Their U(1) charges denoted by ±p, p = 1, . . . , n−2 correspond to the first n−2 U(1) factors

from the coset SO(2n)/[U(1)]n. The last two charges, denoted by [±] and {±}, are used

to distinguish the two spinor representations whose HWS correspond to the projections

[0 · · · 010n] : u
+1···+n−2[+]
a ; [0 · · · 01n] : w

+1···+n−2{+}
ȧ . (4.21)

Further, in d = 4 the Grassmann variables θi and θ̄
i belong to the fundamental irrep

of SU(2n), but after reducing to d = 3 and taking the real part, we find them in the vector

irrep of SO(2n). The corresponding vector harmonics are composite variables made out of

the left- and right-handed spinor harmonics,

vRr = u±1···±n−2[±]
a γaȧr w

±1···±n−2{±}
ȧ , (4.22)

where γr, r = 1, . . . , 2n are the gamma matrices of SO(2n). The projection (charge) R

takes one of the following 2n values: ±±1 or ±±2, . . . , or ±±n−2, or [±]{±}. The HWS

of the vector irrep [10 · · · 0n] corresponds to the projection v++1
r (if n > 2) or to v[+]{+} (if

n = 2).

Using the composite vector harmonics, we can choose a subset of the odd variables

suitable for defining a d = 3 analytic superspace. One such subset is obtained by identifying

the left- and right-handed d = 4 analytic θ’s as follows:

θn+1 = θ̄1 ≡ θ++1 , . . . (4.23)

. . . , θ2n−2 = θ̄n−2 ≡ θ++n−2 , θ2n−1 = θ̄n−1 ≡ θ[+]{+}, θ2n = θ̄n ≡ θ[+]{−} .

These new odd variables are real, as follows from the conjugation rules (4.18). Another

analytic subset is obtained by swapping θ [+]{±} ↔ θ[±]{+}.

The next step in the reduction is to split the scalars in eq. (4.16) into irreps of SO(2n).

In fact, all other fields in (4.16) belong to SU(2n) irreps of the type [0 · · · 01p0 · · · 02n−1], 1 ≤

p ≤ n−1, which remain irreducible when restricted to SO(2n) (more precisely, to Spin(2n)).

The only exception are the scalars in the [0 · · · 01n0 · · · 02n−1] of SU(2n) which split into

the left- and right-handed irreps [0 · · · 020n] and [0 · · · 02n] of SO(2n) (corresponding to

self-dual and anti-self-dual n-fold antisymmetric tensors). We can take, e.g., the self-dual

half [0 · · · 020n] (i.e., the HWS charges ++1 · · ·++n−2[++]) and define the d = 3 “ground

5We did not need harmonics in the case N = 2 since the group SO(2) is too small to admit a harmonic

coset.
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state” scalar fields

φ[i1···in]u1
i1 · · · u

n
in → A++1···++n−2[++] = A[r1···rn]v++1

r1 · · · v++n−2
rn−2

v[+]{+}
rn−1

v[+]{−}
rn . (4.24)

Here A[r1···rn] is an n-fold antisymmetric self-dual tensor of SO(2n). If n = 2k it can be

made real by applying the appropriate harmonic conjugation.

In a similar fashion, the remaining terms in the d = 4 expansion (4.16) give rise to

d = 3 fields. For instance, the spin 1/2 terms become

θ̄nα̇ψ̄12···n−1
α̇ + θα2nκ2n−1···n+1 α → θ[+]{−}αλ++1···++n−2[+]{+}

α , (4.25)

where λ
++1···++n−2[+]{+}
α = λα [r1···rn−1]v

++1
r1 · · · v

++n−2
rn−2 v

[+]{+}
rn−1 is a spinor filed correspond-

ing to the HWS of the n− 1-fold antisymmetric irrep [0 · · · 011n] of SO(2n).

This process goes on until we reach the top spin fields:

θ̄1
α̇1
· · · θ̄nα̇n

F (α̇1···α̇n) + θα1
2n · · · θ

αn

n+1G(α1 ···αn) → θ++1
α1
· · · θ++n−2

αn−2
θ[+]{+}
αn−1

θ[+]{−}
αn

j(α1 ···αn) .

(4.26)

Note that the spin n filed j(α1 ···αn) (as well as all other fields with spin greater than 1/2)

is a conserved spin-tensor:

σmα1α2
∂mj

(α1 ···αn) = 0 . (4.27)

The reason for this will become clear in subsection 4.4.

The derivative term shown in (4.16) deserves particular attention, because it gives rise

to the new scalars of shadow dimension 2:

iθ2nσ
3θ̄n ∂3φ

1···n−1;2n → θ[+]{−}αθ[+]{−}
α B++1···++n−2{++} , (4.28)

where B++1···++n−2{++} = B[r1···rn]v
++1
r1 · · · v

++n−2
rn−2 v

[+]{+}
rn−1 v

[−]{+}
rn is a scalar filed corre-

sponding to the HWS of the n-fold antisymmetric anti-self-dual irrep [0 · · · 02n].

As in the case N = 2, the “ground state” scalars A and the “shadow” scalars B

belong to the two complementary SO(2n) irreps [0 · · · 020n] and [0 · · · 02n] which constitute

the SU(2n) irrep [0 · · · 01n0 · · · 02n−1]. This means that the shadows of the A fields (4.24)

are not the B fields (4.28) from the analytic superfield J [0···020n ](θ++1 , . . . , θ++n−2 , θ[+]{±})

that we have constructed. They can be found in the “mirror” superfield J [0···02n](θ++1 , . . . ,

θ++n−2 , θ[±]{+}) obtained by swapping the irreps of the “ground state” and of the shadow

scalars (in practice, this means swapping the charges [±] and {±}). We conclude that

the d = 4 supersingleton decomposes into two “mirror” d = 3 multiplets, each of them

containing the shadow scalars for the other.

Concluding this subsection, we give as an example the complete expansion of the d = 3

N = 4 analytic superfield obtained from the d = 4 N = 4 SYM supersingleton:

J
[++]
N=4 SYM = A[++] +

+ θ[+]{−}αλ[+]{+}
α − θ[+]{+}αλ[+]{−}

α +

+ θ[+]{−}αθ[+]{−}
α B{++} − θ[+]{−}αθ[+]{+}

α B{−+} +

+ θ[+]{+}αθ[+]{+}
α B{−−} + θ[+]{+}ασmαβθ

[+]{−}βjm +

+derivative terms , (4.29)

where the vector jm is conserved, ∂mjm = 0.
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4.4 Supercurrent multiplets

In the cases N = 1, 2 we have seen that the two d = 3 supermultiplets obtained by reducing

the d = 4 scalar supersingleton can be regarded as “supercurrents”, i.e., as the squares of

the d = 3 supersingletons. The same is true for anyN = 2n. For instance, in the case N = 4

there are two types of such d = 3 supersingletons, differing by the SO(4) assignments of

the scalars and the spinors. The supersingleton corresponding to the supermultiplet (4.29)

is described by the following ultrashort analytic superfield:

Φ[+] = ωau
[+]
a + θ[+]{−}αχαȧw

{+}
ȧ − θ[+]{+}αχαȧw

{−}
ȧ + θ[+]{+}σmθ[+]{−}i∂mωau

[−]
a , (4.30)

where ¤ωa = ∂αβχβ = 0. Then the “supercurrent” (4.29) is simply the square of the

supersingleton (4.30), J [++] = (Φ[+])2. The alternative supersingleton Φ{+} has the mirror

SO(4) assignments and gives rise to the mirror supercurrent J {++} = (Φ{+})2. This real-

isation of the supermultiplet (4.29) explains why the vector jm is conserved: it is simply

the current jm = iωa∂mωa + χȧσmχȧ.

The generalization to any N = 2n is straightforward. The supermultiplet J [0···020n ] can

be viewed as a “supercurrent”, i.e., as the square of the corresponding d = 3 supersingleton

Φ+1···+n−2[+] = ωau
+1···+n−2[+]
a +

(
θ[+]{−}αχαȧw

+1···+n−2{+}
ȧ + perm.

)
+ der. terms

⇒ J [0···020n] ≡ J++1···++n−2[++] =
(
Φ+1···+n−2[+]

)2
(4.31)

(and similarly for the mirror multiplet).

5. Reducing the F(4) supersingleton to SU(2, 2/1) multiplets

As explained in section 2, the unique d = 5 superconformal algebra F(4) can be reduced

to the d = 4 N = 1 superalgebra SU(2, 2/1). In this case we find that the d = 5 scalar

supersingleton (“hypermultiplet”) is reduced to a pair of d = 4 scalar supermultiplets with

“anomalous” dimension 3/2. Here are the details.

The d = 5 pseudo-Majorana spinors θiα = Ωαβε
ij(θjβ)

∗ carry two kinds of indices: α =

1, . . . , 4 is a spinor index of USp(2, 2) ∼ SO(4, 1) and i = 1, 2 is a doublet index of SU(2).

The scalar supersingleton is very similar to the d = 4 N = 2 hypermultiplet described in

section 4.2. Introducing the same SU(2)/U(1) harmonic variables and projecting θ1,2
α =

θiαu
1,2
i , we can write down the ultrashort analytic superfield

W 1(xA, θ
1, u) = φi(xA)u

1
i + θ1

αψ
α(xA) + iθ1γµθ1∂µφ

i(xA)u
2
i , (5.1)

where the component fields are massless,

¤φi = γµαβ∂µψ
α = 0 . (5.2)

Correspondingly, they have the canonical dimensions

`φ =
3

2
, `ψ = 2 . (5.3)
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The space-time variables xµA in (5.1) are obtained from the real ones xµ by a nilpotent

shift, xµA = xµ + iθ1γµθ2. The d = 5 gamma matrices have the properties γµαβ = −γµβα,

Ωαβγµαβ = 0.

The reduction to d = 4 is obtained by splitting the four-component USp(2, 2) spinor

θ1
α into left- and right-handed spinors of SL(2,C), θ1

α → θ+
α , θ̄

+
α̇ , both carrying charge

+1 under the d = 4 R symmetry group U(1).6 In order to obtain an irreducible d = 4

supermultiplet, we keep only, e.g., the left-handed half. Further, the d = 5 fields in (5.1)

become d = 4 fields φiu1
i → A+, ψα → λα of non-canonical dimensions 3/2 and 2, respec-

tively. The derivative term in (5.1), when restricted to left-handed θ’s only, gives rise to

the scalar B− ≡ ∂4φ
iu2
i of shadow dimension 4 − 3/2 = 5/2. Finally, the analytic basis

variables xµA in (5.1) become the left-handed chiral basis variables xmL = xm + iθ+σmθ̄−.

The end result is the d = 4 chiral superfield

J+(xL) = A+(xL) + θ+αψα(xL) + θ+αθ+
αB
−(xL) (5.4)

with “anomalous” dimension 3/2.

Alternatively, starting with the complex conjugate supersingleton and retaining the

right-handed halves of the odd variables, we can obtain the mirror d = 4 chiral multiplet

J−(xR) = A−(xR) + θ̄−α̇ ρ̄α̇(xR) + θ̄−α̇ θ̄
−α̇B+(xR) . (5.5)

As before, the two pairs of shadow d = 4 scalars A±, B± needed to form the two d = 5

singletons are distributed over the two mirror supermultiplets.

The case d = 5→ d = 4 differs from d = 4→ d = 3 in that the supermultiplets J± are

not “supercurrents”, i.e., they are not obtained as bilinears in the d = 4 supersingletons

(otherwise they would have dimension 2 instead of 3/2).
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