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Abstract
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The spectral energy density of an ideal Bose gas of superluminal particles (tachyons) is
derived. To this end, we consider atoms in equilibrium with tachyon radiation, study sponta-
neous and induced transitions effected by tachyons, calculate the Einstein coefficients, all semi-
classically, and obtain, by detailed balancing, the equilibrium distribution of the tachyon gas.
Tachyons are described by a real Proca field with negative mass square, coupled to a current of
subluminal matter. Atomic transitions induced by tachyons are compared to photonic ones, and
the tachyonic analog to the photoelectric effect is discussed. The cosmic tachyon background is
scrutinized in detail; high- and low-temperature expansions of the internal energy, the entropy,
the heat capacities, and the number density are compared with the corresponding quantities of
the photon background. The negative mass square in the wave equation changes the frequency
scaling in the Rayleigh—Jeans law, and there are also significant changes in the low-temperature
regime, in particular in the caloric and thermal equations of state. Quantitative estimates on
the tachyon background and on Rydberg transitions induced by tachyon radiation are derived.
(© 2001 Elsevier Science B.V. All rights reserved.
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1. Introduction

Modern theories of superluminal motion are based on the formalism of classical
relativistic mechanics. Faster-than-light particles (tachyons) are usually introduced as
an extension of the relativistic particle concept, as particles with negative mass square,
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or, if one prefers, imaginary mass. In the relativistic Hamilton—Jacobi equation, this
just means to assume m? <0 without further alterations, and if tachyons are supposed
to carry electric charge, then their coupling to the electromagnetic potential is usu-
ally effected by minimal substitution. Des Coudres’s and Sommerfeld’s pre-relativistic
studies of superluminal motion [1,2] aimed at accelerating electrons beyond the speed
of light by means of electromagnetic fields, but otherwise their view of tachyons as
point particles coupled in the usual way to the electromagnetic field was taken over
by modern authors, cf. Refs. [3—-10] and [11-22] for related discussions on causality,
relativity, and synchronicity in few-body and statistical systems.

In this article, a different approach to superluminal motion is investigated. Superlu-
minal wave propagation is modeled in analogy to classical electrodynamics, by a Proca
equation with negative mass square [23-25], very contrary to the prevailing view of
tachyons as electrically charged point particles with imaginary mass. The superluminal
wave modes of the tachyon field are coupled to a current of subluminal massive par-
ticles. Like the electromagnetic field, the tachyon field is conformally coupled to the
background geometry [26,27] so that the frequencies of the spectral elementary waves
scale inversely proportional to the curvature radius of the cosmic 3-space. As for the
cosmic tachyon background radiation, this conformal scaling allows, despite the time
variation of the background geometry, to use the thermodynamic equilibrium formal-
ism, and to scale the time dependence of the eigenmodes into the temperature variable,
which becomes in this way a function of cosmic time. High- and low-temperature
expansions for the internal energy, entropy, pressure, heat capacities, and the tachyon
density are derived. In the high-temperature regime, one recovers in leading asymptotic
order the familiar results for the photon background, but the low-temperature behavior
of these quantities gets completely modified by the tachyon mass.

In Section 2, we sketch the wave equation for tachyons, the spectral modes, the
tachyonic energy density and flux, and we discuss the coupling of subluminal matter
(point particles and wave functions) to the tachyon field. In Section 3, we study tachy-
onic radiation processes, spontaneous and induced emission and induced absorption. We
calculate the Einstein coefficients, give in this context a semiclassical derivation of the
tachyonic equilibrium distribution, and discuss the tachyonic analog to the photoelectric
effect.

In Section 4, we calculate the spectral energy density of a free tachyon gas and
discuss in some detail the high- and low-temperature expansions of the internal energy.
The low-temperature expansion is of course only asymptotic, but the high-temperature
limit is convergent, and simple enough to even determine its convergence radius. In
Section 5, we calculate the analogous series expansions of the other thermodynamic
variables, such as heat capacities and entropy/energy per tachyon. The equations of
state are rather different from those of a photonic or subluminal massive Bose gas, due
to the negative mass square and the absence of a chemical potential, and so we give
a complete, self-contained derivation.

In Section 6, the Conclusion, bounds on absorption and emission rates for tachyon
radiation in hydrogenic systems, including Rydberg transitions, are derived. The
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estimates are based on a tachyon mass of my ~m./238~2.15 keV/c?, and a tachy-
onic fine structure constant S~ 1.0 x 10713 2 0.66a°, both obtained in Refs. [25,28].
(In these papers, we studied level shifts in hydrogen-like systems induced by the static
potential of this field theory, and compared the shifts to the discrepancy between Lamb
shift measurements and QED calculations.) The spectral energy density of the cosmic
tachyon radiation deviates from the Rayleigh—Jeans low-frequency limit, and we will
demonstrate, by comparing tachyonic and photonic absorption rates, that the tachyon
background overpowers the photon radiation for frequencies below 7.3 MHz.

2. The wave equation for tachyons and its coupling to subluminal matter
We use locally geodesic coordinates, i.e., Minkowski space, #,, = diag(—c%,1,1,1).
The Proca equation with negative mass square,
Ff — A" =c7'j", (2.1)
(1t =mec/h>0 in our notation) can be derived from the action

S = / (La+ Lin)dtdx, Ly=—1FF* + 124,47, Liy = %j“Aa . (22)
and the energy—momentum tensor for the Proca field reads as

Ty = —FyF™ + 124, A" + 8, (3 FF*F — 117 4,4%) . (2.3)
Eq. (2.1) is easily seen to be equivalent to

O+ 1)y = —c"jy, A4 =0, (2.4)

with the d’Alembertian (J:=#*'0,0,; the Lorentz condition is a consequence of current
conservation, j, = 0. Tachyonic E and B-fields are related to the vector potential by

Ei=c 'Fo, Fy=epB*, Fyp=A45,— 4.5,

B* = (1/2)é"F;; = rot A . (2.5)
The field equations (2.1) or (2.4) can be written as
divB=0, rotE+c¢ '0B/0r=0,

divE=p — ¢ 'y?dy, rotB—c'0E/0t =c"j+ 1PA, (2.6)

where we identified j* =(p,j). Evidently, the vector potential is completely determined
by the current and the E and B fields. We may substitute F,gF’ *f— _2(E?—B?) into the
Lagrangian (2.2), and the classical energy density and the Poynting vector are readily
found as

pr=Tg = (1/2)(E* + B*) — (117/2)(c 404y + A?) (2.7)

S=T"=cE x B+ 1i>40A . (2.8)
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The spectral elementary waves of the free wave equation (2.4) are

A,(1,x) = Ay(k) exp(i(kx — wt)) + c.c.

Ayk):=e'a" (k) +e)?a (k) + eba“ (k) ,

. . k k
el(k):=(0,e), &&= (—C| w) k| =c'Va? 4+ p2c?. (2.9)

p e [K|

The 3-vectors €/, i = 1,2, are conveniently chosen Euclidean unit vectors transversal to
the direction of propagation, so that e - k=0 and e'-e?=0. The space component of the
longitudinal polarization vector . is of course proportional to k, the time component
is chosen in a way that the Lorentz condition, c*ZAfow +A k= 0, is satisfied. The
normalization ebe"* = —1 is adopted, so that ¢/ stays well defined for w = 0. The
Fourier amplitudes A" (k) are arbitrary complex numbers. Transversal and longitudinal
components are denoted by superscripts T (or Ti for e-polarization) and L. We may
write the transversal and longitudinal components of 4, as

AT = T ), A = e+ ),

a"(k; 1,x) = a"" (k) exp(i(kx — wr)), (2.10)
respectively, and the corresponding components of the E and B-fields are given by

ETi _ i(w/c)ei(aTi . aTi* )’ BTi — l(k % ei)(aT[ o aTi*) ,

k
LB 2 gy, Bl=o. (2.11)
i [k

The energy density, defined by (2.7), reads for each of these modes
pE = (1/2) ((@" = a"™ (2 = 2K°) = p2(a" + ™)), (212)

pE = (1/2)((@" + ") (7 = 2K%) =y (a" — a" ), (2.13)

and the energy flux vector (2.8), likewise defined for every single transversal and
longitudinal field component, is readily calculated as

ST = —wk(a" — a™)?, S'=—wk(d"+da"*)?. (2.14)

When averaged over a period of 2m/w, energy density and flux read
i 2 i 2. i k
() = Sla" P, (pp) =—Sla o’ (8™ = (o). (2.15)
The energy density of the transversal modes pL’ (or its time average) is, as a function
of frequency, bounded from below. (p%) is bounded from above, so that we define the

energy density of the longitudinal modes as well as their Poynting vector with opposite
sign: p,I;::—Tg and SL::—T(;”, with 7} as in (2.7) and (2.8), which amounts to replace
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(p%,SY) by (—pk,—SY) in (2.13)—(2.15). The energy-momentum tensor of the lon-
gitudinal modes is —7), cf. (2.3). Transversal modes in the galaxy frame (i.c., the
comoving Robertson—Walker frame in which the galaxies have constant space coordi-
nates) will usually appear in Minkowskian rest frames (of observers moving relative
to the galaxy grid) with a longitudinal component. To illustrate this, we consider a
transversal spectral mode, cf. (2.9), 40=0, A-k=0, in the galaxy frame (z,x), which
we assume here static and Minkowskian for technical convenience, and apply a Lorentz
boost along the x-axis, corresponding to the geodesic rest frame (¢/,x’) of an observer
moving in the static galaxy grid,

Ay =yvdy, Ay =y41, Ay3=Ay3,

=9t +ve ), x=9("+vt"), yi=(1 -1V, (2.16)
Frequencies and wave vectors relate as
o' =p0—vk), K =yk —vc0), KBi=ks K=V +p.
(2.17)

Accordingly, if a Lorentz boost is applied to a transversally polarized wave, there
is always a longitudinal component generated, unless the velocity in the boost is or-
thogonal to the polarization. Moreover, a Lorentz boost can always be found so that
' =:E'[h is zero or an arbitrary negative number. In the galactic reference frame, w is
by definition positive. As Lorentz boosts mix transversal and longitudinal components,
a universal reference frame is not only necessary for the causality interpretation of
superluminal signals [18,19,21,26], but also to unambiguously define a positive energy
for transversal and longitudinal tachyons.

We specify the current in (2.1) by assuming that subluminal particles are coupled to
the tachyonic vector potential in the same way as electric charges to the electromagnetic
field, the electric charge being replaced by a tachyonic charge. The Lagrangian of a
subluminal particle (with rest mass m and tachyonic charge ¢) coupled to the tachyon
potential is

L®) = —mc*\/1 —v2/c? + gc ™ Ay + gc Ay, (2.18)

the action can be written as

S:/LG)dt:c’l/Lds, L= — mc*y ) —nud3 + qd, 5", (2.19)

resulting in the Hamilton—Jacobi equation
WW(S,;L - c_lun)(S,v - C_lqu) = _mzcz P (220)
and the Newton equations

d mv

dr \/1— v2/c?

_E+TvxB, 21)
C
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with a tachyonic Lorentz force. To fix the signs, the interaction terms in (2.19) are
incorporated into the action (2.2) by

Sim:/Limdtdx:c’l/(qu+qu)dt:c’1/Aaj“dtdx,

J'=p=qd(x = x(0), j=qvd(x —x(1)); (222)

in this way the current in (2.2) is identified. As for the coupling of the Dirac equation,

PV (me/h =0, V=0, —ig/(he)4, (2.23)
ho(l- o4 1 A% T\ 0 mec . 7

Sy= [ Ludidx, Ly== (S97ViW— (VP + Sl ) @224)

with ¥ :=y"*°. The current reads j* = —qyp*y, and if we use the set of p-matrices

1 /id 0 0 —ioy
o L A= : (2.25)
e\ 0 -id iok 0

with Pauli matrices oy, we obtain the charge density p = j® = qyy/"*. The sign of Ly
in (2.24) is chosen in a way that the current can be identified with j* in (2.2) when
Ly is substituted for Lj,. The non-relativistic limit of (2.23), the Pauli equation, is
discussed in [28]. Finally, the non-relativistic limit of (2.20) is readily found as

So — ¢ qdo+ (2m)\(Si — ¢ 'qd)(S, — ¢ 'gd) =0, (2.26)
and the corresponding Schrodinger equation,
%6;'1// = %va, o1 =0, —iq/(hc)do, VA=V —ig/(hc)A, (2.27)
can be derived from the Lagrangian
L= Lo —varry - Evyvey, (228)
21 2m

which is to be substituted for Lj, in (2.2), so that the tachyonic charge density is
identified as j* = p = qy* .
3. Emission and absorption of tachyons in atomic transitions

The inversion of the wave equation (2.4) can formally be effected by

A“(X)Z/RA G(x—x')jo((x/)dx/, 3.1)

O+ 12)G(t,x) = —c10(1)d(x) ; (3.2)

the Lorentz condition is evidently satisfied by this ansatz. In the case of photons or
subluminal particles (> <0), one would choose for G the retarded Green function,
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supported on the forward light cone. The classical Green function for tachyons is sup-
ported outside the light cone (at least as long as we do not consider curvature effects)
because tachyons cannot move below the speed of light, and hence they cannot connect
events in the interior of the cone. The complete solution of (3.2) is readily obtained by
analytic continuation, y — =iy, of the subluminal Green functions (retarded, advanced,
Feynman and Dyson propagators, listed in Ref. [29]). The only linear combination of
these continuations vanishing inside the cone is

Ji (,u\/r2 — cztz)
/72— 22 )

A detailed discussion of Green functions of the Proca equation, in Robertson—Walker

cosmology, will be given elsewhere. This distribution admits a very handy Fourier
transform,

1
G(t,x) = 5 -3(7 = 1) - %0(# ) (3.3)

oo —imt 11
G(t,x)e” " dt = y— cos(kr), 34)

o e
with k = \/w?/c? + u?.

We study a periodic time dependence of the current and the fields in (2.4) and (2.6),
writing, cf. (2.9),

p(X,1):=p(x,m)e " +cc., AX,1):=AX,0)e  +cc., (3.5)

with complex p(x,®), A(x,®), and analogously for the other fields in (2.6). (In the
following, we will mostly drop the w-argument.) The Fourier components of the E
and B-fields are found as

B(x)=V x A(x), E(x)=ico (V(V-AX))+ (0?/cHA(X)). (3.6)
Continuity equation and Lorentz condition read
iwp(x) =V -j(x), iody(x)=—-c?V-A(x), (3.7)

and the Maxwell equations in Fourier space are obtained by substituting d/0t — —iw
into (2.6).
By virtue of (3.1) and (3.4), we find A(x,w)=A" + A~ with

exp(+ik|x — x|)

Ai(x,w):zi/dx'j(x’,w) : (3.8)

X — x|
the time components Agt(x,w) follow from (3.8) via the substitution j(x',m)—
—c?p(X',w). Using |x — x| =7 —n-x' + O(1/r), n:=x/r, we obtain, asymptotically,

A:I: (X) N e:i:ikr

1 JE, JE = /dx'j(x')exp(:Fikmx'). (3.9)
8nec r

We will give in some detail the derivation of the transition rates effected by transversal
tachyons, and afterwards point out the minor modifications for longitudinal transitions.
The transversal component, ATi(X), is found in leading order by replacing J* by
J™= = J* —n(n-J%); moreover, via (3.7), Agi = O(1/r?). The advanced component
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of the wave field can be converted into a retarded one, AT~ — ATT, by a cosmic
absorber [13,14]. Apart from the causality interpretation, the definition of tachyonic
energy, and the cosmic time scaling of the tachyon mass, cf. the beginning of Section 4,
the cosmological reference frame is here once more required to turn advanced wave
fields into retarded ones. Unlike in electrodynamics or subluminal field theories, there
does not exist a proper retarded or advanced Green function for tachyons, as the outside
of the light cone is a connected domain; the time symmetry is broken by an absorber,
by the permeability of the cosmic ether [20,30—34], which is straightforward to define
in an absolute space-time. An account on superluminal wave propagation in the ether
will be given elsewhere; at his point it is sufficient to assume that the ether breaks the
time symmetry of the wave fields by converting advanced modes into retarded ones.
The retarded and advanced wave fields ZAZ/ ~ as defined in (3.8) are exact solutions
of the field equations (2.1) or (2.4), because (4 + k?)(r~'sin (kr)) = 0. The Fourier
components of the wave fields generated by the current are thus

Aret(x) . 2AT+ ~ LgJTJr
' 4re ¥ ’
. i o eikr . i eikr T
E(x)~ — 25 g™ Be(x)~ —k S (n x JTF). (3.10)
4me ¢ dne  r

Energy density and flux of these modes, time-averaged over a period of 2m/w, read as

{ Liwjﬂ“ S) ~ Pk 3.11

pE>N(4n’c)2r2 cz' |’ < >NC w <pE>n' (3.11)
The following semiclassical analysis of spontaneous emission and induced absorption
of tachyons is kept close to the photonic counterpart, e.g., Refs. [35,36], it will be
concise, mainly focussing on technical modifications due to the tachyon mass. We
start by defining

1= / dxj(x) = —iwd™, {T(x'):=j(x') — nn-j(x'))

d::/rp(x)dx, d":=d—n(n-d), (3.12)

where we again used (3.7). The dipole approximation of (3.10) and (3.11) is obtained
by dropping the exponential in J*, which means to substitute JT gt (We then
write pg and S, respectively.) We so obtain for the energy radiated per unit time

16n ko’
S n\2dQ~ —— d? 3.13
where we made use of
/|JTd|2dQ: |Jd|2/sin29dQ:(8n/3)\Jd\2, (3.14)

dQ =sin0d0de, and (3.12). What remains is to relate the dipole to the quantum
current.
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In the Schrédinger equation (2.27), we neglect 4y, see after (3.9), and consider only
the interaction term linear in A, so that

ozl igh
o= (-2 A_ZC 2 LN )y, (3.15)
2m t r  mc

We have here included the Coulomb potential of a nucleus of electric charge —Ze; the

tachyonic vector potential is treated perturbatively. The quantum analog of the Fourier
components p(x) and j(x) is

* . ﬁ * *
p(X) = quiu, §X) = S (uf Vi = (Vi i) (3.16)

where u;¢ are the time separated, normalized wave functions of the initial and final
states, respectively. In dipole approximation, the probability per unit time for the spon-
taneous emission of a transversal tachyon (of frequency w=wm;— s >0, via a transition
uj — uy) is thus, cf. (3.13), (3.12) and (3.16),

/ upry; dx

1 4 ko* ¢?

d d 2 q

Wsp.em._ %/<S 'Il>l" dQNg % E

with k:=+/@?/c? + u?; Aff is the Einstein A-coefficient in dipole approximation. If
we refrain from the dipole approximation, we find, instead of (3.13), for the energy
radiated into the solid angle per unit time,

2dQ
(4me)?
We substitute into J™* the transversal component of the quantum current (3.16).
Dividing by Aw, we find the probability per unit time for the spontaneous emission
of a transversal tachyon with wave vector k = kn(0, ¢) into the solid angle,

k_q Tdo
m2c? 4n 4 °

2
= A%, (3.17)

(S-n)rrdQ~ koo | JTH|? (3.18)

unpol. _
dwsp.em. 2

/ upexp(—ikx’ )V Ty dx’ (3.19)

k is defined with the transition frequency like in the dipole approximation, and V' :=V—
n(n-V) is the transversal component of the gradient, so that (3.19) is a polarization
average. If we focus on radiation of a given polarization e, we just have to replace in
(3.19) VT by e-V, to find the probability for the emission of a tachyon (e k) via a
spontaneous transition u; — uy,

1 4k ¢ 2

dWspem. ~AirdQ, Air(k,e):= E m2c? ﬂ

/ uf exp(—ikx")e - Vu; dx’

(3.20)

Next, we will relate this to induced radiation processes. To this end, we start with
the Schrodinger equation (3.15), and consider a transversal plane wave as in (2.9). (We
drop the polarization index i for convenience; e is an arbitrary unit vector orthogonal
to k.) The first-order transition amplitude of this periodic perturbation reads, cf. [35],
1 — exp(i(os F @)1)

wg F @ <

fIHZN) (3.21)

1
Ti (@)~ &
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(f|Ho >:@d”*> / urexp(xikx)e - Vu; dx , (3.22)
mc

where u; ¢ are the initial and final states of the unperturbed Coulomb problem (3.15),
and g := o — wj; is the transition frequency. The complex conjugation of 4" refers to
H,_ only. If wg>0, then T;i(w) applies (absorption), otherwise Ty (w) (emission). In
either case, the absorbed or emitted tachyon has polarization e and wave vector k.
We may identify, cf. (2.15),
%\dTsz = lpE(w)dw, (3.23)
c 2
where pg(w) is the spectral energy density of the transversal modes, cf. (3.32) and
(4.3). The superscript T in (3.23) refers to one of the two independent transversal
polarizations Ti, therefore the factor of one-half. The w-integration of |Tij§(a))|2 can
readily be carried out by steepest descent, and the probability per unit time for the
emission/absorption of a tachyon (e, k) through the solid angle centered at k, in an
induced transition u; — uy, is thus given by

1 ,dQ
dWind.em. ~ ; |Tif |2E NBif(k:e)pE(w) dQ ’ (324)
dQ
dwingavs ~ [T 5~ Bi(—k ©)pp(©) 40, (325)
1 ¢ . :
Bir(k,e): *Emzwz = /ufexp(f1kx)e~Vui dx| , (3.26)

with the transition frequency @ = |w; — oy|. (The |Tii|* are w-integrated.) The Ein-
stein coefficients admit the symmetry Bjr(—k, e)= Bg(k, e), which can easily be shown
by partial integration, so that the induced absorption and emission probabilities are
identical.

In dipole approximation, we may drop the exponential in (3.26), and use

/u}‘e-Vui dx = %((})f — wi)/u}‘emui dx . (3.27)

The averaging over the transversal polarizations is performed by substituting

2
‘/u}ke-ruidx H/’/ufn-r'uidx — ’/ufrul

cf. (3.14), and we so arrive at the (e, k/ |k|)-averaged, transition probability in dipole
approximation,

, (3.28)

4 1 g 2

3 #24rn
Evidently, B = BY. The Einstein coefficients (3.17), (3.20), (3.26) and (3.29) relate
to each other via

Wihd.em, = Winaab, ~ Bipe(0), B = u;rur dx (3.29)

A(d) - ﬁk(j)2

d
=B (3.30)
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k=+/w?/c® + 12, u=mc/h, and they connect to the spectral energy density and the
Boltzmann factor via the equilibrium condition

By pr() + A = B pp(@)exp(fho) (331)
This is consistent with the transversal spectral energy density

2 2 /.2 2
h ool 42 (3.32)

n2c? exp(fhow) — 1

pe(w) =

which was derived by box quantization in Refs. [25], also see the beginning of
Section 4. This density warrants scrutiny from various angles; a third derivation along
the lines of Feinberg’s quantization procedure [3] will be given elsewhere. His non-
invariant vacuum can be easily defined in the comoving reference frame. This is an-
other reason, apart from causality, advanced wavefields and the positivity of energy, to
consider tachyons in an absolute cosmic space—time, propagating in a permeable ether.

The photonic transition rates and the Planck distribution are of course recovered by
putting =0 in k = \/w?/c? + p2. The emission and absorption rates for photon and
tachyon radiation can be easily compared in the dipole approximation,

d(tach) d(tach) 2
L N VAT A T (3.33)
d(ph d(ph 2 ’ '
wiptm  whet! € o

otherwise the matrix elements enter,

Wisem N Wi(;?fh) N qi ck | [ ufexp(—iknx’)e - Vug dx'|?
W, "W~ @ o [T utenpl—we X6 Var dx P

(3.34)

A quantitative discussion of (3.33) will be given in Section 6. For the dipole
approximation to be valid, a large wavelength is required to justify the expansion
of the exponentials. In Section 6 we will demonstrate, that the maximal wavelength
a tachyon can attain is about 1 A (reduced Compton). This is not large compared to
the support of the eigenfunctions, unless one considers heavy ions, but it is not small
either, unless one considers Rydberg states, and so the averaging caused by the ex-
ponentials will be moderate in most cases. Hence, one may assume that (3.33) is a
reasonable upper bound for (3.34), but a qualified comparison of (3.33) and (3.34)
requires to specify the eigenfunctions in the integrals.

Finally we mention the changes needed for longitudinal transitions. In (3.20), the
longitudinal A4-coefficient is obtained by replacing e by n. The spectral energy density
for longitudinal tachyons is pg/2, with the transversal pg as in (3.32). The longitudinal
B-coefficient is thus 2Bir(k,n), cf. (3.26). If we use the total spectral density 3pg/2
in the transition rates (3.24) and (3.25), the B-coefficient is of course 2Bis/3 with the
respective polarization.

As an example, we calculate the cross section in Born approximation for the tachy-
onic analog to the photoelectric effect. The transition probability per unit time from a bo-
und state ; in a hydrogen-like ion to a scattering state u¢ is given by the semiclassical
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formula [35] (box-normalization is assumed, with box size L)

mk L’
A2H3 |(f] 1nt| >|2 de, (3.35)

with (f|H; i) as in (3.22). (In (3.34), both states u; are bound.) Electronic and

tachyonic wave vectors and frequencies are denoted by k.: and w.;, respectively.

(m is the electron mass, reduced mass corrections are neglected; the tachyon mass is

denoted by my.) The solid angle element dQ2 is centered at k.(0, ). The final state in

the continuous spectrum is approximated by a plane wave, u; ~ L~ exp(ik.x). Hence,
_ gqfikee

lttgliy~ 25" [ explikxmax. (336)

with K:=k; — k., and e is the polarization unit vector of the transversal tachyon. The

differential cross section, do = (0, ¢)d€2, is obtained by dividing w in (3.35) by the
tachyonic flux, cf. (2.15),

T
|<S >| _2&|dT|2 ,

o, ’H (3.37)
11 4 k|k e :
a(6,0)= I 2 A exp(iKx)u; dx (3.38)

The ground state wave function of the unperturbed Coulomb problem (3.15) reads
uf":l’l:m :=(na®)~"2e~"%_ Its range is determined by a:=#/(mca), o:= Ze?/(4nhc) ~
Z/137, and we find

7 ke 2 a

mc 4w k‘e| 2K2_|_1)4'
The Born approximation, i.e., the plane wave approximation of the scattering state, is
safely valid for k.a>1, which means a small wavelength compared to the range of
uf"zl’lzo). This is equivalent to v/c> o or E; <mv?/2, with the ground state energy
Ey, =mc?0?/2. (v is the speed of the free electron.) On the other hand, v/c <1 must
hold, and energy conservation yields #2k2/(2m) = hw, — E;. Hence, mv?/2 ~ hay, so
that

a(0,9) =32 (3.39)

k1 ho ( u202> Lot omi (3.40)

K272 me? o) 4w
with the tachyon mass u = mc/fi. We choose the polar axis in the direction k; of the
incident tachyon, thus K = k.(1 — (k¢/k.)cos 0), provided ki/k. <1, cf. Section 6. (In
dipole approximation, K = k..) Hence, aK >1 in (3.39), and we find
P11 in” 0 cos’
o(0,0) ~ 34 L sin” 0 cos” ¢ ,
4n me? kkla® (1 — 2(k/ke) cos 0)*
so that the total cross section and the maximum of (6, ) read, up to terms of
O(k? [k,

2’ ¢ 1 1 .k
N — Opax =~ = —4— . 3.42
3 dnme kkay’ ™27 (3.42)

(3.41)
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The dipole approximation does not change ¢ in the indicated order, but the k-term in
Omax Would be missing. The cross sections for the photoelectric effect are obtained by
replacing k& in the preceding formulas by kp, = wph/c. The ratio of the tachyonic and
photonic total cross sections and the relative shift of the maxima in the differential
cross sections are given by

AN S o — 0 ~2 ( it e v)

> max
afh e\ S(hw)? + mEct m2 vt ¢

(3.43)

with w = wpn = . The forward shift of the maximum due to the retardation term k/k.
is evidently more pronounced for tachyons. The terms under the roots can be of com-
parable magnitude in both formulas; quantitative estimates will be given in Section 6,
cf. the discussion preceding (6.5).

The spherically symmetric, normalized bound states of hydrogen-like systems read as

d"l n.,.—x
xn'dx" re),

_ 1 1 1

0 = e L a0 =

(3.44)

a,:=an, and the corresponding energy levels are E, = E1/n*. (The restriction to /=0

is not essential, but makes the integral in (3.38) handier.) The estimates following

(3.39), including (3.40), stay valid with these replacements, that is, with the substi-

tution o — a/n. In particular, k.a,>1 is now the constraint for the applicability of

the Born approximation. The differential cross section for the nth bound state reads,
analogously to (3.39),

1

_ 24 2 : 2n
0,(0,0)=8 — 24 k |ke | szlm ((1 + ia,K)™) (3.45)
8 1 @Phkeyy o 1 . 5(2
— — 1k, =, 3.46
w3 me 471: ki kel £K" <aK> (3.46)

the asymptotics refers to large n, so that a,K > 1. In Section 6 we will show, based
on kea,>1 and a tachyon mass of 2.1 keV/c?, that k/k. <1 holds for the ground
state. However, for highly excited states, n~ 10?73, the opposite limit can be realized,
kfke> 1.

The asymptotic limit of (3.45) for aK > 1 (and arbitrary n) is likewise (3.46), with
the sin replaced by its leading order. In this case, if k/k. <1, we recover (3.41) apart
from a scale factor 1/n3, and (3.43) remains unchanged. If k/k.> 1, we find instead

32¢* 1k sin? 0 cos? @

2W0,0)~ —-— — , 3.47
)~ 5 e md Ba (1= 2kl o5 0)° (3.47)
O.tach q2 ke 8 kph

n_ 4 [fe th o Htach ~ 4 3.48
Ggh <kt> kt > max max mt C‘ ( )

Here we have used, cf. (3.40), ki/ke~mic/(mv)>1, kp/ke~=v/(2c)<1, as well as
mi/m<1, cf. Section 6. Clearly, the dipole approximation fails for ki/k.> 1. Finally,
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if aK is moderate, the leading asymptotic order (3.46) can vanish due to zeros of the
sin, and the opposite limit a,K — 0 is also admissible in (3.45), always with k.a, > 1,
but we will not pursue this further here. By the way, rainbow scattering in the static
potential of this field theory is discussed in Ref. [25].

4. The tachyon background: high- and low-temperature expansions of its internal
energy

The partition function of a tachyonic Bose gas [25] can be calculated via box quan-
tization; we find for the transversal modes,

log Z = 2log Z exp (—ﬁZhv(p)np> = —22 log[1 — exp(—phv(p))],
p p

(i’lp):O
4.1)

B~ =kT(t) = kT(1¢)/a(t). Here, a(t) denotes the cosmic expansion factor in the
Robertson—Walker geometry, and 7o is the present epoch, a(tg) = 1. The chemical
potential is zero, which follows from an equilibrium condition on the free energy,
see the remark following Eq. (5.4). The index p runs over a discrete set of val-
ues, p = hL™Y(k\,ky,k3), ki € Z, L the box size, and (n,) is a multi-index labeled
by p. Euclidean box quantization with periodic boundary conditions also applies
here, if the box size is much smaller than the curvature radius of the universe, see
Refs. [27,37,38] for details and estimates with regard to the thermodynamic limit. The
factor of two in (4.1) accounts for the two independent transversal states. This factor
is absent in the partition function for the longitudinal modes, which is otherwise identi-
cal. Tachyon mass and frequencies conformally scale with the inverse of the expansion
factor, and therefore this time dependence can be absorbed in the temperature variable
as indicated. In the thermodynamic limit, the summation over the lattice points p is
replaced by an integral, and we arrive at

2V
oe7 = | ., pogll —exp(=pin(p) n(p) = cyfIpP = (mc)?.
pl>mc

(4.2)

The thermodynamic limit does not depend on the curvature sign of the 3-space. If we
put m; =0, Eq. (4.2) coincides with the partition function of the photon gas, of course.
The transversal spectral energy density thus reads

8nv _hv(p)|pl*d|p]

B explv(p)] — 1
which is equivalent to (3.32) derived by means of detailed balancing and Einstein
coeflicients; also see the beginning of Section 6 for further discussion. The longitudinal

p(v)dv= 4.3)
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and total spectral densities are (1/2)p(v) and (3/2)p(v), respectively, and the same
factors apply to the internal and free energies and thus to all other thermodynamic
variables calculated for the transversal modes in Section 5. The internal energy is
obtained as

U:/ p(v)dv =8mm!ch 3V U(x),
0

* x2y/1 + x2dx o myc? hv

y expx) 1 YTty T e

U(o):= (4.4)

Next, we derive the high- and low-temperature expansions for the internal energy.
The low-temperature expansion is easy to settle, given by the asymptotic series

. (120 [ XP2dx 1 o= (12 1
U(a)Nn; ( : )/0 exp(ax)_l_(}(};( , >F(2n+3)((2n+3)azn.
(4.5)

The justification of (4.5) follows from a mild modification of Watson’s Lemma [39] on
Laplace asymptotics. The first orders of the low-temperature expansion of the internal
energy hence read

S C(3)mtc Vo1 {1 60(5) 1 45((7) 1

{3y«  {3) o

To obtain the high-temperature expansion, we split the integral U(a) into U(x) =
Uo(a,8) + Uo(, 8), with

— +O(x —6)} (4.6)

0 2\/x2+oc2dx o0 y3 1—|—a¢2x2dx
Ootnd)im 5 [ TR Onmoyim g [

(4.7

and choose d in the range «<d<2m. Expanding the root in U, we arrive so at the
absolutely convergent series

A 1K [1)2Y ,, [ 2dx
== " . 4.8
Oty = 3 () [ (48)
n=0
In Uy(o,8), we substitute the generating series of the Bernoulli numbers,
ex—l_n:OF(n—i—l) ’ '

which absolutely converges in [0,0], and interchange summation and integration. We
obtain in this way Ug(ed) = 0\ (@) + US(8,8), a:=a/d<1,

1 1
0 @) = 2~4/ 2V + @ dx
o 0

- _;&14\/?(1+o</2)+1og<;Z (1+\/1+&2)> :

16
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1og(1+\/1+oz2) log?2 — Zz( YI@n) oon

I2(n + 1)
U(Z)( 5) N i BZk52 ! K2\ /32 + O~(2d (4.10)
0 o7 L TQk+1) Jy * * '

A standard integral representation of the hypergeometric function, followed by a linear
transformation of ,F, gives

1
x2hH1 x2+o~c2dx:f P12 0+ L+ 25— %)
0

WP (—1/2,—k —3/2; —k — 1/2; —&%)

T 2%k+3

\f I'(k+1)(—) 43
4 T(k+52)

Since d <1, we may use the absolutely convergent series representation

(4.11)

32112k~ 3/2; —k — 1/2; —&

oo

1 I'(n—1/2)(—)"é*"
NG ; T'(n+ D2k =—n)+3)" (4.12)

Inserting this into U f) ), and interchanging the summations, we arrive at

(@),

I'(n—-1)2) w2
(@, é)ffzﬁ%; T COErE,

2) (2)(even) ~(2)(odd)
Uy (8,6)=U, (&0)+ U,

A (2)(even)

e(8)i= & i Byt 5<om
5 2= T2k + Dk —n)+3)° .

~(2)(0dd) VIl & Z By T+ D(=) o

U, ()= ——~ “T(2n+1) I'(n+5)2)

4.1
4 o . (4.13)

We may write, using (4.9),
1 [0 XPdx 1 1 (% xdx 1
0= — —+ = 0)=— —+ . 4.14
co(d) 54/0ex—1+8’ c1(9) 52/0ex—1+4 (4.14)
Collecting terms, we find

1 2 ~(2)(odd A N
O(0) = Uno + Uy + U™ + 07D = Uing(@) + Useg(@)

. 1 "1 111 . =
Using:: E F + E ? — g & — T610g06, Ureg = Zan(x . (415)
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The series Ureg converges for o<1, and the result (4.15) can easily be extended to
cover a<2m [convergence radius of the series (4.9)], if we refrain from expanding
certain elementary functions that appear in the above calculations. The coefficients of

the odd powers in Ureg can be read off from Uézxwd) in (4.13), and ay; from U o +
UE)I) + Uf)z)(even), cf. (4.8), (4.10) and (4.13). For example, we obtain
1 1 1 < 1 dx
=— [ —= 4 = 10g(20) — c2(8) — — . 4.16
aw=g (g3 -0 - [ 5TF) (416)

Since U () is independent of J, the same holds for the coefficients a,. Hence, we may
consider the limit 6 — 0 in (4.16). Applying two times integration by parts, we find

0 1 11 1
/ Y dx=<+ 2logd — = + 70 + O(),
S 2 2

e’ —1 x2 5
o g2 X
Yo = —/0 2 (ex — 1) logxdx, (4.17)
and therefore
1 /3 1
=—| =4 =log2 — . 4.1
ay 8(8+2og Vo) (4.18)

d can be eliminated from ay;, k=1, in the same way. We apply 2(1 + k) times partial
integration to [ x(e* — 1)~ 'x72("©) dx in the series (4.8), and then perform the limit
0 — 0, arriving so at a representation of the ay; similar to (4.18).

The singular and the constant terms of the high-temperature expansion of U give
micV [n* 1 n? 1 11 1 o 3 1
U=8n——— | =+ —=——>—— —log-+— — - 0] . (419
" [15a4 T2 3a 1687 T g gl O (G19)
The internal energy will be discussed in Section 5, in a more complete thermodynamic
setting.

5. Equilibrium thermodynamics of a free tachyon gas

In this section, we evaluate the partition function of the tachyon gas, and all that
goes with it. We already derived, cf. Eq. (4.2),

8V

togz =~ [ | pPa]pl1og [lexp(a |p|2/<mtc>21)], 5.1)

with o = myc?/(kT). The free energy of transversal tachyons thus reads

2

yne 3

8mmic

F= ERE

logZ = VE(2),

. esl oo (.2 1 3/2 1
Flo):= —2/0 x\/xz—i-llog(l—e_”)dx:/o DTl 52

e” — 1
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where we used partial integration and the elementary antiderivative of (e** — 1)~!.
Internal energy and entropy are related to F (o) via

CAaF)  mic ~ 1 a(aF(2))
U=— —=8t—VU(x), Um=-3—73", (5.3)
3.3 ”
g OF _ 8mnkmic VZ@F(oc). (5.4)

B R R
In fact, F' can almost be obtained using term by term integration of the series expansions
derived for U(«) in Section 4, apart from the o~ !-term, determined by the integration
constant. [The relevant quantities are of course u = U/V and s =S/V, but we write in
the following the volume factor and capital letters to avoid notational confusion.]

Remark. We have U =F + TS, and, since 0F(T,V,N)/ON = u =0, the pressure reads
P = —F/V. The condition 0F/ON = 0 is necessary to impose. Tachyons, like photons,
are not interacting with each other. Thus, for equilibrium to be reached, we must as-
sume interaction with subluminal matter, absorption and emission processes. Therefore
N cannot be kept constant, and 0F/ON =0 is a necessary extremal condition for equi-
librium. Accordingly, we have to put 4 =0 in the partition function. (The chemical
potential should not be confused with the abbreviation for mc/#, used in Sections 2 and
3.) The tachyon number density N/V is calculated below as a function of temperature,
cf. Eq. (5.23).

As the chemical potential vanishes, the enthalpy just reads H = 7'S. We find for the
heat capacities

s U k ,oU oS
_p085 _oU _ _ 4> 55
VEIT T T m” e oa’ -5
OH o(a™'S) cp 208\
=_— = S =—o? p=—=1-(=-=] . 5.6
CP=r =t e 1T S o (5.6)

The low- and high-temperature expansions of F and N can be derived quite similarly
to those of U, and so we will indicate just the main steps without further comments.
The low-temperature expansion of ' reads as

. =32 [ AMdx = [ 3)2 1
Fla)y~ ( . )/0 ﬁ=2 <n+1>F(2n+3)C(2n+3)W,

n=1 n=0
5.7)
from which we readily obtain
_ kmicV 1 50(5) 1 35{(7) 1 —6
S =24n{(3) m 2 [1 G) 2 3) & + O(a )] , (5.8)

_F mics 1 3¢(5) 1 154(7) 1 »
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cy = 481((3)

km$c3V 1 10((5) 1 105¢4(7) 1 6
2 [” Gy 2 ) oo )] 10

cp = 721(3)

km§c3V 1 25((5) 1 2455(7)L _6]
{IJF 3((3) o 3(3) o +0@@)] (5.11)

D3, SUS) 1 (T007) | S02(5) iy
—z[l‘moﬂ(sas) - 35%3))*0( )]

In the high-temperature limit, o — 0, F is calculated as follows: £ = F o+ F 00s

(5.12)

. 1 [0 (2422 -0 . 1% K31+ o222 — o
Fom— | SCXXNT 7% g = — dx,
T, e’ —1 ® ot Js e¥ —1 *

oo

1 5 1 3/2\ /OO ¥ dx
= (-~ + log(e 1))+a4§%( ) Mt

A A2) A(l)

Fo=F, +F;, (2 + 87y — @] dx

1
74
11 /—— /7 11 1
= oy 1+ — — — =~ = flog j(l"‘ 1+0~62) 5
20c 16 a

EE
A(2) = szézk 2k—1 32 &
A
D) F(2k+1)/ 2+ )2~ &) dx, (513)

o s . NG . . .
with d:=a/0<1. We split the series F f)) further, using for £ >1 the series expansion

1 ~3
/ x2k*1(x2+o?2)3/2dx:§*k2F1(*3/2»k;k+1;*&72)
0

R S [(n—3/2)(=)"a"
4ym & I'(n+1)Q2(k —n)+3)

+ % T(k)[(—k — 3/2)d%*+3 . (5.14)

By interchanging summations, we arrive at

~(2) _ pa)a) | a@2)0b) | as2)even) | (2)(odd)

o =Fy "+ B+ Fy + B
@) 1 32 dx 1111 2132
Fy -:5&4/ [(x+ 2 Ral }xzé *~4(1+ )

1 1/ 4
+ 1—|—o~c2+&<—3+log(2o~t)—log (oz+ 1+&2)>} :
o
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. 3\ S ()Tt
10g(oc+ 1+d2)_§22n

&Z}H»l

Pt hent D>

T Z GO T T G0 )+ 35
ﬁg)z)(Odd).:&?}E;nio:lY;;Jrl)r(n)r( n_3/2)a2n

(5.15)

The coefficients ¢y(J) and ¢;(d) can be immediately read off from (4.14), and by

combining (4.16) and (4.18) we obtain

1 1 1 < 1 dx

G = _ Z 4y 21 — it
02(5) 5 > + 0 + 3 Ogé /{3

Collecting terms, we find

-1 x

(5.16)
1 2 2)(b 2)(ev 2)(odd A ~

F=Fo+ By + B 1 FOV 4 BSOS 4 BP = Fiog(0) + Freg(w)

A 1w 1 4 3

Faei =155t 7%, (‘3+1°g<2°‘)> g loe”

reg Z bna = 7&

3
3 1og2 4+ 2. 5.1
64 16 °8°T g G.17)

The series F' reg converges for o<1, see after (4.15). The high-temperature expansions
of entropy, pressure, and specific heat hence read

3.3 4 2
gV a1
S=8n i {45 oc3+6oc 10g(20c)

7
—— — 40 5.18
16+ (o )] (5.18)
4.5 7.4 2
P g M€ {TE I |

1/ 4 1
L L T g e
& 45a4+12a2+a<9+30g(“)>

1 1
3.3 4 2
g a1 w1«
cy =8n i [15 oc3+6 73 16—l—O(oc) , (5.20)
3.3 4 2
myc’kV [loen* 1 m° 1 10 5
= —— — + — — + - log(Ra) — — 21
cp=8nm B [45 OC3—&-3(X~6-30g(oc) 9—l—O(oc), (5.21)
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4 5 15 1 55
p= |l —— 2 23 (1= Zloga) ) — f+0()] .
/ 3[+16n2a 87:4“( 7 o8 “)> T2g * T O

(5.22)

The particle number, which is, as pointed out in the Remark following (5.4), not an
independent variable, is obtained as, cf. Eqs. (4.3) and (4.4),

) o 3.3
N 8n3V / |p°d|p| :/ n(v)dv = 8n tf VN(x),
e exp [oc |p|?/(mc)? — 1} -1 0
g
v [ e 529
t

For o — o0, we 1mmedlately find
f =12 oo y2ntl dx 1/2 Qm)* Byni1y (—)"
N ~ e 5.24
; ( n ) /0 e 0(2 Z n+1 o2n ( )

_ 4 midr 1 21 2mt 1 _
3 {+O€2—a4+0(a 6)]. (5.25)

Combining this with (4.6), we obtain the energy per tachyon as a function of temper-
ature,

U 12(3)mc* 1 {H (6((5) n2> 1

N 2 o?

{3 5

7t 450(7) 6m2K(5)\ | »
(525 TGy S ) 2 o )} (526)

and the entropy per tachyon reads, cf. (5.8) and (5.25),
2
S 18{(3)k [1 n (SC(S) T ) 1

N 2 o?

(3 5

7int 35((7) 2é’(5)> 1 6 }
(525 B3y 3 oL 427

In the high-temperature regime, o« — 0, we write N(«) in (4.23) as N(2) =Ny + N,

/x”‘z*"‘zdx Newim & /OO ¥/1 + o2 /x dx
0 3 B OO':3 x >
o o Js er —1

- 1 o= (12 ,, [ ¥ 27dx . A1) ~(2)
Noo_o@z<n )a /a o1 Mo=No +Noo

n=0

. 1! 11
Ng“.:zj/ Vo L P dv=—c S (1427 4
o 0 o

. o B, 52k 1
N Z 24 /52 4 & dx. (5.28)

5~3 rQk+1)
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. . . N ¢
To obtain power series for the integrals in N g ), we note

1 ~
3
2(k+e) 24 524 :L Fi(—<.k v 3.
/0 x x2 + & dx IR 1( +s+ +et —d

1 1 >
- = F (- —k—e—1—-k—e—
2k +e+1)? 1( 2’ e b & a)

n Vn I'(k+¢e+1/2) 2(k+e)+2
4 T'k+e+2)sin(nk +¢e+1)) ’

(5.29)

By expanding the right-hand side of (5.29) in powers of ¢, and then performing the
limit ¢ — 0, we arrive at

1 B 2 I(n—1/2)(—)"é"
/0 MV @ dr= - Z T(n+1)(k—n+1)
n;ékJrl
k 2(k+1)
) TR+ U)Xk 42y — gk +1/2) — 21og ). (5.30)

4/n T(k+2)

[y, the logarithmic derivative of I', is elementary for positive (half-)integers.] Inserting

~(2 ~(2)(b
this into N ), and interchanging summations, we obtain N, f] ‘=N f) @ + N E) )

b

FO@._ 1 1 <Tm—-1/2)

_ - A _\ng2n
0 T Zﬁ O~C3 prt F(I’l+l) Cr1(5)( )OC ’

R Boj 0%
n0)=55 > Tk + D)k 0’
2o T@k+Dk—n+D)

k#n—1

~(2)(b) R B>, I'(n+1/2)
Ny = —

0 4\/ﬁa§F(2n+l) I'(n+2)

X (Y(n+2) — Y(n+1/2) — 2log &@)(—)"o*" . (5.31)
Since

R 12 x¥?dx 1 1 5 1 1
CO(&)—§A ot — 1 +g, 01(5)—510g(e —1)—310g5—§, (532)

(1) +(2)(a) ~(2)(b)

we find, via (5. 23) and N=No +Ny + Ny 4Ny, the particle density as

N 2{(3
= n h3 {C() <4—21 2>+6+O(oclogoc) (5.33)

o3 o
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The high-temperature expansion of the energy per particle is obtained from (4.19) and
(5.33),

U mwmc? 1 5 1 1 loe %) o2
N T 3003) = [ * <4n2 EORMERE) °g2> :

5 1 3 472
=4+ = O(a" 1 5.34
(n4 + 12&(3)> o +O(o" log” o) | (5.34)
and the entropy per particle reads in this limit, cf. Eq. (5.18),

S_2Tt4k[ (15_1+11a)2
Noasy | T e sie) Tae) )"

35 I
_ (4n4 VG > log (20()) 2 + O logzoc)} . (5.35)

The mass drops out in the leading order of the expansions (4.19), (5.18)—(5.22), and
(5.33)—(5.35), and hence the high-temperature limit coincides with electromagnetic
black-body radiation. It is only in the low-temperature regime, that the tachyon mass
changes the temperature scaling in leading order, cf. (4.6), (5.8)—(5.12), and (5.25)—
(5.27),

4 mtk
N~-—1 VT2,
3 ch?
1 65(3) 1 3U ISC(3) 3
PV ~= kT, S~ = Nk, y~= .
v 2U Ni S S~ T 7~ (5.36)

with {(3)=1.202. The entropy and the thermal equation of state are also in this limit
independent of the tachyon mass, but not so the caloric equation. These relations bear
little resemblance to those of a relativistic gas of subluminal massive particles, re-
gardless of the statistics used and the limits considered [38], as my is not a rest mass
and the chemical potential is zero. In the next section, we will turn to quantitative
estimates, and discuss the prospects to observe the cosmic tachyon background.

6. Conclusion

The spectral energy density of the transversal tachyon radiation reads, cf. Egs. (3.32)
and (4.3),

8nth dvv?\/v2 + mict/h?

Prach (V) dv = 3 exp(fhv) — 1

A tachyon mass of m;~2.15 keV/c> was found in Refs. [25,28], by comparing level
shifts induced by the static potential of this field theory to high-precision Lamb shift
measurements and QED calculations in hydrogen. The tachyon mass corresponds to a
Compton wavelength of %, =1 /u~0.9 A. This is the maximal wavelength, attained
in the limit of infinite speed and zero energy, since A = AS(1 + (ASv/c)*)™12. As

(6.1)
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the tachyon radiation is in equilibrium with the photon background at 2.73 K, we find
mc?/(kTo)~9.1 x 10° and fh=1.76 x 10~ s. The tachyon mass turns the frequency
scaling in the Rayleigh—Jeans limit from quadratic to linear,

8
Prach(V — 0) ~ — mvkT (6.2)

Defining x := phv and y:=mc?/(kT), we find the peak of puen(v) by solving

X x2

1_e—x*2+x2+ﬂ/z' (6.3)
For the photon background, this means x(y=0) = 2.822, and for the tachyon background
x(y — 00)~1.594 applies, since, at the present epoch, y~9.1 x 10°, so that the
tachyon mass does not really enter. Hence, the tachyonic energy density is peaked
in the microwave range, at W** ~90.6 GHz, rather close to the peak of the photon
density at vgflak ~ 160 GHz.

The ratio of tachyon and photon transition rates is the same for spontaneous emission

as well as for induced radiation, cf. (3.33), and (3.34). In dipole approximation,

Wd(tach) q2 (hv)2 + mtzc4

Wik~ g2 hy ’
so that wd(tah) 5, d®Ph) ~ 3 0 » 10~ for the Ly-u lines of hydrogen (10.2 eV), based on
my~2.15 keV/c? and ¢*/e* ~ 1.4 x 107!, cf. Refs. [25,28]. In heavy ions, it is even
more unlikely that atomic transitions are effected by tachyon radiation; wd(tach) /5, d(®h)
1.4 x 10~ for the Ly-o; transition (0.23 MeV) in hydrogenic uranium. In transitions
between Rydberg states [40], the frequency dependent factor in (6.4) can get large, but
then the dipole approximation is not valid any more. (In this case, the exponentials in
(3.20) and (3.26) give rise to extensive averaging, because the tachyonic wavelength
cannot supercede /th, which is very small compared to Rydberg orbits with principal
quantum number in the presently accessible range, n~ 10?>73.) Rydberg transitions
lead to speedy tachyons, as the transition frequency relates to the velocity of the
emitted tachyon via hv=mc?(v}/c* — 1)7'/2, and future high-precision measurements
of Rydberg levels in hydrogenic systems could also result in a much more accurate
determination of the tachyon mass and the tachyonic fine structure constant, since
highly excited states are virtually unaffected by nuclear finite size effects, unlike ground
state and 2S-2P Lamb shifts and hyperfine transitions. The transition frequency of
neighboring shells is AE, ,+1 ~ 13.6 eV -2Z%n73, so that we find the tachyonic velocity
as v/c ~0.079Z2n, for low Z and » in the mentioned range and beyond.

The estimate (6.4) also applies to induced absorption rates for photonic and tachyonic
cosmic background radiations, so that wd(tah) /wd(ph)(vgflak) ~4.6x107> at the maximum
of the photon energy density at 2.73 K. The chances to detect the cosmic tachyon
radiation, i.e., to observe the limit (6.2) instead of the Rayleigh—Jeans law, improve
with increasing wavelength, e.g., wd(2h) yd(Ph)(7 3 MHz) ~ 1. The Planckian shape of
the cosmic black-body radiation has not been tested below 0.5 GHz, cf. [41].

Next, we turn to the cross sections for the photoelectric effect and its tachyonic
counterpart, cf. (3.43). As pointed out after (3.39), the validity of (3.43) is restricted

(6.4)
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to frequencies £y <hv<mec?, due to the Born approximation and the non-relativistic
treatment of the electron. For a hydrogenic ion, we have Ej~13.6 eV -Z%, and the
mentioned restraints can be readily satisfied for light- and medium-sized ions, so that
ki/ke <1 is likewise satisfied, cf. (3.40). An upper bound for the ratio of tachyonic
and photonic cross sections is evidently ¢%"/gPh < 1.4 x 10~!!, attained for hv> mc>.
In the opposite limit, this bound is reduced by a factor hv/mc?, which must be
in turn much larger than E;/m.c*~6.5 x 1073Z%. As for tachyonic Born scatter-
ing in hydrogenic Rydberg systems, studied at the end of Section 3, we have the
mild restriction v/c>o/n, o = Z/137, on the speed of the free electron. This im-
plies ki/ke <(n/o)mi/me~0.6n/Z, which still admits k/k.>1 for large n. This limit
is unattainable for photons in the non-relativistic Born approximation, where kpp/k. <1
always applies.

Finally, we compare the ratio of photon and tachyon density as well as the ratio of the
corresponding energy densities in the low-temperature regime, cf. (5.36). We find, with
a background temperature of 2.73 K, Nicn/Nph = 6.2 x 10% and Usaen/Uph & 3.4 x 108,
but as we have demonstrated above, the high tachyon density cannot compensate the
very small ratio g%/e? of tachyonic and electric fine structure constants, at least not in
the microwave regime. If we include longitudinal tachyons, these ratios are multiplied
by a factor of 3/2.

In this paper, we studied tachyonic emission and absorption processes semiclassically.
The most promising approach to second quantization outside the light cone is still that
of Feinberg [3], based on an incomplete set of eigenmodes (of a scalar field); the trun-
cation of the momentum integration in the partition function (4.2) is in fact borrowed
from Ref. [3], and it was semiclassically rederived in Section 3, using Einstein’s argu-
ment of detailed balancing of emission and absorption rates. Feinberg’s non-invariant
vacuum is not an obstacle in an absolute cosmic space-time, if one defines it with
respect to the comoving galaxy frame anchored in the cosmic ether [20,31-34], the
local manifestation of the cosmic space—time. However, before one starts to endeavor
on the quantization of the Proca field with negative mass square, one needs a good
command of the classical theory, of wave propagation outside the light cone, and of
interactions with subluminal currents. And above all, if one contemplates on tachyons,
one has to decide where to search for them. In this paper and in Refs. [25,28] we
scrutinized high-precision measurements in hydrogenic systems, Lamb shifts, hyperfine
splittings, Rydberg transitions, tachyonic ionization cross sections, and the Rayleigh—
Jeans limit of the cosmic tachyon background. Tachyonic cyclotron and synchrotron
radiation, from storage rings to supernova remnants, will be discussed elsewhere.
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