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In this note we analyze the constraints which arise from a consistent reduction of
N = 2 matter coupled supergravity [1],[2],[3], with arbitrary gauging, to N = 1 standard
matter coupled supergravity [4],[5].

This study may find applications in many physical situations, as partial supersym-
metry breaking [6],[7], brane supersymmetry reduction [8],[9], string or M- theories in
presence of H-fluxes [10] – [20].

The main reason why a consistent reduction gives non trivial constraints on the matter
sector is due to the fact that the second gravitino must be consistently eliminated from
the spectrum. This implies a condition:

δε1ψ2µ = 0|ε2=0 (0.1)

which must be integrable.
In a general rigid supersymmetric theory the reduction N = 2 → N = 1 would

give no constraint in the number of matter multiplets, but only some restriction on their
interactions. However this is not the case in local supersymmetry because the second
gravitino multiplet generates some non linear couplings, which are required to be absent
if a consistent reduction may occur.

A full derivation of these constraints, also in higher N theories, was given recently [21]
by looking at the bosonic terms in the local supersymmetry variations of the fermions.

However, in the full-fledged N = 2 theory [3], the very same variations contain three
fermion terms:

δf ∼ ffε (0.2)

other that the bosonic terms
δf ∼ bε (0.3)

(here f and b denote generic fermion and boson fields).
These terms, in the component formulation, have two different origins. They come

either from supercovariantization of bosonic terms containing derivatives (such as all
connection terms both of space-time and of the scalar σ-model) or by elimination of
“auxiliary fields” (or, in superspace, by solving Bianchi identities of the gravitational
multiplet coupled to the matter multiplets.) [3].

Note that these terms are crucial in the proof of local supersymmetry of the lagrangian,
since they induce five-fermion terms in the supersymmetry variation of the lagrangian

δεL = ffffε (0.4)

which must vanish by Fierz identities since they are purely algebraic. The constraints
on the three-fermion terms (0.2) are much simpler to analyze since fermions have simple
transformation properties under the local symmetries of the theory. By close inspection of
these terms one can indeed obtain a reduction of the matter sector which is precisely what
is obtained, by supersymmetry, from the constraints on the reduced geometry analyzed
in [21].

We further note that the fermionic terms in the supersymmetry variations do not
depend on the gauging of the theory, so that the restriction on the terms coming from the
gauging must be still analyzed separately and here we simply report their implications on
the reduced N = 1 theory, as found in [21]. However, the consistency of the reduction in
presence of gauging of any isometry of the scalar manifold reflects, by supersymmetry, in
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the occurrence of generalized Yukawa interactions, i.e. fermion bilinear in the lagrangian.
The consistent truncation requires that all such terms, which are linear in the fermions
which are deleted, may not survive the reduction. This is seen to be a consequence of the
performed reduction.

In this note we will analyze the reduction of the fermionic terms in the supersym-
metry variations and in the lagrangian, showing that the results obtained are in perfect
agreement with those found at the bosonic level in [21].

1 Fermionic contributions

The supersymmetry reduction N = 2 → N = 1 is obtained by truncating the N = 1 spin
3/2 multiplet containing the second gravitino ψµ2 and the graviphoton.

Here and in the following we use the notations both for N = 2 and N = 1 supergravity
as given in reference [22], the only differences being that we use here world indices I, I =
1, · · · , nV and boldfaced gauge indices Λ = 0, 1, · · · , nV for quantities in the N = 2 vector
multiplets since we want to reserve the notation Λ and i, ı for the indices of the reduced
N = 1 theory (see reference [21]).

Let us write down the complete supersymmetry transformation laws of the N = 2
theory, including 3-fermions terms [3]:

Supergravity transformation rules of the (left–handed) Fermi fields:

δ ψAµ = ∇̂µ εA +
[
i g SABηµν + εAB

(
T−µν + U+

µν

)]
γνεB +

+
(
A B

µA + γµνA
′ν B
A

)
εB − 1

4

(
∂JKλJB

εB − h.c.
)
ψµA +

− ω
B

A|u
(
UαC|uζαεC + Uu

αCζ
α
εC

)
ψµB (1.1)

δ λIA = i∇µ z
IγµεA +G−I

µν γ
µνεBε

AB + gW IABεB +

+
1

4

(
∂JKλJB

εB − h.c.
)
λIA − ωA

B|u
(
UαC|uζαεC + Uu

αCζ
α
εC

)
λIB +

− ΓIJKλ
KB
εBλ

JA − iλIBψµBγ
µεA +

i

2
gIJ εABCJKLλ

K
Bλ

L
CεDε

CD (1.2)

δ ζα = iUBβ
u ∇µ q

u γµεAεAB Cαβ + gNA
α εA +

+
1

4

(
∂JKλJB

εB − h.c.
)
ζα −∆

β
α|u

(
UγA|uζγεA + Uu

γAζ
γ
εA

)
ζβ +

− iζαψµAγ
µεA (1.3)

Supergravity transformation rules of the Bose fields:

δ V a
µ = −iψAµ γ

a εA − iψ
A

µ γ
a εA (1.4)

δ AΛ
µ = 2L

Λ
ψAµεBε

AB + 2LΛψ
A

µ ε
BεAB

+ i fΛ
I λ

IA
γµε

B εAB + i f
Λ

I λ
I
AγµεB ε

AB (1.5)

δ zI = λ
IA
εA (1.6)

δ zI = λ
I
Aε

A (1.7)
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δ qu = Uu
αA

(
ζ

α
εA + CαβεABζβεB

)
. (1.8)

We have defined:

∇̂µ εA = DµεA + ω̂
B

µ|A εB +
i

2
Q̂µεA (1.9)

where D denotes the Lorentz covariant derivative (on the spinors, Dµ = ∂µ − 1
4
ωab

µ γab),
and the SU(2) and U(1) 1-form “gauged” connections are respectively given by:

ω̂ B
A = ω B

A + g(Λ)A
Λ P x

Λ (σx) B
A , (1.10)

Q̂ = Q+ g(Λ)A
Λ P 0

Λ , (1.11)

Q = − i

2

(
∂IKdzI − ∂IKdzI

)
(1.12)

ω B
A , Q are the SU(2) and U(1) composite connections of the ungauged theory. Moreover

we have:

∇µz
I = ∂µz

I + g(Λ)A
Λ
µ k

I
Λ (1.13)

∇µq
u = ∂µq

u + g(Λ)A
Λ
µ k

u
Λ (1.14)

where kIΛ and ku
Λ are the Killing vectors of the N = 2 special-Kähler manifold MSK

and of the quaternionic manifold MQ respectively. They are related to the respective
prepotentials by:

kIΛ = igIJ∂JP
0
Λ (1.15)

ku
Λ =

1

6λ2
Ωx|vu∇vP

x
Λ ; λ = −1 (1.16)

where Ωx
uv is the SU(2)-valued curvature of the connection ω B

A , λ is the scale of the
quaternionic manifold which in our conventions is fixed to the value λ = −1 by super-
symmetry (see ref. [3]). The prepotential P 0

Λ satisfies:

P 0
ΛL

Λ = P 0
ΛL

Λ
= 0 (1.17)

where LΛ, together with its magnetic counterpart MΛ ≡ NΛΣL
Λ, is the symplectic section

of the Sp(2nV ) flat bundle over MSK in terms of which the special-Kähler geometry is
defined. Note that we use throughout the paper the definition fΛ

I = ∇ILΛ = ∂ILΛ +
1
2
∂IKLΛ. T−µν appearing in the supersymmetry transformation law of the N = 2 left-

handed gravitini is the “dressed” graviphoton defined as:

T−µν ≡ 2iImNΛΣL
Σ

[
FΛ−

µν + (LΛψAµψBνε
AB + L

Λ
ψ

Aµ
ψBνεAB +

− if
Λ

I λ
I
Aγ[νψµ]Bε

AB)− +
1

8
∇KfΛ

L λ
KA
γµνλ

LBεAB − 1

4
LΛCαβζαγµνζβ

]
(1.18)

while

GI−
µν ≡ −gIJ ImNΛΣ f

Σ

J
[
FΛ−

µν + (LΛψAµψBνε
AB − ifΛ

K λ
KA
γ[νψ

B
µ]εAB +

− if
Λ

I λ
I
Aγ[νψµ]Bε

AB)− +
1

8
∇KfΛ

L λ
KA
γµνλ

LBεAB − 1

4
LΛCαβζαγµνζβ

]
(1.19)
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are the “dressed” field strengths of the vectors inside the vector multiplets (the “minus”
apex means taking the self-dual part.). The “auxiliary fields” A B

µA and A′ B
µA are defined

as:

A B
µA = − i

4
gIJ

(
λ
I
Aγ

µλJB − δB
Aλ

I
Cγ

µλJC
)

(1.20)

A′ B
µA =

i

4
gIJ

(
λ
I
Aγ

µλJB − 1

2
δB
Aλ

I
Cγ

µλJC
)
− i

4
δB
Aζαγ

µζα. (1.21)

Moreover the fermionic shifts SAB, W IAB and NA
α are given in terms of the prepotentials

and Killing vectors of the quaternionic geometry as follows:

SAB = i
1

2
PAB Λ L

Λ ≡ i
1

2
P x

Λσ
x
ABL

Λ (1.22)

W IAB = iPAB
Λ gIJ fΛ

J + εABkIΛL
Λ

(1.23)

NA
α = 2UA

αu k
u
ΛL

Λ
(1.24)

Nα
A = −2Uα

Au k
u
ΛL

Λ (1.25)

Since we are going to compare the N = 2 reduced theory with the standard N = 1
supergravity, we also quote the supersymmetry transformation laws of the latter theory
[23],[4]. We have, up to 3-fermions terms:
N = 1 transformation laws

δψ•µ = Dµε• +
i

2
Q̂µε• + iL(z, z)γµε

• (1.26)

δχi = i
(
∂µz

i + g(Λ)A
Λ
µk

i
Λ

)
γµε• +N iε• (1.27)

δλΛ
• = F (−)Λ

µν γµνε• + iDΛε• (1.28)

δV a
µ = −iψ•γµε

• + h.c. (1.29)

δAΛ
µ = i

1

2
λ

Λ

• γµε
• + h.c. (1.30)

δzi = χiε• (1.31)

where Q̂ is defined in a way analogous to the N = 2 definition (1.11) and:

L(z, z) = W (z) e
1
2
K(1)(z,z) , ∇ıL = 0 (1.32)

N i = 2 gi∇ L (1.33)

DΛ = −2(ImfΛΣ)−1PΣ(z, z) (1.34)

and W (z),K(1)(z, z), PΣ(z, z), fΛΣ(z) are the superpotential, Kähler potential, Killing pre-
potential and vector kinetic matrix respectively [4], [23], [5]. Note that for the gravitino
and gaugino fields we have denoted by a lower (upper) dot left-handed (right-handed)
chirality. For the spinors of the chiral multiplets χ, instead, left-handed (right-handed)
chirality is encoded via an upper holomorphic (antiholomorphic) world index (χi, χı).

Finally, we recall the equations defining special geometry:

DiV = Ui

DiUj = iCijkg
kkUk

DiU = giV

DiV = 0 (1.35)
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where
V = (LΛ,MΛ) , Ui = DiV = (fΛ

i , hΛi) Λ = 0, . . . , n; (1.36)

MΛ = NΛΣL
Σ , hΛi = NΛΣf

Λ
i (1.37)

and NΛΣ is the kinetic vector matrix.

Gravitino reduction
To perform the truncation we set A=1 and 2 successively, putting ψ2µ = ε2 = 0, and we
get from equation (1.1):

δ ψ1µ = Dµε1 − Q̂µε1 − ω̂
1

µ|1 ε1 + i g S11ηµνγ
νε1 +

(
A 1

µ1 + γµνA
′ν 1
1

)
ε1 +

− ω
1

1|u
(
Uα1|uζαε1 + Uu

α1ζ
α
ε1

)
ψµ1 − 1

4

(
∂JKλ

J 1
ε1 − h.c.

)
ψµ1 (1.38)

while, for consistency:

δ ψ2µ ≡ 0 = −ω̂ 1
µ|2 ε1 +

[
i g S21ηµν −

(
T−µν + U+

µν

)]
γνε1 +

+
(
A 1

µ2 + γµνA
′ν 1
2

)
ε1 − ω

1
2|u

(
Uα1|uζαε1 + Uu

α1ζ
α
ε1

)
ψµ1 (1.39)

Comparing (1.26) with (1.38), we learn that we must identify:

ψ1µ ≡ ψ•µ (1.40)

ε1 ≡ ε•. (1.41)

Furthermore, for a consistent truncation we must set to zero all the following structures:

T−µν = 0 (1.42)

S21 = 0 (1.43)

ω̂
1

µ|2 = 0 (1.44)

ω̂
1

u|2 Uu
α1ζ

α
ε1 = 0 (1.45)

U+
µν = − i

4
Cαβζ

α
γµνζ

β = 0 (1.46)

A 1
µ2 = − i

4
gIJλ

I
2γµλ

J 1 = −A′ 1
µ2 = 0 (1.47)

We note that the expression “equal to zero” in (1.42) - (1.47) has to be intended in a
weak sense, as a condition to be true on the reduced N = 1 theory.

Let us analyze in particular the constraints (1.42), (1.45), (1.46), (1.47) containing 3
fermions contributions.
We first consider the implications of these constraints on the hypermultiplet sector. Equa-
tions (1.46) and (1.42) impose to truncate out half of the hypermultiplets. Indeed, let us
decompose the symplectic index α → (I, İ), so that we can write the symplectic matrix
Cαβ as: (

0 11Iİ

−11İI 0

)
(1.48)

Then, equation (1.46) becomes:

δIİζ
I
γµνζ

İ = 0 (1.49)
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which is an orthogonality condition between the set of {ζI} and {ζ İ}. A particular solution
is to take ζI 6= 0, and then:

ζ İ = 0, (1.50)

that is at least half of the hypermultiplets have to be projected out in the truncation.
More generally, we could decompose the indices as I = (f, g); İ = (ḟ , ġ) (with f, ḟ =
1, · · · , k ≤ nH ; g, ġ = 1, · · · , nH − k) and, for ζf 6= 0; ζ ġ 6= 0 eq. (1.49) gives

ζg = 0 ; ζ ḟ = 0 (1.51)

together with their scalar partners that, as we easily see when looking at the hyperini
transformation laws, are respectively:

U1g
u dqu = 0 ; U1ḟ

u dqu = 0 ;
(
U1g = (U2ġ)∗ ; U1ḟ = (U2f)∗

)
. (1.52)

However, by a symplectic rotation we can always choose a basis where ġ = 0, f = I. As
we will show in the following when looking at the hyperini transformation law reduction,
there is no loss of generality by adopting the simpler choice (1.50) (that is ġ = 0, f = I),
as we will actually do in the following. Therefore in the rest of the paper we will treat
the case f = I, where the only vielbein surviving on the submanifold MKH ⊂MQ are:

U1I = (U2İ)∗ (1.53)

while:
U2I = (U1İ)∗ = 0. (1.54)

Now we can make a choice of coordinates on the quaternionic manifold qu = (ws, nt),
such that the nt are the coordinates truncated out, and set, as a basis of vielbein for the
submanifold spanned by the scalars of the surviving hypermultiples:

PI = PIsdw
s ≡ √2UI1udq

u (1.55)

P İ = Pİsdw
s ≡

√
2Uİ2udq

u. (1.56)

With this position, equation (1.45) is now easy to interpret. It can be rewritten as:

ω̂
1

u|2 Uu
I1ζ

I
ε1 = ω̂

1
s|2 Us

I1ζ
I
ε1 = 0 (1.57)

which gives a condition on the component of the SU(2) connection:

ω̂
1

s|2 = 0. (1.58)

This condition , obtained from the fermion-bilinear equation (1.45), coincides with the
bosonic constraint (1.44) analyzed in reference [21]. Indeed eq. (1.44) is more properly
written, in the appropriate basis, as:

ω̂
1

2 |MKH = ω̂
1

s|2 dws = 0, (1.59)

which is satisfied by (1.58). When looking at the explicit expression of the field-strength
of the SU(2) connection (whose component Ω 1

2 has to be zero for consistency):

Ω 1
2 ≡ dω 1

2 + ω A
2 ∧ ω 1

A = iλUα2 ∧ Uα1 = iλ
(
UI2 ∧ U I1 + Uİ2 ∧ U İ1

)
= 0 (1.60)
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we see that it is automatically satisfied by the position (1.52).
The surviving U(1) curvature Ω 1

1 = Ω3 (σ3) 1
1 is instead different from zero and defines

(one half) the Kähler 2-form on MKH, so that we may introduce complex coordinates
ws and Kähler metric such that Ω3 = i

2
gssdw

s ∧ dws [21]. This does not exhaust the
restrictions on the quaternionic manifold MQ, since, as we will see in the analysis of the
fermionic sector of the hyperini transformation laws, extra constraints on the symplectic
part of the quaternionic curvature have to be imposed.

Let us now come to the reduction of the N = 2 vector multiplets. To understand
condition (1.47), let us observe that the nV N = 2 vector multiplets (Aµ, λ

A, z)I (I =
1, · · ·nV ) decompose to N = 1 chiral multiplets (λ1, z)I and N = 1 vector multiplets
(Aµ, λ

2)I [21]. Let us suppose that in the reduction the number of chiral multiplets
coming from N = 2 vector multiplets is nC ≤ nV . We then have to decompose the indices
I → (i, α), where i = 1, · · · , nC and α = nC + 1, · · · , I, and the chiral multiplets are
labeled as (λ1, z)i (while (λ1, z)α = 0).
Then eq. (1.47) can be rewritten as:

gıjλ
ı

2λ
j1 + gαjλ

α

2λ
j1 = 0 (1.61)

which is an orthogonality condition between the N = 1 chiral and vector multiplets
coming from the N = 2 vector multiplets, satisfied for:

λi2 = 0 (1.62)

giα = 0. (1.63)

The previous equations imply that if the N = 1 chiral multiplets have indices i =
1, · · ·nC ≤ nV , then the N = 1 vector multiplets take the complementary indices α =
Λ = 1, · · ·n′V = nV − nC . As a consequence, the scalar partners of the chiral fermions λi1

span a Kähler manifold MR ⊂MSK of complex dimension nC .
Furthermore, the three fermion terms in eq. (1.42) and (1.18) containing N = 2

gaugini impose conditions on the scalar sector of the theory. Indeed (1.42), (1.18) give:

ImNΛΣL
Σf

Λ

αλ
α

2γ[νψµ]1 = 0 ⇒ ImNΛΣL
Σf

Λ

α = 0 (1.64)

ImNΛΣL
Σ∇if

Λ
α λ

i1
γµνλ

α2 = 0 ⇒ ImNΛΣL
Σ∇if

Λ
α = 0 (1.65)

Equation (1.64) is an orthogonality condition between the set {LΛ} and the set {fΛ
α }. By

decomposing the vector indices Λ as Λ → (Λ, X), (with Λ = 1, · · · , n′V , X = 0, 1, · · ·nC =
nV − n′V ) it becomes:

ImNΛΣL
Σf

Λ

α + ImNΛXL
Xf

Λ

α + ImNXΛL
Λf

X

α + ImNXY L
Y f

X

α = 0 (1.66)

A consistent solution of eq. (1.66) is easily found by setting:

LΛ = 0 (1.67)

fX
α = 0 (1.68)

ImNΛX = 0 (1.69)

We observe that, since NΛX is anti-holomorphic on MR, equation (1.69) still allows a
constant, purely real, term NΛX = CΛX that we do not discuss here.
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With the same decomposition of indices the second equation (1.65) gives:

ImNΛΣL
Σ∇if

Λ
α + ImNΛXL

X∇if
Λ
α + ImNXΛL

Λ∇if
X
α + ImNXYL

Y∇if
X
α = 0 (1.70)

which is satisfied (in a way consistent with (1.67) - (1.69)) with the further constraint:

∇if
X
α = iCijαf

X
 g

j = 0 ⇒ Cijα = 0 (1.71)

where we have used the special geometry relation (1.35) defining CIJK. This solution tells
us that the reduced manifold MR is a special-Kähler manifold with symplectic sections
(LX ,MX). Indeed we have, recalling the differential identities satisfied by the symplectic
sections of the N = 2 parent theory, that the 3 equations (1.67) - (1.69) induce on MR

the special-Kähler structure with indices Λ restricted to X. Other possible solutions
to equations (1.67) - (1.69) are not compatible with supersymmetry, as can be easily
ascertained by looking at the bosonic sector (see [21]).

Given the conditions found above, let us now compute the reduction of the complete
transformation laws for the spin one half fermions.

Hypermultiplets reduction
The N = 2 hyperini supersymmetry transformation law reduces to:

δ ζI = iU2J̇
u ∇µ q

u γµε1 δIJ̇ + gN1
I ε1 +

+
1

4

(
∂JKλ

J 1
ε1 − h.c.

)
ζI −∆

J
I|u

(
UK1|uζKε1 + Uu

K1ζ
K
ε1

)
ζJ +

− iζIψµ1γ
µε1 (1.72)

while for consistency we have to impose:

δ ζİ = 0 = iU2J
u ∇µ q

u γµε1 δİJ + gN1
İ ε1 +

− ∆
J

İ|u
(
UK1|uζKε1 + Uu

K1ζ
K
ε1

)
ζJ +

+ iδJİUJ2
u ∇µq

uγµε1 (1.73)

We find therefore the consistency conditions:

∆
J

İ
= 0 (1.74)

UJ2
u ∇µq

u = 0 (1.75)

N1
İ = 0 (1.76)

Eq. (1.74) reduces the holonomy of the quaternionic scalar manifold from Sp(2nH) to
U(nH), a condition necessary for the validity of the truncation, since the manifold has to
reduce to a Kähler-Hodge one.
We note that, if we had chosen the more general configuration (1.51), we had found
instead of (1.74) the holonomy constraints:

∆ f
g = 0 ; ∆ ġ

g = 0 ; ∆ ġ

ḟ
= 0 ; ∆ f

ḟ
= 0 (1.77)

Working out the curvatures associated to these components of the Sp(2nH) connection it is
easy to see that they in fact reconstruct the full curvatures of the group U(nH), embedded
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however into Sp(2nH) in a different way from the standard one related to the choice (1.53),
(1.54). In group theoretical terms, if we set f, ḟ = 1, · · · k; g, ġ = 1, · · ·nH − k, we find
that the constraints (1.77) correspond to the decomposition:

Adj(Sp(2nH)) → Adj(U(k)) + Adj(U(nH − k)) + 2(k, nH − k) (1.78)

Actually, in equation (1.77) we recognize that the r.h.s. is in fact the adjoint of U(nH),
which is however decomposed with respect to its maximal subgroup U(k) × U(nH − k).
In the sequel we refer only to the simpler choice (1.50).

We stress the fact that the necessary condition (1.74) found above implies a further
geometric constraint for the consistency of the truncation. Indeed, as it has been analyzed
in [21] by using the Frobenius theorem, in order for the equations (1.54) and (1.74)to give
a consistent truncation, the quaternionic manifold cannot be generic; in particular, the
completely symmetric tensor Ωαβγδ ∈ Sp(2nH), appearing in the Sp(2nH) curvature, must
obey the following constraint:

Ωİ J̇KL̇ = 0. (1.79)

Eq. (1.75) is automatically satisfied with the choice of basis (1.74). Indeed it means
that the scalar partners of the ζİ have to be truncated out, since they span the orthogonal
complement to the retained submanifold:

UJ2
u ∇µq

u|MKH
= UJ2

t ∇µn
t|MKH

= 0. (1.80)

We can now define chiral spinors with world indices:

ζs ≡
√

2P I,sζI (1.81)

and we find, for the tranformation law of the ζs:

δ ζs = i∇µw
s γµε1 + gN s ε1 +

+
i

4

(
∂JKλ

J 1
ε1 − h.c.

)
ζs − Γs

s′s′′ ζs′′
ζ

s′
ε1 +

− iζ
s
ψµ1γ

µε1 (1.82)

with N s ≡ √gP I,sN1
I and Γs

s′s′′ = δJ
I PK,s′∂s′′PK,s − P I,s∆

J
I|s′ PJ,s′′.

Vector multiplets reduction
Let us now consider the reduction of the gaugini transformation law. From eq. (1.2) we
find:

δ λi1 = i∇µ z
iγµε1 + gW i11ε1 +

+
1

4

(
∂jKλ

j1
ε1 − h.c.

)
λi1 −

(
ω1

1|sζ
s
ε1 + ω1

1|sζ
s
ε1

)
λi1 − Γi

jkλ
k1
ε1λ

j1 +

− iλi1ψµ1γ
µε1 − i

2
gij Cjαβλ

α

2λ
β
2ε1 (1.83)

δ λα2 = −G−α
µν γ

µνε1 + gW α21ε1 +

+
1

4

(
∂jKλ

j1
ε1 − h.c.

)
λα2 −

(
ω2

2|sζ
s
ε1 + ω2

2|sζ
s
ε1

)
λα2 − Γα

βiλ
i1
ε1λ

β2 +

+
i

2
gαβ Cβiγλ

i

1λ
γ
2ε1. (1.84)
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while for consistency we have to impose:

δ λα1 = 0 = i∇µ z
αγµε1 + gW α11ε1 − Γα

ijλ
j1
ε1λ

i1 − i

2
gαβCβγδλ

γ

2λ
δ
2ε1 (1.85)

δ λi2 = 0 = −G−i
µνγ

µνε1 + gW i21ε1 − Γi
αjλ

j1
ε1λ

α2 +
i

2
giCkαλ

k

1λ
α
2 ε1 (1.86)

that implies that, on the reduced theory, the following quantities have to be zero:

∇µ z
α = 0; (1.87)

G−i
µνγ

µν = 0; (1.88)

W α11 = 0 ; W i21 = 0 (1.89)

Γα
ij = gαβ∂igjβ = 0 Γi

αjg
ik∂jgαk = 0 (1.90)

Ckα = 0 Cβγδ = 0 (1.91)

We analyze here the constraints coming from the 3-fermions terms. Equation (1.88)
is automatically satisfied, on the reduced theory, because of equations (1.67) - (1.69)
and (1.71). Equations (1.90) are also true on the sub-manifold since we have found in
(1.63) that the mixed components of the metric are zero. Finally, equations (1.91) give
constraints on the Special-Kahler manifold to be satisfied on the reduced sub-manifold
MR. In particular, the first one Ckα = 0|MR

coincides with the already found condition
(1.71), while Cβγδ = 0|MR

is a further constraint, due to supersymmetry, to be satisfied.
We note that in particular it implies the following constraint on the curvature of the
special manifold:

Rı
αβγ = 0 (1.92)

If we now define:
χi ≡ λi1 , λΛ ≡ −2fΛ

α λ
α
• (1.93)

and apply the special geometry relation:

CIJK = fΛ
I ∂JNΛΣf

Σ
K , (1.94)

which gives:
Ciαβ = fΛ

α ∂iNΛΣf
Σ
β , (1.95)

we can rewrite equations (1.83) and (1.84) as:

δ χi = i∇µ z
iγµε• + gW i11ε• +

+
1

4

(
∂jKχjε• − h.c.

)
χi −

(
ω

1
1|s ζ

s
ε• + ω

1
1|s ζ

s
ε•

)
χi − Γi

jkχ
kε•χj +

− iχiψµ•γµε• +
i

8
gi ∂NΛΣλ

Λ•
λΣ•ε• (1.96)

δ λΛ
• = F−Λ

µν γ
µνε• − 2 gfΛ

αW
α21ε• +

+
1

4

(
∂jKχjε• − h.c.

)
λΛ
• −

(
ω

2
2|s ζ

s
ε• + ω

2
2|s ζ

s
ε•

)
λΛ
• − Γα

βiχ
iε•λΛ

• +

+
i

4
(ImN )−1ΛΣ

(
∂NΣΓχ

λΓ• + ∂iN ΣΓχ
iλΓ
•
)
ε•. (1.97)
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which have the form of the N = 1 transformation laws for chiral- and vector-multiplets
fermions respectively.
We still have to identify the precise form of the bosonic quantities W i11, fΛ

αW
α21 and NΛΣ

in the reduced theory. This has been done in [21]. We just quote the main results here.
For example, in order to retrieve the D-term of the N = 1 gaugino transformation, we
have to identify:

−2gfΛ
αW

α21 ≡ iDΛ = i(ImN−1)ΛΣ
(
P 0

Σ + P 3
Σ

)
. (1.98)

Moreover, in order to show that equation (1.97) is the correct N = 1 transformation
law of the gauginos we have still to prove that NΛΣ is an antiholomorphic function of the
scalar fields zi, since the corresponding object of the N = 2 special geometry NΛΣ is not.
For this purpose we observe that in N = 2 special geometry the following identity holds
(at least when a N = 2 prepotential function exists)[24]:

NΛΣ = FΛΣ − 2iTΛTΣ(LΓImFΓ∆L
∆) (1.99)

where the matrix FΛΣ is holomorphic and TΛ is the so-called projector on the graviphoton
[21], [24].
If we now reduce the indices ΛΣ we find:

NΛΣ = FΛΣ − 2iTΛTΣ(LZImFZWL
W ) ≡ FΛΣ (1.100)

since, as shown in [21], TΛ = 0 is precisely the bosonic constraint derived from (1.42).
Therefore NΛΣ is antiholomorphic and the D-term (1.98) becomes:

DΛ ≡ 2ifΛ
αW

α21 = −2(Imf−1(zi))ΛΣ
(
P 0

Σ + P 3
Σ

)
. (1.101)

where we have defined

FΛΣ(zi) =
1

2
fΛΣ(zi) (1.102)

in order to match the normalization of the holomorphic kinetic matrix of the N = 1
theory appearing in equation (1.34).
The N = 1 transformation law of the gravitino with these notations takes the final form:

δ ψ•µ = Dµε• − i

2

(
Q̂µ − 2iω̂

1
µ|1

)
ε• + i g S11ηµνγ

νε• +

+
i

4

[
ImfΛΣλ

Λ•
γµλ

Σ
• +

1

2
γµν

(
fΛΣλ

Λ•
γνλΣ

• + giχ
γνχi + gssζ

s
γνζs

)]
ε• +

−
(
ω

1
1|s ζ

s
ε• + ω

1
1|s ζ

s
ε•

)
ψµ• − 1

4

(
∂jKχjε• − h.c.

)
ψµ• (1.103)

2 The gauging

As it was stressed in the introduction, the implications of the N = 2 → N = 1 reduction
on the gauging of the N = 2 theory cannot be obtained by looking only at the fermionic
sectors, since the fermionc shifts are built up in terms of bosonic fields only. The analysis
of the gauging has been thoroughly given in [21]. To make the paper self-contained, we
just summarize here the conclusions, and in particular:

11



• The D-term of the N = 1-reduced gaugino λΛ = −2fΛ
i λ

i2 is:

DΛ = W i21 = −2g(Λ)(Imf)−1ΛΣ
(
P 3

Σ(ws) + P 0
Σ(zi)

)
(2.1)

• The N = 1-reduced superpotential, that is the gravitino mass, is:

L(z, w) =
i

2
g(X)L

X
(
P 1

X − iP 2
X

)
(2.2)

and is a holomorphic function of its coordinates zi and ws.

• The fermion shifts of the N = 1 chiral spinors χi = λi1 coming from the N = 2
gaugini are:

gW i11 ≡ N i = 2gi∇L (2.3)

• The fermion shifts of the N = 1 chiral spinors ζs coming fromN = 2 hypermultiplets
are:

N s = −4g(X)k
t
XL

XU1İ
t Us

2İ = 2gss∇sL. (2.4)

• Only some components of the special–Kähler and quaternionic prepotentials and of
the corresponding Killing vectors remain different from zero after the reduction, in
particular we have:

P 0
X = 0 , (2.5)

ki
X = 0 , kα

Λ = 0 (2.6)

ki
Λ = igi∇P

0
Λ 6= 0. (2.7)

and

P 3
X = 0 , P i

Λ = 0 , (i = 1, 2) (2.8)

ks
X = 0 , kt

Λ = 0 (2.9)

ks
Λ = igss∇sP

3
Λ 6= 0. (2.10)

We note that, by using the quaternionic relation:

nHP
x
Λ = −1

2
Ωx

uv∇ukv
Λ (2.11)

from equation (2.8) it follows:

nHP
i
Λ = 0 = −1

2
Ωi

st

(
∇skt

Λ −∇tks
Λ

)
(2.12)

nHP
3
X = 0 = −1

2
Ω3

ss∇sks
X + Ω3

tt∇tkt
X (2.13)

satisfied for:

∇skt
Λ = 0 ; ∇sks

X = 0 (2.14)

∇tks
Λ = 0 ; ∇tkt

X = 0. (2.15)

Equations (2.14) follow from (2.9) for consistency of the reduction to the subman-
ifold MKH. Equations (2.15) are instead further relations to be satisfied for the
truncation. One can see for instance that the above relations do indeed hold in the
model of reference [25] where the gauge group acts linearly on the coordinates of
the scalar manifolds.
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3 A closer look to consistency: Yukawa interactions

It is well known that, in order to have a consistent reduction, the solutions of the equations
of motion of the reduced theory must be also solutions of the mother theory. This fact
in particular implies that all terms in the lagrangian bilinear in the fermions, containing
one retained and one truncated out fermion, must disappear in the reduction. Indeed,
the corresponding field equations obtained by varying the lagrangian with respect to the
truncated fermion would be inconsistent. Let us check that the bosonic quantities which
are coefficients of these terms do indeed vanish in the reduction.

We will confine to analyze the “mass” terms of the N = 2 lagrangian, namely:

LN=2
mass = g[2SABψ

A

µγ
µνψB

ν + igIJW
IABλ

J
Aγµψ

µ
B + 2iNA

α ζ
α
γµψ

µ
A

+ Mαβζαζβ +Mα
IBζαλ

IB +MIJ ABλ
IA
λJB + h.c.] (3.1)

where, besides the matrices SAB, W IAB, NA
α defined in (1.22) - (1.25), there appear the

mass matrices (see [22]):

Mαβ = −UαA
u UβB

v εAB ∇[uk
v]
Λ L

Λ = −1

2
UAα|u∇uN

β
A (3.2)

Mα
IB = −4Uα

Bu k
u
Λ f

Λ
I (3.3)

MAB IK = εAB gL[If
Λ
K]k

L
Λ +

1

2
iPΛAB ∇IfΛ

K (3.4)

The gravitino mass term S12ψ
1

µγ
µνψ2

ν is automatically zero because of (1.43).

The term gIJW
IABλ

J
Aγµψ

µ
B contains four potentially dangerous contributions, namely:

giW
i12λ



1γµψ
µ
2 (3.5)

giW
i12λ



2γµψ
µ
1 (3.6)

gαβW
α11λ

β

1γµψ
µ
1 (3.7)

gαβW
α22λ

β

2γµψ
µ
2 (3.8)

Looking at the expression (1.23) of W IAB we see that W i12 is zero on the reduced theory,
taking into account the constraints: P 12

Λ ≡ P 3
Λ, fΛ

i = 0, LΛ ≡ LX , ki
X = 0; furthermore,

W α11 and W α22 are both zero due to the constraints: P 11
Λ = (P 22

Λ )∗ ≡ P 1
X − iP 2

X , fX
α = 0.

Then, we need the terms N1
İ
ζ

İ
γµψ

µ
1 and N2

I ζ
I
γµψ

µ
2 to be zero. And indeed, N1

İ
= (N2

I )? =
0|MR

for consistency of the truncation of half hypermultiplets (see equation (1.76)).

Furthermore, the term MIJ̇ζIζJ̇ must be zero, and this is satisfied if:

MIJ̇ = U I1
s U J̇2

s ∇[sk
s]
X L

X − U I2
t U J̇1

t ∇[tk
t]
X L

X = 0. (3.9)

Both terms are indeed zero as a consequence of (1.67) and (2.8),(2.9),(2.15).
From the mixing term Mα

IBζαλ
IB we get the potentially inconsistent contributions:

MI
α1ζIλ

α1; (3.10)

MI
i2ζIλ

i2; (3.11)

Mİ
i1ζ İλ

i1; (3.12)

Mİ
α2ζ İλ

α2; (3.13)
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All these quantities are indeed zero on the reduced theory, as can be ascertained by using
in (3.2) the relations (1.53), (1.54), (1.67), (1.68) and (2.9).

Finally, the gaugino mass term MIJ ABλ
IA
λJB contains the four contributions:

Mij 12λ
i1
λj2 (3.14)

Mαβ 12λ
α1
λβ2 (3.15)

Miα 11λ
i1
λα1 (3.16)

Miα 22λ
i2
λα2 (3.17)

which have to be zero on the truncated theory. We find:

Mij 12 = gk[if
X
j] k

k
X −

i

2
PΛ12∇if

Λ
j (3.18)

Mαβ 12 = gγ[αf
Λ
β]k

γ
Λ −

i

2
PΛ12∇αf

Λ
β (3.19)

Miα 11 = − i

4
PX11∇αf

X
i (3.20)

Miα 22 = − i

4
PX22∇αf

X
i (3.21)

Equations (3.18) – (3.21) are all satisfied as a consequence of (1.67), (1.68), (1.71), (1.91)
and (2.6), (2.8).

Finally, coming to the reduction of the scalar potential of the N = 2 theory down to
N = 1, we have that the N = 2 scalar potential, given by:

VN=2 =
(
gIJk

I
Λk

J
Σ + 4huvk

u
Λk

v
Σ

)
L

Λ
LΣ+

(
−1

2
(ImN−1)

ΛΣ − L
Λ
LΣ

)
P x

ΛP
x
Σ−3P x

ΛP
x
ΣL

Λ
LΣ

(3.22)
reduces to the standard form for the N = 1 scalar potential, written in terms of the
covariantly holomorphic superpotential L as:

VN=2→N=1 = 4
[
−3LL+ gi∇iL∇L+ gss∇sL∇sL+

1

16
ImfΛΣD

ΛDΣ
]

(3.23)

The explicit proof is given in [21].
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