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Abstract

We estimate the decay width difference AT'y/T'y in the By system including 1/my
contributions and next-to-leading order QCD corrections, and find it to be around
0.3%. We explicitly show that the time measurements of an untagged B, decaying to
a single final state isotropically can only be sensitive to quadratic terms in AT'z/Ty,
and hence the use of at least two different final states is desired. We discuss such pairs
of candidate decay channels for the final states and explore the feasibility of a AT'y/Ty
measurement through them. With tagged decays to CP eigenstates, it is possible
to have measurements sensitive to linear terms in AI'y/I'y with only one final state.
The measurement of this width difference is essential for an accurate measurement of
sin(2) at the LHC. The nonzero width difference may also be used to resolve a twofold
discrete ambiguity in the B;~B,; mixing phase, and hence its measurement is crucial
for identifying new physics effects in the mixing. We also derive an upper bound on
the value of AT';/T'; in the presence of new physics, and point out some differences in
the phenomenology of width differences in the B; and By systems.
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1 Introduction

Within the standard model (SM), the difference in the decay widths of B, mesons is CKM-
suppressed with respect to that in the B, system. A rough estimate leads to

%~%-A2mo.5%, (1)
where A = 0.225 is the sine of Cabibbo angle, and we have taken AI'y/T'y ~ 15% [1, 2, 3].
Here gy = (I't + I'y)/2 is the average decay width of the light and heavy Bg() mesons
(B, and By respectively). We denote these decay widths by 'z, I'y respectively, and define
Alyy = T't — 'y No experimental measurement of AI'; is currently available. Moreover,
no motivation for its measurement (other than just measuring another number to check
against the SM prediction) has been discussed, and hence the study of the lifetime difference
between B; mesons has hitherto been neglected as compared to that in the By system. The
phenomenology of the lifetime difference between B, mesons has been explored in detail in
4, 5].

With the possibility of experiments with high time resolution and high statistics, it is
worthwhile to have a look at this quantity and make a realistic estimate of the possibility
of its measurement. At LHCDb for example, the proper time resolution is expected to be as
good as AT =~ 0.03 ps. This indeed is a very small fraction of the By lifetime (75, ~ 1.5
ps [6]), so the time resolution is not a limiting factor in the accuracy of the measurement,
the statistical error plays the dominant role. Taking into account the estimated number of
By produced — for example the number of reconstructed By — J/1 Kg events at the LHC
is expected to be 5 x 10° ([7] table 3) — the measurement of the lifetime difference does
not look too hard at first glance. Naively, one may infer that if the number of relevant
events with the proper time of decay measured with the precision A7 is N, then the value of
AT 4/T4 is measured with an accuracy of 1/v/N. With a sufficiently large number of events
N, it should be possible to reach the accuracy of 0.5% or better.

The measurement of AI'y/T"; is in reality harder than what the above naive expectation
may suggest, since most of the quantities that involve the lifetime difference are quadratic
in the small quantity AI';/I'y. In fact, as we shall explicitly show in this paper, the time
measurements in the decays of an untagged By to a single final state are sensitive only to
(AT3/Ty)%. This implies that in order to discern two different lifetimes, the measurements
need to have an accuracy of (AT'y/T4)* ~ 2.5 x 107, which is beyond the reach of the
currently planned experiments.

However, the combination of lifetimes measured in two different untagged decay chan-
nels may be sensitive to linear terms in AI'y/I'y. We explore three pairs of such untagged
measurements in this paper: (i) lifetime measurements through decays to self-tagging (e.g.
semileptonic) final states and to CP eigenstates, (ii) CP even and odd components in the



decay mode By — J/YwK*(K,w°), and (iii) time-dependent untagged asymmetry between
By — J/YKg and By — J/W K.

The conventional “gold-plated” decays for § measurement, J/9¥Kg and J/¢¥ Ky, neglect
the lifetime difference while determining sin(2(). For an accurate determination of 3, the
systematic errors due to AI';/I'y need to be taken into account. Moreover, if the lifetime
difference is neglected, the ambiguity # < (7/2— ) remains unresolved. We show that mea-
surable quantities that are sensitive to the lifetime difference resolve this discrete ambiguity.
This is indeed a strong motivation for the measurement of the small lifetime difference AlL'.

In order to resolve this ambiguity in the By—B,; mixing phase, the theoretical uncertain-
ties on Al'y need to be minimized. Therefore, we start by presenting in Sec. 2 a detailed
calculation of ATy, including 1/m; contributions and next-to-leading order (NLO) QCD
corrections. The NLO precision in the width difference AT’y is also essential for obtaining
a proper matching of the Wilson coefficients to the matrix elements of local operators from
the lattice gauge theory.

The rest of the paper is organized as follows. In Sec. 3 we explicitly demonstrate the
quadratic dependence on AI'y/T'y of quantities measurable through untagged B decays to a
single final state. We explore the combinations of decay modes that can measure quantities
linear in Al'y/T'; and can help resolving the discrete ambiguity in . We calculate the
corrections due to AT'y as well as the CP violation in KK mixing to the measurement of
sin(23) through By — J/¢¥Kg, and also indicate the possibility of the AI'y measurement
through tagged decays to CP eigenstates. In Sec. 4, we point out important differences in
the upper bounds on AI'y and AI'y in the presence of new physics, and elaborate on the
possibility of resolution of the discrete ambiguities in the mixing phases through them. We

summarize our findings in Sec. 5.

2 Next-to-leading order estimation of Al';

2.1 Basic definitions

We briefly recall the basic definitions: in the Wigner—Weisskopf approximation the oscillation
and the decay of a general linear combination of the neutral flavour eigenstates By and By,
a|Bg) + b|By), is described by the time-dependent Schrodinger equation

()= (=50 (5). @

Here M and I' are 2 x 2 Hermitean matrices. CPT invariance leads to the conditions
My, = My and T'y; = I'ys. Exact CP invariance would imply My = Mis and I'y; = I'io
(a phase choice, namely CP|By) = —|By),CP|By) = —|By) is made). Independent of the
choice of the unphysical phases, CP invariance (in mixing) would imply Im(M;j,I'y;) = 0.



The mass eigenstates, the light By, and the heavy By, are given by
|Br,ir) = p|Ba) £+ q|Ba) (3)

with the normalization condition |q|? 4+ |p|> = 1. Only the magnitude |q/p| is measurable,
the phase of this quantity is unphysical and can be fixed arbitrarily by convention.
The mass difference and the width difference between the physical states are defined by

Am:MH—ML, AF:FL—FH, (4)

such that Am > 0,Al'y > 0 in the SM. The real and imaginary parts of the eigenvalue
equations are the following:

(Am)? = (AT = (Mo = [Puf?), )
AmAT = —4Re(MgTa). (6)

With the help of the CP-violating parameter o

—2 Im(]\/[* FQI)
5= 22 _ 2 gl = (By|By), 7
(Am>2+yr21‘2 ‘p’ ‘q’ < L’ H> ()

The effect of CP violation due to mixing on the mass difference Am and on the lifetime
difference AI' may be explicitly shown:

4| Moy |* — 62| Doy |?

(Amp = =0 ©
4|T91|? — 1662| Moy |?
(AF)2 _ | 21| 5 | 21| ‘ (9)

In the limit of exact CP invariance (0 = 0) the mass eigenstates coincide with the CP
eigenstates, CP|By) = —|By) and CP|Br) = +|B;) and the mass difference and width
difference are given by Am = 2|Msy |, AI' = 2|T'5;|. However, even with a non-zero 9,
taking into account that 0 is constrained by the upper bound [§| < |Ta1|/(2|Ms|) and
Loy /My = O(mi/m?), we can write

am =2l |1+ 0 (2)]. ar— B0 (M) ag

mi | Mo | mi

We shall neglect the terms of O(mj/m{) ~ 1075 in our calculations.

2.2 Method of calculation

In the following we consider the two off-diagonal elements M, and I'y;, which correspond
respectively to the dispersive and the absorptive part of the transition amplitude from By



u, ¢, U, ¢

Figure 1: Schematic representation of Feynman diagrams for M, = M3, and I';s = I'5;.

to B;. We follow the method of [2, 3] which was used there in the B, B, system (see also
3, 9)).

Within the SM the well-known box diagram is the starting point of the calculations. My
is related to the real part of this diagram (see Fig. 1). The important QCD corrections are
most easily implemented with the help of the standard operator product expansion. Because
of the dominance of the top quark contribution, M,; can be described by a local AB = 2
Hamiltonian below the myy scale:

1 _ m2
My = ———(BaHey|B [1 +0 (—bﬂ , 11

_ G%
HeAfgi2 - F;Q( tb‘/%d)2CQ(mt,mW,M)Q(M) + H.c. |, (12)
Q == (Eidi)V,A(Bjdj)V,A . (13)

The Wilson coefficient C? contains the short-distance physics. It is known up to NLO
precision [10]. The hadronic matrix element (B,|Q(u ~ my)|Bg) will be discussed below.

In the standard model, I'y; is related to the imaginary part of the box diagram. Via the
optical theorem it is fixed by the real intermediate states. Therefore, only the box diagrams
with internal ¢ and u quarks contribute (see Fig. 1). In contrast to the B,~B, case where
the intermediate c¢ contribution is the dominating one, because of its CKM factor (V;V.,)?,
over the u, the cu and the ué contribution (see Sec. 4.1), in the BBy all four contributions
have to be taken into account. In the effective theory where we integrate out the W boson,

[’y is given by:

Py = 53— (Ballm ¢ [t T A @) HEEO)|Ba) (14)
where
M = CE Vi Y CQE 4+ ViV X QT+ ViVea X CQie +
V2 i=1,2 i=1,2 i=1,2
+ VoV ‘;2 CiQi° — tZthi)CiQi)- (15)



The operators are (i, j denote color indices)

QY = (big))v-a(@d)v-n, Q¥ = (bigi)v-a(Td;)v—a, (16)
Qs = (id)v-a(Gg)v-a,  Qu= (bid;)v-a(qia)v-a (17)
Qs = (id)v-a(Gg)vea, Qs = (bidj)v-a(Gii)via- (18)

The penguin operators )3 — Q¢ have small Wilson coefficients and are therefore suppressed
with respect to the four-quark operators — which all have the same two Wilson coefficients
C} and Cs. In the leading logarithmic approximation we have:

0

O‘(MW)>%ci(MW), ColMy) =1, (19)

a(p)

Cy=0Cyx£C, Ci(p)= <

where ) = (11N —2f)/3 = 23/3 and A = +6(1£N)/N. The coefficients to NLO precision
can be found in [11].

Because there is another short-distance scale, the bottom quark mass, the operator prod-
uct of two AB = 1 operators can be expanded in inverse powers of the bottom quark mass
scale in terms of local AB = 2 operators:

P - _
Tu = gy (Balimi / d'sTHY (@) HE(0)|Ba) (20)
E,

n

These matching equations fix the values of the AB = 2 Wilson coefficients E,. The corre-
sponding four quark operators O, are the following: The operators () and Qg,

Q = (bidi)v-a(bd;)v-a, (22)
Qs = (bidi)s—p(bjdj)s—p, (23)

S o
T T

d
d
represent the leading order contributions. Their matrix elements are given in terms of the
bag parameters, B and Bg, the mass of the B; meson Mp,, and its decay constant fp,:

N+1
—B 24
N ) ( )

M3 2N -1

(my +mgq)? N

(B4|Q|Ba) = f5,Mp,2

(Bal@s|Ba) = —f5,Mj, Bg . (25)

In the naive factorization approximation, B and Bg are fixed by B = Bg = 1. Reliable
lattice calculations for B and Bg are already available [12]. We note that to NLO precision
one has to distinguish between the pole mass m; and the running quantity

(1) = my, l1 - O‘? (zn“—i + %)] (26)

my,
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using the MS scheme.

The 1/m,, corrections are given by the operators

Ry

Ry

Rs

Ry

Ry

—(l_)idi)S—P([_)jdj)S—f—Pa

— H —
W(bz‘Dﬂ“(l —75)D’d;) (b, (1 — 75)d;),
b

(5: Dy(1 — 75) D7y (b; (1 — 5)d;),
Hb(l_)i(l — 75)iD,ud;) (b (1 — 75)d;),

QS+%Q+QS;

(27)
(28)
(29)
(30)

(31)

where Qg has the “interchanged” color structure as compared to (Js. There are also “color-

interchanged” operators R; and Q corresponding to R; and ). We note that these 1/my

operators are not independent, the relations between them are in fact the equations of

motion.

The matrix elements of these operators within the B,~B, system were estimated in [2]

using naive factorization, which means that all the corresponding bag factors were set to 1.

For the B, B, system the analogous results are:

(Ba|Ro| Ba)
(Ba|R1| Ba)
(Ba| R1| Ba)
(Ba| Ro| Ba)
(Ba| B3| Ba)
(Ba| B3| Ba)
(Ba|Ra|Ba)

(Ba| R4|Ba)

= _fnggd < ot -

2
my,

N+1 M?
— M3, (S )(1——Bd> ,

_ fédMéd%QNN—l—l ~ 0,

— 3,3, T2 o,

= g, (S 1) LK~ (BB
= 3,03, (A:i—l) Sy

- o, (HE 1) R

M2
= _f%dMéd < mB;d - 1) Y

b
M2, )1

b N

(32)
(33)
(34)
(35)
(36)
(37)
(38)

(39)

Henceforth we shall neglect terms proportional to mg/my; the other terms proportional to

(Mg, /m3) — 1 are of order Agcp/me.

In the matrix elements (R;) (egs.

(32)—(39)), we use the pole mass m;,. There is a

subtlety involved here: as discussed in [3], there are terms of order «; and of leading power
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in m; in the matrix element of Ry to NLO precision. In view of the relation (31), it is not
surprising that there are such terms. In the scheme — which was used in [3] and which is also
used here — these terms are subtracted in the matrix element (Ry) while taking into account
the leading NLO contribution. Then the (R;) matrix element is still of a subleading nature.
The specific subtraction scheme for the factorized matrix elements (R;) corresponds to the
use of the pole mass in eqgs. (32)—(39). Of course this specific choice for the matrix elements
has to be taken into account if the NLO results are combined with a lattice calculation of
the (R;).

There is an additional remark in order. We estimate I's; by the cut of the partonic
diagrams. The underlying assumption of local quark-hadron duality can be verified in the
BB, system, in the simultaneous limit of large N and of small velocity [1], therefore one
expects no large duality violations. In the By B, system the small velocity argument fails
since the uu, u¢ and cu intermediate states contribute significantly, and the larger number
of light intermediate states leads to a larger energy release. We follow ref. [2] and make the
assumption that the duality violations in the By — By system are also not larger than 10%.
In order to test this assumption one should include all corrections up to that accuracy.

2.3 Analytical results

In this section, we present an analytic expression for I'y; including 1/my, penguin and NLO
corrections. If one takes into account the error inherent in the naive factorization approach to
the matrix elements of the subleading operators R, it seems to be a reasonable approximation
to keep at least all terms up to an accuracy of 1072 T5*¥"9 We keep also higher order terms
in order to check the accuracy of our approximation.

In the effective theory of the AB = 2 transitions the matrix elements of the 1/m; op-
erators (R) are formally suppressed by a factor of the order of 0.1 with respect to those of
the leading operators @ and Qs. The natural variable z = m?2/m? also formally introduces
a suppression factor of approximately 0.1. The NLO contribution has formally an extra
suppression factor (as/4m) of order 0.01. Within the effective theory of the AB = 1 Hamil-
tonian, the combination K’ = CP"9C%™ and K" = CP"9CP*"9 are suppressed by almost a
factor 0.01 and 10~* respectively, with respect to the combination K = C%m(C%™ where
CP"9 denotes the Wilson coefficients of the penguin operators Qs...Q¢ and C%™ that of the
dominating operators Q‘fq(;). The contribution due to K" therefore can be safely neglected.
Schematically our analytical result for I'9; has the following form:

'y = K(Q) (40)
+ K (R)(O(1) +O(2) + O(z*) + {0(z")}) (41)
+ K'(Q)(0(1) +0(2) +{0(z")}) (42)
+ K'(R)(0(1) +{0(z*)} (43)



+ ay/(4m) K(Q)O(1) (44)

where Q represents the leading order operators ) and ()g. The terms inside the curly
brackets are the ones that we calculate only to estimate the errors. In the presentation of
the results the following combinations of the Wilson coefficients are used:

K1 == 3012 -+ 20102, K2 - 022, Kg == 012, K4 - 0102 (45)
Ki = 2(3C1Cs + C1Cy 4 C2Cs), K= 2050y, (46)
Ké = 2(30105 + 0106 + 0205 + 0206)7 (47)

and the common factor of [—G3%-mj /(247 Mp,)] is implicit in the following equations (48),
(49), (51), (53).

In the leading log approximation we calculate the Q‘fql and the ng/ contributions to I'y;.
By extracting the absorptive parts of the cc, uc, cu and uu intermediate states, we can find
the off-diagonal element. For this leading contribution (40), after replacing V.5 V,q by the
unitarity relation, we get to all orders in z:

Dy = (VisVia)® KKI + %fﬁ) (@) + (K1 — K2)<Qs>]

+ (VaVea) (Vs Via) [(32(Ky + K) = 322K, — 2°(Ky — K3))(Q)
+(62% (K — Ky) — 42° (K1 — K5))(Qs)]

bV VT35 [+ 50 — 2(5 +200)] (@)
+V1 —4z2(1 4 22) (K — K2)(Qs)
+ ((1 — 22 [ (2K, + K>) + 2(Ky — K] + [Kl + %KQD (@)
+ (1= 2)(2+42)(Ky — K1) — (K> — K1)| (Qs)} - (48)

The 1/my corrections to the operators Q% and Q1 give [see the term (41)]

TY™ = (ViVig)? [ (Kl - %IQ) (Ry) — 25, (Ry) + 2K2<R4>]
+ (ViVed) (VisVia) =122 K1 ((R1) — 2(Ry))
+ 622 Ko((Ro) + 4(Rs) + 2(Ra))|
+ {K(R)O(*)}. (49)
The term in curly brackets in (49) can be written as
{r = (VaVea) (VigVia) X
[42° K1 (2(R1) — (Ra) — 6(R3)) — 42° Ko ((Ra) + 6(R3) + 2(Ra))]
+ (VaVea)® X
[122° K1 (2(Ry) — (Ry) — 6(R3)) — 122° Ko ((Ry) + 6({R3) + 2(Ry))]  (50)
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The penguin contributions [terms (42), (43)] are

M = (Vv [(Ki+ 3K5) (@ + (K] — K2)(@s)
+ (=2(Ra) — 2(R1)) K1 + ((Ra) + 2(Ra)) K}
+ (Vi Vea) (VigVia) 327 + 32K — 32K3)(Q)

HEK'(QO(z) + K'(R)O(2)} (51)

where the terms in curly brackets (and the lower order ones) may be written as

{3 = (VaVea) (Vi Via) X
427 K1(2(Ry) — (Ro) — 6(Rs)) — 42" Ka((R2) + 6(Rs) + 2(1a))]
+ (VigVea)” %

[12° K1 (2(Ry) — (Rs) — 6(Ry)) — 122°Ka((Ro) + 6(Rs) + 2(Ra))] . (52)

The NLO QCD correction TYO = a,/(4m) K (Q) [term (44)] is found from [3] by taking
the limit z — 0 of their results®:

as(my) o,
I GRIE

09 254 w2 115
Ky— 22K, — (= K.
P 6 '8 g ‘44 ( + ) 2] (@Q)
8

1
3 18
0

+ _(10[(3 + %K4 + §K2> In (ii) (34K 4 10K3)In (::bﬂ (@)
e (228 )

N (32K3 _ %IQ %;@) In (%) (16K + 16K2)ln( )} (Qs)
[+ (&) + 3] Kat(@ - 8@} (53)

The explicit p; and puy dependence in (53) cancels against the p dependence of the Wilson
coefficients of the hamiltonian HeAf?:l (15) and the p dependence of the matrix elements of
the AB = 2 operators at the order in «a, we take into account. For a proper matching with
lattice evaluations of these matrix elements it is important to note that the results in (53)
are based on the NDR scheme, with the choice of 75 and the evanescent operators as given
in egs. (13)—(15) of [3].
The net T'y; is
[y = [lgeding o pl/me 4 ppeng | pNLO - (54)

with the implicit multiplicative factor of [-G%m} /(247 Mp,)].

®We add only the leading contribution of the NLO QCD corrections for the term (V;;V;4)?. The lead-
ing terms of the contributions for the terms (V;Veq)(V,5Via) and (V;Veq)? cancel out through the GIM
mechanism.
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2.4 Numerical results

Let us now calculate the numerical value of AT'y. From eq. (10), AT’y can be approximately

written as
IS IS
Al'y ~ —2|Msy;|Re—— = —Am Re—— . 55
¢~ HMalRegy My (%9)
where My [see eq. (11)] is given by
G2 M2 773 %
My = m( 5Via)*So(20)(Q). (56)
d

Here x; = m? /M3, ng is the QCD correction factor and Sy is the Inami-Lim function:

Sw”:xe+4ﬂ§@_2ui@9_g(ﬁ1)%¥x' (57)

Using the results obtained in the previous section, we can write down the width difference

(normalized to the average width) in the form

ATl Am
— = |— ) Kx
(F)Bd (F)d

5 Bs M2 31
t a Gt |
[G 8B‘2G

VeaV ¢, D Bs By et 3 1
R 2| G° dGC G
+ e(%ﬂ%) ( + 3 5 5l Y}
VeV, ? 5 Bs MB
R c .| Gee e dGcc
o <vzdv:z> ( TS Bm
The superscripts {tt, ct,cc} correspond to the terms in the expression for Al'y (54) that

involve the CKM factors {(ViaVii)?, (VeaVis) (ViaVii), (VeaVi)?} respectively. The subscript S
denotes the contribution from the operator Qg, and the subscript 1/m denotes the terms

Gl/m

(58)

that give the 1/my, corrections. The normalizing factor K = (47mm3)/(3MEn5So(x;)) and
the value of (Am/I'); may be taken from experiments: x4 = (Am/T")y = 0.73 £ 0.03 [6].
The form of eq. (58) can bring out important features of the dependence of AT’y on various
parameters, as we shall see below. In contrast to the B, system, this representation is
preferable, because within the leading term the CKM dependence cancels out and the value
of (Am/T")4 may be taken from experiments: x4 = (Am/T"); = 0.73 £0.03 [6].

A remark about the penguin contributions is in order. We only include the interference
of the penguin operators Cjs...Cls with the leading operators C; and C5. At the NLO, this
approximation can be made consistent (in the sense of scheme independence) by counting
the Wilson coefficients Cs...C as of order a,. These Wilson coefficients are modified at NLO
through the mixing of C; and Cj into C5...Cs. For € and Cy we use the complete NLO
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values. Since the contribution due to Cy starts only at the NLO level, we only have to use
the LO value for that Wilson coefficient. We stress that if one uses the consistent NLO
approximation just described, the corresponding LO approximation includes no penguin
contributions and uses the LO values for C; and C,.

The choice of the b-quark mass at LO is ambiguous (it may be taken to be the pole mass
or the running mass at one or two loop level); we take it to be the running mass in the MS
scheme to leading order in m,.

We use the following values of parameters to estimate Al'y:

Mp, =528 GeV , m, =4.8 GeV , m. = 1.4 GeV ,
mb(mb) = 4.4 GeV s mt(mb) =167 GeV . (59)

To the NLO precision [we use here the NDR scheme to get ng(m;) = 0.846 and include
the NLO Wilson coefficients [13] and the corrections computed in egs. (49),(51)], we get (in
units of 1073)

1

AT Bg
— = 1.00+5.15— —1.38—
( r )Bd N B B

cos 3 (107+029BS+()021 +{0005 0021BS+00031}>
G 297 +0.027 . 0212 +0.003—
cos 2 Bg 1
0.02 — 0.06=2 +{—0.01=1) . 60
TR < B { B}> (60)

Let us perform a conservative estimate of the error on the value of AI';/T"y that we obtain
here. The errors arise from the uncertainties in the values of the CKM parameters, the bag
parameters and the mass of the b quark. There are also errors from the scale dependence,
the breaking of the naive factorization approximation, and the neglected higher order terms
in the 2z expansion.

In the SM, we have

cos B/R; =1.034+0.08 , cos2B/R?=087+0.15 , (61)

where we have taken the values of the CKM parameters from the global fit [14]. The leading
term on the first line in (60) is independent of the CKM elements. The quantity cos 3/R;
is known to an accuracy of about 10% and appears in (60) with a coefficient ~ 0.2 relative
to the leading term. The quantity cos23/R?, although known to only about 20%, appears
with a very small coefficient (~ 1072) as compared to the leading term in (60). The net
error due to the uncertainty in the CKM elements is thus approximately only 2%, i.e. about
+0.06 x 1073,

We estimate the effect of the uncertainties in the bag factors by computing (60) with
three sets of values of the bag parameters. The numerical results are as shown in Table 1.
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LO A B C

B 1.0 0.90 0.83 1.0

Bg 1.0 0.75 0.84 1.0
ATy/Tq [ 63x1073[24x1073 | 31x1073 | 3.3 x 1073

Table 1: The numerical value of AI'y/I" for different values of the bag parameters. The
column LO (C) shows the leading (next-to-leading) order result with factorization, i.e. B =
Bg = 1. The values of the bag factors in column A are taken from [3] and the ones in
column B from the (preliminary) results in an unquenched (Ny = 2) lattice calculation by
the JLQCD collaboration [12].

From the table, and using the uncertainties on the values of the bag parameters as given in
[15], we conservatively estimate the corresponding uncertainty in the value of Al'y/T"y due to
bag factors to be approximately 0.4 x 1073, The uncertainty in the value of 77, = 4.440.2
also leads to an error of £0.5 x 1073,

estimated to be 105 x 1073 (where 1, is varied between 2my, and m;, /2 following the common

The uncertainty due to the scale u; dependence is

convention). The error due to the input value of x4 is 0.1 x 107,

The errors due to the breaking of the naive factorization assumption (which was made in
the calculation of the matrix elements of the 1/my, operators) are hard to quantify. Assuming
an error of 30% in the R matrix elements (as in [15]), we estimate the error due to this source
to be 0.3 x 1073,

Table 1 also gives the LO value of AT';/T'y in the factorization approximation. We observe
that the NLO corrections significantly decrease the value of AT'y/T'y as computed at LO,
and that there effectively is no real «ay/4m suppression of the NLO contribution, as one
naively expects. Therefore higher-order terms in the z expansion become important. While
we estimate the error due the z expansion in the 1/m; and the penguin contributions from
the terms in curly brackets in (60) to be less than 4+0.05 x 1073, the issue of higher order
terms in the NLO contribution (53) is more subtle. Here in (53) we have only calculated
the coefficient of (V;;V;4)?, which includes all the terms of the order z°. We do not know
anything a priori about the contribution of the 2! terms — a complete NLO calculation is
necessary for that. However, we may estimate the error due to the z! terms by looking at
the corresponding expansion in the B, system. In B, system, the magnitude of the z!' terms
is as much as 40% of the magnitude of the 2! terms. We note that the uncertainty due to
the 2! term is even higher in one of the terms within the B, system. Thus, a complete NLO
calculation is definitely desirable in order to reduce this error and give a reliable value of
AT'y/Ty. We then conservatively take the error in the NLO contribution due to the terms of
2! and higher order to be 50%, which results in the estimation of the net error in Al'y/Ty
due to these terms to be 0.6 x 1073,
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Our net estimation for the width difference (with conservative error estimates) is

(Afd

> = (3.1 x 107 . (62)
Iy By

We have taken the central value to be the one obtained from the latest preliminary (un-
quenched) results from lattice calculations [12]. The dominating theoretical errors are the
F%LO

scale dependence and the terms in that are of the order of z! or higher.

3 Measurement of Al';/T'y

It is not possible to find a final state to which the decay of B, involves only one of the decay
widths I';, and I'y. Indeed, since the B;~ B, mixing phase (23) is large, the CP eigenstates
are appreciably different from the lifetime eigenstates. The decay rate to a CP eigenstate
therefore involves both the lifetimes. The semileptonic decays are flavor-tagging, and hence
also involve both the lifetimes in equal proportion.

We start by concentrating on the untagged measurements, i.e. the measurements in which
the (Amt) oscillations are cancelled out. When the production asymmetry between B, and
By is zero (as is the case at the B factories), this corresponds to not having to determine
whether the decaying meson was By or By. Restricting ourselves to untagged measurements
is a way of getting rid of tagging inefficiencies and mistagging problems.

In this section, we show that the time measurements of the decay of an untagged By to a
single final state can only be sensitive to quadratic terms in AT';/T'y. This would imply that,
for determining AI'y/T"y using only one final state, the accuracy of the measurement needs
to be (AT'y/T4)* ~ 107°. This indicates the necessity of combining measurements from two
different final states to be sensitive to a quantity linear in AT'y/T'y ~ 0.3 x 1072. We discuss
three pairs of candidate channels for achieving this task. We also indicate how these can
resolve the discrete ambiguity in (. Finally, we point out the extent of systematic error in
the conventional measurement of 3 due to the neglect of the width difference, and show how
the tagged By — J/¢¥Kg mode can also measure AT';/Ty by itself.

3.1 Quadratic sensitivity to Al';/I'; of untagged measurements

The non-oscillating part of the proper time distribution of the decay of B; can be written

in the most general form as

£ =5 [+ BT (1= e (63)

N —

The non-oscillating part can also be looked upon as the untagged measurement.
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For an isotropic decay, the only information available from the experiment is the time t.

This information may be completely encoded in terms of the (infinitely many) time moments

n ST f()dt
(t") = TTid (64)
Expanding in powers of AT'y/Ty, we get
o n' B n b AFd 2
(") = PR [1 5T, O [(AT/Ty) H . (65)

Fid ( — 9&), all the available information

Defining the effective untagged lifetime as 1, = 5T,

(64) is encoded in
{t") = nl(n)" [1+ O [(AT4/T2)*]] . (66)

Thus, when the accuracy of the lifetime measurement is less than (AT'y/T)?, only the com-
bination 7, of I'y, Al'y and b may be measured through a single final state. This measurement
is insensitive to b (to this order) and hence incapable of even discerning the presence of two
distinct lifetimes (b = 0 and b = 1 would correspond to the presence of only a single lifetime
involved in the decay.) In particular, in order to determine AT';/Ty, the lifetime measure-
ment through the semileptonic decay needs to be more accurate than (ATy/Ty)* ~ 107°.
This task is beyond the capacity of the currently planned experiments.

Combining time measurements from two different final states, however, can enable us to
measure quantities linear in Al'y/T";. Indeed, for two final states with different values b (say

by and by), we can measure

E:]_{—bQ_blAFd
7'52 2 Fd

+0[(Ary/Ta)?] (67)

In the next subsections, we discuss pairs of decay channels that can measure this quantity
(67) that is linear in AI'y/T'y.
3.2 Decay widths in semileptonic and CP-specific channels

Let us first develop the formalism that will be applicable for all the decays that we shall
consider below. When the width difference is taken into account, the decay rate of an initial
By to a final state f is given as follows. Let A; = (f|By), A; = (f|Ba), and

/\f = ———, (68)

where p and ¢ are as defined in (3). Using the CP-violating parameter 6% as defined in (7),

we get

’2

[1— 64 J
p‘: 1+5d%1—(5 . (69)
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The approximation here is valid since we have |§¢| ~ |ATy/Amy| < 1072. Henceforth, we
shall only consider terms linear in 6.
The decay rate of an initial tagged By or By to a final state f is given by [5]:

DBalt) — f) = A; w4|214fi5it T

X

Alyt ; ATyt :
[cosh C 4 AT cos(Amt) + Aar sinh —& 4+ AWX sin (Amt)} (70)
_ 14+ A
M0 — ) =Ny A
Ayt Al'yt
[cosh = AdE cos(Amt) + Aap sinh —2- — A sm(Amt)] (71)
where the CP asymmetries are defined as
; 1-— ‘/\f|2 : QIm)\f QRG/\f
A = —— op=———""%5 and Aar=-——5, 72
PP T v Y

and Ny is a time-independent normalization factor.
In the case of semileptonic decays, f = {D{Tv}, so that flf = 0 and hence A\y = 0. The
time evolution (70) then becomes

AT
[(By(t) — f) oc e ' |cosh at

—I'rt

+ cos(Amt)| , (73)

—I'yt

x +e + oscillating terms , (74)

so that for semileptonic decays, we have bg;, = 0. Note that b = 0 is true for all self-tagging
modes, so that all the arguments below for semileptonic modes hold true also for all the
self-tagging decay modes.

For the decays to CP eigenstates that proceed only through tree processes (and have zero
or negligible penguin contribution), we have A\; = £(1 — §%)e=%# (the two signs “+” and

“_»

correspond to CP-even and CP-odd final states respectively). Then (70) gives
ATyt

[(By(t) — f) o e Tdt|cosh Alat F cos(2/3) sinh + sin(20) sin (Amt)| , (75)

o e (1 £ cos(283)) 4+ e M (1 F cos(23)) + oscillating terms , (76)

where we have neglected the small corrections due to 6%. Thus, for CP eigenstates, we have

bepy = +cos(203) and bop_ = — cos(20).
The ratio between the two lifetimes 7cp+ and 7g;, is then
20) ATl
Tsn g4 os@O AL, [(Ary/T0)?] (77)
TOP+ 2 F

The measurement of these two lifetimes should be able to give us a value of Al'y, since
| cos(23)| will already be known to a good accuracy by that time.
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Note that it is also possible to measure the ratio of the lifetimes 7cp_ and 7op:

e 14 cos(w)ﬁ +O [(AT4/Ta)?| (78)
TcP+ Iy
Although the deviation of the ratio from 1.0 in this case is larger by a factor of 2, using the
effective semileptonic lifetime instead of one of the CP eigenstates would still be the favoured
method. This is because the CP specific decay modes of By (e.g. J/¢Kgy, D" D~) have
smaller branching ratios than the semileptonic modes. In addition, the “semileptonic” data
sample may be enhanced by including the self-tagging decay modes (e.g. D+ D™ ) that
also have large branching ratios. After 5 years of LHC, we should have about 5 x 10° events
of J/9YKg, whereas the number of semileptonic decays at LHCb alone that will be directly
useful in the lifetime measurements is expected to be more than 10° per year, even with
conservative estimates of efficiencies.

The accurate measurement of the ratio of lifetimes also resolves the discrete ambiguity
B < w/2 — 3 that stays when 3 is determined through the measurement of sin(23). This is
explained in detail in Sec. 4.2.

3.3 Transversity angle distribution in B; — J/YK*

The decays By — V'V (where VV is a flavour-blind final state consisting of two vector
mesons) take place both through CP-even and CP-odd channels. Since the angular informa-
tion is available here in addition to the time information, these decay modes are not subject
to the constraints of the theorem in Sec. 3.1, and quantities sensitive linearly to AT'y/T'y can
be obtained through a single final state. This cancels out many systematic uncertainties,
and hence these modes can be extremely useful as long as the direct CP violation is negli-
gible, and we can disentangle the CP-even and CP-odd final states from each other. This
separation can indeed be achieved through the transversity angle distribution ([16]-[18]).
We illustrate the procedure with the example of By — J/¢(£T4~)K*(Kgm®). The most
general amplitude for the decay B — J/¢K* is given in terms of the polarizations €y, €

of the two vector mesons:

T g *L A|| «T «T

* * 'Al * * A
A(By — J/YK*) = A (EK) €1/ ER- — 2 S K TS G X e P (79)

where E« is the energy of the K* and p the unit vector in the direction of K* in the J/v
rest frame. The superscripts L and T represent the longitudinal and transverse components
respectively. Since the direct CP violation in this mode is negligible, the amplitudes Ay and
Aj are CP-even, whereas A is CP-odd. Let us define the angles as follows. Let the z axis
be the direction of K* in the J/1 rest frame, and the z axis be perpendicular to the decay
plane of K* — Kgn®, with the positive y direction chosen such that p,(Kg) > 0. Then we
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define (0, ¢) as the decay direction of ¢* in the J/1 rest frame and 1 as the angle made by
K¢ with the z axis in the K™ rest frame.

Here 6 is the transversity angle, i.e. the angular distribution in 6 can separate CP-even
and CP-odd components of the final state. The angular distribution is given by [19]

dU[Byg — J/Y (T~ )K*(Ksm?)]
dcosf
where | A4 (t)? = [Ao(t)|* + | A (t)|? is the CP-even component and [A_(¢)]* = |AL(¢)|* the
CP-odd one. These two components can be separated from the angular distribution (80)
through a likelihood fit or through the method of angular moments [19, 20]°.
The time evolutions of the CP-even and CP-odd components are given by

_ g|A+(t)|2(1 +cos?8) + Z|A_(t)|2sin26’ (80)

AL (D7 = |AL0)] [cos2 B e et 4sin? B e i 4 el sin(AMgyt) sin(Qﬁ)} , (81)
A_()]* = |A_(0))? [sin2 Be et 4 cos? e tHt — el gin( AMgyt) sin(QB)} . (82)

These are the same as the time evolutions in (76). The difference in the untagged lifetimes

of the two components,

eh- _ 14 cos(2ﬂ)& +0[(Ary/Ty)?] (83)
TCP+ L'q

is linear in the lifetime difference AI'y. In addition to the measurement of Al'y/T'y, this
channel can also resolve the discrete ambiguity in 3 (see Sec. 4.2).

The disentanglement of the CP-even and CP-odd components from the angular distribu-
tion is a statistically efficient process [20]. In fact, in the By system, the angular distribution
of By — J/Y(lT¢")p(KTK™) can be used for determining the lifetime difference ATy, and
is the preferred mode for measuring this quantity:.

The mode J/v K* suffers from the presence of a 7° in the final state, which may be missed

by the detector, thus introducing a source of systematic error that needs to be minimized.

3.4 Untagged asymmetry between B — J/¢Kg and J/¢Y K|

Two of the decay modes of B; that have been well explored experimentally (because of
their usefulness in measuring ) are B — J/¢Kg and J/¢¥ K. Here we show that the
time-dependent asymmetry between the decay rates of these modes is a quantity linear in
ATy /Ty, and therefore within the domain of experimental feasibility.

®In [18] we suggested to use the CP-odd-CP-even interference in the decay B — J/¢K* to disentangle
measure the value of AT'3/T ;. However, it involves tagged measurements in addition to two- or three-angle
distributions, and hence is not as attractive as the untagged measurements described here. We show the
analysis explicitly in the appendix A where we also discuss the resolution of the discrete ambiguity in 3
through this mode.
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Let us define
A(By — J/YKg) = As, A(Bq— J/YKg) = Ag,
A(By — J/JYK) = AL, A(Bs— J/YKL) = Ay,
so that using
[Ks) = (1+elK") + (1 - ¢|K®) , |Kp) =(1+¢)|K") —(1-¢)|K"), (84)
we can write (with the phase convention Arg(q/p) = 0)

As =Ap = AeP(1+aye elm)(l—i—e) :

Ag = —Ap= AeP(1+a,’e ™) (1) , (85)

#ei2 is the ratio of contributions that involve the CKM factors V3 V., and V;;Vig

respectively. The latter contribution (penguin) is highly suppressed with respect to the

where a,e

former one (tree): the value of a, is less than a percent. Here 6 is the strong phase and
Ay = Arg(V;Vis/ Vi Vea) = —0.015 in the SM. From (68), (69) and (85), we get

As = =~ —(1—0%e P (1 — 2¢ — 2isin Ay ape?) ~ —e2°(1 — 2¢) (86)

where 2¢ = 2¢ + 6% (here ¢ is as defined in (7)). The term involving a, is neglected since it
is proportional to the product of two small quantities, a, and sin A~y.

When the production asymmetry between By and By is zero (as is the case at the B
factories), the untagged rate of decay is

[[Bun — J/YKs(KL)] ~ N|As|*(1 —2Re(€))e "4 x
[cosh <Agdt> + Aar, sinh (AZ@)] : (87)

The only difference between the decay to Kg and that to K, is the sign of Aar:

Aar(Ks) = —Aar(Kp) = cos(26) — 2 Im(€) sin(23) . (88)

The untagged time-dependent asymmetry between B, — J/¢¥Kg and K, is

MKLKS) = Hp 0 o) T Tt = 110K )
= cos(2f) tanh (Ardt) 1 — 2 Im(€) tan(20)] (90)
~ cos(23) tanh (Ath) (91)

Thus, the measurement of this asymmetry will enable us to determine Al'y, given sufficient
statistics and a measurement of sin 2(.
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The factor limiting the accuracy of the above asymmetry is the measurement of I'( B, (t) —
J/YKp). The determination of this quantity requires the knowledge of the decay widths of
Kg and K, in at least one of their decay channels. Although the width of Kg is known
to 0.1%, the current accuracy in the width of K is only about 0.8%. The statistical error
may decrease by a factor of 3-4 when the complete set of KTeV data is analysed, but the
systematic errors are expected to dominate and one may have to wait for future kaon exper-
iments to give us a measurement of AI'y through these channels. This is an example where
the accurate measurement in the B system is dependent on an accurate measurement in the
K system.

This B — J/1 K g1y analysis can also be applied for B — ¢Kg(y), although the branching
ratio, and hence the number of events, in the case of B — ¢Kg(ry would be much smaller.

3.5 Effect on the measurement of sin(27)
The time-dependent CP asymmetry measured through the “gold-plated” mode By — J/¢ K
is [21, 22]

F[Z?d(t) — J/WKg| — T[By(t) — J/Y K]
[[Ba(t) — J/WKg| + T[By(t) — J/ K]
~ sin(Amgt)sin(23) (93)

Acp (92)

which is valid when the lifetime difference, the direct CP violation, and the mixing in the
neutral K mesons is neglected. As the accuracy of this measurement increases, the correc-
tions due to these factors will need to be taken into account. Keeping only linear terms in

the small quantities €, a,, Ay, Al', we get

Acp = sin(Amt)sin(25) {1 _ sinh (%) cos(2ﬁ)] (94)
+2Re(€) [—1 + sin?(23) sin?(Amt) — cos(Amt)} (95)
+2Im(€) cos(2/3) sin(Amt) . (96)

The first term in (94) represents the standard approximation used (93) and the correction
due to the lifetime difference AT'y. The rest of the terms [(95) and (96)] are corrections due
to the CP violation in B-B and KK mixings. Note that the corrections due to the direct
CP violation in the decay of By — J/¢¥Kg (those involving a,) are absent to this leading
order.

In the future experiments that aim to measure 3 to an accuracy of 0.005 [7], the correction
terms need to be taken into account. With € &~ 2 x 1073 and ATl4t ~ AT'y/Ty ~ 3 x 1073,
the corrections due to Al'y will form a major part of the systematic error, which can be
taken care of by a simultaneous fit to sin(2/3), Al'; and €. The BaBar collaboration tries to
measure the coefficient of cos(Amt) in (95), while neglecting the other correction terms [23].
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When the measurements are accurate enough to measure the cos(Amt) term, the rest of the

terms would also have come within the domain of measurability.

3.6 Tagged measurements

Until now, we have discussed only the untagged measurements. Taking into account the
oscillating part of the time evolution of the decay rate, we have the decay rate in general as

g(t) = f(t) + Ce " sin(Amt + @) | (97)

where f(t) is the untagged decay rate as defined in (63), C' a constant and ¢ a phase. The
lifetime of the oscillating part is an additional lifetime measurement, which opens up the
possibility of being able to determine AT';/T'y through only one final state (and without
angular distributions as in Sec. 3.3).

In the case of the semileptonic decays, this strategy fails since the semileptonic width
measured with the untagged sample is

2
P+ Tyl 1 i (AF—I;d)
bsr = (T1)?+ (Ty)? ~ T e (58)
- " 115
so that
Tsp/Ta=1+0 [(Aly/Ta)?| . (99)

Thus the semileptonic decays provide sensitivity only to quadratic terms in AL'y/Ty.
However, the untagged lifetime measured through the decay to a CP eigenstate is
1 cos(23) AT’
<1 - 0s(203) d) |

Topt = F_d 5 T,

(100)

so that it differs from the lifetime of the oscillating part (7, = 1/I'y) by terms linear in
Al'y/T4. Thus, the tagged measurements of a CP-even or CP-odd final state (D*D™,
J/WKg, J/YKL, etc.) can measure Al'y/T'; by themselves.

The mistag fraction is the main limiting factor on the accuracy of this measurement, and
the tagging efficiency limits the number of events available. It is indeed possible that the 74
measurement through the semileptonic decays will be more accurate than that through the
oscillating part of the CP-specific final state. This then reduces to the method suggested in
Sec. 3.2. For further experimental details on a tagged measurement of AT'y/I'; we refer the
reader to reference [24].

4 Lifetime differences in B, and B; systems

The calculations of the lifetime difference in By (as performed here) and in the B system
(asin [2, 3]) run along similar lines. However, there are some subtle differences involved, due
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to the values of the different CKM elements involved, which have significant consequences.
In particular, whereas the upper bound on the value of AT’y (including the effects of new
physics) is the value of Al'i(SM) [25], the upper bound on Al'y involves a multiplicative
factor in addition to AI';(SM). Also, whereas the difference in lifetimes of CP-specific final
states in the B, system cannot resolve the discrete ambiguity in the B, B, mixing phase,
the corresponding measurement in the B, system can resolve the discrete ambiguity in the
By—Bj mixing phase. Let us elaborate on these two differences in this section.

4.1 Upper bounds on Al'y in the presence of new physics

For convenience, let us define ©, = Arg(I'y;),, ®, = Arg(May),, where ¢ € {d,s}. Then we
can write
AT, = —2|I'y |, cos(©, — ;) . (101)

Since the contribution to I'y; comes only from tree diagrams, we expect the effect of new
physics on this quantity to be very small and we neglect it. We therefore take |I'y;|, and O,
to be unaffected by new physics. On the other hand, the mixing phase ®, appears from loop
diagrams and can therefore be very sensitive to new physics.

Let us first consider the B, system. Here I's; may be written in the form
Po1(Bs) = —N{(VgVes)* f (2, 2) + 2(VigVes) (Vi Vas) f (2, 0) + (Vi Vaus)* £(0, 0)] (102)

where N is a positive normalization constant and f(z,y) are the hadronic factors that do
not depend on the CKM matrix elements. In the limit z = m?/m? — 0, we get f(z,2) =
f(z,0) = f(0,0). Since the f’s are smooth functions of z and z = 0.1, the actual values of
all f’s involved in (102) are well approximated by f(0,0) to an accuracy of about 30% (this
may be seen explicitly by computing the f’s numerically). Thus, all the f’s have similar
magnitude. On the other hand, the CKM elements involved in (102) obey the hierarchy
(ViVes)?2 ~ X (VaVe) (VA Vas) ~ A8 (VA Vis)? ~ A8 The term involving (V;V.,)? then

dominates in (102), and we can write
To1(Bs) = =N (VaVeo)* f(z, 2)[L + O(A?)] . (103)
Since the f’s are real positive functions, we have G4 ~ m + Arg(V;V.s)?. Then,
ATy = 2|Dgy |, cos[Arg(ViVe,)? — @, . (104)

In SM, ®, = Arg(V;;V;,)?, therefore the argument of the cosine term in (104) is given by
Arg[(ViiVes)?/ (Vi Vis)?] = —2A~ & 0.03. Thus in SM, we have

AL (SM) = 2|y |s cos(2A7) . (105)

22



The effect of new physics on AI'y can then be bounded by giving an upper bound on ATL,:

AT, (SM)

AT, <
~ cos(2A%)

~ AT(SM) . (106)
Thus, the value of AT'y can only decrease in the presence of new physics [25].
In the case of the B, system, the situation is slightly different. As in the B, case, we can

write
Po1(Ba) = ~N{(ViVea)* f (2, 2) + 2(VigVea) (Vi Vaa) (2, 0) + (Vi Vaua)* £(0, 0)] (107)

where the normalizing factor N and the hadronic factors f are the same as in the By case
in the limit of the U-spin symmetry (see [26]). U-spin breaking is known to be at the 15%
level, which is sufficiently small for our purpose. All the f’s are thus of similar magnitude.
The CKM elements involved in (107) do not obey a hierarchy similar to the B case: we have
(ViVea)? ~ (VaVea) (Vi Via) ~ (Vi Viua)?> ~ A5, Then no single term in (107) can dominate.
We can, however, use the unitarity of the CKM matrix’ to rearrange (107) in the form

To1(By) = —N[(ViVe)?[f (2, 2) = 2f(2,0) + £(0,0)]
+2(V3Ver) (Vi Vi) [£(0,0) = f(2,0)] + (VisVia)*£(0,0)] . (108)
Note that in the limit of z — 0, all the factors f are identical and hence the coefficients

of (V3Veg)? and (V;Veq)(Vi;Vig) vanish. The last term in (108) is then left over as the

dominating one, and we get
P21(Ba) = =N (VpVia)*£(0,0) . (109)

The finite value of z ~ 0.1 may give corrections of more than 30% to this value. Numer-
ically we get F = 2[f(0,0) — f(2,0)]/f(0,0) =~ 0.2-0.3 and F.. = [f(z,2) — 2f(2,0) +
£(0,0)]/£(0,0) = 0.01-0.02. We therefore neglect the F,. term to write

ViVe
I91(Bg) ~ —N/( tZth)Qf(O,O) [1 + Fet Civ;l] . (110)
th V'l

Defining 6 f = Fu(ViVea)/(ViiVia), we get ©q = m+ Arg(ViiVia)* + Arg(1+4f). Using (101),
we then have
ATy = 2|Tgy g cos[Arg(V;Vig)® — @ + Arg(1 +0f)] . (111)

"We note that this assumption of the unitarity for a three-generation CKM matrix is quite general,
because most popular new physics models, including supersymmetric models, preserve the three-generation
CKM unitarity. The present CKM values, constrained from various experiments, are completely consistent
with the unitarity for the three-generation CKM matrix. Moreover, one can show that the non-unitary effects
within the three-generation CKM, which can stem from the fourth generation or E(6)-inspired models with
one singlet down-type quark, are < A*, once we assume a Wolfenstein-type hierarchical structure for the
extended CKM matrix.
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|Arg(1 +0f ) | 1ax

Arg(f)

Figure 2: The geometrical proof of |[Arg(1 + §f)| < sin~*(|0f])

In SM, ®; = Arg(V;;V,q)?, so that
AFd(SM) ~ 2|F21|d cos[Arg(l + 5f)] . (112)

Using the fit obtained in [14], we have |(V}V.4)/(ViiVia)| < 1.35 (95% C.L.). Then |df] < 0.4
and we can use the geometrical relation (see Fig. 2):

|Arg(1+0f)] < sin™"(|of]) (113)

to get |[Arg(1+0f)| < 0.4.
In the same spirit as in the B, case, we can put an upper bound on AI'y in the presence

of new physics:
ATy (SM)
ATy <
*= cos[|Arg(1+ 0f)]]

Thus, in the case of the By system also, we have an upper bound (which may go down with

< 1.1 AT4(SM) . (114)

more accurate information about the CKM elements) analogous to the one in the B, system.
The reasons behind the existence of these two upper bounds differ, however. Whereas in
the By case it is due to the hierarchy in the CKM elements, in the B, case it is due to the
smallness of the hadronic terms F,; and F... Note that whereas unitarity was not needed in
the B; case, the assumption that (I'y;), is unaffected by new physics is required in both the
cases.

In the limit z — 0, from (103) and (109), we have

2

ATy

~

AT,

VipVia
c?) ‘/CS

(115)

This is modified because of the finite value of z, the numerical value being approximately
0.03.
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4.2 Discrete ambiguity in the mixing phase

The By B,y mixing phase @, is efficiently measured through the decay modes J/¢¥ K, and
J/YKp. If we take the new physics effects into account, the time-dependent asymmetry
(92) is Acp = sin(AMgyt) sin(P4), which reduces to (93) in the SM, where ®; = 25. The
measurement of sin(®,) still allows for a discrete ambiguity &4 < m — ®;. Whenever a
discrete ambiguity in [ is referred to (6 < 7/2 — [3) in this paper (or in the literature),
strictly speaking we are talking about the discrete ambiguity ®; «» m — ®,. In this section,
we shall use the notation ®, instead of 2 in order to illustrate the comparison with the
corresponding quantities in the B, system.

Getting rid of the above discrete ambiguity is a way of uncovering a possible signal of

8. Ways to get rid of this ambiguity have been suggested in literature, using

new physics
the comparison of CP asymmetries in J/¢Kg and 77 [28], time dependent CP asymmetries
in By — pKg [29] and in By — 7K, KK [30], angular distributions and U-spin symmetry
arguments [31], or cascade decays B — D — K [32]. The measurement of ®, through the
measurements involving Al'; is unique in the sense that it uses only untagged measurements.

In Sections 3.2 and 3.3, we have seen that the ratio of two effective lifetimes can enable
us to measure the quantity ALy = cos(26)ATl'q/I". In the presence of new physics, this

quantity is in fact (see eq. 101)
AT gps(ay = —2(|T21(4/T'q) cos(Pa) cos(Og — P4) (116)

Solving (116) gives two solutions for &, € [0, 7] in general: &4 and Py such that tan(P4) +
tan(Pqy) = tan(O,). As long as tan(04) # 0 (as is the case in the By system), sin(®4) #
sin(®q4). Therefore, only one of the solutions will correspond to the value of sin(®4) obtained
through Acp(J/¢K) and will give the actual value of ®,. Combining the measurements of
Acp(J/YK,) and AT ) thus gets rid of the discrete ambiguity in principle. In practice,
this means knowing |I'y;|4 theoretically to a high precision and having to measure AT
to sufficient accuracy to be able to distinguish between ®;;, and ®9;. A complete NLO
calculation is needed for the former. The latter may be achieved at the LHC using the
effective lifetimes of decays to semileptonic final states and to J/¢ K.

Let us contrast this case with that in the B, system. The corresponding time-dependent
asymmetry is measured through the modes .J/¢¢ or J/1n"), which give the value of sin(®,),
and therefore leave the discrete ambiguity &, «» m— ®, unresolved. The ratio of two effective

lifetimes in the B, system can enable us to measure the quantity

ATl g5y = cos(P,)AL/T
= 2|y |s/Tscos(Py) cos(O5 — D) . (117)

8In SM, the value of ®; must match with the phase of the b — d penguin. However, the direct mea-
surement of the latter phase is not theoretically clean [27], so the preferred way is to compare the measured
value of @, with the value of 23 determined through a fit for all the CKM parameters [14].
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Since O, ~ 7 + Arg(V;V.s)? &~ 7, we have
AFobs(s) ~ 2‘F21‘5/Fs COSQ(q)s) . (118)

This measurement thus still has the same discrete ambiguity ®; < m — & as in the J/¢¢
(or J/ym()) case, and the discrete ambiguity in the B, system is not resolved.

5 Summary and conclusions

It has been known for many years that the By system is a particularly good place to test the
standard model explanation of CP violation through the unitary CKM matrix. The phase
23 involved in the By — B, mixing is large, and hence the CP violation is expected to be
larger in the By system in general, as compared to the K or the B, system. This feature
has already been exploited in various methods for extracting o,  and =, the angles of the
unitarity triangle, by measuring CP-violating rate asymmetries in the decays of neutral By
mesons to a variety of final states. In particular, the precise measurement of sin(2/3) from
the theoretically clean decay modes B,(t) — J/9¥Kg(Kp) is a test of the SM, as well as the
opportunity to search for the presence of physics beyond the standard model.

The two mass eigenstates of the neutral B; system — By and By — have slightly
different lifetimes: the lifetime difference is less than a percent. At the present accuracy of
measurements, this lifetime difference AI'y can well be ignored. As a result, the measurement
and the phenomenology of AI'y; has been neglected so far, as compared to the lifetime
difference in the B, system for example. However, with the possibility of experiments with
high time resolution and high statistics, such as the electronic asymmetric B factories of
BaBar, BELLE, and hadronic B factories of CDF, LHC and BTeV, this quantity starts
becoming more and more relevant.

Taking the effect of Al'; into account is important in two aspects. On one hand, it affects
the accurate measurements of crucial quantities like the CKM phase # and therefore must
be measured in order to estimate and correct the error due to it. On the other hand, the
nonzero value of AI'y can resolve the discrete ambiguity in the measurement of 3, which stays
unresolved through B,(t) — J/¥Kg(Ky) if ATy is ignored. Thus in addition to being the
measurement of a well-defined physical quantity which can be compared with the theoretical
prediction, the value of Al'y is crucial for getting a firm grip on our understanding of CP
violation. It is therefore worthwhile to have a look at this quantity and make a realistic
estimation of the possibility of its measurement, as we do in this paper.

We estimate Al'y/T"; including 1/m, contributions and next-to-leading order QCD cor-
rections. We keep terms upto an accuracy of 1% of the leading order contribution, and upto
2% terms in the NLO contribution. We find that adding these corrections decreases the value
of AT'y/Ty computed at the leading order by almost a factor of two. We get the final result as

26



AT /Ty = (3.1719) x 1073, where for the central value we have used the preliminary values
for the bag factors from the JLQCD collaboration. A conservative error estimation gives the
approximate errors due to the uncertainties in the values of parameters as £0.06 x 1072 from
the CKM parameters, 0.4 x 1073 from the bag parameters, 0.5 x 10~2 from the mass of the
b quark, and 0.1 x 1072 from the measured value of 4. The breaking of naive factorization
contributes an error of approximately +0.3 x 1073, and the error due to the z-expansion in
the 1/m; and penguin contributions is +0.05 x 1073, The major sources of error are the
scale dependence (105 x 1073) and the z' and higher order terms in the NLO contribution
(£0.6 x 1073). The last error is more subtle, and we have used the corresponding expansion
in the B, system to estimate it. This error can be reduced significantly if a complete NLO
calculation is performed.

The most obvious way of trying to measure the lifetime difference is through the semilep-
tonic decays, however it runs into major difficulties. If only the non-oscillating (untagged)
part of the time evolution of the decay is considered, we indeed have a combination of two
exponential decays with different lifetimes. However, as we show in this paper, there is no
observable quantity here that is linear in AT';/T'y. The time measurements allow us to de-
termine the quantity 7¢;, = (1/T4)[1 + O(AT'4/T4)?]. This decay mode is thus sensitive only
to quantities quandratic in Al'y/T';. So this method would involve measuring a quantity as
small as (Al;/T4)* ~ 107, which is not practical. The lifetime of the oscillating part is
also 1/I'y, so adding the information from the oscillating part of the time evolution does not
help at all. This problem arises for all self-tagging decays. Therefore, though self-tagging
decays of B, have significant branching ratios, they cannot by themselves be expected to
give a measurement of AT';/T,.

The time evolutions of By decaying into CP eigenstates also involve both the lifetimes,
since the By — By mixing phase (23) is large, which implies that the CP eigenstates are
appreciably different from the lifetime eigenstates. As a result, it is not possible to find a
final state to which the decay of By involves only one of the decay widths I';, and I'y. The
non-oscillating part of the time evolution of decays to CP eigenstates gives a quantity 7cp,. =
(1/T4)[1 % (cos(28)/2)ATy/Ty + O(AT4/T4)?], but the quantities T’y and ATy cannot be
separately determined through this measurement, and sensitivity to (Al'y/T'y)? is necessary.
(Indeed, we explicitly prove a general theorem that shows that, for isotropic decays of By to
any final state, the untagged measurements can only be sensitive to (Aly/T4)%.)

The oscillating part of the time evolution to CP eigenstates has a lifetime 1/ (to
an accuracy of O(AT'y/Ty)?). Therefore, if this lifetime is measured accurately, it can be
combined with the measurement of 7op, through the untagged part to get a measurement
linear in Al'y/T"y. However, the need for tagging, and consequent mistagging errors, reduce
the efficiency of this method.

A viable option, perhaps the most efficient among the ones considered here, is to compare
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the measurements of the untagged lifetimes 7g;, and 7cp,. Since 7gz, is in fact the lifetime
for all self-tagging decays, and the branching ratios for self-tagging decays of B; are much
larger than the decays to CP eigenstates, we expect that the most useful combination will be
the measurement of 7g;, through self-tagging decays and that of 7¢p, through By — J/¢Kg.

The untagged asymmetry between B; — J/¢YKg and By — J/¢¥ K is a particular case
of using the combination of measurements of 7cp, and 7¢op_, which we analyze in detail. The
effects of CP violation in the mixing and decay of By, as well as the indirect CP violation
in the K system has been taken into account. The limiting factor for the utility of this
method is the poorly known width of K7, which may be improved through the future kaon
experiments. This is one of the cases where the accurate measurement of a quantity in B
system is dependent on the accurate measurements of a quantity in K system.

Since the theorem referred to above — about a single untagged decay being sensitive
only to (AT'y/T4)> — applies only to isotropic decays, decays of the type B — V'V can still
be used by themselves to determine quantities linear in Al'y/T;. A promising example is
By — J/Y(— (t07) K*(— K¥). The CP-odd and CP-even components in the final state
can be disentangled through the transversity angle distribution, and both 7¢p, and 7cp_ can
be determined through the same decay. Since there is only one final state, many systematic
errors are reduced. The only undesirable feature of this decay mode is the presence of 7°
in the final state, which may be missed, especially in the hadronic machines. The three
angle distribution of the same decay mode can also be used to obtain Al'y/T"y through the
interference between CP-even and CP-odd final states. The three angle method, described
in the appendix, is however not as efficient as the single angle distribution, since one has to
use tagged decays and more number of parameters need to be fitted.

We also point out the interlinked nature of the accurate measurements of 3 and AT'y/T4
through the conventional gold-plated decay. In the future experiments that aim to measure
[ to an accuracy of 0.005 or better, the corrections due to AI'y will form the major part of
the systematic error, which can be taken care of by a simultaneous fit to sin(243), Al'y and
€, a combination of CP violation in mixing in the By and K system.

All the combinations of untagged decay modes discussed here involve measuring the
quantity (cos(23)/2)ATl'4/Ty, wherein the value of AT';/T'y also depends on 3. The complete
dependence on (3 is of the form cos(23) cos(©4 — 2(3), where ©4 is the phase of I'y;. This
form is not invariant under 5 < 7/2 — /3, so that the discrete ambiguity in [ that stays in
its usual determination through sin(2/5) is resolved. Note that this feature is unique to the
By system — in the B, system for example, this ambiguity would still stay unresolved since
the corresponding value of ©; vanishes. In the three angle distribution in B; — J/¢(—
(t07) K*(— K,n°) as discussed in the appendix, the dependence on 3 has another form,
again not invariant under § < 7/2 — 3, and hence the discrete ambiguity in § can be

resolved.
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It is known that, if (I'y;)s is unaffected by new physics, then the value of ATy in the B,
system is bounded from above by its value as calculated in the SM. In the B, system, this
statement does not strictly hold true. However, if (I'g;)4 is unaffected by new physics and
the unitarity of the 3 x 3 CKM matrix holds, then an upper bound on the value of AI'y may
be derived as Al'y < 1.1AT4(SM).

With the high statistics and accurate time resolution of the upcoming experiments, the
measurement of AI'y seems to be in the domain of measurability. And given the rich phe-

nomenology that comes with it, it is certainly a worthwhile endeavor.
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A CP-odd-CP-even interference in B — J/YK*

For completeness, we also discuss some further opportunities to measure AT'y/T'; with the
help of the decay B — J/¢({T¢")K*(Kgn") — in addition to the favoured one discussed
in Section 3.3. Here we use the tagged measurements and multiple-angle distributions. The
angular resolution at CDF as well as LHC is expected to be accurate enough so that the
efficiency of this method is limited mainly by tagging.

The complete angular distribution in the three physical angles 0, ¢, v is given as [16, 19]:

d*T[By(t) — J/v(— ITI7)K*(— Kgm°)] . 9
dcosf dy dcos 32

[ 2| Ag(t)|* cos® (1 — sin? § cos? p)
m

+sin® Y {]A;(t)[>(1 — sin® Osin® ) + | AL (t)|*sin® § — Im (Aj(t)AL(t)) sin 20 sin p}
—l—% sin 2¢0{ Re (A§(t)A;(t))sin® O sin2p + Im (Ag(t) Ay (t))sin26 cos ¢ } } . (119)

The time evolutions of the coefficients of the six angular terms are

|[Ag(t)]? = |Ap(0)? [COS2 Be et 4sin? B e TH 4 e sin(AMgt) sin(2ﬁ)} (120)
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A0 = |A40) [COS2 Be et 4sin? B e i 4 el sin(AMgyt) sin(2ﬁ)} (121)

|
AL = [AL(0) [sin® B e 4 cos® B 7"t — e sin(AM,t) sin(28)](122)
Re{A5(1)A)(t) = [Ao(0)]|A)(0)| cos(dy — &1) |cos® B e+ + sin” B ¢!

+ e sin(AMgt) sin(28)] (123)

I {Aj(H)AL(1)} = [A)(0)]|AL0)]][e™" {sin by cos(AMgt) — cos &y sin(AMt) cos(20)}
- % (e7"t = e7) cos by sin(28)] (124)

Im{ AN DAL} = [Ao(0)]|AL(0)|[e™" {sin b, cos(AMgt) — cos by sin(AMqt) cos(26)}
- % (7"t — e7) cos by sin(28)] (125)

where 0; = Arg(Aj(0)A 1 (0)), and d; = Arg(A5(0)A 1 (0)). Note that even before reaching the
precision to be able to separate I'y and I'z, the above can already measure the value of sin(203)
through the time evolutions (120)—(122) and the value of sin ¢y, sin o through (123,124,125).
The discrete ambiguity (§ <> 7/2 — [ would remain unresolved in the absence of the lifetime
separation, since the sign of cosdy(2), and hence the sign of cos(2/3), is undetermined. This

sign may be determined in the following manner. The non-oscillating parts of (124) and
(125) are

C, = [Im{Aﬁ(t)Al(t)}]No:—%]A||(O)\\Al(0)\(eFHt—eFLt) cos 8 sin(28) , (126)
C, = [Im{Ag(t)Al(t)}]No:—%|A0(0)||Al(0)|(e‘FHt—e‘FLt) cos 8y sin(20) , (127)

which are also the non-oscillating parts of the corresponding terms for the charge conjugate
decay By — J/YK*(— Kgr®). The signs of the quantities Ci(2) are the same as the sign
of cos d1(2), since I'y, > I'y and sin(23) > 0. This in turn establishes the sign of cos(2/3)
through (124), (125). Note that, in the absence of any By B, production asymmetry, the
non-oscillating parts of (124,125) are exactly the quantities measured if the initial B meson
was not tagged. Then the determination of the signs of Cy(2) would need neither tagging nor
time measurements.

Note that there is in principle no need to determine both C; and Cy. Moreover, since it
is sufficient to determine the sign of only one of cosdy(), the use of either (124) or (125) is
sufficient. In fact, let us show that under certain circumstances, the ambiguity in § may
be resolved without having to measure the angle ¢ at all. We only need the two-angle
distribution [16]

d3F[Bd — (€+€7)J/w(KS7TO)K*] _ i
dcos dy dt 81
+ |AL[sin® 6 — Im (AjAL)sin20sing] (128)

[|4o|*(1 — sin® § cos® o) + |A)*(1 — sin® @ sin” )
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X cos( &) <0

Figure 3: The ambiguities in the solution of eq. (129). The solid (dashed) curve stands for
cos(203) = +(—)0.8. The region inside the box corresponds to cosd; < 0. The intersections
of the horizontal line X = X, with the curves represent the fourfold discrete ambiguity. If
dy is in the shaded region, the sign of cos d; determines the sign of cos(20).

with the time evolutions of the terms given by eqs. (120)—(124). The first three equations
determine sin(2(), and the oscillating part of (124) further determines the value of §; upto
a fourfold discrete ambiguity in general, twofold due to the sign of cos(2/3) and twofold due
to the oscillatory nature of the time evolution. This can be seen in Fig. 3, which shows two
curves

X = Tsin(d;) — Amcos(d;) cos(23) (129)

with different signs of cos(2(3), and the corresponding four solutions for X = Xj. The non-
oscillatory part of (124), i.e. the sign of C;, determines the sign of cosd;, thus selecting the
region inside or outside the box in the figure. If both the solutions corresponding to this
sign of cosd; correspond to the same sign of cos(2(3), then the sign of cos(23) is determined
and the discrete ambiguity is resolved. This happens when the actual value of d; lies in the
shaded region of Fig. 3. This region corresponds to

3 Am)| cc_>s(25)|

3
<o < -+20 , —§51§§+20 , where 9:tanl<f>. (130)

o N

T
2 2

With Am/T" ~ 0.7 and | cos(23)| ~ 0.8, the region covers a fraction 1/m ~ 32% of the total
range of d;. In the remaining parameter space, the complete three-angle distribution (119)
needs to be used.
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The additional use of (123), (125) makes sure that this discrete ambiguity is absent.
The three-angle distribution is thus a reliable way of getting the sign of cos(2(3), and hence
resolving the discrete ambiguity in 3. Using

1 AT
/dt C; ~ =51 Ax(0)]| Ay (0)] T cos b sin(26) (131)
d

the value of AI' can also be determined.
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