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Abstract

We extend the duality between massive and topologically massive an-
tisymmetric tensor gauge theories in arbitrary space-time dimensions to
include topological defects. We show explicitly that the condensation of
these defects leads, in 4 dimensions, to confinement of electric strings in the
two dual models. The dual phase, in which magnetic strings are confined
is absent. The presence of the confinement phase explicitely found in the
4-dimensional case, is generalized, using duality arguments, to arbitrary
space-time dimensions.

CERN — TH/2001 — 104
April 2001

* Supported by a Swiss National Science Foundation fellowship.


https://core.ac.uk/display/25311011?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1

1. Introduction

Antisymmetric tensor gauge theories have attracted much interest in recent years
[1], [2], [3], [4] [5], since they arise in constructing gauge theories of elementary extended
objects (strings, membranes,... ): an antisymmetric tensor of rank (p + 1) couples to
elementary p-branes, a natural generalization of the coupling of the vector potential one-
form in Maxwell theory to elementary point-particles (0-branes). Antisymmetric tensors
also appear naturally in effective field theories for the low-energy dynamics of strings and
in supersymmetric theories [6], where they play an important role in the realization of
various dualities among string theories [7]. General dualities between different phases of
antisymmetric tensor field theories were first established in [5]. However, topological terms
were not considered there.

The study of dualities is becoming more and more important due to recent develop-
ments in string theory, where it was shown that inequivalent vacua are related by dualities
based on the existence of extended objects, the D-branes [7]. Establishing a duality means
that one has two equivalent descriptions of the same theory in terms of different fields.
This is normally very useful because, typically, duality exchanges the coupling constant
e — %: strong and weak coupling are interchanged, opening up the possibility of doing
perturbative calculations in all regimes of the coupling constant.

In this paper we will concentrate on Abelian gauge invariant formulations for Mas-
sive Gauge Theories (MGTs) and Topologically Massive Gauge Theories (TMGTSs) for
antisymmetric tensor fields.

As an alternative to the Higgs mechanism for gauge invariant masses we will consider
a Stiickelberg-like formulation [8], and a topological coupling, the BF term, that is a
generalization to arbitrary space-time dimensions of the Chern-Simons term. These two
models have been shown to be dual in [9], in case of non-compact gauge symmetry group.

The MGTs we will consider are described by the action [5] [10]

_1)p+1 —1)Pe? [ _ 1 N 1
S :/ %dBp—l—l AN *dBpJ,_l + % (me+1 + gdAp) N * (me+1 + gdAp)

1
+j <me+1 + gdAp) A\ *Jp+1 ,
(1.1)

where A, is an antisymmetric tensor of rank p, e is a dimensionless coupling constant, m

is a mass parameter and J,4; is a current of p-branes
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JHL Bt () = /5d+1(x —y(o)) dy** A ...\ dytrtt . (1.2)

Here y(o) are the coordinates of the world-volume of the p-branes. S is invariant under

the combined gauge transformation:

Bpy1 — Bpri+dAy (1.3)
A, — Ay —emh, .
Since the term (Bp+1 + %dAp) is itself gauge-invariant, the current J,,; does not need
to be conserved, and we can couple the theory to open p-branes. Up to a gauge trans-
formation, we can rewrite (1.1) as a generalized version of the Proca Lagrangian for an
antisymmetric tensor field By = mB,11 + é dA,:
(—1)p+t _ o= _
S :/ ~—5—dBp11 AN*dBpy1 + (=1)Pm" By A *Bpi1
g (1.4)
—|—ij+1 N*Jpit .
In this formulation the higher-rank tensor B,y; has “eaten” the tensor A,, which is a
generalization of the familiar Higgs-Stiickelberg mechanism for vector fields.

The model we will consider for TMGTSs is a modified form, generalized to arbitrary
dimensions, of the mechanism proposed in [11] in the contest of 3-dimensional QED, where
the photon acquires a mass due to the presence of a topological term, the Chern-Simons
action. In our case the topological term will be a BF term of the form B, A dflp, with

an action given by:

- (_1)p+1 ~
S :/ TdBp_i_]_ A *dBp"Fl + (_1)pm <Bp+1 A dAd—p—Z)

—1)P - - ) -
( €2> <dAd_p_2 A" dAd_p_2> —|—ij+1 N *Jp+1 + (bAP N *(bp R

(1.5)

where Jp41 is a current of closed p-branes and ¢, is a current of closed (p — 1)-branes. In
this way it is possible to obtain a gauge invariant massive gauge theory for the B, ; and
the Ay, o form without a Higgs field, as it has been shown in [12]. The action (1.5) is

gauge invariant under the two independent gauge trasformations:

Bpi1 — Bpy1 +dA,
T p P (1.6)
Ajgp2 —Agpo+dhg_, 3.

2



In [9] it has been shown that these two models can be obtained starting from the

master action:

—1)p—1 1 ~
SMm :/ (97)2d3p+1 N dBP+1 + Hd—p—l A (gdAp + me+1)

-1 d—p—2 .
+ %Hdpl VAN Hd,p,1 .

(1.7)

Integrating over Hy_,_; leads to (1.1), while integrating over the Lagrange multiplier A,
gives (1.5).

If the antisymmetric tensors are compact variables, extended objects can also appear
as topological defects in the underlying gauge theory: they are (d — p — 2)-dimensional
extended objects representing the world-hypervolumes of (d —p—3)-branes (instantons are
(—1)-branes). The presence of topological defects can lead to modifications of the infrared
perturbative behaviour: their condensation (or lack of it) can drastically change the phase
structure of the theories [13].

It has been shown in [5] that the condensation of generic p-branes interpolates between
massless and massive antisymmetric tensor field theories of different rank. The appearance
of antisymmetric tensors of higher rank in the phase in which the p-branes condense is
related (in the case of rank two) to Polyakov’s confining string mechanism[14].

In this paper we will not address the problem of establishing if topological defects
indeed condense and for which regimes of the coupling constants, but we will concentrate,
instead, in studying the nature of the phases in which a finite condensate of topological
defects exists. In what follows we will extend the duality established in [9] to include
topological defects and we will analyze the effects of the condensation of these topological

defects in the two dual theories.

2. Duality with Topological Defects

To study the duality between massive and topologically massive antisymmetric tensor
gauge theories in case of a compact gauge symmetry, we will follow the approach of [5],
and treat the topological defects explicitly. They will be represented by singular forms ¢,
such that

ty=Viey o Vi = [6@-g@) dg Andp (@)



with g ("1, ...,0"4-») an open hypervolume describing the generalization to higher-
dimensional topological defects of the Dirac string. The boundary of this hypervolume
describes the world-hypersurface of the topological defects.

In order to make both the combined gauge symmetry (1.3) of the MGTs and the two
independent gauge symmetries (1.6) of the TMGTs compact we need to introduce three
differents types of topological defects: t, £ and t.

The master action we start from is:

-1 p—1 o _
N TE

g
1 _
+ _Hd,p,1 N (gdAp + me+1 + tthrl) (22)
(1)t . .
+ o (Hig—p-1 + tta—p_1) N (Hag—p1 + tlg_p_1) -

2
As before we will have two dual forms, 4, and Ad,p72, with their respective dual topo-
logical defects, t,11 and fdfp,l. The Bp,11 form and its topological defects t_p are not
dualized.

Integrating over the form Hg_,_1 we obtain the compact version of the massive gauge

theory:

-1 p—1 - _
S = % (dBp41 + ttpro) A" (dBpy1 + ttpi2)

(—1)Pe? (1 5 A 5

o EdAp + mBpy1 + ttpr1 | A EdAp +mBpy1 + ttpta (2.3)
- 1 B .

+ ttd,p,1 A (gdAp + me+1) —+ tttd,p,1 N tp+1 .

Here t,41 enters as a singular form, due to the compactness of the gauge group, while the
tg—p—1 form appears as a (non-conserved) current minimally coupled to (édAp + Tth+1).
The last term is a generalized Aharonov-Bohm interaction between the two topological
defects that leads to a generalized Dirac quantization condition and does not contribute
to the partition function [5].

Integration over the Lagrange multiplier A, implies that Hg_, 1 = dfld_p_Q, with an

action given by:



N —1)p~1 7 i
S :/ % (dBpt1 + ttpr2) A" (dBpy1 + ttpi2)

i (Ahamps + Fmyr ) A (A sy )

+ By AdAg_po +tty s AdAg_p o .

- (2.4)

Here, the dual form fd_p_l is the one connected to the compactness of the gauge group,
while t,,1 appears as a conserved current (Jy_,_p = (—1)4"2F@E+D* (*g¢ 1)) minimally
coupled to Ad,p72. As we said, the B, form does not participate in the duality, and so
the singular form #,4, appears in the same way in both models: as a singular form due to
the compactness of the gauge symmetries (1.3) and (1.6). We have so established a duality
between MGTs and TMGTs in case of a compact gauge group. The two dual actions are
given by the equations (2.3) and (2.4).

By integrating over the tensor field A, in (2.3) and over Ay, o in (2.4), we obtain
an effective action for the higher rank-tensor Bj,i. In the case of the MGTs described
by the action (2.3), it was found in [10] that, when the topological defects t,41 are dilute,
this effective action still possesses a massive pole. In the case in which, instead, these

topological defects are in a dense phase, the effective action we get is:

(_1)p+1 _ _
Seft = / T (dBp+1 + tp+2) N ¥ (dBp+1 + thrQ) : (2'5)

The mass term for B,y is no longer present: the condensation of the topological defects
tp+1 prevents the tensor B, to become massive through the Higgs-Stiickelberg mecha-
nism. The same happens in the dual model (2.4) when we consider the effective action
for the higher rank-tensor B,, ;. Again when the topological defects ¢, are dilute, this
effective action still possesses a massive pole, while in the case in which these topological
defects are in a dense phase, the effective action is given by (2.5), preventing the tensor
B, +1 to become massive through the topological mechanism.

A crucial role in the determination of the phase diagram is played by the space-time
dimension and by the dimension of the topological defects. In what follows we will give an
example of the effect of the condensation of the topological defects in the 4-dimensional
case. We will explicitely show, with a separate analysis of the phase structure of the two
models, that they, indeed, admit the same phases. The generalization to arbitrary dimen-
sions will be briefly discussed at the end. A more detailed discussion of the possible phases
in arbitrary space-time dimensions, and the study of the conditions for the condensation

of topological defects is left for a forthcoming publication [15].
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3. Condensation of Topological Defects in the 4-Dimensional Case

We will now concentrate on the phase structure of the two dual theories in 4-
dimensional Euclidean space-time. We will start with the case p = 1, and show at the
end that the result for p = 1 can be generalized to arbitrary rank and arbitrary space-time
dimensions. For p = 1 the higher order antisymmetric tensor is a two form representing
the Kalb-Ramond tensor B, while the two lower order tensors are the Maxwell field A,
and its dual fl“. In order to study the phase structure of the two models we need to
introduce an external probe: since the topologically massive gauge theory (1.5) can couple
only to closed p-branes we will couple the theory to a conserved two form J,,, that can
be interpreted as the worldsheet of a closed string. The coupling with it plays the role of
the (non-local) order parameter, the Wilson “surface” Wg, for the phase transitions in the
theory. This is the generalization of the Wilson loop to objects of one dimension higher.
Notice that, while the standard confinement of point particles is bescribed by an area law
for the surface enclosed by the worldline of the particles, the corresponding phenomenon
for strings is given by a volume law for the volume enclosed by the worldsheet of the
strings.

The two dual actions describing the massive and the topologically massive gauge

theories are:

1 _ e2 (1 2
4 2 ~
S:/d .'1,‘2—92 (Fu—f—tt“) +Z (gfuy—f—mBuy—f—ttuy)

) (3.1)
+ it (mBW +- f,ﬂ,) tu — 13 B I -
and . .
~ _ 2 P 2 .~ ~
S = /d%ﬁ (F, +t,)" + = (Ruv + ttu)” + imBhy (32)

+ ithyutu — i By -
Here F}, is the dual of the Kalb-Ramond field strength, f,, is the Maxwell field strength
for A, and h,, the Maxwell field strength for Au- The dual of the Maxwell field strength
will be denoted by f“,, for A, and by ﬁ,ﬂ, for flu. g, e are dimensionless coupling constants.
As we said before, in order to have all gauge symmetries (1.3) and (1.6) compact, we need
to introduce three different types of topological defects: t,,, f“,, and t,,. t, is associated
with the tensor B, t,, with A, and tNW with flu. The last terms in (3.1) and (3.2),

represent the coupling to the Wilson “surface” Wg.
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To properly define the models we use a lattice regularization. The lattice we consider
is a hypercubic lattice with lattice spacing [ in four Euclidean dimensions , with sites
denoted by z (lattice notation is defined in the Appendix). The two compact massive
and topologically massive gauge theories to be considered will be described by partition
functions of the Villain type [16]. With lattice regularization the role of the minimally
coupled topological defects #,, in (3.1) and ¢, in (3.2) becomes explicit: the sum over
these two integer fields in the Villain formulation, in the phase in which they condense, has
the effect of breaking the global gauge symmetries of the two models to a discrete group,
Z; for (3.1) and Z; for (3.2) [17].

For the theory described in (3.1) the expectation value (Wg) is given by:

(Ws) = Zen Zt }eXP(—Stop Wiop — Wo)
Gy
g T /o g m20,, — d,dy, /- g
o XZM 29° < " lmt“) m2 — V32 <t,, l t”) +
2 O%aﬁ 7 imtm — Ko 7 int Ko (3.3)

+@t“”m2—v2 o + ge t”m2—v2 m+gt“m2—v2tm’

A Vi L N2y, Me
O_Z 2 w2 W_Zgj P2 g2 v
X,/

- My, 2imjg m 2timg - Kuva
Wiop = xzu +2img tumVV + I by m2 — V2 & bpw m2 — V2 Va
Here IK,,0Vy = Juu, with V, is the volume enclosed by the surface J,,, m = mge,

and we have reabsorbed ¢ and f into the integer fields ¢, and #,,. t, = K atya is the
physical integer degree of freedom that describes the topological defects associated with
the Maxwell gauge field. It describes closed (or infinitely long) strings of magnetic charge:
dyt, = 0.

For the topologically massive theory (3.2) the expectation value (Wg) is, again, given

by:



1

<WS> = Zt €xXp (_Stop - Wtop - WO)
op l/!7
!
272 . OW,\&, ~ w2 m2(5w, —ducz,,_ e2t? 1
Stop:z o2 tW Vzt/\w—'—Q—gztu m2 _ 2 ty + 312 Hmz_vztu
X,
2im®m - K ~ met 1 _ it - K 4
T L L . L (3.4)
eg \Y 2gl "m* -V [ m* -V
M
2.2
229 TV 2w
L M 4g7m ~ K,va 1jtmeg m
Wion = X 3imit Vot M0t S,

X,

where J,, = K, oVo, m = mge, and t, = [K,, ot o With citu = 0. Now, since t, is
minimally coupled to flu, the role of these topological defects as a conserved current of
magnetic charges is evident: indeed they enter the theory as an external current coupled
to the dual of the electromagnetic field A,,.

The phase structure of (3.3), in absence of the term it (mB v+ f,w) uv> wWas dis-
cussed in [10] (this correspond to the case in which the topological defects £, are dilute).
It was found that the condensation of ¢, leads to an expectation value of the Wilson surface

of the form

1
<WS> - 7 Z exp (_Stop - Wtop - WO)
top [+
{tu}
2 1 2
Stop - Z _@ ﬁQ ) uutuu )
e X (3.5)
95
W():Z_ l2 J/,LI/V2J,LLI/ ’
X, 1t
B 1Ty IA(Wa
Wtop - Z_T t,u V2 Jua )
X, 1t
where () = chuEM. t, and t, are both connected with the compactness of the gauge

symmetry (1.3), and, thus, they enter the theory on the same footing, as magnetic strings.
() are the monopoles that live at the end-points of the strings ¢, . In this magnetic
condensation phase, a lenghty calculation shows that the self energy of a circular charge

loop of radius R is proportional to RIn R, and this gives rise to logarithmic confinement
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of electric strings (logarithmic confinement phase)[18]. The monopoles @ are always in a
plasma phase : their condensation (after the condensation of ¢,,), as it was shown in [10],
gives a volume law and thus the usual confinement strings.

Let us see what is the effective action induced by the condensation of ¢, in the dual

model (3.2). Also in this case the expectation value of the Wilson “surface” is:

<WS> - Z exp (_Stop - Wtop - WO)
P {7}
w2 1 472
Stop Z _2—92 ﬁQ - 2 tul/tulj )
X,
W()—Z— 12 J/,LVV2J,UJ/ )
X,
1Ty Kiva
Wtop = Z_T t,u VHQ Jua ’
X,

with Q = la?ut_“ (the difference in the coefficients of ¢, is due to the way the topological
defects enter the Villain formulation in the two dual models). Also in this phase the self
energy of a circular loop of radius R is proportional to RIn R, and this gives rise to loga-
rithmic confinement of electric strings: in this dual theory the objects that condense enter
as a minimally coupled current and, therefore, one can look at this electric confinement
phase as a “magnetic Higgs phase”. It is interesting to notice that in (3.2) what lead
to confinement is the condensation of the topological defects that enter the theory as a
minimally coupled current and, as we explained before, are associated on the lattice with
the breaking the global gauge symmetry down to Z;. A similar phase was found in [18], in
the context of effective field theories for 3-dimensional Josephson junction arrays, studying
a model in which the original gauge group was non-compact and only the BF coupling was
periodic. Also in (3.6), as expected, the further condensation of the ¢, gives a volume law
for the expectation value of the Wilson “surface”.

Let us now analyze the effect of the condensation of Z,,,. In both models this leads to

an effective action for the Wilson surface of the type

Wo=> —aduwdu , (3.7)

X,

with o = j2¢? . This term measures the area of the Wilson “surface”. This Wilson surface

can be seen as the world-sheet of a closed string and (3.7) is just the standard Nambu-Goto
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action for a string with string tension % (3.7) correspond to an area law for surfaces and
it does thus not describe any type of confinement for strings.

From this we learn that both in MGT and TMGT only the condensation of one type
of topological defects, t,,, leads to a confinement phase, while the condensation of the dual
topological defects t~,ﬂ, has only the effect of promoting the effective action for the probe
surface to a Nambu-Goto type of action. The dual phase, in which magnetic charges are
confined, is absent.

In [10] it was proved that the confinement phase we found in the 4-dimensional case
and for rank p = 1 for the MGTs described by the action (2.3), is present also in arbitrary
space-time dimensions and for arbitrary p (p < d — 1). Simply invoquing the duality
we know that the phase is present also in the TMGTs, described by the action (2.4), in
arbitrary space-time dimensions and for arbitrary rank antysymmetric tensor fields. The

role of the condensation of ¢, will be discussed in [15].

4. Conlusions

In this paper we have shown that the duality between MGTs and TMGTs [9] can
be extended also to include topological defects. We have also explicitly shown that the
condensation of these defects leads, in 4-dimensions, to confinement for electric 1-branes
in the two dual models. This phase can be seen as a confinement phase in one model and
as a Higgs phase in the dual model in which the topological defects that condense enter
as a minimally coupled current. The dual phase in which magnetic branes are confined is
absent. The presence of the confinement phase explicitely found in the 4-dimensional case,
can be easily generalized, using the duality between (2.3) and (2.4), to arbitrary space-time

dimensions.

5. Appendix

On the lattice, we define the following forward and backward derivatives and shift

operators:

fxA+Al) - f(x)

duf (%) = l S0 = flx+ ) o
dufeey= LI g ) = e )

l
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Summation by parts interchanges the two derivatives, with a minus sign, and the two shift
operators. We also introduce the three-index lattice operators [18]:

~ N

K,ul/oz = Susueucj)uad(ﬁ ’ IA{,uI/oz = euu(ﬁad¢‘§a‘9u . (52)

These operators are gauge-invariant in the sense that:

( )
A A A e):;
d

Moreover they satisfy the equations:

IA{,uI/ozKa)\w = K,ul/ozf(oz)\w = O,ul/)\w =
= - (6/1)\5110,! - 5uw6u)\) V2 + <5u)\dudw - 5V)\dudw) - <6uwdud)\ - 5uwdud)\) ; (54)

IA{,uwoszow = K,uwozf(wow = QM[LI/ = -2 (5,u1/v2 - duczu> .

The expressions Oz, and M,, are lattice versions of the Kalb-Ramond and Maxwell
kernels, respectively, and V? = duciu = C{udu is the lattice Laplacian. We also define the

operator
O%Aw =+ (5/1)\5140 - 5uw5u)\> m2 - (6/1,)\dyCZw — 6u)\deZw>

. . (5.5)
+ (8y0d,dy —5uwd,,dA) .
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