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Abstract

Analytical formulae for the calculation of secondary particle yields in p-A interactions are
given. These formulae can be of great practical importance for fast calculations of neutrino fluxes
and for designing new neutrino beam-lines. The formulae are based on a parameterization of the
inclusive invariant cross sections for secondary particle production measured in p-Be interactions.
Data collected in different energy ranges and kinematic regions are used. The accuracy of the fit to
the data with the empirical formulae adopted is within the experimental uncertainties. Prescriptions
to extrapolate this parameterization to finite targets and to targets of different materials are given.
The results obtained are then used as an input for the simulation of neutrino beams. We show that
our approach describes well the main characteristics of measured neutrino spectra at CERN. Thus it
may be used in fast simulations aiming at the optimisation of the long-baseline neutrino beams at
CERN and FNAL. In particular we will show our predictions for the CNGS beam from CERN to
Gran Sasso.
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1 Intr oduction

A renewed interestin the predictionsof absoluteflux, energy distribution andflavour compositionof
neutrinobeamsproducedat acceleratorsis motivatedby thelong-baselineneutrinobeamsin construc-
tion at CERN (CNGS [1]) and FNAL (NuMI [2]) and derived from the decaysin flight of mesons
generatedby 400GeV/cand120GeV/cprotoninteractionsongraphite,respectively.

The availableexperimentaldataon particleyields from high energy proton interactionson light
nuclei targets,suchastheonesusedin theproductionof neutrinobeams,arenot extensive andoneis
often facedwith the problemof extrapolatingto differenttarget materialsandshapesandto different
incidentprotonenergies.

Motivatedby the needto estimatethe neutrinoflux at the WestArea NeutrinoFacility at CERN
[3], a consistentsetof measurementsof particleyieldson Beryllium targetsof differentlengthswere
performedat CERN by the NA20 Coll. [4] and subsequentlyby the NA56/SPYColl. [5, 6], with
400GeV/cand450GeV/cincidentprotons,respectively. Secondaryparticles( ��� , ��� , 	
� , 	�� , � , � )
weremeasuredin a transversemomentumrangefrom 0 to 600MeV/c, with theNA20 measurements
in thehigh momentumrange(60 GeV/c 
���
 300GeV/c)andwith NA56/ SPYextendingto thelow
momentumregion (7 GeV/c 
���
 135 GeV/c), thuscovering also the relevant kinematicrangeof
secondaryparticlesfor theplannedlong-baseline(LBL) neutrinobeams.

In this work, in orderto make thesemeasurementsof generalapplicability, the measuredsingle-
particleyieldson Beryllium have beenconvertedto single-particleinvariantcrosssections,correcting
for targetefficiency andtertiaryparticleproduction.Theresultingdatahasbeenempiricallyparameter-
izedasa functionof the transversemomentum(��� ) andthescalingvariable ������������� �!�"$# , defined
astheratio of theenergy of thedetectedparticlein thecentre-of-momentumframeandthemaximum
energy kinematicallyavailableto thedetectedparticle,with a formulabasedon generalphysicalargu-
ments. The choiceof the variablesusedin the descriptionof the invariantcrosssectionis motivated
by theapproximatescalingbehaviour of the invariantcrosssection,whenexpressedin termsof these
variables.A satisfactorycomparisonof this empiricalparameterization,basedon datacollectedwith
400GeV/cand450GeV/cprotons,with invariantcrosssectionmeasurementswith 100GeV/cprotons
shows thatsuchapproachmightbeusefulalsofor thepredictionof theNuMI neutrinobeamatFNAL.

Extensionof theparameterizationto targetmaterialsotherthanBeryllium is possibleby theknown
dependenceof theinvariantcrosssectionontheatomicnumberasshown in themeasurementsof Barton
etal. [7]. This is particularlyrelevantfor theplannedlong-baselineneutrinoexperimentsat CERNand
FNAL, both planningto usea graphitetarget. Suchparameterizationof the invariantcrosssection
for proton-nucleusinteractionscould be implementedin a full Monte Carlo simulationof the target
geometry. On theotherhand,we show thatit is possibleto computeanalyticallyparticleyieldsfrom a
giventargetby takinginto accountthegeometryof thetargetandthecontributionof cascadeprocesses.
Basedon theNA56/SPYmeasurementsof particleyieldsfrom targetsof differentlengths,anempirical
formuladescribingtertiaryparticleproductionis derived.

This approach,coupledto the trackingof the producedsecondaryhadronsthroughthe neutrino
beam-lineelements(magneticlenses,collimatorsanddecaytunnel),hasbeenimplementedin a fast
Monte Carlo for the explicit calculationof neutrinobeamfluxes. Effectsdueto reinteractionsin the
beam-linematerialhavebeenparameterizedwith goodapproximation.A comparisonwith theneutrino
andanti-neutrinospectrameasuredby theCHARM II experimentat CERNis shown. Predictionsfor
theplannedCNGSlong-baselineneutrinobeamaregiven.

With respectto the standardapproachusingcomplex Monte Carlo simulationsbasedon hadronic
cascadecodes,suchasGEISHA [8] or FLUKA92 [9], asimplementedin the GEANT package[10],
CALOR95 [11], the stand-aloneversionof FLUKA [12] or MARS [13], a simpleempiricalparame-
terizationof particleyields asdescribedherehasthe advantageof a moretransparentphysicalinput
to thecalculations.Moreover, whencoupledto the trackingof thesecondaryhadronsfrom thetarget,
it becomesa fastneutrinoMonte Carlo generatorwith the obvious advantageof enhancedstatistics.
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Detailedstudiesof systematiceffectsduefor exampleto hornmisalignmentsin theneutrinobeam-line
aremadepossibleevenwith limited computertime.

2 Parameterization of p-Bedata

An empiricalformula for particleproduction,basedon the yields from thick Be targetsmeasuredby
NA20, haslong agobeenproposedby Malensek[14]. This hasalreadyofferedanalternativeapproach
to neutrinobeamcomputations[15]. Extensionsof this parameterizationto includeeffectsrelatedto
the targetgeometryhave beenproposed[16]. Malensek’s parameterization,however, fails to describe
theparticleproductionin thelow momentumregion coveredby NA56/SPYmeasurementsandcannot
be stretchedto consistentlyfit the whole set of available dataon p-Be interactions. An alternative
parameterizationof NA20 dataon particleyields,proposedby NA20 [4], givesan even lessaccurate
descriptionof the NA56/ SPY data. At variancewith theseworks, the particleyields measuredby
the NA20 andNA56/SPYcollaborationshave beenconvertedto inclusive invariantcrosssectionsfor
particleproduction,whichhave thenbeenparameterized.

2.1 The data

In Ref. [6], inclusive invariant crosssectionsfor particle productionin the forward direction in p-
Be interactionshave beenreportedby the NA56/SPYCollaboration.We have usedthe samemethod
discussedin that paperto derive inclusive invariantcrosssectionat all energiesandanglesfrom the
publishedNA20 [4] andNA56/SPY[5, 6] dataon particleyields in p-Be interactions.The inclusive
invariantcrosssectionis relatedto themeasuredyieldsfrom targetsof finite lengthby:

�&% ')(+*' � ( �-,$.0/1/325476 �� ( 89;:�<>=@?0A ,CBD6 (1)

where 4 is theyield perincidentprotonpersr ( EF���G� %);
8

,
<
, B theatomicmassnumber, densityand

lengthof the target;
9;:

theAvogadro’s number; � and � theenergy andmomentumof thesecondary
particle,respectively. Thetargetefficiency

A ,CBD6 canbeestimatedassumingthattheproducedsecondary
particlesif absorbedin thetargetdonotgenerateadditionalparticles.Underthisapproximationandfor
forwardproduction,onehas A ,CBD6H�JILK: '@M=)?ON �>PRQTSVU N �XW K �>PZY[QTSG\ (2)

representingtheconvolutionof theprobabilitythattheprimaryprotoninteractsbetween
M

and
M^]_'@M

in
thetargetandthat theproducedsecondaryparticleescapesfrom thetarget (

=)?
and

=�`
aretheeffective

meanfreepathsof primaryandsecondaryparticlesrespectively). This modelneglectstheproduction
of tertiaries.This effect canbeaccountedfor, in a modelindependentway, by estimatingtheinvariant
crosssectionsfor varioustargetlengthsandthenextrapolatingtheresultsto zerotargetthickness[6].

This procedurealsoallows to estimateat eachmomentumthe contribution to the total yield from
finite targetsdueto tertiaryparticles.

For particleproductionatanglesdifferentfrom zero,themethodis easilygeneralisedby takinginto
accountthetargetgeometryin eq. (2). At anglesdifferentfrom zero,however, theNA56/SPYcollab-
orationhasmeasuredthe productionyields only at a fixed target length. In orderto derive inclusive
invariantcrosssectionsfrom thosedatapoints,we have madethe additionalassumptionthat the cor-
rectionfor tertiary productionbe angleindependent.This hasbeenverified to be approximatelytrue
in thekinematicregion coveredby NA20 data,collectedwith a planartargetsetupidenticalto theone
adoptedin theNA56/SPYexperiment.In thiswaywehavederivedthesingle-particleinclusiveinvariant
crosssectionsat all availableenergiesandproductionanglesfrom NA20 andNA56/SPYdata.Table1
summarizesour results.Errorsincludetheexperimentalerrorsandtheuncertaintyon theextrapolation
procedure.
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Table1: Inclusive invariantcross-sectionfor �X�7N�� ��� productionasa function of � K "Z� �&���G�������and ��� , where � and ������� are the momentaof the detectedparticleandof the incidentproton in the
laboratoryreferenceframe.Dataon single-particleinclusiveproductionyieldsof Ref. [6] andRef. [4],
with incidentprotonbeamsof 450GeV/cand400GeV/crespectively, havebeenused.
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2.2 The parameterization of inclusive invariant crosssections

Oneof thegoalsof this analysisis to adopta simplefunctionalform for inclusive particleproduction
whichwill beappropriatefor extrapolationto differentcentreof massenergiesand/orsecondaryparticle
momenta.

Feynmanhasspeculatedin very generaltermsabouttheshapeandenergy dependenceof inclusive
processes[17], suggestingan approximatescalingbehaviour of the single-particleinclusive invariant
crosssectionwhenexpressedin termsof the transversemomentum(��� ) andthe longitudinalvariable�����&��� �K �)� � , where� �K and � � arethelongitudinalmomentumof thedetectedparticleandthetotal
energy in the centre-of-momentumframe. A factorizationin ��� and ��� of the invariantcrosssection
hasalsobeenadvocatedasanexperimentalfact.

An alternativescalingvariable�����J� � ��� �!�"Z# , definedastheratioof theenergy of thedetectedpar-
ticle in thecentre-of-momentumframeandthemaximumenergy kinematicallyavailableto thedetected
particle,wassuggestedby Yen[18] andTayloretal. [19] andshown to greatlyextendtherangeof valid-
ity of scalingat sub-asymptoticenergies.As discussedin section4.2, in thecomparisonof NA56/SPY
andNA20 datato ���7N datacollectedat lowerenergies,wehavenotobservedanimprovedscaleinvari-
ancewhen ��� is used.Nonetheless,wehaveadoptedthisvariablebecauseof two practicaladvantages,
which translatesin asimpleranalyticalparameterization:��� is alwayspositiveby constructionandcan
neverbezero,exceptfor infinite energy in thecentre-of-momentumframe.

Earlyphenomenologicalanalysesof �1� data,basedon theconstituentquarkmodel,helpedclarify
that in hadronicprocessestheproducedparticlesreflectthemotionof theconstituents[20]. In partic-
ular, in thefragmentationregion of theprojectile,thelongitudinalmomentumdistributionof produced
hadronsreflectsthemomentumdistributionof valencequarksinsidetheincidenthadron.Thissuggests
an � dependenceof hadronproductionat large � 1 with a functionalform similar to theonedescribing
partondistributions. The functionalshapeof non-directformationprocessesat small � , in which sea
quarksareinvolved,however, is noteasilydescribedin this framework.

After sometrials andconsiderationsof thephysicalprocess,thefollowing empiricalparameteriza-
tion of theinclusive invariantcrosssectionsfor positivesignsecondarymeson( ��� , 	
� ) productionin
p-Beinteractionshasbeenfoundto givea suitabledescriptionof data:

,C�&% ')(+*' � ( 6�� 8 ,Z.�������6Z��,$. ] ������6�� �@�� %,Z. ] �1¡ ,¢����6¢��� ]¤£+¡ ,t����6t�X¥� 6ZN � "Z¦ W #G§ Y ?G¨ (3)

where
� ¡ ,¢����6H� � �©��ª� and

£ ¡ ,t����6^� � ¥ �1�©��«� .
Theseformulaassumesanapproximatefactorizedscalingform in � and��� . The ,$.��¬�O6 � behaviour

at large � is theoreticallymotivatedon thebasisof quarkcountingrules[21, 22]. The � �@� behaviour
empiricallyaccountsfor thenon-directhadronformationmechanismatsmall � .

The ��� behaviour is modelledwith theknown exponentialfall of soft interactionsandapolynomial
behaviour to interpolatethe low �­� part of the spectrum. The � dependenceof

� ¡ ,¢�O6 and
£ ¡ ,¢�O6 is

introducedto parameterizethe violation of �­� invarianceobserved in the data. Modelsbasedon the
partonstructureof the hadronspredicta � � �� dependenceof the crosssectionat large ��� , wherehard
scatteringprocessestakeover. A reasonableparameterizationof p-Bedatawith thisfunctionalform has
notbeenfound.Thepossibilitythattheproposedparametricform fail to describeparticleproductionin
the ��� regionnotcoveredby presentdatais acknowledged.

Theratior of positiveto negativedata( � � �©� � or 	 � ��	 � ) hasbeeninsteadparameterizedwith the
empiricalformulae: ® ,t�¯6H� ® : 2@,$. ] ����6�°Z± (4)® ,C	�6^� ® : 2>,Z.��²����6 ° ± (5)

1At large ³�´ , ³�´ and ³�µ areequivalent.
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Theshapeof theseratiosis supportedby thephenomenologicalanalysisof �1� dataof Ref. [20], showing
that ¶�,¢�¯6^·¸. for ��·¹/ andrisesto about5 for ��� . , closelyfollowing the º�� ' ratioof valencequarks
in theprojectileproton,while ¶�,»	�6 hasa ,$.¼���O6�� ( behaviour for �
� . . NA56/SPYandNA20 data
onlycoverthefragmentationregionof theprotonatlarge � andthecentralregion. At large � afunctional
behaviour similar to theoneexhibitedby �1� datais expected.

In orderto keepthenumberof freeparameterslimited, positiveandnegativemesonsareassumedto
have thesame��� distributions.Thishaslongbeenknown to beonly approximatein �1� data[23].

Table2 summarizesthe resultsof our best-fit to the data. As indicatedin the table,someof the
parametershave beenfixedin thefitting procedure,sincethey appearedto beredundant.In the 	
½ fit,¾ �¿�©À waschosenand � wassetto zero,sinceits fitted valuewasfound to beconsistentwith zero
within errors. 8 � Á Â � £ À ¾ ® : ®©Ã

(mb/GeV¥ ) (GeV�
Ã
) (GeV� ¥ )� 62.3 1.57 3.45 0.517 6.10 – 0.153 0.478 1.05 2.65	 7.74 – 2.45 0.444 5.04 – 0.121 �5À 1.15 -3.17� 8.69 12.3 – – 5.77 1.47 – – – –� 5.20 – 7.56 0.362 5.77 – – – – –

Table2: Valuesof theparameterscorrespondingto thebest-fitof our empiricalparameterizationof � ½
and 	
½ inclusiveproductionin p-Beinteractions.Best-fitresultsonprotonandanti-protonproduction
dataarealsogiven(seetext for details).

Thecomparisonbetweentheempiricalparameterizationandtheexperimentaldatais shownin figure
1. The accuracy of the parameterizationof the � ½ and 	 ½ datais displayedin figure 2, showing
the relative discrepancy betweenour parameterizationandthe experimentaldataasa function of ��� .
Theproposedparameterizationgivesanaccuratefit of 	 ½ datawith a reducedÄ ¥ ·Å/�ÆÈÇ)É , while the
reducedÄ ¥ is somewhat larger ( Ä ¥ � 9�Ê$Ë�Ì �ÎÍ1Í­Æ[.5��Ï)Í ) for ��½ data.This partly reflectsour difficulty to
parameterizethe � dependenceof the �­� distribution,althoughabout1/3of the Ä ¥ is contributedby the
two datapoints(onemeasuredby NA20 andtheotherby NA56/SPY)for positivepionproductionin the
forwarddirectionat �
�Ð/�ÆÑÏ , which areabout30-40%off thebest-fitprediction.A reducedÄ ¥ around
1 is obtained,if a relative errorof 10%on eachexperimentalpoint is assumed.We concludethat the
proposedempiricalformulaeareadequateto describeNA20 andNA56/SPYdatawith a10%accuracy.

Protonandanti-protondata,whichareof lessdirectinterestfor neutrinobeams,havebeenparame-
terizedwith thefollowing empiricalformulae:

,»�&% ')(+*' � ( 6 ?GÒXÓTÔ^?�Õ � 8 ,Z. ] �;����6�,$.��²���l6 � ?GÖ¨ %
,$. ] � ��� ] � ¥� � ¥� 6RN � " ? ¨ (6)

,»�&% ')(+*' � ( 6 ?×ÒXÓØÔ ?+Õ � 8 ,Z.�������6Z�1� �@�� %
,Z. ] � ��� ] � ¥� �X¥� 6ZN � " ?�¨ (7)

For anti-protonsa functional similar to the one given in (3) hasbeenadopted,except that an exact
factorizationin ��� and �­� hasbeenassumed,sincethis wassufficient to give a reasonablefit to data.
For protonsthe“leadingparticleeffect” hadto betakeninto account.A reasonablefit to datahasbeen
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Figure1: Invariantcrosssectionasafunctionof ��� : (top-left)positivepions;(top-right)negativepions;
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describedin thetext is superimposed.
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same� K "Z� �¤���G������� , where� and������� arethemomentaof thedetectedparticleandof theincidentproton
in the laboratoryreferenceframearedisplayedwith thesamesymbol.Theempiricalparameterization
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obtainedby following the empiricalobservation that the longitudinalmomentumdistributionsof the
leadingnucleonin ��� collisionsis flat [24], which translatesinto a linearriseof theinclusive invariant
crosssectionasa functionof ��� . Thetransversemomentumdistribution is alsoaffectedby theleading
particleeffect, resultingin an enhancedleadingparticleproductionin the forward direction(seefor
example[19, 23]). In the protonfit, this is empirically accountedfor by the term ,Z.��è����6 � ? Ö¨ . The
parameter

�
, thatcontrolstheshapeof the ��� distribution for non-leadingparticleproduction,hasbeen

assumedto bethesamefor protonsandanti-protons.
Resultsof thesefits arealsogiven in Table2 and the comparisonbetweenthe empiricalparam-

eterizationandthe experimentaldatais shown in figure 3. Our parameterizationgivesa satisfactory
descriptionof protonandanti-protoninclusiveproduction,with a reducedÄ ¥ about1, in therangecov-
eredby NA56/SPYandNA20 data. At larger valuesof � , protonproductionby meansof diffraction
shouldoccur. This is notdescribedby ourparameterization.

3 Production of neutral Kaons

Theknowledgeof neutralkaonproductionin p-Beinteractionsis importantfor theexactcalculationof
the é Ó backgroundin neutrinobeamscomingfrom 	 :K decays.As anexample,in thecaseof theWANF
beamservingtheCHORUS andNOMAD experiments,theestimatedcontribution to the é Ó contentof
thebeamdueto 	 :K is around15%.In addition,theknowledgeof theneutralkaonproductionis alsoof
interestfor theexperimentson CP-violationusingneutralkaonbeamsandit is particularlyrelevant in
searchesfor rareneutralkaondecays.

A rathercompleteset of dataon 	 :ê productionat anglesdifferent from zero was collectedby
Skubicet al. [26], usinga 300GeV/cprotonbeamhitting Be targets.Measurementsof 	 :ê production
in theforwarddirectionfrom 200GeV/cprotonson beryllium wereperformedby Edwardset al. [27].
Both theseexperiments,however, coveredaregionof secondarymomentacorrespondingto ����ëì/�Æ���É ,
whichonly partiallyoverlapsto themomentumregionimportantfor presentandfutureneutrinobeams.

Additional informationonneutralkaonproductioncanbeobtainedstartingfrom theavailablemea-
surementsof chargedkaonproductionin p-Beinteractions.Chargedandneutralkaonproductionrates
canberelatedin theframeof asimplequarkpartonmodel,in whichvalencequarks( í×î ) andseaquarks
( í ` ) areconsidered.

In thesimplestmodel,isospinsymmetrymaybeassumed,giving ºXî×� ' î �ï� , º ` � º ` � ' ` � ' `
and � ` � � ` , from whichonefindsthattheproductionof chargedandneutralkaonsshouldberelatedby9 ,»	 :ê 6^� 9 ,C	 :K 6^� .ð , 9 ñ^ò ] Ï32 9�ñôó 6 (8)

Thismodelhasbeenshown to provideanaccuratedescriptionof theasymmetryof 	 : / 	 : productionin
therange/�Æõ.�ÇL
 ���ö
÷/�ÆÑÏ�ø in neutralkaonsbeam-lines[25]. Wehaveverifiedthatit alsoagreeswithin
15%with directmeasurementsof 	 ` productionup to around�����ù/�Æ�É . At largervaluesof ��� , i.e. in
thefragmentationregion of theproton,we find thata reasonabledescriptionof existing 	 ` production
datarequiresa “dynamic” modelin which the ºXî�� ' î ratio is let to be � -dependentandestimatedfrom
the �����5��� productionratio, following the argumentsgiven by Ochs[20], who hasdemonstrateda
remarkableempiricalsimilarity betweenthe � � �©� � productionratio in �1� collisionsandthe ºO� ' quark
ratio measuredin deep-inelasticlepton-protonscattering.Theexploitationof this modelis beyondthe
aimof thispaper2 andneutralkaonproductionis alwaysestimatedfrom eq.(8) in thefollowing.

2A similar “dynamic” predictionof neutralkaonproductionwasalreadyconsideredin ref. [28]. Thesemodelshowever
seemslessaccuratethanformula(8) in thedescriptionof the ú;û / ú û productionasymmetryat small/intermediate³�´ .
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4 Particle production for neutrino beams

4.1 Scalingto targetsof different materials

Beryllium targetshavebeenusedin mostneutrinobeamsderivedfrom protonbeamsextractedfrom the
SuperProtonSynchrotron(SPS)at CERN,but theuseof graphiteastargetmaterialseemspromising
in view of operationwith shortspills in fastextractedprotonbeams.In particular, theuseof a graphite
target is foreseenin thedesignof boththeCNGSandtheNuMI beams[1, 2]. Prescriptionsto rescale
theinclusive invariantcross-sectionsto differenttargetmaterialsaregivenin thefollowing.

Invariantcrosssections� ÊZü�ý×þ�ÿÊt? ü for hadron-nucleusinteractions( � 8��� � ¡ � ) dependon the mass
number

8
of thetargetnucleus,via parameterizationsof thetype:

� ')(�*���� ±' � ( �¸, 8
Ã
8 ¥ 6 � 25�

')(+*���� Ö' � ( (9)

wherea valuefor Á¸� �1��Ï would correspondto the casewhereparticleproductionoff a nucleusis
identicalto the productionoff a singlenucleonper inelasticcollision. In accordancewith the scaling
hypothesis,Á hasbeenfoundto beweaklydependenton theincidentbeammomentum.It dependson
the incidenthadrontype � andit is a smoothfunction of �­� and ��� of the producedhadron. It has
moreover beenexperimentallyobserved that, in first approximation,it is independentof the detected
particletype,with perhapstheexceptionof anti-protons[7].

A parameterizationof Á asa functionof ��� hasbeenproposedby Bartonetal. on thebasisof their
andpreviousdataat �­� �J/�ÆÈÏ GeV/c[7]. A ��� dependenceof Á hasbeenclearlyobservedin 	 :ê and

�
productionby Skubicetal. [26]. A suitablerepresentationof thewholesetof datacanbeobtainedwith
theparameterization:Á ,t����6^�-,C/�ÆÑÍ ð ��/�ÆÑÉ1ÉF2���� ] /�ÆÑ��øF2�� ¥� 6�2>,»/�Æ���Ç ] /�ÆÑ�­.�2+� ¥� 6 (10)

wherethe ��� dependenceis takenfrom thefit of Bartonetal. at ��� �J/�ÆÈÏ GeV/candthe ��� dependence
is fitted to Skubicet al. dataandnormalizedin sucha way that it reducesto the parameterizationof
Bartonetal. at �­���J/­ÆÑÏ GeV/c.

In conclusion,a conservative estimateof the uncertaintyin the extrapolationfrom beryllium to
carbondatasits(in the �­� rangeof interestfor neutrinobeams:up to 	¹ø�/1/ MeV/c) around5%,on the
topof ameasurementerrorof 5–10%,dependingonthesecondarymomentum,for thecrosssectionson
beryllium. Theestimateof thissystematicuncertaintyisbasedbothondatacollectedby Bartonetal. [7]
andon theextensivecompilationof J.Kuhnonnucleardependencefor � 8 � � � � interactions[30].

4.2 Scalingto different centre of massenergies

The NuMI neutrinobeamat FNAL is plannedto be derived from a primary proton beamof 120
GeV/c momentum,resultingin a centre-of-massenergy abouttwo times smallerthan that available
at NA56/SPYandNA20. Besidesits generalinterest,a testof the scalinghypothesisof one-particle
inclusive invariantcross-sectionsis thusrelevantto assesstherangeof validity of theproposedparam-
eterization.This hasbeenstudiedby comparingour parameterisationto available � 8 datacollectedat
differentcentre-of-massenergies.

In figure 4, our predictionfor one-particleinclusive invariantcrosssectionarecomparedto data
collectedwith 100GeV/cprotonson carbontarget [7], wheretheextrapolationfrom Be to C hasbeen
madeusingformulae(9)and(10). Asdiscussedabove ��� �á������� �!�"$# hasbeenusedasscalingvariable.
Theagreementbetweenpion datashown in thefigureandour empiricalparameterizationis excellent
up to about �
	�/­ÆÑÇ . A goodagreementis also found whenkaondataareconsidered,althoughthe
precisionof kaondatafrom ref. [7] is poorer.

Figure5 shows a comparisonof our parameterizationwith one-particleinclusive productiondata
measuredwith 24GeV/cprotonshitting aBeryllium target[29]. In thatwork, Lorentzinvariantparticle
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densities� , � K "Z����� 6 weremeasuredasa functionof theparticlemomentum� K "Z� andproductionangle� . Thesedatahavebeenconvertedinto invariantcrosssectionsusingtherelation

�&% ')(+*' � ( � .� * "Z� ` � , � K "Z����� 6 (11)

where
* "Z� ` is theabsorptioncrosssectionfor ��� N [31]. A reasonableagreementis observedin theshape

of thedistributionsfor �l� and 	
� , althoughtheestimatedproductionof ��� is about35 � 15%lower
thanthatmeasured.This is alsotruefor negativepions,notdisplayedin thefigure,while theagreement
is somewhatworsefor theotherparticles.

Givenits generalinterest,wehave testedthescalinghypothesison thesamedataalsousing ��� and� K "Z� �ì���G���Ñ��� , thelatterdefinedastheratioof themomentumof thedetectedparticlein thelaboratory
referenceframeto themomentumof theincomingproton,aslongitudinalvariables.A betteragreement
with ��½ datais obtained,if � K "R� is used,which however shows a worseagreementto kaondata3. The
variableE��L�
� !�"$# ��� , where� � Ã¥ �! #" ,R,C� ] � K 6R��,C� � � K 6V6 is therapidityof theproducedparticleand� !�"$# is themaximumrapidity kinematicallyavailableto thatparticle,hasalsobeentried. At variance
with thepreviuoslongitudinalvariables,E$� is Lorentzinvariantandscalesthephasespaceat different
centre-of-massenergiesindependentlyof thereferenceframe.Althoughwe find a somewhatimproved
agreementto datain thiscase,scalingto datacollectedwith 24GeV/cprotonsis only approximateeven
with thisvariable.

Still, in the centre-of-massenergy rangeof interestfor presenthigh-energy neutrinobeams,the
agreementbetweenourparameterizationscaledaccordingto ��� andthedatais satisfactory.

4.3 Yields fr om finite length targets

With referenceto eq.(1), thedifferentialparticleproductionalongthetargetcanbeparameterizedas:' 4¬,»� � ��� � M 6'@M � 9�:�<>=)?.0/1/ 8 � (� % ��% ')(+*' � ('&)( , M 6 (12)

where ( , M 6 '@M is theprobabilitythattheoutgoingparticlebeproducedat a depth
M

to
MF]ì'@M

insidethe
targetandtheotherquantitieshavebeenintroducedin Section2.1.

In general( , M 6 will alsodependon theproductionangleof thesecondaryparticle[16]. In thenaive
reabsorptionmodelintroducedin Section2.1,onehas:( , M ��� 6D� .=@? N �>PZQTS U N �>P ¦ WÑP�* +$YõQTS \ (13)

which canbe obtainedby differentiatingthe target efficiency
A ,CBD6 of equation(2), with

M ¡ , M ��� 6 rep-
resentingthe target lengththat the producedhadronhasto crossto escapefrom the target ( Bì� M for
forwardproduction).This naivemodelis only adequateto givea first orderdescriptionof particlepro-
ductionfrom relatively thin targetsor at large � , but in generalparticleproductionby meansof cascade
processescannotbeneglected.

Sinceall typesof hadronscanbeproducedwhenanenergetichadronof any flavour interactsin the
target,theproductionof particlesfrom a targetof finite lengthis governedby asetof coupledtransport
equationsthatdependonthepropertiesof theparticles,their interactionsandonthestructure(geometry
andmaterial)of thetarget.Giventheircomplexity, thesolutionof theseequationsis in generaladdressed
numericallywith hadroncascade/transportcodes,calibratedon a large setof hadronproductiondata.
However, in thespirit of thiswork, themainfeaturesof thecascadeprocessin needle-shapedtargets,like
thoseusedfor neutrinobeams,canbedescribedin a simpleparametricform andtunedon NA56/SPY
dataonyieldsfrom targetsof differentlengthandgeometry.

3All thevariablesareoff roughlyby thesameamountin thedescriptionof the ú-,�. productionratio.
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In hadronicinteractions,abouthalf of the availableenergy is typically dissipatedin multiple par-
ticle production(inelasticity /�· /­Æ�É ) with averagetransversemomentum0[���21 · /�ÆÈÏ)É GeV/c . The
remainderof theenergy is carriedby fastforward-going“leading” particles.Only theseparticlesarere-
sponsiblefor thepropagationof thecascadein thin andlongtargets,sincethey arealmostcollinearwith
theprimarybeam4 andtheir energy is largeenoughto resultin a sizeableyield of additionalenergetic
particles.

In the collinearapproximationandassumingthat leadingparticlesin � 8 interactionsaremostly
protons,thuscharacterizedby aneffectivemeanfreepath

=)?
equalto thatof primaryprotons,thenaive

reabsorptionmodelof equation(13)canbeimprovedby theexpansion:( , M 6H� .=@?�N �>PRQTSVU43 . ] 8 � ,¢�O6 M=)?'5 N �>P ¦ W�P�* +$Y[QTSG\ (14)

wherethesecondtermin bracketsaccountsfor particleproductionby reinteractionsof secondaryparti-
cles(tertiaryproduction),while higherrankcontributionsareneglected,sinceneutrinotargetsaretyp-
ically of order � =@? andthelessenergetic is thereinteractingparticlethe lower is theyield of produced
particles.

In equation(14),
8 � ,¢�O6 weightstheprobabilitythatreinteractionsof secondaryparticleswill result

in aproducedhadron� of fractionallongitudinalmomentum� andis givenby:8 � ,t�O6H�
6 � ¦ I
Ã
# ' � ¡87 � ¦ Ô � ,¢� � � ¡ 6:9 � ¦ ,¢� ¡ 6 (15)

where
7 � ¦ Ô � ,t� � � ¡ 6 is the ��� integratedcrosssectionfor inclusiveproductionof � in � ¡ interactionsand9 � ¦ ,¢� ¡ 6 is theflux of � ¡ particles.Thus,

8 � ,t�O6 is a functionof � and � only. Its dependenceon these
variableshasbeenderivedfrom NA56/SPYmeasurementsof inclusive yields in the forwarddirection
from finite lengthtargets.

In theshorttargetapproximation,valid until thetarget lengthis B 
 
 =)?©=�` ��, =�` � =)? 6 , integration
of equation(14) in theforwarddirection(i.e.

M ¡ �ÐB�� M ) predictsthefraction ;×,CBD6 of tertiaryparticle
productionto beapproximatelya linearfunctionof B givenby:;×,»Bô6H· 8 � ,¢�O6 B� =)?�Æ (16)

This linearbehaviour is in agreementwith experimentaldata,asshown figure6-Left,wherethefraction
of tertiaryproductionasa functionof target lengthfor �l½ and 	
½ asderivedfrom NA56/SPYdatais
displayed,andwasexploitedin section2.1to derive inclusive invariantcrosssections.

Comparedto thenaiveabsorptionmodel,theexcessof particleproductionpresentin theNA56/SPY
dataincreaseswith decreasingmomentum.Figure6-Rightshows thefractionof tertiaryparticlespro-
ducedin theforwarddirectionfor a100mmtargetasafunctionof thefractionallongitudinalmomentum� K "Z� ��� K "Z� �G���Ñ��� . Thecurvesshown in thefigurerepresentthebest-fitof

8 � ,¢�O6 to dataaccordingto the
empiricalparameterization: 8 � ,t� K "Z� 6^� 8=< Ó °� ,$.���� K "Z� 6 �?>8@BAþ (17)

whereacommonvalueof
8 < Ó °� and

£ < Ó °� hasbeenchosenfor positiveandnegativeparticles.Thebest-fit
resultsarereportedin table3.

In this simplemodel,no ��� dependenceof tertiaryparticleproductionis predicted.Indeed,assum-
ing Feynmanscalingandthe(approximate)factorizationin � and��� of theinvariantcross-section,the��� distribution of tertiaryparticlesis expectedto bethesameasthatof secondaryparticles.It follows
that the divergenceof leadingparticleswith respectto the primary beamdirectionis in generalneg-
ligible ascomparedto the typical productionangleof lower momentumtertiary particles( collinear

4The divergenceof leadingparticleswith respectto the primary beamis typically CEDGFIHJ,LKNMPO)QLRSDUTWVYX[Z few mradfor
protonenergiesof theorderof a few hundredGeV.
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Figure6: Left: fractionof tertiaryparticleproductionasa functionof thetargetlength.Right: fraction
of tertiary particleproductionin a 100 mm Be target as a function of � K "Z� . Dataare derived form
publishedNA56/SPYdata[6] andthecurvesrepresentthebest-fitdescribedin thetext.

approximation).Theseconsiderationsaresupportedby NA56/SPYdatathat show no ��� dependence
of thetransversemomentumdistribution of tertiaryparticleproductionin a 300mm Be needle-shaped
targetoncemeregeometriceffectsareconsidered(seefigure20of Ref. [6]).8 < Ó °a 8 < Ó °ñ £ < Ó °a £ < Ó °ñ

0.80 1.56 7.3 10.1

Table3: Best-fitvaluesfor parametersof equation(17) to NA56/SPYdata(seetext for details).

Equation(14) is valid for NA56/SPYandNA20 targets,but fails to give thecorrectpredictionfor
tertiary particleproductionwhen the target length is of order

=cbZÓØË !ed f 2��cgõ�I0 ���h1 , where f is the
transversedimension(radius)of thetargetand�cg���,Z.��i/�6�2 ���Ñ��� is thetypicalmomentumof theleading
particle. In this limit, thereis a sizeableprobabilitythatsomeof theleadingparticlesalsoescapefrom
thesideof thetargetbeforeinteracting.Thiscanbeaccountedfor, modifyingequation(14) into:( , M 6H� N �>PRQTSVU=)? j . ] 8 � ,t�O6 I P: ' �=@?lk P ,m��6onDN �>P ¦ WÑP�* +$Y[QTS \ (18)

wherek P ,m��6 is anacceptancefactor, which in generaldependsonthe ��� andenergy distributionsof the
leadingparticlesandon thetargetgeometry5. For cylindrical symmetry, onecanwrite:k P ,m��6^� .0[���l1 I ?�p'qsr¨: ��, �­��6t��� ' ��� (19)

where � !�"$#� · �cg f ��, M �t��6 in the collinear approximationand ��, ����6 is the ��� distribution of the
producedparticles.

5In equation(18), thecollinearapproximationhasbeenagainadvocatedto factorizetheacceptancefactorandtherein-
teractionprobabilityof leadingparticles.
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In thesimulationof neutrinobeams,discussedin thefollowing, thecomputationof this acceptance
factorhasbeenperformedundertheapproximationthat leadingparticlescarryon averagehalf of the
primary beammomentumand that their transversemomentumdistribution is representedby a pure
exponentialof averagetransversemomentum0[���h1 . For cylindrical symmetrythis allows theanalytical
integrationof equations(18)and(19). In caseof continuoustargetsof radiusf , theintegrationyields:

( , M 6H� N��>PZQTS U=)? j . ] 8 � ,t�O6 M=@? ,$.���N �>S�u @!v p QTP 6wn N �>P ¦ WÑP�* +$YõQTS�\ � (20)

which reducesto equation(14), predictinga linear increaseof the differentialproductionof tertiary
particlesalongthe target, until

M 
 
 =IbZÓØË ! (short target approximation).At larger depthinsidethe
target, the differentialproductionof tertiary particleswill tend to saturateto a valueproportionalto=IbRÓCË ! � =)? .

In caseof asegmentedtarget,madeof severalrodsinterleavedby air gaps,asthatusedin theWANF
beamandconsideredfor theforthcomingCNGSbeamatCERN,thedetailsof thetargetgeometryhave
to beconsidered.Theanalyticalintegrationof equations(18) and(19) is still possibleunderthesame
approximationas that adoptedto derive equation(20) and it hasbeenusedin the evaluationof the
efficiency of segmentedtargets.

In Figure7 we presentpredictionsfor secondarymesonproductionat target level, basedon our
parameterizationof the inclusive invariantcross-sectionscorrectedfor target efficiency. Momentum
spectra(top),angulardistributions(middle)andexit pointprofiles(bottom)of thesecondarymesonsin
thecaseof theCNGStargetgeometryandfor anangularacceptanceof 30 mrad(muchlargerthanthe
hornapertureof theCNGSbeam-linedescribedin thenext Section)areshown. For sakeof comparison,
thepredictionsof a FLUKA basedfull MonteCarloprogram[12, 1] arealsoshown. Theagreementis
remarkable,providedthattertiaryparticleproductionis takeninto accountin theevaluationof thetarget
efficiency, asdiscussedin thisSection.

A slight disagreementin the ��� distributionsof all chargedparticlesis visible mainly at large ��� ,
that translatesin a slightly moreforward peaked distribution of the exit pointsalongthe target. This
disagreementappearsin a kinematicregion not coveredby NA56/SPYandNA20 data. However, as
remarked in the next Section,neutrinobeampredictionsare only slightly affectedby this large ���
region,sinceit fallsoutsidethemomentumandangularacceptanceselectedby thefocusingoptics.The
systematicdifferencebetweenthetwo modelsis thusnegligible.

5 Simulation of neutrino beams

As it is well known,a“classic”widebandneutrinobeamis producedfrom thedecayof mesons,mostly� ’s and 	 ’s. Mesonsarecreatedby the interactionof a protonbeaminto a needleshapedtarget,they
aresign-selectedandfocusedin theforwarddirectionby two largeacceptancemagneticcoaxiallenses,
conventionallycalledat CERN horn andreflector, andfinally they arelet to decayinto an evacuated
tunnelpointingtowardthedetectorposition.

In caseof positive chargeselection,thebeamcontentis mostly éyx from thedecayof � � and 	 � .
Smallcontaminationsof ézx (from thedefocused� � and 	 � ) and é Ó (from three-bodydecayof 	 ’sand{ ’s)arepresentat thelevel of few percent.

As anexample,a schematiclayoutof thefutureCERNto GranSassoneutrinobeam,CNGS[1], is
shown in Figure8. Its maincharacteristics,relevantfor beamsimulationpurposes,arelistedin Table4
togetherwith thoseof theold WestAreaNeutrinoFacility (WANF) atCERNin theconfigurationsetup
for theCHARM II experiment[3].

Theneutrinofluxesfor suchakind of beamarerelatively easyto predictoncethesecondarymeson
spectraareknown, becausethe mesondecaykinematicsis well understoodandthe geometryof the
decaytunnelis quitesimple.
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Figure7: Longitudinal(upperpanels)andtransverse(middlepanels)momentumdistributionsof sec-
ondarymesonsfrom theCNGStarget(within 30mradacceptance).On thelowerpanelstheexit points
of thesecondarymesonsfrom theCNGStarget(within 30mradacceptance)areshown. Thedottedline
is theFLUKA prediction,thedashedline is ourcomputationwithout tertiarycontribution,thesolid line
is ourpredictionwith tertiarymesons.
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Figure 8: Schematic layout of the future CNGS neutrino beam line.

Uncertainty in the estimation of the neutrino fluxes could arise because secondary mesons are se-
lected over a wide momentum range and over a wide angular acceptance (~t�U� mrad).

Re-interactions of secondary mesons in the target and downstream material contribute to reduce the
neutrino fluxes and increase the uncertainty in the calculations (mainly for the wrong sign and wrong
flavour contaminations). They are generally minimized using a target made of a number thin rods of low
Z material interleaved with empty spaces (to let the secondary mesons exit the target without traversing
too much material). In addition the amount of material downstream of the target (i.e. horn and reflector
conductor thickness) is kept to the minimum.

Beam line WANF CNGS

Target material beryllium graphite
Target rod length 10 cm 10 cm
Target rod diameter 3 mm 4 mm
Number of rods 10 8
Rod separation 9 cm 9 cm
Additional end–rod length – 50 cm

Proton energy 450 GeV 400 GeV
Proton beam focal point 50 cm from start of target
Expected pot/year:
in shared SPS mode �������y���m� �I�������y���m�
in dedicated SPS mode �z�W�$���y���m�
Horn & Reflector focusing momenta 70–70 GeV 35–50 GeV
Horn & Reflector length 6.56 m 6.65 m
Horn & Reflector current 100–120 kA 150–180 kA
Horn distance from focal point 11.5 m 2.7 m
Refl.distance from focal point 82.8 m 43.4 m
Horn acceptance ~ 10 mrad ~ 20 mrad

Decay tunnel length 285 m 992 m
Decay tunnel radius 0.6 m 1.22 m
Tunnel vertical slope +42 mrad -50 mrad
Pressure in decay tunnel 1 Torr 1 Torr

Table 4: Main parameter list of the WANF (CHARM II set-up) and CNGS neutrino beam lines.
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Theparameterizationof thesecondarymesonproductionfrom protonsontoa thin target,proposed
in this paper, is thuswell suitedto be usedin neutrinobeamsimulationsboth becauseit extendsits
predictionoverawiderangeof longitudinalandtransversemomentaandalsobecausethesmallfraction
of tertiaryproductionfrom re-interactionsin the targetanddownstreammaterialcanbeaccountedfor
with theapproximationsdescribedin Section4.3.

A comparisonof the neutrinoflux predictionbasedon the proposedparameterizationwith some
measuredspectrais thusaneffectiveestimatorof thequalityof thesecondarymesonsparameterization.
For thispurpose,ourparameterizationhasbeencoupledwith aneutrinobeamsimulationprogramable
to provide rapidandaccuratepredictionsof neutrinospectraat any distance(i.e. shortandlong base
line). The comparisonhasbeenperformedboth with alreadypublisheddata(CHARM II) andwith
predictionsfor the futureCNGSlong-baselineneutrinobeamgeneratedwith GEANT and/orFLUKA
basedMonteCarloprograms.

5.1 The simulation program

Theprogramis astand-alonecodedevelopedasa tool thatallowsto varyandoptimizeall elementsand
thegeometry(in 3-D)of thebeamline providing theresultsin termsof neutrinospectraanddistributions
at large distancewith high statisticsand in short time. As a by-product,the programprovidesalso
spectraanddistributionsof secondaryhadronsandmuonsalongthebeam-lineandin themuonmonitor
pitsafterthehadronstopat theendof thedecaytunnel.

Theunderlyingideais that in orderto producerapidly a neutrinospectrumat largedistanceover a
small solid angle(typically ����~��y���c�m� for the future LBL beamsof CERN andFNAL), onehasto
forceall themesonsto decayemittinga neutrino,andforceall neutrinosto crossthedetectorvolume.
A weight is thenassignedto eachneutrino,proportionalto the probability that this processactually
happened.

In practicethismethodis implementedby subdividing thesimulationinto four subsequentsteps(as
describedin detail in the following). The weight assignedto eachneutrinois the productof factors
originatedin eachsteptimesthesolidanglesubtendedby thedetector:�����w������ ¡�   ���£¢¥¤ � � (21)

5.1.1 Mesonsproduction along target

First thetotal numberof secondarymesons( ¦�§ , ¦¨� , ©ª§ , ©«� and ©��¬ ) to begeneratedis calculatedby
integrationof theyield calculatedin ourmodelover theinterestingrangeof longitudinalandtransverse
momenta.Thesenumbersobviously dependon targetmaterial,densityandlengthandon thenumber
of protonson target.

Secondarymesonsaregeneratedalongthetargetaccordingto thedistribution of protoninteraction
points. The latterdependson theprotonbeamsizeanddivergence,on the target thickness,­ ��®¥¯o° , and
on theprotoninteractionlength, ±4² , of thetargetmaterial.Momentumandangulardistributionsof the
mesonsaresampledfrom theproposedparameterization.Theweightassociatedwith thisstepis� � �´³ �¶µ¸· �4¹»º�¼s½?¾À¿oÁÃÂyÄ · ��ÅÀ¿oÁÃÂ (22)

becauseprotonsareforcedto interactin thetarget.
Mesontrajectoriesin thetargetarecalculatedandtheir length, ÆGÇ ³ Æ'È�É Ä usedto estimatetheproba-

bility that themesonsexit the targetwithout re-interacting:·G��ÅsÊ�¿oÁ�Ë , where ±�Ì is themesoninteraction
lengthin thetarget.

Tertiarycontribution is addedfollowing theparameterizationdescribedin Section4.3:�ªÍ£� · ��ÅsÊ�¿oÁ Ë-Î �ÐÏÒÑ[Ó ³NÔ ÄcÕ Å� �4Ö±�²l× Å ³ Ö ÄoØ (23)
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whereÑ[Ó ³NÔ Ä , × Å ³ Ö Ä andtheapproximationrelatedto thisapproachhavebeendiscussedabove. In case
of thesegmentedtargetconsideredfor theCNGSbeam,thismodelgivestheresultsof figure7.

5.1.2 Mesontracking in the neutrino beam-line

The trajectoryof eachmesonin the beam-lineis calculated,taking into accountthe tracking in the
magneticfield of hornandreflector, until it hits thewalls of thedecaytunnelor the collimators. The
amountof materialcrossedby theparticleis alsorecorded.

Themesonis forcedto decayalongits trajectory, Ù¥ÚGÛLÜ , accordinglyto its decaylength, ±�¢¥¤wÝ . The
weightassociatedto thisprocessis �ªÞ£�ß³ �¶µà· � �S¯s®Já ¿oÁ�âJã!ä Ä · �zåGæEç º ¿oÁ�Ë (24)

where è  8é � is the amountof materialcrossedup to the decaypoint and ±�Ì is the interactionlengthin
thatmaterial.

Contributionsdueto reinteractionsof secondaryparticlesin the materialalongthe beamline are
taken into accountwith a parameterizationsimilar to that usedfor the target but in the “short target”
approximation.Thecorrespondingweightis:�ªê£� �ÐÏÒÑ � ¤ ¯Ó ³ �¶µ Ô ÄÀë º ã ½ì è  �é ��#±4² (25)

asderivedin formulae(16)and(17)of Section4.3

5.1.3 Neutrino production fr om mesons

For eachmesona neutrinois produced;its flavour andits momentumdistribution in theparentmeson
restframedependonthedecaymodeandbranchingratio, í¡�Wî�� . Theneutrinodirectionin thelaboratory
frameis determinedrequiringthatit crossesthedetectorvolume.Theangle,ÉyÌmï , betweenparentmeson
andneutrinodirectionsallows to calculatetheLorenzboostof theneutrinofrom themesonrestframe
to thelaboratoryframe.This in turnsallows to obtaintheneutrinomomentumin thelaboratoryframe.

Theweightassociatedto this processis proportionalto theprobability that theneutrinois emitted
in the detectordirection. This is obtainedby simply boostingbackthe solid anglesubtendedby the
detectorin themesonrestframe,wheretheneutrinois emittedisotropically;�ªð£� íñ��î��c� ³Nò ÌÃó ³Jô Ì¨µ¸õ¨Ì�öø÷#ù�ÉyÌmï ÄÃÄ Í (26)

where
ò Ì , ô Ì and õúÌ arethemass,energy andmomentumof thesecondarymeson.

5.1.4 Neutrino production fr om muons

Muons are producedin the decayof secondarymesonstaking into accountthe correctkinematics
(branchingratioandpolarisation).Muonsarealsotrackedthroughtheneutrinobeamline andforcedto
decayto produceneutrinosin thedetectordirection. An additionalweight,

�ûÞoü
(equivalentto

�ªÞ
for

mesondecays),is introducedfor theneutrinosfrom muondecay. A weight
�ûðoü

replaces
�ªð

accounting
for thethemuondecaykinematics(includingpolarisation).

5.2 Statistical accuracy

Thestatisticalaccuracy of thiswayof simulatingneutrinobeamsdoesnotdependmuchon thedistance
betweenthedetectorpositionandtheneutrinosourceasit is thecasefor classicalunweightedmethods.

In theclassicalunweightedcase,only a fractionof thepions(typically 5–10%)decaybeforeinter-
acting(eitherin thebeam-linematerialor in thedecaytunnelwalls); in additionneutrinosarespread
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over a wide solid angle(about1 mradin theCNGScase)becauseof thedecaykinematics.It follows
that,to enhancestatistics,at largedistancetheneutrinospectraneedto becomputedonasurfacemuch
wider thanthe actualdetectorarea,relying on the fact that the spectrashapesvariesslowly with the
radius.In theCNGScaseanaccuracy of a few percentcanbeachievedwith severalmillions protonson
targetif adetectorarealargerthan ~ß�y� ê m

Í
is considered.

In theparameterizationcase,sinceall mesons– within thefocusingopticsacceptance– areexploited
to produceneutrinosin the detector, the statisticalaccuracy is independentfrom thedetectordistance
andproportionalto the inverseof the squareroot of the numberof generatedpositive pions (for ý ü
beams),namelyaboutthenumberof generatedprotoninteractionson target.An accuracy betterthana
percentis thusobtainedwith lessthan �y� ð p.o.t.,for any sizeof thedetectorsurface.

5.3 Simulationsof pastand futur e neutrino beams

In orderto giveamorequantitativeappreciationof theaccuracy thatonecanobtainin thesimulationof
neutrinobeamsusingthegeneratordescribedin thepreviousSections,wepresentthecomparisonwith
thepublishedneutrinospectrameasuredwith theCHARM II detector[32] exposedattheCERN-WANF
beam.

In additionwepresentthecomparisonbetweentheCNGSsimulationbasedonourmethodandthat
basedontheFLUKA stand-aloneprogramfor secondarymesonproductioninterfacedwith GEANT for
particletracking.

5.3.1 Comparisonwith CHARM II data

The WANF neutrinobeamline at CERN, to which the CHARM II detectorwasexposed,is well de-
scribedelsewhere[3]. Its maincharacteristicshasbeensummarizedin Table4. The facility wasrun,
duringseveralyearsof operation,eitherselectingpositivechargedparticles( ý ü beam)or negativeones
( ý ü beam).Neutrino/anti-neutrinointeractionswerecollectedin theCHARM II detectorandfully re-
constructed[33].

In figure Figure9–top, we show the comparisonbetweenthe measuredneutrinofluxesin caseof
positive mesonsfocusing,( ý ü beamwith ý ü contamination)and the simulationperformedwith our
methodandbasedon �y� ð p.o.t.. On the left handsidea logarithmicscaleis usedto make evident the
spectralbehaviour athighenergy aswell asthewrongsigncontamination;ontheright handsidealinear
scaleis usedfor a betterappreciationof thefocusing/defocusingeffect. In figureFigure9–bottom, the
sameplotsareshown in thecaseof negativemesonfocusing( ý ü beamwith ý ü contaminations).

Theoverallagreementis at thepercentlevel, with atmost10%disagreementonabin perbin basis.
Thehighenergy tailsof thedistributionsaredominatedby theproductionof highenergy secondary

mesonspeaked in the forward direction,andarepractically insensitive to the magneticfocusing. In
fact high energy mesons,with small angularaperture,travel mostlikely throughthe neckof the horn
wherethey arehardlydeviated. ThegoodagreementbetweensimulationanddataindicatesthathighÔ�þ

productionon targetis well simulatedandthatre-interactionson thematerialalongthebeam-lineis
correctlytakeninto account.

In the focusing/defocusingenergy rangethe agreementis an indicationthat low
Ô�þ

productionis
correctlygeneratedat leastup to ~ �y� mrad(the WANF opticsacceptance).The fact that also the
wrongsigncontaminationin thesimulationbehavesasthedata,meansthattertiaryproductionin target
anddown-streammaterial(mainly thehornneck)is describedto asufficient level of approximation.

5.3.2 The CNGSbeam-line

As mentionedearlier, our neutrinobeamgeneratorwasoriginally developedto allow a rapidoptimiza-
tion of LBL neutrinobeams.To testthe reliability of it, we have performeda detailedsimulationof
theCNGSLBL neutrinobeamfor anextensivecomparisonwith thefull beamsimulationbasedon the
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Figure9: TheWANF neutrino(top) andanti-neutrino(bottom) fluxesat theCHARM II detector:the
dottedlinesareexperimentaldatafrom Ref. [33], thecontinuousline is thebeamsimulation.On the
left, logarithmicscaleis usedto enhancethespectralbehaviour at high energy aswell thewrongsign
contamination;on theright, linearscaleis usedto appreciatethefocusing/defocusingeffect.
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FLUKA stand-alonepackage[12] for secondaryparticleproductionandon GEANT for trackingalong
thebeamline [1].

Apart from thetunnelgeometryandthe focusingoptics,themaindifferencesof theCNGSbeam-
line with respectto the WANF are the target material( �YÛ4Ú������ insteadof ��· ÚGÖ������ � ò ) andthe proton
beamenergy ( �#�#� GeV insteadof �4�U� GeV). Thesedifferenceshave beentaken into accountin our
simulationwith thescalinglawsproposedanddescribedin Section4.2and4.3.

Asremarkedin Section4.3,theagreementatthetargetlevelbetweenourcalculationandtheFLUKA
basedfull MonteCarloprogramis noticeable,providedthattertiaryproductionis takeninto accountin
theformercase.Theslight disagreementvisible in the ! ¹ distributionsof all chargedparticlesmainly
at large ! ¹ translatesin aslightly moreforwardpeakeddistributionof theexit pointsalongthetarget.

Remarkablyenough,asfarastheneutrinospectraat largedistanceareconcerned,thediscrepancies
betweenthe two modelsdo not propagatewith the samestrength(seeFigure10). This is becausein
the momentumrangeandangularacceptanceselectedby the focusingopticsbothparticleproduction
modelsreproduceverywell theavailableexperimentaldata.

Beforeconcluding,it is worth mentioningthatearlysimulationsof theCNGSbeamline basedon
GEANT stand-alonedisagreedwith thosepresentedhere,beingtoo optimisticby morethan ~ �U�#" .
On theotherhandFLUKA stand-alonegivesresultsfully compatiblewith thosepresentedhere.
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Figure 10: The CNGS neutrinofluxes at Gran Sasso(732 Km from target). Comparisonbetween
FLUKA/GEANT simulation(thedottedlines)andtheparametrisedsimulation(continuousline) Onthe
left, logarithmicscaleis usedto enhancethespectralbehaviour at high energy aswell thewrongsign
contamination;on theright, linearscaleis usedto appreciatethefocusing/defocusingeffect.
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6 Conclusions

Empirical formulaefor single-particleinclusive invariantcrosssectionsin ! -Be interactionshave been
derived,onthebasisof single-particleinclusiveproductiondatacollectedby theNA20[4] andNA56/SPY
[5, 6] experiments.Theseformulaereproducetheexperimentaldatawithin a 10%accuracy.

The hypothesisof Feynmanscalinghasbeenverified to hold with our parametrisationgiving a
suitablerepresentationof productiondatacollectedovera wide rangeof primaryprotonbeamenergies
(from 24GeVto 450GeV).

Prescriptionsto extrapolatethisparameterizationto finite targetsandto targetsof differentmaterials
havebeengiven.

Theresultsobtainedhavebeenusedasaninput for thesimulationof neutrinobeams.A comparison
to datacollectedby the CHARM-II neutrinoexperimentat CERNhasdemonstratedthe capabilityof
thisapproachto predictthepast.

Theseformulaecanbeof greatpracticalimportancefor fastcalculationsof neutrinofluxesandfor
designingnew neutrinobeam-lines.Thusthey maybeusedin fastsimulationsaimingattheoptimisation
of the long-baselineneutrinobeamsat CERN andFNAL. Predictionsfor the neutrinospectraof the
CNGSbeamfrom CERNto GranSassohavealsobeengiven.

Acknowledgements

We gratefully acknowledgeenlighteningdiscussionswith and fruitful suggestionsof K. Elsener, L.
Gatignon,P.G. Ratcliffe, S.I. Striganov. We areindebtedto P. Gorbunov, for having provided us the
fileswith neutrinospectrameasuredin CHARM II. Wearegratefulto S.Ragazzi,ourspokesmanin the
NA56/SPYcollaboration,andP. Picchi for their encouragementto this work andto all our colleagues
in theNA56/SPYcollaboration.

References

[1] G. Acquistapaceetal.,CERN98-02;INFN/AE-98/05,1998;
R. Bailey etal.,CERN-SL-99-034-DI,1999.

[2] TheNuMI Facility TechnicalDesignReport,NUMI-346, October1998;
TheMINOS DetectorsTechnicalDesignReport,NUMI-L-337, October1998.

[3] G. Acquistapaceetal.,CERN-ECP/95-14,1995.

[4] H.W. Athertonetal.,CERN80-07,1980.

[5] G. Ambrosinietal.,Phys.Lett. B420(1998)225;
G. Ambrosinietal.,Phys.Lett. B425(1998)208.

[6] G. Ambrosinietal.,Eur. Jour. Phys.C10(1999)605.

[7] D.S.Bartonetal.,Phys.Rev. D35 (1987)35.

[8] H. Fesefeldt,PITHA 85/02report,1985.

[9] P. A. Aarnioetal., FLUKA User’s Guide,CERNTIS-RP(1990);TIS-RP-190(1987);

[10] R. Brun et al., “GEANT: DetectorDescriptionandSimulationTool”, CERN ProgramLibrary,
LongWriteupW5013.

[11] T.A. Gabrieletal.,ORNL/TM-11185
C. Zeitnitz,T.A. Gabriel,Nucl. Instr. Meth.A349 (1994)106;
CCC-610/CALOR95CodePackage,availablefrom OakRidgeNationalLaboratory, USA.

23
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