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1 Introduction.

Let ag,a1,---,a,—1 and by, by, --,bs_1 (r, s > 2) be some real numbers with a,_1bs_1 # 0, and

{wi jto<i<r—1,0<j<s—1 be a sequence of real numbers.

Let {Wyn m}n, m>0 be the sequence defined by W; j = w;jfor 0 <i<r—-1,0<j<s—1,

and the following linear recurrence relations

r—1 s—1
Witim = Z aiWp—im and Wy i1 = Z biWpm—j, for n>r—1, m>s—1. (1)
i=0 §=0

In the sequel we shall refer to these sequences as sequences (1).

Let , p¢ = {Vn,m}o<n<p, 0<m<q, Where p,q < +00, be a sequence of real numbers and K be a
compact subset of R?. The K-moment problem associated to , p,q consists of finding a positive

Borel measure p such that
Yrm = / "y du(t), for 0 <n <p, 0 <m <gq and Supp(p) C K, (2)
K

where Supp(u) is the support of p. A positive measure satisfying (2) is called a representing
measure of , p o = {Vn,m}o<n<p, 0<m<q on K. For p = ¢ = 400 the problem (2) is called the
full K-moment problem. When p,q < +oc the problem (2) is called the truncated K-moment

problem.

There is a large amount of literature on the full K-moment problem studied by various
methods and technics (see [1], [3], [4], [5], [12] and [14], for example). In dimension n > 2 the
full K-moment problem has been solved for K compact with nonempty interior (see [4] and [5]),

and for K semi-algebraic compact set (see [12] and [14]).

The truncated K-moment problem is studied by Curto-Fialkow for K C, using the positive
matrix approach, and the subcase K C IR is considered (see [6] and [11] for example). The Curto-
Fialkow’s method is motivated, because the classical full K-moment problem argumentations
are obstructed. In [14] (see Question 3.9) the problem of the truncated moment sequences and

its connection with subnormality of commuting multi-operator arose.

The connection between the full and truncated K-moment problems has been studied in [9],
[10] for K = [a,b] C R.

In [2], we consider the truncated moment problem in the one dimensional case and its
connection with the subnormal completion problem. In this paper we investigate the closed
relation between the full and the truncated K-moment problem for K C IR?. More precisely,

the linear recurrence relations (1) allow us to solve the truncated moment problem (2) for a



sequence , rs = {Wnm}o<n<r—1,0<m<s—1 in the case when , ., is a set of initial values of a

sequence (1).

This paper is organized as follows. In Section 2 we consider the relation between sequences
(1), linear forms and properties of the representing measures. Section 3 is devoted to the
existence of solutions of the K-moment problem (2) for sequences (1), using Cassier-Vasilescu’s
method. Finally, in Section 4 we investigate the connection of our method with Curto-Fialkow

schemes and we give an explicit example.

2  Moment problem for sequences (1).

2.1 Sequences (1) and linear forms.

Let {Wym}

m > s — 1, we have

n, m>0 be a sequence (1). A direct computation shows that, for all n > r — 1 and

r—1
Wotimer = 220 &iWanoim+1

~1
29:0 bjWnJrl,m*j (3)
= Zogigr—mgg’gs—laibjani,mfj-

Equation (3) gives the compatibility condition of the two relations of (1). Hence the sequence

{Wam} o mso is well defined.
Consider the linear form L : R[X,Y]| — IR given by
L(X"Y™) =Wy, , forall n, m>0. (4)

From (1) and (3) we derive that, for all n > 0, m > 0 and k& > 0, we have

LIX"Y¥P (X)) =0 and L(X*Y™P,(Y)) =0, (5)

where Pj(X) = X" — X" ' -+ —qa,_j and Po(Y) =Y* — bV ! —... —b,_4. Conversely,
n, m>0 defined by
L(X"Y™) = Wy, , is a sequence (1), associated to the two polynomials P (X) and P, (Y").

suppose that the linear form (4) satisfies (5). Then the sequence {W,, ,,}

2.2 Representing measure.

Let , pg = {Vn,m}o<n<p, 0<m<q be a sequence of real numbers. A generating measure 1 associated

to , pq is a real Borel measure satisfying:

Ynm = / a"y™dp(x,y) , for 0<n <p,0<m <qgand Supp(p) C K, (6)
K



Let {Wy m}n>0,m>0 be a sequence (1) associated to polynomials P;(X) and P»(Y'). Let {)\g <
M <o < XN_o1tand {By < B <--- < Br_1} be the two sets of characteristic roots of P;(X)
and P»(Y') respectively.

It is obvious from (1) that for any mg (respectively ng) the sequence {W,, o }n>0 (respectively
{Who,m}m>0) is a recursive sequence. Hence, in the case of moment sequences, {Wy, 1 tn>0
(respectively {Wpom}m>0) is associated with a minimal polynomial P, (respectively Qn,)
with distinct roots, where P, is a divisor of P, (respectively @y, is a divisor of P») (see [2]).
Hence we can suppose without loss of generality that P;(X) and P»(Y") have distinct roots. We

have the following.

Proposition 1 Let {Wy m}i<n<r—1,1<m<s—1 be a sequence (1). Suppose that the two polynomi-
als PI(X) = X" —ag X" ' = —a,_1 and Po(Y) = Y —byY* ' —-..—b,_y have distinct real roots
{)\0 <A< < Ar—l} and {/30 < 61 < K< /37«_1} respectively. Then {Wn,m}lgngr—l,lgmgs—l

admits a generating atomic measure.

Proof : Consider the atomic measure given by

0<i<r—1
0<<s1

Then u is a generating measure associated to {Wn,m}n,mzo if, and only if the sequence

{pijti<o<r—1,0<j<s—1 satisfies the following linear system of r.s equations

> pig B =Wy, for 1<n<r-1,1<m<s-1

0<i<r—1
0<j<s—1

As the determinant of the preceding system of equations is nonzero (namely its absolute value

is TT(Ai — Aj)"(Bi — B;)%), we derive the existence of the atomic measure p. O
1<j
In the proof of Proposition 1, if p = r — 1 < ¢ = s — 1 for example, we can complete our

system of equations recursively to get ¢ equations (explicit computations in the case where

r = s =2 are given in section 4).

Let i be a generating measure of a sequence , , , = {'Vn,m}OSnSp,OSqu on K. If 4 >0 we

say that p is a representing measure of , , o = {VYn,m}o<n<p, 0<m<q o0 K.

In the sequel we consider that K = [Ag, A\r_1] X [Bo, Bs—1]. Then K = {(z,y) € R?; Qj(z,y) >

07 ] = ]-7 27 37 4}7 where Ql(may) = >‘r71 -, QZ(may) = ﬁsfl - Y, Qg(-’l)‘,y) =T — >\0 and
Q4(x,y) = y — Bo. Thus K is a semi-algebraic compact subset of R? (see [5] and [14] for

example).

The linear recurrence relations (1) allow us to establish the following reduction property.



Lemma 1 Let {Wy m}tnm>0 be a sequence (1) and p be a positive measure supported by K.
The following are equivalent.
(i) p is a representing measure of the sequence {Wy mtnm>0 -

(it) p is a representing measure of the truncated sequence {Wy m fo<n<2r0<m<2s-

Let ; be a discrete positive measure on R? with supp(u) C K given by
p= > @i j0(z:,,)>
0<i<r—1,0<j<s—1

where a;; € R and d(,p) is the Dirac measure at (a,b). The moment sequence {au, m }n,m>0

associated to u on K is

_ n, m _ o am,m
an,m—/ 2"y dp (e, y) = > ai jai ;.
K 0<i<r—1,0<j<s—1
We have
r—1 r—1
Qnt1,m = Z CiQn—im, forn>r—1and oy my1 = Z djon m—j, form > s—1,
i=0 Jj=0

where the coefficients ¢; (0 < i <r —1) and d; (0 < j < s—1) are given as follows Q(X) =
_g(X —zj) = X" =X 1= —cryand QoY) = TE_g(V —y;) = Y —dpY* ' =+ —ds_y.

Hence {o, m }n.m>0 is a sequence (1), whose initial values are {oy, m }o<n<r—1,0<m<s—1-

Let {Wy, m}n,m>0 be a sequence (1). Suppose that {W,, ., }o<n<2ro<m<2s has a representing
measure ¢ on K C IR?. From Lemma 1 we derive that W, ,, = [ 2"y™du(z,y) for all n > 0
and m > 0. The relation (1) implies that [, R(z,y)Pi(x)du(z,y) = [ S(z,y)Pa(y)du(z,y) =0
for all R, S in R[X,Y]. Thus P (X)u = P2(Y)u = 0, which implies that supp(p) C {(z,y) €
R?; Pi(x) = 0} N {(x,y) € R?; Py(y) = 0}. Hence supp(p) C {Ag < A\i < --- < A1} x {Bo <
Bi < -+ < Bro1} and we have = 3ocicr 1 0<j<s—1@ijO(n;,6,). Thus we have the following
property.

Proposition 2 Let {W, 1 }nm>0 be a sequence (1). Then the following are equivalent.

(i) There exists a representing measure (o of {Wy m}nm>0 on K.

(it) There exists a representing measure (1 of {Why, mto<n<oro<m<2s on K.

(iii) There exists j1 a representing measure of {Wy, mto<n<oro<m<2s on K with a finite support.
(iv) There exists pu a representing measure of {Wy m}o<n<r—1,0<m<s—1 on K with supp(p) C
Z(P) X Z(P)={ <M< <N} x{lo<f1 << Br_1}

3 Existence of solutions.
3.1 Reduction properties for sequences (1).

In [4] and [5] Cassier gives some criteriums on the existence of the solution of the full K-moment

problem (2) in dimension n, where K is a semi-algebraic compact set of R". Schmudgen had



studied the K-moment problem for semi-algebraic sets (see [12]). In [14] Vasilescu had considered
the moment problem for multi-sequences on some explicit test set and applied this to establish
the connection between the moment problem and subnormality.

Consider the following notations from [4], let A(K) be the set of affine forms on R* which
can be identified with R[X,Y] and set

e A (K)={T € A(K);T >0 on K}

e G(K)={T € A,(K); T # 0 and generate extremal gernerating in A (K)}
o Gi(K) = {T € G(K);||T|| = sup(, yyex [T, y)] = 1}

e AN(K)={T=1_T;; p>1,T;, € Gi(K)} U {1}

For r, s > 2, we consider the following IR-vector space

R, 1,51 ={T € RIX,Y]; degxT <r —1 and degy (T) < s — 1}

where degx (respectively degy ) is the degree in the variable X (respectively V).

Let P{(X)=X"—qoX" '~ —a,_1and P(Y) =Y*—bY* ! —... —bs_;. Note that for
all T(X,Y) € R[X,Y] there exist Q1(X,Y), Q2(X,Y) and R(X,Y) with degy R(X,Y) <r—1
and degy R(X,Y) < s — 1 such that

T(va) = Ql(va)Pl(X) + Q2(X7Y)P2(Y) +R(X7Y)' (7)
Set
Aps(K)={H:=T—-Q1P1 — Q2P /T € A(K)and Q1,Q2 € R[X, Y]} N R, 1 5 1[X,Y]

Thus we derive from (4)-(5) that we have L(T(X,Y)) = L(R(X,Y)), where R(X,Y) is given
by (7). Hence, using equation (5), we have the following property.

Proposition 3 Let {W, m}nm>0 be a sequence (1) and L be the associated linear form defined
by (4). Then we have L(T) > 0 for all T € A(K) if and only if L(R) > 0 for all R € A, ((K).

Let P(K) be the convex set of linear forms L on R[X,Y] such that L(1) = 1 and L(T) > 0
for all T € A(K). Let Q € R[X,Y], then we have S = (||Q|I1TQ)|x > 0, where |Q| =

sup(z ex |@(,y)|. This implies that L(S) = [|QII* L(Q) > 0, thus |L(Q)] < Q| Using

Hahn-Banach Theorem and Proposition 2 we get the following reduction Lemma.

Lemma 2 Let {Wy, m}nm>0 be a sequence (1) and L be the associated linear form defined by
(4). Suppose that L € P(K). Then the following are equivalent.

(i) There exists a probability measure p on K such that L(T) = [Tdu for all T € R[X,Y].
(it) There exists a probability measure p on K such that L(T) = [Tdu for all R € R, 4[X,Y].



Thus we have the following result.

Proposition 4 Let {Wy }nm>0 be a sequence (1) and pu be a positive Borel measure on K.
Then the following are equivalent.

(i) i is a representing measure of {Wp m}nm>0 on K.

(it) L(T) = [; T(x,y)dp(z,y) >0 for all T € A(K).

(iii) L(R) = [i R(z,y)dp(z,y) >0 for all R € A, ((K).

3.2 Links with positive matrices.

Let, = {a;;}ij>0 be asequence of real numbers. To any polynomial T'(X,Y') = 3 o<,k o<j<p a;ij XY

of R[X,Y], we associate the following infinite matrix introduced by Cassier (see [4] and [5]).

My(,) = [m(il,jl),(i2,j2)] where My 51),(i2.52) = Z Oy ko iy +iz+k1,j1+j2+ka
(k1,k2)
Using Lemma 2 (of reduction) we obtain the following properties.
Proposition 5 Let {W, m}tnm>0 be a sequence (1) and K be a compact subset of R%. The
following are equivalent.
(i) {Whn, mtnm>0 is a moment sequence of a Borelean positive measure on K.
(i) {Wn,m}o<n<oro<m<2s 5 a moment sequence of a Borelean positive measure p of finite
support.

(iii) The matriz my({Wh, m}o<n<k,0<m<p) = [Mi, j] is positive for any k, p, where

Mi, j = (Wiy iy j1+52)0<in ia<k,0<j1,ja<p 1 = (i1,51),J = (12, j2)-
(iv) The matriz mi({Wh,mo<n<r—1,0<m<s—1) = [Mq, | is positive, where

M, j = (Wiy +in,j1+s ) 0<in is<r—1,0<j1 jo<s—1-
Proof.
e The equivalence (i) <= (i7) is due to Lemma 2 (of reduction).
e For (i) < (iii) see [4] or [5].
o (i1) < (iv).

- (i1) = (iv) is obtained from a direct computation by considering the linear positive
form L(f) = [x f(2,y)du(z,y).

- (iv) = (4i). The first relation of (1) means that for any fixed m the sequence {Wp, m }n>0
is a linear recursive sequence of order r. Hence there exist r real numbers Cj,, (0 < j <
r — 1) such that

Wam = ComAg + CimAT + -+ + Croim AL,



for any n > 0 (see [8] for example). The second relation of (1) implies that for any fixed j
the sequence {C} ,, }m>0 is a recursive sequence of order s. Thus C;,, = d; 005" +d;1 067" +
e+ dj s 165%, where dj g, dj1,...,dj s 1 are constant real numbers. Hence we derive that

for any n, m > 0 we have Wy, = > o<icr—1,0<j<s—1 @ij A B;- This implies that
Wam = LXY™) = [ a"ymdu(a,y) )
K

Where IU == ZOSiST—I,OSjSS—l az,-](s(A“ﬂ]) a;nd K == [)\[], )\T-fl] X [ﬁo,ﬁsfl]. TO pI“OVG that /,L iS
[I X2 -5)

positive it suffice to have a; ; > 0 in the expression (8). Consider f; ; = (k’pﬁé(i’j)(/\_ 0B
Ak ] Mp

(ksp)#(i,3)
R[X,Y]. Hence f; (i, 5;) =1 and f; j(Ag, Bp) = 0 for any (k,p) # (4,7) and we have

L(f?) = /K fPidp = ai; =< Mfij, fij >> 0.

Hence p is a Borelean positive measure of finite support.O

3.3 Weakly multiplicative case.

Let {Wy, m}n,m>0 be a sequence (1) and consider the linear form L : R[X,Y] — IR defined
by L(X"Y™) = W,, . We say that L is weakly multiplicative if L(X"Y™) = L(X™)L(Y™), for
all n,m > 0. Thus we have Wy =1 and Wy, , = U,V where U, = W), g and V;p, = Wy pp,. We
can easily derive that {U,},>0 and {V,,} >0 are defined by classical linear recurrence relations

of order r and s respectively.

Proposition 6 Let {W,, m}nm>0 be a sequence (1) and K be a compact of IR?. Suppose that
Whm = L(X"Y™) = L(X™)L(Y™) for all n, m > 0. Then the following are equivalent.

(1) {Wn,mtn,m>0 s a moment sequence of positive Borel measure p with supp(p) C K.

(ii) {Un}n>o0 and {Vp}tm>o, where Uy = Wy, Vin = Wo m, are two sequences of moments of
positive Borel measures vi, vy on IR (respectively).

In this case we have p =v| @ 1.

Proof.

o (i) = (it). We have Wy, ,,, = L(X"Y™) = [ 2"y™dp(z,y). We identify R[X] to a
subspace of R[X,Y] and set L = L Ryx)- Hence U, = Li(X") = [k a™dp(x,y), and for
any S € IR[X] such that S| > 0 we have L;(S) > 0. By a classical process of extension

([4], [5], [9] for example) we get from L, a positive Borel measure 14 on K7; the projection
of K in R = R x {0}, such that U, = [ 2"dvi(2).

Using the same argument we exhibit a positive Borel measure v, on Ks; the projection of
K in R = {0} ® R, such that U, = [ z"dv(z).

8



e (ii) = (i). Let vy, 1o be the representing measure of {Up,},>0 and {V,},>0 and K; =
supp(v;) (j =1, 2). Consider the positive Borelean measure y = vy x v on IR?. Then we

can easily verify that {W, m}nm>0 is a moment sequence of  on K = K; x Ky. O

Let {Wy, m }n,m>0 be a sequence (1) such that W, ,,, = U,V},. Consider the two Hankel matrices

Hy(r —=1) = [Uitjlocij<r—1 and Hy(s = 1) = [Vigjlo<ij<s—1-
From [2] and Proposition 6 we derive the following,

Proposition 7 Let {Wy, m}nm>0 be a sequence (1) such that Wy, yy = U, V. Let 1 be a positive
Borel measure on a compact subset K of IR?. Then the following are equivalent.

(i) {Whn, mtnm>0 is a moment sequence of .

(i) {Whn, m}o<n<2r0<m<2s 15 & moment sequence of fi.

(iii) {Un}tn>0 and {Vi}m>o0 are two sequences of moments of positive Borel measures vy, vo on
R (respectively).

(iv) Hy(r—1) >0 and Hy(s —1) > 0.

4 Concluding remarks and Example.

4.1 Application to Curto-Fialkow schemes.

Let , or = {Wy m}o<ntm<2r be a sequence of real numbers. Suppose that , 2, is a sequence of

moment of positive measure y on IR?. Then y is a representing measure of , 5, and

W = /mjy’“du(m,y),
for 0 < j+k <2r. Let@[X,Y]s be the@-vector space of polynomials in two variables X, Y of
degree < 2r. Consider the bilinear form ¢ : @'[X,Y]s, — @ defined as follows
PX"Y™) = Wi m,
for any n, m such that 0 <n +m < 2r. Let {U, m}o<ntm<2r be the sequence defined by
Unm = ¢([X =iV ]"[X +iY]™),

where i2 = —1 and 0 < n +m < 2r. Using [6](see section 6.2.2) and also [13], we derive that
s 2r = {Wh,mo<ntm<or is a truncated moment sequence on IR? if and only if {Un,m Yo<ntm<or

is a truncated moment sequence on @' .

Suppose that {Un,m}0§n+m§2r is a truncated moment sequence on(. It is also established in
6] that {Up m}o<ntm<2r had a representing r-atomic discrete measure v on (@, where we have

r—1

V=3 ar0a, yis,-
k=0



If we set du(z, y) = dv(x+iy, x—iy). We derive that j is a representing measure of {W, 1 }o<nm<or

on IR? and

2+Z.,,2—7Z _ =
Wa = [0 (G =) = [ay dute.y) = 3 aap i
k=0

Hence p is a discrete representing measure of {W,, m}o<ntm<2r on R?. Thus we have the

following property.

Proposition 8 Let {Wn,m}0§n+m§2,« be a truncated moment sequence of positive measure | on
IR%. Then there exists {Vim tnym>o0 @ full moment sequence (1) on R? such that Vam = Wam

for all nym with 0 < n+m < 2r.

The following corollary shows the important role that sequences (1) play in the treatment of

the truncated moment problem.

Corollary 1 Let, or = {Wnm}to<ntm<or be real numbers. The following are equivalent.
1. , 2 admit a representing measure.

2., or admit a finitely atomic representing measure.

4.2 Example.

We give here an example of truncated sequence in the case of r = s = 2 going through all
computations for generating measure. Let {Wy o(= 1), Wo1, W10, W1,1} given real numbers and
{Whm}n>0,m>0 a sequence (1) associated to the polynomials P;(X) = (X — Xo)(X — X\) and
Py(Y) = (Y — Bo)(Y — 1) with Ag # A and By # 1. A measure p = Cpo0x,,8, + C1,00x,,8, +
Co,100,8, + C1,10x,,3, is a generating measure for W, ,, if and only if (C; ;)i<1,j<1 satisfy the
following system of equations

Coo+ Cro+ Co1+Chp = Woo(=1)

Co,080 + C1,080 + Co, 181 + C1,1 6 ,

Co,0M0 + CroA1 + Coiho + Cri
Co,080h0 + CrpBoA1 + Co1B1ho + Criid = Wi

[
s

1 1 1 1

Bo B B B
oA A A
Bodo Borr Biro P
Xo)(B1 — Bo))? # 0, thus we get the existence of ;. Suppose that the solutions C; ; (0 < 4,5 < 1)

The determinant of the preceding system of equations is =—((A\1—

are nonnegative, then the measure p is representing for {Wn,m}nzo,mzo on K.
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