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Introduction. In the study of discrete groups one often has to deal with various topologies
and two of the most important of them are the profinite topology and the congruence topology,
both of which turn out to be uniform. The profinite topology on a group G is defined by the
collection of all subgroups of finite index in G, and we can define the profinite completion G
with respect to the profinite topology also as the projective limit of finite quotient subgroups of
G. To define congruence topology we assume for simplicity that G < GL,,(Z). The principal
congruence subgroup of level m (denoted by GL,(Z,m)) is defined as the kernel of the canonical
projection GL,(Z) — GL,(Z/mZ) induced from the projection Z — Z/mZ. The topology on
GL,,(Z) defined by principal congruence subgroups GL, (Z,m) is called congruence topology and
the congruence topology on G is the induced one. Denote by G the completion of G with respect

to congruence topology. Thus G is a dense subgroup of the compact topological group G (or

G).

There are two natural questions. First, how one can distinguish these two topologies, i.e., one
asks when they do coincide. If the answer is affirmative, one says that the congruence subgroup
problem has positive solution for G. For solvable subgroups of GL,(Z), the congruence subgroup
problem is known to have positive solution, and we refer, say, to [DDMS, Ch. VI] for a survey
of the problem. Second, it is natural to ask how strongly the groups G' and G (or G’) are related,
for example, to what extent the group G (or G) is determined by G. This kind of question was
well-known and considered by many authors and in connection with algebraic geometry it was
first explicitly stated by A. Grothendieck in [Gro|. If G is a finitely generated nilpotent group it
was Pickel [Pi] who first showed that there exists only a finite number of isomorphic classes of
finitely generated nilpotent groups which have isomorphic profinite completions. Subsequently,
this important result has been used, among the others, in order to give an extension of this
result for polycyclic groups, which is the main result of [GPS]. Notice that the proof given by
Pickel in [Pi] makes essential use of (in fact is reduced to) some finiteness results regarding the
commensurable finitely generated nilpotent groups due to Borel, and has more or less purely
group-theoretic flavour, so it is very hard to extend this method to cover other classes of groups
(especially non-solvable groups).

It is our objective to explore another approach to this result, which tends to be more arith-
metic and algebraico - geometric and does not rely on this result of Borel. We make use of some
results due to Hochschild and Mostow about the structure of the groups of automorphisms of
solvable algebraic groups, finiteness theorems due to Borel and Serre, and also p-adic Lie theory.
The purpose of the approach considered here is to pave a way for the case of discrete subgroups
of other types (e.g. semisimple or solvable types) of algebraic groups (treated in [T]).

Notations. We keep the following notation and convention throughout the paper. Z =
integers, Q = rational numbers, R = real numbers, C = complex numbers, 2 = a fixed universal
domain, Z, = p-adic integers, Q, = p-adic numbers, A = adele ring of Q. Algebraic groups

under consideration are identified with their points over a certain fixed universal domain, say



Q. G(B) = the B-points of a linear algebraic group G, with respect to some matrix realization
of G — GL, and for some ring B; Lie(G) denotes the Lie algebra of a Lie (resp. p-adic
or algebraic) group Gy inv.lim means inverse limit. If G is a group, G denotes the profinite
completion of G, GP denotes the pro-p-completion of G, and G = G denotes the Zariski closure
of G, where G is considered as a subgroup of some algebraic group. For a finitely generated
group G, B(G) will denote the set of isomorphic classes of finitely generated groups H with
H~dG.

1 Some Reductions

We need some preliminary results which reduce our problem to simpler case. The Proposition
1. 4 below is crucial, which enables one to replace the group G by its suitable torsion-free verbal

subgroup (see Lemma 1.5). The following two lemmas are well-known.

1.1. Lemma. Let H be a normal subgroup of a group G. Then H is a normal subgroup of
G and we have

(G/H) ~ G/H.

In particular, if K is a subgroup of finite index in G, then [G : K] =[G : K].

Recall that a polycyclic group is a group with a finite normal chain of normal subgroups
such that each successive factor is cyclic. In particular, any finitely generated nilpotent group
is polycyclic. For some other useful related notions and results we refer to [Ra, Ch. IV]. The
following lemma was proved there. It provides us, as we will see later, many subgroups of finite

index of a polycyclic group G with good properties.

1.2. Lemma. [Ra, 4.4] For a polycyclic group G , [G : G¥] < oo, where G* denotes the
subgroup of G generated by k-powers in G.

Let us be given an alphabet A and let M be a set of words from this alphabet, M = {m,, :
a € A}, with mg = 2> -+ 25" 2; € X'. The subgroup of G generated by the set

{g1a™ - gp2 : gia € G,a € A}

is called the verbal subgroup of G corresponding to M, and will be denoted by M. We have the

following general result.

1.3. Lemma. Let M be a set of words, G (resp. H) be a group with a family of normal
subgroups {Ng }aen (resp. {Kataca), where A is a filtered set of indices by means of inclusion

relation among subgroups Ny, (resp. K, ). Assume there is an isomorphism of projective systems



of groups

(1) (a) : (Gas Yap) = (Ha, bap),

where Go = G /Ny, Hy = H/K,. Then (1) induces an isomorphism
¢ :inv.lim Go ~ inv.lim H,

such that

(inv.lim Mg,) = inv.lim Mp,.

b) In particular, if {Na}acn (resp. {Kataca) is the set of all normal subgroups of finite index
in G (resp. H), then

G(Mg) = My

Proof. a) Denote by G = inv.lim G, H = inv.lim H,. Then we have the following commutative

diagram
¢ %
rg N gp
Gﬁ lpa lQOc Hﬁ
¢a,3 \f x/ oa,@
G. % m,

where p, (resp. ¢o) denotes canonical homomorphisms G — G, (resp. H — Hq). Since ¢,

is an isomorphism, then

$a(Mg,) = Mm,.

But G, = G/Ny, H, = H/K,, so we have
Mg, = MGNo/No, My, = MgKo/Ka,

and one checks that {Mg,,Vas|mg, } and {Mpu,,, 0|0, } form projective systems of groups.
Denote their limits respectively by Mg and Mpy. Then Mg C G and My C H and we have

the following commutative diagram

Mae S5 Mgy

e |

Mg, %8 My,

@

We show that ¢|arq,, = 7. Let € M. From the first diagram we have

(PaPa) () = qald(2)),



and from the second one we have

(Papa)(r) = ¢a(T(2)).

From these equalities one sees that the a-coordinates of ¢(x) and 7(x) coincide, thus ¢(z) = 7(x),
hence p(Mg) = Mp.

b) By the assumption, G is G (vesp. H is H) up to an isomorphism. It is known that the induced
topology on Mg (resp. My ) is the profinite topology, hence

$(Me) = My

and the proposition is proved. m
The following proposition makes it possible to substitute G' by its suitable verbal subgroup.

1.4. Proposition. Let G be a polycyclic group, Mg a verbal subgroup of finite index in G
corresponding to a set of words M. If the number of isomorphism classes in B(Mg) is finite

then the same is true for B(G).

Proof. Let {H,} be a complete set of representatives of isomorphism classes in B(G). Let
$o : G ~ H, be corresponding isomorphisms. Lemma 1.3 shows that ¢q(Mg) = My, hence by
Lemma 1.1 one has
G/Mg ~ H, /M.

thus [Hy : Mp,] < oo (by Lemma 1.1), and G/Mg ~ H,/Mpy,. By assumption, there are
only finitely many non-isomorphic groups among My, o € A (up to isomorphism). From a
theorem of Segal [Segl] (that there is only a finite number of extensions of given degree n of a
given polycyclic group, where n = [G : M¢]) we conclude that there is only a finite number of

non-isomorphic groups H,. ®

1.4.1. Remarks. a) According to Lemmas 1.4 and 1.2, in order to prove the finiteness of
the number of non-isomorphic classes in B(G) with G polycyclic, we may pass to subgroups of
finite index in G of the form G*.

b) Recall that a polycyclic G is called strong if there is a normal chain
G=Gy>G > - >G, ={e},

where all the factors G;/G;41 are infinite cyclic. It is known that in any polycyclic group G
there exists a strong polycyclic subgroup G’ of finite index, which we may assume to be normal
in G (see [Ra], Ch. IV). If |G/G'| = t then it is clear that G' C G’ , i.e., G! is also a strong
polycyclic group. This means that in order to prove the finiteness of the cardinality of B(G) we
may substitute G by its suitable verbal strong polycyclic subgroup of finite index.



The following lemma allows us, instead of groups in B(G) to consider their subgroup of finite

index, which are torsion-free.

1.5. Lemma. Let G be a strong polycyclic torsion-free group. Then all groups in B(G) are also

torsion-free.

Proof. First we claim that if a sequence {z;} in G converges to = € G , and for some n € N,
z' — 1 (in profinite topology), then z; — 1 (in profinite topology). We proceed by induction
on rank r = rk(G) of G. It is trivial if r = 0,1. Let

l1-G -G53 Z—1

be an exact sequence of groups, where the multiplication in Z is denoted additively. Since
z; — x we have 7(z?) = nn(z;) — 0, hence m(x;) — 0, thus z; — o € G. Since 2™ = 1 and
rk(G1) < rk(G), by induction hypothesis we have x = 1. If for a group H, € B(G) there is
h € H, such that h™ = 1 then 7L (h)" = 1, where ¢, : G ~ H, is an isomorphism, and we

conclude that ¢ (h) =1, ie,h=1.n

1.5.1. Remarks. From 1.4, 1.5 and from the Remarks 1.4.1 above we see that, for a poly-
cyclic group G, in order to prove the finiteness of the B(G), one may substitute G by its strong
polycyclic torison-free subgroup of the form G?, and all groups H from B(G) by its torsion-
free subgroups. Thus from now on we may assume that all finitely generated nilpotent groups
under consideration are torsion-free. Moreover, we may further assume that they are given in
the matrix form, such that for every H € B(G) (including G) there is a faithful representation
H — GL,(Z) for some n, according to a well-known theorem of Malcev [Ma]. Then with respect
to this representation H C H(Z) and H(Z) is Zariski dense in H, where H is the Zariski closure
of H in GL,,(€2). Denote by GP the pro-p-completion of G, i.e., GP := inv.lim; (G/A;), where A;
run over subgroups of index equal to powers of a prime p. Since finite nilpotent groups are direct
products of their Sylow-subgroups, or more generally, for solvable integral matrix groups the
congruence subgroup problem has an affirmative solution, i.e., the profinite topology coincides

with the topology defined by congruence subgroups (see [Cha]), we conclude that
a=Tlc.
P
where p runs over all prime numbers. Therefore from above remarks we have

1.6. Proposition. With the assumptions made above (1.5.1) regarding the finitely generated
nilpotent group G and H € B(G) we have for all primes p

GP ~ HP.



2 Finitely Generated Nilpotent Groups

In this section we will prove the finiteness of the set B(G) of a finitely generated nilpotent group
G. According to Section 1, we may assume that G and all groups H € B(G) are torsion-free.

Then by a theorem of Malcev [Ma], each group H possesses a faithful matrix representation
H — U,(Z)

to the group of upper triangular unipotent integral matrices U,(Z). Denote by H := H the
Zariski closure of H in U,(€2). Then H is a unipotent group defined over Q. We will make
essential use of the structure of linear algebraic group on the group of rational automorphisms
of unipotent algebraic groups and also of a fundamental theorem of Borel [Bor] on the finiteness
of the number of double coset classes of Aut(G)(A), where Aut(G) denotes the Q-algebraic
group of rational automorphisms of G and A will denote the adéle ring of Q.

Via the matrix realization of G above, it is clear that GP is the p-adic closure of G in the
p-adic topology induced from GLy(Z,). By Proposition 1.6, for all prime numbers p we have
GP ~ HP and it is well-known (see e.g. [La, Ch. III], [Bou, Ch. III}, [DDMS, Ch. I]) that any
such isomorphism is a continuous isomorphism. The following lemma shows that this isomor-

phism is in fact a polynomial isomorphism.

2.1. Lemma. Let f, : GP ~ HP be an isomorphism of pro-p-groups. Then f is uniquely

extended to a Qp-polynomial isomorphism fp :G - H.

Proof. Since f, is continuous, it is also an analytic isomorphism of p-adic Lie groups (see
[DDMS, Ch. X], [La]). For a p-adic Lie group P we denote by Lie(P) the Lie algebra of P. It
is well-known ([Bou, Ch. III], [La], [DDMS, Ch. VII]) that there exists a open neighbourhood

V of zero in Lie(GP) such that the following diagram is commutative :
V L eap(V)
| dfy |4
dfy(V) = fyleap(V))

So we can take exp(V) in the form (GP)P", where (GP)P" is the subgroup of GP generated by
p*-powers in GP, such that the logarithm map log (which is inverse to exp) is defined on exp(V).
Since G and H have faithful unipotent representation, we may assume that both of them are

subgroups of U, (Z) for some n. Then the maps log and exp are given explicitly as follows
log(z) = (v ©F) &(x ©E)?/2+---+ (&) (z ©B)" 1/(n<1),z € GP,

exp(X) =FE+ X+ X?/21 +--- + X" 1 /(n &1), X € Lie(G"),



where FE denotes the n x n identity matrix. Now we know that log and exp are defined over all

GP and Lie(GP), respectively, hence we have

fp = expodfyolog,

i.e., fp is a Qp-polynomial map, thus it is uniquely extended to a Qj-isomorphism fp : G~ H.
[

We see that under our assumption made above, G and H are linear algebraic Q-groups
which are isomorphic locally everywhere. From [BS, Thm. 7.1] it follows that such groups lie in

finitely many Q-isomorphic classes. Thus we have

2.1.1. Corollary. For any finitely geberated torsion free nilpotent group G, the set B(G)

of G is a disjoint union of finitely many classes of groups H with Q-isomorphic Zariski closures.

It follows that we need only to prove the finiteness of any set of those groups in B(G) which
have Q-isomorphic Zariski closures. We consider any one of these, say with a representative G

and by abuse of notation we denote it again by B(G).
The following result shows the adele nature of the family (f,) of Lemma 2.1.

2.2. Lemma. With notation as in Lemma 2.1, for almost all p, fp is a Zp-polynomial isomor-

phism with respect to the given matrixz realization of the groups G and H.

Proof. Since f, is an isomorphism of p-adic analytic Lie groups, it maps a uniform subgroup?
of finite index Sg in GP onto a uniform subgroup of finite index Sy < HP (see [DDMS, Ch.
IV], [La, Ch. III], for more details). But Lie(Sq) ~ Lie(Sy) as Z,-Lie algebras (loc. cit.) so
df, must be a Zy-linear map. Denote by G (resp. H) the Zariski closure of G (resp. H) in
U, (€2). Since G and H are unipotent algebraic groups, they are connected. Thus fy|s, can

be extended to a rational homomorphism
fpigG:G%H:SVH.
But
fp = expo df, o log,

thus f), will be Z,-polynomial map for those p not lying in the set 7" of primes dividing (n <1)!.
Therefore f,, is defined over Z, for allp ¢ T. u

?p-saturable subgroup in terminology of [La]



We need the following technical lemma in the sequel.

2.3. Lemma. With above notation, let fi,..., fn be Q-rational functions over Gwhich are

linearly independent over Q. Then there exists x1,...,xn € G(Z) such that

det(fi(zj))1<ig<n € Q\ {0},

where G(Z) denotes the subgroup of Z-points of Gwith respect to the given matrixz realization.

Proof. We prove by induction on N. The case N = 1 is trivial. Notice that G(Z) is Zariski

dense in G. Denote

Let N > 1 and assume that we have found N <1 points x1,...,zy_1 such that
CcC = det(fi(xj)lgi,jgjv_l) 7'5 0.

Consider the following Q-rational function g(z) on G defined as follows

g(z) = f(mla "'7',1:N7172)7

and decompose the matrix g(z) after the last row we have

9(z) = a1 fi(z) +---+an_1fv-1(2) + cfn(2).

If for all z € G(Z) we had g(z) = 0, then due to the Zariski density of G(Z) in G, it would
follow that g(z) = 0. Hence ¢ = 0 since f1, ..., fy are Q-linearly independent, which contradicts

the choice of c. m

Denote by M = Aut(G) the group of rational automorphisms of G. It is well-known that M
has a natural structure of linear Q-algebraic group (see, e.g., [BS], or just look at the diagram
in the proof of Lemma 2.1). We need a specific realization of the group M, which plays a crucial

role in our arguments, as follows. Recall that A denotes the adele ring of Q.

2.4. Proposition. With above notation there is a realization of M as a linear algebraic Q-group
such that for every H € B(G) and for any Q-isomorphism g : H — G, the family (g o f,) (p

runs over all prime numbers) is belong to M(A).

Proof. First we fix a universal domain Q. It follows from results of [HM] (see the discus-
sion before Lemma 3.1 there), that G is a conservative Q-group, i.e., the group M acts locally
finitely on the Q-algebra Q[G] of regular functions defined over Q on G. As before, we fix an
embedding G — U, (Z) and let z;;(1 <4,j < n) be the coordinate matrix functions on G. Let



V' be the smallest finite dimensional Q-vector subspace of Q[G] containing z;;,1 < i,j < n,
which is M-invariant (i.e. V' is generated by x;; and their images under the action of M). Let
{f1,..., fn} be Q-regular functions over G which form a Q-basis of V' containing all z;; (notice
that all ;; are Q-linearly independent). By multiplying f; with a suitable integer, we may

assume that fj are all Z-polynomial functions. For ¢ € M let the action of ¢ be given as follows

¢: fi fiop= ElstNaz(?)fJ”
(#)

where a;;” € Q (=universal domain). Since the Q-basis {fi,..., fx} contains all coordinate

functions, it follows that the mapping
D: (az(?))

is a faithful Q-representation of M into GL(V), where the latter is identified with GLy(€2)
by means of the basis {fi,..., fnv}. Further we will identify M with a closed Q-subgroup of
GLx(€2). Thus

¢ € M(Z,) & d\)) € Z,, Vi,j.

Now let
fr:G~H
be the isomorphism extending the isomorphism f), : GP ~ HP (so fp is defined over Q, ) and let
g : H~ G be any Q-isomorphism.
We now choose elements 1, ...,zy as in Lemma 2.3. For the convenience, we denote a;; =
fv)

ol

;i s where p is fixed. Then we have the following systems of equations

fi(g o fo(z1)) = anfi(z1) + - + axn fv(z1)
(A1)

filge fo(zn)) = ann fi(zn) + - + arn fn(zn)

In(go fo(@1)) = anifi(@1) + - + ann fn(z1)

In(go folan)) = anifi(zn) +--- +annfn(zN)
Denote

ri=det(file;)) (L<i,j < N).

By our choice of f;, we have r € Z. By solving the system A; above with respect to a1, ..., an,

we have

Qi = (1/7")dl],VZ,j,

10



where d;; € Q). Denote
S := { prime numbers ¢ such that g is not defined over Z,
(i.e., g is not a Z,-polynomial map) }
and
T := { primes divisors of (n <1)!} .

It is clear that S and T are finite, so for p € SUT we have go f, € M(Z,) as required. m
The following is a well-known result of Malcev (see [Ma], [Ra, Ch. VI}).

2.5. Proposition. With notation as above, the group G has finite index in G(Z), i.e., G

is an arithmetic subgroup.

The following statement shows that the groups H € B(G) are uniquely determined by their

Zariski-closure and p-adic closures.

2.6. Proposition. For any H € B(G) we have
H(Q) N (A7) = H.

Proof. Denote the above intersection by R. It is clear that R C H(Z), H C R C HP, hence for
all p we have RP = HP. As consequence of the congruence-subgroup property, we deduce that

R = H. From Lemma 1.1 and Proposition 2.5 we derive that R = H. u

Remark. It is interesting to note that the question of whether the similar property as in
2.6 holds for arithmetic subgroups of almost simple simply connected groups over number fields
is a partial case of Platonov - Margulis conjecture.

We will need the following important property of finitely generated torsion-free nilpotent

groups [Mal.

2.7. Proposition. With above notation let f : G ~ H be an isomorphism. Then f can
be uniquely extended to a Q-polynomial isomorphism G ~ H.

2.8. Proposition. With above notation GP is of finite index in G(Z)p and for almost all

p we have

G* = G(Z)'.

11
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Proof. By Lemma 1.1 and Proposition 2.5 we have [G(Z) : G] = [G(Z) : G] < oo, and from
G - [[6@. 6=T[ "
P P
we derive the desired result. m

Denote by
C(G) ={(fp) € II, M(Qp) : fp(GP) = GP, for all p, and

fp € M(Z,) for almost all p}.

It is clear that C(G) is a subgroup of M(A). Next we want to parametrize the set 5(G) by
assigning to each H € B(G) a double coset class in M (Q)\M(A)/C(G) defined as follows :

Ifg: H~ G is a Q-isomorphism, fp : G ~ H is the isomorphism extending f, : G ~ H?
for all p, then we set

a(G, H) :== M(Q)(g ° /,)C(G).

According to Proposition 2.4, (g o f,) € M(A) so a(G, H) is an element of the set of double
coset classes M (Q)\M(A)/C(G).

2.9. Proposition. The correspondence defined above is a well-defined map which is con-

stant on isomorphism class of H, i.e., if H ~ K then o(G,H) = a(G, K).

Proof. First we have to show that the class M(Q)(g o f,)C(G) does not depend on the choice of

g and (fp).
Let ¢' : H ~ G be another Q-isomorphism, f, : GP ~ HP be an isomorphism with the

extension f[’) : G — H for all p. Then we have
(+) gofp=(g097)o(g o fp)o(fy o fp).
Since g o g'! is a Q-isomorphism of G, go ¢'~' € M(Q). For all p we have
- _1 — _ _
(fp o fp)(GP) = GP.

Hence for all p we have fl’,fl o f, € M(Q,) and thus for almost all p, fl’,fl o fp € M(Zy), because
f, and f, are so. Hence (lea_l o fp) € C(G). Thus

M(Q)(g 0 f)C(G) = M(Q)(g © f,)C(G).

To show that this map is constant on isomorphism classes, we let s : H ~ K be any
isomorphism of groups, i. e. H, K belong to the same isomorphism class in B(G). Let f, : GP ~

HP (resp. g, : GP ~ KP) be isomorphisms with extensions f, : G ~ H (resp. g, : G ~ K).

12



Moreover, s can be extended to s : HP ~ KP, which in turn can be extended to 5, : H~ K.
It is clear that 3, are all equal to the same 5: H ~ K due to the uniquenes of the extension by
Proposition 2.7 and s is defined over Q. Let f : H~ G (resp. g : K ~ G) be a Q-isomorphism.

Then we may argue as above (use (x)) to obtain the following

M(Q)(f o fp)C(G) = M(Q)((fos tog))o(gogy)o(g," 050 f)C(G)

= M(Q)(g © gp)C(G).

Proposition 2.9 is proved. =
The injectivity of the map H — a(G, H) now follows from the following

2.10. Proposition. If (G, H) and (G, K) have the same double coset class then H ~ K.

Proof. With notation as in the proof of Proposition 2.9, we have for all p

fo fp = gQ(g ng)hpa

where gq € M(Q) and (hy) € C(GQ) by the assumption. Denote f’' = gél of, gy = Ggpohyp. Then
for all p we have
fofp=g0g,
or
g of =g f,
ie., g7' o f'is a Q-isomorphism H ~ K, mapping HP onto K? for all primes p.
For h € H C H(Q) we have (¢! o f')(h) € K(Q), and (¢ ! o f')(h) € KP for all p. Thus

(97" o f)(h) € K(Q) N (N,E?) = K
by Lemma 2.6. Hence (¢! o f/)(H) C K. Similarly we have
(f"tog)(K) C H,
ie., (f~'of)(H)= K, and H ~ K. The Proposition 2.10 is proved. m
Preceding observations show that the number of isomorphism classes in B(G) is not greater
than the cardinality of M(Q)\M(A)/C(G). We want to show that the latter is finite. Define
D =D(G) := {(ap) € C(G) : ap € M(Zy) ,Vp},

i.e, D=C(G) N M(A(c0)), where A(oco) denotes the subring of finite adeles of A. In particular
we have

Card(M(Q)\M(A)/C(G)) < Card(M(Q)\M(A)/D).

13



Next we need the following

2.11. Proposition. With above notation the group G(Z) satisfies integral approzimation

i p for all p, i.e., we have

G(Z)" = G(Z,).

Proof. 1t is well-known (see [Bor|) that any Q-unipotent group G has strong approximation

property. In particular we have
=77 P
G(Zy) = G(Qy),

where Z,y denotes the localization of Z at pZ. Then for x € G(Z;) there exists a se-
quence {z;},r; € G(Z(,)), such that z = lim =x; in the p-adic topology. Since x € G(Z,)
and z; € G(Z,)), there is N such that for n > N we have 2, € G(Z). u

The following proposition plays a crucial role in the proof of the finiteness of Card(M (Q)\M (A)/D).

2.12. Proposition. There is only a finite number of subgroups of a given finite index m
in G(Zp).

Proof. Let R be a subgroup of index m in G(Z,). First we assume that R is a normal
subgroup. Then by considering the factor group G(Z,)/R we conclude that R contains the
subgroup G(Z,)™ of G(Z,) generated by the m-powers. Then it suffices only to prove that

G(Z,) : G(Z,)"] < .

We will proceed by induction on dim(G). If dim(G) = 1 then G ~ G, and the assertion is true.
Assume that the above inequality holds true for dim(G) < s <1. Now let dim(G) = s. Since

G is unipotent, there exists an exact sequence giving the ”splitting” of G :
1-G —-G5G,— 1.

Here Gy is a normal Q-subgroup of G, and 7 is defined over Q. We deduce from this the

following exact sequence

1 - G1(Qy) = G(Qy) & Gu(Q,) — H(Q,, Gy).

Since 1-Galois cohomology of G is trivial (see e.g. [BS]), 7’ is surjective. Since G, is commu-

tative, it is clear that [7'(G(Z,)) : 7'(G(Zp)™)] < oo, so from this it follows that

[G1(Qp)G(Zy) : G1(Qp)G(Zy)™] < 00,

or

(G(Zy) : G(Zy)™ (G1(Qp) NG(Zy))] < 20
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or

(G(Zp) : G(Zp)"G1(Zy)] < o0
But we have

(G(Zy)"G1(Zy) : G(Zyp)™] = [G1(Zyp) : G1(Zy) N G(Zy)™]

< [Gl(Zp) : Gl(Zp)m] < o0

by induction hypothesis. The proposition is proved in this case.

Now we assume that R is not normal in G(Zj;). Then it is well-known that R contains a sub-

m!

group Ry normal in G(Z,) and of index [G(Z,) : Ry] dividing m!, hence Ry contains G(Zj)
Then the above proof shows that [G(Z,) : G(Z,)™] < oo, therefore the proposition follows. m

The same proof of Proposition 2.12 gives the following (compare with [Seg2])

2.12.1. Proposition. There is only a finite number of subgroups of G(Qp) containing G(Zy)

with given index m. n

Now we set
M(Zy,GP) = {f € M(Z,) : f(G?) = G*}.

From Propositions 2.8 and 2.11 we know that GP? = G(Z,) for almost all p (say, for all p outside
a finite set W of primes). By the choice of the functions f; (in the proof of 2.4), they are
Z-polynomial functions. So if f € M(Z,) then we have f(G(Z,)) = G(Z,). Hence for p ¢ W
we have

M(Zpaép) = M(Zp)-

We need also the following
2.13. Proposition. M(Z,, G?) is of finite index in M(Z,).

Proof. Let
t=[G(Zp) : G¥] < o,

and GP = Aj,..., Aj be all subgroups of G(Z,) of index ¢ (see Prop. 2.12). Then for any
f € M(Z,) we have

thus f acts transitively on the set {A;,..., A;x}. Therefore we obtain a homomorphism
Y M(Zy) = Sk,

15



where S; denotes the symmetric group on k£ symbols. Consequently we have
[M(Z,) : Ker 9] < oco.

It is obvious that Ker 1 C M(Z,, G?) and the proposition follows. m
Now we are able to show

2.14. Proposition. With above notation we have
Card(M(Q)\M(A)/D) < co.

Proof. We have
Card(M(Q)\M(A)/D) =
= Card(M(Q)\M(A)/(Tygw M(Zp) x [pew M(Zp, G?)))
< Card(M(Q)\M(A)/M(A(00))) % [Tpew[M(Zy) : M(Z,,G?)]

< 00

by the main theorem of Borel [Bor| and by Proposition 2.13. n
Summing up we have proved the following

2.15. Theorem. [Pi] For any finitely generated nilpotent group G the number of isomor-
phism classes in B(G) is finite.

Remark. In [T] we give some applications of the method treated here to other class of discrete

subgroups of Lie groups and prove a similar finiteness result.
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