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Abstract

An ambient �eld generated in the electron-positron plasma due to uctuation or other rea-

sons, may be enhanced by intense ultra short electromagnetic radiation and e� bunches may be

accelerated to high energies. The phenomenon is well matched with the cause of pulsar winds

in the polar cap region and it may be accomplished in the laboratory with the ultra short laser

pulses.
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Pulsar winds have been mapped for the Crab and Vela pulsars as the ux of relativistic

pair plasma. It is argued that polarized e� bunches are ejected from near the polar caps at

high Lorentz factors [1]. Cascade generation of e� which occurs in the pulsar magnetosphere

via curvature radiation, is noted [2,3]. Intense electromagnetic radiation propagating in the

polar cap region of the pulsar magnetosphere may generate a huge potential di�erence which

causes the pulsar winds. In this paper, we study such a mechanism analytically. We investigate

the nonlinear propagation of intense electromagnetic radiation in an electron - positron plasma

with an ambient potential due to thermal or other physical reasons. It is found that a short

pulse of intense radiation with the group velocity very close to the speed of light may excite

large amplitude ambipolar potential, subsequently intense wake�elds to accelerate e� bunches

to high energies. Recent success in the con�nement of e� plasma in penning traps [4,5] and

the possibility of having intense laser radiation [6] may accomplish such an experiment in the

laboratory.

The system is described by the cold relativistic two uids equations. The longitudinal motion

is given by the continuity equation

@tns +r � nsvs = 0; (1)

and the z component of equation of motion

@tPsz = �es
c
@tAz � es@z��mc2@zs; (2)

where, s = (�;+) represents the electron, positron plasma species, m is the rest mass, s =

(1 + P 2
s =m

2c2)1=2 is the relativistic factor and Psz is the longitudinal momentum. Az is vector

potential of the ambient �eld and � is the scalar potential, for which the Lorentz gauge

1

c
@t�+ divA = 0; (3)

is considered. For one dimensional variations (in z) the symmetry of the problem permits [7,8]

elimination of transverse momentum by the exact integration Ps? = �esA?=c, where A? is

the vector potential of the propagating electromagnetic radiation. We introduce the following

dimensionless quantities:

t! !pt; z ! kpz; kp = !p=c; !p = (4�e
2n0
m )1=2;P! P

mc ;A? ! eA?
mc2 ; �! e�

mc2
;Ns ! ns

n0
:

Then the equations for the potentials are

(@2z � @2t )� = N� �N+; (4)

(@2z � @2t )A? = (
N�

�
+
N+

+
))A?; (5)

@2tAz = �@t(@z�)� (N�V� �N+V+); (6)

where, Vs = Psz=s and s =
q
1 +A2

? + P 2
sz.

We assume that all quantities are the functions of new independent variables (�; �), where

� = z � vgt and � = t; vg(! vg=c) is the dimensionless group velocity of the propagating

radiation. In these new variables, the continuity and the longitudinal motion are described by

the equations

@�Ns � @�[Ns(vg � Vsz)] = 0; (7)
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@� (Psz +Asz) = @�(vgAsz � �s � s + vgPsz); (8)

where A�z = �Az; A+z = Az and �� = ��;�+ = � respectively.

We consider an ultra short electromagnetic (laser) radiation propagating through the plasma.

In this case � may be considered much smaller than the characteristic time of changing the

envelope of A?. Thus a quasistatic approximation may be taken into account [9]. In this

approximation, the continuity equation gives

N� =
vg

vg � V�
;N+ =

vg
vg � V+

; (9)

and the equation for longitudinal motion yields an integral of motion

s + �̂s � vgPsz = 1; (10)

where �̂s = �s � vgAsz. Since Psz = sVsz, from the above integral of motion, we �nd

V� =
1

vg�
(�̂� + � � 1); (11)

V+ =
1

vg+
(�̂+ + + � 1); (12)

Furthermore, the equation for Az [Eq.(6)] yields the relation

Az = A0z +�; (13)

where A0z is the potential of the ambient �eld.

Using the de�nition of s and eliminating Psz from the integral of motion, s may be ex-

pressed in terms of potentials, explicitly

� =
1

1� v2g
f(1 � �̂�)� vg

q
(1� �̂�)2 � (1� v2g)(1 +A?)g; (14)

+ =
1

1� v2g
f(1 � �̂+)� vg

q
(1� �̂+)2 � (1� v2g)(1 +A?)g; (15)

with

�̂� = �(1� v2g)� + vgA0z; �̂+ = (1� v2g)�� vgA0z; (16)

respectively.

Now, we can write the coupled set of �eld equations which describes the 1D nonlinear

interaction of intense electromagnetic �eld with the ambient potential and the e� plasma in the

quasistatic approximation:

[(1� v2g)
@2

@�2
+ 2vg

@2

@�@�
� @2

@�2
]A? = v2g [

1q
(1� �̂�)2 � (1� v2g)(1 +A2

?)
+

1q
(1� �̂+)2 � (1� v2g)(1 +A2

?)
]A?; (17)
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@2�� =
v2g

1� v2g
[

1� �̂�q
(1� �̂�)2 � (1� v2g)(1 +A2

?)
� 1� �̂+q

(1� �̂+)2 � (1� v2g)(1 +A2
?)

]: (18)

We are considering a very short pulse of radiation. Therefore, the modulation of pump

radiation in this ultra short time may be ignored. We suppose that

A? = A?0 +�A?; (19)

where, j�A?j � jA?0j.
Thus Eq.(17) takes the form

[(1 � v2g)
@2

@�2
+ 2vg

@2

@�@�
� @2

@�2
]�A? =

v2g
1� v2g

[
1q

(1� �̂�)2 � (1� v2g)(1 +A2
?0)

+

1q
(1� �̂+)2 � (1� v2g)(1 +A2

?0)
]�A?: (20)

For larger �, it is seen that the right-hand side of equation (20) is small, and thus �A

changes periodically a little in the ultra short time of interaction, and it is con�rmed in a later

calculation. Therefore Eq.(18) is decoupled and it may be written as

@2�� =
v2g

1� v2g
[

1� �̂�q
(1� �̂�)2 � (1� v2g)(1 +A2

?0)
� 1� �̂+q

(1� �̂+)2 � (1� v2g)(1 +A2
?0)

]; (21)

where, �̂� and �̂+ are de�ned by the equation (16).

It is seen that initially for � = 0 and A0z = 0, the right-hand side (rhs) of equation (21) is

zero. But for A0z 6= 0 ( although � = 0 ), it is not zero. Thus we see that A0z is one of the

determining factors for the generation of intense ambipolar �eld by electromagnetic radiation.

Therefore, we numerically solve equation (21) with the boundary conditions:

�(0) = 0;�0(0) = 0, for the values of A?0 = 1:4; vg = :9999; A0z = :001. The solution is

shown in Fig.1
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FIG. 1. Generation of intense ambipolar potential in the pulsar environment. � is the

generated ambipolar potential, A?0 = 1:4 is the pump radiation, vg = :9999 is the group

velocity and A0z = :001 is the ambient potential.

As we are considering the unmodulated pump radiation during the time � = �=vg, the

derivative @
@� in Eq.(20) may be put to zero. Therefore, we solve equation (20) along with

equation (21) for the short time of interaction. The periodic evolution of pump radiation is

shown in Fig.2.
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FIG. 2. Pump wave during the short time of interaction. A?0 = 1:4; vg = :9999; A0z = :001:
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The wake �eld generated during the interaction may also be calculated using the relation

E = �d�

d� . It is calculated and it is shown in Fig.3. The �eld is found to be maximum at the

mid value of the generated �. It means the maximum wake �eld is generated at half of the time

taken to create the saturated ambipolar potential.
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FIG. 3. Wake �eld generation during the ultra short interaction.

A?0 = 1:4; vg = :9999; A0z = :001:

Now, we are interested to �nd some analytical interpretation of the numerical results. We

see that equation (21) admits an integral of motion, which is given by

(
d�

d�
)2 + V (�) = 0; (22)

where,

V (�) = 2vg
4
g [

vuut(1 + vgA0z)2 � 2
0?

2g
+

vuut(1� vgA0z)2 � 2
0?

2g
�

vuut(1� �

2g
+ vgA0z)2 � 2

0?

2g
�
vuut(1 +

�

2g
� vgA0z)2 � 2

0?

2g
]; (23)

with g =
1p
1�v2

g

and 0? =
q
1 +A2

?0:

We plot V (�) as a function of �, which is shown in Fig. 4.
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FIG. 4. Potential well for � generation, A?0 = 1:4; vg = :9999; a) A0z = 0(above) b)

A0z = :001(below).

We see from Fig.4a that for A0z = 0; V (�) is always positive. But for A0z 6= 0 (Fig.4b), it is

negative between � = 0 and � = �max, and then it becomes positive for higher values of �. It

means, that in the absence of ambient potential, we have only the periodic solution but in the

presence of the ambient potential we may have growing as well as localized periodic solutions

for �. The solution is given by an elliptical integral in the form

� = �
Z

d�p�V (�) ; (24)

where, V (�) is given by equation (23).
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For vg ! 1; g ! 1, and thus
2
0?

2
g

! 0: In that case, from the condition V (�) = 0, we

may �nd

�max � 2A0zvg
2
g : (25)

Thus with an ambient potential A0z in e� plasma, an electromagnetic radiation with the

group velocity very close to the speed of light, may generate a huge electrostatic potential, which

may accelerate secondary particles to high energies. With an intense ultra short laser radiation

this phenomenon may be accomplished in the laboratory for the wake �eld acceleration of par-

ticles in plasmas with the species of similar masses.
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