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A short overview of recent progress in describing kaon and pion decays within
Chiral Perturbation Theory is presented. Particular attention is devoted to the
issues of final-state interactions and isospin breaking in K → 2π, as well as to the
estimate of long-distance contributions in K → ℓ+ℓ−(π).

1 Introduction

The weak decays of light pseudoscalar mesons, namely the decays of kaons
and charged pions, represent the widest domain of applicability of Chiral Per-
turbation Theory (CHPT). The field is certainly dominated by kaon decays,
with about 50 different channels observed so far, which constitute by them-
selves one of the richest sources of information about the Standard Model as
a whole.

The interest and the variety of such decays is definitely too large to be
covered in one talk. I will therefore concentrate on few selected topics, not
covered by other plenary speakers, among those where interesting work has
recently been done. In the next section I will review the development in
the construction of chiral Lagrangians without baryon fields. Two hot topics

in K → 2π decays, namely the issues of final-state interactions and isospin
breaking, will be discussed in section 3. Section 4 is devoted to the rare
processes K → πℓ+ℓ− and KL → ℓ+ℓ−, and the last section contains some
concluding remarks.

2 Developments in the construction of chiral Lagrangians

Kaon and charged-pion decays are usually classified into two large categories:
(semi-)leptonic (including all pion decays) and non-leptonic. As long as elec-
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tromagnetic interactions are neglected, the two categories have very different
properties from the point of view of chiral dynamics:

• In semileptonic transitions, where the lepton pair interacts with the
mesons only via the W boson, the latter can be considered as an external
field. These transitions can therefore be simply described in terms of the
strong generating functional of CHPT, with an appropriate identification
of the external sources.1

• In non-leptonic decays, where quarks lines are attached to both vertices
of the W propagator, the latter cannot be considered as an external
field. These processes can be described within CHPT introducing a new
generating functional, that transforms linearly under chiral rotations as
the four-quark |∆S| = 1 effective Hamiltonian.2

The structure of both functionals has been known up to O(p4), i.e. to the
next-to-leading order, for several years, allowing a systematic inclusion of
meson–meson interactions up to one loop in both types of processes.1,2 The
number of low-energy couplings (LECs) appearing at O(p4) is apparently
large: 12 in the strong sector and 37 in the octet part of the weak non-leptonic
functional. Nonetheless the theory still has a good predictive power since only
few LEC combinations appear in physical processes.3 More recently, also the
O(p6) structure of the strong generating functional has been determined,4

leading to a systematic inclusion of mesonic two-loop effects in semileptonic
processes. The total number of O(p6) strong LECs is definitely large (about
one hundred), but a few accurate predictions can still be made concerning
specific observables.5

The distinction between semileptonic and non-leptonic processes becomes
less clear when electromagnetic interactions are taken into account. Indeed the
W boson can no longer be considered as an external source if the charged lep-
ton interacts electromagnetically with the pseudoscalar fields. On the other
hand electromagnetic corrections to the leading O(p2) terms cannot be ne-
glected with respect to the purely mesonic two-loop effects. As we shall dis-
cuss in section 4, electromagnetic interactions play an even more important
rôle in non-leptonic transitions, where they could compete already with the
O(p2) terms in ∆I = 3/2 transitions.

The first step toward a systematic inclusion of electromagnetic effects has
been undertaken almost five years ago,6 with the determination of the O(e2p2)
local terms needed to regularize the one-loop divergences induced by virtual
photons in the strong sector. This step, however, was not sufficient for a
complete treatment of O(e2p2) effects, be it in semileptonic or in non-leptonic
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decays. Interestingly, the missing ingredients for this program have recently
become available: Knecht et al.7 have determined the additional divergences
(and associated counterterms) generated at one loop in the strong sector by
the presence of virtual leptons. Finally the effect of virtual photons in non-
leptonic |∆S| = 1 transitions has been taken into account in a systematic way
up to O(e2p2).8,9

Given this situation, we can state that the structure of chiral Lagrangians
is known, at present, to a very good accuracy for almost all decays of phe-
nomenological interest. Nonetheless this is only one side of the problem, the
other being the determination of the LECs. As I will discuss in the following,
substantial improvements are still needed in the latter direction in order to
match the potential degree of precision allowed by the present knowledge of
chiral Lagrangians.

3 K → 2π

Neglecting isospin-breaking (and electromagnetic) effects, K → 2π amplitudes
can be decomposed as follows

A(K0 → π+π−) = A0e
iδ0 +

1√
2
A2e

iδ2 ,

A(K0 → π0π0) = A0e
iδ0 −

√
2A2e

iδ2 ,

A(K+ → π+π0) =
3

2
A2e

iδ2 , (1)

where AI are the weak amplitudes (real in the absence of CP violation) and
δI denote the S-wave strong phases of the ππ system in isospin I. As is
well known, the ratio ω = |A2/A0| is found experimentally to be very small
(ω ∼ 1/22), and a precise dynamical explanation of this result (the ∆I = 1/2
rule) is one of the most challenging open problems in understanding non-
leptonic weak decays.

The effective |∆S| = 1 four-quark Hamiltonian contributing to these pro-
cesses contains operators that transform as (8L, 1R) and (27L, 1R) under chiral
rotations.a Both these structures have a unique chiral realization at O(p2),
which leads to the following simple Lagrangian:b

L(2)
W = G8F

4
[

DµU †DµU
]

23

a Consistently with the assumption of neglecting isospin-breaking effects, at this level we
can neglect the (8L, 8R) term induced by electromagnetic interactions.
b Notation is as in D’Ambrosio et al.3
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+ G27F
4

[

(U †∂µU)23(∂µU †U)11 +
2

3
(U †∂µU)21(∂µU †U)13

]

+ h.c. (2)

The dimensional couplings G8 and G27 are free parameters from the point
of view of pure CHPT, which by itself is not expected (at least at the low-
est order) to shed light on the origin of the ∆I = 1/2 rule. The latter is
phenomenologically implemented by fitting G8 and G27 from K → 2π ampli-
tudes:

|G8|exp
ππ = 9.1 × 10−6 GeV−2 , |G27/G8|exp

ππ ≃ 1/18 . (3)

Once G8 and G27 have been fixed, CHPT becomes predictive and efficient in
describing other processes, such as K → 3π decays.

The puzzle of the ∆I = 1/2 rule arises in the attempt to derive (3) from
the underlying SM dynamics. Indeed, in the strict Nc → ∞ limit of QCD,
when the dominant operators in the effective four-quark Hamiltonian have no
anomalous dimension and their hadronic matrix elements can be factorized,
one finds:

|G8|thNc→∞ = |G27|thNc→∞ = 1.1 × 10−6 GeV−2 . (4)

The situation slightly improves when QCD corrections to the Wilson coeffi-
cients of the effective four-quark Hamiltonian are taken into account. Eval-
uating the latter the leading order with a renormalization scale µ ∼ 1 GeV,
and still employing factorized matrix elements, leads to an enhancement fac-
tor ∼ 2 for G8 and a suppression of around 0.7 for G27. This estimate is not
very precise, since the matrix elements of the four-quark operators (〈Qi〉) do
not have, at this level, the correct scale dependence needed to match the one
of the Wilson coefficients; nonetheless it shows that the bulk of the effect is
still missing. In particular an enhancement factor of about 4 is still needed
in the ∆I = 1/2 amplitude. If the Wilson coefficients are evaluated at a scale
µ >

∼ 1 GeV, condition necessary to trust their perturbative estimate, this en-
hancement can only be addressed to matrix elements that differ substantially
from their factorized values.

3.1 Final-state interactions

The evaluation of hadronic matrix elements is a non-perturbative problem
related mainly to low-energy dynamics. It is therefore natural to address the
question whether CHPT can help to clarify it, once effects beyond O(p2) are
taken into account.

An interesting suggestion in this direction has recently been proposed by
Pallante and Pich,10 following an older work by Truong.11 Their proposal is
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based on the observation that the large ππ scattering phase in I = 0 signals a
large final-state interaction (FSI) effect, not well described by CHPT at lowest
order, where there is no absorptive contribution to the decay amplitudes. This
observation is certainly correct, as it can be checked by the explicit O(p4)
CHPT calculation of Kambor et al..12 There, it has been shown that pion
loops provide a sizeable renormalization of G8. The amount of this effect,
however, cannot be unambiguously determined within CHPT alone, owing to
the presence of O(p4) local operators with unknown couplings.c The further
assumptions employed by Pallante and Pich in order to obtain a quantitative
information about the 〈Qi〉 are that i) FSI effects can be unambiguously re-
summed to all orders in CHPT using an Omnès factor,11 ii) in some cases
(most notably in the case of the operator Q6 relevant to ε′/ε) this FSI effect
constitutes the dominant correction with respect to the large Nc estimate of
the matrix element.

The use of dispersion relations (and the corresponding Omnès solution)
provides, in some cases, an efficient tool to resum FSI effects. However this
is hardly justified in the context of K → ππ amplitudes.14 In order to apply
this tool to K → ππ one could try to treat mK and s = (pπ1

+ pπ2
)2 as

two independent variables, but in this case one would have to deal with the
(unknown) effect of operators that are eliminated by the equations of motion.
Otherwise, identifying s and m2

K , one should be worried by the impact induced
on ππ phases by a variation of the kaon mass.

Besides the justification of this approach, an even more serious problem is
posed by the fact that the Omnès solution does not completely determine the
amplitudes. In the most optimistic case it can be used to relate the physical
amplitudes to those obtained at a different value of s.14 Not surprisingly, this
problem is somehow equivalent to the issue of determining the local O(p4)
terms within CHPT. Thus we are back to the starting point, unless we make
the further assumption that large Nc provides a good estimate of some 〈Qi〉 at
s = 0. Again it is hard to find a justification of this hypothesis, in particular
it is not clear at all whether large Nc should work better at s = 0 than at
large s. The argument that chiral corrections are small at s = 0 does not help
since one should rather be worried by the size of 1/Nc corrections. Moreover, if
s 6= m2

K , one could still expect sizeable chiral corrections driven by mK rather
than s that are potentially large at s = 0. Finally, we note that applying this
procedure to all the ∆I = 1/2 operators does not lead to reproducing the

c Assuming for instance that the effect of the local operators is negligible at a given CHPT
renormalization scale µχ (not to be confused with the renormalization scale of the four-
quark Hamiltonian), and varying this scale between 0.5 and 1 GeV, one finds that pion
loops provide an enhancement of A(4) over A(2) that ranges between 20% and 80%.13
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observed |A0|. Indeed the FSI enhancement factor computed in this way10 is
only ∼ 1.5, to be compared with the factor 4 needed by the data. It is thus
clear that, at least in some cases, this procedure is incomplete.

Having pointed out these problems, it should also be stressed that the
work of Pallante and Pich10 had the merit of focusing the attention on a
potentially large effect, sometimes ignored in the literature, which needs to
be taken into account when trying to evaluate K → ππ matrix elements of
four-quark operators. I believe that a satisfactory solution to this problem
can only be achieved within a self-consistent calculation of the full disper-
sive contribution to the 〈Qi〉. Several attempts in this direction exist in the
literature, using both analytical tools and lattice QCD. In the first category
there have been encouraging results (obtained by means of different strate-
gies) concerning the ∆I = 1/2 rule15 and the matrix elements of electroweak
operators.16 Nonetheless all the analytical methods are still far from having
reached the precision needed to push the theoretical error on ε′/ε below 10−3

(assuming this is estimated in a conservative way. . . ). In the long term, lat-
tice QCD seems to be much more promising, especially in view of some recent
theoretical developments in this field.17

3.2 Isospin-breaking effects

Violations of isospin symmetry are generated by the mass difference between
up and down quarks and by electromagnetic interactions. The two types of
effects are comparable in size and generally small in the K system (∼ 1%).
In K → 2π decays, however, these could be enhanced by a factor 1/ω if an
isospin-breaking (IB) correction to A0 leads to a ∆I > 1/2 transition. Thus,
whereas we can safely neglect IB corrections proportional to G27, and effects
quadratic in (md − mu) or α, it is important to treat in a systematic way
terms of O[G8(md − mu)pn] and O(G8e

2pn).
Once IB effects are included, the amplitude decomposition (1) is no longer

valid. In this case a useful parametrization is provided by8

A(K0 → π+π−) = A1/2e
i(δ0+γ0) +

1√
2
(A3/2 + A5/2)e

i(δ2+γ2) ,

A(K0 → π0π0) = A1/2e
i(δ0+γ0) −

√
2(A3/2 + A5/2)e

i(δ2+γ2) ,

A(K+ → π+π0) =

[

3

2
A3/2 − A5/2

]

ei(δ2+γ′

2
) , (5)

where again the Ai are real in the absence of CP violation.d

d In the CP-conserving case (5) provides the most general parametrization of three complex
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As long as O[G8(md − mu)pn] effects are concerned, it is easy to show
that both γi and A5/2 are zero to all orders. Thus the main effect induced by
md 6= mu is only a shift in A3/2, usually parametrized by the ratio

ΩIB = δA3/2/(ωA1/2). (6)

At the lowest order, O[G8(md − mu)p0], only the π0–η mixing in the strong

Lagrangian (L(2)
S ) contributes to ΩIB, leading to the unambiguous result

Ω
(2)
IB = 0.13. Interestingly at this level ΩIB is a universal correction factor, i.e.

it applies independently to all the ∆I = 1/2 matrix elements of four-quark
operators. Also at O[G8(md − mu)p2] there is a contribution coming from
the mixing on the external legs that is universal and calculable unambigu-
ously from the strong Lagrangian. This has recently been evaluated18 and,

summed to the lowest-order result, leads to Ω
(4−mix)
IB = 0.16± 0.03. However

this is not the full story at O[G8(md−mu)p2], since at that order there appear
also contributions from O(p4) weak counterterms which are not universal and
not known from data. At the moment these can only be estimated by means
of model-dependent assumptions, and some recent analyses19,20 indicate size-
able effects, comparable in size to the one of the leading-order term. It should
also be noted that a positive ΩIB worsens the problem of the ∆I = 1/2 rule,
indicating that in the isospin limit the ratio |A2/A0| should be smaller than
ω. It is thus more likely that the remaining O[G8(md −mu)p2] terms will de-
crease ΩIB, rather than enhance it, in agreement with the recent findings.19,20

At the moment, in the absence of precise estimates, what can be considered
a conservative approach toward phenomenological analyses is the use of two
independent ΩIB for CP-conserving and CP-violating parts of the amplitudes,

with a central value close Ω
(2)
IB and a ∼ 100% error in both cases.

Given the absence of O[G8(md − mu)pn] contributions in A5/2 and γi,
these terms are expected to be mainly of electromagnetic origin. Present
data show some evidence for these effects. Indeed fixing the phase difference
(δ0 − δ2) from ππ scattering, setting γi = 0 and fitting K → ππ widths
leads to extract a non-vanishing ∆I = 5/2 amplitude:21 ℜ(A5/2/A1/2) =
−(7 ± 2) × 10−3. Interestingly this is of the correct order of magnitude,
being O(αA1/2). At this point, however, an important warning should be
made concerning the unclear treatment of soft radiation in the K → ππ data
available at present. This issue is very important in this context,22 and it is
highly desirable to have a clearer experimental information in this respect,
together with more precise measurements of K → ππ widths. Hopefully these
should become available in the very near future from KLOE.23

numbers.
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From the theoretical point of view, electromagnetic effects have a rather
trivial structure at O(G8e

2p0), where there are no contributions to A5/2 and
γi. At this level there are two contributions to ΩIB, one from the π+ − π0

mass difference, the other from the lowest-order realization of a |∆S| = 1 op-
erator transforming as (8L, 8R). Only the former is calculable unambiguously,
but the cancellation of quadratic divergences in the photon loops is a strong
indication that the two contributions tend to cancel each other, leading to an
overall small effect. This expectation is supported by a detailed analysis of
Cirigliano et al.24 and seems to indicate that ΩIB is largely dominated by the
md 6= mu effects discussed before.

The interesting aspects of electromagnetic effects appear at O(G8e
2p2),

with a non-vanishing ∆I = 5/2 amplitude and also with the bremsstrahlung
of the leading O(G8e

0p2) terms.22 As already mentioned, the structure of
the local O(G8e

2p2) operators and their anomalous dimensions has recently
been analysed,9 but a precise evaluation of their couplings is not available
yet. Despite this uncertainty some interesting conclusion can still be drawn.
For instance Cirigliano et al.8 have been able to show that also at O(G8e

2p2)
electromagnetic contributions to ΩIB are rather small (at the per cent level).
On the other hand more work is needed to understand the size of the ∆I = 5/2
amplitude, and new precision data on K → ππ widths could be of great help
in this direction.

4 Rare K → ℓ+ℓ−(π) decays

The rare processes K → πℓ+ℓ− and KL → ℓ+ℓ− are particularly interesting
since they offer, at the same time, a new laboratory for understanding chi-
ral dynamics and a rather clean window on the short-distance mechanism of
flavour-changing neutral currents.

4.1 K → πℓ+ℓ−

The single-photon exchange amplitude (K → πγ∗ → πℓ+ℓ−) is largely dom-
inant in these channels when allowed by CP invariance. This occurs in the
charged modes, experimentally observed for both ℓ = e and ℓ = µ, and in the
decays of the KS. This long-distance amplitude can be described in a model-
independent way in terms of two form factors, W+(z) and WS(z), defined
by25

i

∫

d4xeiqx〈π(p)|T {Jµ
elm(x)L∆S=1(0)} |Ki(k)〉 =
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Wi(z)

(4π)2
[

z(k + p)µ − (1 − r2
π)qµ

]

, (7)

where q = k − p, z = q2/M2
K and rπ = Mπ/MK . The two form factors are

non-singular at z = 0 and, because of gauge invariance, vanish to O(p2).26

Beyond lowest order one can identify two separate contributions to the Wi(z):
a non-local term, Wππ

i (z), due to the K → 3π → πγ∗ scattering, and a local

term, W pol
i (z), that encodes contributions of the LECs. At O(p4) the local

term is simply a constant, whereas at O(p6) also a term linear in z arises.
Already at O(p4) chiral symmetry alone does not help to relate WS and W+,
or KS and K+ decays.26

Recent results27 on K+ → π+e+e− and K+ → π+µ+µ− by E865 indicate
very clearly that, owing to a large linear slope, the O(p4) expression of W+(z)
is not sufficient to describe experimental data. This should not be considered
as a failure of CHPT, rather as an indication that large O(p6) contributions
are present in this channel. Indeed the O(p6) expression of W+(z) fit the data
very well; this is not only due to the presence of a new free parameter, but also
to the presence of the non-local term. The evidence of the latter provides a
real significant test of the chiral approach. It should also be stressed that the
appearance of a large O(p6) correction in this channel can be qualitatively
understood in terms of vector-meson exchange. A quantitative test of this
hypothesis could be performed with the observation of the KS → π0e+e−

decay, whose branching ratio is expected in the 10−9–10−8 range.e

In KL → π0e+e− the long-distance part of the single-photon exchange
amplitude is forbidden by CP invariance, but it contributes to the processes
via KL–KS mixing, leading to

B(KL → π0e+e−)CPV−ind = 3 × 10−3 B(KS → π0e+e−) . (8)

On the other hand, there is also a sizeable direct-CP-violating contribution to
this channel that is dominated by short-distance dynamics.29,30 Within the
SM, this theoretically clean part of the amplitude leads to30

B(KL → π0e+e−)SM
CPV−dir = (2.5 ± 0.2) × 10−12

[ℑ(V ∗
tsVtd)

10−4

]2

, (9)

where Vij denote the elements of the Cabibbo–Kobayashi–Maskawa matrix.
The two CP-violating components of the KL → π0e+e− amplitude will in
general interfere with a relative phase that is known (the phase of ε). Thus
if B(KS → π0e+e−) will be measured, it will be possible to determine the
interference between direct and indirect CP-violating components of B(KL →
e An experimental upper limit of 1.6 × 10−7 has recently been obtained by NA48.28
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π0e+e−) up to a sign ambiguity. Given the present uncertainty on B(KS →
π0e+e−) we can only, for the moment, set a rough upper limit of few×10−11 on
the sum of all CP-violating contributions to this mode,25 which is almost one
order of magnitude below the recent experimental upper bound by KTeV.31

An additional contribution to KL → π0ℓ+ℓ− decays is generated by the
CP-conserving amplitude KL → π0γγ → π0ℓ+ℓ−.32 Here again chiral dynam-
ics, together with data, helps us to put bounds on this long-distance effect.
The recent results28,33 on KL → π0γγ at small Mγγ indicate that this con-
tribution is small in the electron channel (<

∼ 2 × 10−12). In addition the
CP-conserving amplitude does not interfere with the CP-violating one in the
total width and, in principle, it could be experimentally constrained by means
of a Dalitz plot analysis. In view of these arguments, the CP-conserving con-
tamination should not represent a serious problem for the extraction of the
interesting direct-CP-violating component of B(KL → π0e+e−).

4.2 KL → l+l−

The dominant contribution to these transitions, for both ℓ = e and ℓ = µ, is
generated by the intermediate two-photon state. This leads to an absorptive
amplitude computed unambiguously by means of Γ(KL → γγ) and a disper-
sive one that is more difficult to estimate, depending on a priori unknown
LECs.

In KL → e+e− the dispersive integral of the KL → γγ → l+l− loop is
dominated by a large logarithm (log(m2

K/m2
e)), and the relative contribution

of the local term is small. This implies that in this case also the disper-
sive amplitude can be estimated with a relatively good accuracy in terms of
Γ(KL → γγ), yielding the prediction34 B(KL → e+e−) ∼ 9 × 10−12 , which
has been confirmed by E871.35

More interesting from the short-distance point of view is the case of
KL → µ+µ−. Here the absorptive two-photon long-distance amplitude is
not enhanced by large logs and is comparable in size with the short-distance
contribution of Z-penguin and W -box diagrams. The latter is particularly
interesting, since it is sensitive to ℜVtd and calculable with high accuracy.36

On the other hand, the dispersive part of the two-photon contribution is more
difficult to be estimated in this case, as it is more sensitive to the local coun-
terterm.

The counterterm appearing in the two-photon amplitude of KL → µ+µ−

is related to the behaviour of the KL → γ∗γ∗ form factor and it can be
constrained by means of theoretical and experimental information on the
latter.34,37−39 To this purpose it should be stressed how important it is to
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have precise experimental data on KL → γℓ+ℓ− and KL → e+e−µ+µ− de-
cays; these are also sensitive to the KL → γ∗γ∗ form factor,38,40 although only
in a limited kinematical region. For instance the recent KTeV data41 suggest
an inconsistency of the so-called BMS ansatz37 in fitting the KL → γe+e−

and KL → γµ+µ− modes at the same time. Using the very precise experimen-
tal determination of B(KL → µ+µ−) reported by E871,42 together with the
analysis of the two-photon dispersive contribution discussed in Ref. 38, we can
obtain stringent constraints on possible extensions of the SM and also an inter-
esting lower bound on ℜVtd.

42 Two experimental tests that could strengthen
(or weaken) the validity of this information could be obtained by means of
the quadratic slope in the KL → γℓ+ℓ− form factor (i.e. the dependence on
M4

ℓℓ) and, especially, by means of the mixed slope in KL → e+e−µ+µ− (i.e.
the dependence on M2

ee × M2
µµ).38

5 Concluding remarks

In the last few years there has been major progress in the study of kaon
decays from the experimental point of view. Just to mention a few examples,
I wish to recall the observation of direct CP violation in K → 2π decays, the
evidence of the rare modes K+ → π+νν̄ and KL → e+e−, the high-precision
measurements of K+ → π+π−eνe and K+ → π+e+e− form factors. Most of
these results are of the utmost importance and have triggered a large amount
of theoretical work, only a small fraction of which has been mentioned in this
talk.

On the other hand, I would like to emphasize that this field is far from
being exhausted. There are still fundamental problems that require a detailed
answer, such as the nature of the underlying mechanism of CP violation or
the rôle of resonances in non-leptonic weak transitions. These questions could
be addressed by means of new experimental studies on K decays, which have
just entered a new exciting era of precision measurements.
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