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Sum Rules in the CFL Phase of QCD at finite density
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Abstract

We study the asymmetry between the vector current and axial-vector current
correlators in the colour-flavour locking (CFL) phase of QCD at finite den-
sity. Using Weinberg’s sum rules, we compute the decay constant f; of the
Goldstone modes and find agreement with previous derivations. Using Das’s
sum rule, we also estimate the contribution of electromagnetic interactions
to the mass of the charged modes. Finally, we comment on low temperature
corrections to the effective field theory describing the Goldstone bosons.
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I. INTRODUCTION

The possibility that at large quark densities the ground state of QCD is in a colour
superconducting phase [1] has attracted much attention recently (see e.g. [2,3] for recent
reviews). The pattern of symmetry breaking is most interesting for three light quark flavours.
Alford, Rajagopal and Wilczek [4] have shown that the diquark condensates lock the colour
and flavour symmetry transformations: in the chiral limit, this colour-flavour locking (CFL)
condensate spontaneously breaks both colour and flavour symmetries SU(3). x SU(3). X
SU3)r x U(1)p — SU(3)err+r- Nine Goldstone modes survive to the Higgs mechanism. *
One is a singlet, scalar mode, associated with the breaking of U(1)g. The other eight
Goldstone bosons belong to an octet of pseudoscalar modes associated with SU(3), x SU(3)r
chiral symmetry breaking, just like in vacuum. At low energies, £ < A where A is the
gap, an effective lagrangian and chiral perturbation theory (xPT) [5] can be used to study
the dynamics of these light modes. Moreover, because of asymptotic freedom, at very large
densities one can match the predictions of the effective theory with those of the underlying
microscopic theory.

There has been already quite some work on the effective theory approach [6-12]. In the
present letter we will be concern with the application of sum rules in the CFL phase. In
particular, we will derive the expression for the pion decay constant as a direct consequence
of chiral symmetry breaking. Although our result is not new, the formulation in term of
sum rules is more general and also provides a self-consistent check of previous results. We
also estimate the effects of chiral symmetry breaking by electromagnetic interactions.

II. WEINBERG SUM RULES IN THE CFL PHASE OF QCD

We follow Gatto and Casualboni to construct the effective lagrangian [6]. With the
diquark condensates defined as X ~ (1) and Y ~ (gtr), the low energy lagrangian in
the chiral limit is

L=Cy+ La (2.1)
2
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where G} is the gluon field and g is the gauge coupling constant. Defining the colour singlet
matrix ¥ = XYT, the first term in Eq. (2.1) becomes

fU (1) 4 breaking effects can be neglected, there is an extra Goldstone mode, analogous to the
70-

$We have omitted the Goldstone mode associated to the spontaneous breaking of U(1)p.



Ly = fzi (Tr (Z0pT) — 02Tr (a:30:51)) (2.2)

The second term in Eq. (2.1) contains a mass term for the gluons. Since the gluons are heavy
they can be integrated out and, to leading order at low energy, the effective lagrangian
reduces to Eq. (2.2). Except for the breaking of Lorentz symmetry, the lagrangian (2.1)
corresponds to the hidden gauge symmetry version of QCD in vacuum [13]. In that case, the
vector mesons play the role of the gauge fields associated with the hidden gauge symmetry
[13].

In Eq. (2.1) there are four independent parameters, fr, v, a and b. These parameters can
be computed from the microscopic theory. The Debye and Meissner masses from Eq. (2.1)
are given respectively by m%, = ag?f? and m3, = bv2m?%,. These have been first computed
by Son and Stephanov [7] from the microscopic theory and matched to those of the effective
theory to derive

, 21 —8In2 p? 1

2= 18 57 Uy = 7 (2.3)
They also argued that a = b = 1 to leading order in the gauge coupling, because those
values could be only modified by higher loop effects. Although their conclusion is correct,
the argument has a potential flaw. We will see that, because of infrared divergences in
the CFL phase of QCD, the connection between the loop and gauge coupling expansions is
lost. For instance, it is not a priori guaranteed that a two-loop diagram is suppressed with
respect to a one-loop diagram at weak coupling.

In this letter we present an alternative derivation of f., which turns into a consistency
check of the results in Eq. (2.3). Our computation relies on defining f, as the constant
which parametrises the asymmetry between two-point vector and axial-vector correlators in
the ground state of the CFL phase. Since Lorentz symmetry is broken there are two possible
independent correlators which can be defined. If V' = 157“’\—;@/) and Af = Py %1& are the
vector and axial-vector flavour currents, respectively, then in the chiral limit my, = 0,

p2 =i [ d'e {(Vi@)VE0)) ~ (Aj(w) Ab(0)} (2.4a)
022 =i [ dte {(V@)VE0) - (Az@)AL0) ) (2.4D)

These relations can be inferred from the fact that the axial-vector currents taken between
the ground state and a pion state give [14] (see appendix B)

(1A (p)) = ifz0p" (0] AGln"(p)) = iy f26™p" . (2.5)

Prior to the discovery of QCD, Weinberg [15] derived a set of relations between the
moments of the spectral functions of vector and axial-vector currents in vacuum (see e.g. [16]
for a review). If one writes the correlators of vector and axial-vector currents in terms of
their spectral densities, we could generalise the Weinberg sum rule [15] to the CFL phase.
We will not write explicitly these relations here, but just note that they are directly deduced
from Eqgs. (2.4).



From Eqs. (2.4) one sees that f, is the order parameter for spontaneous chiral symmetry
breaking. If we compute the Debye mass independently and take the ratio between m?,/g*f2,
we get a. Similarly, the constant b is computed as the ratio m3,/m%v2. Note that in the
hidden symmetry approach to vector mesons, the value a = 2 allows to implement vector
meson dominance in the chiral lagrangian [13].

We will first review the computation of the Debye and Meissner masses. This com-
putation has been done by several authors [7,17] but, for completeness, we repeat it here
using the natural quark basis for the CFL phase. The Nambu-Gorkov quark propagators
are diagonal in the colour-flavour basis while the Feynman rules for the vertices are non-
diagonal (appendix A). To compute the Debye and Meissner masses, one evaluates the gluon
polarization tensor as in Fig.1,

2 9
I (k) = it 37 T (AX0XC) Tr (ACNNE) 14, (k) (2.6)
32 B,C=1
g 2 ByayC B\b\C v
i D Tr (APX°AY) Tr (APN'AY) Rige (k)
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where
o) = X [ 5T (P Selan St~ ) (272)
Rioh) =3 | ™ (7 Z 0 S5 (g = ) (2.7h)

and ST / =% are the diagonal/off-diagonal terms in the Nambu-Gorkov matrix propagator
(see Appendix A).

The calculation of Eq. (2.6) gets simpler by realizing that the quark propagators SAi and
=% are the same for all the values of A, except A = 9. The U(3) traces of Eq. (2.6) can then
be easily evaluated.”™ To compute the Debye and Meissner masses, it is enough to evaluate
the polarisation tensor at k£ = 0,

2
—i%aab (712, (k = 0) + 20Lg(k = 0) + 2R, (k = 0) - 2R,y (k = 0)] . (28)
2

1% (k= 0) = —i%afjaab (715, (k = 0) 4 2L, (k = 0) + 2R, (k = 0) — 2R3, (k = 0)] . (2.9)

Mgy (k = 0) =

The superscript t and s above refers to, respectively, the purely temporal and purely spatial
components of the tensors defined in Egs. (2.7). In the static limit, 195 = R%p = 0, thus
% (k = 0) = 0. An explicit computation of the integrals in Eqs. (2.7) gives, to leading
order,

**We neglect the effect of the sextet component of the condensate, which is a valid approximation
at very high densities.
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It is maybe worth noticing that in the static limit the integrals in Eqs. (2.7) for the temporal
components are dominated by quark-quark excitations. The antiquark-antiquark contribu-
tion is suppressed and can be neglected. Also the contribution of quark-antiquark excitations
is precisely vanishing. However, for the spatial components, the quark-antiquark excitations
do contribute to I7),,9(k = 0). This fact has already been stressed in [17]"". The Debye and
Meissner masses are finally given by

521 —8In2 u?
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expressions which agree with the results of [7,17].

We now turn to the evaluation of the correlators of vector and axial-vector currents in
QCD. The best strategy to compute them is to define the generating functional Z for the
Green’s functions of vector and axial-vector quark currents in presence of external sources
v, and a,

e'?lval — (T exp (z/dx vy, (V" + y5a”) ¢>> . (2.12)

Then functional derivatives of Z with respect to the sources evaluated at v = a = 0 generate
the desired correlators.

Now we face a little puzzle. Since the leading order expression for f2 as computed by
Son and Stephanov does not depend on g, one would naively expect that the sum rule Eq.
(2.4) is saturated by one-loop diagrams, i.e. with no gluon lines, as in Fig.2. However, due
to the Dirac structure of the Nambu-Gorkov propagator, it is easy to verify that at this
order, the r.h.s. of Eq. (2.4) is precisely zero ! But the next-to-leading order contribution
is a priori O(g*), which seems to contradict the fact that f2 is O(g°). Actually, this naive
power counting is spoiled by infrared divergences and we will see that the next-to-leading
order contribution is indeed independent of the gauge coupling.

The first non-vanishing contribution to the r.h.s. of Eq. (2.4) actually arises solely from
the two-loop diagram depicted in Fig.3. Although it is naively of order g2, it is easy to see
that this dependence precisely cancels. The diagram is infrared divergent oc 1/k? because

"We have assumed that the so-called antigap gives a subdominant contribution in the above
calculations.



of the gluon pole. But in the CFL phase and in the limit of zero external momentum, the
gluon pole is trivially regulated by either the Debye or the Meissner mass. In both case,
1/k* — 1/¢*u?. Taking into account the factor of g* from the gluon vertices, we conclude
that the diagram is O(g°), as desired. There are other diagrams with the same topology but
they do not contribute. First, if we replace an external vector current by an axial-vector one,
the diagram vanishes because of the trace over 5. Furthermore, we will see below that the
diagrams with normal quark propagators (i.e. diagonal components of the Nambu-Gorkov
matrix of propagators) do also vanish.

We evaluate the diagram of Fig.3 by computing each quark loop separately. In each of
them, there is both a gluon vertex and a flavour vector current vertex. The computation is
superficially the same as for the one-loop polarisation tensor (2.6). The important difference
is that the Feynman rules for these two vertices are different because the gluon vertex changes
colour but leave the flavour indices untouched, while the flavour vector current vertex does
the opposite. This is clearly reflected in the Feynman rules in the CFL basis given in
Appendix A. For each loop we find

I 293 Tr (APAZAC) Tr (ANAZ) Rl (k) (2.13)

32 gola

which we evaluate in the limit £ — 0. We find

g .m

5abﬁ (7R§1(k =0) + 2Ryy(k = 0)) = _25ab7D : (2.14a)
g . ,m2

S0 5 (TR;,(k =0) 4+ 2R54(k = 0)) = —iéab(WTM : (2.14b)

where we have used the results obtained in Eqs. (2.10). A similar one-loop diagram with
the diagonal terms of the Nambu-Gorkov propagator gives
9
— L3 e (ABXY) T (ABAPAC) T () (2.15)
B,C=1

which in the £ — 0 limit reduces to

g
dab (211, (k = 0) = 2I}y(k = 0)) =0, (2.16a)
5ab5ij1—92 (25, (k = 0) — 215, (k = 0)) = 0 , (2.16b)

so that it vanishes, as we mentioned earlier. Only the pure superconducting loop, that is, the
one which arises from the off-diagonal terms of the Nambu-Gorkov propagator, contributes
to the sum rule (2.4) to leading order.

With the results in Eqgs. (2.14), we easily get the expression of the two-loop diagram of
Fig.3. Since the correlator in the sum rule is evaluated at k = 0, the gluon propagator is
dominated by the Debye (or Meissner) mass. It is then trivial to verify that



m2, i0eq .. M3 m3,
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The Weinberg sum rules (2.4) finally give f2 and v, as in Eq. (2.3). Incidentally, a = b =1
to leading order in the gauge coupling.

We have thus checked that Eq. (2.4) is saturated to O(g°) by the diagram of Fig.3.
Clearly, any other diagram with one or more gluon lines is suppressed at weak coupling.

ITI. SUM RULE WITH ELECTROMAGNETIC INTERACTIONS

The inclusion of electromagnetic interactions in the effective low energy lagrangian is
straightforward. One only has to use the adequate covariant derivatives. Like in the Stan-
dard Model, one linear combination of the gluon and photon fields become massive, while
the orthogonal one stays massless [4]. Integrating out the heavy gauge fields leaves us with

1 - N 2
— [ I Ty _ .2 ) Byl T
L=~ F"E,+ 7 (Tr (DexDoSY) = 02Tx (D,;ED,ST)) + CTr (QEQY) . (3.1)
where
s 7 o2 11
DY =05 —iQA,X +1iXQA, , Q= edlag(g, —3 _§) , (3.2)

and flu is the modified photon, while € is the effective coupling of the charged Goldstone
bosons with the modified photon. The last term in Eq. (3.1) is allowed by the symmetries of
the problem and represents an explicit breaking of chiral symmetry by the electromagnetic
interactions [18]. This is seen as follows. The charge matrix @ represents an explicit
chiral symmetry breaking term in the QCD lagrangian. In order to see its effects in the low
energy lagrangian, one treats () as a spurion field whose vacuum expectation value explicitly
breaks the chiral symmetry. To restore the symmetry one has to introduce left and right
charge matrices which transform as QQ;, — UpQ LUE, and Qr — UgrQ RU]T{ if the meson field
matrix transforms as ¥ — U LZUL. The term Tr (Q L20Q RZT) is thus allowed in the effective

lagrangian. The terms Tr(Q?%) and Tr(Q%) are also allowed, but these only represent shifts
in the ground state energy due to electromagnetism.

To leading order in the meson fields, the last term of Eq. (3.1) represents the contribution
of electromagnetic interactions to the masses of the charged Goldstone bosons. In particular,
using the standard parametrisation of X, one finds in the chiral limit

282C
E

In the chiral limit the constant C' obeys a sum rule, which was first derived in the context
of QCD in vacuum in [18],

M2 = Mp. = (3.3)



05 = o [t D (@) {(Ve(@)V0) — (AL ALO)} | (3.4)
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where D, is the photon propagator. In momentum space

€5 = 5 [ <y Dueld) {50 ~ W50} (35

This sum rule was derived prior to the discovery of QCD using quite general assumptions
based on soft pion theorems and current algebra [19]. The sum rule (3.4) gives a gauge in-
dependent value of C' thanks to vector and axial-vector currents conservation. Furthermore,
using Weinberg sum rules, one can check that the expression is ultraviolet finite. This is
because these sum rules are essentially a statement about the convergence of the difference
between vector and axial vector correlators for large Euclidean momentum (see e.g. [16]). It
is also possible to see how charged pion and kaon masses diminish with temperature because
of the tendency towards chiral symmetry restoration [20].

In QCD in vacuum, using the Weinberg and Das sum rules and the hypothesis of vector
meson dominance, one gets a mass splitting between 7% and 7° which is in good agreement
with experiments*. One could apply the sum rule (3.4) to compute the contribution of
electromagnetic interactions to the mass of charged Goldstone modes in the CFL phase.
An attempt in this direction has been made by Hong [21]. He considered a diagram with
one quark-loop convoluted with a photon propagator. Why this is incorrect can be seen in
two different ways. Firstly, from the sum rule (3.4). The same reasoning as in the previous
section shows that the calculation must involve at least two quark loops: at the one quark
loop level, the r.h.s of Eq.(3.4) simply vanishes. Secondly, from the effective lagrangian (3.1).
Because ¥ — U LZUIE under chiral transformations, the operator Tr (QZQZT) involves both
quark chiralities. In the CFL phase, this is only possible with two quark loops. At the one
quark loop level, electromagnetic interactions merely shift the ground state energy, an effect
which in the effective lagrangian can be represented by a term o Tr(Q?).

The leading contribution to the sum rule (3.4) comes from the diagram of Fig.4. How-
ever, compared to the previous section, the difference between the vector and axial-vector
correlators has to be computed at non-zero momentum. This substantially complicates cal-
culations as the quark, gluon and photon propagators have to be known over quite distinct
regimes, 0 Sk SA, A Sk Spand p < k. We can however estimate Eq.(3.4) if we assume
that the integral in Eq. (3.5) is restricted to the range 0 < k& < A because R* (k) — 0 for
k> A. If we furthermore take the gap to be constant over this range, we get

M2 = M2y ~ &A% (3.6)

This naive estimate is in rough agreement with the result of Hong [21] M2 ~ é2A*log &.
We where not able to deduce whether our estimate could be spoiled by the appearance

HFor kaons the sum rule does not work so well. In this case the mass difference of kaons is
dominated by mg # 0 effects.



of log-factors, as in Hong’s expression. Obviously, it would be interesting to perform the
explicit calculation. In this regard, it is maybe worth noting that, contrary to what happens
for finite quark mass effects, the electromagnetic mass of the charged mesons does not tend
to zero at very large densities.

Finally, we would like to comment on the behaviour of the mass of the charged mesons at
low temperature T'. These can be easily obtained from the analysis performed in [20] for the
chiral lagrangian in vacuum, simply taking into account that the velocity of the Goldstone
modes is now v;.

Low temperature corrections to the value of the diquark condensate have been studied in
[22]. For temperatures T' < f,, and at leading order, one finds that the pion decay constant
diminishes, while the velocity of the Goldstone modes remains unchanged

1 77

R

lMﬂ:ﬁ«l ), 0a(T) = v, (37)

Like for QCD at zero chemical potential and low temperatures [14], we expect that the
velocity of the Goldstone modes is modified at order 7%/ f2.
The mass of the charged mesons at low temperature is [20]

QéQC(T)
M?>.(T)=M>.(T)= —~~ )
2(1) = Mie (1) = " (33)
where
1 7T? e2T?
T) — 1- = .
c(T) C< 20§f7§>+ e , (3.9)
so that
1 T2 e2T?
2 — 2
Mz:(T) ~ <1 — 103]”) MZ: + e (3.10)

Without the explicit value of the zero temperature mass, it is however not possible to deter-
mine whether the value of this mass diminishes fast or not. In any case, these corrections
are only valid for low temperature T' < T, ~ A. At the critical temperature T,, the Cooper
condensates melt and all the broken symmetries in the system are restored.
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APPENDIX A: FEYNMAN RULES IN THE CFL BASIS
Due to the complex colour-flavour structure of the condensates in the CFL phase, it

proves convenient to work in a quark basis in which the quark propagator is diagonal, while
the Feynman rules for the vertices are non-diagonal [7].
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We define the colour-flavour basis by the transformation
Z A (A1)
2 A=1

where a and i refer to the quark flavour and colour indices, respectively, and A4, for

A =1,...,8 are the Gell-Mann matrices, while \? = \/gl. In this basis the gap matrix
diagonalizes

AB = §4B Ay diag(1, —1,1,1,-1,1,—1,1,-2) . (A2)

We have neglected above the effect of the sextet. The Nambu-Gorkov matrix propagator
also becomes diagonal in the A index

. Sy =%
SAB :Z(;AB <,:i SA) ; (AS)
A0
where
A (@ Fpxld) A (90 F 1 Fldl)
Si(q) = — 2 _ 2 +— 2 _ 2 ; (Ad)
qo — €4 4y — €4
AZAY A+AA }
—_ q q
=a4(q) = —+ — , A5
R AT .
AT A¥ AZ A
=t(q) = — q—A q—4 A
where
AE o LEwY-a (A7)

a 2
are the positive/negative energy projectors, and
ea=y(n—laP+2%,  E=y/(u+lal)?+4%, (A8)

where A4 and Ay are the gap and the antigap, respectively.
In the CFL basis, the fermion-gluon interaction term becomes

% Ezj}i: v (APAIAC) PGy (A9)

In the CFL basis, the coupling of the fermions with external vector and axial-vector
sources reads

i zgj szTr ()\C)\“)\B) Py (vZ+’y5aZ) e . (A10)
B,C=1a=1

With the terms (A9) and (A10) one can immediately deduce the Feynman rules for these
vertices for the quarks fields and the charge conjugate ones.
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APPENDIX B: LORENTZ STRUCTURE OF WEINBERG SUM RULES

An elegant way to derive the sum rule (2.4) is to start from the effective lagrangian (2.1)
and to introduce external vector and axial-vector local fields [5],

0, X — DY =0,Y—i(v, +a,)X+iX(v, —ay,) . (B1)

In a phase with spontaneously broken chiral symmetry, only the axial-axial current correlator
receives a contribution from single Goldstone mode exchange. To get its contribution to the
axial-axial correlator, we thus set v, to zero, expand ¥ = exp(i¢/ fr) to second order in the
meson field ¢ = ¢*\*, and keep the quadratic part of the effective lagrangian,

Lo (000" — fal) = 502 (016" = Frat)? (B2)

Finally, integrating over the ¢* field in the path integral to get the (mean field) expression
for the axial-vector current correlator,

expiZla,] = [ Doexpli [ L) ~ exp {; [d'ad'ya@) A ey | (B3)

gives, in momentum space,

2

a - a Db
<A0A(b)> = Zfﬁ 5" {900 - ])(2)_7221)2} ) (B4)

a a plp U7r
(AAb>_Z22(Sb{gij—p(2) 221)2} ) (B5)
and

AgAL 22 g0 P B6
(A547) = R (B6)

One can verify that the correlator is transverse, P*(A,A,) = 0. For instance, in the usual
basis of transverse operators,

P/fu = _(g/w - P;LPV/PQ) PZN (B7)
with
PL =5, — p}f;j (BS)

and PZ/ = 0 otherwise, the correlator reads

2

(AGAD) = —ifFv2 6% <72 r 2PW+PT> (B9)
Do p

Except for the contact terms, the correlator can also be deduced by saturating it with a
single intermediate meson and using the matrix elements (2.5). The contact terms can then
be fixed by imposing current conservation.
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FIG. 1. Gluon polarization tensor in the CFL phase.
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FIG. 2. Sum rule at one-quark loop order. The quark lines are Nambu-Gorkov propagators.
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FIG. 3. Leading order contribution to Egs. (2.4). The dot represents the resummation effects
in the gluon propagator. The cross represents an insertion of an external flavour vector-current.

FIG. 4. Leading order contribution to the electromagnetic mass of charged mesons. The wavy
line corresponds to the photon propagator.
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