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1 Introduction

There has been renewed interest in compactification through the non-factorizable Kaluza-
Klein (KK) metric Ansatz with the warp factor, after Randall and Sundrum (RS)
showed [1, 2, 3] that such unconventional compactification of the extra spatial dimen-
sions provides with a simple solution to the hierarchy problem of particle physics. A
novel and surprising feature of the RS scenario is that even if the extra spatial dimen-
sion is infinite in size, the Newton’s 1/r? law of four-dimensional gravity is recovered
with negligible correction from the massive KK modes of graviton. The previous works
on gravitational aspects of the RS scenario have attempted to reproduce physics of
four-dimensional gravity up to small corrections beyond the current experimental pre-
cision in an effort to provide with an evidence that the RS scenario may be a true
description of our nature.

Especially, in Refs. [4, 5, 6] it is shown that the geodesic motion of a massless
test particle in the bulk of a gravitating configuration in brane world reproduces the
geodesic motion of a massive test particle in the corresponding gravitating configuration
in one lower dimensions. Such result appears to be an evidence that the RS scenario
reproduces physics of our four-dimensional spacetime. However, through the careful
analysis of the geodesic motion of a test particle in the bulk spacetime of brane worlds,
we find in general that laws of physics governing the motion of a particle in four-
dimensional spacetime is violated. Namely, we find that the equation describing the
trajectory of a particle as observed in one lower dimensions of the brane world scenario
has an extra force term which is parallel to the velocity of the particle. According
to the so-far known four-dimensional physics, only the component of the extra non-
gravitational four-force F'* which is perpendicular to the particle’s four-velocity %
can influence the particle’s motion. Due to such unusual property which cannot be
explained by the physics of four-dimensional spacetime, such extra force was dubbed
in the previous literature [7, 8, 9, 10, 11, 12, 13, 14] as the fifth force. [Such extra
abnormal force is observed also in Refs. [15, 16, 17] by analyzing the geodesic motion
of a test particle in the five-dimensional Kaluza-Klein theory.] The so-called fifth force
generically exists in the KK theories (with constant moduli scalar fields of the extra
space) when the spacetime metric depends on the extra spatial coordinates and the
velocity of the particle has nonzero components in both the extra spatial direction and
the direction of our three dimensional space. Therefore, it is inevitable that if our four-
dimensional world is described by the RS scenario then we should observe the violation
of four-dimensional law of particle mechanics, since the RS scenario allows dependence
of the spacetime metric on the extra spatial coordinate and physical process in the RS
scenario is generally higher-dimensional in nature.

The paper is organized as follows. In section 2, we survey relevant aspects of domain



wall solutions in and geodesic motion of a test particle in the bulk of the RS scenario. In
this section, we also discuss well-known facts of particle mechanics in curved spacetime
for the purpose of understanding the physical implication of the extra force observed
in one lower dimensions. Although some aspects of the fifth force were already studied
in the previous literature, we feel that its relation to the four-dimensional particle
mechanics has not been clearly presented. We hope that the present paper will clarify
some of confusing issues in the fifth force. We study the bulk geodesic motion of a
test particle moving in general gravitating configurations in brane worlds as observed
in one lower dimensions for the case corresponding to the KK zero mode bulk graviton
in section 3 and for the case of general bulk graviton including the massive KK modes
in section 4. In these sections, we also identify the extra force on the particle which is
observed in one lower dimensions as non-gravitational. Conclusions are given in section

d.

2 Preliminaries and General Setup

In this section, we prepare for the main topic of this paper by surveying aspects of
domain wall solutions and dynamics of a particle in brane worlds and in general rela-
tivity.

Generally, the spacetime metric ? for a D-dimensional domain wall can be put into
the following form:

Gundzda™ = W(y)n,da*da” + dy?, (1)

where M, N = 0,1,....D — 1, u,v = 0,1,...,D — 2 and W(y) is the warp factor. In
particular, for the domain wall solution to the field equations of the following bulk

action: 1 4
=— [dPxv— { -
5= 0 / WG Re =55

the warp factor is given by [1, 18, 19, 20]

W)= <1 - —22)& \/4(D - 1)D__az2(D - 2>2AI?JI) o (3)

On M b+ e—MA] , (2)

for a # 0, and

Wi = e (<2 =551 ()

for a = 0. Here, we have imposed the invariance under the Zs transformation y — —y
and chosen the warp to decrease so that the bulk graviton can be localized.

2In this paper, we use the mostly positive convention (— + - --+) for the metric signature.



It is the purpose of this paper to study the dynamics of a test particle in the bulk
spacetime with the following metric:

Gundr™dz™ = Wg,, dztdx” + dy?. (5)

This metric generically describes any gravitational configuration in brane worlds. The
geodesic motion of a test particle, i.e., the motion of a particle which is acted on by
the gravitational force only, is described by the following geodesic equations:
d*z" LR dz™ dx™
dxz MY dn d)
where f]\R/[ v is the Christoffel symbol (of the second kind) for the metric G and A is

an affine parameter for the geodesic path (). In addition, the metric compatibility
along the geodesic path requires that

daM dzN dzt de” ( dy ) 2

en = Gl i
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=0, (6)

(7)

where ep = 1,0 respectively for a massive test particle (i.e., a timelike geodesic) and
a massless test particle (i.e., a null geodesic). For a timelike geodesic, €p actually can
take any positive values, but one can always apply the affine transformation A — aA+b
(a,b € R), which leaves the geodesic equations (6) invariant, to bring ep = 1. In this
paper, we shall not consider the spacelike geodesics, i.e. the ep = —1 case.

In this paper, we shall re-express the geodesic equations (6) for the bulk geodesic
motion of a test particle in terms of quantities of the hypersurface spacetime of one
lower dimensions, for the purpose of learning how the bulk geodesic motion of the
test particle is observed in one lower dimensions. However, in such study we face
some ambiguity and conceptual difficulties. In the previous related works [4, 5, 6], it
is assumed that the canonical metric for our four-dimensional world, embedded in a
five-dimensional domain wall, is given by g,,. Accordingly, the affine parameter \ for
the motion observed in one lower dimensions is defined by the relation

v
g L (®)
dX d\
where ep_1 = 1, 0 respectively for a timelike and lightlike motion observed in one lower
dimensions. On the other hand, as the bulk test particle follows its geodesic path, it
generally passes through one hypersurface to another. We note that the induced metric

—€p-1 =

on the hypersurface at a specific value of y is given by §,, = W(y)g,uw. Therefore, it
appears that the natural choice for the affine parameter A (or the standard clock on
the hypersurface that follows the particle in its motion) for the motion observed on the
(comoving) hypersurface is the one satisfying the following

dz* dx¥

—€p-1 = W(?J)QWKK‘ (9)



However, one might argue that \ satisfying Eq. (8) actually corresponds to the affine
parameter for the motion as observed on the hypersurface y = yo = constant, say the
TeV brane of our world, at fized distance from the Planck brane at y = 0. Namely, the
affine parameter at y = g, is defined by
dz* dx”

—ep—1 = W(Y0) Gy (7", y0) D
and by applying the affine transformation A — W(yo) /2, one can bring this to the
form (8) in the case when g, is independent of the extra spatial coordinate y. The

(10)

objection to this viewpoint is that it does not seem obvious whether we, as beings
adapted to sense only the four- or lower-dimensional phenomena, will be able to look
into the extra spatial direction to observe objects in different four-dimensional hyper-
surface. To give an extreme example, it is obviously contradictory that an observer
can see an object located at the same three-dimensional spatial coordinates but at
different extra spatial coordinate. Any object on different four-dimensional hypersur-
face cannot be observed; it simply exists in different four-dimensional universe which
cannot be observed. So, it seems nonsensical to argue for example that the motion
of planets in our solar system (which is governed by the geodesic equations with the
Schwarzshield metric) has non-trivial motion along the extra spatial direction, unless
we assume that our observed four-dimensional universe as a whole moves along the
extra spatial direction. On the other hand, this is also contradictory to the current
RS scenario, because the current RS scenario assumes that our universe, i.e., the TeV
brane, is at fized distance from the Planck brane. So, to avoid this inconsistency,
the current RS scenario has to either explain why objects in our universe cannot move
along the extra spatial direction (despite, for example, the repulsive force by the Planck
brane) or assume that the TeV brane moves freely along the extra spatial direction. A
possible explanation for the former possibility would be that the bulk spacetime exists
only between the Plank and the TeV branes and therefore objects on the TeV brane
cannot move in the direction away from the Planck brane and the repulsive force by the
Planck brane keeps them from moving towards the Planck brane. If this would be the
case, then we should just consider the dynamics of a free particle, massive or massless,
whose motion is confined within the fized hypersurface y = constant of the TeV brane,
unlike the previous studies [4, 5, 6]. If we choose the latter possibility, then the mass
scale of Standard Model physics has to change with time, because of the warp factor
W(y) variation with time due to the change in y with time. Because of this conceptual
ambiguity, in the following sections we shall consider two cases associated with the two
choices of affine parameters defined in Egs. (8) and (9).

In obtaining the equations for the particle motion observed in one lower dimensions,
we assume that the affine parameter A for the spacetime in one lower dimensions is
a smooth function of the affine parameter A for the bulk geodesic motion: A = f(\).

4



First, for A defined in Eq. (8), which we refer to as ‘case 1’ the relation (7) for the
bulk geodesic motion is rewritten in terms of the new parameter \ as

dz" dz” > (dy\’
v = ~ :—W_l — + —
I N N [eD <d)\> <d)\>

Second, for A defined in Eq. (9), which we refer to as ‘case 2’, Eq. (7) is rewritten in

terms of \ as ) ,
dx* dx¥ d\ dy
W vy = —= — — |€ — + | —= . 12
TN [D <d)\> <d/\> ] (12)
The parameter \ is an affine parameter for the motion observed in one lower dimensions,

if Egs. (11) and (12) respectively take the forms (8) and (9), i.e., the RHS’s are either
0or —1.

We now discuss the condition for A being an affine parameter. First, for a massless
test particle (ep = 0), the RHS’s of Eqgs. (11) and (12) can be 0 or —1, depending on
the motion of a test particle along the y-direction. When the test particle is confined to

move along the longitudinal directions of the domain wall 3 (i.e., Z—g = (0 and therefore

3—/@\ = %g—?\ = 0), the RHS’s of Egs. (11) and (12) are zero, corresponding to the lightlike

motion as observed in one lower dimensions. In this case, one can choose A\ = \ as an

. (11)

affine parameter for the motion observed in one lower dimensions, as can be seen from
Egs. (11) and (12). When the y-component of the velocity of the massless test particle
is nonzero (i.e., j—g

the following is satisfied:

# 0), its motion is observed in one lower dimensions as timelike if

dy 2 B
() - ”

dy 2 B
() - »

for the case 2, for which cases the RHS’s of Egs. (11) and (12) are —1. Second, for a
massive test particle (ep = 1), the parameter A is an affine parameter for the timelike

for the case 1, and

motion as observed in one lower dimensions, if A is related to the bulk affine parameter

(@)2 Swe (d_%f, (15)
dX dX
Ay ( )
(a) ! (dx) ’ 16)

3From Eq. (28) with ep = 0, one can see that such bulk geodesic motion is possible for a massless
test particle.

A as

for the case 1, and




for the case 2.

In the following sections, we will see that from the perspective of an observer in one
lower dimensions a bulk test particle appears to be under the influence of an abnormal
non-gravitational force. So, it would be useful to discuss some aspects of dynamics of
particles in general relativity to better understand physical implication of such extra
force. Although we assume the spacetime to be four-dimensional in the discussion
in the following paragraphs, our discussion holds for arbitrary spacetime dimensions
without modification of equations.

In terms of the relativistic four-vector notation, the following classical Newton’s
second law of mechanics plus the work-energy relation (the law of conservation of

energy): ; o
p
—_— R — F . ].

where F is the force on the particle, p = mov = mocé—’; is the momentum of the particle

F=

with the inertial mass mg and T is the kinetic energy of the particle, is written as

dpu
2 _ R
/ wy

(18)

where p* = mo‘{% is the contravariant components of the four-momentum of a particle

with the rest mass mg, 7 is the proper time defined from dr? = —n,, datdz", F, =

(=F - & F4) and (2") = (t,x). In curved spacetime with metric g,,, Eq. (18) is
modified to: Do I P
P’ _ dp” v

' ——p’ =F* 19

i = ar gt = (19)

in the contravariant notation, or

Dp, _ % B lagpa dx?

(7 —F
dr dr 2 Oxt dT e

(20)

in the covariant notation, where I' is the Christoffel symbol of the second kind for
the metric g,,. Here, I, and p* are defined in the same way as in the flat spacetime
case except that the proper time 7 is now defined from dr? = —g,, dx#dz".

First, we show that a purely mechanical non-gravitational four-force F* acts on a
particle perpendicularly to its four-velocity %. By taking the covariant derivative of

,atde” — 1 along the particle trajectory z#(7), one can see that g,, 2 (92 ) <2 —
W dr dr g J y KWYdr \ dr dr

. . . 13 v
0. This implies that gu,,F“d; = G dZ; dfT mog,wﬁ (%) dfT =0.

Next, we consider the pos:51b1hty that the four-force F* has nonzero component
parallel to the four- Veloc1ty . In deriving the relation g, F* %~ d‘” = 0 in the previous
paragraph, we assumed that the proper mass myq of the partlcle is constant in time.
Had we considered the possibility that mg changes with time, we would instead have



obtained

JEH = g = y— = — (21
I dr I dr dr 10gp dr (21)

dz” Dpt dx D (dx*\ dx¥ n dmg  dxt dz” dmyg
dr dr dr Juw dr dr dr

Therefore, the existence of parallel component of the force F'* implies non-conservation
of the proper mass my of a particle. Generally, the change in the proper mass of a
particle occurs when there exist some non-mechanical external forces which cause such
change. To take into account of the additional non-mechanical forces, one has to modify
Ey in the following way:

dx dt
Fp=-F . — —0Q0— 22
0 dr QdT’ (22)

where the first term on the RHS is the mechanical work done by the mechanical force
F per unit time and the second term is the heat or non-mechanical energy developed
per unit time. The extra term is added to take into account of the contribution from
the non-mechanical energy so that the energy can be conserved in the system under
consideration. Meanwhile, the remaining components of F), take the same form as the
above, i.e., (the curved space analog of) the Newton’s second law of mechanics F = ‘fj—i’
continues to hold. So, from Egs. (21) and (22), we obtain

2
dmo dt
—=Q = , (23)
dr dr
namely, the proper mass is converted into the non-mechanical energy and vice versa.

Finally, we discuss the motion of a particle under the influence of an extra non-
gravitational force F* in curved spacetime. First, when F'* acts on the particle per-
pendicularly to its four-velocity %, i.e., the proper mass myg of the particle is constant
in time, from Egs. (19) and (20) we obtain the following equations for the particle
trajectory x*(7):

A2t dx? dx° F#
+IH — —,
dr? P7 dr dr my
d*z,  19g¢,, dar dz® F

- = 24
dr? 2 0x* dr dr mo (24)

As expected, when the particle is free, i.e., when only gravitational force is acted on
the particle (F* = 0), the particle will execute geodesic motion. Second, when the
force F'* has nonzero parallel component, i.e., when my is not conserved, the equation
for the particle trajectory x#(7) takes the following form:

A2t dzf dz®  FH F? dx? dat
+ Ma'— :_+gpa_——7
dr? P dr dr my mo dr dt

(25)



which can be obtained from Eqgs. (19) and (21). We note that the RHS of Eq. (25) is
perpendicular to the four-velocity ‘{f—:, implying that only the perpendicular component
of F* influences the motion of the particle. In other words, if F'* is parallel to %, then
the particle will just follow the geodesic path (since the RHS of Eq. (25) vanishes for
this case) while its mass changing with time according to the relation (23). This result
also shows that according to the particle mechanics of four-dimensional general rela-
tivity the extra non-gravitational force term in the equation for the particle trajectory
cannot have non-zero component parallel to the four-velocity of the particle.

3 Dynamics in the Kaluza-Klein Zero Mode Space-
time

In this section, we consider the case when g, in the bulk metric (5) does not depend
on the extra spatial coordinate y. In this case, the bulk test particle is regarded as
being under the influence of the Kaluza-Klein zero mode of graviton, only.

The geodesic equations (6), with the bulk metric given by Eq. (5) with g,, = g, (2°),
take the following forms:

d?>xP e det dz”  W'daP dy

et Warmay 9
oz ey T wavay Y (26)
d?y 1 dx* dx”
e =2V =0 (27)

where I', is the Christoffel symbol for the metric g,,, and W' = dW/dy. By using the
relation (7), one can put the y-component geodesic equation (27) into the following

dy 2

form:
>y  1W
< + -
d\z  2W

3.1 Casel

In this subsection, we study the motion of the bulk test particle as observed in one
lower dimensions with the spacetime metric g,, = g, (2”).

First, we consider the geodesic motion of a massless particle in the bulk spacetime,

i.e. the ep = 0 case. When % = 0, by choosing A = ) as an affine parameter, one can

put the zP-component bulk geodesic equation (26) into the following form:

2 ..p o v
dat e dde” (29)
dN? AN dA



So, the test particle’s motion is observed in one lower dimensions with the metric g,
as the lightlike geodesic motion. Next, when the y-component of the velocity of the

test particle is nonzero (i.e., & # 0), from Eqs. (13) and (28) with ep = 0, one can

see that the parameters A and A are related as
~ 71 ~
dA d (dA 1o
(5) < (a) — i, (30)
which can be solved by 3
d\
o w (31)

By using Egs. (13) and (30), one can express the x”-component bulk geodesic equation
(26) in terms of the (D — 1)-dimensional affine parameter A. The resulting equation
also takes the form (29). To summarize, a massless test particle moving in the bulk
spacetime with the metric (5) is observed in one lower dimensions with the metric
g (x”) to be (i) a free massless particle if the motion of the test particle is confined
along the longitudinal directions of the domain wall and (i) a free massive particle if
the y-component of its velocity is nonzero. This is just a generalization of the result
in Ref. [4] to the case of an arbitrary warp factor ¥V and an arbitrary gravitating
configuration with the metric g, (2*) within the brane world. (See also Ref. [6] for the
generalization to the case of multi-codimensional brane world.)

Second, we consider the geodesic motion of a massive bulk test particle, i.e., the
ep = 1 case. By using the relation (15), one can re-express the y-component geodesic
equation (28) (with ep = 1) in terms of the new parameter A as follows:

2y W (dy\® 1
YW WYL Sy, 32
oz W <d/\> (32)

Making use of Egs. (15) and (32), one can again put the z*-component bulk geodesic
equation (26) into the form (29). So, we see that a massive test particle moving in the
bulk spacetime with the metric (5) is observed in one lower dimensions with the metric
g (x”) to be a free massive particle. This result extends the previous studies [4, 5, 6]
on the geodesic motion in brane worlds to include the case of a massive test particle.
[Note, even if some aspects of the geodesic motion of a massive test particle in brane
worlds have been previously studied, it has never been shown that the geodesic motion
of a massive test particle in the bulk spacetime is observed in one lower dimensions as
the motion of a free massive particle.]

Just by looking at Eq. (29), it appears from the lower-dimensional perspective that
the particle is under the influence of the gravitational field g,, (), only. However,
this is not the case, as we explain in the following. A test particle of mass mg in



D-dimensional bulk spacetime with the metric (5) appears in (D — 1)-dimensional
embedded spacetime with the metric g, to have mass given by [15, 21]:

] d\ dy\’| *
moy = moa = My [W - (d_/g\> :| ) (33)

where we used Eq. (15). So, as the test particle executes its geodesic motion with the
dy
dx’
from the (D — 1)-dimensional perspective:

nonzero y-component velocity its mass appears to change with the following rate

_ Wy
—mMog———=.
"W dx

dmyg B

d\
From Eqs. (29) and (34), we obtain the following equation describing the conservation
of energy and the Newton’s second law of mechanics in (D — 1)-dimensions:

(34)

Dp*  dp* dz? W' dy dx*

1 o —

— = — + —_— —Mo7—=—""=,
U W dN dx

(35)

where p* = 2" is the (D — 1)-momentum of the particle. This implies that from

dx
the (D — 1)-dimensional perspective the particle is under the influence of the extra
non-gravitational velocity dependent force F* = —rho%%\%. This extra force does

not influence the motion of the particle, because it acts parallelly to the particle’s
(D — 1)-velocity % (Cf. Eq. (25)), but is responsible for the change of the inertial
mass Mg of the particle (from the (D — 1)-dimensional perspective). The intuitive
reason is that the effect of the force F on the particle velocity v = flj—’; is canceled
by the effect of the inertial mass change with time on v. Although the extra force
is gravitational in nature from the D-dimensional perspective, a (D — 1)-dimensional
observer will sense that some non-mechanical non-gravitational force causes the inertial
mass mg of the particle to be converted into the heat energy and vice versa. Such heat

energy generated per unit time is

dt _ Widy
ol _ 36
dA\ (36)

W dt
according to Eq. (23).

3.2 Case 2

In this subsection, we study the motion of a bulk test particle as observed on the
(comoving) hypersurface with the spacetime metric §,, = W(y)g,.(z”).

First, we consider the bulk geodesic motion of a massless particle (ep = 0). When the
motion of the test particle is confined along the longitudinal directions of the domain

10



wall (i.e., %\ = 0), one can choose A = ) as an affine parameter on the hypersurface

y = constant to express the z’-component bulk geodesic equations (26) in the following
form: P o
P T 7
R V) (37)
d\? d\ d\
where T? is the Christoffel symbol for the metric Gy = Wg,, and we used the fact

ju%

that fﬁy = I',. So, its motion observed on the hypersurface y = constant is that of
a massless free particle. Nontrivial result arises when the massless test particle has
nonzero y-component for its velocity. From Eqs. (14) and (28) with ep = 0, one can
see that the parameters A and \ are related as

AN\ d (A 1w 38)
dA dy\d\) 2w’
which can be solved by .
LARSVIES (39)
d\ ‘

So, the bulk geodesic equation (26) for the z”-component motion is rewritten in terms
of the new parameter \ as
d?z foo dz* dz” 1W dxP

N VR A 40
e AN dh 2W dh (40)

The bulk geodesic motion of a free massless particle with nonzero y-component for its
velocity is therefore observed on the hypersurface y = y(;\) with the metric g, as the
motion of a massive particle which is under the influence of the extra non-gravitational
force as well as the gravitational field g, .

Second, we consider the massive bulk test particle (ep = 1). By using Eq. (16), one

can re-express the y-component geodesic equation (28) (with ep = 1) in terms of the

new parameter \ as
Py AWy
axz 2w dX

The zP-component geodesic equations (26) can be put into the following simplified

—0. (41)

form in terms of the new parameter A\ by applying Eqs. (16) and (41):

d*xP - da* da” IW dy dxP
R Ve S A Ry 42
d\? AN dA 2W dX d\ (42)

So, the geodesic motion of a free massive particle in the bulk spacetime is observed on

the hypersurface y = y(\) with the metric g, as the motion of a massive particle under
the additional influence of an extra non-gravitational force. For both the massive and

11



massless test particle cases, the extra force term exists in the equations (40) and (42)
for the particle motion, if the x”-component of its velocity is nonzero, and acts on the
particle parallelly to its four velocity %.

We have seen in the previous section that the Newton’s second law of mechanics and
the conservation of energy (and their curved space generalization) in four-dimensional
spacetime imply that only orthogonal (to the four-velocity % of the particle) compo-
nent of non-gravitational force F* influences the motion of the particle. However, as
can be seen from the equations (40) and (42) for the trajectory z*()) of the particle (as
observed on the comoving hypersurface y = y())), the particle’s motion is additionally
influenced by the extra force term (the RHS’s of Eqgs. (40) and (42)) which is parallel
to its velocity %. Existence of such abnormal force term implies violation of four-
dimensional physics and therefore can be an implication of existence of extra spatial
dimensions (since such force term cannot be explained by the known four-dimensional
physics). Or maybe it is due to the wrong choice of frame, since we have seen in the
previous subsection that in the metric frame of the case 1 such abnormal force term
does not exist. The author does not have yet clear understanding of which metric
frame is the correct choice for the spacetime in one lower dimensions. However, as we
will see in the following section, when g¢,, depends on the extra spatial coordinate y,
the x”-component equation for the particle trajectory (expressed in terms of 5\) has
the extra abnormal force term for both case 1 and case 2. So, it seems inevitable
that the abnormal force term in general exists for natural choices of metric frame, i.e.,
those associated with g¢,, and g,, = Wg,,. Due to extraordinary property of such
abnormal force term, the previous literature [7, 8, 9, 10, 11, 12, 13, 14] dubbed the
extra force as the fifth force. Actually, it should not be regarded as the violation of
the four-dimensional physics, since such contradiction arises because we attempt to
interpret the phenomenon which is higher-dimensional in nature from the perspective
of lower dimensional physics. We, as beings incapable of sensing higher-dimensional
spacetime, is apt to regard the higher-dimensional physical process as violation of
four-dimensional physics. Anyhow, in the following we reconstruct the equation for
the energy conservation and the Newton’s second law of mechanics in the spacetime of
one lower dimensions from the equations for the particle trajectory to see any physical
implication of the extra force in one lower dimensions.

On the hypersurface y = y(\) with the metric g,, = Wg,., a bulk test particle with

- <Z—§ﬂ , (43)

where we used Eq. (16). By applying Eq. (41), we obtain the following mass change

mass mg appears to have mass given by

=

m():mo
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rate with A as observed on the (comoving) hypersurface:

dry 7 "d

dme _ _mo W' dy (44)
dA 2 Wdl

From Egs. (42) and (44), we obtain the following equation describing the conservation
of energy and the Newton’s second law on the hypersurface:

Dp" _ dp* | s, da” g W dydzt
o ot W dx

(45)

which has the same form as the equation (35) for the case 1. So, in both cases the
particle appears to be under the influence of the extra force of the same form F* =
—mo%j—g%. However, the motions of the particle are different for the two cases,
because the mass 1 changes with different rates due to different choices of the (D —1)-
dimensional metric. For the case 2, the particle mechanics of one lower dimensions

appears to be violated, whereas for the case 1 it is not.

4 Dynamics in General Spacetime

In this section, we consider the case when g, in the bulk metric (5) depends on the
extra spatial coordinate y. In this case, a bulk test particle is regarded as being under
the influence of both the zero and the massive KK modes of graviton. We will see that
the massive KK modes of graviton induce the perpendicular component of the extra
force F'* for both cases 1 and 2, and the parallel component of the force term even for
the case 1.

The bulk geodesic equations (6), with the bulk metric given by Eq. (5) with g,, =
g (2?,y), take the following forms:

d?*xP dx* dx¥ dx* dy
= 970, Wou) = = 46
o Tl gy P90, Wao) et =0, (46)
d®y 1 dx* dx”
1 yartdr 4
e 2vWVaw) ey (47)

The consistency condition for the geodesic motion in the bulk expressed in terms of
an affine parameter A [a new parameter A = f(\)] takes the same forms (7) [(11) and
(12)] except that the metric g, now depends on y.

4.1 Case 1

In this subsection, we study the geodesic motions of a bulk test particle as observed in
one lower dimensions with the spacetime metric g, (2*,y).
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First, we consider a massless test particle (ep = 0) in the bulk spacetime. For the
trivial case of the geodesic motion with %\1 = 0, the motion is observed in one lower
dimensions to be that of massless free particle under the influence of gravitational field
Gy, only. When § # 0, by using Egs. (13) and (47), one obtains the following relation
between the two parameters A and \:

~ -1 ~
d\\ ' d (dx da* da”
) S (22 =——W"W’+ W—aa W 48
(dA) d\ (dA) VW) G “3)

The x”-component geodesic equation (46) takes the following form after Eqs. (13) and
(48) are applied:

d?xr dzt dx¥ 1 ,dzP 1 1 1dx dz | dz*
. [ —0, (ngu) (49)

_ L
oA o e LS ol LU ARSI o o
The bulk geodesic motion of the massless particle Wlth ¥ # 0 is therefore observed in
one lower dimensions as the motion of a massive particle under the additional influence
of the extra non-gravitational force, unlike the case of the KK zero mode metric g,
as discussed in the previous section. The extra force term on the RHS of Eq. (49) has
both the parallel and the perpendicular components given by

1 _1 dz dz* | dy dx”
fo= ZIWTIW + W 29,(Wg,,
Ji [ vOVou)" d)\]d)\d)\
1dz? dx® | dxt
P:_W2P0+W* —0,(Wq,,). 50
f1 l g e dA] = y(Wop) (50)

These vanish when g, is independent of the extra spatial coordinate y, implying that
the extra force is due to the massive KK modes of graviton.

Second, for a massive bulk test particle (ep = 1), by using (15) one can express the
y-component bulk geodesic equation (47) in terms of \ as

2y 1W [(dy\® 1 dy\’ dz* dz”
e 2w <d)\> 2 d\ vWVg) 1)

The z-component bulk geodesic equation (46) can be expressed in terms of ) as follows
by applying Eqgs. (15) and (51):

p T == — gp0+——~—~ _~—~ay(Wgau>' (52)

d?>xP dzt dzv 1W' dy dxP 1 1dz? dz? | dy dzt
= + MV—N = = = = W
dN? d\ d\  2W d)\ d\ 2.dXN dX | dX d)

So, the bulk geodesic motion of a massive test particle is observed in one lower dimen-
sions as the motion of a massive particle under the additional influence of the extra
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non-gravitational force, also unlike the case of y-independent g,,,. The extra force term
on the RHS of Eq. (52) has both the parallel and the perpendicular components given
by

LW dzt dzt | dy dxf
o= |2 g, (W, ]—
Ji Q[W o) 5 a5 | ax ai
_ dxf dz? | dy da*
Fo= —Wlgr + = —=—0,(Wgs,). 53
i [g i dddA -5 O WViou) (53)

As expected, these vanish when g, is independent of y.

We now obtain the expression for the extra (D — 1)-force F'* acting on the particle
from the (D —1)-dimensional perspective. The bulk test particle of mass my is observed
to have mass mg given by Eq. (33) from the perspective of (D — 1)-dimensional
spacetime with the metric g,,. By using Eq. (51), one obtains the following rate of
mass change with X as observed in the embedded (D — 1)-dimensional spacetime:

dx* dx¥ dy
dx dx | ax

J -

T _ T et - g, (W) = (54)

d\ 2

From Egs. (52) and (54), we obtain the following equation describing the conservation

of energy and the Newton’s second law of mechanics in (D — 1)-dimensions:
Dpt dp“ dx? dx? dy

_ —p% = —mW g™ ——9,(Wgq,,)—=.
= e oW g5 0 WVan) 5

The extra force F* on the RHS of Eq. (55) has both the parallel and orthogonal
components given by

(55)

dxf dx® dy dx*
Fo= oW Y W,
| TPV TN dn ; Zp)dé\ldé\
_ _ M €T y xp
Flo— gL | g BT Ay ATy . 56
| Mo [g | , (Wau,) (56)

As expected, when g, does not depend on y, F'{’ vanishes and Fﬁl takes the form of
the RHS of Eq. (35).

Even with the choice of the metric by g,, for the (D — 1)-dimensional spacetime,
which it has been previously regarded as the natural canonical choice for the (D — 1)-
dimensional spacetime embedded in brane worlds, the motion of the particle observed
in the (D — 1)-dimensional spacetime appears to be under the additional influence of
the abnormal force term, which cannot be explained by laws of physics in (D — 1)-
dimensions, if the metric g,, depends on the extra spatial coordinate y. Namely,
the equations (49) and (52) describing the particle trajectory x“(S\) observed in one
lower dimensions have nonzero parallel component force term f|’|) and the the mass
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change (54) with X\ is not in accordance with the conventional formula (21) for a

given extra non-gravitational force F* = —mOW’lg“”%ﬁy(Wgyp)%. Also, with a
choice of the metric frame g,,, the same holds true as expected, as we will see in the
4

following subsection. Note, the abnormal force term is not due to the wrong choice
of parameter \ describing motion observed in (D — 1)-dimensions, since we have fixed
(up to affine transformations) the parameter A through the (D — 1)-dimensional affine
conditions (8) and (9). So, the massive KK modes of graviton not only give a small
correction to Newton’s 1/r? law of four-dimensional gravity but also causes violation of
four-dimensional laws of physics, which can be an indication that our four-dimensional
world is embedded in higher-dimensional spacetime.

If we take the viewpoint that laws of physics in (D —1)-dimensional spacetime should
not be violated, then we have to take the metric g,, for which the equation for the
particle trajectory does not have abnormal force term as the physical metric of the
(D — 1)-dimensional spacetime. With a choice of such metric, according to Eq. (21),
the (D — 1)-dimensional mass 7, should change with an affine parameter \ as

dmo dx”
— = g, 29
where mg = mog, the parameter A is defined through the relation gw%% = —1,

F* is the extra non-gravitational force observed in (D — 1)-dimensions, and of course
the parameter A is defined through Eq. (7) with ep = 1. In the case where g, is
independent of y, such physical metric is given by g,,, = g, For a general y-dependent
9w, it seems not clear whether a simple and natural form of the physical metric g,
that satisfies this equation exists.

4If one chooses a non-affine parameter to describe the motion of a particle, the abnormal force
term also occurs in the equation for particle trajectory. To see this, we consider the following geodesic
equation for a free particle, whose motion is under the influence of the gravitational force, only:

d?zP dx* dx¥
P =
ds? o ds ds 0, (57)

where s is an affine parameter. If we take a new parameter § = f(s) to parameterize the motion of
the particle, then the above geodesic equations transform to the following form:
d%xP dat dz¥ d*3/ds? dx?

e - - __ __ 7 7
G U as T T (deds e di (58)

So, through non-affine transformation one induces an extra velocity dependent fictitious force term
2 = 2
—%% parallel to the four-velocity % of the particle. Eq. (58) also shows that the geodesic

equations (57) are invariant only under the affine transformations s — § = as + b, a,b € R.
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4.2 Case 2

In this subsection, we study the geodesic motion of a bulk test particle as observed in

the (comoving) hypersurface y = y(\) with the metric §,, = W(y)guw (2, ).
First, we consider the case of a free massless bulk particle (ep = 0). When j—g =0,
one can put the z*-component geodesic equation (46) to the form (37). When Z—g # 0,

by using Eqs. (14) and (47), one can see that the affine parameters A and A are related

~ =1 ~
dA d [dA 1 dxt dx¥
— — (=] ==0 w) —=——=. 60

Applying Eqs. (14) and (60), one can put the z’-component bulk geodesic equation

as

(46) into the following form in terms of the new parameter \:

d?z? -~ dxt dz? 1dxf dx® dat
2 pe BATTyyerger  LATTATT AT ey 61
a2 AN dn l > dn | ax O Wen) (61)

where fﬁy is the Christoffel symbol for the metric §,, = W(y)g,.(2”,y) and we used
the fact that ffw = I',. So, the geodesic motion of a massless free particle in the bulk
spacetime with the metric (5) is observed on the (comoving) hypersurface y = y(j\)
as the motion of a massive particle under the additional influence of the extra non-
gravitational force. Unlike the case of the y-independent g,,, the extra force term on
the RHS of Eq. (61) is no longer parallel to the (D — 1)-velocity % of the test particle.

The parallel and the perpendicular components of the extra force term are given by

1 dzt dx¥ dz”
0= 29, (W) =
i 2 yd( Z”) o
Ip xo’ B o x,u‘
fl = - i +Wlg? Kay Wou) - (62)

As expected, the perpendicular component f{ vanishes and the parallel component f|’|’
takes the form of the RHS of Eq. (40), when g, is independent of y, implying that
the perpendicular component is due to the massive KK modes of graviton.

Second, we consider the case of a massive bulk test particle (ep = 1). By using Eq.
(16), one can put the y-component geodesic equations (47) into the following form in
terms of a new parameter \:

d?y 1 dy\’ dx* dx”
a2 2 { <d)\> v OVou) 50 (63)

The z*-component bulk geodesic equation (46) takes the following form after Eqgs. (16)
and (63) are applied:
d*a? | =, dat dz” 1dz? dx° | dy dat

= FV—~ —=—|w! Pt ——— | =—0, W) . 64
a2 AN X l 7T dA]dAdA y (Woan) (64)
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So, the geodesic motion of a massive particle in the bulk spacetime with the metric
(5) is observed on the (comoving) hypersurface y = y(\) as the motion of a massive
particle under the additional influence of the extra non-gravitational force. As in the
massless test particle case, the extra force term on the RHS of Eq. (64) has both

parallel and perpendicular components given by

1 dy dz* dz” dx”
p = —a W v) T~ =~ =~ T~y
Ji 2yd( 2”)01)\01)\ i
xf dz’ 1 0| dy dzt
N I A P e S R (6

As expected, when g, is independent of y, pr takes the form of the RHS of Eq. (42)
and f7 vanishes.

We now obtain the expression for the extra non-gravitational (D — 1)-force F'* ob-

served on the (comoving) hypersurface y = y(S\) A bulk test particle with mass my is
measured on the hypersurface y = y(\) to have mass mg given by Eq. (43). By using
Eq. (63), we obtain the following mass change with \ as observed on the hypersurface:

ding g

= —0,(Wgw)

ding dxt dx¥ @
d\ 2

a4y (66)
dx d\ dx

So, from Eqgs. (64) and (66), we obtain the equation % = F* which has the same
form (55) as the case 1. However, since we have chosen different (D — 1)-dimensional
metric, the expressions for the parallel and the perpendicular components of F* are

instead given by

dxf dx° dy dx*
F“ = T ~—~a W o) T T,
| by uryalil gd” )dd)\ o
~ - B Y y P
FlUo= g (Wl + S Y S g, 67
I Mo g | , (Wau,) (67)

As expected, when g, is independent of y, F'|' vanishes and F”“ takes the form of the
RHS of Eq. (45).

5 Conclusions

In this paper, we carefully studied the geodesic motions of a test particle in the bulk
spacetime of general gravitating configurations in the RS scenario as observed in the
embedded spacetime of one lower dimensions. We presented the explicit equations
describing such particle motion perceived by an observer in one lower dimensions and
the explicit forms of the extra force on the particle measured in one lower dimensions.
Such equations and extra forces are inconsistent with laws of particle mechanics in one
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lower dimensions. Such inconsistency does not mean the violation of physics in one
lower dimensions, but results from our effort to interpret the physical process which
is higher-dimensional in nature with physics of one lower dimensions. The RS model
assumes that the extra spatial dimension is noncompact, and therefore generically
physical phenomena in the RS model have to show higher-dimensional character, which
is observed to be inconsistent with physics of our four-dimensional world. So, one can
test the RS scenario by detecting inconsistency with the four-dimensional physics such
as the one present in this paper. It would be interesting to further explore implications
of violation of four-dimensional particle mechanics in the RS scenario that we presented
in this paper.
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