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1. Introduction

Singular vectors of Verma modules appeared in the representation theory of semisimple
Lie algebras and groups, cf. [1], [2], [3], [4]. After that singular vectors have also made
a great impact in physics and not only from the point of view of applications. In fact,
the generalization of singular vectors to other symmetry objects was done primarily in the
(mathematical) physics literature starting with the paper [5], where singular vectors of
the Virasoro algebra were crucially used. More explicit examples in this case were given
in [6], [7], [8], [9], [10]. Further, singular vectors were given for Kac-Moody algebras [11],
[12], the conformal superalgebra su(2,2/n) [13], the N = 1 super-Virasoro algebras [14],
[15], quantum groups [16], [17], [18], W-algebras [19], [20], [21], the N = 2 super-Virasoro
algebras [22], [23], [24], the N = 4 super-Virasoro algebras [25], Kac-Moody superalgebras
26], [27].

In the present paper we consider singular vectors on Verma modules over the Drinfeld-
Jimbo quantum groups [28], [29]. These are g¢-deformations U,(G) of the universal
enveloping algebras U(G) of simple Lie algebras G and are called quantum groups
[28], quantum universal enveloping algebras [30], [31], or just quantum algebras. The
present paper may be viewed as a natural continuation of the paper [17], where explicit
formulae were given for the singular vectors of Verma modules over U,(G) for arbitrary
G corresponding to a class of positive roots of G, which were called straight roots, and some
examples corresponding to arbitrary positive roots. Note that these results are complete
only for G = A, since in that case all positive roots are straight. The singular vectors
were given only through the simple root vectors as in earlier work in the case ¢ = 1, cf.
[32], [33]. (This basis turned out to be part of a more general basis introduced later in
the context of quantum groups, though for other reasons, by Lusztig [34].) On the other
hand, there were examples, both in the undeformed case [35] and the g-deformed case
[36], [37], [38], when it was convenient to use singular vectors in the Poincaré-Birkhoff-Witt
(PBW) basis. In principle, the paper [18] generalizes the results of [11], (from where PBW
singular vectors may be extracted), to the quantum group case, however, the formulae are
not so explicit as it is necessary for the applications.

Thus, the first result of the present paper gives explicit expressions for the singular
vectors of U,(Dy) in terms of the PBW basis. The second result relates these expressions
with those in terms of the simple root vectors. This we also do for the non-straight roots,
which were omitted in [17]. The second result is not known also for ¢ = 1.

2. Preliminaries

Let G be a complex simple Lie algebra with Chevalley generators XijE S H yo=1,...,0=
rank G. Then the quantum algebra U,(G) is the g-deformation of the universal enveloping
algebra U(G) defined as the associative algebra over @ with generators X li , K; = qu ,
K7 ' =¢ ™ and with relations [29] :

K,,Kj] =0, KK'=K'K,=1, K, X*fK' = ¢g"Xx%, la
7 7 7 J 2 ? J
_ K, —K; !
[X{F ) Xj] = 5ij - 1 > (15)
q; — 4,

- n k n—k o

3 (1) <k> (X3 xE (x5 = 0,045, (1¢)
k=0 qi
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where ¢; = ¢(@*)/2 (a;;) = (2(ei, ;) /(s , ;) is the Cartan matrix of G, (-, ) is
the scalar product of the roots normalized so that for the short roots a we have (a,a) =2,
n=1-— aij s

m —m

(1d)

n\ _ [n]4! ol L= Tl T oy 4"~
(1) = mreg e = e bt k=

Further we may omit the subscript ¢ in [m], if no confusion could arise.
The above definition is valid also when G is an affine Kac-Moody algebra [28].

We use the standard decompositions into direct sums of vector subspaces G = H &

® Gs = GtroH®G,GF= @ Gg, where H is the Cartan subalgebra spanned by
pBeA peA+

the elements H;, A = ATUA™ is the root system of G, AT, A, the sets of positive,
negative, roots, respectively; Ag will denote the set of simple roots of A. We recall that
H; correspond to the simple roots «; of G, and if Y = > Ny o), B¥ =26/(0, ), then
B corresponds to Hg = Zj n; Hj.

For the PBW basis of U,(G) besides X, KX' we also need the Cartan-Weyl
(CW) generators ch corresponding to the non-simple roots 8 € AT. Naturally, we shall

use a uniform notation, so that X ai = Xii. The CW generators X Ef are normalized so
that [29], [16], [39] :

Ks— K:;!

X, Xyl = 2L, g = (B

o 2)
_ n; (8,8)/(aj , H

J

We shall not use the fact that the algebra U,(G) is a Hopf algebra and consequently
we shall not introduce the corresponding structure.

The highest weight modules V' over U,(G) are given by their highest weight A €

H* and highest weight vector vy € V' such that:
Kivozq?ivo, X{"vo:O, i=1,....0, A; = (A, o)) (3)
We start with the Verma modules V* such that VA 2 U, (G7)®wv, . We recall several

facts from [16]. The Verma module V# is reducible if there exists a root € AT and
m € IN such that

[(A—l—p, ﬁv)_m]% =0, (4)
holds, where p = 33 ca+ . If ¢ is not a root of unity then (4) is also a necessary
condition for reducibility and then it may be rewritten as 2(A+p, 8) = m(f,0). (In
that case it is the generalization of the (necessary and sufficient) reducibility conditions for
Verma modules over finite-dimensional G [1] and affine Lie algebras [40].) For uniformity
we shall write the reducibility condition in the general form (4). If (4) holds then there
exists a vector v, € VA, called a singular vector, such that v, ¢ @ vy, and:

Kivs = ¢MmBeD =10, (5a)
Xto, =0, i=1,...,¢, (5b)
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The space Uy(G~)vs is a proper submodule of VA isomorphic to the Verma module
VA-mB = U, (G7)®v{, where v} is the highest weight vector of VA~™8; the isomorphism
being realized by vy — 1 ® v{. The singular vector is given by [32], [33], [16]:

vy, = VP = Pﬂ@’uo (6)

where P2 is a homogeneous polynomial of weight m/. The polynomial P2 is unique
up to a non-zero multiplicative constant. The Verma module VA contains a unique
proper maximal submodule I*. Among the HWM with highest weight A there is a
unique irreducible one, denoted by Ly, i.e., Ly = VA/I* | If VA is irreducible then
Lx = VA, Thus we discuss further L, for which V2 is reducible. If VA is reducible
with respect to (w.r.t.) to every simple root (and thus w.r.t. to all positive roots), then
Ly is a finite-dimensional highest weight module over U,(G) [41]. The representations
of U,(G) are deformations of the representations of U(G), and the latter are obtained
from the former for ¢ — 1 [41].

In [17] the singular vectors were given only through the simple root vectors, namely:

P = PE(XT,.. ., X)) ®wv, (7)

so that PP is a homogeneous polynomial in its variables of degrees mn;, where n; €
Z, come from f=> n;q;.

The aim of the present paper is to give expressions for the singular vectors in terms
of the PBW basis and to relate these expressions with those of [17].

3. Singular vectors for the straight roots

3.1. Singular vectors in PBW basis

In this paper we consider U,(G) when the deformation parameter ¢ is not a nontrivial
root of unity. This generic case is very important for two reasons. First, for ¢ = 1 all
formulae are valid also for the undeformed case and formulae for the relation with [17] are
also new for ¢ = 1. Second, the formulae for the case when ¢ is a root of unity use the
formulae for generic ¢ as important input as is explained in [17].

Let ¢ = Dy, £ > 4. Let «; , + = 1,...,/ be the simple roots, so that
(v, aj) = —1 ifeither |[i—j|=1,4,7 #£ orij = £({—2)and (a;, ;) = 26;; in
other cases.

Then all positive roots are given as follows

aij=o; tojp+ oo tap, 1<i<j<E-2,
Bi=aj+aj+...tapota, 1<5<0-2,
Bi=aj+taji+...tapstapy, 1<j<L-2,
Bo = qp_a+ ap_1+ ayp,
vi=ajtajp+ oot aps oy tay, 1<5</0-3,

’}/ij:CY¢+OA7;+1—|—...—|—2(C¥j—|—...—|—Ozg_2)—|-Ozg_1—|—Ozg, 1<i<j<t-2.
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We recall that the roots «;;, 3;, Bj , Po , are positive roots of various A, subalgebras.
Thus, we have to consider only the roots v; and ~;;. We recall from [17] that ~; are
straight, while «;; are not straight.

In this section we deal with the straight roots ;. Now we recall that every root -;
is the highest straight root of a D,_;,; subalgebra of D,. This means that it is enough
to give the formula for the singular vector corresponding to the highest straight root -~ .

Further we shall need the explicit expressions for the non-simple-root Cartan-Weyl

(CW) generators of U,(G). Let chj7 in, 17ji, Y, Z]i and Zi:j be the Cartan-

Weyl generators corresponding respectively to the roots +a;;, £8;, £8;, £, £v;
and :IZ’}/”

The CW generators corresponding to the nonsimple roots are given as follows:

XE = 472 (g Xinﬁrlj Y XE, XE) = (9a)
= TV (VP XE X - TP XEXE ), 1<i<j<e-2

vE = :l:qq:1/2( 1/2 Xinie , — g2 Xzie 2X:|:> _ (9b)
Ve <q1 XEYE, — ¢V yjﬂ_EHXi> . 1<i<t-2

YE = £4T1/2 (ql XE 1X1ig o — ¢ Xzie 2 Xio 1) = (9¢)
= £ qF2 (¢ XEVE, - VAR XE) L 1<i<e—2

Vi = 4T (ql X, YE, g 1/? Yiszt_J = (9d)
— 4+ T2 (q1/2 X:I:y:i: _ q—l/zyingt>

7E = g7V (g XE Y - T VPYEXE, ) = (9¢)
= 4 g2 (q1 X:I:y:i: _ _1/2571in>7
:iqqcl/2<1/2Xi vE _q—l/Z?;:tXEt_1> 7 1<j<f-3

75 = g7 (2 ZEXE,, - VP XE LZE),  1<i<j<i—2 (9))

Now the PBW basis of U,(G~) is given by the following monomials:
(X7 0) = (X g g ) 2 (X ) 2 (V)2 (V) 5) 2
(Ze_u z)se_“_z(Xz_—4,14—2)82_4’£_2- (Z1_1z 2)81’2_2(?}:3)15(_3(1/2_—3)“_3X
(Z,_ 4,0— g)T L (Z1_,£_3)81’173--- (Y1 )tl (Y)" (Vg )t

X (Zg_g)™ % (Z0)7H (X)) (X)) ™ (X Lg) ™2 X

X (X g 3)“ e (X 5) (X)X
X (X)" (X )" (X)™

g (10)

These monomials are in the so-called normal order [39]. Namely, we put the simple root
vectors Xj_ in the order X, ,, X, , X,_,, X, 5, ..., X5, X;. Then we put a root
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vector E, corresponding to the nonsimple root « between the root vectors Eﬁ_ and

ES if @ = B+vy,a,8,7€ A™. This order is not complete but this is not a problem, since
when two roots are not ordered this means that the corresponding root vectors commute,
e.g., [X; , Xz_k?,—i—k;] =0,and [Y;” ,Y] =0, 1<i</{-—2.

Let us have condition (4) fulfilled for 1, but not for any of its subroots v;, i > 1 :

(A+p,m1Y)—m], = 0, meIN, (11a)
[(A+p,7))—m']y, #0, Vm' € IN . (11b)

(The necessity of the condition (11b) was explained in [17].) Let us denote the singular
vector corresponding to (11a) by

v;“’m — ZD%hm (Xe__z)wﬂ(Xe__g,e_z)thg’lﬂ o (Xl—,g_z)t1,zf2(f/£—_2)t472 (Ye_—z)tbg <
T

x (Z,_ 3,0— g) 2(X£_4£— )T (Zl_,f—z)sl’éfg(?e_—a){é*g(yf_—?,)the’X
Zy_gg_g)™ e (L) ™ (V)P ()P (Y ) %

Zy_ )™ (2 (X)) ™ (X )™ (X lg) ™ %

Yt (X ) (X )

X (X)) (X)) (X)™ @

X

X

(
(
(
(

><

X (Xp_g 03

(12)
where T denotes the set of summation variables a;,%;;, sij,t,t;, si, ¢, all of which are
nonnegative integers. Next we impose the conditions (5) with [ — ~;. (Inequalities (11b)
mean that no other conditions need to be imposed.) Conditions (5a) restrict the linear

combination to terms of weight my;. In our parametrization these are the following
¢ conditions:

p
= m—z i+t +s;) +Zt”+ Z s5ij + 2 Z sm 1<p<i-3
i=1

j=p+1 1<i<i<p
/—2 _
— (t+2ti+Zsi+ > sy)
i=1 i=1 1<i<j<t—2 (13)
=2 43
ag_lzm—(t—FZti-i—ZSi—F Z Sij)
i=1 i=1 1<i<j<t—2
-3 =
(g =M — (t+2(t¢+t¢) +Z(8¢+t¢,£—2) +2 Z Sij)
i=1 i=1 1<i<j<f—2



This eliminates the summation in a; in (12) and also restricts further the summation
tijs Sijstisti, siyt so that the a; in (13) would be all nonnegative.

Furthermore, conditions (5b) fix the coefficients D™ completely and we have:

0 ay)
y1,m ¢ 20 pl;[2 arl
D™ =D (=1) -2 -2 _ x
(] TT [s1)sj—a ]t TT (5000250 TT  [tas]!
j=2 j=1 1<i<j<b—2
qu(A+P,aeaz+az—1ae—1)
X —2 - —3 -3 X
[m—?t—Z(ti—Fti)—Q Z Sij_2.zsi_.zti’£_2]! (14)
=1 1<i<j<e—-2 1=1 1=1
-3 : .
x H qaj(A+p)(Hj) ) q(AJ +J _ aj + tj—l,j) %
j:1 Y Q(AJ +] + 1)
) q(A£—1+1_a£—1)v q(AEWLl_aE)’ DY £0
s q(Ae—1+2), g(Ae+2)
A" = (A, 0", with " := a1 + ...+ a,
where
p -2
&p:m—Z((ti%—ti—ksi)—k Z(tij+sij)+2 Z Sij)a 1§p§£—3
i=1 j=p+1 1<i<j<p

and the factor A is given by:



-4 -4 {-3
A=Y {tij > il gy Zspﬂ'—l} + Y s st
=1

1<i<yj<e—2 p=0 p=0 1<e<j<E-2
-3

+ Y - ((£—2) Sty et Y sy +€Zsi>m

1<i<j<e—2 1<i<j<e—2 1<i<j<e—2 i=1

-3 {—4 {-3

+ Z tijZ(ti+di) + Z( +d)Z(t~+dj)

1<i<j<t—2  i=1 i=1 j=1

-2 p -3
15 (R0 SIRSED SEPUES § MR

p=1 Jj=1 1<i<j<e—2 i=1

P -3
‘f‘tp(ztj—F Z Sij+ZSi—(£—p)m)}
j=1 1<i<yj<e—2 =1 (15)
-3
—f-t(t—f-tg_z—f-tg_g—f-ZSi—f- Z Sij —Sm)
i=1 1<i<j<f—3
-3

D SRR S 3

1<i<j<l—3 1<i<j<e—2 k=1

-3

>t D st s)

1<i<j<e—2 1<i<j<e—2 i=1
+ Y G-t + Y>, (E—j+3)si+4si_30-

1<i<j<b—2 195/,{—4

i<j

£—3
+ _7'51—'_2 — i —1)(t; + t;)
1

=

-3
where t° = Y ty.
k=j+1
Finally, we explicate how to obtain the singular vectors for the roots v;, ¢ > 1 from
the above formulae. For this one has to replace ¢/ — ¢ — ¢ + 1, and then to shift the
enumeration of the roots, namely, to replace 1,...,4—4+4+1 by 1,..., 2.



3.2. Relation between the two expressions for the singular vectors

Here we would like to present the relation between the expressions for the singular vectors

in the PBW basis given in (14) and in the simple root vectors basis given in [17]. The
latter formula is (cf. f-la (16):

= 3 3D ey (K

k1=0 ki_1=0
x (X )m R (X ) ™(X )2 (X )R x
X (Xg)k2 (X)) @ o

(X g)mE (Xp )R

, (16a)
d — d(-1 ki+-+ko_q m m
ky...ke_1 ( ) Ky . ko1 . X
(Atp By [Atp
[(A + Py ﬁl) - kl]q [(A + P, ﬂZ—B) - kZ—B]q
[(A+ p, )] [(A+ p,ap—1)lq
[(A+ p, ap) — ko—alq [(A+ p,ae—1) — ke—1]q
Cacee (7)o () s
ki), ke1 ),
AT+,  [ATP+L-3]
[AY —Fa]g 0 [AT3 — ko3
[AIZ + 1](1 [All—l + 1](1
, d#0 16b
[Ap — ko—alq [Ao—1 — ke—1]q 7 (166)
where Ay = (A, ay),
The D—coefficients are given in terms of the d—coefficients by the following formula:
T
[ap]!
Yi,m p=2
Dy o P =2 ~ x
(] TT [s1]sj—a]t TLIE 08D TT  [ts]!
Jj=2 Jj=1 1<i<j<e—2
4
(D= gt
x —2 ~ -3 -3 x
[m—2t—2(ti+t,~)—2 Z Sij—228,'—zti’g_2]!
i=1 1<i<j<e—2 i=1 i=1
-3
[m — kp]!qkp(ap_tpfl,p)
XY ke ] X
k1,ko,....ke—1 p=1 [ap o tp—l,T‘ o kp]!
[m — kf—l]! [m — kZ—Z]! q(kl,1a171+kz,2az) (17)
[ap—1 — ko—1]! [ap — ke—2]!

where 0 <k, <a,, 0<p<{l-3, ki—1<ap_1 and kp_o <ay,.
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4. Singular vectors for the nonstraight roots

4.1. Singular vectors in the PBW basis

The nonstraight roots of D, are given in (8). We shall also write them as:

l
Yop = M0,
j=r

1 for r<j<p
nj:{Q for p<j</l-—2
1 for yj=¢-1,¢

1<r<p<t-—2

(18)

Like in the case of straight roots we could use the fact that every root +,, can be treated

as the root v, of a Dy_,; subalgebra of D,.

This means that it would be enough to

give the formula for the singular vector corresponding to the roots <, . However, we shall

not do this for these roots, since anyway it is not reduced to single root.

Let us have condition (4) fulfilled for ~,,, , but not for any of its subroots. The singular
vectors corresponding to these roots are given by:

Yrp T
'US ’

N ’Y’V‘p’m
= Z Dy

X (Zy_34- p) Q(Xe_u—

. (Z’I"_,E 3)87"[73 o
)sr XE )m by (XZ_—

N

Sy — _
X )44,13_.

E 4.0—-3
Z )Se—s. (

to—a,0-3
XE 4.0— 3) :

— mn,y41— b7-+1
(Xr+1)

(
(
x
x

X ..

. rp T
where the coefficients D% P

Xﬂ_—z)zm_blﬂ(Xf_—?,,e—z)té*?”l*2 EE

(
- (
(X

)5174,472

(¥,7)b (v, )t (Vg )t x

r

l)m—bz—1 (Xe—_?’)mnz—s—be—s %

Xpog) (XL y) e x

r r+1) mrt (Xr_)m_br ® Vo

are given by:

(Zyga) 2 (Vi) (Yyg) o

-3 i
Z Sij H %zzz—bj'
R p—t ><
0 TT [seillsi—alt TT 1006 T [teg)!
j=r+1 j=r r<i<j<—2
qA”Sq(A+p,béaz+bzf1aéf1)
X —2 -3

[2m — 2t — > (t; +t;) — 2

{-3

< T gt

] =T

2.

r<i<j<f—2

-3
. Sij -2 Z S; —
=7 1=r
(A —mn; +b; +1;— I,J)X
, (A + 1)

gAe1+1T—m+bp 1), ((Ae+1—m—+by)

J
A/j = an(Az + 1) s

i=r

s q(Me1+2), (Ar +2)

DnS % 0

10

> tig—a]!
i=r

(Xpema) ™2 (V) 2 (YD) 2 %

(19)



where we have set forr <p</—-3:

P -2

by = > ((t s)+ D (i +su)+2 D> sy),
i=r j—p+1 r<i<j<p

by = Z((t + i+ s) +th+ Z sig+2 Y. Sij),
i=r j=p+1 1<i<i<p

b£=t+it¢+isi+ > si
i=r i=r

r<i<<j<l—2

{—2 £-3
bor=t+Y Li+Y si+ > s
i=r i=r

r<i<j<L-2

-3 {-3
bz =t+ Y (titt)+ > (si+tiea)+2 > sy (21)
1=r 1=r

r<i<j<t—2
4.2. Singular vectors in the simple roots basis

The singular vectors corresponding to the nonstraight roots, v,,, 1<r<p</{-2,/in
the simple root basis are given by

m mne41

v Z Z Z iy (X)W (X )i TRt

k»=0k,.+1=0 ke _1=0
% (XZ—_S)2m ko_3 (Xe—_l)m—kg_l(XE—)m—kg_z (XZ—_Z)Zm(XZ—)kg_QX
X (X ) (X )™= (X)) @ (22)

Now the coefficients d are given by the following expression

ey = (SR S D

mnp—bp<kp m—by_1<kp_q
: m=by<ky_o
mny_g—by_3<kp_3

(an—b Y(1—k;)—F; [mn — b ]|

{-3
X U[

ming = kjl\[mn; — bj]l[k; — mn; + by]!

q(m_bé)(l_kl—2)_kl—2 q(m—bzf1)(1—k471)—k471
X X
[m — bg]![kg_g —m — bg]![m — k‘g_z]! [m — bg_l]![k‘g_l —m — bg_l]![m — kg_l]!

£—2 -3 -3

X [2m—2t—Z(ti+t~¢)—2 Z Sij—2ZSi—Zt¢,g_2]!X
=7 r<i<j<~t—2 i=r i=r

-2 —
< [t T Isrsllsi—al! H e I agle (23)
j=r+1 j=r r<i<j<{l—2

more explicitly the d—coefficients are given by

dkl...ke_l == dns (—1)k7‘+"'+k2—1 (Tr][;nr> (Tr][;ng_1> «
T q —1 q
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[(A+p,877)]q [(A+p, B73)],
[(A+p,B77) = kelg " [(A+p, B7473) — ko—s]q
[(A+ p, ou)]q [(A + p, ae_1)]q
(A + pye) = ke—2]q [(A + pyc—1) — ke—1]q

- qs (_1)kr+"'+ke_1 (mnr> <mng_1> »
k. q ko1 q

[A/r + nr]q [AIZ—S + nZ—S]q
[A/r 4+ nr— kl]q e [A/E—?) + n£—3 _ kZ—B]q

[AE + 1]q [Aﬂ—l + 1](1
Ap+1—Fkpolg [Aoc1 +1—ko—1]g’

X

X

dnS % 0

J J
i = Zmai, AT = (A, B), nl = an i (24)

i=r
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