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PRELUDE: Standard Model —an exampleof QFT —atool for precisioncalculationsin modern
High Energy Physics(HEP)

In this School,the courseson QuantumField Theory (QFT) andthe Standardviodel (SM) are
groupednto onecourseof six lectures.

Maybe,thisis notby chancethe SM finally strengthenedself to bethemodernQFT capabldor
precisioncalculationdn HER In my opinion, in recentyearsa new disciplinehasbeenborn: Precision
High-Enegy Physics PHEP, bothexperimentallyandtheoretically

Experimentallythis is first of all dueto experimentsatthe Z resonanceLEP1andSLAC, with
their unprecedentedtatistics,bringing the precisionof measurementat the per mil level. However,
otherfacilities, like TEVATRON, alsoapproaciPHEPstandardsThe LHC alsoexpectsto be a typical
PHEPfacility, not speakingaboutlinear collider (LC) whereone expectsstatisticsin the Z resonance
model00timesricherthanat LEP1(GigaZ phaseof linearcollider).

Theoreticallyit is basicallythe StandardModel (SM), which novadaysrepresentain exampleof
a calculableQFT. This statusof the SM wasachieved during nearly 40 years heroicefforts of alarge
communityof theorists’tracingbackto pioneeringoapersy S.L. Glashav, S. Weinbeg andA. Salam
in the beginning of the sixties,andfinally recognizedy the decisionto awvardthe 1999NobelPrizein
Physicsto G. t'Hooft andM. Veltman“for elucidatingof quantumstructureof electraveakinteractions
in physics”,andfor “having placedthis theoryon afirmer mathematicafoundation”.

An importantquestionthat | asled myself whilst preparingtheselectureswas: Which balance
betweenQFT and SM? Presumablyideally, it shouldbe 50-50. However, eventuallya SM dominated
courseemeped. Thereweredifferentreasongor this.

Objective reasons:

— At presentwe faceanimpressie succes®f the SM in thedescriptionof the LEP1/SLCdata;
— Weareattheendof the LEP1/SLCdataprocessing;
— Weforeseea bright futurefor PHEPatthe collidersof nearfuture.

However, therewerealsocertainsubjectve reasons:

— | have workedfor about20 yearsin thefield of PHEP;

— | wasdeeplyinvolved in the LEP1/SLCanalysiswithin the framewvork of the ZFITTER project
andseveral CERN Workshopsledicatedo precisioncalculationgor the Z resonance;

— Last,but notleastabook TheStandad Modelin the Making[1], written togethemwith Giampiero
Passarinoandfinishedin 1999. In this book, we tried to shav how the SM works for precision
calculationsf the Z resonancebserables.

Therefore,it is not surprisingthat this courseof lecturesis biasedto the SM and Z resonance
physics.l would like to saya few wordsasto why it is sobiasedowardscalculations.

Hereagainl seeobjective andsubjectve reasonsObjectively, the precisioncalculationcconsume
alot of mathematicend,in my opinion, it is not surprisingthat the creationof SCHOONSCHIRvas
speciallymentionedn the decisionto awardthe 1999Nobel Prizeto Prof. M. Veltman. Nowadays all
the cumbersomeliagrammaticcalculationsare donewith algebraiccomputersystems.However, | am
notgoingto tell you aboutcorrespondinglgorithms.In my opinion,the underlyingmathematicsyhich
the SM physicsis basedupon,is very simpleandeverybodymay masterit. So,| shalldareto tell you
aboutit.

Subjectvely, it is our way of understandingphysicsby meansof calculations.Whenworking on
thebook,we likedto say: “We do not prove Wardidentities— we computehem’ Theselecturesiollow
the sameapproachalthoughl understandhatit may not be appreciatedy the majority of the HEP
community Anyway, thefirst five lecturesareself-containecindmay be studied.



| would like to say that theselecturesare not a simpleextractionfrom the book. | seethemas
introductoryandin mary respectsaas complimentaryto the book. So, in the secondecturel tried to
presenta moreextendeddiscussiorof the SM Lagrangiarcomparedo the presentatiorin the book.

Finally, it shouldbe stressedhatbothin the book[1] andin theselecturesthe Pauli metricsis
used,.e. for anon-mass-shelinomentunonehas:p? = —M?. As aresultof this, someequationsare
looking “unnaturally” comparedo a more popularchoice,the so-calledBjorken—Drellmetricswhere
onehas:p? = M?>.



1 QFT BASICS. EXAMPLE OF QED

Inthefirstlecture|| briefly recallthebasicof theQuantumField Theory(QFT),in particularof Quantum
ElectrodinamicQED), which for a very long time representethe only exampleof a calculableQFT.

NowadaysQED is completelyabsorbeddy the StandardModel (SM), which completelyinheritedthe
statusof QED. We will devotesometimeto adetaileddiscussiorof the SM theoreticaktatus.n passing,
our notationandcorventionwill beintroduced.

1.1 Quantum fields of the SM and their properties

We begin with an overvienv of the SM fields and their properties. The SM involves physicalfields
(fermions,gauge bosonsandHiggsscalan andunphysicafields(scalais and Fadde&—Fopor ghosts.

Threegeneratiorof fermionsor matterfields:
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1.2 Equations of motion
Introducenotationfor all fields of the SM:

scalayneutralandchaged:  ¢" (z), ¢* (),
spinor: ¥ (2), (),
electromagnetic: A, (z),
vectormassie, neutralandchaged: 7, (z), Wi (z),
Faddeg—Popw ghosts: X+, Y4, Y?, Y©. (1)

1.2.1 Equationsof motionfor freefields

All fieldsin QFT satisfyequationf motion free,or with sourcesHerewe recallfour typesof equation
of motionfor freefieldswhich aremetin the SM:

Klein—-Gordonfor scalarfields: (D - MQ) ¢°(z) =0, where O=09,0,,
0ud™ () 0ud™ (2) — M?¢T (2) ¢ (2) = 0

Diracfor spinors:  (#+m) (z) =0, where @ = 9,7, ;
Maxwell for photons: 9, F},, =0, E,, =0,A, —0,A,;
Procafor heavy vectorbosons: 0, F),, — MO2Z,, =0, F.=0.%,-0,7,. (2)

1.3 Relation betweena Lagrangian £ and equation of motion
1.3.1 EulerLagrange equation

In QFT thereexists a relation betweenthe Lagrangiandensity £(x) andequationsof motions(l rec-
ommendthe book in Ref.[2] for a systematigoresentatiorof this subject),namely a variation of the
Lagrangiarwith respecto afield andits derivative givesthe correspondingquationof motion:

oL oL

Ead, WG SR 3

o7 00w " ©
All fields ¢ andall their derivatives 0, (¢ = ¢°, ¢*, 1, 1, Aa, Za, €tc.) shouldbe consideredhs
independentariablesat variation.

1.3.2 Exampleof a neutial vectorfield
Considerthe Lagrangiarof afreeheay vectorfield 7,

L = —%FWFW — %MOQZMZM. (4)
Computingthe deriatives,
oL 9 oL
8ZV *7M0Zl/7 mfi}?ﬂv: (5)

andsubstitutingtheminto the EulerLagrangesquation(3), we obtainthe Procaequationof motion:

o ., o
02,  "9(0,2,)

=0, F —M?Z,=0. (6)

Notethe 1/2 in the Lagrangianfor neutralfields contraryto the Lagrangianfor chagedfields. In the
latter casethefields W areindependenandthefactorof 2 doesnot ariseat variation.



1.3.3 Exampleof QED
Considerthe QED Lagrangiarwith interaction:

1 — :
EZ*ZFuuFuuflb(ﬁilleA—‘rm)d}' (7)
Computederivativesover all independentieldsandderivatives:
oL — oL
= i . s = —Fu,
94, — VieQrwy. 9 (9, A,) "
oL oL
~ = _(ﬁ_ieQ‘A+m)¢v — = 0, 8
&z ! 2 (0,7) (®)
oL - oL _
% = (—zleA—Fm), W = *T/)’Yu-
Substitutingall thesederivativesinto Eq. (3), we getthe systenof threeEulerLagrangeequations:
oL oL —.
o4, 9.4, — VO E Ol =0,
oL oL
= O = — (P —ieQuA+m)Y =0,
oL oL — . _
% - ap,w - _QZJ (_ZleA + m) + 8/1,¢ ’7/1, - Ov (9)

or equialently— equation®f motionfor interactingfields,whereon ther.h.swe seethe sourcesof the
fields:

8,uF;W = *ile@%ﬂb,
@+m)e = ieQshy,
P(@-m) = —ieQsud. (10)

Thefirst oneis the Maxwell equationwith thesourceandthe next two equationsaretwo Dirac equations
for the ¢y andDirac-conjugatedield +, bothwith sources Fromtheseequationst is cleag why in QFT
languageonesaysthatsourceemit/absorkete™-pairs,ye~ and~e™, respectiely.

1.4 S matrix and amplitude of a process

Now we recallthe notionsof the S-matrix andthe amplitudeof a processConsidera scatteringannihi-
lation) process:

pr+p2 — PPyt
P = p1+po, initial momentum
P = pi+py+---, finalmomentum (11)
wherep; denotesimultaneousha particle andits 4-momentum
In QFT, ary processs characterizethy a matrix element:

(f|S —1]i) = (f|R]i) (2m)* 6 (P’ — P), (12)
of S matrix,

S = T{exp [i/ﬁl (z) d4x} }, (13)

which is constructedrom an interaction Lagrangiandensity £, (x), with the aid of a time-odering
operation?’.

Let ussummariseur shortex-courseinto QFT:
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TheinteractionLagrangiardensity £,(x), is the primary objectof QFT from which theamplitude
of aprocesss derived;

L, x couplingconstantwhichis usuallysmallanda perturbationexpansionfor a procesampli-
tudemaybedeveloped;

Quantumfields, which a Lagrangianis madeof, may act on initial andfinal states|:) and (f|,

giving riseto planewavesdescribingin andout particles,or contract with eachother giving rise
to propagators,

Feynmanrules for externallines, verticesand propagatoroffer a very transparentvay of con-
structingprocessaamplitudesprder-by-orer in perturbatiortheory;

A typical Feynmanrule for anexternalline (scalay spinot photon,vectorboson)lookslike:

1 1
- —

! = G @6 @) ).

wherep, is thezerothcomponenof a4-vectorp (enegy) andu (p) , €, (p) , e, (p) arespinorsand
polarizationvectors respectrely.

1.5 Cross-sectionaind decayrates

Herewe recall practicalformulaefor cross-sectionanddecayratesconstructedrom the amplitudesof
the correspondingrocesses.

Thetotal transitionprobability (in thewhole space-timejs

1
(2m)*

AW;i =] (IR]i) 2 (27)°6 (P = P) — [ =P ad’h 'y - (14)

Thetransitionprobability perunit of time perunit of volumeis then

. dWy .
dwgi = Jim == (fIR]i) [* (20)" 6 (P = P) d*pid°ph -+ (15)

Thedifferentialcross-sections definedastheratio

i (16)
wherej is theinitial flux
. (p1p2)* — m3m3
J = p1p2 \/ a7)
(101)0 (pz)o
Introducinginitial densitiesp;, po andnormalizatiorfactorsiN,, ,
1 1 1
pPi = 5 Np = » (18)
(2m)” © e 2o,
thedifferentialcross-sectiotbecomes
1
dafi = | MfL ‘2 o, , (19)

4\/(171]32)2 — mim3

whered®,, is the differential phasespace

k=1 (277)3 2 (pﬁc)o

dd, = (2m)* ﬂ 4 (znj P — P) : (20)
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The processnatrix elementquared| M ; |2,

No N, TI NG [ My P= 32 (IR 21)
k=1

spins
is definedwithout normalizationfactors N, and should be understoodas avelaged over initial and
summedver final spindegreesof freedom.
For thedecayrateof the process:

P — ph+py+- (22)
oneanalogoushhas
d .
dry; = <L (23)
P
1 . .
wherep = —— is theinitial density
(2m)
Similarly oneobtains,
1
Ly = — % do,, . 24
dfz 2P0|Mfz|dn ( )

Note the differencein the definition of the phasespaceEq. (20) with PDG convention, [6]: (27r)4 is
shiftedto thephasespace Thisis corvenientfor calculationsn n dimensionsaswill be shavn below.

1.6 Input parametersin the Standard Model
1.6.1 Numberof independenparametes in the SM

In this sectionwe discussa very importantissue the notionof theinput parameterset,IPS. To approach
it, let usconsiderasequencef theoriesrangingfrom corventionalQED to the ExtendedSM (hereafter
ESM). The following Table containsthe list of parameterswhich a theory Lagrangiandependsupon,
togethemwith thetotal numberof parametersf thetheory N,

Theory List of parameters N,
CorventionalQED — e Me 2
ExtendedQED — e Me my my,
My, mc mi
my Mg my, 10
EW StandardModel — + M, M, M,
4 mixing angles 17
CorventionalSM — 4 ay 18
ExtendedSM -  + my, My, my,
4 mixing angles 25

Onecanseethatthenumberof parametersf the ESMis large. However, thisis atrivial consequencef
alarge numberof fundamentafieldsandthe objectve complexity of Nature. This Tableillustratesthat
the natureof the parameteré all the consideredseriesof theoriesis exactly the same.In corventional
QED it is 2, but only dueto the fact that this theoryis limited to the descriptionof the interactionof
photonswith electrons.



It is importantto understandhatthe number25is a minimalnumber Indeed:
e Threegenerationss a minimal number necessaryo have CP violation, which existsin Nature;re-
membeirthatthe numberof comple phasess

N,—1) (N, —2 _
Nphases = (N )2( a=?) , where N, —numberof generations (25)

therefore, N, = 3 is aminimalnumbemwhich allows usto have one(minimalnumbe) phase.

All nine fundamental fermions are found experimentally.

e Fourgaugebosongs aminimalnumberneededo describeall EW interactionsxistingin Nature.We
have the long rangee.m. interactionand CC andNC short-rangeveakprocessesherefore we needat
leastfour vectorcarriers— A, W+, Z — to mediatetheseinteractions.

All four gaugebosonsare found experimentally.

e Fermionicmixing, asis provedin thelecturesof Prof. S.M. Bilenky [3] is unavoidableandexistsin
Naturebothin hadonic andleptonicworlds.

CKM mixing is experimentally well measuied, v-mixing is probably discovered.

¢ OnlytheHiggsbosonhasnotyetbeenfound Thereareindirectindicationshowever. (To bediscussed
in theselectures.)

TheESMis not ableto calculatehese25 parameterandin this senseéhe ESMis notapredictive
theory Thisis why peoplebelieve thatsomedayabettertheorywill bediscoreredandwhy they wishto
find someexperimentalindicationsof nev physicsbeyondthe SMandbuild andplannew accelerators,
theLHC, LC, etc.

Sofar, however, neitherthe experimenthasfound strongevidenceof new physics,(the situation
with the descriptionof all v datahasto be clarified and| refer to the lecturesof S. Bilenky [3] and
M. Carend4] atthis School)northeoryproposedhe completeexplanationof thewholemassspectrum
of fundamentaparticlesrangingfrom fractionsof eV for lightestneutrinoto 175 GeVfor heasiesttop
quark,i.e. more than 12 orders of magnitude!

The ESMis able, however, to calculateany experimentalobservableD:™ in termsof its IPS.We
define

ESMIPS = the 25 parametersf abore the Table (26)

One mustemphasizehat this setof parameterss not unique. For instance fermion massesnay be
replacedoy Yukawa couplingconstantsandone of the gaugebosonmassesnay be substitutedoy the
SU (2) weakcouplingconstanty. Particle masseseemto be, however, morenatural to be choserfor
IPS, and, morewer, they are more suitableobjectsfor a treatmentwithin the one-mass-shel[OMS)
renormalizatiorscheme.

Thecomparisorprocedureof experimentaimeasurementsith the ESM predictionsmaybe sym-
bolically written asfollows

O (measurell « O (calculatedasa functionof IPS) . (27)

We shallnow discussof whatis presentlyknowvn aboutthe IPS. The variousparametersreexperimen-
tally knowvn with differentprecision. For instance precisionin measurementsf massesangesfrom
10~7 for m, to theexistenceof only lower andupperlimits for M, :

me = 0.51099907 £+ 0.00000015 MeV ~ 3x1077

M, = 911871 +0.0021 GeV ~ 2x107°
M, = 80.394 +0.042 GeV ~ 5x107*
my = 174.3+5.1 GeV ~ 3x1072

100 GeV (directsearches < M, < 215 GeV (95% c.l. indirectlimitations).

10



Precisionmeasurementsrovide constaintson the IPS. Thisis how onemay extract information
on yet unknavn parametergor improve our knowledge of poorly measurednes). This shouldnot
be confusedwith prediction in the abore mentionedsense.The story of the discovery of the W andZ
bosonsandof thet quarkis atypicalillustrationof how informationaboutthemassesf yetundiscoered
particleswasextractedfrom theoryconstraints.The samestoryis now repeatedvith the H boson.One
shouldclearly understandhat the ESM doesnot predict parametershut giveshints aboutthemvia
constaints

1.6.2 More aboutIPS

Let uslook attypical precisionsandscalef variousmeasurements.
Theelectronanomaly a. = (g. — 2) /2, is atypical low-enegy phenomenonyherecorventional QED
is sufficientto give very precisepredictions:

a®P = 1159652193(10) x 1012,
a® = 1159652140(27) x 10712,

e

An impressie (8 digits!) agreemenbetweerthe experimentandQED calculationsupto fourthorderin
perturbatie expansion O (a?), illustratesthe calculationalpowerof QED. It cannotbe by chance!
The Z resonancebsenablesaremeasured@t LEP1(CERN)andSLC (SLAC) with

the experimentalprecision< 103 . (28)

Therefore pneneeddo have
thetheoreticaprecision~ 2.5 x 1074 . (29)

Thisis the high-enegy domain,whereQED is not suficientandonehasto applythe conventionalSM.

1.6.3 Numberof freeparametes in fits of Z resonanc@bservables

The numberof input parameterswhich the Z resonancebsenablesdependupon, is actually much
lowerthan25. Indeed all theleptonmassesreknown very preciselytheworstone,

m, = 1777.057032 MeV < 1074, (30)

is known infinitely preciselyin thetypical LEP1precisionscale 10~3.
Lateron,we will seethatthe Z resonancebserablesaresensitve to the vacuumpolarization:

S
Y Y
S
which leadsto logarithmic masssingularities:
S
f f

Thisrepresentsio problemfor leptons sinceleptonmassesrewell definedandwell measuredOnthe
contrary light quarkmassesreill-definedandfor this reasorthey arereplacedy the otherexperimen-
tally well definedandwell measuredjuantityo (ete~ — hadron$. This introducesa nev parameter

o (M§> to thetheoryinsteadof light quarkmassesNext, the Z resonance@bsenablesareinsensitve
to neutrinomassesindfermionmixing angles.So,we areleft with only six parameters:

a(Mg), aS(M§>, me, M, M, M, (32)

11



Furthermorepneshouldexploit the precisionmeasuremendf the muonlifetime 7,,. In termsof
the Fermiconstanttherelevantprecisionis betterthan10—°, which againmeansnfinite precisionin our
scale.This allows usto derive M, with atheoreticalerrorof ~ 10 MeV whichis muchbetterthanthe
presentombinedexperimentalerrorof ~ 60 MeV. We aretherefordeft with only 5 parameters:

a(Mg), as<M§), me, M, M,. (33)

Wewill call this setthe standard LEP1 IPS.

With M, measuredht the Z peakwith a precisionof ~ 2 x 10~°, andwith therich information
availablefrom the othermeasurement®r the parameters,

a (M§> .y (M§> . my, (34)

we areapproachinga one-parameteit situation,with the Higgs massi/,, beingthe only parameteto
fit!

1.6.4 More oncouplingconstantstypical scales

The LEP1/SLCandLEP2typical scales,/s, masse®f weakbosonsmassof the top quark,estimated
Higgsmass,

Vs ~ M, 200GeV,
M, ~ 80GeV,
M, ~ 91GeV,
m; ~ 175 GeV,
M, < 300GeV, (35)

all areof theorderof atypical EW scale:100-300 GeV. Therefore ponecannotconstructa smallparam-
eteroutof /s, M,,, M,, m;, M, andthecalculationmust,in principle, be exact(completgin all
thesequantities.In reallife, the notion of m?-enhancedermsis introduced:O (G m?) . We notethat
m?/M&V ~ 4, thereforethis enhancemeris not sopronouncedGivena probableinterval for the Higgs
massof 100 < M, < 300 GeV, the popularexpansionsn M2 /m? or mi/M?2 may have very bad
corvergence.

For otherthantop-quarkfermionsit is suficient to keepthefirst orderin mfc/s , f = T,¢,b; higher
termsmay safelybeignoredat LEP enepies.

Presentodesincludethefollowing QED, EW andQCD corrections:

QED «(0)L = 1/137L upto O [(aL)?],
EW a(Mg) = 1/1289 upto O (a?), (36)
QCD oy (Mg) — 0.119 upto O(ag),
wherebig log
L:Inmig—1:23 at s—M2. (37)

Thereforeheeffective expansiorparametem QED, oL = 0.169, is evenbiggerthanthe QCD coupling
a, (M?).
s ()
The neglectedtermsO (a®L?) ~ 2 x 10~ and O (o/é) ~ 2 x 107* arequalitatively expected

to be at the boundaryof importance. However, a testimplementationof even more importantterm
o [(aL)ﬂ ~ 8 x 10~* revealedthe effect belov 10~*. All available mixed correctionsO (aa) and

(@) (aag) arealsoneededandthey areimplementednto the codes.
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1.7 QED freeLagrangian

Beforediscussingat lengththe ESM, it is worth recallingthe basicsof QED, becaus¢he ESM is very
similarto QED asfar asthebasicprinciplesareconcerned.

The QED free (withoutinteraction)Lagrangiarreads:
1 1

‘C(()QED :*ZF;WF;W*E(CA)Q*ZE]” (@‘l'mf)wf’ (38)
f
wherethefollowing notationsareused:
F =0,A, —0,A,, D=0, C* = —% oA, . (39)

HereC# is the gauge fixing term, the meaningof whichwill befully understoodvhenwe will consider
the ESM Lagrangian Herewe shallonly discussour notationandconvention.

We usethe4 x 4 representatiofor the Dirac matrices:

_ O —iTj . ] (I O
Vi = (ZTJ 0O )v ]_13273a 74_(0 —I)’

0o -1 10 0 0

Thebasicpropertiesof they matricesare

VW + VWV =200, V=, =1 (41)

ThePauli matricesareasusual:

(1) m=(09) m=(0 %) @

andtheir basicpropertiesare

1 1 . 1 .
T = Ti+7 TiTi+ =1, mwnm=1I, {571', 573} = Wik Tk TiTj = Oij + ikt - (43)

o1 .
The quantltlesin areSU (2) generatoraindthegeneralSU (2) transformatiomeads

U = exp {z%m} , Uut =1, detU = 1. (44)
Free-particlespinorssatisfythe Dirac equations:

(ip+m)ulp) = 0,  (=ip+m)o(p) =0,

u(p) (ip+m) = 0,  o(p) (—ip+m)=0. (45)

1.8 Local gaugetransformation and invariance
Let usrecallthelocal gaugetransformationgor all fieldsenteringthe QED Lagrangian:

Yi(x) = e A Oye(a),
Vp(z) = ()@@
A:L(:r) = Au(x) -0 \(x). (46)
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Thefull LagrangianC .., will beinvariantunderlocalgaugeransformation# wereplaced,, in Eq.(38)
by the covariantderwative,

Oy — Dy =0, —1eQrA, . 47
TheLagrangiarwith interactionbecomes
1 1 — .
L:QED = 1 FuFu — 5 (CA)2 - Z¢f (@ — ZleA + mf) (LF (48)
f

Heree is positive ande? = 4ra, i.e. it is the positon chage, andQ; = (fraction of charge)x2[](c3):
Q=-1,Q,= +2/3 andQg = —1/3.
Thegaugeinvariancemay be verifiedwith the aid of identities:

Fl, = 8,A, — 0,Al, = 0,4, — 8,0,\(z) — 8, A, + 0,0,\(x) = Fy,
m (@) (x) = mpp p(z)y ().
!

V() (8 — 1eQs AL ) i (x) =

V()0 — ieQBu\ (@) — ieQs (Au(x) — uA(2))] e NPy (a)

= s(2) Oy — 1eQrAyu) V() - (49)
In orderto seetheinvarianceof C#, we have to subjectit to our gaugetransformationi.e.
1 1 1
¢ A, = ¢ OuA, + E(‘?ﬂﬁu)\(x) , where 9,0, = 0. (50)
Thegaugeinvariancewill beensuredf onerequires
OXz) =0. (51)

Therefore we discorer amasslesson-interactingghostfield A\(x) = Y (z) with the propagator

(52)

’tﬁw|m

1.9 Feynmanrules of QED

The Feynmanrules could be easily derived from the Lagrangian,Eq. (48). The Feynmanrules for
electronpropagatorand QED-vertex could be easily guessedooking at the Lagrangian Eq. (48), are
particularlysimple.A completecollectionof Feynmanrulesin QEDis

p—)

1 1 1 —ip+my
- == )
@2m)*i p+mp  (2n)i PP+ mG —ie
M 1% 1 1
ANNANNANNNC

e (o) 2]

(2m)*i p? —ie p

K (2m)ti ieQf vy -
Note an appearancef the ¢-dependentermin the photonicpropagatgra consequencef the gauge

fixing.
Let usrecallthe expressiongor the photonpropagatorsn threefrequentlyusedgauges:
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o GeneralR;, propagatoasgivenabove,

1 1)
e Feynmangaugef = 1, E,
eynmangauge T
1 1 Pubv
e Landaugauge, ¢ =0, 77,<5,, K )
gauge, & (2m)ti p? — e : p?

Usuallyin QED oneusesthe Feynmangauge.It is well known thatthe £-dependenceancelsn
the S-matrix for a given physicalprocess.As an exampleconsiderary e*e~ — ~* sub-processThe
corresponding-matrix elementn the R.-gaugewill have anadditionalterm

—(€=1) (ps) Gr +p)ulp ). (53)

which is zerofor on-mass-shellermionsby virtue of the Dirac equation. Therefore,the extra term,
proportionalto £2 — 1, maybe omitted.

2 STANDARD MODEL LAGRANGIAN BUILDING
This lectureis devotedto SM Lagrangiarbuilding. We will proceedn the mostgeneralR; gaugewith
threearbitrarygaugeparametersLet usrecallthefields’ contentin the electraveaksectorof the SM:

e triplet of vectorbosons,B?, andsinglet, BY;

e acomple scalarfield K, (in the minimal SM we have only onedoubletof comple fields);

e Faddeg—Popw ghost-fieldsX*,Y ?, Y4;

o fermionfamilies.

Thetotal SM Lagrangiarshouldincludeall thesefields. It mayberepresentedsthe sumof thevarious
parts.

2.1 Yang—Mills sector
First partis the standardrang—MillsLagrangian:

1 1
EYM = _ZF}CLLI/F/?V - ZFSVFSV ) (54)
with the usualfield-strengthtensors
FS, = 0,B — 0,B% + gea. B, B , F), =08,B) —0,B, . (55)

We recall that Yang—Mills Lagrangiarfollows from the requiremenbf local SU(2) x U(1) gaugein-
variance,i.e. if onereplaces), in the freefield Lagrangianby the covariantderivative which general
form maybewritten asa sumof the SU (2) andU (1) parts

i i
&, — D, =8, — EngT“ — Eggl-Bg , (56)

whereg is the SU(2) barecoupling constant. The Lagrangian,Eq. (54), is thereforeinvariantunder
SU(2) x U(1) gaugetransformationsWe recallthatthe SU(2) partof Eq. (56) is totally fixed dueto
its non-Abelianstructure whilst its Abelian part containsan arbitraryhyperchage g;, see[2] for more
details. The physicalfields 7 and A arerelatedto thegaugeﬁeldsBﬁ anng by awell-known rotation
involving theweakmixingangleg:

Z\ [ co —s¢ B3
wheresgy(cy) denotethe sineandcosineof theweakmixing angle.
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2.2 The scalarsector
Thesecondartis the HiggsscalarLagrangian:

1
Lo = (DuK)* DK — pPKHK — 2 (KTK)?, (58)
where) > 0 is the positive ¢* interactionconstantandthe massterm hasthe negative sign, 42 < 0, as
is requiredby the spontaneousymmetrybreaking.

Thecomple scalarfield doubletin the minimal realizationof the SM is
1 X
K=— . with x=H + (v) +i¢°. (59)
V2 Vaig-

It containsfour scalarfields: ¢*, ¢° and H, where H is the physicalHiggs bosonfield and (v) is the
vacuumexpectatiorvalue(v.e.v).

Thecovariantderivative for the scalarfield in SU(2) ® U(1) lookssimilarto Eq. (56)
1

DK = (au -3

i
gBiT" — 599132> K, (60)

wherewe introducedhe hyperchage ¢g; whichwill befixedbelon. Thescalarfield canbe corveniently
rewritten as

1
K= 7 (H+ (o) +i6°7") ( (1) ) (61)
Thenthe covariantderivative becomes
1 i a._a i 0 - b b 1
DK = (au - 9Bt 5gngH> (H + (v) +ig"r") ( . )
1 i 0 1 aa

. e 1 . 1 o 1 c o 1
+1 {awﬁ - §gBu (H +(v)) — §gng2¢ + QggcbaBHd)b] T } < 0 ) .

Similarly, we representhe hermitianconjugatepart

1 i 1
(D) = (1,0) {0u11 4 500180 (1 + ) + 5B
. a 1 a Z. a 1 (& a
~i0,6° ~ J9BL (T + () + S0 B0 + SoeaaBid| v}, (63)

andconsidettheir product
~(D,K)" DK . (64)

This product,whis is only thefirsttermof L, Eq. (58), contains81 terms!
Collectingonly termswith (v)?2, we have
o) L B 1 itaB b}i{io-lcc}l
(1.0) 2= { 5omB0) + i50BL )" | <= { - SomBlw) —izaBiore} (g

__g) (1,0) (9133 +B;TC) (ngg +BZT”) ( (1) ) ~ (65)

8

16



Using propertiesof 7%-matriceswe simplify

a,._a 1 3 c._cpb b 1 apa
(1,0) B;m <0>—Bﬂ, (1,0) B,m°B,T <0>—BHBM,

andcontinueEg. (65) asfollows

(g%Bng +291B)BS + Bng)

2 2
- - {(ngg +B}) + BB+ BﬁBlﬂ —

Now we proceedn termsof physicalfields:

1 1
+ _ 1.2 + _ 142 0_ .3
Wi = S(BFiB), ¢t =5 (e'Fi), =4
Z, = B} —s4Bj ., A, =5¢B} + cyB) .

It is seenthatif onechooseg); = —sy/cy, thenEg. (67) becomes

8 2 we

2 2
g <U> 1 2 - 1 2 -
- b (Z,) +2Wqu] = —§M02 (Z,) —MQW/TW

i.e. it lookslike anormalmass-ternof a Lagrangian.
Thereforethe Higgs mechanisngeneratesnasse®f vectorbosons:

(v)

M —baremassof W boson,M = =—— |

2
M, —baremassof Z boson,M,, = # .
Cy

Thetwo lastequationsareequialentto:
M

M
Ce:ﬁ and <1)>:2?,
0

(66)

(67)

(68)

(69)

(70)

(71)

andtheseestablishtwo morerelationsbetweerthe parametersf the Lagrangian.n particular onecan
seethatthe weakmixing angleis no longerafree parameteif onechoosesectorbosonmassessthe

freeparametersf thetheory

Let uscontinueour studyof the product,Eq. (64). At the secondstep,we substitute(v) andlook

atall termswithout interactionconstany:

1 . 0 . c c C
~(1,0) |9 H + Mgy Bf, i (9,6° ~ MBf) r°]
1 . 0 . b b b 1
5 {QLH —iMgBY +i (a,,,g/) - MBu) T } 0]
Omitting legal kinetic terms
1 2
3 (0,H) etc
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thenterms,which were alreadyconsideredmassterms),and observingthat HB/‘j’0 transitionscancel
identically we areleft with

5 (1,0) (91B) + Bir*) (9,0) 7 ( , )

M 1
+ 7 (17 0) (8/1¢C) T <9132 + B27b> < 0 ) - (73)
Takinginto accountthat
c_.C c__C 1 (&
(1,0) <Bu7 merb + 00T BZTb) < 0 ) = 26bcIB28#¢ , (74)
we arrive atashortexpression
— M (01B9,6" + Biduo") — (75)

which beingexpressedn termsof physicalfields, finally becomes
1 _ _
M (azﬂaﬂqso WO + W au¢+> . (76)

And this termshouldbe ranked asa criminal one,sinceit standgor Z — ¢° andiWW* — ¢¥ transitions
of the zeoth-oder in the couplingconstantandtheir contritution mustbe summedup to all ordersif
onewishesto developa perturbatiortheory

To circumventthis problemoneaddsa gauge-fixing pieceto the Lagrangian,C,¢, which cancels
thesemixing terms. However, it breaksthe gaugeinvarianceandwe mustintroduceFaddeg—Popw
ghostfieldsto compensat¢his breaking.

2.3 Gaugefixing and Faddee/—Popov ghosts
We now addto the Lagrangiarthe gauge-fixingterm

Ly = —Ccrem - [(€+ (e, (77)
wherethreeterms
A 1 A 1 M 0 + 1 + +
C*=——0,A,, C?=——0u2,+&,—9", C* = ——B#WM + EM o™, (78)
N 2 cy 3

specifythe so-calledgeneralizedR; gaugewith threedifferentgaugeparametersissociateavith three
differentvectorfields: A4, Z, W+.

Considerfor instancethetermwith &, :

1,0 1/ 1 M \?
11 ) M o L(, M\
N _ig(a“z“) +5(6“Z“)¢ _5(52 ce¢> ' (79)

The first and third termsmodify the Z propagatqrwhilst the secondterm togetherwith the criminal
7 — ¢° transitionof Eq. (76) givesthefull derivative

P’ <Zuau¢ + (0uZy) ¢ ) = gau (Zmb )a (80)
which doesnot contritute to the Lagrangiarandthe problemof zeroth-ordetermsis solved.

In orderto definethe Faddee—Popw ghostLagrangianwe mustsubjectthe C*%* to a gauge
transformation. This is, in principle, similar to whatwe did in QED. The relevant derivation will be
givenbelown. Contraryto QED, we do have ghostinteractionsn the SM.
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2.4 Propagatorsin the SM
Considerthe sumof thethreetermswe discussedbore,

L, —(D,K)*D,K—ctCc — % (€?)* - % (C*)? = Lprop + L7, (81)

Thequadratigoart(bilinearin fields) of the LagrangianC .,

_ 1 _ 1 1 1 9
Eprop = _811'WIj_aNWl/ + (1 - §_Q> 8MW;8VWV - 58/1,ZV8/1Z1/ + 5 <1 - §_2> (8;1,Z/1,)
Z
1 1 1 2 1 + — 1 0 0
—Ea#A,,auA,, + 5 1— @ (0,4,)" — 5(9“}18“1{ — 0,0t 0.0 — §8Hq§ Outh
A
_ 1 M2 1., M? 1

MWW, 5 Bl MY - 56T g M (82)

givesriseto the propagator®f bosonicfields.

Thescalarfield propagatorsretrivially guessedrom Eg. (82)
1
+ - 2872 1+ —

therule of correspondencér vectorfieldsis morecomplicated

5 o p/l,pu pu,pu
1 1 1 1 m 2 2
——0,2,0,7Z, + = <1 - —) 0.2, +=M?2,7, — P, P . 84
2/ f 2 52 (I l) 2 0 “HY p2—|—M02 Elzp2+M()2 ( )

It is usuallyprovedin the standardextbookson QFT, seefor exampleRef. [2].

2.4.1 Full collectionof Feynmanrulesfor propagators
For completenessye begin with the propagatoof afermion, f, althoughit wasnotdiscussedbove:

— —i}'$+mf .
/ P+ mj

Then,we presenthreevectorbosonpropagators:

A AV 1%{5W+(fi—1)p;§y},

1 2 Pubv
VA NN\ p2+M2 {5;/,1/"‘ (52—1) p42—|—£2M2 ’
zZ

1 PuPy
+ 2 _ ;
WEANON s {5H,,+(§ 1) p2+§2M2}.

19



Next, we give propagator®f unphysicafields:

............. o £
y4 p?’
1 §
R ;50_ R 5, Y».Z ............. V4 5

P& P&
C ]

-— - .’. -— - 1 ............. > ............. g
ot p? + M2 X+ p? + £2M?

Every propagatoshouldbe multiplied by the factor Notethatpropagator®f unphysicafields

om)ti

have apoleatanunphysicamassp? = —¢2M?2.

2.4.2 More aboutpropagators in differentgauges

Using partial fraction decompositionpne may presenthe heary vectorboson,W, propagator(for Z
bosonwereplaces — £,), in threedifferentforms. They arepresentedbelow, togethemwith expressions
in thet'Hooft—Feynman unitary andLandaugauges:

1 PuP
+ 2 pv
WE o e (€ 0) ) Reoavge
_ 1 <(5 I pupu) o PuPv
p2 + M2 4 M?2 M2 (p2 + £2M2)
_ 1 ( 5 pu,pu) PR S 7
p2 + M2 v p2 p2 +§2M2 p2
5/_},1/ ’
= for £€=1 t'Hooft-Feynmangauge,
1 LV 1
= TR (5#,, + p],Wp; ) for £=o0 unitarygauge,
1 PubPv
= N <5w/ — ?> for £€=0 Landaugauge.

For the photonpropagatqrnot all of theabove casesarepossible:

1 v
A - = {5#,, + (gi _ 1) %} Re-gauge,
p p
= 5“_2” for £, =1  Feynmangauge,
p
1 PuPv
= 2 <5W — ;—2> for ¢, =0  Landaugauge.

Thephysicalgaugeis recoveredin thelimit £, — 1 and £, — oo. Therefore the physicalgaugeis
a mixture of the unitaryandFeynmangauges.
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2.5 Interaction Lagrangian
2.5.1 BosonicSector

The Lagrangiandescribinginteractionsbetweenvectorbosonscanbe easilyderved from Eq. (81) in
termsof physicalfields using only Eqg. (68) on top of the former equation. After trivial but lengthy
algebrawe obtain:

Ebos,l

—

—igey {0, 2, W W = Z,wiro, Wil + Z,wito, Wil
—igsg {0, A WEW, T — A, wfro, W]+ A,wlre,w )
g {(W+W ) (W;W;)Q} + G {2, 2 WW; - 2,2,Wriw;
253 { A ALWIEWT — A AWIWS L+ gPsgcy { A ZWEWS — 24, 2,W, W}
gMH{ Wiw, + 53 Z Z }
oW (0,0 - ¢‘8u¢°) — Wy (6°0u0" — 670,06 |

1 o _
+39 (Wi (HO,6™ — 670,H) = W (HO,6" — 67 0,H) |

lg 0 0 . 83 + 4=
o (H0u6" = 90,0T) +ig <39Au_ o | MWt~

2

+ig (seA + seZ ) (¢T0u0~ — ¢ Ouo™)

—1 PWIW, (HH +¢°¢° + 207 ¢")

;922 7, {HH+ ¢ +2 (cf - s§)2¢+¢—}

1 52 _ i 552 _ 1 _
792—92 PWite - 5gQ—GZ#HW}fqﬁ I+ EgQSQAuqsOW,W ]

+29 259 A HW o) — - 22 (3= 53) ZuAud™ o — gPsEALALGT S, (85)

wherewe introducedhe anti-symmetrizedombination
AFBl = AtB~ — A-Bt. (86)

From Eq. (85) all the relevant Feynmanrulesfor three-linearand four-linear verticesare straightfor
wardly derived.

2.5.2 FP GhostSector

In orderto definethe FP ghostLagrangiarwe mustsubjectC® to the gaugetransformation.First, we
write down the gaugetransformationgor all bosonicfields of the SM:

By — Bj+ geacA’ B — 0,7, Bj) — B) — 9,A°,
K — <1 — EgAaTa — EgglAO) K, with ¢ = _% (87)
2 2 Co

Fromthesecondow we may straightforvardly derive transformation$or separateomponents:
-0 01 3 0 M At T
H+i¢" — H+Ei¢d T 59 AN+ qA’) (HA+2— +i¢p" | £2iA o7 |,
g
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o — ¥ — %g (A3 +glA0) (H + 2%) + %g (A=¢t —AT97),
¢F - 6T - %gA:F (H + 2% + i¢0> ¥ %g (~A%+ g1A°) 67, (88)

whereA’, i = 0,1,2,3 aregroup andA’, j = 4+, Z, A arephysicalgaugetransformatiorparameters,
relatedto eachotherby meansof theusualrelations:

1 )
Al = (AT 4+ A7), A2 = (At A,
(A (-
A3 = CQAZ + SQAA, A0 = —SQAZ + CQAA,
2 .2
A3 + glAO = iAZ, —A3 + glAO = —MAZ — 289AA.
Co Co

FromEgs.(88)—(89)we derive the gaugetransformation®f physicalfieldsin termsof physicalparam-
eters:

B = o (42T ) 4 eh et —ate),
¢t — ¢ — 59A¥ (H + 2% + z‘¢°) + %g (@AZ + 239AA> o7,
WTF — WFFighT (coZ, + spA,) T ig (coA? + seA™) W — 0, AT,
o= Autigsy (AW = AW ) - 9,00,
= Zutigeg (MW — AT ) - 9,A%,
H — H+-= (gA" + 0 AO) o0+ (A+W; i A—W;) : (89)

Generalgaugeransformationsnay bewritten in matrix form:

it (MU T gLij) A, where i,j=+,7A. (90)
Fori = —, from Eq. (89) we derive thetransformatiorfor C~:
_ 1 _ _
c- = —E{')ﬂWH +EMo

1
- E%{—igA‘ (coZp + s0A,) +ig (coA” + spA") W, — A~ }

zce

+g§M{—%A_ <H +2% Z¢0> 89A2¢ +isgAtop~ }
co

. ;
= C+-OA —EM2A~ + fga,L{A* (coZy + s Ay }

§ §
—%g@ {(coAZ + spA™) W—}—lggM (H + z'qu) A™
+= ggM 9AZ<;5 +i€gsgMA ™, (91)

anda similar onefor C+.
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In full analogywith conventionalgaugetransformationsindthe correspondencef gaugeparam-
etersto gaugefields B,;, onemay establishthe correspondencef physicalgaugeparameterg\ %4
enteringEq. (91) to ghostfields X = X, X~,YZ, Y4

AT — XE A Y7 A — YA (92)

—%@W#‘ + EM¢~ — C* isrestoredf A* areidentifiedwith ghost

The gaugeinvariance C* =

fields X+ with propagators

1
il i (- ¥/ 22— [ ——
§ : X+ p? + E2 M2

andinteractions
gXTLEXI,  j=+7 A, (93)

wherewe introducedfour morefields: X' = X 7. X .V, 7"
Analogously from Eq. (89), we obtainthetransformatiorof C*:

= —gia#A# - fiau ligse (AW, = AYW,7) — 9,A]

= CA+ — A__. -t AT
- e Lo ¢ 9500, (A=W = Atw). (94)
Thegaugeinvarianceis restoredf we requirethevalidity of the equationof motion:

L a —t _ -

— oy —9598 (X Wi - X Wu>, (95)

€4 €a

i.e. identify Y with afield which hasthe propagator

andinteraction
gV'LYXI, j=+,7 A. (96)
Finally, for thetransformatiorof C#, from Eq. (89) we derve:

1 M
C? = —— 0+ E,—¢°
£Z Co

1
— 7 — =0, {iges (AW, = A*WT) — 9,A7 )
zZ
M{ M,, 1A? .
se o {-En - e H o+ oot - At}
ch cy 2

1 M?
- _+DAZ f —QAZ—

§ L gesd, (A=W — atwy)
zZ

£,
£Zg AZH—I—zfng (A=¢T —ATg7), (97)

23



giving the propagatoof Y #

2
fiD — 52]\04—2 ........... Y».Z ............. 5Z BV
’ ’ PP+ —
Co
andinteraction
gV2LHXT,  j=+,7 A (98)

The completeinteractionLagrangianin the FP sectorof the SM derwestrivially from the above
considerationslt reads:

Ll = igegW,| gi (9, Y") x~ % (.X7) yz] +igcoW,; E (9, X7 )v7 - gi (0,77) x*
zZ zZ
+igsoW, é (8M?A) X — % (8M7+> YA} +igseW,, % ((‘LY*) YA - é (8#?/‘) X+
—I—igcoéZu (3, XX -9,X X7)+ igseéAu (3, XX+ -9,X Xx7)
—lgMH (57* Xt +EX X+ %?ZYZ)
2 cy
_Z'ggMCg C_e Sz <7+YZ¢+ _ Y*ngb—) + égﬁzM% <?ZX—¢+ . ?ZX+¢_)
tigseEM (Y_YA¢_ - 7+YA¢+) + % gEM (Y+X+¢0 - Y‘X—qbo) . (99)

Notethetrivial rules:
— Y7 andY" areaccompaniety ¢, ands,, respectiely;
— X is accompaniety ¢;

— thetermsY X~ andY“X* or X "X+ andX X~ differ by signfor interactionswith all fields
but H.

To summarizeour findings, we seethat ghostsare fields satisfyingthe Klein—-Gordonequation.
They possess chage resemblingthe fermionic chage. In otherwords,they are scalarfermions,i.e.
have thewrongrelationbetweerspinandstatistics.

2.5.3 ScalarSector
Theinteractionsn the scalarsectoraregivenby the scalampotential

£l = RPKYK - %A (KT K)?, (100)
where
H + (v) +i¢?,
1 M
K = % 9 <’U> =2— 9
iv/2¢™ g
Kt = % (H + () —i¢®, —iv3s"). (101)
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For Eé we derive

Ll = _%“2 {H2 + 2(v)H + (v)? + (¢0)2 +2¢" ¢

S

M A ORI 4 A H 4 w4 (80) 4 4 (6707

2 2
+2 (H2 + 20V H + <v>2> [(d)o) +2¢+¢—} +4 (¢0) ¢+¢—}. (102)
To understandbetterthe physicalmeaningof the variousterms,let uscollectsomeselectederms:
2
constanterm: —% (LL2 + i/\<v>2> , irrelevant,maybedropped,;
linearterm,H :  —(v) (;ﬂ + %A<v>2> = —(v)B,, vacuumtadpole;
quadratiderm, H? : 1 <M2 - 1)\(v>2 + /\<v>2) _ 1 (ﬁ + M2) ;
' ' 2 2 2 \7H ")
2 1 1
[(6) +26%67]: -2 (;ﬂ + —AW) . (103)
2 2
Herewe introducedfor conveniencethefollowing setof parameters:
A > M? 1 M?
2 2 2

Fromtheserelationsoneseesthat A andc,, arenotindependentSinceM ,, is a measurablguantity
A derivesfrom g, M, M,, anda,, — from M,,, M. Onthecontrary u? (or equivalently 3,,) shouldbe
treatedasa nev parameterwhich hasto be adjustedsuchthatthe vacuumexpectationvalue of the H
field remainszero,orderby orderin perturbatiortheory

Omitting irrelevantconstanandmassterm, — §M§ H?, wederie for theinteractionLagrangian:

o= -8, {2%}1 + % {HQ + (¢0)2 +2¢T g

} — ga,M {H3 +H (¢0)2 L 2H¢T 6™

—ég%H {H“ - (¢0)4 +2H? (¢0)2 +AH?GT G 4 (¢0)2 ¢t~ +4 (¢+¢—)2} . (105)

2.6 Tadpolesand their rolein proving gaugeinvariance
Thefollowing 10 diagramscontrikute to the vacuumtadpoles:

H
@D i
(1) (2) (3)

+ ----¢ 1 H + ---—-¢ 1¢ + --——-e 1¢°
(4) - (5) e (6) “---
> R R
+ -4 PX + - dxt A+ -4 Y7
(7) e (8) e (9) e
+ ------ o [
(10) "
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In the lowestorder we would have only the tadpolediagram(10) andthe constant3,, mustbe
setto zero. At the one-looplevel, we have to take into accountall 10 diagramsandthetadpoleconstant
mustbeadjustedn suchaway thatthe vacuumexpectationvalueof the H field remainszero.

We describethe correctprocedureof suchan adjustmentat the one-looplevel. First of all, we
have to renormalizethe vacuumexpectationvalueitself:

X
1 M
K= . x=H+2= (1+66) +i¢". (106)
2\ Va2ig~ g
Now we setu? + 2 (\/g?) M? = 0, aswe did in the lowestorder andrepeatthe samederivation as
above. Insteadof Eq. (105),for theLIS partof theLagrangiarwe derve:

Ll = —2gMM2B,H - %Mfl (1 + 392@) H?
59 M25 |(6°) + 2670 | - gay M [HO + H () + 21076
f%g%{H {H4+ (¢0)4 Y (¢o)2
Mg 41 (80) 6767 + (6407 (107)

with 3; (insteadof 3,,) fixedby therequiremenbf azerovacuumexpectatiorvalueof the H field. Note
thatthe only differencebetweerkq. (107)andEq. (105) appearsn the H? term.

Fromtherenormalizatiorof (v) we areautomaticallyled to theadditionof tadpolego the W — W
andZ — Z self-enegiesandto the correspondingectorscalarransitions:

— %6, (M02 7,7, + QMZWJW;) :
1 o
—g> MB, (5 °0, 2, + ¢t O W, + ¢ a,,,wj) : (108)

They arevery importantfor proving thatthe W, Z and H self-enegiesareé-independentn their mass
shells,i.e. atp? = —M?, p* = —M?, andp® = —M?2, respectiely.

2.7 Interactions of fermions with gaugefields
Consideragenericfermionisodoubleanddecomposé into left (L) andright (k) components:

u
¢_<d>7 wL,R:

The covariantderivative for the L-fields

(1£95)7. (109)

N | =

Dl“va = (8# + gBLTZ> wL ) t1=0,..,3, (110)
is written in termsof generatoref SU(2) ® U(1):
o~ Ll I (111)
- 2 9 - 292 9
with arbitraryU (1)-hyperchage g-, whilst for R-fields
Dy, = (Ou+9Bit') vy, i=0,..3, (112)
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in termsof generatorsf U(1):

i gs 0
= 0 0= __ 113

with hyperchagesgs, g4. We stressthat Eq. (112) is written formally similar to Eq. (110) usinga
diagonaimatrix t° which shouldnot be confusedwith thegeneratoref SU(2). Thus,the, transforms
asadoubletunderSU (2) andthe,, asasinglet. Theparametersg,, g3 andg, arearbitraryhyperchages
whichwill befixedbelon. Thekinetic partof the Lagrangiarcanbewritten as

LY = =, Py, = Py - (114)
As anexercise,consider(0+3) components:

1

o~ )50t (32 )
u
d

i o1 0 i a1 0
_ = i of 93 0 u
_(ua d)R’Y[L la/L - 59923# ( 0 gs )] < d )R

— — 1 —
= _fLafL - fRﬁfR + 5992B2 <ﬂL7,uuL + dL’Y,udL)

Sy

- @

i - i —
+§gBi (UL’Y#UL - dL’YMdL) + 5932 (ggﬂR’yMuR + g4dR7MdR> — (115)
Usingequations:
- 1— - 1—
Fovude =5 (1+)f, Fatude = 51 (1—)f,
from Eqg. (115)we derive furtheron
_ i _
— —fPf+ 1992 [ﬂw (14 5) u+dvy, (1 +s) d] (=892, + coA,)
) _
—l—Zg {ﬂ’yu (1+75)u—dy, (14 s) d} (coZy, + spA,)
) _
+—9 {gzﬂ’m (1 —75) u+ gady, (1 —5) d} (=502, + coAy) . (116)

4

First,we collecttermswith A, i.e. thee.m. current

i _
19{0992 [ﬂm (1+v5) u+dy, (1 +s) d] (117)

50 [T (14 75) w = dy (1+75) d] + ¢ 9577 (1 = 95) u + 9y (1 = 35) d}} —

Then,we requirethe absencef axial currents

cog2 + 89 — cgg3 =0, cpg2 — So — coga = 0,
92—91—93=0, 92+91—94=0,
S
gi = _)‘i7
co
—A2+1—|—A3:0, —)\2—1+A4:0, (118)
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TheEq.(118)defines\s and 4 leadingto

— igsg{—)\g [Ufyﬂu + E'yﬂd} + v, u — dyud + (1 — A) Tyu — (1 + A2) Efyﬂd}

2
Thus,threeparameters,; arefixed by therequirementhatthe e.m. currenthasthe corventionalstruc-
ture,z'Qfefyﬂf, with thechagesQ ; = 2[}3)\Qf|. Thesolutionis

Ay =1-20Q, = —1-2Qq, Az = —2Qu, A= —2Qq- (120)

Having all threehyperchagesfixed,we derive thefinal expressiorfor theinteractionLagrangiaanVer’I:

er . 3 . 9 f
Lyt = > {ngleAuf”mf + ZZ_CQZufW (v + ap7ys) f}

= 1959{(1 — Xo) Uyu — (14 Ag) Ey,,,d} = 1eQuuy,u + ieQudy,d . (119)

f
¢ A 9 s
+; [ZMW,,, W (L 35) d i W, (1+v5>u}, (121)
with vectorandaxial-\ectorcouplingsof the Z bosonto afermion f:
vp =19 —2Qpsh,  ap=19. (122)

Thefirst sumin Eqg. (121) runsover all fermions, f, andthe secondover all doublets,d, of the SM.
We see thatcontraryto the Z and A fields, the W+ arealwayscoupledto aV’ + A current. Thisis a
consequencef the SU(2) ® U(1) gaugetransformationEg. (110).

2.8 Interactions of fermions with scalar fields

We now considerthe only remainingsectorof the SM describingthe generatiorof fermionic masses
andthe interactionof fermionswith scalarfields. We neednot only the field K but alsoits conjugate
K¢ in orderto give massedoth to the up and down fermions. In our corvention, K gives masses
to up fermions,and K¢ to down fermions. We recall K andderive K¢ usingthe definition of chage
conjugation K¢ = i7? K*. Therelevantsetof formulaeis

K = 1 * —L(H+<v>+i¢“’ﬁ")<1>,
V2 vaig- ) V2 !
c 9k 1 V2iot 1 caan [ O
K¢ = ZTK:—% y _E(H+<U>+Z¢7)<l>’
X = H+ () +i¢°. (123)
Thecorrespondingartof the Lagrangiarmay bewritten asfollows:
L = —app Ku,, — B, K°d,, + h.c. (124)

In orderto prove its gaugeinvariance consideffour gaugetransformations:

1

K — (1 - %gAa (z) 7% — =gg1AY () I) K,

2
K¢ — (1 — %gA“ (x) 7 + %gglAO () I) K°,
v, = (1-500 @7~ S0mA (@) T) v,
¥ - (1 -9 ( . ) A° <w)> U (125)



We immediatelyseethat £ will be gauge-inariantif g» = g1 + g3 andgs = —g;1 + g4, theidentities
alreadyestablishedrom therequirementhatthe e.m. currenthasa conventionalstructure.

We thensubstitutel and K¢ of Eq. (123)into £ of Eq. (124)andderive

B H+ (v) +i¢° ) V2ipt
AL e )T e )T
- _% (H + %) U, up + i, uy ¢ + i\/iﬁLuRé_}
—% (H + %) Upu, — it u, ¢ — i\/iﬂRdLW}
+% (H + 2%) d,d, —id,d,¢° +ivV2u,d, ¢t
+% (H+ 27) Tyu, +id,d, ¢° —ivV2du, ¢~ } (126)
Usingequations:
U,d, :ﬂ% l+9s)d,  Td, ZU% (1—v)d, et (127)
we obtain
- 7% KH + %) Tu — uysud” + %E (1—75)up™ — %ﬂ(l +75) dp™
+% KH + %) dd + idysd¢” + %E(l —5) d™ — %3 (1+75) ugp™ (128)

The secondiermin eachrow may be identifiedwith massterms,giving two solutionsfor the Yukava
couplings:

1 my 1 my

af = ﬁgﬁ ) By = —%gﬁ ) (129)

in termsof physicalfermion massesn, andmgy of up anddown fermions. The Lagrangianmay be
presentedsa sumof two terms

Ll — — meferﬁfe”, (130)

wherethe secondermis theinteractionLagrangian:
S (L4 ) d - (1~ 9e) d]

fer, 1 +
& _Z{mﬂb M

. — | Ma My —
+ 3 (- peH T+ igl T s ). (131)
f
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2.9 Fermion mixing

Thepresentation thetwo precedingsectionsvasdonenegglectingthefermionmixing. Herewe present
ageneralizatiorfor the caseof mixing. We begin by rewriting the expressiorfor £, Eq. (124),

Llor — szz) muKuy, + sz/; mgK°d,, + h.c. (132)
Thelattercouldbegeneralizedo
er g A g A c
£ = (9), MO B )y + 2 (,) (MP)o g K )y By (133)

wherewe introducedwo columnscontainingall up anddown fermions

Ve e
Vy 7!
vy T

(Up)g = " = Uy, (dp)g = d = Dpg, (134)
C S
t b

R R
astringof Dirac-conjugatedields
(%,) = (7w uetenrdst) =(U,D) . (135)

andcomplex matricesM; ;"

s (MY O . b0
M—(O M) e e ) (136)

with O beinga zero-matrix.All thesematricesare3 x 3 matrices.It is easyto seethatthe Lagrangian
Eq.(133)is alsogauge-imariantundertransformation®f Eq. (125).

Substitutingscalarfields K and K¢ we obtainthe generalizednassterm

Ly = ——XFMU MU — mD " MPD/, + hee. (137)

In orderto reduceit to the usualform, one hasto diagonalizethe four massmatrices. This may be
achieredwith theaid of bi-unitary transformationgseeRef. [2] for arigorousproof):

MU - Z/[jmu Z/{Rv MD - Dg—md DR s (138)

whereld,, Uy, D, Dy arefour differentunitary 6 x 6 matrices:

U, = < (uLg (OZ/{L)q ) , etc. (139)

Fieldswith primesU, , U}, D’ , D}, areweakeigenstatesIntroducingmasseigenstated/,, Ux, D, Dx:
U,=U,U,, Up =URUY},, D, =D,D,, Dy = DrD},, (140)
we arrive at ausualmassermof the Lagrangianwrittenin matrix form

cleem — I gmU - —I_DmyD, 141
ol \fM d (141)
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wherem,, andm, arediagonalmatricesn 6-dimensional/ and D spacesTheinteractionpart,written
in thematrix form, reads

Eger,l —

¢+

250" | T(1+19)CD - T4 (1-5)CD)

. g mq—- t My 55 T}
— —D(1 C'U—-—D(1—7)C"U
riso [FED (1 +95) OV = D (1= 5)

+ zf: (%QH%Tf + iglf’)cbo%f%o : (142)

Thechage bosonsectorcontainsthe mixing matrix

.
c:<<uL>l<DL(>)l g/{L)q(Dg)J:(% gq), (143)

whichis non-diagonabecausél{, ), and(D, ), [and (/. ), and(D, ) ] are,in generaldifferentmatrices.
The fermionic mixing matrix C' involvesthe usualCabibbo—Kabajashi—-MaskawWCKM) mixing
in the quarksectorC';, andpossibldeptonic(neutrino)mixing C;j.
Finally, thefermion—ectorbosoninteraction Eg. (121),in presencef mixing generalizeso

el _ Z{ZQSGQfAuf’Yuf + 050 Zul v (Vs +ap75) f
f

+i—L W Ty, (1 +75) OD + i~

WD 1+~5) CTU. 144

2.9.1 Someconclusionsaboutfermionicmixing
To summarizeour studyof fermionmixing, onemay concludethat:

— fermionic mixing arisesin the SM very naturallyasa consequencef the mostgeneralYukava
interactioncompatiblewith gaugeinvariance;

— C, istheusualunitary CKM matrix characterizetby 4 realparameters;

— ( isits analogin leptonsector alsocharacterizedby 4 real parametersywhich are not obliged to
beequalto CKM parameters;

— we thereforehave a completelepton—quarkanalogyand extendedSM (ESM) is a very natural
extensionof thecorventionalSM with masslesseutrinos;

— no mixing arisesin the neutralcurrents,a consequencef the unitarity of matrices(l4,), (U;"),,
etc;

— Eq. (141)involves Dirac massterms. | referto the lecturesof S. Bilenky [3] andM. Careng4]
at this Schoolfor a discussiorof Majoranamasstermsand fermionic mixing beyond the ESM,
aswell aswhetherthe simpleextensiondescribedn this lecturecontradictspresenexperimental
dataor whetherwe really do have experimentaindicationsof ary nev physicsbeyondthe ESM.

2.10 QCD Lagrangian

The SM, besideghe electraveak sectordescribedn full detail in this lecture,also containsthe QCD
sector For a detaileddiscussiorof the QCD Lagrangian) referto thelecturesof Prof. J. Stirling [5] at
this School.
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2.11 Feynmanrules for vertices

Herewe limit ourselesto presentingheFeynmanrulesfor B f f verticeswhereB is abosorfield. They
maybestraightforvardly derivedfrom the Lagrangiarof Eqs.(121)and(131). A completecollectionof
bosonicandFP-ghosFeynmanrulesmaybefoundin Chapter3 of Ref.[1].

/ 7
;l ieQ f z'Z—iny“ (v5 + ags)
/ /
g 7
ZV_ i%\;g%(l +5) " _% g%
! /
f 7
_¢_0___ igfj(ci”)%’y.s fb-_q- i23§ %(1"‘75)_%(1—75)
/ d

2.12 Summary of the two lectures
In lecturesl and2 we studied:
e TheextendedStandardModel, its FieldsandLagrangian;
¢ Gaugeransformationsnddifferentgauges:
— generalR,, with threeparameters§, &, ,¢,;
— t'Hooft-Feynmanwith all &; = 1;
— Physicalor unitary £ — oo, £, — 00, {, = 1.
e Gaugenvariancewhichwill leadto ¢-independencef theamplitudesof physicalprocesses;
e Feynmanrules.
We arereadyto build diagramsin the following we will distinguish:
— Bornortreelevel diagrams;
— loop diagramgqone-loopandmulti-loop diagrams).
We emphasizegainthatwe areworking in Pauli metrics,i.e. for anon-mass-shelihnomentunonehas:
p? = —M? andthescalarpartof a propagatotookslike

1

~—— . 145
p2 + M2 ( )
In our conventionfor Dirac~y-matricestheleft projectorlookslike
14
=10 (146)
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We will usethefollowing correspondencleetweerphysicalandbareparameters

M
M,, — M, M, - M, =—, S < S - (147)
co

At tree-level, we have thefollowing identitiesfor couplingconstantandvectorbosonmasses

2 V2

2 € w 2

st =—=1-— , e’ =4drna. (148)
Wy M2

wherea = 1/137.0359895... is the fine structureconstant.Therefore,sﬁv andg arenot independent
parameters M, andM, areconsidere@amonginput parametersf thetheory

3 DIMENSION AL REGULARIZA TION AND PASSARINO-VELTMAN FUNCTIONS

Thislectureis devotedto basicmoderntoolsfor the calculationof loop diagrams— dimensionategular
ization (DR) andPassarino—¥ltmanfunctions— which arebasedn DR andarethosemostcommonly
usedfor the calculationof one-loopdiagrams.

3.1 Feynmanparametrization and IN-point functions

We begin with a reductionof the propagatomproductsto an integral representation.lt makes use of
identities,valid for ary positve definite A, B, C, D....

1 /ld 1
- = x ,
AB 0o [Az+ B(1—2))?’

1 B /1 i 2x
A’B 0o [Adz+B(1-x)*’

1 1 1 1
= 2!/ d / dz ,
ABC o o TTAQ—y) +yBr+ -2
1
ABCD (149)

with z, y, z... beingcalledFeynmanparametes.
Definethe N-pointfunction i.e. aone-loopdiagramwith IV externallegs:

q
q+p1 do
dy
D2
_—— .». -
do
q+p1+p2 ds
|
ps A



wherethearrovs indicatethedirectionof themomentunflow (all externalmomentaareflowing inwards
andthe loop momentumflows counterclockwise). In the figure we alsointroducedthe scalarpartsof
thepropagatorg;,

di = (q+p1+...+p:)° +miy —ie. (150)
With the aid of identities,Eq. (149), the N-point function can be reducedto a linear combinationof
N-pointintegrals
1 1 1 ...
. / dyy/ dﬂ? { vq/uqllql/v } . (151)
0 0

(q2 —2q - pyy,. + m% o i€)N
They arecalled{scalar vector secondanktensor ... } integralscorrespondingo thetype of numerator
in Eqg.(151).
The quantitiesp,. ,, .. arelinearcombinationsof externalmomentap;, andmiyw — of internal
massesn? andscalarproductsp? and(p; + ... + pj4).

3.2 Basicsof Dimensionregularization
All formulaeneededn the calculationof N-pointfunctionsmaybederived from only oneintegral:

1 n F (Oé - ﬂ) 2«
d" = in? 2 2)2 . 152
/ 1 (¢% + m? —ie)” T (o) (m ) (152)
For instancemakingshift ¢ — ¢ — p, we derive thegenericscalarintegral:
1 2 (a— %) n_g
= dn = ] 2 2 2 - 2 2 . 153
/ @24 prm>—ieg® " T(a) <m p> (159)
DifferentiatingEq. (153) 9,,J(p) , we derie thevector:
n m .l (04 - %) 2 2\ 5~
d = — . 154
/ @=2gprmi—i® " T(a (m*=#%)" "pu (154)
With onemoredifferentiation we derive the secondanktensor:
n qudv a1 2 2 3o
d = — 155
[yt~ " () (155)

[l (o1-5) mnr o3

etc. We presentfor completenesghethird andfourth ranktensorgoo:

n 4u9v9p n 1 2 9\z @
d = — 156
/ Y@ =2q-prm?—ie® me(a) (m p) (159

X E (5pr + Ouppy + 5”Pp“) <m2 a p2) g (a - g>

n
+pup1/ppr <a - §>:|7

n 9u9v9p9s .on 1 9 9\ 5—a
_ _ 157
/dq(q2—2q-p+m2—ie)a mzl‘(a) (m p) (157)

X E (ciwépg + 0pp0v0 + 5Vp5uo) (m2 B pg)Q r (a o g)

1
"‘5 (5,uupppa + 6,upp1/po + 6,uop1/pp + 51/pp,upa
n

n
"‘p/,apl/pppar o — 5/
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In particular considerEq. (152) for the casem? = 0. Sinceit holds for ary n, we may choose
n/2 —a > 0 andthenletm? = 0. Then,we will have

1
d’nq =
/ (¢?)
This maybe continuedfor ary n. Therefore jn dimensiorregularizationtheintegralin Eq. (158)is zero
for anyvaluesof a.

=0. (158)

3.3 Divergencecounting: polesversuspowers
3.3.1 Ultravioletdivemences
Consideravectorbosonself-enegy diagramwith aninternall¥” bosonloop:

W+

o

W
In the unitary gaugethefollowing integral over internalmomentuny correspondso it:
Qv (@+p)y(g+p)s
(5MV + M2_) léaﬁ + M2
(¢ + M2) [(qg+p)* + M?]

Hﬁa ~ /ﬁdnq Fpuarauﬁ

qudv qudvdadp
- q 5
(g2 + M?2) (g +p)* + M?]
InA A? At
1 1 1
n—4 n-—2 n—0 "

In the secondrow, we consideredselectedscalarandtwo tensorintegrals contrituting to it. Applying
trivial countingof powersof ¢ in the numeratorand denominatarit is easyto seethat variousterms
in thethird row have indicatedultraviolet cut-off divergenceswhich correspondo polesin space-time
dimensions: = 4, 2,0, respectrely, asshavn in the fourth row. Thisis anexampleof thegenerakule
of correspondencketweerpowersof the cut-off divergencesandpolesin n.

3.3.2 Infrareddivergences
Consideranotherexample,the QED vertex diagram:

P2
q 1
p1 A Q
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with two momentumon-shellp? = p2 = —m? andQ? = (p; + p2)®. In the Feynmangaugethe
following integral correspondso it:

N o (=2p2 + )y (2p1 + d)
A,u /d qq2 [(q+p1)2 _I_mz} [(q _p2)2 _I_mQ}

_ / g =P P2 2 (P = YpYab2) Ga + (2= 1) 789098 (460
(2 +2¢-p1) (¢ — 24 o)
Scalar Vector Tensor
Infrared Finite Ultraviolet .

Herewe have scalar vector andtensorintegralswith differenttypesof divergencesThe scalarexhibits
infrareddivergence the vectoris finite, andthetensoris ultravioletdivergent.

In all the consideredtaseghetype of divergencemaybedeterminedy countingthe powersof ¢
in thenumeratomanddenominatoin the correspondingegimes:
— ultraviolet, when ¢ — oo;
—infrared, when g — 0.

In whatfollows, we will usethe dimensionakegularizationwhile calculatingl, 2, 3, 4-point one-
loopintegralsusingthelanguageof the A, B, C', D functionsby PassarinandVeltman.

3.4 One-pointintegrals, A functions
One-pointintegralsaremetin the calculationof tadpolediagrams:

m
andin thereductionof higherorderintegrals.
3.4.1 Scalarone-pointintegral
The Ag functionis definedby theintegral

1

in? A (m) =it [ ' , (161)

q® +m? — ie
wherewe introducedthe t'Hooft scaleparametey: in orderto prevent changingthe dimensionof this
integral at the variation of the space-timedimensionn. The integral is computedusing the general
formula,Eq. (152)with a = 1,

e n m2 n/2—2
Ag (m) = 722 (1 _ 5) m? (ﬁ) . (162)

If oneintroduces: = 4 — n andexpandsaroundn = 4 then
of 2 m?
Ag(m) =m —g—l—y—l—lnw#—ln? —1+0(e). (163)

It is customaryto definea quantity1/ by

2
:g—y—lnw, (164)

o | =
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thenby droppinghigherordersin ¢, we getthefinal answer
1 2
Ag (m) =m? (——_ +1In m_2 — 1). (165)
3 7
Notethatthe pole hasanultraviolet origin andthatit is accompaniedby a scale-containindgpgarithm.

3.4.2 Tensorone-pointintegrals

Thevectorlike A; is zero,sincethe A functionsdo not dependon anexternalmomentumandit is im-
possibleto constructa vector aswell asary odd-ranktensor The even-ranktensoramaybe constructed
andthelowestorder secondank,tensormustbe proportionalto 6,,,., i.e.

. 2 o 4—n m q#q’/
i Ay ) = it [

Auu (m) = A2 (m) 6ul/ . (166)

To calculateit, we contractEq. (166)with 6,,,,, useEgs.(158)and(165)andexpandaroundn = 4 again,
whereoneshouldproceeccarefully namely

11 1 2 11 1
—— = —+...)===+=. 167
ne 4—¢ (5 + ) 4¢ + 8 ( )
In thisway, wefinally derive
Ay (m) = —% m?Ag (m) + %m4 . (168)

Rankfour tensorintegral maybereducedn asimilarway, seeSection5.1.1.2of Ref.[1].

3.5 Two-point integrals, B functions
B functionsappeamwhenconsideringself-enegiesandtransitions

mi

ma
Theirfamily is far morereachcomparedo A functions.

3.5.1 Scalartwo-pointintegral

The scalarBj functionis definedby the integral containingtwo propagatorsly andd;, oneof which
depend®n anarbitraryexternalmomentunp:

1
. 2 2 4—n mn
B imy,my ) = /d _—
o(p 1 2) 2 . qdod1
do = ¢* +m? — ie, di = (q+p)? +m3 —ie. (169)

Using Eq. (152)for a = 2, it is easyto derve the generakesultfor the B, function, valid for arbitrary
internalmasses

1 mims m2—m2. m3
By (p*imui,mz) = Z = R—In FRRE R S Y (170)

37



whereA? = X (—p?, m?, m3) istheKallenfunction: A (z,y, z) = 2% +y? 4 2? — 2zy — 22 — 2y=z, and

A lan—ie—Fm%—l—m%—A

R=—— 171
p2 2m1m2 ( )
Somepatrticularcasesarealsofrequentlymet:
1L.ifmi=meo=m
1 m? B+1 4m?
2. — - — N 2 g .
B()(p,m,m)—é 1nlu2—}—2 ﬁlnﬁ—l’ I} 1+p2*i6’ (172)
2. if oneof theinternalmassess zero
1 2 2 2 _ s
Bo(pz;(),m>——lnm_2—l—2(1—|—m_2>ln<1—l—p 2“); (173)
€ o p m
3. if bothinternallinesaremassless
1 p? — e
2, _ -
By (p%:0,0) = - ~In T2 (174)

The By functiondevelopsanimaginarypartabove the physicalthresholds = —p? > (my + ms)?:

A (s,m?,m3
ImBy <p2;m1,m2) = WM 0 (8 — (m1 + m2)2> . (175)

S

3.5.2 Tensortwo-pointintegrals

Here we describethe calculationof the vectorand tensor B functions. The calculationexploits the
so-calledreductionto alinearcombination®f scalarfunctions.We begin with the vector:

) 2, _ 44— m_ Qu _ . 2 2,
in” By, (P ,ml,mz) =u /d Igds " By (p ,ml,m2> Py - (176)

Usingtherelations
1 .
F=d-mi,  qp=g(h-do+fl), with fi=-p+mi-mi  (177)

we derive theidentity

1

p2 B, (p23m1,m2> = ) {Ao (ml) - A (mz) + ffBo (pg;m1,m2)} ) (178)

whichis therequiredreductionto the scalarintegrals. Onemay easilyderive a symmetryproperty:
By (pg;mz,ml) = —-bB (pQ;ml,m2> — By (pQ;m17m2> : (179)
Theranktwo tensorintegral canbereducedo two functionsBs; and Boo:
.2 2, _ A 4u9v _ . 2 2, 2,
1 B;W (p amlam2) =p " / dHQﬁ = {B21 (P ’mlamQ) Pubv + B22 (P ’mlamQ) 5,uu] .
(180)
Thelastrelationcanbe multiplied by 4, andby p,, which leadsto the systemof two linear equations
for By; and Baa:
p°Bo (p2; ml,m2> + nBa (p2; ml,m2> = Ay (ma) —miBy (pz;m17m2) ;

p°Bay <p2;m1,m2) + By (p2;m1,m2> = % [Ao (m2) + f1B1 (PQ;mlamQH . (181)

38



The appearancef n in front of a functionto be derived preventsthe trivial solutionof this system.In
orderto solweit, andsimilaroneswe have to know thesingularpartsof all one-andtwo-pointfunctions.
Only thenmaywe properlyexpandaroundrn = 4 (cf. discussioraroundEq. (167)). The calculationof
polesmay be achieved straightforvardly with the aid of the formulaein Section3.2. We dere:

SlIl 1
BO(PQ;ml,T@) = ——/ da:l( > $
Bl(pZ;ml,m2> = ———+/ d:vxln( )Sgg_%é,
SlIl ].]_
21(p2;m1,m2) = ———/ dzz? ln< ) g35
1 . - X

= —-(=+1 d — deyln [ &

) = p(Een) [ ey [ dman ()

S

sing _i <m§ +m2 4+ %ﬁ) = (182)
wherewe used
x(z) = —p*z* + (p2 +m3 — m%) x +mi — ie. (183)
Usingtherelationsin Eq. (182),we obtain(analogouslyto the dervationof Eq. (167))
n Bag (pQ;ml,WQ> = 4By (pQ;ml,ﬂm) + %2 )
K? = p*+3(mi+md). (184)
Furthermorewe introducethe matrix
X2—<§§ ‘11) (185)
andthevectorb with components
by = Ag(mg) —miBy (pQ;m1,m2) - %2 ;
by = % [Ao (m2) + 1B, (P2;m1,m2)} : (186)
The By; (p*; m1, m2) functionscanbe obtainedoy inversion
By; (pZ;m17m2> = [Xz]i_jl bj . (187)

3.5.3 Listofthefinal results

1
By (p2;m1,m2) 37 [Ao (m1) — Ao (ma2) + (Am2 *pz) By (P2;m1,m2)] ;
3(m?4+mi) +p* Am?— Am? — 2p?
By (p2;m1,m2) _ 3(m 18p22) P 3t v Ao (m1) — TPAO (mo)
A (—p?,m2,m3) — 3p*m?
+ (=p 13p42) P LBy (p2;m1,m2>,
3(m2+m2) +p2  Am2—p? Am? + p?
BQQ (p2;m1,m2) = - ( ! 182) P — 12p2p Ao(m1)+TZ)2]?A0(m2)
A (—p?, mi, m3)

— 19,2 By (p2; mq, m2> ,  with Am?=m?-—m3. (188)
P
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3.5.4 Reductiorfor p? =0

As seerfrom Eq. (188),thereductionfailsat p?> = 0. In this casetheresultsshouldbe derived from the
integral representationgq. (182)

Ao (m2) — Ag (m1)

By (0; =
0( amlamQ) m%_m% 5
Bi (0;my,mg) = fEBO (0;mq, mg) + 3 (m1 — mg) By, (0;my,mg) ,

OB, 2.
where BOp (O;mlme) — 0 (p ’mlva)

2 J

ap p2:0
Bos (0: _ 1 9 9 1 Imlmg 3 m‘ll—é—m% Im% 189
2 (Osm,ma) = =g (md 4 mE) (2= =54 5) 4 Sy g 089

3.5.5 Derivativesof B functions

In actualcalculationsone also needsthe dervatives of B functions(alreadyseenin Eqg. (189)). They
appeaiin therenormalizatiorfactorsassociatedvith externallines. Again, from theintegral representa-
tionsEg. (182),we derve:

8B{0;1;21} o / d 33 1 T } (1 — :v)
Op? - ’
0B2
o2~ 12z / dzx (1 —z)In ( ) (190)

They all but derivative of Bos arefinite. Thelattercontainsan UV-pole. For QED diagramghe deriva-
tivesareinfrared divegentand mustbe regularized. As usual,we usethe dimensionakegularization,
however, now we haveto usen = 4 + ¢’. We derive

1 n/2—2
B (ptim.0) =« 00 (2= 5) [Can (5] with (@) = (1-2) (e ),

U
0 9. B /2 € l—x X () €'/2
8—p230(p,m,0) = —T F(1—5>/ d (MQ ) y
/2
o ) R g\ 1 (m2\" /1 1
a—p23°<p’m’0) e 095 (5 (5/ ) 09

o) 5 1 (1 m?
6—p? BO (p sm, 0) p2:_m2 = *W (g — 2 + 111 ?> s (192)
wherewe introducedheinfraredpole:
1 2 2 1
_:_+7+11177——+7+1117T——j. (193)
é 4 €

Similarly, oneobtainsthe dervative of B;:

/ '/2
d ) e’/ e\ (m2\"7 /1 2 1
— B, (p*;m.0 — r(1—-=)(— e
op> 1(p H1m )p2:_m2 m? ( 2) I (6’ 1+5’+2+6'>
1 (1 m?
= — [Z-34m—]. 194
53 (5 +nM2> (194)
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In this sectionwe have presentedjuite an exhaustve studyof B functionsandtheir basicproperties.
As we have seenthey aremuchmoreinvolved thanthe simplecaseof A functions. A similar degree
of complicationtakes placeat eachsteptowardsthe C' and D functions. For this reasonit would be
impossibleto cover the subjectwith the samedegreeof detail asfor the A and B functionsin these
lectures.Therefore,| will limit myselfto definitionsandto a minimal amountof informationabout3-
and4-pointfunctions.For moredetails,referto Sections.1.4and5.1.50f thebookin Ref.[1].

3.6 Three-pointintegrals, C' functions
C functionsappeamwhenconsideringvertices:

ps3
r'g
m
D1 !
.
m3
ma
AN
D2

3.6.1 Scalar3-pointfunction
Thisis definedby theintegral:

1
dodyds

it Cy (p%,p% QQ;mlam%mB) = ,u4_n/ d"q (195)
whered; are
_ 2 2 . _ 2 2 . - 2 2 .
do = q~ +mi — ie, di = (g +p1)” +m3 — e, dy = (¢ + Q)" +m3 —ic. (196)

Next, @ = p1 + p2 and@Q? = (p; +p2)2 is oneof the Mandelstanvariables,Q? = —s(t or u), for an
arbitrary2 — 2 amplitude.In termsof a particularchoiceof Feynmanparameterg’, becomes

Co (p%,p%,QQ;ml,mg,mg) = ./01 dx /Ox dy (am2 +by? + cxy +dr +ey + f>_l , (297)
with
a = -p5, b=-pi, c=pi+ps- Q>  d=pi+mim3,
e = —pi+Q*+mi—mi, f=m?2—ie. (198)
ThescalarCy functionis invariantundersimultaneousyclic permutationsn thetwo setsof aguments:

{p%p%éy} and{mlmgmg}.

3.6.2 Anexampleof themassive’; function

Thereis only one genericthree-pointscalarintegral which occursin the calculationof two fermion
productionwhenall externalfermionic massesreignored. In this caseonly onefermion masshasto
be kept— thetop-quarkmasswhich appearsn the virtual state. To sucha Cj function, the following
choicecorresponds:

Pla=0, (p1+p)’=Q% mi=M, mo=Ms, mz=M;. (199)
Thenthe coeficientsin thequadratidorm in Eg. (198)become:
a = 0, b = 0, c = —Q?,
d = M3— M3, e = Q*+Mf— M3, o= Mj§—ie,
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andtheintegralin Eq. (197)for Cj reducego

Co (0,0,Q% My, My, My) / dx/ - (200)
x (@ y)
wherethequadratidn thex andy form x in this casdinearizesa = b = 0):
X(@.y) = Q% (1 — ) + My + M3 (z — y) + M3 (1 - z). (201)
In this particularcasewe get
L5y [Li (xo—l) Y ( 0 )} (202)
- Q*e *\wo — 2 oo —xi /]
with four differentroots
M2 M2 M3
o = It W gp e
Q2+M2_M2:F )‘ _Q2>M27M2
— i 3 \/ ( i 3). (203)
3 2@2
Thedilogarithmfunctionis definedby:
n(l-— :Ey
Lia (z / dy (204)
All massessquaredare understoodvith equalinfinitesimalimaginaryparts: M? — M? — ie. It is
necessaryo properlydefinethe analyticcontinuationat Q% — —s.
3.6.3 Thespecialcasesvhich are metin practical calculations
C (0 0,Q% M OM) B B
0 ) y V1, U, LVL3 Q2 Ty — 1 71 )
2. _ 2 Bo+1 _ AM7
CO<0707Q5M1707M1> - Q In ﬁQ—l’ BQ* 1+ Q2 )
CO (0707Q2;M17M270) = CO (0707Q2;07M27M1>
1 M? _ Q? + M;
- (12 (1 Y]
1 Q?
2, - : I [ A
C10 <0a Ov Q 703 MQ: 0) - Q2 lLIQ (1) L12 <1 MQQ)‘| )
Co (me ~m?,Q%0,m 0) - {2Li2 <i> — 2Liy <i> + Lig (y1) — Lig (yg)} .
7 T m? (y1 — y2) Y1 Y2 '
(205)
with
m? 4m?
= —= |[1x+4/1+—]. 2
Y1,2 20?2 ( + 0? ) (206)



3.6.4 InfrareddivergentC, function

In all the casesconsideredibore the Cj functionswerefinite. However, the QED vertex containsiRD
divergence.lt deseresaspecialstudy Thecorrespondingertex:

7
f
A
f
/
is divergentat p? = —m?2, p3 = —m? andin orderto regularizeit, in older dayspeopleintroduced

infinitesimalphotonicmassms = A, with A beingsmallwith respecto all theotherquantities Although
by now theinfraredsingularitiesaretreatedwithin thedimensionategularizationapproachthis example
is ausefulbridgewith the mass-rgularizationmethod.The definingintegral in this casereads:

1 1 .
Cy (fmz, —m?, Q% m, A,m) :/ dy/ dx , (207)
0 0 x(z,y)
where

x(@.y) =2°x(y) + N> (1 —z) —de,  with x(y) =m*+Q%y(1—vy). (208)

Integratingit onceandexploiting theinfinitesimalnessf A,

! z _ b (x) A
[ e grrea— = nm " (5 >+O< x<y>>’ (209)

we obtainthefollowing decomposition:

1 u?
Cy = 2 lFlln<A2>+FQ],

o1 2 B+l
= /0 dyx<y>_Q25mlnﬂm—1’

( ) _ <Q2 — ze)
(y

/Bm + 1 2/Bm . ﬁm -1
QQﬁm [ " — 2l < 26, > 2k < 26, ﬂ 49
with )
B2 =1+ % . (211)

In the next lecture,l will presenthe deriation of this Cj by the dimensionaregularizationmethod. It
will beshawvn thattheidentification

2
1
In (%) o2 (212)

establisheshebridgebetweerthetwo regularizations.

In the mostgeneralcasethe Cy function containsl2 dilogarithmsandseveral Veltmans n-func-
tions,seeSection5.1.4.3of Ref.[1].
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3.6.5 Tensorthree-pointintegrals
Therankonetensorintegral is definedby

2Oy (.23 Q% ma mamy) = = [ g 20 (213)

andits decompositioriookslike

iﬂ-2 |:011 (p%vp%a Q2; mi, ma, m3> Pip + 012 (p%apga Q2; mi,ma, m3> p2,u:| . (214)

Theranktwo tensorintegral,

.2 d—n [ g QuQu
Cuw = d ; 215
i Chy = / 9 3odids (215)
alreadycontainsfour structures
im? [0211?1“2?11/ + Coopoppay + Coz {p1p2},, + 0245;4 ; (216)

wherethe symmetrizeccombinationis introduced

{p1p2},, = PLupoy + P1up2y - (217)

The reductionof thesetensorss developedusingstandardechnique.All the detailsmay be foundin
Sectionss.1.4.4and5.1.4.50f Ref. [1].

3.7 Four-point integrals, D functions
They appeatin the calculationof box diagrams.

m
Pt — ! ___+«— D4
ma my
p2 — v D3
ms3

Fig. 1: Thebox diagram.

Thefour-point functionsareagainmuchmorecomplicatedhanthe previous ones.Only definitionsand
someparticularcasewill bepresentedhere.

3.7.1 Thescalarfour-pointintegral, Dy function
Theintegral defininga Dy functionwith 10 agumentds

. _ 1
iw* Do (1,3, 93, 92, (1 +p2)” (D2 +p3)? s, ma, ma, my ) = '™ / d'qo——— . (218)
: dodydads
Thefour propagatorén this caseare
do = ¢* +m? —ie, di = (q+p1)* +m3 —ic,
dy=(q+p1+p2)’+mi—ic, dy=(q+pi+p2+ps)’+m]—i,

with all fourrmomentaflowing inwardsasshawvn in Fig. 1, sothatp; + ps + p3 + ps = 0. In termsof
Feynmanvariablesr, y andz it reads
1

1 x Y
Doz/ dx/ dy/ dz . 5, (219)
0 0 0 (ax? + by? + g22 + cxy + hxz + jyz + dv + ey + kz + f)
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with

a = —p33=-13, b = —pfh=—p3,

9 = —Po=-ni ¢ = —pi3+piy+pis,

h = —pbs— Pia+Poe+ 0, Jj = Dot +0h2,

d = m3—mj+pis, e = m3—m3+pi;—pi,
ko= mi—mj+ps— pls, fo= mi—ie,

and p?j = (pi *pj)2 .

3.7.2 Reductiorof tensorfour-pointintegrals
Thel-, 2- and3-ranktensors

9 den [ m 10059095 90905 44909098}
Dy Dy Dywa ¢ = d s 220
m { 122 12 1 } /’1’ / q d0d1d2d3 ( )

contain3, 7 and13 structuresandtensorfunctionsD;;, respectiely:

D, = Duipiy+ Diopoy + Dispsu,
D, = Dopiupiv + Daopaupay + Da3psupan
+D24{p1p2},, + Das {p1ps},, + D26 {p2p3},, + D276 ,
Do = D31p1upivpia + D3ap2upovp2a + D33psupsvpsa

+D34{p2p1P1} 0 + D35 {psp1p1} 0 + D6 {P1P2P2} 100
+D37 {P1p3p3} 0 + D3s {pspap2} e + D3 {P2p3p3} 100
+Ds10 {p1p2p3},e + Da11{p16},,, + Da12 {p26},,, + D1z {p3d},,, - (221)

For rank-3tensoranadditionalsymmetrizedstructureappears
{pkl}uua = pll {kl}ua + k# {pl}ua + l.u {pk}ua : (222)

Thereductionis performedoy makinguseof standardechnique Detailsmaybefoundin Section5.1.5.2
of Ref.[1].

For thee™ e~ annihilationinto fermion pairs,SM boxesaremetonly in two topologies:director
crossed For W W internallinesthereis a peculiaraspectueto chage conseration:

only direct boxis presenfor ete™ — dd;
only crossedoxis presenfor ete™ — ua.

Thefull collectionof box diagramdor e*e— annihilationinto afermionpair is presentedn the Fig. 2.

€+ (Z, A) 7 6+ (Z, A) f

e (z,A) [ e (Z2,A4) 7T

AA-, ZA-, Z Z-boxes
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Ve U + Ve d

Fig. 2: WW-boxes.

3.7.3 Someparticular casef D, functions

Casel). Themostgenerakxpressiorwhich oneencountersvhenconsideringZ Z andW W boxeswith
four masslessxternalfermionsis obtainedwith

PP = 0, (m+m)?’=Q%  (p2+p3)’=P>?
my = My, mg=0, mg=D»M, my=DM. (223)

With anappropriatechoiceof Feynmanparameterg may be presente@ndcalculatedasfollows:
1 1 1
D(] <0:070:07Q2:P2;M1707M17M2) :/ dZ/ ydy/ dz
0 0 0
1
2
[Mfy + M2(1 —y) + P21 y)(1 - 2) + Q2zy2x(1 — o)

13+512 : Zj T T;—1
g S ) (2] e

X

with six roots

1 4AM? T
T2 = §<1¥ 1+ 1>, fl,QZéO?\/ﬂ),

QQ
M3 P%4+ M3
= —— = 225
zs3 M22_M%7 T4 P2+M22_M12> ( )
and
AM?P? (P?2 + M3 — M?
dy = 1+ PP £ My - M) (226)
Q* (P? + M3)
For M> = 0 (in practicalapplicationsn, = 0), it simplifiesto
2 p2 2 2 i1 g z;
Dy (0,0,0,0,Q% P My,0,My,0) = PN SN Lip (==, (227)
with theroots
T (0) ) _,, AME (P? - M7)
T2 =+ (1 F/dy ) , dy’ =1+ 02D . (228)

Case?). This caseis encountereadvhenconsideringZ A and AA boxes,whereit is usefulto introduce
threeinfraredfree auxiliary integrals:

B S e
Z7T2J~W (QQ,PQamevmf) - 4 / d'q d1 me) d2( )d3 (mf) ’
27 2 p2. = utm " 29
JZ(Q’P’mE’mf> . /d 0) dy 7ne)d2(]wz)d3<m’f)7
e _ e [ 2Q-(¢+Q)
T JZ"y (Q ,P ,me,mf) - / d d1 (me) d2( )d3 (mf) . (229)
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Theseauxiliary integrals are simpleto calculate. Moreover, the following identitiesare very usefulto
exhibit anddisentenglgheinfraredbehaiour of the scalarfunctionsD:

1 _
DO (_mga _mgﬂ _maa _m?vQZaPZ;Oameaovmf) - @ |:_J"/"/ (szpz;mevmf>
+Cp (*mg, *m?g,P2;me,0,mf) + Cy (—mfc, *mg’PQ;mf, 0,m€>},
1 r_
DO (7m3a 7mga 7m%a 7m?7Q27P2;0ameaMzamf) = m *J’yZ (Q27P2;mevmf)
z L

—Ch <fmg, *m?r,P2;me,MZ,mf) + Co (*m?‘, mg,PQ;mf,O,meﬂ,

1 Mo
Dy (_mza _mga _m?”a _m?vQQaPQ;szmeaov mf) = m _JZ“/ (Q2aP2;meamf)
+Cy (—mg, —m?c,Pz;me,O,mf> -y (—mfc, —mz,P2;mf, MZ,meﬂ. (230)
Herewe presenthe answerdor the auxiliary integrals,in termsof one-foldintegrals:
- 1 1 X (P%me,my)
J (Q% P m,, :/d 1 o 0 231

M§+Q2/1 1
0 X(

Jyz (QQ,PQ;me,mf> = —Jzy (QQ,PQ;meamf) =In M2 xm
2 ; M,

wherex (P m.,ms) = P2z (1 —z) + m (1 — z) + m3z is the usualquadraticform. The explicit
answerdor .J (. 1 (Q*, P?;m.,my) maybebefoundin Section5.1.5.30f Ref. [1].

3.8 SpecialPV functions: a, b, ¢V, d0)

The standardPassarino—¥ltman (PV) functions, A, B, C, D, consideredn this lecture,are sufficient
to calculateone-loopcorrectionsin { = 1 andU gauges.In the R¢-gaugeadditionalcomplications
arise. Let us considera diagramwith internalphotoniclines, with photonpropagatorsyhich contain
anadditionalterm (&2 — 1)q,q,/q?, Fig. 3. This leadsto a specialclassof two- (three-,four-) point

functions.
W

w

7
Fig. 3: An exampleof Feynmandiagramleadingto specialPV functions.

3.8.1 Thescalarb, function
It is definedby theintegral:

im? by (pQ;m) =t / d"q !

(62 ((a+p)* +m?)

Thisintegralis abadlydivergentobjectin theinfraredregime. Usingthestandardnfraredregularization:
n=4+¢, ¢ > 0,andintroducingadimensionless = 1 + (1 — z)p?/m?, we have

2\ €'/2 14 /2
bo (PQ;m) = /21 (1 - il) (m_> /1 dp =12 2)X e/
0

2 2 m2

(232)

a7



h(z) = (1 + %/ In X) . (233)

By addingandsubtractingk(0) andby noticingthatz ! [h(x) — h(0)] is finite for & — 0, we obtain

1 1 m? m? p?
2. _ z . = £
bo(p,m)~p2+m2 é+1nM2+<1 p2>ln<1+m2 (234)
Thisintegral is definedin thewholen-planefor p? # —m? andit shavs aninfraredpoleatn = 4.
3.8.2 \ectorb; function
Thisis definedby
.2 2 4-n n du
ithy (pm) by = p /dq
(#im) (¢ ((a+p)*+m?)
1 n/2=2 (1 _
R n (1 —2)
i “p,I’ <3 2) /0 dz (m2x)3_”/2 . (235)

This functionis free of singularitiesif p?> # —m?, whereit couldbe computedatn = 4. We have

-1 2 2
2.\ = _ v __1h_m L
bi (pm) = /0 A = =0 l1 7 <1+ mz)] . (236)

Thereis analternatve way of evaluatingb; (p%;m). With d = (g + p)? + m?, we derive

2 2
i () = % ' [(qi)2 B % B p(q;;;; ’
p°by (p2;m) = % [ao ~ By (pz;O,m) — (p2 + mz) bo (pz;m)} : (237)

In the previous derivationwe have introduceda new integral,

' 1
in? ag :/ d"q . (238)
()
Sincewe have,
1 2 2 2
By (p%0,m) == +2-m g — (1+ 55 m {1+ 5], (239)
g 2 P2 m2
thenfrom Egs.(234)and(236),which arevalid for ary n, we obtainthe properdefinitionof thisintegral
1 1
a0:7+i:03 (240)
g g

fully consistenwith our previousfindings,cf. Eqg.(158). In thiswaywe derive atypicalrelationbetween
specialandstandardPV functions

p2by (pQ;m) = —% {Bo (pQ;O,m> + <p2 + m2> bo (pQ;m)} . (241)
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3.8.3 Theranktwo tensorintegral
Thetensoris definedby

- 9
in? (ba1pupy + b228w) = ' /d 27 (( i P tm?) o
q P m

Using Feynmanparametrizatiorfthe secondeq. (149),andEq. (155)),we derve

ban (i m) = 57/ 2t "r< ) / dex(1— 2> (m?2+p%2) " (249)

Fromwhichit is easyto obtainthe singularpartof by (p?; m) andtherule of multiplicationby n:

(244)

n bao (pQ;m> = 4 b <p2;m) - %

By applyingof the usualmethodoneobtainsthe system:
oot (p%m) + nboy (p%m) = By (p%0,m),
o im) s (m) = L[5 (0m) (5w ()] o
andits solution

bao (pQ;m> = éBo (p2;07m> + % {Bl (pQ;O,m) + <p2 +m2) by (p2;m> + 1} ,

bo1 (pQ;m) = —4byy ( 2;m) + By (pQ;O,m) + % (246)

After theidentification1 /¢ — —1/& thefollowing identitiesmay beestablished:
() ) = 225 =) 0]
(0 +m2) by (p5m) = —1- p— 40 (m) +m? By (p%0,m)] (247)
which give morerelationsbetweerspecialandstandarcPV functions:
i) = §a(om) (5 (Pr0m) [ 20m)] .
i) = L on)
_z (Bl (pQ;o, m) - ]% [Ao (m) +m2B, (pQ;O,mﬂ) + %} . (248)

3.8.4 Onemore specialseries

Onemoreclassof functions,b, aremetwhencalculatingyy boxesin the R, gauge.Thescalarfunction
by is definedby:

in?by (Q?) = u* " / d” . (249)
@)’ ((a+Q))
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With infraredregularization,n = 4 + ¢/, astraightforvard calculationleadsto
~ 2 . //2 g i 1+€//2
b0<Q) - —( ) r<2 )( ) /d:c )]~
/ 2 / /
— 2 72 (2_E_> Q_ B<E_’1+E_>
(@) 2 u? 2772
2 1 m? . 2,

3.8.5 \ectorandtensorb integrals

R

We presenpnly definitions:

q+@Q
2 o (@) 0 (@) ] = [ s
andanswers:

(@) = 500 (@), b (@) = g5 b0 (@%0) ~ | B (@) = 55 @52

Actually only infraredfinite objectswill appeain the calculation,suchas,for instance:

"y qﬂ q+Q) 1 -

Thefull collectionof scalay vectorsandtensords, neverthelessneededf we wish to develop anauto-
matic computerprogramfor the generatiorandcalculationof all possibleone-loopdiagramsn the Ry
gauge.

3.8.6 cgj) functions

Whenconsideringarbitraryfour-fermion processesneencounteradditionalfunctions. An exampleis
givenby four classesafspecialfunctions,calledcz(’) functions,; = 0, 1, 2, 02. Thefunctionwith j = 02
is a pinch of the~y~-box diagram.Herewe give only definingequationgor thescalarfunctions referring

to Section5.1.6.20f Ref.[1] for moredetailsandthereduction:

| o [ A1, guay
m%g),u,W} (p%,p%,@2;0,m2,m3) - 4 /d { C?Qudlqcllf } ’
- B oo AL G 4uan}
in’ v} (pl’pQ’Q m1, 0, m3) N / q dod3dy
. n n 1 - -
ZWzCF{Ql),u,;w} (p%,p%,@2;m1,m2, ) - 4 / "q { (Z)Hdlqggq } ’
.2 (02) _ 4 n n AL G 4udv}
R S W (p ,p2,Q 0, m2, ) B /d dlzuall:;2 ' (254
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3.8.7 dl(-j) functions
Finally, thereare specialfunctionsassociateavith four-point integrals. The classof the dgj ) functions
is richerthanthat of the c?) functions. As usual,we limit ourselfto the functionswhich appeamwhen
consideringof 2f — 2f processesThis is why only definitionsof threeclassef dz(” functionswith
j =0,2,02 aregiven:

.2 4(0) 2,2 .2 2 "2 p2. _ 4 n o 11 q,,,q,,qy}
[ d{l,u,uy} <p17p27p37p47Q 7P a07m27m37m4> - / d d0d1d2d3
9 (2) 2 2.2 2 A2 p2. = i [ {1, g 4uar}
v d{l,u,,/l,u} <p17p27p37p47Q 7P am17m2707m4> - / d d0d1d2d3 )
2 4(02) 2.2 2 2 2 p2. _ b o L Qs Quav}
i d{lu v} (plap2>p37p4aQ P 707m270am4> = / d"q d2d1d2d3 . (255)

Theirreductionmaybefoundin Section5.1.6.3of Ref.[1].

3.9 Summary of the threelLectures
In lecturesl-3we studied:
e Basicsof presenQFT
— StandardVodel, its fields,andLagrangian;
— Differentgauges: R., (=1, U,
— Gaugeinvariance;
— Feynmanrules,andbuilding of diagrams.
e Dimensionregularizationand N-point functions;
e Calculationof loop integrals:
— standard?V functions: A, B, C, D;
— specialPV functions:a, b, ¢, d ;

It is time to calculatediagrams.
We emphasiz¢hatthereareUltraviolet andinfrareddimensionalegularizations:

. 1 2
Ultravioletn = 4—¢ — —=— —y—Inm,
€ n—4
1 2
Infrared: n = 44+¢ — —=+——+y+Inm, (256)
€ n—4
. , - . e . 1 1
which couldbeidentifiedwith the aid of identity. Z + 2= 0. (257)

4 TOWARDS PRECISION PREDICTIONS FOR EXPERIMENT AL OBSERVABLES

In thislecturewewill exploit theknowvledgemasteredn thepreviouslecturedor calculatingthesimplest
QEDdiagrams.Thesecondalf of thelecturewill bedevotedto acompletecalculationof QED radiative
correctionsfor the Z decayfor final-statemasslesgermionsusinga techniquespecificto the massless
case.
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4.1 Calculation of simplestQED diagrams
4.1.1 Photonicself-enegy diagram
Photonicself-enegy is describedy atensorIl,,,

—(p+ Q)\\

Applying the Feynmanrulesfor verticesandpropagatorswe constructaninitial expressiornto be inte-
gratedover aninternalmomentumy:

Tr (i + mg) 7,0 (i + i+ my)
(q2 + m?) [(q +p)* + mfc]

Huu = €2Qg/d

,uu q + mf + qp) (Q,upu + CIVp,u) - 2(]#%/
(2+m2) [(a+p)*+m?]

Usingthedefinitionsof the A, function,Eq. (161),andof thevectorandtensorB functions,Eqgs.(176)
and(180),we immediatelygettheanswer:

_ 462Q2 / d"q (258)

I, = i’ 462Q3{5W [Ao (mfc) +p2By (pQ;mf-,mf)} — 2pupu By (pz;mf,mf)
-2 [Bzz (pz; mf,mf) S + Bai <p2;mf7mf) pupu}}
= qir? 462(93{ o [Ao mg) +p ’B, (p2;mf,mf) — 2By <p2;mf,mf)]

—2ppy [31 (p ,mf,mf) + B (pg;mf,mf)} } (259)
It mustbetransveseasaconsequencef QED U (1) gaugenvariance:
Wy = i724e*Q? (P00 — pupw ) 1y (1) - (260)
This propertywill be satisfiedf
Ay (my) +p*By (pQ;mf,mf) — 2B (pQ;mf,mf)
= 2p” [Bl (pg; my, mf) + By (pQ; my, mf)] : (261)

Thefourfunctions,Ay, Bi1, B2, B2, maybereducedo only two scalainintegrals: Ay, By. Therefore,
relationsamongthe four are possible. Indeed,from the generalresult, Eq. (188), in the caseof equal
massesnehas:

By (p%ym,m) = *%Bo (p%m,m) .
Boy <p2;m,m> = %};’;}?2 + éz‘lo (m) + P ?:;zm By <p2;m m)
By (p2;m,m> = —%;—})2 + éAo (m) — WBO (pQ; m,m) . (262)



andthedesiredequalityis immediatelyverified.

Thefinal resultfor I, (p*) deserescarefulexamination.We give threerepresentationfor it:

1) in termsof higherrankfunctions,By; 1;
2) in termsof scalarfunctions, Ay, By;
3) explicitly, in termsof the separatedut UV-poleandafinite logarithm.
All expressionsareequallycompact:
Iy (pz) = 2 [321 (p2§mf-,mf) + B (p2§mf-,mf)}
6mfc + p? 2 p? — 2m?>
- J _|_ - J
9p? 3p?

where

Two limiting casesreof practicalinterest:

2
1/(1 m 5 1
for p*> m?c, 11y (p2> =3 (g —1In —f> — =+ glnp—

f—t
=3
N

1 2
for p2<<m?c, Hf(p2>:§<g—hl—2>+ P4

Thefinite (i.e. free of UV divergence)difference,

5 4m Br+1
Hf(pQ)_Hf(O):_§+—3pf+3(1—2 f)ﬁfl !

is therenormalizephotonicself-enegy, aswill beprovedlater

4.1.2 Fermionicself-enegy
Fermionicself-enegy is a4 x 4 matrix, describedy the diagram:

Br—1"

2),

(263)

(264)

(265)

(266)

Applying the Feynmanrules,we derive aninitial expressionwhich againmay be immediatelywritten

in termsof B functions:

20 [ a4 Y (i +mp) Y
=) Q: /d q + m?2 —ze) [(q—l—p) —ie}

= in? <—62Q5> [(2 —n) By (p2;mf,0> ip + nmyBy (pQ;mf,O)} )

Furthermore,

M| =

2 .
= + finiteterms —
4—n
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Thereforeyememberindeq. (182),we derive multiplicationby n rules
nBy=4By — 2, nBy =4B1 4+ 1, (269)
andthefinal resultfor thefermionic self-enegy becomes
D) = ir?eQ? { [231 (p2; my, 0) i 1} ip—my [430 <p2;mf,0) - 2] } . (270)

The fermionic self-enegy on the fermion massshell is ultraviolet divergent but finite in the infrared
regime, whilst its deriative, 9% (p) /9p* |p2:_m? , developsa singularity due to the zero massof the
photon,whichis of infraredorigin. We recall,that

0 9 1 (1 m?
a—pz BO (p ym, 0) p2:_m2 == 7—27’]’],2 (g —2 + ln ﬁ) 5
0 5 1 (1 m?
8—}')2 Bl (p ym, 0) p2:7m2 == 2m2 <g - 3 + hl F) ) (271)

from whichwe derive

82 (ﬁ) _ 2 212 2.

S P Q|28 (p ,m,o) 1

B
2 2. o 2 Y 2.
—4m 8—]9231 (p ,m,O) P 8m a2 By (p ,m,O) pz—m21
2
= —n?e?Q? <—1_+3+31n%—4>. (272)
g € 7]

4.1.3 QEDvertex
Theone-loopQED f f~ vertex correspondso thediagram:

pz\

pl/ Q

For on-mass-shellermionsthe mostgeneralstructure compatiblewith both Lorenzandgaugeinvari-
ancesreads:

e2

A, = (2m) 226Q5—167r2

[ (@3 m) + o (o1 + p2), mFs (Q% )] (273)

We notethat:

1. The QED vertex dresseshe Born expressioras

(2m)*iieQey, — (2m) iieQey, + Ay, Qo= —1;
2. Fy istheDiracelectricform factor it is ultraviolet andinfrareddivergent;
3. F; istheanomalousnagneticnomentof theelectronit is finite.
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Using Dirac equations‘or on- shellfermions, v(p2) p2 = —imo(p2), pru(p1) = imu(p1), and

pi=p}=-m?, Q*= (p1+p2)’=—2m?+2p; - po, wearrveat
1
A, = i(eQe)3 ,u47"/ d"q N,,
¢ [(g+p1)* +m?] [(g = p2)* +m?]
Ny = —4p1-pavu + 2 (P17 W — VuVab2) da + (2 = n) YaVuV59ads - (274)

With the standard=eynmanparametrizationand notations:k,, = zps — (1 —z)p; andy (Q*, z) =
Q%z (1 — x) + m?, wederive furtheron:

1 1 ’ 1
Mo = i@ TR [ de [y [ are 5N,

@ —2yq-ky)

— in% (eQe)g {_ (Q2 + 2m2> ’YHS + 2 (ﬁl’)’a'Y,u - 'Yu'Ya]bQ) Vo + ’Ya’Yu’Y/BTa,B] . (275)

For the scalar integral we usetheinfraredregulatore’:

1 1
S = dx d
0 o @ g k)
’ ! 1 1 ’ 1 (Q2 l') 61/2
_ 25/2r(1—6—>/ d / dyy =1+ X\ 276
" 2) o ) Y X @w) p? (276)
After y-integration,which canbe performedfor ary valueof ¢
1 1
/ dyy_k_ezﬁ, k=—1,0,1... (277)
0 —K—¢€
we getanexpressionn termsof aone-foldintegral:
/2 / 1 1 (Q2, ) &'/2
. T € X , T
Ty F<1 2>/0 @ | 279)
Finally, expandingaround:" = 0, we have:
1 1 1 x (@Q%, z)
= ————— |-+ In=——"=]. 27
A v ] ER e 279)

Forthevector andtensor, we usetheultravioletregulatore. Forthevector we proceedasfollows:

d"qqq
Oy Ty g e
m v (g% — 2yq - k)

_ /2
_ 1 1 _ 1 (Q% z) ©
= 5/2I‘<1+§>/ d kaza/ d € X 3
" 2) Jo S Y@y |2
—/2
(P2 = P1)a_—cpoT (L +2/2) 1 x (@, z)
- op o lie /da: | . (280)
We seethatthevectoris finite, andwe maysete = 0, yielding
o = B Pep(Qum).  R(Qhm) - [ de— s (281)

55



Then,we have to performa Dirac algebrafor the vector

2 (P1¥a Y — VuYal2) w —9 [(Q2 I 4m2) Yy +im (py — pg)u] . (282)

For thetensor integral we have to considetthe full contraction:

d"qqaq
YaYuV8Top = T(3)(2—n) 'ya’y#'yg / dw/ dyy/ adp
(¢* —2yq - kz)

= [ [ a2 er (Q2,I)—(2—6)€kﬂu%w]

—&/2
opl e\ 4 1 Q%)) "
/2= < 1—e X ’
Sy <2> YN @) | 2 ' (e83)
After applyingy-integrationandDirac algebra
}éw'yu }éw YuX ( ) - 2imkaz,u ) (284)

we get

—/2

1 2
YaYu¥8Top = v (1 =€) 7€/ <E) / dx l—x (Q2,$)
2/ Jo u

1 2 )] 7¢/?

Thereforethetensorreducego the one-foldintegral:

I X (Q* = ,
VoY ¥5Top = <g —/0 dx ln% —2) —im(p1—p), > (Q*m) . (286)
Now we arereadyto collectthescalay vector andtensortogether Moreover, we usethe Gordonidentity

i(p1— pg)“ tu = —2mUy,u + 0oy, (p1 +p2),u, (287)

in orderto arrive at the standardparametrizatiorof the QED vertex, Eq.(273),with Fy (Q?,m) and
F, (Q%,m). Thelatteris givenby Eq. (281),whilst theformeris

F (Qz,m> = —(Q2—|—2m2> /1 dfc%x) E—l—hl%zw)
+__/ dzln X )—2+2(Q2—|—3m /dm QlQ rh (288)

In the derivation presentedbore we mtentlonallydld not usetheformalismof PV functionsin orderto
shaw thatin somecases directapplicationof theformulaeof Section3.2 maybe profitable.Of course,
all theintegralsof Egs.(281)and(288) may begivenin termsof PV functions.We have,

/ dr—————~ Q2 + In (Q2 )] = %Co (—mZ, —-m?,Q% m,0, m) ,
g / dxIn X (Q2 ?) = By (QQ; m, m) ,
<Q2 + 4m /0 d:cm = =2 [Bo (QQ; m,m) — By (—mz; m,(])} .

Two limiting caseslesere our attention:
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1. s= Q%> m?

1 m?2 1 m2 —S — 1€
F1(—S,m) = g—lnﬁ—2<7+lnﬁ>ln7
—s—1€ 1 s — 1€
—In? — +37r +3In — Rt (289)
2 1 2 2
2. @7 =0, F0m) = ——Z-3In"2+4. (290)
€ 2

The quantityof physicalinterestis F; subtractedt zeromomentum.From Egs.(289)—(290) we derive
its high-enegy limit, s > m?:

P — By (—s,m) — Fy (0,m) =
1 2 _ _. _ _. 1 .
_2<7+Illm_2> (m 52“_1>_1n2 ot am 4 (291)
€ U m m 3 m

Note that the subtractedvertex is UV-finite but IR-divergent. The latter divergencecancelswith the
infrareddivergenceoriginatingfrom the soft bremsstrahlungontritution.

4.1.4 QED boxdiagrams
For theannihilatione*e™ — f f therearetwo QED box diagramsthedirect(a) andthe crossedb):

Theintegrationof box diagramsover internalmomentury is ratherinvolved andwe will not presenit
here.However, for completenessye will give answersinceboxesarethelastQED one-loopdiagrams.
In the one-loopapproximation,the boxes contrilute via interferencewith the lowestorder (Born) -
exchangediagram.For this reasonwe give, first of all, the Born amplitudesquaredsummedover final
spinsandaveragedover initial spins:

ZIM0 >~ 4Q2Q2t alag (292)
spins

Thecorrespondingontritution from theinterferenceof the directbox diagramwith the Born onereads

§2ReM;Bdr =33 Q Q} Lgbox (s 4.0 (293)

Y

'Alnt 4

spins
where
box o2yt 21—
055 (8, t,u) = wD (s, t,u) + 17D, (s,t,u). (294)

Similarly, the contritution of thecrossedoxis obtainedwith thereplacement < u andthechangeof
overallsign

= Z2ReM B =5 Q3Qf—5E;gX(s,u,t). (295)

spins
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Only two functionsD% (s,t,u) areneededo describeboxes

2

tzlj;7 (s, t,u) = . [do (s,t) + o (5;0,m¢, 0) + o (s;O,mf,O)],

~+

t2
uQDj7 (s, t,u) = u’ {do 8,t) 4+ ¢o (8;0,me,0) + ¢ (s;O,mf,O)]

_l’_

+( — 1) co (t;me,0,my) +u[B0( 5;0,0) — By (ft;me,mf)}, (296)

wherethefollowing scaledfunctionswith areducedist of agumentsareintroduced:

dyp (s,t) = stDy (fmz, fmz, *m?, *m?c, —s,—t;0,me, 0, mf> ,
o (S;O,me,O) = SCO (—m2,—m2,—s;0,me,0> )
co (t;me,0,my) = tCy ( mf, —t;me, 0, mf) (297)

Thefunctiondy maybesplitinto aninfrareddivergentfunctionc, plusafinite remainder:

do (S,t) = t‘]’Y’Y (_57 _t;meamf) —2c (t; Me, Ovmf) . (298)

With the aid of this expressionwe prove that the infrared divergencesin the boxes factorizeinto the
lowestorder

2

2 2., .2
U _ t“+u
:D% (s,t,u) + ;Dw (s,t,u)

= —2 82

co (t;me,0,my). (299)

R

Thebox ingredientsaresimplein practicalcasesvhenexternalfermion massesresmall: m2, mfc <
—tandm? < s,

2,2 2 2
Jyry (=8, —t;me,my) = ;lln 2 ln?—i—gln _—;4—5111 —_t+§7T ,
{1, ,m? 1 .. m?
Co(—mg,— —s;0, Mg, ) = —3 (5 ln2?€—|—67r2+z7rln?e>,
L[ mim3 /1 4\ 1 ,m2 1 _,mj} 1
2 _ e’ f 2 f 2
Co (—me,—mf —t;me, 0, mf> = 5 [ln 2 (g +In ?> —l _; + Eln —+ 3™
By (—s;0,0) — By (—t;me,my) = —In it +im. (300)
For thetotal interferencederms,thelowestorder x box diagramswve have
box 66 3 box
*Amt = - 2 Qle f (s,t,u) ’
1
Wi (s tu) = [5box (s.t,u) — 62 (s,u, )] (301)
where
2 4+u? /1 t
Re box(s,t,u) = 2 —|—2u <7+llli2) In —
S € ol u

() En(5) e () w2

Note, that contraryto the vertices,the box diagramsshav no masssingularities(ln m is not present).
This is anexhibition of a generalpropertyof absencef collineardivergencesn interference-lik con-
tributions(boxesbehae similarly to theinitial—final bremsstrahlungnterference).
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4.2 MasslessWorld

In this sectionwe presentan alternatve derivation of QED correctionsfor a simple caseof the decay
of aneutralheary particleinto masslesgermions,avoiding PV functions.We will presenta formalism
originally proposedn QCD for masslesguarksandgluons. It could be appliedto QED too. Within

this formalism, all the calculations,ncluding kinematics,mustbe consistentlydonein n-dimensions.
For this reasornwe begin with a derivation of the two-bodyphasespacen n-dimensions.We will then
discussthe calculationof the vertex functionfor massles$ermions,andfinally presenthe three-body
phasespaceén n-dimensionsacalculationof thebremsstrahlungontribution, andof thetotal correction.

4.2.1 Two-bodyphasespacen n-dimensions
We usethe phasespaceadefinition:

dnflp dnflq
O, = (2r) / / 5™ (Q—p—q), 303
) (2m)" 2 20 ) @ 200 (Q—-p—2q) (303)

which differs from a corventionof the Particle DataGroup(PDG) [6]. In Eqg. (303)all the4-momenta
areassumedo bein n-dimensionsandthefinal stateparticles— on-shellji.e. p> = 0, ¢> = 0. Wethen
derive:

b, = (2m)°™" u4‘"/d"p5+(p2)/d”q5+(q2)5(") Q-p—q
= ()t / d"pd* (p*) 6T ((Q —p)?), (304)
whereQ? = —M? andwheres™ (p?) = 0 (po) § (p?). Furthermore,
n—1
d'p=d"'pdpo, P =PI -p5.  |PIP=D_pi-pi- (305)
=1

Now we gofrom n — 1 rectangulacoordinateso sphericatoordinatesnvolving | p' | andn — 2 angular
variables:

pr = |p|costr,
p2 = |p]|sinbcosbsy,
ps = | P sinf;sinbycosbs
e ’
Pn—2 = |P]|sinf;sinfysinfs---sinf,_scosb,_o ,
Pn-1 = |P]|sinf;sinfysinfs---sinf, _ssinb, o, (306)
with limits
0<l;,<wm fori=1,2,---,n—3; 0<6, 9<2r. (307)

Calculatingthe Jacobiarof thetransformatiorEg. (306),

A" p = |F["2d| P sin™ 3 0,d0; sin™ * Oadb; - -
-+ sin? 0,_4d0,,_4 sin 0,,_3d0y,_3d0,_o , (308)

andusing

/

/N
NI | N
—~

+ |+
[N
S
N | N—

s I (m
/ Sin™ 0d0 — S (309)
0 T m
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onehas

1 1
Cnodm R B . 5(n=3)) I'(5(n—4)
¢, = (2n)*"ut /\pl *5d| B[ dpor™’? 2rgl ) (1 )
2 2

@) ro
T2 r(3)

After simplificationof Eq. (310) we reachanimportantintermediateesult:

216 (| B1? —p) 0T (—M? + 2Mpy) sin™ 3 6,d0); . (310)

&r M 7 1

4 /22 |ﬁ‘ |ﬁ‘ n—4 1 -
o, = 2n)"" ————— (—) 7/ sin™* @1d cos 0 . (311)

For infrared regularizationn = 4 + &', with the variablecos§; = y, andtaking into accountthat
| 7|= po = M/2, we continue:

el 7TE//2 M ¢ 1 1 9 e'/2

Furthermorejntroducingonemorevariable,> = £, we integrateoverit,

1 e’ ’ -1 ’
/ <1 — y2> 2 dy = 2! / [2(1—2)° 2 4z
1 0

2
— 21+6’M

/ 1 1
21+ (1 —&' 14 = ’) 313
—|—2€, +25 r2te) (313)
andgetarepresentationonvenientfor expansionsn &’:
2\ ¢'/2 —'_&'/2 /
o, — 1 (M= (2m) 7=/ T (1 +£'/2) (314)
8 \ p? (I+ehT(1+¢€)
For fun of it, usingthe so-calledduplicationLegende formula
1
VAl (2z) = 22710 ()T (z + 5) , (315)
it canbereducedevenfurther
E’/2 o/ o
1 M2 9—2¢' -1/2—¢'/2
o, = L (M) T m (316)
16m \ p? I'(3/2+¢'/2)

to arepresentationontainingonly oneI function. It is not corvenientfor expansionshowever.

4.2.2 Calculationof Z decaywidth with QED radiativecorrections

In orderto calculateO («) QED radiatve correctiondfor Z decay onehasto considervirtual andreal
corrections.Theformeroriginatefrom all possibleinsertionsof avirtual photonline into the tree-level
(Born)diagramand,aswill beshavn below, only thevertex diagramcontritutes. Thelatteraredescribed
by two usualbremsstrahlungiagrams.Thereforejn total we have to consideronly threediagrams:

|
[
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4.2.3 QEDvertex

| recommendhatthe samdline of calculationgor thevertex, aspresentedn Section4.1.3befollowed.
For on-shellmasslesgermionsand on-shellvector boson,we have: p? = p3 = 0, v (p2) p2 = 0,
pru(p1) =0, Q% =2p;-po=—M?2 andtheexpressionwith which onehasto start,becomes

1
A _ Z(GQ )3 ’u4fn/ dnq 7
: ‘ @2 q+p)g—p)* "
Ny = —4p1-p2vu + 2 (P17 — YuYab2) da + (2 = 1) YaYuV39048 - (317)

In themasslessase: k, = zpo — (1 —z)p1, x(Q? ) = Q*x (1 — z), andthe decompositionnto
scalar vectorandtensorsimplifiesto:

Ap = i(eQe)’ [~Q2Svu + 2 (Brra — WuwYal2) Vo + Yatu s s - (318)

For the scalar we now continuethe integrationin n dimensionsusing, as before,the infrared
regulatore’:

e'/2 / 2\¢/2 4 , ,
—Q2s = —of —T (1 — ) <%> / doa® /271 (1 — z) /21
0

3

o | ™

e'/2 / 2\ /2 o
N F(l_e_)<é2_> B(iﬁ)

£ 2) \ p2 272

e /2 e/ Q2 €'/2 2 (5//2)
= -2 = r (1 - 5) <ﬁ> W . (319)

Similarly for thevectorwe alsousetheinfraredregulatorandderive:

2 v, G FRCAN O e 320
(}61’704’7# - ’7#70[]62) a =T m ( — 5) F W . ( )

Notethatcontraryto themassie casethe masslessectoris not finite andwe maynotsets’ = 0. In the
massve casewe hadmasssingularitieswhich exhibitedthemselesasln m, andnow we have, instead,
collinear divergencegCD), which develop polesin theinfraredregulator1/z’.

For the tensorwe may alsousetheinfraredregulator in spiteof thefactthatit hasanUV diver
gence.lt alsohasCD, andwe may usethe sameinfraredregulatorfor both,rememberindhe existence
of anidentificationof two typesof divergencesEq. (257). For thetensor we have:

’ ! 2 €'/2 1 / ’
YaYu¥Tag = Y (1+ ') m* /21 (—%) <%> /0 dxxt/? (1—2x)° /2

) ’ 2\ /2 I /
= (L +e)n"/T (_%) <%> F((l;js//f) ' (321)

Becauseof the presenceof doublepolesall the expansionsshouldbe performedup to 2. They are
achiered by meansof equations:

'(l4+z) = 1—’yx+%{§(2)+72} x2+0<$3>, C(2):%,
a® = 1+(Ina)x+%(lna)2x2—l—(’)(m3>. (322)
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Hewe we introducesomenew notationsandrecallsomeold ones:

1 2 T
- = —/+’Y+ID7T, 7:’Y+ID7T, C(2):_7
€ € 6
—M? —ie M?
zv = h—"5—=In—7 —ir. (323)
Iz Iz
In themasslessasepnly F; remains:
4 .. 62
A, = (2m) meQeW’qul , (324)
with theingredients
Scalar = —5—2‘*'5(7—»%)—7 — zy +((2),
4
Vector = - —8+4 4z,
g
1
Tensor = ——= —z,. (325)
13
ThecompleteF; reads:
1 2/ 3 9 9

To summarizeour studyof the masslesQED vertex we note:

1. Fy atzeromomentunis zero,thisis because((‘girjo)6 2 =0, for & > 0; apropertyof infrared
regularization;

2. In thetensorintegral we faceda migration of theultraviolet poleinto aninfraredone;

3. Thephysicalorigin of doublepolesis the product:infraredx collineardivergences.

4.2.4 Fermionicself-enegy in the masslessvorld
Themassie expressiorfor thefermionicself-enegy, Eq. (267),in themasslessvorld reducego:

— _e202 n Vb d Y
= Qe/ e [(a+p)° —ic]

1
= in? (—eQQg) (2 —n) 72721 (g - 2> /0 dxx

/ / / 9\ ¢'/2
— i (2Q7) x (24€) T (—%) B <2+%,1+%> (%) ip. (327)

20 (1 —x €'/2
pz (1 )1 iy

112

We seethatthe fermionic self-enegy in the masslessvorld vanisheson the fermion mass-shelli.e. at
p? = 0 (for thesamereasoras Fi (0) = 0, seeitem 1, above).

4.2.5 \irtual correctionin n-dimensions
Virtual correctionscontritute via their interferencewith the Born amplitude.RecallingEqg. (24),

. o 1 1 = Born 41L
Virtual = ——— oo ZQRe(A A ) (328)

V' spins
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Thefactorl/(n — 1) follows from averagingover the V' polarizations.
For acorrecttreatmenbf thefactors2 7, we mustnotforgetto replace

4
d*q — ( 77:) d'q = (27)~% d"q, (329)

rememberingheintegrationover aninternalmomentumy.
Furthermoreit is easyto verify that

2
AL = EAPom ey 330
1672 t (330)
therefore,
: Born 2a v
Virtual = ‘A =5V, (331)
s
Finally, onehasto properlyaccountfor n dimensionsn the squareof the Born amplitude:
- 2 /
S [aren ) o (1 + %) , (332)

spins

(thisis achived by meansof thetracecalculationin n dimensions).
After expandingall theingredientswe obtainthefinal expressiorfor thevirtual correction

1 2 19 19 19 173
v__ - = e 2 o= =2 - ey
6 = 2 (LV 12) 2L — 2Ly + 5C(2) — 7~ + 3LV—|— 67 TR (333)
with
M?
—_ \%4
L,=In CEER (334)

4.2.6 Three-bodyphasespace
For the study of bremsstrahlungn » dimensions,one hasto considerthe three-bodyphasespacein
n-dimensionsWe define,

dnflp dnflq dnflk.
(2m)" 1 2py (27)" T 2q0 (27)" 1 2k
= MZ(2m)> 2" B 2ndrp 5t (p?)d g 6T (q7)d" k5T (k)

d(b — (27_[_)71, 'LLS—QTL

3

6 (Q~p—q—k)

x6™ (Q —p—q—k)d"Ps™ (P —p—k)d (—Pz) 5t (—P2 +(p+ k)2) . (335)

This parametrizatiorof the phasespacecorrespond$o the kinematicalcascadgshavn in Fig. 4) of the
two two-bodydecaysnvhereoneof the particlesof thefirst decayis a compoundwith theinvariantmass
— P2,

After reorderingthetermsin Eqg. (335),we canusetheintermediateesultfor thetwo-bodyphase
spacdlirectly, Eq.(311):

_ 1 2
de, = -d (-P?)
x (2 T g (@) P (<P (Q —0)%) 8 (@ - P —q)

x (2m)2 7" it dp 6 (p2)dk 6 (K26 (P —p — k)

63



x (2m) ™ sin® d cos 0

8w 2M?

/2 <M2 + P2> <M2 + P?

2Mp ) I'(1+¢/2)

_o w2 (\/—P? ¢ 1
I'(

x (2
(2r) 167 2u 1+¢€'/2)

sin® 0;d cos 0; . (336)

Thetwo remainingangularintegrationsin Eq. (336) shouldbe treateddifferently Thefirst onemaybe
taken, sincethe matrix elementsquareds independenbf the angleof rotationof the whole picture of
thecascaden Fig. 4. Therefore,

T 1 e'/2 T (1+€/2)?
€ \ = 1 — 2 = 21+8 _— 7
/0 sin® Od cos 0 /_1< Yy ) dy T21e) (337)

. 1
For thesecondnewe substitutez: = %

T . , 1 9 E//2 14 , E'/2
/ sin 0§ d cos 64 :/ (l—y ) dy=2"1z(1—2)] ""dz, (338)
Jo -1
and keepthe integral untalen, sincethe matrix elementsquaredmay dependon it. Substitutingtwo
angularintegrals,we have

Lo ((pr) ML <M2 T P?)E’ <\/——P2

dq)3:2771'3 r'2+¢) M? Mpu ,u

) [2(1—2)°/%dz. (339)
Introducing— P? = xM?, wefinally get

M2 M2\ @2m) ¥ e g : e ,
o, — M (M) @m) T [ e 1+€/ de[z(1—2)F >, (340
8 273 <,u2 ) re+e¢) /0 v (1 =) 0 L= ) (340)

4.2.7 TheradiativedecaylV — ff~v

For the radiative processye define4-momentaV (Q) — f(p) + f(q) + v(k). Its kinematicsmay be
specifiedin termsof two invariants,for which it is corvenientto choosetwo dimensionlessnvariant
massesy andy:

aM? = —(p+k)?, (y+1)M2 =—(Q+k)*. (341)
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All the scalamproductsmaybe expressedn termsof = andy:

“2p-k = aM2, ~2q-k = (y-—x)M2,
-2Q-q = (lfx)l\lg, —-2Q-p = (1fy—|—x)M‘2/.
Thebremsstrahlungmplitudehasthe standardorm,
o +£) b+ §)
MbPrem — ey (d — v (q), 342
(p) ¢(q n ]4:)2 fll ¢/(p+ k)2 ¢ (Q) ( )

wheree(Q) ande(k) arethe V' andphotonpolarizationvectors.
Theamplitudesquaredn termsof theinvariantsz, z reads:

Z\MbremQ:e%* {2 (}11) +< F * +2+z(ll)}}. (343)
po zr T 8 lz1—x T
Here,e* =8 +4¢ andy = (1 — z) z + .
Oneshouldalsoincludeanextrafactor
1 1
n—12M,"

(344)

from averagingoverthe V' bosonspin.

The completebremsstrahlungontritution is the productof the amplitudesquaredx the phase-
spacefactorintegratedover the z, z. All the bremsstrahlungntegrals can easily be performedin n
dimensionsandatthevery endof calculationsoneexpandsarounds’ = 0:

/01 dz /01 dz 2”2 (1 — 2) 7 [z (1 — 2)]7 /2 AP = ¢ KS)Q - t—? +52-48¢(2)|. (345)
If oneincludephasespaceandall therelevantfactors,onefinally gets:
=gtz by ) HAE AL 5@+ - HL - TT . (346)
4.2.8 Total QED correction

Thecompleteexpressioris the sumof thevirtual andreal contritutions. We define:

QPP — pBorn (1 + 95QED> . (347)
7T
Summingup Egs.(333)and(346),we obtainthetotal QED correction:
373 173 3
QED R v__2'w ' _°
1) = 0" +0 = 36 8 —1° (348)

To summarizeour exercisef masslessalculationswe conclude:

1. All thedoubleandsinglepoles(infraredandcollinear)andall theunphysicaterms likelogarithms
of thet’Hooft scaleandthe Eulerconstantcancelin thecombinedexpression;

2. The cancellationof the infrareddivergencesds the consequencef the Blokh—Nordsiektheorem,
whilst the cancellatiorof the collineardivergences— of Kinoshita—Lee—Nauenkg(KLN) theo-
remfor theinclusie set-up(i.e. integratedover thefull photonicphasespace);

3. No renormalizationrwasneededn this example;we simply computedall the diagramssummed
themup, andgot thefinite answer As we will seebelon, whenwe studyrenormalizationthisis
apropertyof themasslessheoryonly, wherethefermionicself-enegy diagramsvanishon-mass-
shell. The relevant counterterms, involving the derivative of the self-enegy andthe F3(0) also
vanish,andrenormalizationis effectively notneeded.
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4.3 Summary of the four lectures

As usual,we summarizevhatwe have learnedsofar:

e StandardVodel, its fieldsandLagrangian;
Feynmanrules— building of diagrams;

Regularization, N-point functions, PV functions: A, B, C, D functions— calculation of dia-
grams.

QED one-loopdiagramshuilding blocs:
— photonicandfermionicselfenegies;
— verticesandboxes;

Firstfeelingof renormalization- subtractiorat zelo momentum;
Exampleof calculationof RC’sfor thedecaylV — ff in masslesQED:

. 3o
— well-knowvn correctlon4— wasrecovered;

s
— firstfeelingof divergencecancellation;
— Why renormalizatioris neededNot clearyet...

5 ONE-LOOP DIAGRAMS AND THEIR PROPERTIES

In this lecturewe continueour studyof one-loopapproximationin the SM. We presentan overviev of
the one-loopdiagramsandof somesimplephysicsrelatedwith them.

Remembethatin QED we hadonly onebosonicself-enegy diagram,onefermionic self-enegy
diagram,one QED vertex anda coupleof boxes. In the SM modelin the arbitrarygaugethe numberof
diagramggrows drastically In next two figureswe give only two examplesof bosonicself-enegies;the
7 self-enegy describedy 14 diagramsseeFig. 5, andW self-enegy — by 17 diagramsFig. 6. A full
collectionof all self-enegiesandtransitionsoccupiesnary pagesseeChaptes of Ref.[1]. Thetypical
numberof verticesandboxesin the SM is alsoof the orderof tensinsteadof 1-2in caseof QED.

5.1 Bosonicself-enegy diagrams
Any vectorbosonself-enegy diagramand,thereforethe sumtoo, look like atensor

SVV (p2)6;w + Tvv (p2 )pu,p/l, . (349)

At the one-looplevel the seconderm doesnot contrilbute (seeSection6.5 of Ref. [1]). We will denote
by 35, (p?) theé,,,, partof thetotal V bosonself-enegy (or transition)relatedto S, (p?):

2.2 2
g s g 56
Sy (0?) = 555, (P%). Syz(p?) = T 25, (p%)
2 2
S22(0?) = 1oz S5 (0) . Sww(p) = 1o Shew (). (350)
0

FurthermoreZéV(O) = 0 asdictatedby QED U(1)—invariance.Therefore,onemayintroduceﬂgv(pQ)
definedby:

2L (0%) = P’ (p%) . (351)
Every Efw (p?) couldberepresentedsa sumof two terms,
2 1 2 add/, 2
£5,0%) =500 + 225 0% (352)

thefirst of which correspondso the¢ = 1 gaugeandthe secondcontainsall ¢ dependencandvanishes
for¢& = 1.
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5.1.1 Bosoniccomponenbf bosonicself-enegies

By bosoniccomponentve will understandhe sumof all but the first [marked by (1) in both figures]
diagramsof Figs.5-6. It is agauge-dependequantityandwe will lookaty  , asatypicalexample,
in two typesof gauges.

u,d wt Z
v o NMMM
MNV\‘VM = MNVOMM + +
M V \\'//
(1) wd (2) w- 3) H
W+ oS
+ MWW + W
4) ¢~ (5) w-
¢’ oF
(6) H (1) ¢
X~ Xt
> s
+ MW @AWW+ AWWE @AWW
- -
() X~ 9) X+t
(10) W (11) H
mw%::/%vm -
+ +  VWWWWWRWWWWY
(12) o7 (13) ¢°

(14) g (2)
+ AWV

Fig.5: (Z, A)-bosonself-enegy; Z — A transition.
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W+ oF oF
MWW + W + W
4 H 5) Z 6) A

oF oF
(n H 8) ¢°

YZ,A X+

R >
VAV B Ve A

.«—' *

(9) X~ (10) YZ,A

(1) W (12) 2z (13) A
ww%gwwm + WW%%N\M + WW%%W\M
(14) g (15) ot (16) ¢°

O (: :) O
MAVVARIAWAN, -+ AWV + VAR
(17) 6/

AN

Fig. 6: W-bosonself-enegy.
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R¢ gauge
Its ¢ = 1 partis rathershort

M? sg M? 10 p°
o M) s _
O = { La (1+8¢ )p 9+54+16c9+(1 4063) 5 | Bo (p%5 M, M,)
M2 2 02 M2 p2
_Kl_ﬁ) > 10+2W+W}Bo(p M, M)

—8s2 (M +2- 5%2) By <p2; 0, M)

— 14+ 36— IV

1 M2\ M? M?| Ay (M)
- = 3

2 2 2 2 2
|5 2 % 4 Mo Ao (M,) M~ — MH Ao (M)
Lg (1+8¢) i 18M2 +16¢5 | =50+ T e
1 M? 1 M?2 2 p?
12 5+2)|—= -2 +18+-HKL ——— 353
* <c§+ )Mg <c§+ +M2 3M2) [’ (353)
whilst theadditionalpartis extremelycumbersomandhardlyfits on onepage.
M2 +p2 M2 p2 p4
Ea‘;sg/ = T Sgp—2—1+4C3+C3—C3(2+Cg)W—Cgm
X [BO (p2; §M7 gzMO) - BO (p2; MoagM)}
4 2 2
spM” 2 g2l 2. B (o2
+2 <cg 7 10486 - 56 M2) |Bo (p% M, €M) — By (v My, M)
2 2 4
+ lsg 5 + ey + cz (2 — 969) % + c‘é%]

+253 <A§—; +8— 5p—2) [Bo (p%0,6M) — By (p%0,M)]

(&-1) <52 +1+20€M2) +cp (62— 1) <§2+1+2AZ—22>
2 (g -1)] (35 -1) o (Panem,)
(&)

+ (52 — 1) lcgg ((2 - cg) ]Z—; + C?;) — <2 09)2 ]\p422

+§ (2 ) + 203%] By (p% M,,£M)

M2
(€2 +1-2c3) —+ 2¢2

+252 (52 . 1) l({“ + 1) ]\;—; + 2] Bo <p2; o,gM)
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+3s57 (62 - 1) l<1 - 52%2> <1 - A%) By (p%0,6M)
— <J\p4—22 +4— ]\])4—22> By (pQ;O,Mﬂ

M? Ao (£,M,) — Ag (M,)
2 2 2 0 0
+2C€ (S@p—2 —+ 509) Z 0]\42 0 + 10 M2

_|_
~ala(e-) (B 1) -a(e-n) 2| et

e o) 2 e (2 )

p2
2
2£A —1
2

[0 €00) + 40 () ~ 27 (a0 01) — a0 (o)

—3sg
+4c2 (5§ - 1) +4 (52 ~ 1) + 2452 (gi - 1)}

+252 (gi - 1) [M?B0 <p2; 0, M) + Ao (M) — Mﬂ . (354)

As seentheadditionalpartvanishesiotonly at¢ = 1, but alsoatp? = — M2, i.e. atthe W massshell.
This is a propertyof the R, gaugeandis dueto a propertreatmentof the tadpoles(seediscussionin
Section2.6). This ¢-dependenpartis boundto cancelwith the other¢-dependenpartscomingfrom the
verticesandboxesfor eachphysicalamplitudeit contritutesto. This exampleteachesisthatworkingin
the ¢ gaugewe mostly produceunphysicaterms.Thisis the price beingpaidfor anexplicit controlof
gaugeinvariance.

Actually, thereis anotherapproactto the calculationof the one-loopamplutudeswhich is orga-
nizedin suchaway thatall £-dependencesancelbefore calculationof integralsover Feynmanparame-
ters.

U gauge.The numberof diagramscontrikuting to the total self-enegies, aswell asthe numberof total
self-enegiesthemselesin the U gauge,is very limited. Below the whole list is presentedwherethe
following short-handhotationsareused:

2 2 2 M2 .
p p p ; 7,
vSaTc fTaE MTame woaEs MWoO-w)h e
2V (%) 1 21 3 2 1 1 2/1
WWwW 2 4 2 4
= |- -4 = —t )=+ ———4—14
M2 { <12c T3z 2 SCw+12CW>w 3( 2 Cw+cw>

s2 /5
_Sw (D _ . 2 2.

=+ 17— 17w — 5w )Bo (p ,O,Mw)

1 w,?) 2
E(T 10—|—2U}h+w)B0 (p ;MH7MW>

11 > 4 1 Lo 1
+[E(—03V—2+CW—CW+wh)E_2+ECW_ECW
+E (—10+CW+Cw)w+1_CWw T‘?VW
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+{%(%+9903V c@)%%gca —203‘/
(s |1 (1)t
_%<%+22+Ci] +c‘V1V —i—wh) —%<2+303‘, +;C§V>w
_% (1 + ggv + g;) w? — %c;wi%; (356)
%552) = c;lv<—4+1—;w+§w2_llu_;>30 (pQ;MW,MW> —63‘/(4—4—%20—%2)%
+1—12{<%2207Wh+w%>%+%2whw}30 (pZ;MH,MZ)
12162 (% B % - 1> AOJ\%Z) - 121c3V (% - % - 2) %
— {% + 40;1‘/ + % + (% + %c@) w + gcéva + %cﬁvw?’} ;
T %) = I,  2U,0°) =0 (%),
nY (p*) = %{(—4 + gw + ng ~ %)Ba (pQ;]V[W,MW)
+(4§w+%>%4%wgw2?—;}
%‘%ﬁ) = (3—|-w + %Q)Bo (p2;MW,MW) + gw%Bo (pZ;MH,MH)
+%<3+z+%2 By (v M, M, ) + (3 %)%ﬂgw)
+(% - 7‘40]\(4];2) T gwhi“‘oﬁgﬁ . (357)

Note, thatthe mixing, X7 (p?) o p*IIY, (p?). Therefore,xU (0) = 0 which providesfar reaching
simplificationsfor a renormalizatiorprocedure.This is a propertyof the U gaugeonly. In the unitary
gaugewe notetheappearancef the so-callednon-unitaryterms,growving with w = pQ/MVQV aspowers
of w3, therebyviolating the unitary limit. Thesetermsmustalso cancelin the sumof all one-loop
diagramscontrikuting to a physicalamplitude. (Similar termscancelin Eqg. (354), althoughit is not as
easyto seethis property)

5.1.2 Fermioniccomponentsf bosonicself-enegies

By fermionic componenbf a bosonicself-enegy we understandhe contritution of thefirst diagrams
in Figs.5-6. They aregauge-independerbntributionsandan interestingphysicsis confinedin them.
Thisis why we give all self-enegy andtransitionsfor physicalfields:

M (p?) = 4> ¢;Q}By <p2;mf,mf>,
f

srp?) = 2ZCfoUfPQBf<p2§mfamf>a
f
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S p?) = e [(vF+a}) 0By (phimyg,my) — 2a3m3 By (p%mp,my )]

!

L = ey (o) S o)
f=d f

s (%) = ZCfM—g [Ao (mg) — %BO <P2€mf>mf>] ) (358)
f w

wherec; denoteghe color factor, equalto 1 for leptonsandto 3 for quarks.
Thefermioniccomponentf the H — V transitionvanishessinceit is proportionalto

x {Bo (pg;mf,mf) + 2B, (pg;mf,mf)} Dp s (359)
seeEq. (179).In Eq. (358) we have introducedanauxiliary function B:
Bf (pz;mf/,mf> =2 |:Bgl (p2;mf/,mf> + Bl <p2;mf/,mf>} . (360)

andm s standgor the massof the weakisospinpartnerof thefermion f.
Then,we will needthe poleandfinite partsof the B;; functions:

1 M?
2, — . 2,
Bi; (p ,m1,m2> = cij (E —In Tg’) + Bj; (p ,mhmz) ; (361)
with ) .
60:1, 01:—5, 62125. (362)
For equalmassesn; = my = my, onehas:
2 2m2 m>2 1
b
p2BchF (pQ;mf,mf) = + 3f In M—g + 3 <2m?c fp2> B (pz;mf,mf> , (363)
w
and
1
2 2
B (p §mf;mf) = —530 (p ;mf,mf>,
m2 5 +1
Bt (p% - 2-Im—L —gm*L
0 (p ,mf,mf) n M‘?V By In ﬁf— 1

1 2m2 1 B +1 m2
2, _ f f ; _ f
Boy (pimpmy) = A E N T with gy =[1+4-5.  (364)

5.2 Heavy top asymptotic behaviour of self-enegies; parameter Ap

Herewe discussoneexampleof asymptoticbehaiour of fermionic component®f somebosonicself-
enegies. In realisticcalculationssayfor LEP1/SLC,onemayignoreall fermion massesut top quark.
Herewe will useonemoreapproximation:

P’ < mi, (365)

althoughit is notsogoodat LEP1/SLCenegiesandis absolutelyuntrueat LEP2 enegies. We needit
for anacademicstudyof asymptotidoehaiour whenm; is the largestparameteandis the only scaleof
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the problem.Considerthreecasesn the asymptotiaegime of Eq. (365):

1) 2) 3)
myer = my, my =0, myg =My,
my = myg, my =my, my =0,
m2 m2
Bf (p*smyp,my) — —ln—gt , 1-1 —5 , thesame
K K (366)
1. m? 1. m? 1 1, m? 3
2. t t t
Bf(p,mf/,mf) — 5111?., 511’1?—1 511’1?—1,
1 2 1 2 5
B}” (p?;mp,my) — —lnm—gt , S 2 , thesame
2 3 p? 18
Usingthistable,oneeasilyderivestheheary top asymptoticfor 77 andW W self-enegies:
3 m?
f
E;;(O) = 57’)1% ln'u—; ,
3 m2 1
sl (0) = §m§ <ln M—; — 5) : (367)

Considemow the so-calledVeltmans Ap parametgwhich wasoriginally definedas?

Ao = 51 Sy 0) = (0] (369)

Using Eqg. (367),we find theasymptoticbehaiour of Veltmans Ap parameter:
Apfr =~ S —L (369)

A supscriptfer’ remindsthatonly fermioniccomponent®f the bosonicself-enegies contrilkute in the
consideredisymptotiaegime.

Note, thatthe highertermm? In m—§ cancelledandthereforethe asymptoticis quadraticin the ¢ quark
mass.Thisis why onesometimesaysthatthe Apy is quaditically enhancedy thetop quarkmass.

Considemow anotherdefinitionof a Ap parametemwhich,aswill beseerbelow, isaveryrelevant
guantityfor all electraveakradiatve correctionslt is madeof completeself-enegies:

1

Ap—

(S (M2) = %5, (M2)] . (370)
This quantityis gauge-imariant,asis clearfrom the discussiorin the previous section.For this reason
it is usedfor the re-summatiorof large correctionsseebelow. If oneignoresall masse$ut top quark
massfor its asymptotiove will have the sameanswerasfor Apy:

Apfer ~ —Z L (371)

It is very importantto emphasizeéhat Ap is the gauge-invariant but ultraviolet-divegent object
By theway, thequantity A py, definedby Eq. (368),is neithergauge-imariantnorfinite. In theliterature,
a lot of otherp’s definitionsaremet. This createsa messanda Babylonsituation. One shouldalways
bearin mind which definitionof p is meantbeforemakingary controversialconclusion.

1We do not discussherethe so-calledp parameterdefinedastheratio of NC/CC effective Fermicouplings andits relation
to paramete\ p. For moredetail, seeSection6.11.30f Ref.[1].
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5.3 Ultraviolet behaviour of fermionic componentsof bosonicself-enegies

Otherinterestingphysicsis relatedto theultraviolet behaiour of fermioniccomponent®f bosonicself-
enegies. Considertwo fermionic self-enegy diagramdor a vectoranda scalarfield:

u,d f
u.d f

We begin with acommoninitial expressionyalid for bothcases:

Tr[(wj +mp) Ty (ip + ig + my) Fg]

x (372)
<q2 + mfc,) [(q +p)*+ mﬂ
For thevectorcasege.g.T'y = Vs T2 =, onehas:
Sur|a (p+ a) +m3] = (@up + apy) — 20,00
v s R : (373)
(q + mf) [(q +p)° + mf]
For thescalarcasel'; = I'; = 1, andwe getinstead:
2 o.g—m2
Sy x 4 LT . (374)
(2 +m2) [(a+p)°+m3]
Let usexaminetheleadingUV divegencesn bothcases:
S q® — 2q,qy
(Ev)/w x 4 5 #2 a q#q2 2
(q +mf) [(q+p) +mf}
. n 1 n 2 2 %71 1 n
5uulﬂ2mF(1§)(m fp> §(n2)HF<2§>=
2
Y x 4 el
(2 +m3) [(g+p) +m3]
_.on 1 n 9  o\zln n
mQF(a)F(1§>(m —p) 5%F<1§> (375)

As seen,the UV-behaiour is quite different. From Eq. (372), by countingof powersof ¢, onecould
expectquadraticdivergencegor polesatn = 2) in both cases.However, in the vectorcasequadratic
divegencedrom the scalarandtensorpartsof the diagramcancel,yielding residuallogarithmicdiver

gence.n thescalarcasethe quadratiadivergencesurvives.

This obseration is tradedas an exhibition of a non-natualnessof the radiative correctionsto
the massof a scalarfield andis being usedas one of the motivationsfor SUSY, wherethe quadratic
divergencescancelif oneaddsthe contritution from sfermions.

In the framework of the SM, however, this doesnot representiry problemsincethe SM needs
renormalizatiorarnyway, andafter renormalizatiorall the divergencespoth quadraticandlogarithmic,
cancelidentically (Seethediscussioron renormalizatiorbelov in thenext lecture.)
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5.4 Calculation of decayratesin the Born approximation
5.4.1 Calculationviatreediagrams

In orderto exhibit anotherinterestingpropertyof self-enegy diagramswe have to understandhe Born
expressiondor the partial width of a bosondecayinto a fermion—antifermiorpair. The Born diagram
lookslike:

wherewe have indicatedall the particles’momenta.
In our corventionfor phasespacethedifferentialprobabilityis givenby (cf. Eq. (24)):

1 JRE—
dl = WZ | M 2 dd, , (376)
spins
with thetwo-bodymassivegphasespace:
d3p d3q
b, = 27r4/ / 5(Q—p—q). 377
SR S P AT ) 577

Below we sketchthe calculationof ¢, for the casewherethefinal-statefermionmassesirenotignored.
Thecalculationproceedssfollows:

¢, = ﬁ/%/d‘*qfﬁ (@ +m3)s@-p—0q)

with 6% (52 +-m3) = 0 ()& (37 +-m3)

1 PP d]p| + 2, 2
e

[using |p'|d|p|=podpo and dQ, — 44

L|p
5511 (378)

. M | M2 | 7] Am3 -
Usingfurtheron: py = — pl=1/— —m?2, and M) =" =1/1——2L  wefinall
g Po 9 ‘ p ‘ A mf ﬁf ( ) 0 M2 y

get ,
y = gﬁf (M) . (379)

Next, wecalculateofi | M |? for threedecaysV, Z, H.

spins

= %/\ﬁ\dpoé(—M2+2Mpo) -

For thevectorandaxial—ectorcasesye derie:

e 1 v\ O orn orn+
SIME = g (50 + LI T ()

spins spins

MO = ifui(q) v (ve +apys) v (p)

(Mfom)+ = ifo(p)w (vf +apys)ulq), (380)

75



wherethe couplingconstantgor two casesre

e, for V = heay photon
= 381
/ 9 , for V=2 (381)
2¢cy
For non-polarizedermionsthe summatiorover thefinal spinsgives
Zu(q)u q) = —ig + my, Zv(p)@(p) = —ip—my, (382)
spins spins
andwe obtain
4 m2
B gezMg <1 + 2F£> for V = heay photon
> IMP= (383)
iy AN
epeale l(varaf) <1+2M2> ~6aj G| for V=2
Z
Similarly, for thescalarcasewe derive
— = +
Z | M ‘2 ZMBorn (MBorn> ’
spins spins
Born __ my _ Born) T o my
M = —ga@ee). (M) = i pu), (@8
and
2
> IMP= 2M2 f( ) (385)
spins
We concludeour exercisewith alist of answerdor partialwidths:
2 2
7\ MV f
F(V—>ff) = B (M )<1+2m>
- 2, 2 7 o My
r (Z—> ff) = 4L By (M) (vf+af) <1 +2Mz) —6an2]
_ GpmfcMH 5
Herewe usedthe notation:
ar , =W Iy = Z 387

5.4.2 Calculationthroughself-enegy functions

Now we arereadyto presentnothercalculationof partialwidthsandto comparet with whatwe gotin

the previous section.FromEg. (358) atthe bosonicmassshell,p? =

s - <
T 1672
2
g
Sy, = —2
7z 16%203
2 m2
Swnr = 12 2 [Mg
T w

—M?, onegets:

[—M’géle (fMg;mf,mf)] ,

{ (v?c + afc) Mng (fMg;mf,mf) — 2a3cm3cBo (]\lg;mf,mfﬂ,

—M? + 4m}

(Ao (my) — — 5 (388)

Bo (—Mfzémfvmf)ﬂ :
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Let usrecallthedefinitionof the By (—M?%; m¢, m) function, Eq. (360) andtake imaginaryparts:
ImAg(mg) = 0,

Im B, (—MQ;mf, f) - —%ImBO(—MQ;mf,mf),
2
Im B9y (7M2;mf, f> = %(1;’:{—2>ImBO(M2;mf,mf),
ImBO( M? mf,mf) = wBf(M). (389)

Substitutingheimaginarypartsinto Eq. (388)andcomparingheresultswith Eq.(386),weimmediately
verify thevalidity of identity:

Im Sy = MpT (B - f7) , (390)
i.e. theimaginary part of the fermionic componentof the bosonicself-enegy on the bosonicmass
shellis equalto thebosonmasstimesthe partialbosonicdecaywidth into this fermionic pair. A similar

propertytakesplacefor thefermioniccomponenof the W W self-enegy andfor thebosoniccomponent
of bosonicself-enegies.

5.5 Dispersionrelation for II (p?)

As thelastapplicationof bosonicself-enegies,we will considetthe dispersiorrelationfor II (p?). It is
beingusedfor thecalculationof thehadroniccontritution to therunningelectromagneticouplinga(s).
We begin with a partial contritution to IT (p?) dueto afermionpair ff, seethesecondow of Eq.(263):

6m7 + p? 2 p? — 2m2
AR B e _ f 2.
ty (p ) =g T3z (my) P (p ,mf,mf). (391)

Let usrecallits ingredients

1 m
By (pz;mf,mf) = - In M_Qf + By (p2;mf,mf) )
Bf +
2
2 mf
5]0 - 1+4p2—i6 ’ (392)

Fromit we constructhe renormalizedzacuumpolarization(p? = —s):

ren 1 1 m2
Hf (S) ZHf(S)—Hf(O) = 9 3 (14—2%) Bg (—s;mf,mf), (393)
andtake its imaginarypart:
ren 1 m?” F 1 mfc
Im IT% (s):fg 1+2? Im By (fs;mf,mf):—g 1+2T By . (394)
Now computethe dispesionintegral:
00 Im IT5°% (7 1 foo m2 4m?
i/ L SO ()i —
4m? T(r—s—ie) 3 4m2T('r—s—ze) T

2 2 2 m2
B PP, /OO T T L dT\/ f (395)
3 S am2 T (1 — s —ie) T 3 4m? T2 )
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Theabove two integralscould easilybetaken:

/OOSd—T 1_% — 51n_ﬁ+1_2
4m?7'(7'—s—i(-:) T B—-1 ’
00 Am?2 1
d_g 1-—4 = —. (396)
4m§T T 6mf

Substitutingthesetwo integrals,we verify theidentity

mren(g) = 2 / ¥ g I (397)

™ Jam? T(T — 8 — 1i€)

The resultfor the hadroniccontrikution to the running electromagneticoupling, Aaf) (s), is
obtainedn theliteratureby makinguseof a similar dispersiorrelation:

[e'e) /
AP (s) = L sRe / gs'— T () (398)

with theratio

o(ete” — v* — hadron$

R.(s) = o e (399)
asanexperimentainput.
For the hadroniccontritution at M/, it gives:
Aal? (M2) = 0.0280398. (400)
For moredetailsaboutthis subjectseeSectionl.5 of Ref.[1].
5.6 Fermion self-enegiesin the Standard Model
In the R gaugetherearesix fermionself-enegy diagramsshavn in Fig. 7.
f f f
f.f _ f%gf n f%gf n fggf
1) A 2) Z B w
f i f!
n f(\ \/f N f(\ \/f N f(\ \/f
4 H (5) ¢ 6) o
Fig. 7: Fermionicself-enegy diagrams
where f’ is theweakisospinpartnerof the f-fermion,andthe couplingsto the Z bosonare
v =1 —253Qs,  ap=1, (401)
We will alsousecombinationf couplings:
oy = vy+tay, 0;2) :v? +afe, a'} = (vf +af>l,
_ 2 _ . 2 2 i ‘
6f = vf—af, 5f —Uf—af, 5f_ (vf—af> . (402)
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Eachself-enegy diagramcontainingabosonB-line is denoteddy X ; (p) andhasthestructure:
2
4. 9
Yp (p) = (2m) ZWAB ; P = PaVa - (403)

Therearesix A, functionsin the R; gaugeandonly four [from (1) to (4) in Fig. 7] in the U gauge As
anexamplewe give QED contrikutionin the R, gauge:

Ai = 53 Q?{i}éPBl (pz;mf,()) + 1] — 2my [ZBO (p2;mf,0) — 1}
@@+ mp) (€ 1) [Bo (p%my,0) +my (i — mp) b (p%my )| } (404)

whereoneseeghe presencef the specialPV functionb; (p?;my).
In theU gaugethetwo diagramswith heary vectorbosonsmay beexpresseds

U 1 ) P’ +mj 2 U (2
A, = @{zgﬁ (O'f +2vfaf’y5> { 2 B (p §Mo:mf) + Ay (p QMovmf)}
0 0
1
+myo) {330 (™ Mmmf) + WAO (my) — 2} }

1. p*+m
Agv = —Zzﬁ(l +75) [ e B1 (p M, mf> —I—A (p2;M,mf>}, (405)

i.e. by meansf acommonauxiliary function
1
U (2. _ 2, 2. _
AG (p%5 Mom) = 2By (p M,m) + By (p% M,m) + 575 Ao (m) — 1. (406)

Self-enegy diagramsboth bosonicandfermionic, areunivessal in the sensehatthey dependonly on
thetype of propagatingparticle. On the contrary verticesandboxesdependon the processandin this
sensaretermedto be non-univesal.

5.7 The Standard Model vertices
I will limit myselfto only oneexampleof avertex shavn in Fig. 8. Thefollowing classificatioris useful:
e (1)isthe QED diagram;
e (2) and(12)form the Z Abeliancluster,
e (3) and(8) aresimilarly the W Abeliancluster,
e (4)and(9)—(11)form the W non-Abeliancluster,
e remaining(5)—(7)and(13)—(14)formthe H cluster

Only diagrams(1)—(7) remainin the unitary gauge;Only diagrams(1)—(4) contrikute in the caseof
masslesgermions.

As anexample,considerthe IV Abelian clusterwith virtual (W, ¢) exchangefor the caseof the
Vbb vertex. Evenfor themassless-quark,thediagrams8.(8-11)will contrikute,sincein thiscasef’ = ¢
andm,; cannotbe ngylected.

Thevertex is avector VMW” (Q?), which, in turn, is differentfor two cases:

)yffverte,  VIV(Q2) = (2m)i ”g S (-1 +99) 6, @), (@07)
2) ZfTverte, V" (Q?) = (21) zlg 29(—1}3>)7,,,(1+75)ng(@2). (408)
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~l

Fig.8: (Z, A) — ff vertices.Thesymbol(Z) in somegraphsindicatesthatit contritutesonly to the Z vertex.

TheGY, (Q%) andggm (QQ)_arescalarform factors bearingthesup-ind& ¢ = gauge. In generalthey
aredifferentfor ~ f f andZ f f vertices.In the U gauge however, onehas:

GY (@) =2V (@) =FY (Q%, (409)

m2/ m=, 2
i (2_ f )Q—] MG (0.0.Q% M, myr, M)
2 mfc, 3 m?u QQ Q4 )
- [g‘ I (5‘4M2 2 1o | Bo (% 1.1)
— _ f/ i - e f/ _ f/ 2‘ B ) /
[(1 ]Vf2> <2+M2> QQ 3+2]Vf2 2M4] [BO (QaMaM) Bo(O,mf,M)}
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2 Q*\ 1 1 2 my (4 mp\ Q@  Q*
2= ) A (M) - — A 1 WP SR (e < _ . (410
(3 6M2> M2 o (M) 740 (my) 3 o o) 1 s ¥

This vertex, aswell asthe Abeliandiagramsof Fig. 8.(3,8)with virtual (W, ¢) exchangeareonemore
sourceof mf/MVQV enhancederms.Thesetermsarealsocallednon-univesal

Theworld of verticesandboxesis muchmorerich thanthatof self-enegies. Many moreexamples
may be be foundin Sections5.9-5.12and 14.13-14.14f Ref. [1]. We alsowould like to emphasize
that novadays,one-loopdiagramsare usually calculatedusing the methodsof computeralgebra. For
instanceall calculationsn Ref.[1] areachieved by a setof codeswrittenin f or m Thesecodesauto-
maticallygeneratall thepossibleon-loopdiagramssubstitutehe Feynmanrulesandmale thetensorial
reductionup to the scalarPV functions.In principle,they areaccessiblérom theauthorsuponrequest.

5.8 Summary of five Lectures
Let usbriefly summarizevhatwe have studiedandlearnedn thefive lectures:

e StandardVodel, its fieldsandLagrangian;
Feynmanrules— building of diagrams;

e Regularization,V-pointfunctions;
PV functions— calculationof diagrams;

e Groupsof diagramshuilding blocs:
— Tadpolegeduceto one-pointfunctions;

— Self-enegiesreduceto two- andone-pointfunctions;
while studyingthem,we discussed:
* p-parameter;

* m3-enhancederms;
x problemof quadraticdivergences;
— Verticesreduceto 3,2,1pointfunctions;
— Boxes(direct/crossed)educeto 4,3,2,1functions.

We areapproaching:

e Calculationof amplitudedor physicalobserables;
e Understandingheinevitability of renormalization.

6 RENORMALIZA TION, ONE-LOOP AMPLITUDES, PRECISION TESTSOF THE SM

In the five previous lectures,our presentatiorwas rathercompleteand consequent.Approachingthe
mostinterestingsubject,we facea lack of time andimpossibility to continuewith the samedegreeof
comprehensionThis is why thefollowing presentationvill be unavoidably brief andfragmentary

6.1 Renormalization for pedestrians

We begin with an explanationof the main principlesof renormalization.However, first of all, we have
to devote sometime to the Dysonre-summation.
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6.1.1 Dysonre-summation

Considera bare propagatar Turningto the dressedne,we have to sumup all the one-loopinsertions.
This maybeschematicallydepictedn the following figure:

1 1
2m)ti (p? + M?2)’

%

o (),
NN

e O OO . .
NN N

:1 1

(2m)*i

P - (22)%@]

This procedurds knowvn asthe Dysonre-summation
In the caseof conventional QED, we have thewell-knowvn result:
S = —— in? (p26, — ATl (p? 411
i 7 i e (P 0 — pupy ) AIL(P7). (411)
(2m)" i

Thep,,p, partdoesnotcontritutewheneeroneconsidersS,,,, asbeingcoupledto aconseredfermionic
currents.Therefore Dysonre-summatiomesultsin the substitution:

1 ” 1 w 1

e e S~ (@12)

(2m)" i p (2m)"i p 176_1—[(2)

Ar2 o \P
with I1(p?) givenby Eq. (263). This equationdescribeshe runningelectromagneticoupling.
Similarly, for the Z bosonpropagatoin the¢ = 1 gaugewe obtain:
_ 1 ) ' 2 2
SW = (271_)41. i % (5#VEzz(p )+pﬂpVTZZ(p ))v (413)
1 O 1 O

414
Q0 PHM2 T (2m)t 7 (414)

2
P M~ T (¢)

Thereis a big differencebetweerEgs.(412)and(414). The formerdoesnot changethe positionof the
pole of the photonpropagatgrwhich wasatp? = 0 beforesummation(barepropagatorandremained
atp? = 0 after We mustemphasizénowever thatit doeschangethe residueof the photonpropagataqr
which wasequalto onebeforesummation.On the contrary Eq. (414) drasticallychangeghe position
of the pole of the Z propagatar The barepropagatohadthe pole at p* = —M?Z. Let usrecall now

Egs.(388)and(390). We seethat the pole of the re-summedropagatoshiftsinto the comple plane
becausé:,, (p?) hasanimaginarypart. Therefore the Dysonre-summatiomesultsin the Breit—\Mgner
form of the propagatoof anunstableparticle. However, it is notafull story Thequantity:,, (p?) also
possessesdivemgentrealpartandthere-summeaxpressioris meaninglessTo continue we mustlearn
moreaboutrenormalizatiorprocedue.
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6.1.2 Renormalizationn QED

We comebackto QED describingthe interactionof spin-% particleswith photons.We recallthe QED
Lagrangiann the Feynmangauge:

1 1 — .
‘CQED = Y FuFuw — 9 (CA)2 - Z djf (@ - ZleA + mf) wf ) (415)
f
where
F = 8MA,, — 8,,AM, Cch = _8qu (416)

andthesumrunsoverthefermionfields f (with chagee( s, andmassn). We alsorecallthe Feynman
rulesof QED:

—
P 1 —ip + my
(2m)*i p? +mF —ic’
2 14 1 1 5
[V Ve Ve Ve Ve VAV - -
(2n)"i PP —ic
K (2m)*i ieQf Yy -

Therearemary alternatve waysto describerenormalization.Here we usethe languageof the
so-calledon-mass-shelienormalizatiof OMS).

The QED Lagrangians unambiguoust treelevel. Moving to higherorders,we faceproblems
becauséoth the individual diagramsand their sum containUV and IR divergences,and one hasto
modify somethingn the procedureof the calculationsn orderto geta meaningfulanswer

A naturalquestionmight be raised: Which arethe fields and parametershat the Lagrangianof
Eq.(415)is madeof? We assumehatit is madeof somebare fieldsandparametertabelledwith indices
0, andspecifytherenormalizatiorconstantgor bothfields— A, andi — andparameters—the mass
m andthechage e — asfollows:

Ay = Z7A,,  bo=2"y,
e = Zee, Mo = Zymm =m + e2dm + O (64) . (417)

The renormalizationconstants as everything elsewithin a perturbatire approach,are assumedo be
representablas Taylor expansionsn the couplingconstane?, i.e.

Zi=14+e%7;+ 0 (64) . (418)

ThelLagrangiarcannow bere-written,up to termsQO (e?)

Lowp — Limp = Loep + Lot s (419)
with a counterterm Lagrangian
Lo = LY +0(e'),
LD = T FE,, — 5074 (0uAN ~ 62,y
— (0Zym 4 dm)Pap — i <6Ze + 07y + %6ZA> e APy, . (420)
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Thefirst partof the LagrangianL ., , generateshe standardsetof diagramsandFeynmanruleswhich
wereshavn in the previous figure. The countefterm Lagrangiangenerates new setof diagramswith
Feynmanrules:

— €267,

A
MWW
e 9 ,
T — —e” (0Zyip+ 0Zym + dm) ,
A . 3 1
— —teyue’ | 04 + 02y + §5ZA ,
1

andwe have to take into accountcontritutionsgeneratedby bothparts.

The crucial momentin the abore modificationis an assumptiorthat we have two kind of fields
andparameterdhareandphysicalonesandthatthey arerelatedby the simplestkind of transformation,
a multiplicativescaletransformatiortEq. (417)with someyetunknavn renormalizatiorconstantsin this
way, we introducednto thetheorya setof new parameterg¢degreesof freedom)which shouldsomehw
befixed. We will seethatthereis a very physicalway of their fixation after which all UV-divergences
do automaticallycancel. In orderto understandetterthe meaningof the fixation procedurewe will
consideronceagaindiagramsof a differentkind.

The photonpropagatar
With the new LagrangiarEg. (419)after Dysonre-summationinsteadof Eq. (412),we will have:
1w 1
i 421
(27r)4i p? (“421)

1+ €257, — 46—;11 (p2> |

Theessencef theon-mass-shelenormalizatiorschemas to presere themeaningof theoriginal
parametersf the LagrangianFor the dressedhotonicpropagatgrwe requirethatits residueshouldbe
unchangedt the photonicmassshell,p? = 0, i.e.

1

. =1. (422)

(&

1+e20Z, — —
+e A 47‘[‘2
This requiremenguaranteeshat the wave function for externalphotoniclines doesnot changedueto
one-loopradiative correctiongfor the proof seeSectionl.4 of Ref.[1]) andsimultaneouslfixese?5 7 ,:

I1(0)

2
472

RecallingEqg. (265),we substitute (0) andobtainanexplicit answerfor oneof the counterterms:

%67, = —11(0). (423)

2
A (J + 1n12> . (424)
0 € 1

In otherwords,onecansaythatwe usedthefirst fixation conditionandfixedthe countestermd 7 ,.

Theelectronpropagatar
With the LagrangiarEqg. (419),we have

1

W [(1 + 626211,) (ip +m) + e*om —

b)) (]6)] . (425)

(2m)ti
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The secondixation condition For thedresseaklectronpropagatowe alsorequireresidue= 1 (residue
on@ attheelectronmassshell,ip = —m, i.e. theon-shellpropagatoshouldbe equalto

1
5= @2m)%i (ip+m) (426)

In orderto exploit this fixation condition, we have to expandX (p) aroundthe physicalelectronmass
ip = —m (thispointis sometimegalledthe subtactionpoin). It is sufficient to take into accounbonly
thefirst two termsin the Taylor expansion

X (p) = X (im) + (i + m) By + O ((ip +m)*), (427)

wherethe coeficient of thelineartermis calledthe wavefunctionrenormalizatiorfactor

_ X
WEF T 6 (’L}'ﬂ) iﬁ:_m (428)
For there-summegropagatomwe derive
_ 1 2 . 2
—1
1
S {z (im) + (ip +m) Sy + O (36 + m)Q)} . (429)
(2m)* 4
theresidueonerequirementill befulfilled if
e?om = w , e*67, = Zwi - . (430)
(2m)" (2m)%

The first equationis massrenormalization whilst the secondis wave function renormalization the
residueonerequiremenpreseresthe externalline electronwave function from beingrenormalizedy
the one-loopradiative correctionsandsimultaneouslyixestwo morecountesterms.

By straightforvard calculationsn dimensionalegularizationwe derive

m2

Y (im) = iw262m<—§ +3In — — 4),
B 7

Ywrp = inle? {2B1 (—mz;m, O) +1—4m? [Blp (—mz; m,O) + 2 By, (—mz; m,())}}
2

1 2
- m%2<——_+7+3ln%—4>. (431)
g £ W

Substitutingtheseresultsinto Eq. (430),we obtainexplicit answerdgor two morecounterterms:

m 3 m? 1 12 m?
om=— (2 y3m™ _4),  szy=—(—Z4+Z13m2 _4). 432
mn 16772< ERI ) ¥ 167r2< ERIERI ) (432)

The~ete™ vertex. Considertheye™e™ vertex with both fermionson massshell. Collectagainall con-
tributionsto the ,,-part of the ye™e~ vertex in the one-loopapproximation.In termsof £ (Q?%,m),
introducedn Subsectior®.1.3,we have

1 1
4., 2 2
— (2m) zze{l—i—e {5ZE+E5ZA+5Z¢+WF1 (Q ,m)}}*yu. (433)
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Third fixation condition
In the spirit of on-mass-shellenormalizatiorwe have to presere the meaningof the parametersf the
original Lagrangian For the one-loopcorrectedvertex we requireit to be

—(2m)*i i€y, (434)
at Q* = 0, which preseres the Thompsonlimit of the electric chage from being renormalizedby
one-loopradiative correctionsij.e.

1
07 + 5674+ 07y + o5 F1 (0.m) = 0. (435)

1
1672
Substitutingthe alreadyfixed counterterm 6 Z,,, andthe derived expressiorfor £ (0,m), we obsere
thefamousQED Wardidentity

1

thatfixesthelastcounterterm
1
0Z, = —§5ZA. (437)

So, all the countertermsin the Lagrangianare fixed and one may calculateary QED processat the
one-looplevel.

Let ussummarizeourfindings:
e The one-loopandthe counterterm contritutionsfor ary externalon-shellline compensateach
otheridentically;this is known asthe principle of non-renormalizabilityfor externallines;

e Forary 2 — 2 fermionprocessattheone-looplevel, we encounteonly two building blocks:
1) Theeffective (running)electricchage, e? (p?), enteringthe photonicpropagatar

2
S O e
472

theevolutionof whichis governedby the renormalizedjuantity

@
[\
—
S
[
SN—
=%

e (p?) =11 (p?) — 11(0) (439)

2) Therenormalizedrertex, Ff°" (Q?,m), enteringthecompleteyete™ verte,

- 3
A, = (2r)ti —

1672 {WF 1 (QQ’ m) + o (P1+ p2), mEh (QZ, m)} . (440)

Therenormalizedrertex is againthe difference

Fe (Q%m) = Fy (Q%m) — Fy (0,m). (441)
Integral representationsgimiting cases.
At theendof our studyof renormalizatiorin QED, we presentheintegral representationf two renor
malizedquantitiesanddiscusssomeof their properties.

We recallthe expressiorfor 11" (p?):

2 1 2
Hren <p2) — 1 + l 1 _ 2 m_ de' ln M R (442)
9 3 0 m



with
% <p2,a:> = p’z (1—z)+ m2. (443)

For very low p?, onehas
2

ren p
T (p) = 5s . for " =0, (444)

which is thewell-known contritution to the Uehling effect, i.e. the modificationof Coulomblaw dueto
vacuumpolarization.
Alternatively for large s = —p?, we have

1
s (pz) =3 <ln S Z7T> for s=—p® — 0. (445)

m2

The Ff°® (Q?,m) in anintegral form reads:

1 m? Q%+ 2m? 1 1
ren 2 _ - _
F} (Q ,m) = 2<é—|—ln ,u2> 1 5 ‘/0 d:L"X( 2 )

1 1 (Q% )
2 2 X )
_ (Q + 2m / dx Q%) In m2
d 1 ) 2(Q*+3 d ! 6 446
2 n X320 -+ (Q + 3m? xm —6. (446)
Thelastexpressiorstill containsapoleandascale—dependeﬂﬂngarlthm,
1 2
— I (447)
€ %

which hasaninfrared origin andwhich will be compensateth ary realistic calculationby the contri-
bution of the real soft photonsemissionand also by the box diagramswhich are ultraviolet finite by
themseles.

6.2 Non-minimal OMS renormalization schemen the U gauge

Now we briefly discusshe on-mass-shellenormalizatiorin the SM. In the spirit, it is absolutelyanal-
ogousto thatwe have consideredn QED. Moreover, in the U gaugewe aredealingonly with physical
fields,andtherenormalizatiorproceduras particularlysimple.

6.2.1 Multiplicative renormalizatiorin the SM

In the SM, theindependenguantitiesof the schemeare: the electricchage, the masse®f all particles
andall fields. They undego a multiplicativerenormalization

For fields:
;o 1/2 i ;o 1/2 ;
¢3L - (ZL )’L] ‘é’ /lp(l)R - (ZR )’L] ‘}2’
Wou = Zw°Wy, Tow = 7377, (448)
H, = 7.)%°H. Ay = Z A, + 227,

For bosonicmasses:

M?=2Z, Z3'M.  Mj=2Z, Z;7'M;, Mg, =27, Zi M. (449)

Fermionicmassrenormalizatioris moreinvolved, dueto the mixing. We introducethe matricesof the
renormalizatiorconstantsZ,,, , andZ,iLf:

Lov = (B Zimgto + 0 oy by, — Imgtd) (450)
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All but oneof therenormalizatiorconstantarefixedby requiringthattheresidueof all the propagators
are 1. This remainingrenormalizationconstantis associatedvith the renormalizationof the electric
chage

eo = Z. 73 %e. (451)
Alternatively, onemayuseanadditiverenormalizatiorof the electricchage
ei = 2 +5e,
de?

If the electricchage renormalizatioris definedby Eq. (451),thentherelevantWardidentity implies
Z,=1. (453)

Within the OMS renormalizatiorschemepnehasto adopttwo definitions,valid to all orders in
the perturbatiortheory

1. TheOMS weakmixing angle, 8y ( ¢, = cos by ):
MZ2c% = M2, (454)
2. TheOMSweakchage, g:

2 2
2 € 2 _ 2 _
The necessityto adoptthem as definitionsfollows from the fact that s, and g are not independent
guantitiesn this framework.

6.2.2 CountertermLagrangian

With the aid of the sameprocedureusedin the caseof QED, it is rathereasyto derive the counter
termsLagrangiarfrom anoriginal one,usingmultiplicative renormalizatiorEgs.(448)—(451). Herewe
presenbnly thefinal result.

Thekineticandmasstermsfor bosonicfieldsare

kin, A 1

‘Cct = _Z (ZA - 1) (A/W)2 )
in 1 1 1

Lt = =3 Zet 2y = 1) (Zw) = 5 (B0, = 1) ML (2,)° = 5272 A 2

kin,W 1
e = =5 (Zw - DWWl (2, 1) My WP,

kin, H 1 2 1 2 772
L = =3 (T = 1) @uH)? = 5 (2, — 1) M H?, (456)

with
Vi = 0,Vo — 8,V (457)

Thefermionickinetic termreads,

Elc{tin’f:—%WK\/Z_LT\/Z_L —1)7++(\/Z_RT\/Z_R —I) 7—] . (458)

Herewe introduced:
Y+ = 1+ Y5 - (459)
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Since/ 7, and./Z, areunderstoodo bethe matricesactingin thefull fermionic-flavour spacethe
equation,

NA RN AN (460)

shouldbeunderstoodisa notation.In generalthesematricesarenon-diagonaindevennon-Hermitian,
dueto the mixing inducedby loop corrections Therenormalizatiomequiremenfixesthe combinations,

VZ

which directly enterthe kinetic term.

27[’ ’\/Z_R

‘ 2

1, (461)

In the one-loopapproximatiornwe may consistentlyacceptthat \/Z;  areHermitianmatrices,

then
Vo =1=5 (V7 1) (2

andall thecombinationgenteringtheinteractionLagrangiarbecomeknown.
Forthe V (H) f f interactionpartsof the Lagrangiaroneobtains:

" = e (VZ [ 1) v+ (VZ[ 1) 422 - 1]y,

Z/ 7 1/2
: (7% " ) _[]I}?’)%

7 T e —
‘CCthf = 3 @ZJ’Y;L{“VZL

28 Cw ZAZMW Z
1 2 2 ZM Zw 1/2
—2Qys?, [5 (‘\/ Zy | v+ + ‘\/ZR ‘ ’Y—) <m> -1
w

1
—2Q 8y Cyr (5‘\/ Z;

2% + %‘\/Z_R ‘27> (@)1/2}1/]2“7

Za

e = Sy VZ—L ovzm (Fe)" - c] Yt he
cir = —ﬁ@ll (Zmgv-+ 25,74 <ﬂ> " mf] v, (463)
o |2 AV N2
where
Zczl—ichV, 33‘/:1—]]\\44%, 5;%:5%;—5]\]%, (464)
W : Lo ML ME

with M, and}M, beingthephysicalmassesf thevectorbosonsandC beingthe CKM mixing matrix.

Thefull list of bosonicrenormalizatiorconstantsyhich is derived aftertheir fixation by residue
onerequirementdpoksasfollows: (we notethatanunnaturalooking of thefirst threerows is anartifact
of thedefinition Eq. (449)):

SM? g
_ — W 2
Dary — P = M2 16m2M2 Zww (M)
SM? g2
_ _ zZ __ 2
D, =4z = M2 16m2cZ M2 ez (MZ>’
SM? g )
Zugy = n = S = e Ve (2),
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2
/2 _ 9 Sw 2
2 = 16m2c,, M2 24 (MZ) ’

62

Zy—1 = o514 (0),
2 o 2
Z,—1 = 16922 322(3’) ,
e D P12
2 D 2
ZW -1 = lg D) 6 VVa‘VQ(p ) )
67 D pi= M2,
g* 0%, (¥
Iy—1 = = %HQ . (465)
& p p2=7]\1§1

It shouldbe notedthatwe usea corventionfor aguments For every self-enegy function: X, IL,,...
if p> = —sorp? = —M?, wewill omittheminussign,i.e. wewill write 3, (s)... Onthecontrary in
theargumentlist of every By, Cy... function,we will explicitly maintainthesign.

6.2.3 Linearizedform of the counterterm Lagrangian

Sincewe areworking within the perturbationtheory whereall renormalizationconstantsare a power
seriesin the couplingconstant? (cf. Eq. (418)), we may simplify a little the counterterm interaction
LagrangiarEq. (464)andrewrite it as

2 1 2_252
—T+3 ((Zz—l)—(ZA—l)jLicW Pw 2w ) | 1y,

2 2
Sw Cw

r T e —
Eiff = 5 w'Yu{U\/ZL

25, Cy

—2Q;s2, B QJZ_L 2_I>7++%<‘\/Z—R 2_1>7—
+% ((ZZ 1) (Za 1) - %%) + z—:VVZi/Q] } W7,
T = %é@“ww{( Zuz —1)C+C (vVZar ~1)
+CB(ZW1)%(ZA1)+%H¢#+}L.C.,
cHiT _m@{(sz_mfpmf E (Z 1) = 5 (7, 1)
by (1) = 3 (Za 1) %;Hw (466)

Thisis theso-calledinearizedform of the counterterm Lagrangiarfrom which oneeasilydervesaddi-
tional Feynmanrulesfor verticesinvolving renormalizatiorconstants.

6.2.4 Fermionicrenormalizationconstants

In previous sectionswe calculatedall the renormalizatiorconstantsassociateavith bosonicfields and
massesWe still needto fix fermionicrenormalizatiorconstantsgg. (461), andfermionic massrenor
malization,Z, ., Eq. (450).

The procedureof fixation is very similar to that of QED, althoughit hassomepeculiarfeatures
dueto the presencef 5. Below we briefly sketchthe procedure.
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Considerafermionicself-enegy diagram:

/
;N
B

Themostgenerakexpressiorfor sucha diagramlookslike:
(i) = (2m)" i [a1(p?) + as(p*)s + (as(p?) — aa(p?)s) ip)- (467)

However, in the StandardViodel we have alwaysa; (p?) = 0 (seethe proofin Section6.6 of Ref. [1]).
Thereforejt reducedo

S(ip) = (2m)* i [a1(p”) + as(p?)ip + au(p?)ips . (468)

Thekineticandmasstermsof the counterterm Lagrangiarmay be symbolicallydepictedas:

f;{f

andtheir contrikution, derived from Eqgs.(450)and(458),as:
1. 2 2
~5ip K‘\/ZL —1> S (‘\/ZR‘ —1) 7_} — (Zmy —my) - (469)

From the requirementhat the sumvanisheson the fermion massshell, one derives all the fermionic
renormalizatiorconstants:

V7,

VZa| ~1 = aslm® — 2mPal(m?) + 2mai (m?) — aa(m?)

2
—1 = az(m?) —2m%dy(m?) + 2ma’ (m?) + as(m?),

Zmy = m+ a1 (m?) + 2m2a) (m?) — 2m3al(m?), (470)

wherea] denoteshederiatives,a(m?) = da;(p?®)/0p?|,2—_,,2 andwherewe have usedtheexpansion:
a;(p*) = ai(m?) + 2m(ip + m)aj(m?) (471)

assuminghatfrom theleft sideof Eq. (468)the Dirac equationholds,i.e. ip = —m. Equation(470)is
obtainedby meanf re-shufling thetermsasfollows, A + B(ip+m) + O ((i]b + m)2> , andrequiring
A =0, B = 0. HigherordertermsO ((ip + m))* maybeneglectedon themassshell.

To summarizeour studyof therenormalizatiorprocedureye recalltheimportantsteps:

Dysonre-summation;

Inventionof therenormalizatiorconstants;

Constructiorof the counterterm Lagrangian;

Fixationof therenormalizatiorconstantsn the spirit of the OMS scheme;

Physicalmeaningof theresidueonerequirement.

We recallthatthe residueonerequirementmeanghat we presere the physicalmeaningof the param-

etersof the original Lagrangian. This meansin turn, that renormalizatiorhasnothingto do with the
cancellationof divergences.We obtainthe cancellationof UV-divergencedor freeasa byproductof a
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procedureaimedat preservinghe physicalmeaningof the parametergérom beingchangedy radiatve
corrections. This meansin turn, that within a renormalizableheory the problemof UV-divergences
simply doesnot presentWe need,of course o exploit awell-definedregularization novadaysdimen-
sionalregularization,in orderto parametrizeéhe divegencef individual terms. However, after proper
treatmentof the Lagrangianparametersall the UV-divergencescancelidentically in otherwordsthe
theorybecomedJV-finite.

It is necessaryo understandhowever, oneimportantdifferenceof the SM from usualQED. In
QED we wereableto introducethe notion of the renormalizeddiagram for every individual diagram,
seeEQs.(442)and(446).In theSMit is, in generaljmpossible As anexample,considerZ self-enegy
(Fig. 5) in generalR; gauge lt couldbe subdvidedinto afermioniccomponentFig. 5.(1),andbosonic
one,Fig.5.(2-14).

Definetherenormalizedself-enegy by meansof the expression:

8EZZ(p2)

S (p?) = Eu2(p%) — EZz(ng) —(*+ Mg) p*  lpr=—mz
=—M2

(472)
It is easyto verify thatthefermioniccomponenof X1 (p?), whichis known to begauge-imariant,is free
of UV-pole,andthereforefull analogywith QED holds. However, thebosoniccomponenof Eq. (472),
althoughalsoUV-free, doesdependon &, andthereforethe notion of the renormalizedself-enegy di-
agramis meaninglessin the unitary gauge the quantity X2 (p?) even containsUV-divergences.The
gauge-dependetgrmscancelin the sumof self-enegy, vertex andbox diagramdor a physicalampli-
tude.The sames true for UV-polesin the unitarygauge.

With this minimal knowvledgeaboutthe renormalizatiornprocedure we arereadyto discussthe
amplitudedor somephysicalprocesses.

6.3 One-loopamplitudes
6.3.1 TheBornamplitudeanddiagrams

To approactthe discussionof the amplitudesandto introducemore notions, we begin with the Born
approximatiorof theamplitudeof theprocess e~ — ff. It is describedy thetwo tree-level diagrams
with v andZ exchanges:

Thephotonexchangeamplitudehasa uniquevector® vectorstructurewhilst the Z exchangeamplitude
may bewrittenin two basisesVA or LQ:

- €’Q.Q
A?O = : f% ® Tu s
2
rn € i
A = 12 @ X#(9) Ve +ae75) @ vy +ags) — VAbasis
ABorn _ 62 1(3) —9 2 I(S) -2 2 — LQ-basi 473
z T 482 2 XZ(S) Ye [Le V+ Q@SW ® Vu Fo QfSW Q-basis ( )
w W
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Here v+ = 1 + v5 andthesymbol® is usedin thefollowing short-handotation:

Y (V1 + a175) @ v, (V2 + azys) = w (py) Y (V1 + a1vs) v (p-) 0 (q-) v (v2 + a2vs) u(qy) . (474)

Furthermorethe x ,(s) denoteshe Z bosonpropagator:

1
= ) 475
XZ(S) s — Mg ‘I’ iSFZ/MZ ( )
Fromthebasicrelationsbetweernthe parameters,
g :% s :i A =1-—¢s> :—M‘?V (476)
8MI?V \/ﬁ w 92 w w Mg
oneeasilyderives
—— =V2Gy M 477
453‘/031/ g @77)
or, usinge? = 4ma, we definethe corversionfactor.
2G M2 2 2
f= V20 2fwlw (478)

y[yes

which is equalto onein thelowestorder Of coursejt maydiffer from onedueto radiatve corrections.
Thiswill bethe subjectof next section.

6.4 Muon decay Sirlin’ s parameter Ar

As alreadymentionedin the first lecture,onehasto exploit somehw the precisemeasuremensf the
muonlifetime, sincein termsof the Fermi couplingconstantG» = 1.16639(2) x 10~°> GeV~2, the
relevantaccurayg is O (107°). In this sectionwe briefly discussthe relevantissues. For a complete
presentationseeChapterd andSection7.130f Ref.[1].

6.4.1 Muonlifetime
Theprocesdeingconsidereds

B—e+rv, +Ue. (479)

If oneincludeslowest-ordeiQED correctionsaandW bosonpropagatoeffects,thenfor theinversemuon
life-time oneobtains(cf. with the standardgresentationn Ref.[6]):

1 Gim) [m? 3 m? a (m;%) 25
i Fl == 122111 i 4
7. 10270 \m? * 5 M2, T ( s " ) ’ (480)

F(r)y=1-8r+8r —r*—12¢%Inr (481)

where

is the phasespacefactor anda~* (mi) ~ 136 is the QED runningcouplingconstantatthescalem,,.

Thislow-enepgy decayprocessnaybedescribedvith theeffective four-fermionFermiLagrangian

Gp— _
Lr= 7; eVu Y+ Vutly, YV v, + hec. (482)
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Oneusuallycalculateghe obserabledistribution, d1°(zx), in termsof a kinematicalvariablez = % :

whereL. istheelectronenegy in themuonrestframe.

If the electronmassis ngglected,r variesfrom 0 to 1. Then,in thelowestorder(treelevel), one

has 5 s
_ GFm,u,

G2 5
d1°(z) = L _ %o

2 1
3—2x)d — = . 483
gors ¢ (B 2a)dr = = =g (483)
Sincethe electronmassm, is very small, it is suficient to calculatethe realandvirtual QED radiative
correctionggnoringthe electronmass.

6.4.2 Realcorrectionsin y-decay
Thebremsstrahlungyr real photonemissionjn u-decayi.e. the process

P et v T+, (484)

is describedn Fermitheoryby two Feynmandiagrams:

The quantity of experimentalinterestis the transitionprobability summedover the full photonicphase
space After lengthycalculationsof the decayprobability of the bremsstrahlungrocesspnederies:

G2m5 o
dI*(z) = 9g7r; D (x)dz,
9 { [1 myMe (1-— $)2‘| ) ) }
I(z) = 2x°(3-21) g—}—lnT—i—lnT (L — 1)+ Lis (z) — Lia (1)

—z (3 22) (1fx)ln(l—:z)+%(lfx) (54172 — 342%) L — 220 + 342],

where I, = In (xﬂ) (485)

Me

Notethe appearancef theR-poleterm,whichis dueto the soft photonemission.

6.4.3 \Virtual QED correctionsfor p-decay

Therearethreediagramsthat contritute to the O (o)) QED correctionsin the Fermitheory which are
dueto thevirtual photonexchanggactuallyonly thethird one,seeSection6.1):
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The effect of the virtual diagramsmay be seenasdressingthe lowest-ordelinteractiont.y, v+ u, with
QED correctionsresultingin theappearancef amorecomplicatedstructure:

«Q 1 1
*4_ <f17a'7+ +—F Qu,aY— + — I3 Qe7o/7—> . (486)
7T mu m,u

Note that only the first term hasthe Born-like structure the secondandthird onesarenewv andthis is
why we usethe notionof inducedstructuesfor them. Theresultof calculatingthe diagramgeads:

) (L — 1)+ Lis (1) — Lis (x)}

1 m,me

fl = 2{<—A+ln
€ 7

1
+{2L21n(1z)+1—} Inz —3L+4,
—x

F, = xlnx—kl—x},

2
(1—a) [
F = %[(1—2m)lnx—l+x]. (487)
(1—=z)

The virtual correctionscontrikute via interferenceof the amplitudeEq. (486) with the Born am-
plitude. After calculatingthetracesonederives:

Gemy, a
9673 47
Thelowest-orderesultis multiplied by a correctionfactor 7, whichis ultraviolet finite (afterrenorma-
lization), but infrared divergent; the inducedform factors, F» and F3, arefinite. The latter shouldbe
the case,sincethereareno othersourcedo compensatary divergenceof inducedform factors. The

infrared divergencemust cancelwhenwe combinethe contritution of the virtual photons,Eq. (488),
with realphotonscontritution, dI*(x), EQ. (485).

dI (z) = (1 — 2if1> dI1®(z) +
7T

6.4.4 Total QED correctionsfor p-decay

The experimentallyobserable quantityis the sumof thetwo transitionprobabilitiesfor realandvirtual
processesyhichis free of infrareddivergencesFor the sum,we obtain:

G2m? o
_ pl 200 a
(@) = 2 {x (3 2x)+27rAI(x)} dz
Al(@) — 22(3—22) sz“”ﬂ%) (L—1)+2Li2(q:)—2Lig(1)+ln(1—x)lnx—%
xT
—1_2:111(1—:10)}—39:21n:r+1_Tx[(5—}—17x—34x2>L—22x+34$2}. (489)
T

Thetotal QED correctionis derivedby integratingd! (z) over z from 0 to 1, yielding

1 G, a (25
7, 19277 {1+ﬂ<z_ﬂ>}' (499

Let usemphasizegainthatthis resultwascalculatedwithin QED ® effective 4-fermionFermitheory
Of course the calculationcould be performedexclusively within the StandardModel framewvork. This
would give somethindike

4

1 m g «a
— =t __(1+—9¢ ) 491
T 19273 32 MY ( b (491)

However, the Fermiconstantvashistorically definedby Eq. (490). This is why we sketchedfirst of all,
aderiationwithin the Fermitheory Now we turn to a completecalculationwithin the SM.
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6.4.5 EW-correctionsfor muondecay Sirlin’s parameterAr

Turningto thediscussiorof completeone-loopcorrectiongo p decay we notefirst of all thatthe QED
correctionsdiscussedn the previous section,form a gauge-inariantresult. Moreover, boththe QED
andremainingeW correctionsareinfrared-andultraviolet-finite andgauge-inariant, thereforethey can
betreatedseparatelyandwe maywrite:

O =0, + 0,7 (492)
or, equalizingegs.(490)and(491),we obtain
GF‘ _ 92 a em o gz < « €’LU>
N [1+47T (6, 3 )} o L+ 0 ) (493)

Recallingthe basicdefinitionsof the OMS scheme

M22 — M2 2_ €
. ' e =M, g = (494)
andusingthem,we derive
2 92 yiye4 . - (O
SWCDV = m (1 + A’I"), W|th AT = Eé‘u . (495)

Alberto Sirlin (1980)suggestedhatthelastequatiorberewritten as

9 9 e’ 1
P— 4
W T RG M2 T Ar (496)

asif it could bere-summedo all orders(similar to the Dysonre-summationpswould be truefor A«
(seeEq. (502)belaw).

After lengthycalculationgseeSection7.130of Ref.[1]), onedervesthefinite resultfor Ar in the
one-loopapproximation

a 1 2 o c? 11 5 9c?
Ar = yoy {s%v {g — I (0)| + STWApF + Aph, + 5~ gczv (1 +c§v) + 48—;‘/ Inc?, ¢,
w w w
(497)
wherefinite partsof the Ap”™ factorsdefinedby,
ApF _ ApbOS’F +Apfer,F7 Apgv _ Apl‘/);)s,F —‘r‘AprLF, (498)
have fermionic andbognic contritutions
1
bos(fer), bos(fer), 2 bos(fer), 2
Ap (fer). W{EWVIE )F(MW>_EZZ( )F(MZ)}’
w
bos(fer),F 1 bos(fer), bos(fer), 2
Apys T [T (0) = Spe0 s (w )] (499)
w

Thebosoniccontritutions,written down explicitly, are

1 4 17
bos,F __ 2 2.
Apy™" = ‘(1204 +ﬁ—§—4cw>35 (=5 M, 0, )
%74 w

1 1
_ (1 — —Wp + —w,%) Bg (*M&V;MH,MW)

J{ 3.1 1 ] (T3 1Y
——+ - — —wy| wpylnw —F + =5 —— +-]Inc
4(1—wp) 4 12 MR T \12e T 122 82 T ) W

w
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+1 +11+139 1772+54 1 (7 )
— + -7 — —c¢C —C. — T-Wh| DT —w
120782 T 36 24w Tg™w o127 "\2 M)
1 4 17 1
bos, 2 4 2, 2.
Ap oS, F — _ <1202 g — ?CW —4CW> |:BOF (_MZ7MW7MW> — CTB(}; (_J\4W7MZ7MW>:|
w
+ (1 — —wp + iw%) BE (—M2 ‘M, M )
3 12 WS H? W
1 1L\ 1 )
- <1 - dzh + 12 h) %VBg <_MZ;MH7MZ)
I 1 1 1 )
+E8th(lnwh — 1) — (@ + g —2 + E’LUh) lnCW
1 19 133
S N 500
12¢4 36¢2 18 + S0y (500)
wherewe introducedwo ratios
M? M?
wp, = =5 2h = —ra s (501)
M, M

andthefinite partsof the B, functionasin Egs.(361)—(362).

6.4.6 Re-summatioof large corrections

In orderto reacha high precisionof theoreticalpredictions,one hasto improve upon the one-loop
expression We begin with the extractionof Aafer (Mﬁ) from Ar. Fromthedefinitionof Aafer (Mg)

ofer ( M;) - Aaf; (M§> : (502)

andthedefinitionof thee.m. runningcoupling
[0

N
j—
- (s)

we derive thefollowing representatiofor Ar

a 2 [ 2 1454, 2
2 {Sw {§ — 57 (0) — IL5er (Mz)}

47TSW

Wit () = IP(s) = I (s) — 1o (0).  (503)

a(s)

Ar = Ao (Mg) +

o A r po L5 2 9c; 2
A AP+ 5 -, (146 +4s—;V1ncW}, (504)
w w

wherethe superscript + 5¢ standsor a summatiorover leptonsandfive light quarks.

Note, that the running QED coupling, Aafer <M§> is definedat the scaley = M ,. Thetwo
quantitiesin Eq. (499) are definedat the scalep, = M, asan artifact of the definitionin Eq. (361).
It is reasonableo re-scaleall the relevant quantitiesto the natural value of the scalep, = M,. The
quantity Ap”, evaluatedat © = M, is a gauge-imariantobject, andthereforea good candidatefor a
re-summationDefinetheleadingandremaindercontritutionsto Ar:

ac
Are = g b
w p=M,
_ @ 2 [ 2 1454, 2 1 1 2 2
ATrem = pree) {SW {—g — vaj (0) =I5 a,F (MZ> + ENf 6 Ty, |Inc;,
11 5 9c?
F - Y2 2 w 2
+Apy + 5~ ®Cw (1 + CW> + 483[/ In CW} - (505)

zZ
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There-summedane-looprepresentatioreads
2G  M?s?% c? 1
V26, z25ww _ NI ) (506)
T
(1 A0 (M2)  Argen) (1 + Y ATL>

yiyes

The re-summatiorof Aafer (Mﬁ) is dictatedby renormalizatiorgrouparguments.The re-summation

of termscontainingApf*  (Ar,) findsits rootsin the two-loop EW calculations(G. Degrassiet al.
1996-1999)TheEq. (506)is thereforeanimproved versionof the one-loopresultEq. (496).

Higher orders,in particularQCD correctionsof O (aa,) andsecond-ordeelectraveak correc-

tions O (GZm}) andO (G%m%Mﬁ), areappliedby meansof modificationsof theleadingandremain-
derterms:

Ary, — Ary, + AT}LlOa Arrem — ATrem + Arho . (507)

rem

Equation(506) formally looks like an equationfor corversionfactor f, cf. Eq. (478). If all radiative
correctionsareswitchedoff, f = 1, and f differsfrom 1 dueto non-zeraradiative correctionsWe may
considerthe Eq. (506) asan equationwith respecto M, . Theresultsof an iterative solutionof this
equationfor the M,,, which incorporatesecond-ordeelectraveak correctionswithout andwith QCD
correctionO (acy ), areshavn in the Tah 1. This Tableis shavn not only to give sometasteof the

Tablel: TheW-bosonmass, M, [GeV]in OMSschemeq, = 0 —firstentry o, = 0.120 — seconcentry,

my [GeV] M, [GeV]
65 | 300 | 1000
170.1 80.445 | 80.349 | 80.256
80.375 | 80.279 | 80.186
175.6 80.482 | 80.386 | 80.291
80.409 | 80.312 | 80.219
181.1 80.521 | 80.423 | 80.329
80.444 | 80.346 | 80.252

numbers.It shavs thatthe two-loop correctionsof O (aa) shift the predictedmassof the A/, boson
by about80 MeV, which s bigger thanthe presentexperimentalerror of directmeasurementsf 1/, !
It is aniceillustrationof theimportanceof precisioncalculations.

6.5 Z resonanceobsewablesat oneloop

BeforediscussingZ resonancebserables,we have to give two definitionsin orderto understandhe
terminologythathasarisenin the depthsof the LEP community

Definition 1 RealisticObservables.They are the cross-sections/ (s) and asymmetriesA” (s) of the
reactions,

efe”™ = (v,2) = ff(nv), (508)
calculatedfor a givenvalueof s = 4E? with all availablehigherorder corrections(QCD, EW),includ-
ing real andvirtual QED photoniccorrections,possiblyaccountingfor kinematicalcuts.

Definition 2 Pseudo-Observabled hey are relatedto measued cross-sectionand asymmetriedy a
de-comwolution or unfoldingprocedue (i.e. undressingof QED corrections).Theconcepiof the pseudo-
observabilityitself is rather difficult to define Oneway to introduceit is to saythat the experiments
measue someprimordial (basicallycross-sectionand therebyalso asymmetriesjjuantitieswhich are
thenreducedo secondarnguantitiesundera setof specificassumptionsWthin theseassumptionghe
secondanguantities the pseudo-observabs, alsodeservehelabel of observability
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6.5.1 TheZ partial widths

The Z partialwidthsrepresena typical exampleof pseudo-obseables i.e. they have to be defined At
theBorn level, we definethe partialwidth of the Z — f f decayasa quantitydescribedy the squareof
onediagram:

Fig. 9: ProcessZ — f f; Bornapproximation.

Its amplitudeis written by the directapplicationof the Feynmanrulesof Section2.11. Like Eq. (473),
theamplitudeof theprocessZ — ff decayamplitudemaybewrittenin two basises

V A-basis, ,

VZf?:(27r)4iL'y ve+arys|, (509)
" 16 72cy, “{f f }
LQ-basis,
_ ;3
. g
VAT = (2m)ti = [ 1 — 2Qss2 . (510)
w

Both expressionsare identical and we write both for didacticreasonsonly. The partial width of the
Z — f f decayin the Born approximatioris givenby Eq. (386)which we recallhere:

. GF]\/[3 2 2
r(z-fJ) = oo B O1) (v3 +a}) <1+2E—§> —6a§]\%] . (511)

Herethe Z—fermioncouplingsaredefinedby Eq. (401).

6.5.2 QEDdiagramsandcorrections
QED correctiondn themasslesspproximatioraredescribedy threediagramsn Fig. 10.

Fig. 10: ProcessZ — ff; QED corrections.

QED diagramsare separatelygauge-imariant and finite. Their contritution integratedover the full
bremsstrahlunghotonphasespacds (seederivationin Section4.2)

QeED _ 1<(0) 3a o
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6.5.3 TheZ — ff decayamplitude

All remainingone-loopdiagramsrefer to EW corrections. They form anothergauge-inariant subset
of diagrams. Recallthat all the counterstermswerefixed in sucha way that all externallines remain
unchangedy radiative correctionsthereforeonly vertex diagramsandvertex-type countertermscon-
tribute:

f !

f f

Fig. 11: ProcessZ — ff; fermionvertex andits counterterms.

The effect of radiative correctionsmay be parametrizedn termsof amplitudeform factors. In the
masslesspproximationthe amplitudehasa Born-like structurewith only two form factorsandagain
two basisesnight beused:

V A-basis, 5
- . ig
Vquf = (2m)*i —— T [FV(ME) +F, (Mg)%}, (513)
16 m=cy,
LQ-basis,
_ ;3
ZfF 4. 19 (3) 2 2 2
Vi = emt g e TPF, (M2) 74 = 2Qgs7, Fo (M) ] (514)

We seethatthe only differencefrom the Born caseis thereplacement — F; , (Mg) . With the aid

of thisamplitudeoneconstructghe 7 partialwidths, I s, which canbe comparedin principle, with the
experimentadata.

6.5.4 TheZ widthin theone-loopappoximation
Considerthe sumof the Born andof the one-loopcorrectedamplitudedor the Z bosondecay

e

ver (M2) o i [1) Fouve = 2Q45% f1r.0]

Sy Corr
_ defr y P(s)7+ 282 (1 + fz0 — [z L)] (515)
QSWCW Hf w ) ) )
where a
2
foe) =1+ @FZ’L(Q) (MZ> . -

Usingthedefinitionof Ar, Eq.(496),rewritten asfollows,
1
= 2\/V2G M2 (1 — §Ar> , (517)

we eliminatetheratio e/(sy, ¢y, ) in favour of the FermiconstaniG, and F, , (M§> receve shifts of

SwCw

—Ar /2. This procedureeliminatesrunningQED coupling Aa(M?) from F, <M§) andto anextent
minimizegheradiative correction,sinceAa(Mg) containshig logs. Definethe two effectivecouplings
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pJZc (onemorep!, thistime finite and gauge-invariant, seecommentdelow) andné ,

pJZc = 1+ ﬁ [ZFZ@ <M§) — sﬁvéﬂ,
w
ko= 1+ é (Fyq (M2) = F,, (M2)], (518)

whered;” wasdiscussedn Section6.4.5. In termsof theseeffective couplingsthe one-loopimproved
expressiorfor the partialwidth of Z — f f decaybecomes
GrM?3

Ny =zl | (o) RE+ (1) RE). (519)

where

vgff = 1}3) —2Qy sin? Qg ,
sin? Qgﬁ = kls? (520)

z"w "

In Eq. (519),we includedfactorsR’; and R, which accumulatefinal state(FSR)QED andQCD cor-
rections. The lowest-ordelQED ® QCD resultmay be obtainedfrom Eq. (512) if oneremembershe
colourtraceQCD factor4/3:

3
Rl =Ri=1+22Q2+ 2. (521)
4 T

Now mary moretermshave beenare computedandreally neededo matchthe high precisionof the
experiment. ThefactorsR{, , look like aseriesin a(M?) anda, (M?2):

3a(M?2 M2 M2 M2 M2)\ 2
R‘f/:1+ O[( Z)Q§+Oé5( Z) _Oé( Z)aS( Z)ngf—l—c‘(/?) aS( Z) +
47 s 47 T T
3a( M2 M2 M?2) o, (M2 M2)\?
Ri=1+ afmz)Qfe + O‘S(ﬁ 2 04(47rz)%(7r D2y o (LS(W Z)> +... (522

Thediscussiorof FSRQED ® QCD correctionsdeseresaseparatéecture.
At the endof this sectionl would like to emphasize:

1. We metanimportantnotion of the amplitudeform factors. Sincethey describea physicalampli-
tude(or anothemphysicalquantity like theanomalousnagnetionoment) they aregauge-inariant
anddivergence-fredunctions(or constants)Moreover, we may rephraseslightly the definition of
pseudo-obseables givenabove, asfollows:

2. Definition: In a very geneal sense the pseudo-observables a constructionmadeof gauge-
invariant form factors of an amplitudeof a process.
Therefore,Sirlin’s parameterAr or the p-parameteof Eq. (518), pJZ", aretypical pseudo-obser-
vableswhilst Veltmans parameter\p is not.

6.5.5 Re-summatioof large corrections
In asimilar way to whathasbeendonefor Ar, onehasto improve uponthe one-loopapproximatiorfor

pf andx’ . Definetheleading(enhancediandremaindercontritutionsto p/ andx? :
pLo= 14 pl +plom.
A (523)

rem
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Whenwe eliminate Ar andnormalizeamplitudego the FermiconstantG, all large corrections
containingafe* (Mﬁ) areautomaticallyaccountedor.

Therefore,n contrastto whathappenedn the re-summatiorof Ar, hereonehasto re-sumonly
themZ-enhancederms.As for Ar, onederives:

1+ pf,
f _ rem
pl = BB i (524)
zZ 1 + \/§GFMZSVVCW f
T P
For k onehasto follow a slightly differentprocedure,
V2G M2 s2 2 1
f— f F f — Im-
o] = (14 ) (1 N w2l ) rmparts (525)

wheresomelm-partsare added(seeSection6.11.6.30f Ref. [1]). Theseare second-ordeterms,en-
hancedoy 72N, (where N, is the total numberof fermionsin the SM) which have to be taken into
accouniassoonastheleadingtwo-loop correctionsareadded.

Theleadingcontritutionsaremadeof the gauge-imariantquantity A o™ asfollows

qo_al s Fo Q% ar A 526
Pr 4 52, po " 4 st P e (526)

Theinclusionof higherorderirreducibleeffects,is achieved by meansof the modificationof theleading
andof thereminderterms.As for Ar, we have:

Ar, — Argp+ Arhe,

h
Pl — Pl + phhe,

k. — ki kO (527)

rem rem rem

Thenumericalresultsfor sin? 6%, dervedincludingthere-summatiorof theleadingcorrectionsandthe

leadingand sub-leadingwo-loop irreducibleelectraveak correctionsO (G2my) and O (Gim?Mﬁ),
areshavnin Tah 2.

Table2: TheOMSsin? 0%;.

m; [GeV] M, [GeV]

65 300 1000
170.1 | 0.23109 | 0.23187 | 0.23253
175.6 | 0.23090 | 0.23168 | 0.23234
181.1 0.23070 | 0.23149 | 0.23215

This tableillustratesthat the sin? 0, is quite sensitve to variationsof both m; and M,,. It is
instructve to comparea typical variation due to Higgs mass~ 0.00045 with the presentcombined
experimentalerror~ 0.00026. Thisillustrateswhy the presenprecisionalreadyensures sensitvity to
the massof the Higgsboson.
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6.6 Realisticobsewablesin the processte™ — ff

For this processve mayalsoconsidera gauge-imariantsubsebf QED diagrams:QED vertices;yy and
Z~ boxes. It hasto be consideredogethemwith four QED bremsstrahlungliagramsfig. 12. The sum
of all the QED diagramsds free of infrareddivergences.

Fig. 12: Bremsstrahlungrocess:" e~ — ff7.

6.6.1 One-loopdiagramsandcorrectionsfor ete= — ff

The remainingone-loopdiagramsform the non-QEDor weakcorrections. The total weak amplitude
may berepresentedsthe sumof dressedy andZ exchangeamplitudeglusthe contribution from weak
boxdiagramsj.e. ZZ andW W boxes.The Z Z boxesareseparatelygauge-inariant.

Fermionicloopsarealsoseparatelygauge-inariantandmay be re-summedBosonicloopshave
to beexpandedo thefirst order Dressedy andZ exchangesnaybe symbolicallydepictedas:

Fig. 14: Procesg e~ — (Z, A) — ff, electronvertex andits counterterms.
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Fig. 15: Processte™ — (Z, A) — ff, selfenegiesandkinetic counterterms.

If externalfermionmassesreneglected thenthecompleteone-loopamplitude(OLA) canbedescribed
by only four scalarfunctionsandby the runningelectromagneticonstani*’(s).

Therearetwo waysof representinghe dresseamplitude:
1) In termsof four scalarform factors,F}; (s, t),

11
A(Z)ﬁ = m)@(s){%%r ® Yuy+Fpp (5,t) — 4|Qe\53V’7u ® Yuv+Fop (5,1)

_4|Qf‘83‘/7,u’7+ ® rY/LFLQ (S, t) + 16‘Q6Qf|sév7u ® 'YuFQQ (37 t)}; (528)

2) In termsof the effective couplingsp. ¢ (s, t) andx;; (s, t), whichin this caseares, t-dependent,
contraryto the Z decaywherethey wereconstants(Thet-dependence dueto theweakboxes.)

Z+A

3
AOLA = \/iGF]cG)IJ(C )MEXZ (3)pef(5, t){%ﬂ/%- ® Y+ — 4|Qe|savf’€e(sv t)’}/u ® YuV+
_4|Qf|83;/’{f(3a t)')/u'}/-i- & Yu + 16|Q5Qf|sév"€ef(3> t)'Yu ® 'Yu}- (529)

Ontop of the Agi’; thereis the correctedy-exchangeamplitude which contains by constructionpnly
the QED runningcouplingaf*r (s):

e €
ASEA = f()’m Ry - (530)

Thereareresidualcorrectiongo the photonexchangediagrambut it is alwayspossibleto assigrnthemto
the Z exchangeamplitude sinceboth containthe sameDirac structurey,, ® ;.

The effective couplingsp and«’s arerelatedto the form factorst; (s, t) andto the quantity Ar
(or gy, seeSection6.4.5)by thefollowing equations:

o r
pef(sit) = 1+W_FLL(87t)_83V5fij|a
w
- 1+ 2 IF F
K:e(sat) - +@ QL(Sat)_ LL(Sat)}a
o -
Kf(S,t) = 1+47TS2 _FLQ(Sat)_FLL(Sat)}a
w
«
Kep(s,t) = 1+W[FQQ(s,t)—FLL(s,t)]. (531)
w

Herel is dueto the Born amplitudewhich hasalsobeenincluded.
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6.6.2 Corvolutionwith QED radiation

Here we briefly discussthe subsequenthain of calculations Having constructedOLA amplitudes,
Egs. (529)—-(531),which may also be called the Improved Born Approximation(or IBA) amplitudes,
we may calculate the correspondingIBA cross-section. The latter may also be called doubly de-

convoluted cross-sectioni.e. prior to subsequentorvolution with Initial State(ISR) and Final State
(FSR)radiations. It is convenientto introducethe notion of a singly de-cowoluted cross-sectioni.e.

with FSR and without ISR; the latter being a function of the reducedc.m.s. enegy s’ and possible
kinematicalcutsin thefinal state.

So,thenaturalnext stepwouldbe: FromIBA — IBA & FSR cross-section Thiswould give usakernel

cross-sectiotior a subsequerntonvolution with the ISR.

o4 = 5(s', cuts). (532)

Thefinal stepwould be: From IBA & FSR cross-section— complete QED convoluted cross-section
whichwould accounfor multiplerealbremsstrahlung the SR, virtual ISR correctionsandcorrections
dueto theemissionof realandvirtual unobsered pairs,shavn symbolicallyin Fig. 16.

f

o

€ f
Fig. 16: ISREFSRQED correctiongor eg — (Z,7) — ff.

The ISR correctionsareaccountedor by meansof the structurefunctions(SF), D (z; s), or the
flux function (FF), H (x;s). The QED corvoluted cross-sectiornr (s) is relatedto the kernel cross-
sectionby thecorvolutionintegral,

1—s0/s
o(s)= / dxH (x; s) &((1 — ) s), (533)
0
wheretheflux function H is relatedto the structurefunctionsby:
Ldz 1—z
H(x;s):/ —D(z;s)D( ;s). (534)
-z 2 z

The FF maybe presentedsa sumof virtual + soft photon(V+S) andhardphoton(H) contritutions:

H(z;s) = BaP~1eVHS oM,
g = 2@ <ln%1>, (535)
™ mg
with thevirtual + soft photonpartbeingexponentiated
The flux function is known up to O (a?) completely andup to O (a3L3) in the leading log
approximationLLA). Thesessuedlesere,indeed,a separatéecture.
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6.7 Experimental statusof the SM

| shallpresenonly two plotstakenfrom Ref.[7], courtesyof M. Griinewald, referringfor acomprehen-
sive experimentareview of thisfield to Ref.[7] andto hiswork Ref.[8].

The overall statusof the SM might be well illustratedby the so-calledpulls, Fig. 17. Although
thereare several points wheredeviations betweenthe theory and experimentapproachtwo standards,
the averagesituationshouldbe ranked asextremelygood. We notethatthe level of precisionreached
is of the orderof ~ 1073, andthatit is extremelynon-trivial to controlall the experimentalsystematics
atthis level. In the secondigure, Fig. 18, we presenthe famousblue-bandshaving the Axﬁlin(MfI)
distribution derved from a combinedfit of all the world experimentaldatato the SM exploiting the
bestknowledgeof precisiontheoreticalcalculationswvhichis realizedin computercodesZFI TTER and
TOPAZO. It illustrateswhat we call an indirect discovery of the Higgs bosonmadevia the study of
constaints providedby PHER asdiscussedh thefirst lecture.

Stanford 1999

Measurement Pull Pull
3-2-1012 3

m,[GeV] 91.1871+0.0021 .08
I,[GeV]  2.4944+0.0024  -56
ob [nb]  41.544+0.037  1.75

R, 20.768£0.024  1.16
AD® 0.01701 + 0.00095 .80
sin’0" 0.2321+0.0010 .60
R, 0.21642 + 0.00073 .81
R, 0.1674+0.0038 -1.27
AL 0.0988 £0.0020  -2.20

o 0.0692 + 0.0037  -1.23
A, 091140025  -.95
A 0.630£0.026  -1.46

sin’8s?  0.23099 * 0.00026 -1.95

my [GeV]  80.448£0.062  1.02 —
m, [GeV] 174351 22 '
Aa (m,) 0.02804 +0.00065 -.05

3210123

Fig.17: Pullsfor pseudo-observable$hepull is definedasthedifferencebetweerthemeasuremergndthe SM predictioncal-
culatedfor the centralvaluesof thefitted SM IPS [a(M ) = 1/128.878, ag(M7) = 0.1194, M, = 91.1865GeV, m; =
171.1 GeV, divided by the experimentalerror.
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- 0.02784+0.00026 I
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T 5 3
10 10 10

m, [GeV]

Fig. 18: TheBlue-Band.Curve shaving Axzin (M:) = Xmin(M7) — Xmin asafunctionof M,,. Thewidth of the shaded
bandaroundthe curve shaws the theoreticaluncertainty The two lines correspondo differentcalculationsof Aa(®) (M2),
namelyAa'® (M2) = 0.02804 + 0.00065 (Eidelman,Jegerlehne) andAa® (M?2) = 0.02784 £ 0.00026 (theory-driven
analysey Alsoshavnistheregionexcludedat95% CL by thenegative directsearctor theHiggsbosonat LEP2,~ 100 GeV.

Thesefigures,aswell asmary moreproofsof the correctnessf the SM collectedin recentexper
iments,corvincesusto concludetheseectureswith:

7 CONCLUSION

e TheStandardModelhasbeencompletedheoreticallyandmustberankedasTheStandardrheory
which shouldcompletelyreplaceQED.

e The Standardrheoryhasnot beencompletedexperimentally
The Higgs bosonis the only ingredientstill waiting to be discorered,andit will inevitably be
discorered.However, it is very difficult to predictwhere andwhen?
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