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PRELUDE: Standard Model – an exampleof QFT – a tool for precisioncalculationsin modern
High Energy Physics(HEP)

In this School,the courseson QuantumField Theory(QFT) andthe StandardModel (SM) are
groupedinto onecourseof six lectures.

Maybe,this is notby chance:theSM finally strengtheneditself to bethemodernQFTcapablefor
precisioncalculationsin HEP. In my opinion, in recentyearsa new disciplinehasbeenborn: Precision
High-Energy Physics,PHEP, bothexperimentallyandtheoretically.

Experimentally, this is first of all dueto experimentsat the � resonance:LEP1andSLAC, with
their unprecedentedstatistics,bringing the precisionof measurementsat the per mil level. However,
otherfacilities,like TEVATRON, alsoapproachPHEPstandards.TheLHC alsoexpectsto bea typical
PHEPfacility, not speakingaboutlinear collider (LC) whereoneexpectsstatisticsin the � resonance
mode100timesricherthanatLEP1(GigaZphaseof linearcollider).

Theoretically, it is basicallytheStandardModel (SM), which nowadaysrepresentsanexampleof
a calculableQFT. This statusof theSM wasachieved duringnearly40 year’s heroicefforts of a large
communityof theorists’tracingbackto pioneeringpapersby S.L. Glashow, S.Weinberg andA. Salam
in thebeginningof thesixties,andfinally recognizedby thedecisionto awardthe1999NobelPrizein
Physicsto G. t’Hooft andM. Veltman“for elucidatingof quantumstructureof electroweakinteractions
in physics”,andfor “having placedthis theoryon afirmer mathematicalfoundation”.

An importantquestionthat I asked myself whilst preparingtheselectureswas: Which balance
betweenQFT andSM?Presumably, ideally, it shouldbe50–50.However, eventuallya SM dominated
courseemerged.Thereweredifferentreasonsfor this.

Objective reasons:

� At present,we faceanimpressive successof theSM in thedescriptionof theLEP1/SLCdata;� Weareat theendof theLEP1/SLCdataprocessing;� Weforeseeabright futurefor PHEPat thecollidersof nearfuture.

However, therewerealsocertainsubjective reasons:

� I have workedfor about20 yearsin thefield of PHEP;� I wasdeeplyinvolved in the LEP1/SLCanalysiswithin the framework of the ZFITTER project
andseveralCERNWorkshopsdedicatedto precisioncalculationsfor the � resonance;� Last,but not leastabookTheStandard Modelin theMaking [1], written togetherwith Giampiero
Passarino,andfinishedin 1999. In this book,we tried to show how theSM works for precision
calculationsof the � resonanceobservables.

Therefore,it is not surprisingthat this courseof lecturesis biasedto the SM and � resonance
physics.I would like to saya few wordsasto why it is sobiasedtowardscalculations.

HereagainI seeobjective andsubjective reasons.Objectively, theprecisioncalculationsconsume
a lot of mathematicsand,in my opinion, it is not surprisingthat the creationof SCHOONSCHIPwas
speciallymentionedin thedecisionto awardthe1999NobelPrizeto Prof. M. Veltman.Nowadays,all
thecumbersomediagrammaticcalculationsaredonewith algebraiccomputersystems.However, I am
notgoingto tell youaboutcorrespondingalgorithms.In my opinion,theunderlyingmathematics,which
theSM physicsis basedupon,is very simpleandeverybodymaymasterit. So, I shalldareto tell you
aboutit.

Subjectively, it is our way of understandingphysicsby meansof calculations.Whenworking on
thebook,we likedto say:“We do notprove Wardidentities– we computethem.” Theselecturesfollow
the sameapproach,althoughI understandthat it may not be appreciatedby the majority of the HEP
community. Anyway, thefirst five lecturesareself-containedandmaybestudied.
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I would like to say, that theselecturesarenot a simpleextractionfrom the book. I seethemas
introductoryandin many respectsascomplimentaryto the book. So, in the secondlectureI tried to
presentamoreextendeddiscussionof theSM Lagrangiancomparedto thepresentationin thebook.

Finally, it shouldbe stressedthat both in the book [1] and in theselecturesthe Pauli metricsis
used,i.e. for anon-mass-shellmomentumonehas: -/.10 �32 . . As a resultof this, someequationsare
looking “unnaturally” comparedto a morepopularchoice,the so-calledBjorken–Drellmetricswhere
onehas: -/.40 2 . .
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1 QFT BASICS. EXAMPLE OF QED

In thefirst lecture,I briefly recallthebasicsof theQuantumFieldTheory(QFT),in particularof Quantum
Electrodinamics(QED), which for a very long time representedtheonly exampleof a calculableQFT.
NowadaysQED is completelyabsorbedby the StandardModel (SM), which completelyinheritedthe
statusof QED.Wewill devotesometimeto adetaileddiscussionof theSM theoreticalstatus.In passing,
ournotationandconventionwill beintroduced.

1.1 Quantum fields of the SM and their properties

We begin with an overview of the SM fields and their properties. The SM involves physicalfields
(fermions,gauge bosonsandHiggsscalar) andunphysicalfields(scalars andFaddeev–Popov ghosts).

Threegenerationof fermionsor matterfields:
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possessmasses,?A@ , charges, BC@ (in units of positroncharge), andthird projectionsof weakisospin,D �FEG�@ :
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Gaugefields:

Vectorbosons Unphysicalscalars Faddeev–Popov ghosts

� SUT
�WV 2YX
Z []\ S X
^`_ V 2baUZ [ _ cY_

Gluon
possessesstronginteraction

d S1e
possessphysicalchargesandphysicalmasses

possessphysicalchargesandunphysicalmasses

andunphysicalcharges.
Higgsfield:

f V 2hgiZ scalar, neutral,massive.
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1.2 Equationsof motion

Introducenotationfor all fieldsof theSM:

scalar, neutralandcharged: [ \ Vkj Z 	 [ _ Vlj Z 	
spinor: mnVlj Z 	 m,Vkj Z 	

electromagnetic: �po4Vkj Z 	
vectormassive,neutralandcharged: �qo4Vlj Z 	 ^ _o Vlj Z 	

Faddeev–Popov ghosts:
c _ 	IS T 	rS X 	rS e R (1)

1.2.1 Equationsof motionfor freefields

All fieldsin QFTsatisfyequationsof motion, free,or with sources.Herewerecallfour typesof equation
of motionfor freefieldswhicharemetin theSM:

Klein–Gordonfor scalarfields: s �t2 . [ \ Vlj Z 0 K 	 where st0vu 9 u 9 	
u 9 [ ( Vwj Z u 9 [ + Vkj Zx�y2 . [ ( Vlj Zz[ + Vkj Z 0 K|{

Dirac for spinors: V~}u N ? Z m�Vlj Z 0 K 	 where }u�0vu 9 � 9 {
Maxwell for photons: u 9���9)� 0 K 	 ��9G� 0vu 9 � � � u � � 9 {

Procafor heavy vectorbosons: u 9���9)� �y2 .� � � 0 K 	 ��9G� 0vu 9 � � � u � � 9 R (2)

1.3 Relation betweena Lagrangian
�

and equationof motion

1.3.1 Euler–Lagrange equation

In QFT thereexists a relationbetweenthe Lagrangiandensity
� Vlj Z andequationsof motions(I rec-

ommendthe book in Ref.[2] for a systematicpresentationof this subject),namely, a variation of the
Lagrangianwith respectto afield andits derivative givesthecorrespondingequationof motion:

u �u
� � u o u �u�V~u)ox� Z 0 K R (3)

All fields � andall their derivatives u o � ( �Y0 [�\ 	 [ _ 	pm&	 m&	x� o 	x� o , etc.) shouldbeconsideredas
independentvariablesatvariation.

1.3.2 Exampleof a neutral vectorfield

ConsidertheLagrangianof a freeheavy vectorfield � 9 :

� 0 � L� ��9)�]��9G� � L
O 2 .� � 9 � 9 R (4)

Computingthederivatives,

u �u
� � 0 �M2 .� � � 	 u �u�V~u 9 � � Z 0 � � 9)� 	 (5)

andsubstitutingtheminto theEuler–Lagrangeequation(3), we obtaintheProcaequationof motion:

u �u
� � � u 9 u �uCV�u 9 � � Z 0vu 9
��9G� �Y2 .� � � 0 K R (6)

Note the L } O in the Lagrangianfor neutralfields contraryto theLagrangianfor chargedfields. In the
lattercase,thefields

^`_o areindependentandthefactorof O doesnotariseatvariation.
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1.3.3 Exampleof QED

ConsidertheQEDLagrangianwith interaction:

� 0 � L� ��9)����9)� � m�V�}u ��� ')BI@z}� N ? Z m R (7)

Computederivativesoverall independentfieldsandderivatives:

u �u
� � 0 m � 'GBC@�� � m�	 u �uCV~u 9 � � Z 0 � ��9G� 	
u �u m 0 � V~}u �,� ')BI@z}� N ? Z m�	 u �

u u 9 m 0 K 	
u �u|m 0 � m�V �!� ')BI@H}� N ? Z 	 u �uCV~u 9 m Z 0 � m�� 9 R

(8)

Substitutingall thesederivativesinto Eq. (3), we get thesystemof threeEuler–Lagrangeequations:

u �u�� � � u 9 u �uCV�u 9 � � Z 0 m � ')BI@�� � m N u 9
��9G� 0 K 	
u �u m � u 9 u �

u u 9 m 0 � V~}u ��� 'GBC@z}� N ? Z mW0 K 	
u �u|m � u 9 u �uCV�u 9 m Z 0 � m�V �r� 'GBC@z}� N ? ZxN u 9 m�� 9 0 K 	 (9)

or equivalently— equationsof motionfor interactingfields,whereon ther.h.sweseethesourcesof the
fields:

u 9���9)� 0 �!� ')BI@ m�� 9 m&	
V~}u N ? Z m 0 � 'GBC@z}�im&	
m,V�}u � ? Z 0 �!� ')BI@ m&}� R (10)

Thefirst oneis theMaxwell equationwith thesourceandthenext two equationsaretwo Diracequations
for the m andDirac-conjugatedfield m , bothwith sources.Fromtheseequationsit is clear, why in QFT
languageonesaysthatsourcesemit/absorb'
(�'
+ -pairs,�*')+ and�*')( , respectively.

1.4 � matrix and amplitude of a process

Now werecallthenotionsof the � -matrixandtheamplitudeof aprocess.Considerascattering(annihi-
lation)process: -�� N - . � -�� � N -/�. Ny������ 0 -�� N - . 	 initial momentum	� � 0 - � � N - �. Ny����� 	 final momentum	 (11)

where-�� denotessimultaneouslyaparticle andits 4-momentum.

In QFT, any processis characterizedby amatrix element:� ��� � �yL � ��� 0 � ��� �Y� ��� V O�� Zw� � � � � � 	 (12)

of � matrix, � 0 ¡ ¢�£]¤ � ��¥ Vwj Z � � j 	 (13)

which is constructedfrom an interaction Lagrangiandensity,
�&¥ Vkj Z , with the aid of a time-ordering

operation¡ .

Let ussummariseourshortex-courseinto QFT:
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� TheinteractionLagrangiandensity,
��¥ Vlj Z , is theprimaryobjectof QFTfrom whichtheamplitude

of aprocessis derived;� �&¥�¦ couplingconstant, which is usuallysmallandaperturbationexpansionfor a processampli-
tudemaybedeveloped;� Quantumfields, which a Lagrangianis madeof, may act on initial andfinal states� ��� and

� ��� ,
giving riseto planewavesdescribingin andout particles,or contract with eachother, giving rise
to propagators;� Feynmanrules for external lines, verticesandpropagatorsoffer a very transparentway of con-
structingprocessamplitudes,order-by-order in perturbationtheory;� A typicalFeynmanrule for anexternalline (scalar, spinor, photon,vectorboson)lookslike:

- � L
V O�� Z E�§ .

L¨ O - \
©yª L 	/«8 Vl- Z 	�¬ 9 Vk- Z 	�' 9 Vk- Z 	 R�R�RQ­

where- \ is thezerothcomponentof a4-vector- (energy) and «8 Vk- Z 	�¬ 9 Vl- Z 	�' 9 Vl- Z arespinorsand
polarizationvectors,respectively.

1.5 Cross-sectionsand decayrates

Herewe recallpracticalformulaefor cross-sectionsanddecayratesconstructedfrom theamplitudesof
thecorrespondingprocesses.

Thetotal transitionprobability(in thewholespace-time)is

� ^ @ � 0�� � ��� �y� �®� � . V O�� Zw¯i� � � � � L
V O�� Zw� ' � �±°³² + °i��´ � � jµ� E - � � � E - �. ����� (14)

Thetransitionprobabilityperunit of time perunit of volumeis then

�·¶I@ � 0 ¸º¹º»¼
½ ¾q¿MÀ � ^ @ ��Á¡ 0�� � ��� �Y� �®� � . V O�� Z � � � � � � � E - � � � E - �. ����� (15)

Thedifferentialcross-sectionis definedastheratio

��Â/@ � 0 �·¶I@ �Ã 	 (16)

where
Ã

is theinitial flux

Ã 0h"��Ä" . Vk-��Å- . Z . � ? . � ? ..Vl- � Z \ Vw- . Z \ R (17)

Introducinginitial densities"���	Æ" . andnormalizationfactorsÇ�ÈGÉ ,
"���0 L

V O�� Z E 	 Ç�ÈGÉÁ0 L
V O�� Z E�§ .

L
O Vw-�Ê Z \ 	 (18)

thedifferentialcross-sectionbecomes

�/Â/@ � 0 L� Vl- � - . Z . � ? . � ? ..
�®ËÌ@ � � . ��ÍiÎI	 (19)

where �/Í�Î is thedifferential phasespace

�/ÍiÎ�0vV O�� Zw�
Î
Ê|Ï �

� E - � ÊV O�� Z E O - � Ê \
� Î

� Ï � - � � �
� R (20)
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Theprocessmatrix elementsquared,�®ËÌ@ � � . ,
Ç .È
Ð Ç .ÈGÑ ÎÊ|Ï � Ç .È ² É ��ËÒ@ � � . 0

spins

� � ��� �Y� �®� � . 	 (21)

is definedwithout normalizationfactors ÇCÈ)É and shouldbe understoodas averaged over initial and
summedoverfinal spindegreesof freedom.

For thedecayrateof theprocess:� � - � � N - �. Ny����� (22)

oneanalogouslyhas

�/Ó�@ � 0 ��¶I@ �" 	 (23)

where"Ô0 L
V O�� Z E is theinitial density.

Similarly oneobtains,

�/Ó
@ � 0 L
O � \ ��ËÌ@ � � . ��ÍiÎ R (24)

Note the differencein the definition of the phasespaceEq. (20) with PDG convention, [6]: V O�� Z � is
shiftedto thephasespace.This is convenientfor calculationsin � dimensionsaswill beshown below.

1.6 Input parametersin the Standard Model

1.6.1 Numberof independentparameters in theSM

In thissectionwediscussavery importantissue,thenotionof theinputparameterset,IPS. To approach
it, let usconsiderasequenceof theories,rangingfrom conventionalQEDto theExtendedSM (hereafter
ESM). The following Tablecontainsthe list of parameters,which a theoryLagrangiandependsupon,
togetherwith thetotalnumberof parametersof thetheory Ç�È :

Theory List of parameters ÇCÈ
ConventionalQED � ' ? 7 O
ExtendedQED � ' ? 7 ? 9 ? <?AÕ ?AÖ ?A×?AØ ?AÙ ?AÚ L K
EW StandardModel � N 2ha 2hX 2hg

4 mixing angles L|Û
ConventionalSM � NvÜ*Ý L|Þ
ExtendedSM � N ? �·ß ? ��à ? �âá

4 mixing angles O|ã
Onecanseethatthenumberof parametersof theESMis large.However, this is a trivial consequenceof
a largenumberof fundamentalfieldsandtheobjective complexity of Nature. ThisTableillustratesthat
thenatureof theparametersin all theconsideredseriesof theoriesis exactly thesame.In conventional
QED it is 2, but only dueto the fact that this theoryis limited to the descriptionof the interactionof
photonswith electrons.
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It is importantto understandthatthenumber25 is a minimalnumber. Indeed:� Threegenerationsis a minimal number, necessaryto have CP violation, which exists in Nature;re-
memberthatthenumberof complex phasesis

ÇCä�åâæ~çlèÅç!0 V�Ç�é �yL|Z V~Ç�é � O ZO 	 where Ç�é � numberof generations	 (25)

therefore,ÇCé40 P
is a minimalnumberwhichallows usto have one(minimalnumber) phase.

All nine fundamental fermions are found experimentally.� Fourgaugebosonsis aminimalnumber, neededto describeall EW interactionsexisting in Nature.We
have thelong rangee.m. interactionandCC andNC short-rangeweakprocesses,therefore,we needat
leastfour vectorcarriers— ��	 ^ _ 	I� — to mediatetheseinteractions.
All four gaugebosonsare found experimentally.� Fermionicmixing, asis proved in the lecturesof Prof. S.M. Bilenky [3] is unavoidableandexists in
Naturebothin hadronic andleptonicworlds.
CKM mixing is experimentally well measured, 5 -mixing is probably discovered.� OnlytheHiggsbosonhasnotyetbeenfound. Thereareindirect indications,however. (To bediscussed
in theselectures.)

TheESM is not able to calculatethese25parametersandin thissensetheESMis notapredictive
theory. This is why peoplebelieve thatsomedayabettertheorywill bediscoveredandwhy they wish to
find someexperimentalindicationsof new physicsbeyondtheSMandbuild andplannew accelerators,
theLHC, LC, etc.

So far, however, neithertheexperimenthasfoundstrongevidenceof new physics,(thesituation
with the descriptionof all 5 datahasto be clarified and I refer to the lecturesof S. Bilenky [3] and
M. Carena[4] at thisSchool)nor theoryproposedthecompleteexplanationof thewholemassspectrum
of fundamentalparticlesrangingfrom fractionsof eV for lightestneutrinoto 175GeVfor heaviest top
quark,i.e. more than 12 orders of magnitude!

TheESM is able, however, to calculateanyexperimentalobservableê èìë�ä� in termsof its IPS.We
define

ESM IPS í the25parametersof above theTableR (26)

Onemustemphasizethat this set of parametersis not unique. For instance,fermion massesmay be
replacedby Yukawa couplingconstantsandoneof the gaugebosonmassesmaybe substitutedby theî #ïV O Z weakcouplingconstantd . Particlemassesseemto be,however, morenatural to bechosenfor
IPS, and, moreover, they are more suitableobjectsfor a treatmentwithin the one-mass-shell(OMS)
renormalizationscheme.

Thecomparisonprocedureof experimentalmeasurementswith theESMpredictionsmaybesym-
bolically writtenasfollows

ê èÅë�ä� V measuredZñð êIò åâèÅó~ô� V calculatedasa functionof IPSZ R (27)

We shallnow discussof what is presentlyknown abouttheIPS.Thevariousparametersareexperimen-
tally known with differentprecision. For instance,precisionin measurementsof massesrangesfromL K +xõ for ? 7 to theexistenceof only lowerandupperlimits for 2hg :

? 7 0 K R ã L K|ö|ö|ö|K Û4÷ K R K|K|K|K|K|K L ã MeV ø P © L K +xõ2YX 0 ö L R L|Þ|Û|L�÷ K R K|K O L GeV ø O © L K +]ù2ha 0 Þ K R P ö � ÷ K R K � O GeV ø ã © L K + �? × 0 L|Û � R P ÷ ã R L GeV ø P © L K +].L K|K GeV V directsearchesZûúü2 g ú O L ã GeV V ö ã|ý � R
6
R indirectlimitationsZ R
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Precisionmeasurementsprovide constraintson theIPS.This is how onemayextract information
on yet unknown parameters(or improve our knowledgeof poorly measuredones). This shouldnot
beconfusedwith prediction in theabove mentionedsense.Thestoryof thediscovery of the

^
and �

bosonsandof the
>

quarkis atypical illustrationof how informationaboutthemassesof yetundiscovered
particleswasextractedfrom theoryconstraints.Thesamestoryis now repeatedwith the

f
boson.One

shouldclearly understandthat the ESM doesnot predict parameters,but giveshints about them via
constraints.

1.6.2 MoreaboutIPS

Let uslook at typicalprecisionsandscalesof variousmeasurements.
Theelectronanomaly, � 7 0vV d�7 � O Z } O , is a typical low-energy phenomenon,whereconventionalQED
is sufficient to givevery precisepredictions:

� èÅë®ä7 0 L|L ã ö|þ ã|O L ö P V L K Z © L K + � .�	� ò å7 0 L|L ã ö|þ ã|O L � K V O Û|Z © L K + � . R
An impressive (8 digits!) agreementbetweentheexperimentandQEDcalculationsupto fourthorderin
perturbative expansion,ÿ Ü � , illustratesthecalculationalpowerof QED.It cannotbeby chance!

The � resonanceobservablesaremeasuredatLEP1(CERN)andSLC(SLAC) with

theexperimentalprecisionúvL K + E R (28)

Therefore,oneneedsto have
thetheoreticalprecisionø O R ã © L K + � R (29)

This is thehigh-energy domain,whereQEDis not sufficient andonehasto applytheconventionalSM.

1.6.3 Numberof freeparameters in fitsof � resonanceobservables

The numberof input parameters,which the � resonanceobservablesdependupon, is actually much
lower than25. Indeed,all theleptonmassesareknown very precisely, theworstone,

? < 0 L|Û|Û|Û R K ã ( \�� . �+ \�� . � MeV � L K + � 	 (30)

is known infinitely preciselyin thetypicalLEP1precisionscale L K + E .
Lateron,we will seethatthe � resonanceobservablesaresensitive to thevacuumpolarization:

� �
�

�
which leadsto logarithmicmasssingularities:

@ ¸ � ;
? . @ R (31)

This representsno problemfor leptons,sinceleptonmassesarewell definedandwell measured.On the
contrary, light quarkmassesareill-definedandfor this reasonthey arereplacedby theotherexperimen-
tally well definedandwell measuredquantity ÂMV~'
(�'
+�� hadronsZ . This introducesa new parameterÜ 2 .X to thetheoryinsteadof light quarkmasses.Next, the � resonanceobservablesareinsensitive
to neutrinomassesandfermionmixing angles.So,we areleft with only six parameters:

Ü 2 .X 	 Ü*Ý 2 .X 	 ?A×~	 2YX 	 2ha 	 2hg R (32)
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Furthermore,oneshouldexploit theprecisionmeasurementof themuonlifetime = 9 . In termsof
theFermiconstant,therelevantprecisionis betterthan L K +]ù , whichagainmeansinfinite precisionin our
scale.This allows usto derive 2ha with a theoreticalerrorof ø L K MeV which is muchbetterthanthe
presentcombinedexperimentalerrorof ø þ|K

MeV. Wearethereforeleft with only 5 parameters:

Ü 2 .X 	 Ü*Ý 2 .X 	 ? × 	 2hX 	 2bg R (33)

Wewill call this setthe standard LEP1 IPS.

With 2YX measuredat the � peakwith a precisionof ø O © L K +]ù , andwith therich information
availablefrom theothermeasurementsfor theparameters,

Ü 2 .X 	 ÜµÝ 2 .X 	 ?A×~	 (34)

we areapproachinga one-parameterfit situation,with theHiggsmass2 g beingtheonly parameterto
fit!

1.6.4 Moreon couplingconstants,typical scales

TheLEP1/SLCandLEP2typical scales,̈ ; , massesof weakbosons,massof thetop quark,estimated
Higgsmass, ¨ ; ø 2YXM� 200GeV 	2ha ø Þ K GeV 	2 X ø ö L GeV 	

?A× ø L|Û ã GeV 	2bg ú P K|K
GeV 	 (35)

all areof theorderof a typicalEW scale: L K|K –P K|K GeV. Therefore,onecannotconstructasmallparam-
eterout of

¨ ; 	 2ba 	 2hX 	�?A× 	 2hg 	 andthecalculationmust,in principle,beexact(complete) in all
thesequantities.In real life, thenotionof ? . × -enhancedtermsis introduced: ÿ ���|? .× R We notethat? . × } 2 .a
	 �

, thereforethisenhancementis not sopronounced.Givenaprobableinterval for theHiggs
massof L K|K úÒ2hg`ú P K|K

GeV, the popularexpansionsin 2 .g }�? . × or ? . × } 2 .g may have very bad
convergence.

For otherthantop-quarkfermionsit is sufficient to keepthefirst orderin ? . @ } ; 	�� 0 = 	��â	�� ; higher
termsmaysafelybeignoredatLEP energies.

Presentcodesincludethefollowing QED,EW andQCDcorrections:

QED Ü V K Z�� 0 L } L P Û
� up to ÿ V Ü���Z E 	
EW Ü 2 .X 0 L } L O Þ R ö up to ÿ Ü . 	
QCD Ü*Ý 2 .X 0 K R L|L ö up to ÿ Ü E Ý 	 (36)

wherebig log � 0v¸ � ;
? . 7 �YL 0 O P at ; 0 2 .X R (37)

Thereforetheeffectiveexpansionparameterin QED, Ü�� 0 K R L þ|ö , is evenbiggerthantheQCDcouplingÜ*Ý 2 .X .

Theneglectedterms ÿ Ü E � . ø O © L K + � and ÿ Ü � Ý ø O © L K + � arequalitatively expected
to be at the boundaryof importance. However, a test implementationof even more important termÿ V Ü���Z � ø Þ © L K + � revealedtheeffect below L K + � . All availablemixedcorrectionsÿYV ÜµÜµÝ]Z and

ÿ ÜµÜ . Ý arealsoneeded,andthey areimplementedinto thecodes.
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1.7 QED freeLagrangian

Beforediscussingat lengththeESM, it is worth recallingthebasicsof QED, becausetheESM is very
similar to QEDasfarasthebasicprinciplesareconcerned.

TheQED free(without interaction)Lagrangianreads:

� \ ����� 0 � L� ��9)����9)� � L
O V�� T Z . � @ m @ V~}u N ?A@ Z mi@Á	 (38)

wherethefollowing notationsareused:

��9G� 0vu 9 � � � u � � 9 	 }uÔ0vu 9 � 9 	 � T 0 � L� u 9 � 9 R (39)

Here � T is thegauge fixing term, themeaningof which will befully understoodwhenwe will consider
theESMLagrangian.Hereweshallonly discussournotationandconvention.

Weusethe
� © �

representationfor theDirac matrices:

� � 0 ê �!� = �� = � ê 	 Ã 0 L 	 O 	 P { � � 0
D êê � D 	

� ù 0 ���Ä� . � E � � 0 ê � D� D ê { D 0 L KK L 	 ê 0 K KK K R (40)

Thebasicpropertiesof the � matricesare

� 9 � � N � � � 9 0 O � 9)� 	 � (9 0Y� 9 	 � .9 0 D R (41)

ThePauli matricesareasusual:

= �!0 K LL K 	 = . 0
K �!�� K 	 = E 0 L KK �3L 	 (42)

andtheirbasicpropertiesare

= �µ0 = (� 	 = � = (� 0 D 	 = � = �µ0 D 	 L
O
= �ì	 LO

= � 0 ��� � � Ê L O
= Ê�	 = � = � 0 � � � Nn��� � � Ê = Ê R (43)

Thequantities
L
O
= � are

î #ïV O Z generatorsandthegeneral
î #ïV O Z transformationreads

#ü0h¢�£]¤ �!� LO
= ����� 	 #3# ( 0 D 	 �/' > #�0 L R (44)

Free-particlespinorssatisfytheDirac equations:

V � }- N ? Z 8 Vl- Z 0 K 	 V �!� }- N ? Z�� Vl- Z 0 K 	8 Vl- Z V � }- N ? Z 0 K 	 � Vl- Z V �!� }- N ? Z 0 K R (45)

1.8 Local gaugetransformation and invariance

Let usrecallthelocalgaugetransformationsfor all fieldsenteringtheQEDLagrangian:

mp�@ Vlj Z 0 ' + � 7������ ��´�� mi@zVlj Z 	
m � @ Vlj Z 0 m @ Vlj Z ' � 7�� � � ��´�� 	
���9 Vlj Z 0 � 9 Vlj Z³� u 9 ��Vlj Z R (46)
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Thefull Lagrangian
� ����� will beinvariantunderlocalgaugetransformationsif wereplaceu 9 in Eq.(38)

by thecovariantderivative,

u 9 � � 9 0vu 9 ��� ')BI@z� 9 R (47)

TheLagrangianwith interactionbecomes

� ����� 0 � L� ��9)�]��9G� � L
O V � T Z . � @ m @ V~}u ��� ')BI@z}� N ?A@ Z mi@ R (48)

Here ' is positive and '�. 0 � � Ü , i.e. it is the positron charge, and BC@û0 (fraction of charge) © O D
�QEG�@ :B"!q0 �ML , BCÕ 0 N O } P and BIØ40 �ML } P .

Thegaugeinvariancemaybeverifiedwith theaid of identities:� �9G� 0vu 9 � � � � u � � � 9 0vu 9 � � � u 9 u � ��Vlj Z³� u � � 9 N u 9 u � ��Vlj Z 0 ��9)� 	
?A@ m � @ Vlj Z m �@ Vlj Z 0h?A@ m @ Vlj Z mi@
Vlj Z 	
m � @ Vlj Z u 9 �n� 'GBC@z� �9 m �@ Vlj Z 0
m @ Vlj Z ' � 7#� � � �F´�� u 9 ��� 'GBI@
u 9 ��Vlj Z³��� ')BI@ÁV~� 9 Vlj Z³� u 9 ��Vlj Z~Z ' + � 7�� � � �F´�� mi@HVlj Z

0 m @ Vlj Z V�u 9 ��� 'GBC@z� 9 Z mi@zVlj Z R (49)

In orderto seetheinvarianceof � T , we have to subjectit to ourgaugetransformation,i.e.

� L� u 9 � � 9 0 � L� u 9 � 9 N L� u 9 u 9 ��Vlj Z 	 where u 9 u 9 0 s R (50)

Thegaugeinvariancewill beensuredif onerequires

s$��Vlj Z 0 K R (51)

Therefore,we discover amassless,non-interactingghostfield ��Vlj Z ívSUTzVlj Z with thepropagator

L� s SUT
�
- . R (52)

1.9 Feynmanrules of QED

The Feynmanrules could be easily derived from the Lagrangian,Eq. (48). The Feynmanrules for
electronpropagatorandQED-vertex could be easilyguessedlooking at the Lagrangian,Eq. (48), are
particularlysimple.A completecollectionof Feynmanrulesin QEDis

-�� L
V O�� Zw���

L� }- N ?A@ 0
L

V O�� Zw���
�!� }- N ?A@- . N ? . @ ��� ¬ 	: 5 L

V O�� Z � �
L

- . ��� ¬ � 9G� N � . �yL - 9 - �- . 	
: V O�� Z � ��� ')BI@*� 9 R

Note an appearanceof the
�
-dependentterm in the photonicpropagator, a consequenceof the gauge

fixing.

Let usrecalltheexpressionsfor thephotonpropagatorsin threefrequentlyusedgauges:
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� General�p , propagatorasgivenabove,

� Feynmangauge,
� 0 L 	 L

V O�� Z � �
� 9G�

- . ��� ¬ 	
� Landaugauge,

� 0 K 	 L
V O�� Zk���

L
- . ��� ¬ � 9)� � - 9 - �- . R

Usually in QED oneusestheFeynmangauge.It is well known that the
�
-dependencecancelsin

the � -matrix for a given physicalprocess.As anexampleconsiderany '
(µ')+ � �&% sub-process.The
corresponding� -matrixelementin the �p -gaugewill have anadditionalterm

� � . �yL «� Vl- ( Z V~}- ( N }- + Z 8 Vw- + Z 	 (53)

which is zero for on-mass-shellfermionsby virtue of the Dirac equation. Therefore,the extra term,
proportionalto

� . �yL , maybeomitted.

2 STANDARD MODEL LAGRANGIAN BUILDING

This lectureis devotedto SM Lagrangianbuilding. We will proceedin themostgeneral�! gaugewith
threearbitrarygaugeparameters.Let usrecallthefields’ contentin theelectroweaksectorof theSM:� triplet of vectorbosons,�('9 , andsinglet, � \9 ;� acomplex scalarfield ) , (in theminimalSM wehave only onedoubletof complex fields);� Faddeev–Popov ghost-fields

ch_ 	�S X 	�S T ;� fermionfamilies.

Thetotal SM Lagrangianshouldincludeall thesefields. It mayberepresentedasthesumof thevarious
parts.

2.1 Yang–Mills sector

Firstpart is thestandardYang–MillsLagrangian:

�+*-, 0 � L� � '9G� � '9)� � L� � \9)� � \9)� 	 (54)

with theusualfield-strengthtensors

� '9G� 0vu 9 � '� � u � � '9 N d � ' Ú Ö � Ú9 � Ö� 	 � \9G� 0vu 9 � \� � u � � \9 R (55)

We recall thatYang–MillsLagrangianfollows from the requirementof local
î #ïV O Z © #3V L|Z gaugein-

variance,i.e. if onereplacesu 9 in the free field Lagrangianby the covariantderivative which general
form maybewritten asasumof the

î #ïV O Z and #ïV L|Z parts

u 9 � � 9 0 u 9 � �
O
d � '9 = ' � �

O
d�d � � \9 	 (56)

where d is the
î #3V O Z barecouplingconstant.The Lagrangian,Eq. (54), is thereforeinvariantunderî #ïV O Z © #3V L|Z gaugetransformations.We recall that the

î #3V O Z partof Eq. (56) is totally fixeddueto
its non-Abelianstructure,whilst its Abelianpart containsanarbitraryhypercharge d � , see[2] for more
details.Thephysicalfields � and � arerelatedto thegaugefields � E9 and � \9 by awell-known rotation
involving theweakmixingangle . :

�� 0 �0/ � ; /; / ��/ � E� \ 	 (57)

where ; /)V~�0/ Z denotethesineandcosineof theweakmixing angle.
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2.2 The scalar sector

Thesecondpartis theHiggsscalarLagrangian:

�21 0 � V�� 9 ) Z ( � 9 ) � : . ) ( ) � L
O � ) ( ) . 	 (58)

where �43 K
is thepositive [ � interactionconstantandthemasstermhasthenegative sign, : .5� K

, as
is requiredby thespontaneoussymmetrybreaking.

Thecomplex scalarfield doubletin theminimal realizationof theSM is

) 0 L¨ O
6

¨ O ��[ +
	 with 6 0 f N � ���³N���[ \ R (59)

It containsfour scalarfields: [ _ , []\ and
f

, where
f

is thephysicalHiggsbosonfield and
� ��� is the

vacuumexpectationvalue(v.e.v.).

Thecovariantderivative for thescalarfield in
î #ïV O Z87 #ïV L|Z lookssimilar to Eq. (56)

� 9 ) 0 u 9 � �
O
d � '9 = ' � �

O
d�d �â� \9 )�	 (60)

wherewe introducedthehypercharge d � whichwill befixedbelow. Thescalarfield canbeconveniently
rewritten as

) 0 L¨ O V
f N � ���³N���[ ' = ' Z LK R (61)

Thenthecovariantderivative becomes

� 9 ) 0 L¨ O u 9 � �
O
d � '9 = ' � �

O
d�d �â� \9 f N � ���³Nn�®[ Ú = Ú LK

0 L¨ O u 9 f � �
O
d�d �â� \9 V f N � ���~ZqN L

O
d � '9 [ '

N!� u 9 [ ' � L
O
d � '9 V f N � ���~Zq� �

O
d�d �â� \9 [ ' N L

O
d � Ö Ú ' � Ö9 [ Ú = ' LK R

(62)

Similarly, we representthehermitianconjugatepart

V�� 9 ) Z ( 0 V L 	 K Z L¨ O u 9 f N �
O
d�d � � \9 V f N � ���~Z�N L

O
d � '9 [ '

�!� u 9 [ ' � L
O
d � '9 V f N � ���~Z�N �

O
d�d ��� \9 [ ' N L

O
d � Ö Ú ' � Ö9 [ Ú = ' 	 (63)

andconsidertheirproduct

� V~� 9 ) Z ( � 9 ) R (64)

Thisproduct,whis is only thefirst termof
�91

, Eq.(58),contains81 terms!

Collectingonly termswith
� ��� . , we have

� V L 	 K Z L¨ O
�
O
d�d �â� \9 � ���³Nn� LO

d � Ú9 � ��� = Ú L¨ O � �O
d�d �â� \9 � ���³��� LO

d � Ö9 � ��� = Ö LK
0 � d . � ��� .Þ V L 	 K Z d ��� \9 N � Ö9 = Ö d ��� \9 N � Ú9 = Ú LK � (65)
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Usingpropertiesof = ' -matrices,we simplify

V L 	 K Z � '9 = ' LK 0ü� E9 	 V L 	 K Z � Ö9 = Ö � Ú9 = Ú LK 0v� '9 � '9 	 (66)

andcontinueEq.(65)asfollows

� � d . � ��� .Þ d . � � \9 � \9 N O d �â� \9 � E9 N � '9 � '9
0 � d . � ��� .Þ d �â� \9 N � E9 . N � �9 � �9 N � .9 � .9 � (67)

Now we proceedin termsof physicalfields:

^ _9 0 L¨ O � �99: � � .9 	 [ _ 0 L¨ O [ � : ��[ . 	 [ \ í [ E 	
� 9 0 �0/�� E9 � ; /�� \9 	 � 9 0 ; /
� E9 N �0/�� \9 R (68)

It is seen,thatif onechoosesd �!0 � ; /)}|�0/ , thenEq. (67)becomes

� � d . � ��� .Þ L
� . / V�� 9 Z . N O

^ (9 ^ +9 0 � LO 2 .� V��
9 Z . �y2 . ^ (9 ^ +9 	 (69)

i.e. it lookslike a normalmass-termof aLagrangian.

Therefore,theHiggsmechanismgeneratesmassesof vectorbosons:

2 – baremassof
^

boson,2 0 d � ���
O 	

2 � – baremassof � boson,2 � 0 d � ���
O �0/ R (70)

Thetwo lastequationsareequivalentto:

�0/40 22 � and
� ��� 0 O 2 d 	 (71)

andtheseestablishtwo morerelationsbetweentheparametersof theLagrangian.In particular, onecan
seethat theweakmixing angleis no longera freeparameterif onechoosesvectorbosonmassesasthe
freeparametersof thetheory.

Let uscontinueour studyof theproduct,Eq. (64). At thesecondstep,we substitute
� ��� andlook

atall termswithout interactionconstantd :

� V L 	 K Z L¨ O u 9 f N��®2 d ��� \9 ��� u 9 [ Ö �y2 � Ö9 = Ö
© L¨ O u 9 f ���®2 d �â� \9 Nn� u 9 [ Ú �Y2 � Ú9 = Ú LK �

Omitting legal kinetic terms

� LO V~u
9 f Z . etc.	 (72)
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thenterms,which werealreadyconsidered(massterms),andobservingthat
f � ' ½ \9 transitionscancel

identically, we areleft with

� 2
O V L 	 K Z d �â� \9 N � Ö9 = Ö u 9 [ Ú = Ú LK

N 2
O V L 	 K Z V�u 9 [ Ö Z = Ö d �â� \9 N � Ú9 = Ú LK � (73)

Takinginto account,that

V L 	 K Z � Ö9 = Ö u 9 [ Ú = Ú N u 9 [ Ö = Ö � Ú9 = Ú LK 0 O � Ú Ö D � Ú9 u 9 [ Ö 	 (74)

we arrive atashortexpression

� 2 d �â� \9 u 9 [ \ N � '9 u 9 [ ' � (75)

whichbeingexpressedin termsof physicalfields,finally becomes

� 2 L
��/ � 9 u 9 [ \ N ^ (9 u 9 [ + N ^ +9 u 9 [ ( R (76)

And this termshouldberankedasa criminal one,sinceit standsfor � �y[ \ and
^`_ �t[<; transitions

of thezeroth-order in thecouplingconstant,andtheir contribution mustbesummedup to all ordersif
onewishesto developaperturbationtheory.

To circumvent this problemoneaddsa gauge-fixingpieceto theLagrangian,
�>=@?

, which cancels
thesemixing terms. However, it breaksthe gaugeinvarianceandwe must introduceFaddeev–Popov
ghostfieldsto compensatethisbreaking.

2.3 Gaugefixing and Faddeev–Popov ghosts

Wenow addto theLagrangianthegauge-fixingterm�>=@? 0 � � ( � + � L
O VA� X Z . N V�� T Z . 	 (77)

wherethreeterms

� T 0 � L� T u
9 � 9 	 � X 0 � L� X u 9 � 9 N � X 2 �0/ [ \ 	 � _ 0 � L� u 9 ^ _9 N � 2�[ _ 	 (78)

specifytheso-calledgeneralized�p gaugewith threedifferentgaugeparametersassociatedwith three
differentvectorfields: � , � ,

^`_
.

Consider, for instance,thetermwith
� X :

� LO V��
X Z . 0 � LO � L� X u 9 � 9 N � X 2 �0/ [ \ .

0 � LO
L� . X V~u 9 � 9 Z . N

2
�0/ V�u 9 � 9 Zz[ \ �

L
O

� X 2 �0/ [ \ . R (79)

The first and third termsmodify the � propagator, whilst the secondterm togetherwith the criminal� �y[]\ transitionof Eq.(76)givesthefull derivative2
�0/ � 9 u 9 [ \ N V�u 9 � 9 Zz[ \ 0 2

�0/ u 9 � 9 [ \ 	 (80)

whichdoesnot contribute to theLagrangianandtheproblemof zeroth-ordertermsis solved.

In order to definethe Faddeev–Popov ghostLagrangianwe mustsubjectthe �*T ½ X ½ _ to a gauge
transformation.This is, in principle, similar to what we did in QED. The relevant derivation will be
givenbelow. Contraryto QED,wedo have ghostinteractionsin theSM.

18



2.4 Propagatorsin the SM

Considerthesumof thethreetermswediscussedabove,

�+*-, � V~� 9 ) Z ( � 9 ) � � ( � + � L
O V��

X Z . � L
O V � T Z . 0

� äâôló~ä N �>B ó~ç ½ C R (81)

Thequadraticpart(bilinearin fields)of theLagrangian
� äâô ó~ä ,

� äâôló~ä 0 � u 9 ^ (� u 9 ^ +� N Lr� L� . u 9 ^ (9 u � ^ +� � L
O u
9 � � u 9 � � N L

O LI� L� . X V~u 9 � 9 Z .
� LO u

9 � � u 9 � � N L
O Lr� L� . T V�u 9 � 9 Z . � L

O u
9 f u 9 f � u 9 [ ( u 9 [ + � L

O u
9 [ \ u 9 [ \

�M2 . ^ (9 ^ +9 � L
O
2 .� . / � 9 � 9 �

� . 2 . [ ( [ + � L
O
� . X 2 .� . / [ \ [ \ �

L
O 2hg

f . 	 (82)

givesriseto thepropagatorsof bosonicfields.

Thescalarfield propagatorsaretrivially guessedfrom Eq.(82)

� u 9 [ ( u 9 [ + � � . 2 . [ ( [ + � L
- . N � . 2 . etc. (83)

therule of correspondencefor vectorfieldsis morecomplicated

� LO u
9 � � u 9 � � N L

O LÁ� L� . V�u 9 � 9 Z . N L
O 2 .� � 9 � 9 �

� 9)� � - 9 - �- .- . Ny2 .� N
- 9 - �- .� Ñ - . NY2 .� R (84)

It is usuallyprovedin thestandardtextbookson QFT, seefor exampleRef. [2].

2.4.1 Full collectionof Feynmanrulesfor propagators

For completeness,we begin with thepropagatorof a fermion, � , althoughit wasnotdiscussedabove:

�
�r� }- N ?A@- . N ? . @ R

Then,we presentthreevectorbosonpropagators:

� L
- . � 9)� N � . T �tL - 9 - �- . 	

� L
- . Ny2 . � 9G� N � . X �yL - 9 - �- . N � . X 2 . 	

^ _ L
- . Ny2 . � 9G� N � . �yL - 9 - �- . N � . 2 . R
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Next, we givepropagatorsof unphysicalfields:

S T
� T- . 	

[]\
L

- . N � . X 2 .� . /
	 S X

� X
- . N � . X 2 .� . /

	

[ _
L

- . N � . 2 . 	 ch_
�

- . N � . 2 . R
Finally, thepropagatorof thephysicalscalarfield,

f
-bosonis

f L
- . Ny2 .g R

Every propagatorshouldbemultipliedby thefactor
L

V O�� Z � � R Notethatpropagatorsof unphysicalfields

have apoleatanunphysicalmass:-�.&0 � � . 2 . .
2.4.2 Moreaboutpropagators in differentgauges

Using partial fraction decomposition,onemay presentthe heavy vectorboson,
^

, propagator(for �
bosonwereplace

� � � X ), in threedifferentforms.They arepresentedbelow, togetherwith expressions
in thet’Hooft–Feynman, unitaryandLandaugauges:

^`_ � L
- . Ny2 . � 9)� N � . �tL - 9 - �- . N � . 2 . �! -gauge,

0 L
- . Ny2 . � 9G� N - 9 - �2 . � - 9 - �2 . Vl- . N � . 2 . Z

0 L
- . Ny2 . � 9G� � - 9 - �- . N � .- . N � . 2 . -

9 - �- .
0 � 9G�

- . Ny2 . for
� 0 L t’Hooft–Feynmangauge,

0 L
- . Ny2 . � 9G� N - 9 - �2 . for

� 0ED unitarygauge,

0 L
- . Ny2 . � 9G� � - 9 - �- . for

� 0 K
Landaugauge.

For thephotonpropagator, notall of theabove casesarepossible:

� � L
- . � 9)� N � . T �tL - 9 - �- . �! -gauge,

0 � 9G�
- . for

� T 0 L Feynmangauge,

0 L
- . � 9G� � - 9 - �- . for

� T 0 K
Landaugauge.

Thephysicalgaugeis recoveredin thelimit
� T � L and

� X 	 � �FD . Therefore,thephysicalgaugeis
a mixture of theunitaryandFeynmangauges.
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2.5 Interaction Lagrangian

2.5.1 BosonicSector

The Lagrangian,describinginteractionsbetweenvectorbosonscanbe easilyderived from Eq. (81) in
termsof physicalfields using only Eq. (68) on top of the former equation. After trivial but lengthy
algebra,we obtain:� B ó~ç ½ C 0 �!� d �0/ u � � 9 ^HG (9 ^ +JI� � � � ^HG (9 u � ^ +JI9 N � 9 ^
G (� u � ^ +JI9

�!� d�; / u � � 9 ^ G (9 ^ +JI� � � � ^ G (9 u � ^ +JI9 N � 9 ^ G (� u � ^ +JI9
N LO

d . ^ (9 ^ +� . � ^ (9 ^ +9 . N d . � . / � 9 � � ^ (9 ^ +� � � 9 � 9 ^ (� ^ +�
N d . ; . / � 9 � � ^ (9 ^ +� � � 9 � 9 ^ (� ^ +� N d . ; /��0/ � 9 � � ^ G (9 ^ +JI� � O � 9 � 9 ^ (� ^ +�
� d 2 f ^ (9 ^ +� N L

O � . / �
9 � 9

� �O
d ^ (9 [ \ u 9 [ + �y[ + u 9 [ \ � ^ +9 [ \ u 9 [ ( �y[ ( u 9 [ \

N LO
d ^ (9 f u 9 [ + �y[ + u 9 f � ^ +9 f u 9 [ ( �t[ ( u 9 f

N LO
d
�0/ � 9 f u 9 [ \ �y[ \ u 9 f N,� d ; /
� 9 � ; . /�0/ � 9 2 ^ G (9 [ +JI

N!� d ; /
� 9 N �Æ. / � ; . /��/ � 9 [ ( u 9 [ + �t[ + u 9 [ (
� L� d . ^ (9 ^ +9 f,f Nt[ \ [ \ N O [ ( [ +
� LÞ

d .� . / � 9 � 9
f,f Nt[ \ [ \ N O � . / � ; . / . [ ( [ +

� LO
d . ; . /��/ � 9 [ \ ^HG (9 [ +JI � �

O
d . ; . /�0/ � 9 f ^HG (9 [ +JI N L

O
d . ; /�� 9 [ \ ^HG (9 [ +JI

N � O
d . ; /�� 9 f ^ G (9 [ +JI � d . ; /�0/ � . / � ; . / � 9 � 9 [ ( [ + � d . ; . / � 9 � 9 [ ( [ + 	 (85)

wherewe introducedtheanti-symmetrizedcombination

� G ( � +JI 0v� ( � + � � + � ( R (86)

From Eq. (85) all the relevant Feynmanrules for three-linearand four-linear verticesarestraightfor-
wardlyderived.

2.5.2 FP GhostSector

In orderto definethe FP ghostLagrangianwe mustsubject� ' to the gaugetransformation.First, we
write down thegaugetransformationsfor all bosonicfieldsof theSM:

� '9 � � '9 N d � ' Ú Ö0K Ú � Ö9 � u 9 K ' 	 � \9 ��� \9 � u 9 K \ 	
) � LÁ� �

O
d K ' = ' � �

O
d�d � K \ )�	 with d �!0 � ; /�0/ R (87)

Fromthesecondrow wemaystraightforwardly derive transformationsfor separatecomponents:

f ÷,�®[ \ � f ÷��®[ \ : �
O
d K E N d � K \ f N O 2 d ÷��®[ \ ÷ O � K _ [ ; 	
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[ \ � [ \ � L
O
d K E N d � K \ f N O 2 d N �

O
d K + [ ( � K ( [ + 	

[ ; � [ ; � L
O
d K ; f N O 2 d ÷��®[ \ : �

O
d � K E N d � K \ [ ; 	 (88)

whereK � 	 � 0 K 	 L 	 O 	 P aregroup, andK � 	 Ã 0 ÷ 	��p	�� arephysicalgaugetransformationparameters,
relatedto eachotherby meansof theusualrelations:

K � 0 L¨ O K ( N K + 	 K!. 0 �¨ O K ( � K + 	
K E 0 �0/ K X N ; / K T 	 K \ 0 � ; / K X N �0/ K T 	

K E N d � K \ 0 L
�0/ K X 	 � K E N d � K \ 0 � �Æ. / � ; . /�0/ K X � O ; / K T R

FromEqs.(88)–(89)we derive thegaugetransformationsof physicalfieldsin termsof physicalparam-
eters:

[ \ � [ \ � L
O
d K X�0/ f N O 2 d N �

O
d K + [ ( � K ( [ + 	

[ ; � [ + � L
O
d K ; f N O 2 d ÷��®[ \ ÷ �

O
d �Æ. / � ; . /�0/ K X N O ; / K T [ ; 	

^ ;9 � ^ ;9 : � d K ; V~�0/|� 9 N ; /
� 9 Z³÷,� d V~�0/ K X N ; / K T Z ^ ;9 � u 9 K ; 	
� 9 � � 9 N�� d�; / K + ^ (9 � K ( ^ +9 � u 9 K T 	
� 9 � � 9 N�� d �0/ K + ^ (9 � K ( ^ +9 � u 9 K X 	
f � f N L

O
d K E N d � K \ [ \ N L

O K ( ^ +9 N K + ^ (9 R (89)

Generalgaugetransformationsmaybewritten in matrix form:

� � �L� � N M � � N dON � � K � 	 where � 	 Ã 0 ÷ 	���	�� R (90)

For � 0 � , from Eq.(89) wederive thetransformationfor � + :

� + 0 � L� u 9 ^ +9 N � 2 [ +
� � + � L� u 9 �!� d K + V��0/�� 9 N ; /
� 9 Z³N�� d V~�0/ K X N ; / K T Z ^ +9 � u 9 K +

N d � 2 � LO K +
f N O 2 d N��®[ \ N �

O
�Æ. / � ; . /�0/ K X [ + N�� ; / K T [ +

0 � + N L� s K + � � 2 . K + N �� d u 9 K + V~��/|� 9 N ; /�� 9 Z
� �� d u 9 V~��/ K X N ; / K T Z ^ +9 � LO

� d 2 f N���[ \ K +
N �O

� d 2 �Æ. / � ; . /��/ K X [ + N�� � d�; / 2 K T [ + 	 (91)

andasimilaronefor �i( .
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In full analogywith conventionalgaugetransformationsandthecorrespondenceof gaugeparam-
etersto gaugefields �+'9 , onemayestablishthecorrespondenceof physicalgaugeparametersK ( ½ + ½ X ½ T
enteringEq.(91) to ghostfields

c � 0 c (�	 c +*	�S X 	�SUT :

K _ � c _ 	 K X ��S X 	 K T ��S T R (92)

Thegaugeinvariance � _ 0 � L� u 9 ^ +9 N � 2�[ +y�P� _ is restoredif K _ areidentifiedwith ghost

fields
ch_

with propagators

L� s � � 2 . ch_
�

- . N � . 2 .
andinteractions

d c _ N _ � c � 	 Ã 0 ÷ 	��p	��,	 (93)

wherewe introducedfour morefields:
c � 0 c ( 	 c + 	 S X 	 S T .

Analogously, from Eq.(89),we obtainthetransformationof � T :

� T 0 � L� T u
9 � 9 �Q� T � L� T u

9 � d�; / K + ^ (9 � K ( ^ +9 � u 9 K T
0 � T N L� T s K T � �� T

d�; /
u 9 K + ^ (9 � K ( ^ +9 R (94)

Thegaugeinvarianceis restoredif we requirethevalidity of theequationof motion:

L� T sCS T 0
�� T
d�; /|u 9 c + ^ (9 � c ( ^ +9 	 (95)

i.e. identify S T with afield whichhasthepropagator

L� T s S T
� T- .

andinteraction

d S T N T � c � 	 Ã 0 ÷ 	���	�� R (96)

Finally, for thetransformationof � X , from Eq.(89)we derive:

� X 0 � L� X u 9 � 9 N � X 2 ��/ [ \
� � X � L� X u 9 � d �0/ K + ^ (9 � K ( ^ +9 � u 9 K X

N � X 2 �0/ � 2 ��/ K X � L
O
d K X��/ f N �

O
d K + [ ( � K ( [ +

0 � X L� X N s K X � � X 2 .� . / K X � �� X d ��/|u 9 K + ^ (9 � K ( ^ +9
� LO

� X d 2 � . / K X f Nn� � X d 2 �0/ K + [ ( � K ( [ + 	 (97)
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giving thepropagatorof S X
L� X s � � X 2 .� . / S X

� X
- . N � . X 2 .� . /

andinteraction

d S X N X � c � 	 Ã 0 ÷ 	��p	�� R (98)

ThecompleteinteractionLagrangianin theFPsectorof theSM derivestrivially from theabove
considerations.It reads:

� C=@? 0 � d �0/ ^ (9 L� X u 9 S X c + � L� u 9 c ( S X N�� d �0/ ^ +9 L� u 9 c + S X � L� X u 9 S X c (
N!� d�; / ^ (9 L� T u 9 S T c + � L� u 9 c ( S T Nn� d�; / ^ +9 L� u 9 c + S T � L� T u 9 S T c (

N!� d �0/ L� � 9 u 9 c ( c ( � u 9 c + c + N�� d�; / L� � 9 u 9 c ( c ( � u 9 c + c +
� LO

d 2 f � c ( c ( N � c + c + N � X
� . / S

X S X
�!� d � 2 � . / � ; . /�0/ c ( S X [ ( � c + S X [ + N �

O
d � X�2 L

�0/ S X c + [ ( � S X c ( [ +
N!� d�; / � 2 c + S T [ + � c ( S T [ ( N �

O
d � 2 c ( c ( [ \ � c + c + [ \ R (99)

Notethetrivial rules:� S X and S T areaccompaniedby
� X and

� T , respectively;� c _
is accompaniedby

�
;� the terms S X c + and S X c ( or

c ( c ( and
c + c + differ by sign for interactionswith all fields

but
f

.

To summarizeour findings,we seethat ghostsarefields satisfyingthe Klein–Gordonequation.
They possessa charge resemblingthe fermionic charge. In otherwords,they arescalarfermions,i.e.
have thewrongrelationbetweenspinandstatistics.

2.5.3 ScalarSector

Theinteractionsin thescalarsectoraregivenby thescalarpotential

� C 1 0 � : . ) ( ) � L
O � ) ( ) . 	 (100)

where

) 0 L¨ O
f N � ���³N��®[]\ 	

� ¨ O [ +
	 � ��� 0 O 2 d 	

) ( 0 L¨ O
f N � ���³����[ \ 	 �r� ¨ O [ ( R (101)
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For
� C 1

we derive

� C 1 0 � L O
: . f . N O � ��� f N � ��� . N [ \ . N O [ ( [ +

� LÞ � f � N � � ��� f E N þ � ��� . f . N � � ��� E f N � ��� � N [ \ � N � [ ( [ + .
N O f . N O � ��� f N � ��� . [ \ . N O [ ( [ + N � [ \ . [ ( [ + R (102)

To understandbetterthephysicalmeaningof thevariousterms,let uscollectsomeselectedterms:

constantterm: � � ��� .O
: . N L� � � ��� . 	 irrelevant,maybedropped;

linearterm,
fSR � � ��� : . N L

O � � ��� . 0 � � ����Tµg 	 vacuumtadpole;

quadraticterm,
f . R � L O

: . N L
O � � ��� . N � � ��� . 0 � LO T*gANy2 .g {

[ \ . N O [ ( [ + R � L O
: . N L

O � � ��� . R (103)

Herewe introduced,for convenience,thefollowing setof parameters:

Tµg 0 : . N O �d . 2 . 	 ��0 d . 2 .g� 2 . 0 d . Ü*g 	 Üµg 0 L� 2 .g2 . R (104)

Fromtheserelationsonesees,that � and Üµg arenot independent.Since 2hg is a measurablequantity,� derivesfrom d , 2 , 2hg and Ü*g — from 2bg , 2 . On thecontrary, : . (or equivalently Tµg ) shouldbe
treatedasa new parameter, which hasto be adjustedsuchthat thevacuumexpectationvalueof the

f
field remainszero,orderby orderin perturbationtheory.

Omitting irrelevantconstantandmassterm, � LO 2 .g f . , wederive for theinteractionLagrangian:

� C 1 0 �>Tµg O 2 d f N L
O
f . N [ \ . N O [ ( [ + � d Ü*gi2 f E N f [ \ . N O f [ ( [ +

� LÞ d . Ü*g f � N [ \ � N O f . [ \ . N � f . [ ( [ + N � [ \ . [ ( [ + N � [ ( [ + . R (105)

2.6 Tadpolesand their role in proving gaugeinvariance

Thefollowing 10 diagramscontributeto thevacuumtadpoles:f
0 �V L|Z N ^

V O Z
N �V P Z

N f
V � Z N [V ã Z

N [ \V þ Z

N c +V Û|Z N c (V Þ|Z N S XV ö Z
N T gV L K Z
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In the lowestorder, we would have only the tadpolediagram(10) andthe constantT g mustbe
setto zero.At theone-looplevel, we have to take into accountall 10 diagramsandthetadpoleconstant
mustbeadjustedin suchaway thatthevacuumexpectationvalueof the

f
field remainszero.

We describethe correctprocedureof suchan adjustmentat the one-looplevel. First of all, we
have to renormalizethevacuumexpectationvalueitself:

) 0 L¨ O
6

¨ O �®[ +
	 6 0 f N O 2 d LÁN d . T × N��®[ \ R (106)

Now we set : . N O ��} d . 2 . 0 K
, aswe did in the lowestorder, andrepeatthe samederivation as

above. Insteadof Eq.(105),for the
� C 1

partof theLagrangianwe derive:

� C 1 0 � O d 2 2 .g T × f � L
O 2 .g LIN P d . T × f .

� L O
d . 2 .g T × [ \ . N O [ ( [ + � d Üµg�2 f E N f [ \ . N O f [ ( [ +

� LÞ d . Üµg f � N [ \ � N O f . [ \ .
N � f . [ ( [ + N � [ \ . [ ( [ + N � [ ( [ + . 	 (107)

with T × (insteadof T g ) fixedby therequirementof azerovacuumexpectationvalueof the
f

field. Note
thattheonly differencebetweenEq.(107)andEq.(105)appearsin the

f . term.

Fromtherenormalizationof
� ��� weareautomaticallyledto theadditionof tadpolesto the

^ � ^
and � � � self-energiesandto thecorrespondingvector–scalartransitions:

� d . T × 2 .� � 9 � 9 N O 2 . ^ (9 ^ +9 	
� d . 2UT × L

�0/ [ \ u 9 � 9 Nt[ ( u 9 ^ +9 Ny[ + u 9 ^ (9 R (108)

They arevery importantfor proving thatthe
^

, � and
f

self-energiesare
�
-independenton their mass

shells,i.e. at - . 0 �32 . , - . 0 �32 .� , and- . 0 �M2 .g , respectively.

2.7 Interactions of fermions with gaugefields

Consideragenericfermionisodoubletanddecomposeit into left ( � ) andright ( � ) components:

mW0 8
� 	 m"VXW Y�0 L

O V LÁ÷ � ù Z m R (109)

Thecovariantderivative for the � -fields

� 9 m"V 0 u 9 N d � �9 ¡ � m"V�	 � 0 K 	 RºRºR 	 P 	 (110)

is written in termsof generatorsof
î #ïV O Z87 #3V L|Z :

¡ ' 0 � � O
= ' 	 ¡ \ 0 � � O

d . D 	 (111)

with arbitrary #3V L|Z -hypercharge d . , whilst for � -fields

� 9 mZY 0 u 9 N d � �9 > � m"Y&	 � 0 K 	 RºRºR 	 P 	 (112)
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in termsof generatorsof #ïV L|Z :
> ' 0 K 	 > \ 0 � � O

d E KK d � 	 (113)

with hypercharges d E 	 d � . We stress,that Eq. (112) is written formally similar to Eq. (110) usinga
diagonalmatrix

> \ whichshouldnotbeconfusedwith thegeneratorsof
î #ïV O Z . Thus,the m"V transforms

asadoubletunder
î #3V O Z andthem"Y asasinglet.Theparametersd . 	 d E andd � arearbitraryhypercharges

whichwill befixedbelow. Thekineticpartof theLagrangiancanbewrittenas� ? èÅô ½ C[ 0 � m V }�3m"V � m Y }�3m"Y R (114)

As anexercise,consider(0+3)components:

� m V � 9 u 9 � �
O
d�d . � \9 D � �

O
d � E9 = E m"V � m Y � 9 u 9 � �

O
d � \9 d E KK d � m"Y

0 � V 8 	 � Z V � 9 u 9 � �
O
d�d . � \9 L KK L � �

O
d � E9 L KK �3L 8

� V
� V 8 	 � Z Y � 9 u 9 � �

O
d�d . � \9

d E KK d �
8
� Y

0 � � V }u
��V � � Y }u���Y N �
O
d�d . � \9 8 V � 9�8 V N � V � 9 � V

N �O
d � E9 8 V � 9|8 V � � V � 9 � V N �

O
d � \9 d E 8 Y � 9�8 Y N d � � Y � 9 � Y � (115)

Usingequations:

� V � 9 ��V10 L
O �/�

9 V LÁN � ù Z �&	 � Y � 9 ��YÔ0 L
O ���

9 V Lr� � ù Z �4	
from Eq. (115)wederive furtheron

� � ��}u�� N �� d�d . 8 � 9 V LÁN � ù Z 8 N �·� 9 V LÁN � ù Z � V � ; /)� 9 N �0/�� 9 Z
N �� d 8 � 9 V LÁN � ù Z 8 � �·� 9 V LÁN � ù Z � V~�0/
� 9 N ; /�� 9 Z
N �� d d E 8 � 9 V LÁ� � ù Z 8 N d � �G� 9 V LÁ� � ù Z � V � ; /)� 9 N �0/�� 9 Z R (116)

First,we collecttermswith � 9 , i.e. thee.m. current:

�� d ��/ d . 8 � 9 V LÁN � ù Z 8 N �·� 9 V LÁN � ù Z � (117)

N ; / 8 � 9 V LÁN � ù Z 8 � �·� 9 V LIN � ù Z � N ��/ d E 8 � 9 V LÁ� � ù Z 8 N d � ��� 9 V LÁ� � ù Z � �
Then,we requiretheabsenceof axial currents

�0/ d . N ; / � �0/ d E 0 K 	 �0/ d . � ; / � �0/ d � 0 K 	
d . � d � � d E 0 K 	 d . N d � � d � 0 K 	

d ��0 � ; /�0/ ���]	
� � . NtLrN � E 0 K 	 � � . �yLÁN � � 0 K 	 (118)
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TheEq. (118)defines� E and � � leadingto

� �� d�; / � � . 8 � 9 8 N ��� 9 � N 8 � 9 8 � �G� 9 � N V LÁ� � . Z 8 � 9 8 � V LÁN � . Z ��� 9 �
0 �
O
d�; / V Lr� � . Z 8 � 9�8 � V LÁN � . Z �·� 9 � 0 � 'GBCÕ 8 � 9�8 N�� 'GBIØ ��� 9 � R (119)

Thus,threeparameters�]� arefixedby therequirementthat thee.m. currenthastheconventionalstruc-
ture, � BI@H' �]� 9 � , with thecharges BC@J0 O D

�QEG�@ � BI@q� . Thesolutionis

� . 0 Lr� O B Õ 0 �MLÁ� O BCØq	 � E 0 � O B Õ 	 � � 0 � O BIØ R (120)

Having all threehyperchargesfixed,we derive thefinal expressionfor theinteractionLagrangian
� ? èìô ½ C[ :� ? èÅô ½ C[ 0 @ � d�; /�BI@H� 9 �]� 9 � N�� dO �0/ �

9 �]� 9 V � @ N �)@�� ù Z �
N Ø � d

O ¨ O
^ (9 8 � 9 V LÁN � ù Z � N��

d
O ¨ O

^ +9 �·� 9 V LIN � ù Z 8 	 (121)

with vectorandaxial–vectorcouplingsof the � bosonto a fermion � :

� @ 0 D �QEG�@ � O BI@ ; . / 	 �
@J0 D �QEG�@ R (122)

The first sumin Eq. (121) runsover all fermions, � , andthe secondover all doublets,� , of the SM.
We see,thatcontraryto the � and � fields, the

^`_
arealwayscoupledto a � N � current. This is a

consequenceof the
î #3V O Z\7 #3V L|Z gaugetransformation,Eq.(110).

2.8 Interactions of fermions with scalar fields

We now considerthe only remainingsectorof the SM describingthe generationof fermionic masses
andthe interactionof fermionswith scalarfields. We neednot only the field ) but alsoits conjugate) Ö in order to give massesboth to the up anddown fermions. In our convention, ) gives masses
to up fermions,and ) Ö to down fermions. We recall ) andderive ) Ö usingthe definition of charge
conjugation,) Ö 0 � = . ) % . Therelevantsetof formulaeis

) 0 L¨ O
6

¨ O �®[ +
0 L¨ O V

f N � ���³N��®[ ' = ' Z LK 	

) Ö 0 � = . ) % 0 � L¨ O
¨ O �®[ (

6 % 0 � L¨ O V
f N � ���qN,�®[ ' = ' Z K

L 	
6 0 f N � ���³N���[ \ R (123)

Thecorrespondingpartof theLagrangianmaybewrittenasfollows:� ? èìôÝ 0 �MÜ @ m V ) 8 Y �]T @ m V ) Ö �JY N_^ R � R (124)

In orderto prove its gaugeinvariance,considerfour gaugetransformations:

) � LI� �
O
d K ' Vlj Z = ' � �

O
d/d � K \ Vlj Z D )Ô	

) Ö � LI� �
O
d K ' Vlj Z = ' N �

O
d/d � K \ Vlj Z D ) Ö 	

m � V � LI� �
O
d K ' Vlj Z = ' � �

O
d/d . K \ Vlj Z D m"VH	

m � Y � Lr� �
O
d d E KK d � K \ Vkj Z m"Y R (125)
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We immediatelyseethat
� ? èìôÝ will begauge-invariantif d . 0 d � N d E andd . 0 � d � N d � , theidentities

alreadyestablishedfrom therequirementthatthee.m.currenthasaconventionalstructure.

We thensubstitute) and ) Ö of Eq. (123)into
� ? èÅôÝ of Eq. (124)andderive

�MÜ @ m V L¨ O
f N � ���³N��®[]\

¨ O �®[ +
8 Y N]T @ m V L¨ O

¨ O �®[ (f N � ���³���®[ \ �
Y N_^ R � R

0 � Ü @¨ O
f N O 2d 8 V 8 Y Nn� 8 V 8 Y [ \ Nn� ¨ O �JV 8 Y [ +

� Ü @¨ O
f N O 2d 8 Y 8 V �n� 8 Y 8 V [ \ �n� ¨ O 8 Y��JV [ (

N T @¨ O
f N`O 2d �JV��JY ��� �
Vz�
Y [ \ N�� ¨ O 8 V��
Y [ (

N T @¨ O
f N O 2d 8 Y 8 V Nn� �JY��JV [ \ ��� ¨ O �`Y 8 V [ + � (126)

Usingequations:

8 Y��
VJ0 8 LO V LÁN � ù Z ��	
8 V��JY�0 8 LO V LÁ� � ù Z ��	 etc.	 (127)

we obtain

� � Ü @¨ O
f N`O 2d 8
8 �,� 8 � ù 8 [ \ N �¨ O ��V LÁ� � ù Z

8 [ + � �¨ O
8 V LrN � ù Z � [ (

N T @¨ O
f N O 2d �]� N�� �G� ù � [ \ N �¨ O

8 V LI� � ù Z � [ ( � �¨ O ��V LÁN � ù Z
8 [ + R (128)

The secondterm in eachrow may be identifiedwith massterms,giving two solutionsfor the Yukawa
couplings:

Ü @J0 L¨ O
d ?AÕ2 	 T @ 0 � L¨ O

d ?AØ2 	 (129)

in termsof physicalfermion masses?AÕ and ?AØ of up anddown fermions. The Lagrangianmay be
presentedasasumof two terms

� ? èÅôÝ 0 � @ ?A@ ��� N � ? èÅô ½ CÝ 	 (130)

wherethesecondtermis theinteractionLagrangian:

� ? èÅô ½ CÝ 0 Ø � d
O ¨ O [ (

?AÕ2 8 V LÁN � ù Z � � ?AØ2 8 V LÁ� � ù Z �
N!� d
O ¨ O [ +

?AØ2 ��V LÁN � ù Z 8 � ? Õ2 ��V Lr� � ù Z 8
N @ � LO

d fû?A@2 �x� N�� d D �FEG�@ [ \ ?A@2 �]� ù � R (131)
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2.9 Fermion mixing

Thepresentationin thetwo precedingsectionswasdoneneglectingthefermionmixing. Herewepresent
ageneralizationfor thecaseof mixing. Webegin by rewriting theexpressionfor

� ? èÅôÝ , Eq. (124),

� ? èÅôÝ 0 � d¨ O 2 m V ?AÕa) 8 Y N d¨ O 2 m V ?AØb) Ö �
Y N_^ R � R (132)

Thelattercouldbegeneralizedto

� ? èìôÝ 0 � d¨ O 2 m V o VlËdc Z o ½ e )�V 8 Y Z e N d¨ O 2 m V o VlËdf Z o ½ e ) Ö V~�
Y Z e N_^ R � R 	 (133)

wherewe introducedtwo columnscontainingall up anddown fermions

V 8 Y Z e 0
5�75�95�<8
�> Y

0v# Y 	 V��
Y Z e 0
': =
� ;
� Y

0v� Y 	 (134)

astringof Dirac-conjugatedfields

m V o 0 5/7 	 5�9 	 5/< 	 8 	 ��	 > { '
	 : 	 = 	 �]	 ; 	 � V 0 #ï	 � V 	 (135)

andcomplex matricesË c ½ f! ½ g
Ë c 0 Ë c! êê Ë cg 	 Ë f 0 Ë f! êê Ë fg 	 (136)

with ê beinga zero-matrix.All thesematricesare
P © P matrices.It is easyto seethat theLagrangian

Eq.(133)is alsogauge-invariantundertransformationsof Eq. (125).

Substitutingscalarfields ) and ) Ö weobtainthegeneralizedmassterm

� ? èìô ½ hÝ 0 � d¨ O 2 # � V Ë c # �Y � d¨ O 2 � � V Ë f � � Y N_^ R � R (137)

In order to reduceit to the usualform, onehasto diagonalizethe four massmatrices. This may be
achievedwith theaid of bi-unitary transformations(seeRef. [2] for a rigorousproof):

Ë c 0ji (V ? Õ i Y 	 Ë f 0jk (V ?AØlk Y 	 (138)

wherei V 	`i Y 	Jk V 	Jk Y arefour differentunitary
þ © þ matrices:

i V 0 V�i V Z ! êê V�i V Z g 	 etc. (139)

Fieldswith primes# �V 	�# �Y 	�� � V 	�� � Y areweakeigenstates. Introducingmasseigenstates# V 	�# Y 	�� V 	�� Y :

# V 0ji V # �V 	 # Y 0ji Y # �Y 	 � V 0mk V � � V 	 � Y 0jk Y � � Y 	 (140)

we arrive atausualmasstermof theLagrangian,written in matrix form

� ? èÅô ½ hÝ 0 � d¨ O 2 #r?AÕH# � d¨ O 2 �M?AØ|� 	 (141)
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where?AÕ and?AØ arediagonalmatricesin 6-dimensional# and � spaces.Theinteractionpart,written
in thematrix form, reads

� ? èÅô ½ CÝ 0 � d
O ¨ O [ (

? Õ2 # V LrN � ù Z �ï� � ?AØ2 # V LÁ� � ù Z �3�
N!� d
O ¨ O [ +

?AØ2 � V LrN � ù Z �on # � ?AÕ2 � V Lr� � ù Z �on #
N @ � LO

d f ?A@2 �x� Nn� d D �FEG�@ [ \ ?A@2 ��� ù � R (142)

Thechargebosonsectorcontainsthemixing matrix

�ü0 V�i V Z ! V�k (V Z ! êê V�i V Z g V�k (V Z g 0 �p! êê � g 	 (143)

whichis non-diagonalbecauseV�i V Z ! and V k V Z ! [and V i V Z g and V�k V Z g ] are,in general,differentmatrices.

Thefermionicmixing matrix � involvestheusualCabibbo–Kabajashi–Maskawa (CKM) mixing
in thequarksector� g , andpossibleleptonic(neutrino)mixing �p! .

Finally, thefermion–vectorbosoninteraction,Eq. (121),in presenceof mixing generalizesto

� ? èÅô ½ C[ 0 @ � d�; /
BC@H� 9 ��� 9 � N,� dO ��/ �
9 �]� 9 V � @ N �
@�� ù Z �

N!� d
O ¨ O

^ (9 #r� 9 V LÁN � ù Z �3� N�� d
O ¨ O

^ +9 �3� 9 V LIN � ù Z �qn # R (144)

2.9.1 Someconclusionsaboutfermionicmixing

To summarizeourstudyof fermionmixing, onemayconcludethat:� fermionic mixing arisesin the SM very naturallyasa consequenceof the mostgeneralYukawa
interactioncompatiblewith gaugeinvariance;� � g is theusualunitaryCKM matrix characterizedby 4 realparameters;� �p! is its analogin leptonsector, alsocharacterizedby 4 realparameters,which are not obligedto
beequalto CKM parameters;� we thereforehave a completelepton–quarkanalogyandextendedSM (ESM) is a very natural
extensionof theconventionalSM with masslessneutrinos;� no mixing arisesin theneutralcurrents,a consequenceof the unitarity of matricesV�i V Z ! V�iU(V Z ! ,
etc;� Eq. (141) involvesDirac massterms. I refer to the lecturesof S. Bilenky [3] andM. Carena[4]
at this Schoolfor a discussionof Majoranamasstermsandfermionic mixing beyond the ESM,
aswell aswhetherthesimpleextensiondescribedin this lecturecontradictspresentexperimental
dataor whetherwe really do have experimentalindicationsof any new physicsbeyondtheESM.

2.10 QCD Lagrangian

The SM, besidesthe electroweaksectordescribedin full detail in this lecture,alsocontainsthe QCD
sector. For a detaileddiscussionof theQCD Lagrangian,I referto thelecturesof Prof. J.Stirling [5] at
thisSchool.
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2.11 Feynmanrules for vertices

Herewelimit ourselvesto presentingtheFeynmanrulesfor �1� � vertices,where� is abosonfield. They
maybestraightforwardly derivedfrom theLagrangianof Eqs.(121)and(131).A completecollectionof
bosonicandFP-ghostFeynmanrulesmaybefoundin Chapter3 of Ref. [1].

�:
�

�
� 'GBI@|� 9 �:

�

�
� dO �0/ �

9 V � @ N �)@
� ù Z

^ +:
8

�
� d
O ¨ O �

9 V LÁN � ù Z
f �

�
� LO

d ?A@2

[]\
�

�
� d D �FEG�@ ?A@2 � ù

[ +
8

�
� d
O ¨ O

?AØ2 V LrN � ù Zx� ?AÕ2 V LÁ� � ù Z

2.12 Summary of the two lectures

In lectures1 and2 we studied:� TheextendedStandardModel, its FieldsandLagrangian;� Gaugetransformationsanddifferentgauges:
– general�p , with threeparameters,

� 	 � X 	 � T ;

– t’Hooft–Feynmanwith all
� ��0 L ;

– Physicalor unitary,
� �PDy	 � X �rDy	 � T 0 L .� Gaugeinvariance,whichwill leadto

�
-independenceof theamplitudesof physicalprocesses;� Feynmanrules.

Wearereadyto build diagrams.In thefollowing wewill distinguish:� Born or treelevel diagrams;� loop diagrams(one-loopandmulti-loopdiagrams).

Weemphasizeagainthatwe areworking in Pauli metrics,i.e. for anon-mass-shellmomentumonehas:- . 0 �M2 . andthescalarpartof a propagatorlookslike

ø L
- . Ny2 . R (145)

In ourconventionfor Dirac � -matrices,theleft projectorlookslike

� V 0 LIN � ùO R (146)
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Wewill usethefollowing correspondencebetweenphysicalandbareparameters

2ba�ð 2 	 2hX�ð 2 � í 2
�0/ 	 ; aüð ; / R (147)

At tree-level, wehave thefollowing identitiesfor couplingconstantsandvectorbosonmasses

; . a 0 ' .d . 0 LÁ� 2 .a2 .X 	 ' . 0 � � Ü R (148)

where Ü 0 L } L P Û R K P ã ö Þ ö ã RºRºR is the fine structureconstant.Therefore,; . a and d arenot independent
parametersif 2ha and 2hX areconsideredamonginput parametersof thetheory.

3 DIMENSION AL REGULARIZA TION AND PASSARINO–VELTMAN FUNCTIONS

This lectureis devotedto basicmoderntoolsfor thecalculationof loopdiagrams— dimensionalregular-
ization(DR) andPassarino–Veltmanfunctions— whicharebasedonDR andarethosemostcommonly
usedfor thecalculationof one-loopdiagrams.

3.1 Feynmanparametrization and Ç -point functions

We begin with a reductionof the propagatorproductsto an integral representation.It makes useof
identities,valid for any positive definite ��	��U	��I	�� RºRºR :

L
�C� 0 �

\ ��j Lª �ij N �1V Lr� j Z ­ . 	
L

� . � 0 �
\ ��j O jª �ij N �1V Lr� j Z ­ E 	

L
���1� 0 O s

�
\ �utJt �

\ �·j Lv ��V LÁ� t ZxN t ª �Ij N �3V LÁ� j Z ­xw E 	L
�C�1�ï� 0 ����� (149)

with jµ	�tx	uy RºRºR beingcalledFeynmanparameters.

DefinetheN-pointfunction, i.e. aone-loopdiagramwith Ç externallegs:

- �

z N - �

z N -�� N - .

- .

- E

z
� \�]�

� . � E
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wherethearrows indicatethedirectionof themomentumflow (all externalmomentaareflowing inwards
andthe loop momentumflows counter-clockwise). In thefigurewe alsointroducedthescalarpartsof
thepropagators� � ,

� � 0vV z N - � N R�R�R N - � Z . N ? . � ( � ��� ¬ R (150)

With the aid of identities,Eq. (149), the Ç -point function canbe reducedto a linear combinationofÇ -point integrals

R�R�R �
\ �utJt �

\ ��j v L 	 z�9 	 z�9Oz�� 	 R�R�R{w
z . � O z � - ´ ½ |
½ �}�}� N ? . ´ ½ |
½ �}�}� ��� ¬

~ R (151)

They arecalled
v
scalar, vector, secondranktensor, ... w integralscorrespondingto thetypeof numerator

in Eq. (151).

Thequantities- ´ ½ |�½ �}�}� arelinearcombinationsof externalmomenta-]� , and ? . ´ ½ |
½ �}�}� — of internal

masses? . � andscalarproducts- . � and Vl- � N R�R�R N - � ( Ê Z . .
3.2 Basicsof Dimensionregularization

All formulaeneededin thecalculationof Ç -point functionsmaybederivedfrom only oneintegral:

� Î z L
V z . N ? . ��� ¬ Z o 0 � �

� Ñ Ó ÜÔ� Î .Ó3V ÜµZ ? . � Ñ + o R (152)

For instance,makingshift z � z � - , we derive thegenericscalarintegral:

� Vl- Z 0 � Î z L
V z . � O z � - N ? . ��� ¬ Z o 0 � �

� Ñ Ó Ü�� Î .Ó3V ÜµZ ? . � - . � Ñ + o R (153)

DifferentiatingEq.(153) u 9 � Vl- Z , we derive thevector:

� Î z z�9
V z . � O z � - N ? . ��� ¬ Z o 0 � �

� Ñ Ó Ü�� Î .ÓïV Ü�Z ? . � - . � Ñ + o - 9 R (154)

With onemoredifferentiation,wederive thesecondranktensor:

� Î z z�9�z��
V z . � O z � - N ? . ��� ¬ Z o 0 � � � Ñ L

Ó3V ÜµZ ? . � - . � Ñ + o (155)

© L
O �
9)� ? . � - . Ó Ü��yLr� �

O N - 9 - � Ó Ü�� �
O 	

etc.Wepresent,for completeness,thethird andfourth ranktensorstoo:

� Î z z 9 z � z��
V z . � O z � - N ? . ��� ¬ Z o 0 � � � Ñ L

ÓïV Ü�Z ? . � - . � Ñ + o (156)

© L
O � 9G� - � Ny� 9 � - � Ny� � � - 9 ? . � - . Ó Ü��yLr� �

ON - 9 - � - � Ó Ü�� �
O 	

� Î z z�9�z��-z � z��
V z . � O z � - N ? . ��� ¬ Z o 0 � � � Ñ L

ÓïV Ü�Z ? . � - . � Ñ + o (157)

© L� � 9G� � � � Nt� 9 � � ��� Ny� � � � 9�� ? . � - . . Ó Ü�� O � �
ON LO � 9G� - � - � Ny� 9 � - � - � Ny� 9�� - � - � Ny� � � - 9 - �

NM� ��� - 9 - � Nt� � � - 9 - � ? . � - . Ó Ü��yLÁ� �
ON - 9 - � - � - � Ó Ü�� �

O R
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In particular, considerEq. (152) for the case? . 0 K
. Since it holds for any � , we may choose��} O �yÜ 3 K

andthenlet ? .M0 K
. Then,we will have

� Î z L
V z . Z o 0 K R (158)

Thismaybecontinuedfor any � . Therefore,in dimensionregularizationtheintegral in Eq.(158)is zero
for anyvaluesof Ü .

3.3 Divergencecounting: polesversuspowers

3.3.1 Ultravioletdivergences

Consideravectorbosonself-energy diagramwith aninternal
^

bosonloop:

^ +

^ (

In theunitarygauge,thefollowing integral over internalmomentumz correspondsto it:

� � � ø � Î z
� 9)� N z�9�z��

2 . � o e N V z N - Z o V z N - Z e2 .
V z . Ny2 . Z V z N - Z . Ny2 . Ó � 9 o�Ó �)� e

0 � Î z
� 9)� � o e N z�9�z��

2 . � o e N
z�9�z��
z o z e2 � N R�R�R Ó � 9 oxÓ �G� e

V z . Ny2 . Z V z N - Z . Ny2 . 	 (159)

¸ � K K . K �
L

� � �
L

� � O
L

� � K R
In the secondrow, we consideredselectedscalarandtwo tensorintegralscontributing to it. Applying
trivial countingof powersof z in the numeratoranddenominator, it is easyto seethat variousterms
in thethird row have indicatedultraviolet cut-off divergences,which correspondto polesin space-time
dimensions�y0 � 	 O 	 K , respectively, asshown in thefourth row. This is anexampleof thegeneralrule
of correspondencebetweenpowersof thecut-off divergencesandpolesin � .

3.3.2 Infrareddivergences

Consideranotherexample,theQED vertex diagram:

:- .
-��

z
B
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with two momentumon-shell - . � 0 - .. 0 � ? . and B . 0 Vl-�� N - . Z . . In the Feynmangaugethe
following integral correspondsto it:

K 9 ø � Î z V � O - . � N � � }z Z � 9 V O -�� � N }z � � Zz . V z N -�� Z . N ? . V z � - . Z . N ? .
0 � Î z � � -�� � - . � 9 N O V�}-��ì��o]� 9 � � 9 ��ox}- . Z z o N V O � � Z ��o�� 9 � e z o z e

z . z . N O z � -�� z . � O z � - . 	 (160)

Scalar Vector Tensor

Infrared Finite Ultraviolet .

Herewe have scalar, vector, andtensorintegralswith differenttypesof divergences.Thescalarexhibits
infrareddivergence,thevectoris finite, andthetensoris ultravioletdivergent.

In all theconsideredcasesthetypeof divergencemaybedeterminedby countingthepowersof z
in thenumeratoranddenominatorin thecorrespondingregimes:
– ultraviolet, when z �dD ;
– infrared, when z � K

.

In whatfollows, we will usethedimensionalregularizationwhile calculatingL 	 O 	 P 	 � -point one-
loop integralsusingthelanguageof the �ï	��ï	��&	�� functionsby PassarinoandVeltman.

3.4 One-point integrals, � functions

One-pointintegralsaremetin thecalculationof tadpolediagrams:

?

andin thereductionof higher-orderintegrals.

3.4.1 Scalarone-pointintegral

The � \ functionis definedby theintegral

� � . � \ Vk? Z 0 : � + Î � Î z Lz . N ? . ��� ¬ 	 (161)

wherewe introducedthe t’Hooft scaleparameter: in orderto prevent changingthedimensionof this
integral at the variation of the space-timedimension� . The integral is computedusing the general
formula,Eq. (152)with Ü 0 L ,

� \ Vl? Z 0 � Î § .G+]. Ó Lr� �
O ? . ? .: .

Î § .G+]. R (162)

If oneintroduces� 0 � � � andexpandsaround�û0 � then

� \ Vl? Z 0h? . � O� N � N ¸ � � N ¸ � ? .: . �yLÁN ÿYV ��Z R (163)

It is customaryto definea quantity L }z«� by

L
«� 0 O� � � � ¸ � � 	 (164)
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thenby droppinghigherordersin � , we getthefinal answer

� \ Vl? Z 0h? . � L «� N ¸ � ? .: . �YL R (165)

Notethatthepolehasanultraviolet origin andthatit is accompaniedby ascale-containinglogarithm.

3.4.2 Tensorone-pointintegrals

Thevector-like �&� is zero,sincethe � functionsdo not dependon anexternalmomentumandit is im-
possibleto constructavector, aswell asany odd-ranktensor. Theeven-ranktensorsmaybeconstructed
andthelowestorder, secondrank,tensormustbeproportionalto � 9G� , i.e.

� � . � 9G� Vl? Z 0 : � + Î � Î z z�9�z��z . N ? . ��� ¬ 	
� 9G� Vl? Z 0 � . Vl? Zz� 9)� R (166)

To calculateit, wecontractEq.(166)with � 9G� , useEqs.(158)and(165)andexpandaround�û0 � again,
whereoneshouldproceedcarefully, namely

L
�
L
«� 0

L� �]� O� N R�R�R 0 L� L «� N
LÞ R (167)

In this way, wefinally derive

� . Vl? Z 0 � L� ? . � \ Vl? Z³N LÞ ? � R (168)

Rankfour tensorintegral maybereducedin asimilarway, seeSection5.1.1.2of Ref. [1].

3.5 Two-point integrals, � functions

� functionsappearwhenconsideringself-energiesandtransitions

-��
? �

? .
Their family is far morereachcomparedto � functions.

3.5.1 Scalartwo-pointintegral

The scalar � \ function is definedby the integral containingtwo propagators� \ and �]� , oneof which
dependsonanarbitraryexternalmomentum- :

� � . � \ - . { ? �â	Æ? . 0 : � + Î � Î z L
� \ �]� 	� \ 0 z . N ? . � �,� ¬�	 ���!0üV z N - Z . N ? .. ��� ¬ R (169)

UsingEq. (152) for Ü 0 O , it is easyto derive thegeneralresultfor the � \ function,valid for arbitrary
internalmasses

� \ - . { ? � 	Æ? . 0 L
«� � � � ¸ � ? �Ä? .: . N ? . � � ? ..O - . ¸ � ? . �? ..

N O R (170)
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whereKp. 0E� � - . 	Æ? . � 	Æ? .. is theKällenfunction: �CVwjµ	�tx	uy Z 0hj . N t . N y . � O jOt � O j�y � O t<y , and

� 0 � K- . ¸ � -/.
��� ¬ N ? . � N ? .. � K

O ? � ? . R (171)

Someparticularcasesarealsofrequentlymet:

1. if ? �p0h? . 0b?
� \ - . { ? 	Æ? 0 L

«� � ¸ � ? .: . N O �]T ¸ � T,NyLT,�yL 	 T . 0 LrN � ? .- . ��� ¬ { (172)

2. if oneof theinternalmassesis zero

� \ - . {�K 	Æ? 0 L
«� � ¸ � ? .: . N O � LrN ? .- . ¸ � LÁN -/. ��� ¬? . {

(173)

3. if bothinternallinesaremassless

� \ - . {�K 	 K 0 L
«� � ¸ � -/.

��� ¬: . N O R (174)

The � \ functiondevelopsanimaginarypartabove thephysicalthreshold,; 0 � -�.(�üVl? � N ? . Z . :
� »J� \ - . { ? � 	Æ? . 0 � � ; 	Æ? . � 	Æ? ..; . ; � Vl? � N ? . Z . R (175)

3.5.2 Tensortwo-pointintegrals

Here we describethe calculationof the vector and tensor � functions. The calculationexploits the
so-calledreductionto a linearcombinationsof scalarfunctions.Webegin with thevector:

� � . � 9 - . { ? �®	Æ? . 0 : � + Î � Î z z�9
� \ ��� 0 � � . �4� - . { ? �â	Æ? . - 9 R (176)

Usingtherelations

z . 0ü� \ � ? . � 	 z � -Ô0 L
O ��� � � \ N � Ú� 	 with � Ú� 0 � - . N ? . � � ? .. 	 (177)

we derive theidentity

- . �4� - . { ? �â	Æ? . 0 L
O � \ Vl? � Z³� � \ Vk? . Z³N � Ú� � \ - . { ? �â	Æ? . 	 (178)

which is therequiredreductionto thescalarintegrals.Onemayeasilyderive asymmetryproperty:

�4� - . { ? . 	Æ? � 0 � �4� - . { ? ��	Æ? . � � \ - . { ? �â	Æ? . R (179)

Theranktwo tensorintegral canbereducedto two functions � . � and � .~. :
� � . � 9)� - . { ? ��	Æ? . 0 : � + Î � Î z z�9�z��

� \ �]� 0 � � . � . � - . { ? ��	Æ? . - 9 - � N � .~. - . { ? ��	Æ? . � 9G� R
(180)

Thelast relationcanbemultiplied by � 9)� andby - � , which leadsto thesystemof two linearequations
for � . � and � .~. :

- . � . � - . { ? � 	Æ? . N ��� .~. - . { ? � 	Æ? . 0 � \ Vk? . Zx� ? . � � \ - . { ? � 	Æ? . 	
- . � . � - . { ? �â	Æ? . N � .~. - . { ? �â	Æ? . 0 L

O � \ Vl? . ZxN � Ú� �4� - . { ? �â	Æ? . R (181)
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Theappearanceof � in front of a function to bederived preventsthe trivial solutionof this system.In
orderto solve it, andsimilarones,wehaveto know thesingularpartsof all one-andtwo-pointfunctions.
Only thenmaywe properlyexpandaround�h0 �

(cf. discussionaroundEq. (167)). Thecalculationof
polesmaybeachievedstraightforwardly with theaid of theformulaein Section3.2.Wederive:

� \ - . { ? ��	Æ? . 0 L
«� �

�
\ �·jU¸ � 6: .

ç��}� =� L
«� 	

�4� - . { ? ��	Æ? . 0 � LO
L
«� N

�
\ �·j
j1¸ � 6: .

ç��}� =� � LO
L
«� 	

� . � - . { ? ��	Æ? . 0 LP L «� �
�
\ �·j
j . ¸ � 6: .

ç��}� =� LP L «� 	
� .~. - . { ? ��	Æ? . 0 � LO

L
«� NyL

�
\ ��j 6 N L

O
�
\ �·j 6 ¸ � 6: .ç��}� =� � L� ? . � N ? .. N

LP - . L
«� 	 (182)

wherewe used 6 Vlj Z 0 � - . j . N - . N ? .. � ? . � j N ? . � ��� ¬ R (183)

Usingtherelationsin Eq.(182),we obtain(analogouslyto thederivationof Eq. (167))

� � .~. - . { ? � 	Æ? . 0 � � .~. - . { ? � 	Æ? . N ) .þ 	
) . 0 - . N P ? . � N ? .. R (184)

Furthermore,we introducethematrix

c . 0 - . �
-/. L 	 (185)

andthevector � with components

��� 0 � \ Vl? . Zx� ? . � � \ - . { ? ��	Æ? . � )Ô.þ 	
� . 0 L

O � \ Vl? . Z³N � Ú� �4� - . { ? �®	Æ? . R (186)

The � . � -/. { ? � 	Æ? . functionscanbeobtainedby inversion

� . � - . { ? �â	Æ? . 0 ª c . ­ + �� � � � R (187)

3.5.3 List of thefinal results

� � - . { ? � 	Æ? . 0 L
O - . � \ Vk? � Zx� � \ Vl? . ZxN $&? . � - . � \ - . { ? � 	Æ? . 	

� . � - . { ? �â	Æ? . 0
P ? . � N ? .. N -/.L|Þ - . N $4? . � -/.P - � � \ Vk? � Zx� $4? . � O -/.P - � � \ Vl? . Z
N � � -�.
	Æ? . � 	Æ? .. � P -/.�? . �P - � � \ - . { ? �â	Æ? . 	

� .~. - . { ? �â	Æ? . 0 � P ? . � N ? .. N -�.L|Þ � $&? . � -/.L O - . � \ Vl? � ZxN $&? . N -/.L O - . � \ Vw? . Z
� � � -�.
	Æ? . � 	Æ? ..L O - . � \ - . { ? �â	Æ? . 	 with $&? . 0h? . � � ? .. R (188)
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3.5.4 Reductionfor - . 0 K
As seenfrom Eq.(188),thereductionfailsat -/.40 K

. In this case,theresultsshouldbederivedfrom the
integral representationsEq. (182)

� \ V K|{ ? �â	Æ? . Z 0 � \ Vl? . Zx� � \ Vl? � Z? . � � ? .. 	
�4��V K|{ ? �â	Æ? . Z 0 � LO � \ V

K|{ ? �â	Æ? . ZqN L
O ? . � � ? .. � \ È V K|{ ? �·	Æ? . Z 	

where � \ È V K|{ ? �â	Æ? . Z 0 u�� \ - . { ? �â	Æ? .u/- . È Ñ Ï \ 	
� .~. V K|{ ? �â	Æ? . Z 0 � L� ? . � N ? ..

L
«� � ¸ � ? �ì? .: . N P

O N ? � � N ? �.Þ ? . � � ? .. ¸ � ? . �? .. R (189)

3.5.5 Derivativesof � functions

In actualcalculationsonealsoneedsthe derivativesof � functions(alreadyseenin Eq. (189)). They
appearin therenormalizationfactorsassociatedwith externallines.Again, from theintegral representa-
tionsEq.(182),we derive:

u��2� \�� � � . �@�u/- . 0 � �
\ �·j v j { � j . { j E w V LI� j Z6 	

u�� .~.u/- . 0 � LL O
L
«� N

L
O

�
\ ��j
j1V LÁ� j Z ¸ � 6: . R (190)

They all but derivative of � .~. arefinite. ThelattercontainsanUV-pole. For QED diagramsthederiva-
tivesare infrared divergentandmustbe regularized. As usual,we usethe dimensionalregularization,
however, now we have to use� 0 � N]� � . Wederive

� \ - . { ? 	 K 0 � Î § .G+]. Ó O � �
O

�
\ �·j 6: .

Î § .G+]. 	 with 6 Vlj Z 0vV Lr� j Z Vl- . j N ? . Z 	
uu/- . � \ - . { ? 	 K 0 � ���

² § . Ó LÁ� � �
O

�
\ ��j jUV LÁ� j Z6 Vlj Z

6 Vkj Z: . �
² § . 	

uu/- . � \ - . { ? 	 K È Ñ Ï + h Ñ
0 � � �

² § . Ó LÁ� � �
O

L
? . ? .: . �

²F§ . L� � �
LLÁN]� � R (191)

Expandingthevarioustermsin � � , we obtain

uu/- . � \ - . { ? 	 K È Ñ Ï + h Ñ
0 � L

O ? .
L �� � O N ¸ � ? .: . 	 (192)

wherewe introducedtheinfraredpole:L �� 0 O� � N � N ¸ � � 0 O� � � N � N ¸ � � 0 � L «� R (193)

Similarly, oneobtainsthederivative of �&� :
uu/- . �4� - . { ? 	 K È Ñ Ï + h Ñ

0 � �
² § .? . Ó LÁ� � �

O
? .: . �

² § . L� � � OLrN]� � N
L

O N�� �
0 L

O ? .
L �� � P N ¸ � ? .: . R (194)
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In this sectionwe have presentedquite an exhaustive studyof � functionsandtheir basicproperties.
As we have seen,they aremuchmoreinvolved thanthesimplecaseof � functions. A similar degree
of complicationtakesplaceat eachsteptowardsthe � and � functions. For this reasonit would be
impossibleto cover the subjectwith the samedegreeof detail as for the � and � functionsin these
lectures.Therefore,I will limit myself to definitionsandto a minimal amountof informationabout3-
and4-pointfunctions.For moredetails,referto Sections5.1.4and5.1.5of thebookin Ref. [1].

3.6 Thr ee-pointintegrals, � functions

� functionsappearwhenconsideringvertices:

? �

? .
? E

-��
- E

- .3.6.1 Scalar3-pointfunction

This is definedby theintegral:

� � . � \ - . � 	Æ- .. 	�B . { ? ��	Æ? . 	Æ? E 0 : � + Î � Î z L
� \ ����� . 	 (195)

where � � are

� \ 0 z . N ? . � ��� ¬�	 �]�!0vV z N -�� Z . N ? .. �,� ¬�	 � . 0vV z N B Z . N ? .E �,� ¬ R (196)

Next, B 0W-�� N - . and BI. 0`Vk-�� N - . Z . is oneof theMandelstamvariables,BÁ. 0 � ; V > or 8 Z , for an
arbitrary O � O amplitude.In termsof aparticularchoiceof Feynmanparameters� \ becomes

� \ - . � 	Æ- .. 	�B . { ? ��	Æ? . 	Æ? E 0 �
\ �·j

´
\ �ut �·j . N �xt . N �Äj�t N �·j N '�t N � + � 	 (197)

with

� 0 � - .. 	 �!0 � - . � 	 �r0Y- . � N - .. � B . 	 �30h- .. N ? .. � ? .E 	' 0 � - .. N B . N ? . � � ? .. 	 ��0h? .E �n� ¬ R (198)

Thescalar� \ functionis invariantundersimultaneouscyclic permutationsin thetwo setsof arguments:v - . � - .. B . w and
v ? �Ä? . ? E w .

3.6.2 Anexampleof themassive� \ function

Thereis only one genericthree-pointscalarintegral which occursin the calculationof two fermion
productionwhenall externalfermionicmassesareignored. In this caseonly onefermion masshasto
bekept— thetop-quarkmass,which appearsin thevirtual state.To sucha � \ function,the following
choicecorresponds:

- . � ½ . 0 K 	 Vl-�� N - . Z . 0vB . 	 ? �p0 2 �!	 ? . 0 2 . 	 ? E 0 2 E R (199)

Thenthecoefficientsin thequadraticform in Eq. (198)become:

� 0 K 	 � 0 K 	 � 0 � B . 	
� 0 2 .. �y2 .E 	 ' 0 B . Ny2 .� �y2 .. 	 � 0 2 .E ��� ¬
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andtheintegral in Eq. (197)for � \ reducesto

� \ K 	 K 	�B . { 2 �â	 2 . 	 2 E 0 �
\ ��j

´
\ ��t L6 Vljµ	�t Z 	 (200)

wherethequadraticin the j andt form 6 in this caselinearizes( �U0ü�p0 K
):

6 Vljµ	�t Z 0vB . t&V LÁ� j Z³NY2 .� t Nt2 .. Vlj � t ZxNt2 .E V LÁ� j Z R (201)

In this particularcasewe get

� \ 0 L
B .

E
� Ï � V �ML|ZA�@��� N ¹ . j \ �tLj \ � j�� � N ¹ . j \j \ � j�� 	 (202)

with four differentroots

j \ 0 LrN 2 .� �y2 ..B . 	 j E 0 2 .E2 .E �y2 .. 	
j � ½ . 0 B . Ny2 .� �y2 .E : � � B . 	 2 .� 	 2 .E

O B . R (203)

Thedilogarithmfunctionis definedby:

N ¹ . Vwj Z 0 � �
\ �ut ¸ �ïV Lr� j�t Zt R (204)

All massessquaredareunderstoodwith equalinfinitesimal imaginaryparts: 2 .� � 2 .� � � ¬ . It is
necessaryto properlydefinetheanalyticcontinuationat BÁ.M� � ; .
3.6.3 Thespecialcaseswhich are metin practical calculations

� \ K 	 K 	�B . { 2 � 	 K 	 2 E 0 L
B . ¸ � j .j . �yL ¸ �

j*� �yLj � 	
� \ K 	 K 	�B . { 2 � 	 K 	 2 � 0 L

B . ¸ � .
T��ïNYLT��ï�YL 	 T � 0 LÁN � 2 .�B . 	

� \ K 	 K 	�B . { 2 �â	 2 . 	 K 0 � \ K 	 K 	�B . {�K 	 2 . 	 2 �
0 L

B . N ¹ . LÁ� 2 .�2 ..
� N ¹ . LI� BÁ. Ny2 .�2 .. 	

� \ K 	 K 	�B . {�K 	 2 . 	 K 0 L
B . N ¹ . V L|Z³� N ¹ . LÁ� BÁ.2 .. 	

� \ � ? . 	 � ? . 	�B . {�K 	Æ? 	 K 0 L
? . V t�� � t . Z O N ¹ . L

t�� � O N ¹ . L
t . N N ¹ . V t � Zx� N ¹ . V�t . Z 	

(205)

with

t�� ½ . 0 � ? .
O B . LÁ÷ LrN � ? .B . R (206)
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3.6.4 Infrareddivergent � \ function

In all thecasesconsideredabove the � \ functionswerefinite. However, theQED vertex containsIRD
divergence.It deservesaspecialstudy. Thecorrespondingvertex:

�
� ��
�

is divergentat -/. � 0 � ? .|	U-/.. 0 � ? . andin order to regularizeit, in older dayspeopleintroduced
infinitesimalphotonicmass,? . 0E� , with � beingsmallwith respecttoall theotherquantities.Although
by now theinfraredsingularitiesaretreatedwithin thedimensionalregularizationapproach,thisexample
is ausefulbridgewith themass-regularizationmethod.Thedefiningintegral in this casereads:

� \ � ? . 	 � ? . 	�B . { ? 	u��	Æ? 0 �
\ ��t �

\ ��j j6 Vljµ	�t Z 	 (207)

where

6 Vlj*	�t Z 0Yj . 6 V�t ZxN � . V LÁ� j Zx��� ¬�	 with 6 V�t Z 0h? . N B . t4V LÁ� t Z R (208)

Integratingit onceandexploiting theinfinitesimalnessof � ,

�
\ ��j j6 V�t Z j . N � . V Lr� j Z 0

L
O 6 V�t Z ¸ �

6 V�t Z� . N ÿ �6 V�t Z 	 (209)

we obtainthefollowing decomposition:

� \ 0 L
O
� ��¸ � : .� . N � . 	

� � 0 �
\ �ut L6 V�t Z 0 OB . T h ¸ � T h NyLT h �yL 	

� . 0 �
\ �ut L6 V�t Z ¸ �

6 V�t Z: . 0 � �4¸ � BI. �����: .
N L
B . T h ¸ � T h NYLT h �YL ¸ � ? . T .hB . � O N ¹ . T h NYL

O T h N O N ¹ . T h �yL
O T h 	 (210)

with T .h 0 LrN � ? .B . R (211)

In thenext lecture,I will presentthederivationof this � \ by thedimensionalregularizationmethod.It
will beshown thattheidentification

¸ � :
� . ð L �� (212)

establishesthebridgebetweenthetwo regularizations.

In themostgeneralcasethe � \ functioncontainsL O dilogarithmsandseveralVeltman’s � -func-
tions,seeSection5.1.4.3of Ref. [1].

43



3.6.5 Tensorthree-pointintegrals

Therankonetensorintegral is definedby

� � . � 9 - . � 	Æ- .. 	�B . { ? �â	Æ? . 	Æ? E 0 : � + Î � Î z z�9
� \ �]�â� . 	 (213)

andits decompositionlookslike

� � . �Á�~� - . � 	Æ- .. 	�B . { ? �â	Æ? . 	Æ? E -�� 9 N �Á� . - . � 	Æ- .. 	�B . { ? �â	Æ? . 	Æ? E - . 9 R (214)

Theranktwo tensorintegral,

� � . � 9G� 0 : � + Î � Î z z�9�z��
� \ � � � . 	 (215)

alreadycontainsfour structures

� � . � . � - � 9 - � � N � .~. - . 9 - . � N � . E v - � - . w 9)� N � . � � 9G� 	 (216)

wherethesymmetrizedcombinationis introducedv -��ì- . w 9)� 0Y-�� 9 - . � N -�� � - . 9 R (217)

The reductionof thesetensorsis developedusingstandardtechnique.All the detailsmay be found in
Sections5.1.4.4and5.1.4.5of Ref. [1].

3.7 Four-point integrals, � functions

They appearin thecalculationof boxdiagrams.

? E
? .

? �
? �

-��

- . - E

- �

Fig. 1: Thebox diagram.

Thefour-point functionsareagainmuchmorecomplicatedthanthepreviousones.Only definitionsand
someparticularcaseswill bepresentedhere.

3.7.1 Thescalarfour-point integral, � \ function

Theintegral defininga � \ functionwith 10argumentsis

� � . � \ - . � 	Æ- .. 	Æ- .E 	Æ- .� 	�Vk-�� N - . Z . 	�Vl- . N - E Z . { ? ��	Æ? . 	Æ? E 	Æ? � 0 : � + Î � Î z L
� \ ���â� . � E R (218)

Thefour propagatorsin thiscaseare

� \ 0 z . N ? . � ��� ¬�	 �]�!0vV z N -�� Z . N ? .. ��� ¬�	� . 0vV z N -�� N - . Z . N ? .E �n� ¬
	 � E 0vV z N -�� N - . N - E Z . N ? .� �n� ¬
	
with all four-momentaflowing inwardsasshown in Fig. 1, so that -�� N - . N - E N - � 0 K R In termsof
Feynmanvariablesjµ	�t and y it reads

� \ 0 �
\ ��j

´
\ �ut |

\ �-y L
V��·j . N �#t . N d y . N �Äj�t N_^ j�y N Ã t�y N ��j N '�t N_� y N � Z . 	 (219)
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with

� 0 � - .. E 0 � - .E 	 � 0 � - . � . 0 � - .. 	d 0 � - .\ � 0 � - . � 	 � 0 � - . � E N - . � . N - .. E 	^ 0 � -/.\ E � -/. � . N -/.\ . N -/. � E 	 Ã 0 � -/.\ . N -/.\ � N -/. � . 	� 0 ? .E � ? .� N -/.. E 	 ' 0 ? .. � ? .E N -/. � E � -/.. E 	� 0 ? . � � ? .. N -/.\ E � -/. � E 	 � 0 ? .� ��� ¬
	
and - . � � 0vVl-]� � - � Z . .

3.7.2 Reductionof tensorfour-point integrals

The1-, 2- and3-ranktensors

� � . � 9 { � 9)� { � 9G� o 0 : � + Î � Î z v z�9 { z�9�z�� { z�9�z��Jz o { z�9Oz��-z o z e w� \ ���â� . � E 	 (220)

contain3, 7 and13 structuresandtensorfunctions �4� � , respectively:

� 9 0 �J�~�Ä-�� 9 N �J� . - . 9 N �J� E - E 9 	� 9G� 0 � . �Ä-�� 9 -�� � N � .~. - . 9 - . � N � . E - E 9 - E �N � . � v -��Å- . w 9G� N � .~ù v -��ì- E w 9)� N � . � v - . - E w 9G� N � .Gõ � 9)� 	� 9G� o 0 � E � - � 9 - � � - �ko N � E . - . 9 - . � - . o N � E~E - E 9 - E � - E oN � E � v - . -��Å-�� w 9G� o N � E ù v - E -��ì-�� w 9)� o N � E � v -��ì- . - . w 9G� oN � E õ v -��Å- E - E w 9G� o N � E ¯ v - E - . - . w 9)� o N � E � v - . - E - E w 9G� oN � E � \ v -��Å- . - E w 9G� o N � E �~� v -�� � w 9)� o N � E � . v - . � w 9G� o N � E � E v - E � w 9G� o R (221)

For rank-3tensoranadditionalsymmetrizedstructureappears

v - �
6
w 9G� o 0h- 9 v �

6
w � o N_� 9 v -

6
w � o N

6 9 v - � w � o R (222)

Thereductionis performedby makinguseof standardtechnique.Detailsmaybefoundin Section5.1.5.2
of Ref. [1].

For the '
(�'
+ annihilationinto fermionpairs,SM boxesaremetonly in two topologies:director
crossed. For

^�^
internallinesthereis apeculiaraspectdueto chargeconservation:

only direct box is presentfor ' ( ' + � � � {
only crossedbox is presentfor ')(µ'
+�� 8 8 R

Thefull collectionof boxdiagramsfor ' ( ' + annihilationinto a fermionpair is presentedin theFig. 2.

'
( V~��	�� Z �
' �

'
+ V~��	�� Z �
N

')( V~��	�� Z �
' �

')+ V~��	�� Z �
���

-, � �
-, ��� -boxes
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' ( ^ �
5 7 8
' + ^ �

N
' ( ^ 8
5 7 �
' + ^ 8

Fig. 2: �]� -boxes.

3.7.3 Someparticular casesof � \ functions

Case1). Themostgeneralexpressionwhichoneencounterswhenconsidering�&� and
^�^

boxeswith
four masslessexternalfermionsis obtainedwith

- . � 0 K 	 Vk-�� N - . Z . 0vB . 	 Vl- . N - E Z . 0 � . 	
? � 0 2 ��	 ? . 0 K 	 ? E 0 2 ��	 ? � 0 2 . R (223)

With anappropriatechoiceof Feynmanparametersit maybepresentedandcalculatedasfollows:

� \ K 	 K 	 K 	 K 	�B . 	 � . { 2 �â	 K 	 2 ��	 2 . 0 �
\ �
y �

\ t���t �
\ ��j

© L
2 .� t Ny2 .. V LI� t ZqN � . V LÁ� t Z V LÁ� y ZqN B . y�t . jµV LÁ� j Z .

0 L
B . V � . Ny2 .. Z ¨ � �

�
� Ï �

.� Ï � V �ML|Z ����� ( �� 
Ñ N ¹ . «j �«j � � j�� � N ¹ . «j � �YL«j � � j�� 	 (224)

with six roots

j*� ½ . 0 L
O L : LrN � 2 .�B . 	 «j*� ½ . 0 j �O L : � � 	

j E 0 2 ..2 .. �y2 .� 	 j � 0
� . Nt2 ..� . Ny2 .. �t2 .� 	 (225)

and

� � 0 LÁN � 2 .� � . � . Ny2 .. �y2 .�B . � . Ny2 .. .
R (226)

For 2 . 0 K
(in practicalapplications?A× 0 K

), it simplifiesto

� \ K 	 K 	 K 	 K 	�B . 	 � . { 2 �â	 K 	 2 �â	 K 0 OB . � . � � \ ��
.
� � Ï � V �ML|Z

� ( � N ¹ .
¡j �¡j�� � j � 	 (227)

with theroots

¡j*� ½ . 0 j �O L : � � \ �� 	 � � \ �� 0 LÁN � 2 .� � . �y2 .�B . � . R (228)

Case2). This caseis encounteredwhenconsidering�&� and ��� boxes,whereit is usefulto introduce
threeinfraredfreeauxiliary integrals:

� � . «�b¢u¢ B . 	 � . { ? 7 	Æ?A@ 0 : � + Î � Î z O z � V z N B Z� \ V K Z � � Vw? 7 Z � . V K Z � E Vl?A@ Z 	� � . «� ¢ X B . 	 � . { ? 7 	Æ?A@ 0 : � + Î � Î z O z � B� \ V K Z ����Vw? 7 Z � . V 2YX�Z � E Vk?A@ Z 	� � . «� X ¢ B . 	 � . { ? 7 	Æ?A@ 0 : � + Î � Î z O B � V z N B Z� \ V 2hX�Z � � Vl? 7 Z � . V K Z � E Vk?A@ Z R (229)
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Theseauxiliary integralsaresimpleto calculate.Moreover, the following identitiesarevery usefulto
exhibit anddisentengletheinfraredbehaviour of thescalarfunctions � \ :

� \ � ? . 7 	 � ? . 7 	 � ? . @ 	 � ? . @ 	�B . 	 � . {�K 	Æ? 7 	 K 	Æ?A@ 0 L
B . � «�b¢u¢ B . 	 � . { ? 7 	Æ?A@

N � \ � ? . 7 	 � ? . @ 	 � . { ? 7 	 K 	Æ?A@ N � \ � ? . @ 	 � ? . 7 	 � . { ?A@H	 K 	Æ? 7 	
� \ � ? . 7 	 � ? . 7 	 � ? . @ 	 � ? . @ 	�B . 	 � . {�K 	Æ? 7 	 2 X 	Æ?A@ 0 L

B . Ny2 .X � «�b¢ X B . 	 � . { ? 7 	Æ?A@
� � \ � ? . 7 	 � ? . @ 	 � . { ? 7 	 2hX 	Æ?A@ N � \ � ? . @ 	 � ? . 7 	 � . { ?A@H	 K 	Æ? 7 	

� \ � ? . 7 	 � ? . 7 	 � ? . @ 	 � ? . @ 	�B . 	 � . { 2 X 	Æ? 7 	 K 	Æ?A@ 0 L
B . Ny2 .X «� X ¢ B . 	 � . { ? 7 	Æ?A@

N � \ � ? . 7 	 � ? . @ 	 � . { ? 7 	 K 	Æ?A@ � � \ � ? . @ 	 � ? . 7 	 � . { ?A@H	 2YX 	Æ? 7 R (230)

Herewe presenttheanswersfor theauxiliary integrals,in termsof one-foldintegrals:

«�b¢u¢ B . 	 � . { ? 7 	Æ?A@ 0 �
\ �·j L6 V � . { ? 7 	Æ?A@ Z ¸ �

6 � . { ? 7 	Æ?A@B . 	 (231)

«� ¢ X B . 	 � . { ? 7 	Æ?A@ 0 � «� X ¢ B . 	 � . { ? 7 	Æ?A@ 0v¸ � 2 .X N BÁ.2 .X
�
\ �·j L6 V � . { ? 7 	Æ?A@ Z 	

where6 � . { ? 7 	Æ?A@ 0 � . j1V Lr� j ZµN ? . 7 V LÁ� j Z*N ? . @ j is theusualquadraticform. Theexplicit
answersfor «� ¢ � ¢ ½ X � BÁ.|	 � . { ? 7 	Æ?A@ maybebefoundin Section5.1.5.3of Ref. [1].

3.8 SpecialPV functions: ��	��)	�� �F�â� 	�� �F�â�
The standardPassarino–Veltman(PV) functions, �3	��U	��&	�� , consideredin this lecture,aresufficient
to calculateone-loopcorrectionsin

� 0 L and # gauges.In the �! -gaugeadditionalcomplications
arise. Let us considera diagramwith internalphotoniclines, with photonpropagators,which contain
an additionalterm V � . T � L|Z z�9�z�� } z . , Fig. 3. This leadsto a specialclassof two- (three-,four-) point
functions.

^
^

�
Fig. 3: An exampleof Feynmandiagramleadingto specialPV functions.

3.8.1 Thescalar � \ function

It is definedby theintegral:

� � . � \ - . { ? 0 : � + Î � Î z L
V z . Z . V z N - Z . N ? . R (232)

Thisintegral is abadlydivergentobjectin theinfraredregime.Usingthestandardinfraredregularization:� 0 � N]� � 	 � � 3 K
, andintroducingadimensionless6 0 LrN V LÁ� j Z -�.�}�? . , we have

� \ - . { ? 0 � �
² § . Ó LÁ� � �

O
? .: . �

² § . �
\ �·jIj + � ( � ² § . V LI� j Z

6 + � ( � ² § .? .
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	 � �
² § . Ó LÁ� � �

O
? .: . �

²�§ . �
\ �·jIj + � ( � ² § . ^ Vlj Z 	

^ Vlj Z 0 LÁ� j? . 6 LÁN � �
O ¸ � 6 R (233)

By addingandsubtractinĝ V K Z andby noticingthat j*+ � ª ^ Vlj Z³�_^ V K Z ­ is finite for � � � K
, weobtain

� \ - . { ? 0 L
- . N ? .

L �� N ¸ � ? .: . N LÁ� ? .- . ¸ � LrN -/.? . R (234)

This integral is definedin thewhole � -planefor - .¤£0 � ? . andit shows aninfraredpoleat � 0 � .

3.8.2 Vector � � function

This is definedby

� � . ��� - . { ? - 9 0 : � + Î � Î z z�9
V z . Z . V z N - Z . N ? .

0 �r� � Î § . - 9 Ó P � �
O

�
\ �·j j Î

§ .G+].iV Lr� j Z
Vk? . 6 Z E + Î § . R (235)

This functionis freeof singularitiesif -/. £0 � ? . , whereit couldbecomputedat � 0 � . Wehave

�â� - . { ? 0 � �
\ �·j j? . N - . j 0 � L

- . LÁ� ? .- . ¸ � LrN -/.? . R (236)

Thereis analternative way of evaluating � � -/. { ? . With �U0vV z N - Z . N ? . , we derive

� � . - . ��� - . { ? 0 L
O � Î z L

V z . Z . �
Lz . � � - . N ? .V z . Z . � 	

- . ��� - . { ? 0 L
O � \ � � \ - . {�K 	Æ? � - . N ? . � \ - . { ? R (237)

In thepreviousderivationwehave introducedanew integral,

� � . � \ 0 � Î z L
V z . Z . R (238)

Sincewehave,

� \ - . {�K 	Æ? 0 L
«� N O � ¸ � ? .: . � LrN ? .- . ¸ � LÁN - .? . 	 (239)

thenfrom Eqs.(234)and(236),whicharevalid for any � , weobtaintheproperdefinitionof this integral

� \ 0 L �� N L
«� 0 K 	 (240)

fully consistentwith ourpreviousfindings,cf. Eq.(158).In thiswaywederiveatypicalrelationbetween
specialandstandardPV functions

- . ��� - . { ? 0 � LO � \ - . {�K 	Æ? N - . N ? . � \ - . { ? R (241)
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3.8.3 Theranktwo tensorintegral

Thetensoris definedby

� � . V~� . � - 9 - � N � .~. � 9)� Z 0 : � + Î � Î z z�9�z��
V z . Z . V z N - Z . N ? . R (242)

UsingFeynmanparametrization(thesecondEq. (149),andEq.(155)),we derive

� .~. - . { ? 0 L
O �
Î § .G+]. : � + Î Ó O � �

O
�
\ ��jCjUV LÁ� j Z Î § .G+]. ? . N - . j Î § .G+]. R (243)

Fromwhich it is easyto obtainthesingularpartof � .~. - . { ? andtheruleof multiplicationby � :

� � .~. - . { ? 0 � � .~. - . { ? � L
O R (244)

By applyingof theusualmethodoneobtainsthesystem:

- . � . � - . { ? N ��� .~. - . { ? 0 � \ - . {�K 	Æ? 	
- . � . � - . { ? N � .~. - . { ? 0 L

O �&� - . {�K 	Æ? N - . N ? . R �â� - . { ? 	 (245)

andits solution

� .~. - . { ? 0 LP � \ - . {�K 	Æ? N Lþ �&� - . {�K 	Æ? N - . N ? . �â� - . { ? NyL 	
� . � - . { ? 0 � � � .~. - . { ? N � \ - . {�K 	Æ? N L

O R (246)

After theidentification L }
�� 0 �ML }z«� thefollowing identitiesmaybeestablished:

- . N ? . . � \ - . { ? 0 O � \ Vl? ZqN O - . � - . � ? . � \ - . {�K 	Æ? 	
- . N ? . ��� - . { ? 0 �MLr� L

- . � \ Vk? ZxN ? . � \ - . {�K 	Æ? 	 (247)

whichgive morerelationsbetweenspecialandstandardPV functions:

� .~. - . { ? 0 LP � \ - . {�K 	Æ? N Lþ �4� - . {�K 	Æ? � L
- . � \ Vl? ZqN ? . � \ - . {�K 	Æ? 	

� . � - . { ? 0 L
- . � LP � \ - . {�K 	Æ?
� OP �&� - . {�K 	Æ? � L

- . � \ Vl? Z³N ? . � \ - . {�K 	Æ? N L
O R (248)

3.8.4 Onemorespecialseries

Onemoreclassof functions,

�
� , aremetwhencalculating��� boxesin the �! gauge.Thescalarfunction�

� \ is definedby:

� � .
�
� \ B . 0 : � + Î � Î z L

V z . Z . V z N B Z . . R (249)
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With infraredregularization,� 0 � N�� � , astraightforwardcalculationleadsto�
� \ B . 0 L

V~B . Z ���
²F§ . Ó O � � �

O
B .: . �

² § . �
\ �·j ª j1V Lr� j Z ­ + � ( � ² § .

0 OV~B . Z . � �
² § . Ó O � � �

O
BI.: . �

² § .¦¥ � �
O 	 LÁN

� �
O

0 OV~B . Z .
L �� N ¸ � ? .: . �tL í OB . � \ B . {�K � L

B . R (250)

3.8.5 Vectorandtensor

�
� integrals

Wepresentonly definitions:

� � .
�
��� B . B 9 0 : � + Î � Î z z 9

V z . Z . V z N B Z . . 	
� � .

�
� . � B . B 9 B � N

�
� .~. B . � 9G� 0 : � + Î � Î z z�9�z��

V z . Z . V z N B Z . . 	 (251)

andanswers:�
��� B . 0 � LO

�
� \ B . 	

�
� . � B . 0 L

B . � \ B . {�K � OB . 	
�
� .~. B . 0 L

O B . R (252)

Actually only infraredfinite objectswill appearin thecalculation,suchas,for instance:

� Î z z�9 V z N B Z �
V z . Z . V z N B Z . . 0

L
O B . �

9)� � L
V�B . Z . B 9 B � R (253)

Thefull collectionof scalar, vectorsandtensorsis, nevertheless,neededif we wish to developanauto-
maticcomputerprogramfor thegenerationandcalculationof all possibleone-loopdiagramsin the �p 
gauge.

3.8.6 � ������ functions

Whenconsideringarbitraryfour-fermionprocessesoneencountersadditionalfunctions.An exampleis
givenby four classesof specialfunctions,called � ������ functions,

Ã 0 K 	 L 	 O 	 K O . Thefunctionwith
Ã 0 K O

is a pinch of the ��� -boxdiagram.Herewegiveonly definingequationsfor thescalarfunctions,referring
to Section5.1.6.2of Ref. [1] for moredetailsandthereduction:

� � . �
� \ �� � ½ 9 ½ 9)� � - . � 	Æ- .. 	�B . {�K 	Æ? . 	Æ? E 0 : � + Î � Î z v L 	 z�9 	 z�9�z�� w� .\ ���â� . 	

� � . �
� � �� � ½ 9 ½ 9)� � - . � 	Æ- .. 	�B . { ? �â	 K 	Æ? E 0 : � + Î � Î z v L 	 z�9 	 z�9�z�� w� \ � . � � . 	

� � . �
� . �� � ½ 9 ½ 9)� � - . � 	Æ- .. 	�B . { ? �â	Æ? . 	 K 0 : � + Î � Î z v L 	 z�9 	 z�9�z�� w� \ ���â� .. 	

� � . �
� \ . �� � ½ 9 ½ 9G� � - . � 	Æ- .. 	�B . {�K 	Æ? . 	 K 0 : � + Î � Î z v L 	 z�9 	 z�9�z�� w� .\ ���â� .. R (254)
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3.8.7 � �F�â�� functions

Finally, therearespecialfunctionsassociatedwith four-point integrals. Theclassof the � ������ functions

is richer thanthatof the � �F�â�� functions. As usual,we limit ourselfto the functionswhich appearwhen

consideringof O � � O � processes.This is why only definitionsof threeclassesof � �F�â�� functionswithÃ 0 K 	 O 	 K O aregiven:

� � . �
� \ �� � ½ 9 ½ 9G� � - . � 	Æ- .. 	Æ- .E 	Æ- .� 	�B . 	 � . {�K 	Æ? . 	Æ? E 	Æ? � 0 : � + Î � Î z v L 	 z�9 	 z�9�z�� w� .\ � � � . � E 	

� � . �
� . �� � ½ 9 ½ 9G� � - . � 	Æ- .. 	Æ- .E 	Æ- .� 	�B . 	 � . { ? ��	Æ? . 	 K 	Æ? � 0 : � + Î � Î z v L 	 z�9 	 z�9�z�� w

� \ ���â� .. � E 	
� � . �

� \ . �� � ½ 9 ½ 9G� � - . � 	Æ- .. 	Æ- .E 	Æ- .� 	�B . 	 � . {�K 	Æ? . 	 K 	Æ? � 0 : � + Î � Î z v L 	 z�9 	 z�9�z�� w� .\ ���â� .. � E R (255)

Their reductionmaybefoundin Section5.1.6.3of Ref. [1].

3.9 Summary of the thr eeLectures

In lectures1–3we studied:� Basicsof presentQFT
– StandardModel, its fields,andLagrangian;

– Differentgauges: �! 
	 � 0 L 	 # ;

– Gaugeinvariance;

– Feynmanrules,andbuilding of diagrams.� Dimensionregularizationand Ç -point functions;� Calculationof loop integrals:
– standardPV functions: �3	Á�U	r�&	Á� ;

– specialPV functions: �
	Á�
	Á�
	Á� ;

It is time to calculatediagrams.

WeemphasizethatthereareUltraviolet andInfrareddimensionalregularizations:

Ultraviolet: � 0 � ��� � L
«� 0 � O� � � � � � ¸ � � 	

Infrared: � 0 � N�� � � L �� 0 N O� � � N � N ¸ � � 	 (256)

whichcouldbe identifiedwith theaid of identity:
L
«� N

L �� 0 K R (257)

4 TOWARDS PRECISION PREDICTIONS FOR EXPERIMENT AL OBSERVABLES

In thislecturewewill exploit theknowledgemasteredin thepreviouslecturesfor calculatingthesimplest
QEDdiagrams.Thesecondhalf of thelecturewill bedevotedto acompletecalculationof QEDradiative
correctionsfor the � decayfor final-statemasslessfermionsusinga techniquespecificto themassless
case.
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4.1 Calculation of simplestQED diagrams

4.1.1 Photonicself-energy diagram

Photonicself-energy is describedby a tensor,
� 9G� :

- � �

�

�

� Vl- N z Z

z

Applying theFeynmanrulesfor verticesandpropagators,we constructan initial expressionto be inte-
gratedoveraninternalmomentumz :

� 9G� 0 ' . B . 7 � Î z Tr V � }z N ?A@ Z � 9 V � }- N�� }z N ?A@ Z � �
z . N ? . @ V z N - Z . N ? . @

0 � ' . B . 7 � Î z � 9G� V z . N ? . @ N z - Zx� V z 9 - � N z � - 9 Z³� O z 9 z �z . N ? . @ V z N - Z . N ? . @ R (258)

Usingthedefinitionsof the � \ function,Eq. (161),andof thevectorandtensor� functions,Eqs.(176)
and(180),we immediatelygettheanswer:

� 9G� 0 � � . � ' . B . 7 � 9G� � \ ? . @ N - . �&� - . { ?A@z	Æ?A@ � O - 9 - � �4� - . { ?A@
	Æ?A@
� O � .~. - . { ?A@z	Æ?A@ � 9)� N � . � - . { ?A@H	Æ?A@ - 9 - �

0 � � . � ' . B . 7 � 9G� � \ Vl?A@ ZxN - . �4� - . { ?A@H	Æ?A@ � O � .~. - . { ?A@z	Æ?A@
� O - 9 - � �4� - . { ?A@
	Æ?A@ N � . � - . { ?A@H	Æ?A@ R (259)

It mustbetransverseasaconsequenceof QED #ïV L|Z gaugeinvariance:

� 9G� 0 � � . � ' . B . 7 - . � 9)� � - 9 - � � @ - . R (260)

Thispropertywill besatisfiedif

� \ Vk?A@ Z³N - . �&� - . { ?A@z	Æ?A@ � O � .~. - . { ?A@
	Æ?A@
0 O - . �4� - . { ?A@
	Æ?A@ N � . � - . { ?A@
	Æ?A@ R (261)

Thefour functions,� \ 	Á�4��	Á� . �â	r� .~. , maybereducedto only two scalarintegrals: � \ 	r� \ . Therefore,
relationsamongthe four arepossible. Indeed,from the generalresult,Eq. (188), in the caseof equal
massesonehas:

� � - . { ? 	Æ? 0 � LO � \ - . { ? 	Æ? 	
� . � - . { ? 	Æ? 0 þ ? . N -/.L|Þ - . N LP - . � \ Vk? ZxN -/. N ? .P - . � \ - . { ? 	Æ? 	
� .~. - . { ? 	Æ? 0 � þ ? . N - .L|Þ N Lþ � \ Vl? Zx� - . N � ? .þ � \ - . { ? 	Æ? R (262)
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andthedesiredequalityis immediatelyverified.

Thefinal resultfor
� @ -/. deservescarefulexamination.Wegive threerepresentationsfor it:

1) in termsof higherrankfunctions,� . � ½ � ;
2) in termsof scalarfunctions,� \ 	I� \ ;
3) explicitly, in termsof theseparatedoutUV-poleandafinite logarithm.

All expressionsareequallycompact:

� @ - . 0 O � . � - . { ?A@z	Æ?A@ N �&� - . { ?A@H	Æ?A@
0

þ ? . @ N -/.ö - . N OP - . � \ Vk?A@ Zx�
-/. � O ? . @P - . � \ - . { ?A@z	Æ?A@

0 � LP L
«� � ¸ �

? . @: . N Lö N LP LÁ� O ? . @- . T @Á¸ � T @ NtLT @ �tL � O 	 (263)

where T @J0 LÁN � ? . @- . R (264)

Two limiting casesareof practicalinterest:

for - .2§ ? . @ 	 � @ - . 0 � LP L
«� � ¸ �

? . @: . � ãö N LP ¸ � -/.? . @ 	
for - .2¨ ? . @ 	 � @ - . 0 � LP L

«� � ¸ �
? . @: . N -/.L ã ? . @ Ny����� (265)

Thefinite (i.e. freeof UV divergence)difference,

� @zVl- . Z³� � @HV K Z 0 � ãö N
� ? . @P - . N LP Lr� O ? . @- . T @I¸ � T @ NYLT @ �YL 	 (266)

is therenormalizedphotonicself-energy, aswill beprovedlater.

4.1.2 Fermionicself-energy

Fermionicself-energy is a
� © � matrix,describedby thediagram:

Applying theFeynmanrules,we derive an initial expression,which againmaybe immediatelywritten
in termsof � functions:

© V�}- Z 0 � ' . B . 7 � Î z � 9 V � }z N ?A@ Z � 9z . N ? . @ ��� ¬ V z N - Z . �n� ¬
0 � � . � ' . B . 7 V O � � Z �4� - . { ?A@
	 K � }- N �x?A@H� \ - . { ?A@z	 K R (267)

Furthermore, L
«� 0 O� � � N finite terms � � «� 0 O �� � � 0 �

«� � O R (268)

53



Therefore,rememberingEq. (182),we derive multiplicationby � rules

��� \ 0 � � \ � O 	 ���4�p0 � �4� NyL 	 (269)

andthefinal resultfor thefermionicself-energy becomes

© V~}- Z 0 � � . ' . B . 7 O � � - . { ?A@H	 K NyL � }- � ?A@ � � \ - . { ?A@z	 K � O R (270)

The fermionic self-energy on the fermion massshell is ultraviolet divergent but finite in the infrared
regime, whilst its derivative, u © V�}- Z }|u�-/.�� È Ñ Ï + h Ñ� , developsa singularitydue to the zeromassof the

photon,which is of infraredorigin. Werecall,that

uu�- . � \ - . { ? 	 K È Ñ Ï + h Ñ 0 � L
O ? .

L �� � O N ¸ � ? .: . 	
uu�- . �4� - . { ? 	 K È Ñ Ï + h Ñ 0 L

O ? .
L �� � P N ¸ � ? .: . 	 (271)

from whichwe derive

u © V�}- Zu�}- È Ñ Ï + h Ñ 0 � � . ' . B . 7 O � � - . { ? 	 K NYL
� � ? . uu/- . �4� - . { ? 	 K È Ñ Ï + h Ñ

�yÞ ? . uu�- . � \ - . { ? 	 K È Ñ Ï + h Ñ
0 � � . ' . B . 7 � L «� N O �� N P ¸ � ? .: . � � R (272)

4.1.3 QEDvertex

Theone-loopQED � �/� vertex correspondsto thediagram:

:
- .

-��
z

B

For on-mass-shellfermionsthemostgeneralstructure,compatiblewith both Lorenzandgaugeinvari-
ances,reads:

K 9 0üV O�� Zw����� ')B 7 ' .L þ � . �
9 � � B . 	Æ? N Â 9)� Vk- � N - . Z � ? � . B . 	Æ? R (273)

Wenotethat:

1. TheQED vertex dressestheBorn expressionasV O�� Z � ��� 'GB 7 � 9 � V O�� Z � ��� 'GB 7 � 9 N K 9 	 B 7 0 �ML ;
2. � � is theDirac electricform factor, it is ultraviolet andinfrareddivergent;

3. � . is theanomalousmagneticmomentof theelectron,it is finite.
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Using Dirac equationsfor on-shellfermions, «� Vl- . Z }- . 0 �!� ?h«� Vk- . Z 	,}- � 8 Vk- � Z 0 � ? 8 Vk- � Z 	 and- . � 0h- .. 0 � ? . 	yB . 0vVk-�� N - . Z . 0 � O ? . N O -�� � - . , wearrive at

K 9 0 � V�'GB 7 Z E : � + Î � Î z L
z . V z N -�� Z . N ? . V z � - . Z . N ? . Ç 9 	

Ç 9 0 � � -�� � - . � 9 N O V�}-��ì�]o]� 9 � � 9 �]ox}- . Z z o N V O � � Z �]o�� 9 � e z o z e R (274)

With the standardFeynmanparametrization,andnotations: � ´ 0 j�- . � V LÁ� j Z -�� and 6 B . 	Æj 0BÁ.�j1V Lr� j ZqN ? . , we derive furtheron:

K 9 0 � V�')B 7 Z E Ó3V P Z �
\ ��j �

\ ��t
t : � + Î � Î z L
V z . � O t z �b� ´ Z E Ç 9

0 � � . � V~')B 7 Z E � B . N O ? . � 9 î N O V�}- � � o � 9 � � 9 � o }- . Z � o N � o � 9 � e ¡ o e R (275)

For thescalar integral weusetheinfraredregulator� � :
î 0 O Ó3V P Z

: + � ²� � .
�
\ ��j �

\ ��t
t � Î z
V z . � O t z �b� ´ Z E

0 O�� �
² § . Ó LI� � �

O
�
\ ��j �

\ ��t
t + � ( � ² L6 V~B . 	Æj Z
6 B . 	Æj: . �

²�§ . R (276)

After t -integration,whichcanbeperformedfor any valueof �
�
\ ��t
t + Ê + � 0 LLÁ�U�4�]� 	 � 0 �ML 	 K 	 L RºRºR (277)

we getanexpressionin termsof aone-foldintegral:

î 0 O � �
² § .� � Ó LÁ� � �

O
�
\ �·j L6 V�B . 	Æj Z

6 BÁ.�	Æj: . �
² § . R (278)

Finally, expandingaround� � 0 K
, we have:

î 0 �
\ �·j L6 V~B . 	Æj Z

L �� N ¸ �
6 B . 	Æj: . R (279)

For thevector andtensor, weusetheultravioletregulator� . For thevector, weproceedasfollows:

�]o 0 ÓïV P Z : �� � .
�
\ ��j �

\ �utJt � Î zªz o
V z . � O t z �b� ´ Z E

0 � + � § . Ó LÁN �
O

�
\ �·j � ´ ½ o �

\ ��t
t + � L6 V�B . 	Æj Z
6 B . 	Æj: .

+ � § .

0 Vl- . � -�� Z oO � + � § . Ó3V LIN]� } O ZLr���
�
\ ��j L6 V�B . 	Æj Z

6 BÁ.|	Æj: .
+ � § . R (280)

Weseethatthevectoris finite, andwemayset� 0 K
, yielding

��o 0 Vl- . � -�� Z oO
� . B . 	Æ? 	 � . B . 	Æ? 0 �

\ ��j L6 V�B . 	Æj Z R (281)
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Then,we have to performaDirac algebrafor thevector

O V�}-��Å��o]� 9 � � 9 ��o�}- . Z Vl- . � -�� Z oO 0 O B . N � ? . � 9 Nn� ? Vk-�� � - . Z 9 R (282)

For the tensor integral we have to considerthefull contraction:

� o � 9 � e ¡ o e 0 Ó3V P Z V O � � Z � o � 9 � e
: �� � .

�
\ �·j �

\ �utJt � Î zªz o z e
V z . � O t z �b� ´ Z E

0 �
\ �·j �

\ �ut V O �]�]Z . � 9ª6 B . 	Æj � V O ���]Zª� }� ´ � 9 }� ´
© � + � § . LO Ó

�
O t � + � L6 V~B . 	Æj Z

6 B . 	Æj: .
+ � § . R (283)

After applyingt -integrationandDiracalgebra

}� ´ � 9 }� ´ 0Y� 9b6 B . 	Æj � O � ? � ´ ½ 9 	 (284)

we get

�]o�� 9 � e ¡ o e 0h� 9 V LÁ�]�]Z � + � § . Ó �
O

�
\ �·j 6 BÁ.|	Æj: .

+ � § .

�!� ? Vl-�� � - . Z 9 � + � § . Ó LÁN �
O

�
\ �·j L6 V�B . 	Æj Z

6 BÁ.�	Æj: .
+ � § . R (285)

Therefore,thetensorreducesto theone-foldintegral:

�]o]� 9 � e ¡ o e 0 � 9 L
«� �

�
\ ��j1¸ � 6 B . 	Æj: . � O ��� ? Vl-�� � - . Z 9 � . B . 	Æ? R (286)

Now wearereadyto collectthescalar, vector, andtensortogether. Moreover, weusetheGordonidentity

� Vl-�� � - . Z 9 «� 8 0 � O ? «� � 9�8 N «� Â 9G� Vl-�� N - . Z � 8 	 (287)

in orderto arrive at thestandardparametrizationof theQED vertex, Eq. (273),with � � B . 	Æ? and� . BI.�	Æ? . Thelatteris givenby Eq. (281),whilst theformeris

� � B . 	Æ? 0 � B . N O ? .
�
\ �·j L6 V�B . 	Æj Z

L �� N ¸ �
6 BÁ.|	Æj: .

N L «� �
�
\ �·jU¸ � 6 BÁ.|	Æj: . � O N O B . N P ? . �

\ �·j L6 V~B . 	Æj Z R (288)

In thederivationpresentedabove we intentionallydid not usetheformalismof PV functionsin orderto
show thatin somecasesadirectapplicationof theformulaeof Section3.2maybeprofitable.Of course,
all theintegralsof Eqs.(281)and(288)maybegivenin termsof PV functions.Wehave,

�
\ �·j L6 V�B . 	Æj Z

L �� N ¸ �
6 BÁ.|	Æj: . 0 L

O � \ � ? . 	 � ? . 	�B . { ? 	 K 	Æ? 	
L
«� �

�
\ �·jU¸ � 6 BI.�	Æj: . 0 � \ B . { ? 	Æ? 	

B . N � ? . �
\ ��j L6 V�B . 	Æj Z 0 � O � \ B . { ? 	Æ? � � \ � ? . { ? 	 K R

Two limiting casesdeserve ourattention:
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1. ; 0 � B . § ? . , � � V � ; 	Æ? Z 0 L
«� � ¸ � ? .: . � O

L �� N ¸ � ? .: . ¸ � � ; ��� ¬? .
� ¸ � . � ; ��� ¬? . N LP � . N P ¸ � �

; ��� ¬? . 	 (289)

2. B . 0 K
, � � V K 	Æ? Z 0 L

«� � O �� � P ¸ � ? .: . N � R (290)

Thequantityof physicalinterestis � � subtractedat zeromomentum.FromEqs.(289)–(290),we derive
its high-energy limit, ; § ? . :
� ç�« B� 0 � � V � ; 	Æ? Zx� � � V K 	Æ? Z 0

� O L �� N ¸ � ? .: . ¸ � � ; ��� ¬? . �yL � ¸ � . � ; ��� ¬? . N LP � . N P ¸ � �
; ��� ¬? . � � R (291)

Note that the subtractedvertex is UV-finite but IR-divergent. The latter divergencecancelswith the
infrareddivergenceoriginatingfrom thesoft bremsstrahlungcontribution.

4.1.4 QEDboxdiagrams

For theannihilation ')(µ')+���� � therearetwo QED boxdiagrams:thedirect(a) andthecrossed(b):

V~� Z V~� Z

Theintegrationof box diagramsover internalmomentumz is ratherinvolvedandwe will not presentit
here.However, for completeness,wewill giveanswerssinceboxesarethelastQEDone-loopdiagrams.
In the one-loopapproximation,the boxes contribute via interferencewith the lowest order (Born) � -
exchangediagram.For this reasonwe give, first of all, theBorn amplitudesquared,summedover final
spinsandaveragedover initial spins:

¬ � 0 L�
spins

��Ë � � . 0 O ' � B . 7 B . @
> . N 8 .; . R (292)

Thecorrespondingcontribution from theinterferenceof thedirectboxdiagramwith theBorn onereads

¬q­ ô�}� ò 0
L�

spins
Op® ¢qË %�0¯ ­ ô 0 � ' �

O�� . B
E 7 B E @ L ; � B óÆë¢u¢ V ; 	 > 	 8 Z 	 (293)

where

� B óÆë¢u¢ V ; 	 > 	 8 Z 0 8 . k (¢u¢ V ; 	 > 	 8 ZxN > . k +¢u¢ V ; 	 > 	 8 Z R (294)

Similarly, thecontribution of thecrossedbox is obtainedwith thereplacement
> ð 8 andthechangeof

overall sign

¬±° ô�}� ò 0
L�

spins
Op® ¢qË %� ¯ ° ô 0 ' �

O�� . B
E 7 B E @ L ; � B óÆë¢u¢ V ; 	 8 	 > Z R (295)
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Only two functionsk _¢u¢ V ; 	 > 	 8 Z areneededto describeboxes

> . k +¢u¢ V ; 	 > 	 8 Z 0 > .; � \ V ; 	 > ZxN � \ V ; {�K 	Æ? 7 	 K Z³N � \ V ; {�K 	Æ?A@z	 K Z 	
8 . k (¢u¢ V ; 	 > 	 8 Z 0 > . N 8 .

O ; � \ V ; 	 > ZqN � \ V ; {�K 	Æ? 7 	 K Z³N � \ V ; {�K 	Æ?A@z	 K Z
N V 8 � > Z � \ V > { ? 7 	 K 	Æ?A@ ZxN 8 � \ V � ; {�K 	 K Zq� � \ V � > { ? 7 	Æ?A@ Z 	 (296)

wherethefollowing scaledfunctionswith a reducedlist of argumentsareintroduced:

� \ V ; 	 > Z 0 ; > � \ � ? . 7 	 � ? . 7 	 � ? . @ 	 � ? . @ 	 � ; 	 � > {�K 	Æ? 7 	 K 	Æ?A@ 	
� \ V ; {�K 	Æ? 7 	 K Z 0 ; � \ � ? . 7 	 � ? . 7 	 � ; {�K 	Æ? 7 	 K 	

� \ V > { ? 7 	 K 	Æ?A@ Z 0 > � \ � ? . 7 	 � ? . @ 	 � > { ? 7 	 K 	Æ?A@ R (297)

Thefunction � \ maybesplit into aninfrareddivergentfunction � \ plusafinite remainder:

� \ V ; 	 > Z 0 > «� ¢u¢ V � ; 	 � > { ? 7 	Æ?A@ Zx� O � \ V > { ? 7 	 K 	Æ?A@ Z R (298)

With the aid of this expressionwe prove that the infrareddivergencesin the boxes factorizeinto the
lowestorder 8 .; k (¢u¢ V ; 	 > 	 8 ZqN > .; k +¢u¢ V ; 	 > 	 8 Z ¥�² 0 � O

> . N 8 .; . � \ V > { ? 7 	 K 	Æ?A@ Z R (299)

Thebox ingredientsaresimplein practicalcaseswhenexternalfermionmassesaresmall: ? . 7 	r? .@ ¨� > and? . 7 ¨ ; ,«� ¢u¢ V � ; 	 � > { ? 7 	Æ?A@ Z 0 L> ¸ � ? . 7 ? . @> . ¸ � � >; N L
O ¸ � .

? . 7� > N L
O ¸ � .

? . @� > N LP � . 	
� \ � ? . 7 	 � ? . 7 	 � ; {�K 	Æ? 7 	 K 0 � L ; L

O ¸ � .
? . 7; N Lþ � . N�� � ¸ � ? . 7; 	

� \ � ? . 7 	 � ? . @ 	 � > { ? 7 	 K 	Æ?A@ 0 L
O > ¸ � ? . 7 ? . @> .

L �� N ¸ � �
>

: . N L
O ¸ � .

? . 7� > N L
O ¸ � .

? . @� > N LP � . 	
� \ V � ; {�K 	 K Z�� � \ V � > { ? 7 	Æ?A@ Z 0 � ¸ � ;

� > N�� � R (300)

For thetotal interferenceterms,thelowestorder © boxdiagramswehave

¬ B óÆë�}� ò 0 � ' �
O�� . B

E 7 B E @ � B óÆë¢u¢ V ; 	 > 	 8 Z 	
� B óÆë¢u¢ V ; 	 > 	 8 Z 0 L ; � B óÆë¢u¢ V ; 	 > 	 8 Z³�y� B óÆë¢u¢ V ; 	 8 	 > Z 	 (301)

where

® ¢ï� B óÆë¢u¢ V ; 	 > 	 8 Z 0 O
> . N 8 .; .

L �� N ¸ �
;: . ¸ � >

8
N > ; ¸ � � ;8 � 8 ; ¸ � � ;> N > � 8; ¸ � . � ;> N ¸ � . � ;8 R (302)

Note, that contraryto the vertices,the box diagramsshow no masssingularities( ¸ �Á? is not present).
This is anexhibition of a generalpropertyof absenceof collineardivergencesin interference-like con-
tributions(boxesbehave similarly to theinitial–final bremsstrahlunginterference).
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4.2 MasslessWorld

In this sectionwe presentan alternative derivation of QED correctionsfor a simplecaseof the decay
of a neutralheavy particleinto masslessfermions,avoiding PV functions.We will presenta formalism
originally proposedin QCD for masslessquarksandgluons. It could be appliedto QED too. Within
this formalism,all the calculations,including kinematics,mustbe consistentlydonein � -dimensions.
For this reasonwe begin with a derivationof the two-bodyphasespacein � -dimensions.We will then
discussthecalculationof thevertex function for masslessfermions,andfinally presentthe three-body
phasespacein � -dimensions,acalculationof thebremsstrahlungcontribution,andof thetotalcorrection.

4.2.1 Two-bodyphasespacein � -dimensions

Weusethephasespacedefinition:

ÍIÑ 0 V O�� Z Î : � + Î � Î + � -
V O�� Z Î + � O - \

� Î + � z
V O�� Z Î + � O z \

� � Î � V~B � - � z Z 	 (303)

which differs from a conventionof theParticleDataGroup(PDG) [6]. In Eq. (303)all the4-momenta
areassumedto bein � -dimensions,andthefinal stateparticles— on-shell,i.e. - . 0 K 	 z . 0 K

. Wethen
derive:

ÍIÑ 0 V O�� Z .G+ Î : � + Î � Î - � ( Vl- . Z � Î z � ( V z . Z~� � Î � V~B � - � z Z
0 V O�� Z .G+ Î : � + Î � Î - � ( Vl- . ZH� ( V~V~B � - Z . Z 	 (304)

where B . 0 �32 . andwhere � ( Vl- . Z 0E. Vw- \ ZH� - . . Furthermore,

� Î -�0v� Î + � -C��- \ 	 - . 0��\³-n� . � - .\ 	 �\³-�� . 0 Î + �� Ï � -�� � -�� R (305)

Now wegofrom � �nL rectangularcoordinatesto sphericalcoordinatesinvolving ��³-�� and� � O angular
variables:

-�� 0 �\³-��ª´�µb¶&.
�p	
- . 0 �\³-��·¶
¹ �o.
�l´�µb¶&. . 	- E 0 �\³-��·¶
¹ �o.
�-¶)¹ �q. . ´�µb¶�. E 	����� 0 �����·�����·�����)�����·�����·�����·�����G�����G�����·����� 	

-�Î +]. 0 �\³-��·¶
¹ �o.
�-¶)¹ �q. . ¶)¹ �o. E ����� ¶)¹ �o.�Î + E ´�µb¶&.®Î +]. 	- Î + � 0 �\³-��·¶
¹ �o. � ¶)¹ �q. . ¶)¹ �o. E ����� ¶)¹ �o. Î + E ¶
¹ �o. Î +]. 	 (306)

with limits K ú .�� ú � for � 0 L 	 O 	 ����� 	Æ� � P { K ú .®Î +]. ú O�� R (307)

CalculatingtheJacobianof thetransformationEq.(306),

� Î + � - 0 �\³-�� Î +]. ����³-n�·¶)¹ � Î + E .
���-.��-¶)¹ � Î + � . . �
. . ���������� ¶)¹ � . . Î + � �
. Î + � ¶)¹ ��. Î + E �
. Î + E �-. Î +]. 	 (308)

andusing

¸
\ ¶)¹ � h .��-.40 ¨ � Ó

�. Vl? NyL|Z
Ó �. Vl? N O Z 	 (309)
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onehas

Í Ñ 0 V O�� Z .G+ Î : � + Î ��³-�� Î + E LO ����³-�� . �·- \ � Î § .G+]. Ó
�. Vl� �

P Z
Ó �. Vl� � O Z

Ó �. Vl� � � ZÓ �. Vl� �
P Z

����� Ó
E
.Ó3V O Z

Ó3V L|Z
Ó E

. O�� � ( VG�\³-n� . � - .\ ZH� ( V �32 . N O 2 - \ Z ¶)¹ � Î + E .��®�
.
� R (310)

After simplificationof Eq.(310)we reachanimportantintermediateresult:

ÍCÑ 0 V O�� Z � + Î �
Î § .G+].Þ �

�\³-��2 ��³-��:
Î + � L

Ó �. � �yL
¸
\ ¶)¹ � Î + � .
���¹´�µb¶�.�� R (311)

For infrared regularization �Ò0 � Nº� � , with the variable ´�µb¶�.�� 0»t , and taking into accountthat�\³-,� 0y- \ 0 2 } O , wecontinue:

ÍIÑ 0 V O�� Z + � ² � �
²F§ .L þ �

2
O : �

² L
Ó3V LÁN�� � } O Z

�
+ � LÁ� t . �

² § . �ut R (312)

Furthermore,introducingonemorevariable,yï0 � ( |. , we integrateover it,�
+ � LÁ� t . �

² § . �ut 0 O � ( � ²
�
\ ª y�V LÁ� y Z ­ � ² § . �-y

0 O � ( � ² ¥ LÁN L
O � �w	 LÁN

L
O � � 0 O � ( � ² Ó3V LÁN¼� � } O Z .Ó3V O N�� � Z 	 (313)

andgeta representationconvenientfor expansionsin � � :
ÍIÑ 0 LÞ �

2 .: . �
² § . V O�� Z + � ² � �

²F§ .|Ó3V LrN�� � } O ZV LrN]� � Z ÓïV LrN]� � Z R (314)

For fun of it, usingtheso-calledduplicationLegendre formula:¨ � Ó3V O y Z 0 O .�½G+ � Ó3V@y Z Ó y N L
O 	 (315)

it canbereducedevenfurther

Í Ñ 0 LL þ �
2 .: . �

² § . O +]. � ² � � § .G+ � ² § .Ó3V P } O N]� � } O Z 	 (316)

to a representationcontainingonly one Ó function. It is not convenientfor expansions,however.

4.2.2 Calculationof � decaywidth with QED radiativecorrections

In orderto calculateÿYV ÜµZ QED radiative correctionsfor � decay, onehasto considervirtual andreal
corrections.Theformeroriginatefrom all possibleinsertionsof a virtual photonline into thetree-level
(Born)diagramand,aswill beshown below, only thevertex diagramcontributes.Thelatteraredescribed
by two usualbremsstrahlungdiagrams.Therefore,in total wehave to consideronly threediagrams:
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4.2.3 QEDvertex

I recommendthatthesameline of calculationsfor thevertex, aspresentedin Section4.1.3befollowed.
For on-shellmasslessfermionsandon-shellvector boson,we have: - . � 0 - .. 0 K 	 «� Vk- . Z }- . 0 K

,}-�� 8 Vw-�� Z 0 K 	yBI.M0 O -�� � - . 0 �M2 .[ andtheexpression,with whichonehasto start,becomes

K 9 0 � V�')B 7 Z E : � + Î � Î z Lz . V z N -�� Z . V z � - . Z . Ç
9 	

Ç 9 0 � � - � � - . � 9 N O V�}- � � o � 9 � � 9 � o }- . Z z o N V O � � Z � o � 9 � e z o z e R (317)

In themasslesscase: � ´ 0yj�- . � V LI� j Z - � 	 6 BÁ.|	Æj 0�BÁ.�j1V LÁ� j Z , andthedecompositioninto
scalar, vectorandtensorsimplifiesto:

K 9 0 � V�')B 7 Z E � B . î � 9 N O V�}-��ì��o/� 9 � � 9 ��o�}- . Z ��o N ��o�� 9 � e ¡ o e R (318)

For the scalar we now continuethe integration in � dimensions,using,asbefore,the infrared
regulator � � :

� B . î 0 � O � �
² § .� � Ó LI� � �

O
BI.: . �

² § . �
\ �·j
j �

² § .G+ � V LI� j Z � ²F§ .G+ �

0 � O � �
²�§ .� � Ó LI� � �

O
BI.: . �

² § .¦¥ � �
O 	

� �
O

0 � O � �
² § .� � Ó LI� � �

O
B .: . �

² § . Ó . V � � } O ZÓ3V � � Z R (319)

Similarly for thevectorwe alsousetheinfraredregulatorandderive:

O V�}-��Ä�]o�� 9 � � 9 �]o�}- . Z �]o 0h� 9 O � �
² § .LÁN]� � Ó LÁ� � �

O
B .: . �

² § . Ó . V � � } O ZÓïV � � Z R (320)

Notethatcontraryto themassivecase,themasslessvectoris not finite andwemaynotset� � 0 K
. In the

massive casewe hadmasssingularitieswhich exhibitedthemselvesas ¸ �Á? , andnow we have, instead,
collineardivergences(CD), whichdeveloppolesin theinfraredregulator L } � � .

For the tensorwe mayalsousetheinfraredregulator, in spiteof thefact that it hasanUV diver-
gence.It alsohasCD, andwe mayusethesameinfraredregulatorfor both,rememberingtheexistence
of an identificationof two typesof divergences,Eq.(257).For thetensor, we have:

�]o�� 9 � e ¡ o e 0 � 9 LÁN]� � � �
² § . Ó � � �

O
BÁ.: . �

² § . �
\ ��j�j �

² § . V LÁ� j Z � ² § .
0 � 9 LÁN]� � ���

² § . Ó � � �
O

B .: . �
² § . Ó . V LrN]� � } O ZÓïV O N]� � Z R (321)

Becauseof the presenceof doublepolesall the expansionsshouldbe performedup to � � . . They are
achievedby meansof equations:

Ó3V LrN j Z 0 LÁ� �Ij N L
O

¾ V O ZqN � . j . N ÿ j E 	 ¾ V O Z 0 � .þ 	
� ´ 0 LÁN V~¸ �ï� Z j N L

O V�¸ �ï� Z . j . N ÿ j E R (322)
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Hewewe introducesomenew notationsandrecallsomeold ones:

L �� 0 O� � N � N ¸ � � 	 ��0h� N ¸ � � 	 ¾ V O Z 0 � .þ 	
y [ 0 ¸ � �M2 .[ ��� ¬: . 0v¸ � 2 .[: . �n� � R (323)

In themasslesscase,only � � remains:

K 9 0vV O�� Zk���/� 'GB 7 ' .L þ � . �
9 � � 	 (324)

with theingredients

Scalar 0 � O�� . N O �� V � � y [ Z³� � . � y . [ N ¾ V O Z 	
Vector 0 � �� �YÞÁN � y [ 	
Tensor 0 � L �� � y [ R (325)

Thecomplete� � reads:

� � 0 � O L�� . N O �� � � y [ N
P
O � � . � y . [ N ¾ V O ZqN P y [ �yÞ R (326)

To summarizeourstudyof themasslessQEDvertex wenote:

1. � � at zeromomentumis zero,this is because
� Ñ Ï \9 Ñ �

² § . 0 K
, for � � 3 K

; apropertyof infrared
regularization;

2. In thetensorintegral we faceda migration of theultraviolet poleinto aninfraredone;

3. Thephysicalorigin of doublepolesis theproduct:infrared© collineardivergences.

4.2.4 Fermionicself-energy in themasslessworld

Themassive expressionfor thefermionicself-energy, Eq.(267),in themasslessworld reducesto:

© V~}- Z 0 � ' . B . 7 � Î z � 9 � }z � 9
V z . �n� ¬ Z V z N - Z . �n� ¬

0 � � . � ' . B . 7 V O � � Z � Î § .G+]. Ó �
O � O

�
\ ��j�j -/.�jUV LI� j Z: . �

² § . � }-
0 � � . ' . B . 7 � �

² § . O N]� � Ó � � �
O

¥ O N � �
O 	 LÁN

� �
O

-/.: . �
² § . � }- R (327)

We seethat the fermionicself-energy in themasslessworld vanisheson the fermionmass-shell,i.e. at-/.40 K
(for thesamereasonas � �âV K Z 0 K

, seeitem 1, above).

4.2.5 Virtual correctionin � -dimensions

Virtual correctionscontributevia their interferencewith theBorn amplitude.RecallingEq. (24),

¿ ¹ À�Á@Â\Ã|¸ 0 L
� �yL

L
O 2 [

spins
Op® ¢ ��Ä ó~ô�� � � Å R (328)
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Thefactor L }|Vl� �yL|Z follows from averagingover the � polarizations.

For acorrecttreatmentof thefactorsO�� , wemustnot forgetto replace

� � z � V O�� Zw�V O�� Z Î �
Î z 0vV O�� Z + � ² � Î z 	 (329)

rememberingtheintegrationoveraninternalmomentumz .

Furthermore,it is easyto verify that

� � Å 0 '�.L þ � . �¹Ä ó~ô�� � ��	 (330)

therefore, ¿ ¹ À�Á@Â\Ã|¸z0 � Ä ó~ô�� . Ü� �
[ R (331)

Finally, onehasto properlyaccountfor � dimensionsin thesquareof theBorn amplitude:

spins

� Ä ó~ô�� . ¦ LÁN � �
O 	 (332)

(this is achievedby meansof thetracecalculationin � dimensions).

After expandingall theingredients,weobtainthefinal expressionfor thevirtual correction

� [ 0 � L�� . � O �� � [ � L öL O � O � . [ � O � � [ N ã ¾ V O Z³� � . N L öPÆ� [ N L öþ � � L|Û PL|Þ 	 (333)

with

� [ 0v¸ � 2 .[V O�� : Z . R (334)

4.2.6 Three-bodyphasespace

For the study of bremsstrahlungin � dimensions,onehasto considerthe three-bodyphasespacein� -dimensions.Wedefine,

��Í � 0 V O�� Z Î : ¯ +]. Î � Î + � -V O�� Z Î + � O - \
� Î + � zV O�� Z Î + � O z \

� Î + � �V O�� Z Î + � O � \
� � Î � V�B � - � z �m�HZ

0 2 .[3V O�� Z E +]. Î : ¯ +]. Î � Î - � ( Vl- . Z � Î z � ( V z . Z � Î �r� ( V � . Z
© � � Î � V�B � - � z �m�HZ � Î � � � Î � V � � - �U�HZ � � � . � ( � � . N Vl- NU�HZ . R (335)

This parametrizationof thephasespacecorrespondsto thekinematicalcascade(shown in Fig. 4) of the
two two-bodydecayswhereoneof theparticlesof thefirst decayis acompoundwith theinvariantmass� � . .

After reorderingthetermsin Eq.(335),wecanusetheintermediateresultfor thetwo-bodyphase
spacedirectly, Eq.(311):

�/Í � 0 L
O�� � � � .
© V O�� Z .G+ Î : � + Î � Î z � ( V z . Z � Î � � ( � � . N V~B � z Z . � � Î � V�B � � � z Z
© V O�� Z .G+ Î : � + Î � Î - � ( Vl- . Z � Î �r� ( V � . Z~� � Î � V � � - �_�HZ
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Fig. 4: Kinematicalcascadefor the Ç&ÈÊÉ decay.
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² .��â��´�µb¶&.
� R (336)

Thetwo remainingangularintegrationsin Eq. (336)shouldbetreateddifferently. Thefirst onemaybe
taken, sincethematrix elementsquaredis independentof theangleof rotationof thewholepictureof
thecascadein Fig. 4. Therefore,

¸
\ ¶)¹ � �

² ./��´�µb¶\.M0 �
+ � Lr� t . �

² § . ��t�0 O � ( � ² ÓïV LÁN]� � } O Z .ÓïV O N]� � Z R (337)

For thesecondonewesubstituteyM0 LÁN t
O¸

\ ¶)¹ ��. �
²� �¹´�µb¶�.��p0 �

+ � Lr� t . �
² § . �ut 0 O � ( � ² ª y�V LÁ� y Z ­ � ² § . �-y�	 (338)

andkeepthe integral untaken, sincethe matrix elementsquaredmay dependon it. Substitutingtwo
angularintegrals,wehave

��Í � 0 L
O õ � E

V O�� Z +]. � ² � �
²

ÓïV O N]� � Z � � � . 2 . N � .2 .
2 . N � .2 : �

² ¨ � � .: �
² ª yiV LÁ� y Z ­ � ² § . �-y R (339)

Introducing � � .40hj 2 . , we finally get

Í � 0 2 .
O õ � E

2 .: . �
² V O�� Z +]. � ² � �

²
ÓïV O N]� � Z

�
\ �·j
j �

² § . V Lr� j Z � ( � ²
�
\ �-y ª yiV LÁ� y Z ­ � ² § . R (340)

4.2.7 Theradiativedecay��� � �/�
For the radiative process,we define4-momenta,�1V~B Z � �xVl- ZqN ��V z Z*N �µV �HZ . Its kinematicsmaybe
specifiedin termsof two invariants,for which it is convenientto choosetwo dimensionlessinvariant
masses,j andt :

j 2 .[ 0 � Vl- NU�HZ . 	 V�t NyL|Z~2 .[ 0 � V~B N_�HZ . R (341)
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All thescalarproductsmaybeexpressedin termsof j andt :� O - ��� 0 j 2 .[ 	 � O z �b� 0 V�t � j Z~2 .[ 	
� O B ��� 0 t 2 .[ 	 � O - � z 0 V LÁ� t Z~2 .[ 	
� O B � z 0 V LI� j Z~2 .[ 	 � O B � - 0 V LÁ� t N j Z~2 .[ R

Thebremsstrahlungamplitudehasthestandardform,

Ë B ôlè�Ë 0 �!� ' . «8 Vk- Z }' V~}z N }�HZV z N_�HZ . }¬ � }¬ V~}-
N }�HZ

Vl- N_�HZ . }' � V z Z 	 (342)

where 'GV~B Z and ¬®V �HZ arethe � andphotonpolarizationvectors.

Theamplitudesquaredin termsof theinvariantsjµ	<y reads:

spins

Ë B ôlè�Ë . 0 ' � � % O L
yâj �

L
j �tL N � %Þ L

y jLr� j N O N y L
j �yL R (343)

Here,� %!0 ÞÁN � � � andt 0vV LÁ� j Z y N j .

Oneshouldalsoincludeanextra factor,L
� �yL

L
O 2 [ 	 (344)

from averagingover the � bosonspin.

The completebremsstrahlungcontribution is theproductof theamplitudesquared© thephase-
spacefactor integratedover the jµ	¼y . All the bremsstrahlungintegrals caneasilybe performedin �
dimensionsandat thevery endof calculationsoneexpandsaround� � 0 K

:�
\ �·j �

\ �-y³j �
²F§ . V Lr� j Z � ( � ² ª y�V LÁ� y Z ­ � ² § . ¬ B ôlè�Ë 0ü' � Þ� � . � L þ� � N ã|O � � Þ

¾ V O Z R (345)

If oneincludephasespaceandall therelevantfactors,onefinally gets:

� Y 0 L�� . N O �� � [ � L öL O N O � . [ N O � � [ � ã ¾ V O Z³N � . � L öPÌ� [ � L öþ � N
P Û PP þ R (346)

4.2.8 Total QED correction

Thecompleteexpressionis thesumof thevirtual andrealcontributions.Wedefine:

Ó ����� 0vÓ Ä ó~ô�� LÁN Ü
� �

����� R (347)

Summingup Eqs.(333)and(346),we obtainthetotal QEDcorrection:

� �-��� 0 � Y Ny� [ 0
P Û PP þ � L|Û PL|Þ 0

P
� R (348)

To summarizeourexercisesof masslesscalculations,we conclude:
1. All thedoubleandsinglepoles(infraredandcollinear)andall theunphysicalterms,likelogarithms

of thet’Hooft scaleandtheEulerconstant,cancelin thecombinedexpression;

2. Thecancellationof the infrareddivergencesis theconsequenceof theBlokh–Nordsiektheorem,
whilst thecancellationof thecollineardivergences— of Kinoshita–Lee–Nauenberg (KLN) theo-
remfor theinclusive set-up(i.e. integratedover thefull photonicphasespace);

3. No renormalizationwasneededin this example;we simply computedall thediagrams,summed
themup, andgot thefinite answer. As we will seebelow, whenwe studyrenormalization,this is
apropertyof themasslesstheoryonly, wherethefermionicself-energy diagramsvanishon-mass-
shell. The relevant counter-terms,involving the derivative of the self-energy andthe � �âV K Z also
vanish,andrenormalizationis effectively notneeded.

65



4.3 Summary of the four lectures

As usual,we summarizewhatwe have learnedsofar:� StandardModel, its fieldsandLagrangian;
Feynmanrules � building of diagrams;� Regularization, Ç -point functions,PV functions: �3	��U	��&	�� functions � calculation of dia-
grams.� QED one-loopdiagrams,building blocks:

– photonicandfermionicself energies;

– verticesandboxes;� First feelingof renormalization– subtractionatzero momentum;� Exampleof calculationof RC’s for thedecay� ��� � in masslessQED:

– well-known correction

P Ü� � wasrecovered;

– first feelingof divergencecancellation;

– Why renormalizationis needed?Not clearyet...

5 ONE-LOOP DIAGRAMS AND THEIR PROPERTIES

In this lecturewe continueour studyof one-loopapproximationin theSM. We presentanoverview of
theone-loopdiagramsandof somesimplephysicsrelatedwith them.

Rememberthatin QED we hadonly onebosonicself-energy diagram,onefermionicself-energy
diagram,oneQED vertex anda coupleof boxes. In theSM modelin thearbitrarygaugethenumberof
diagramsgrows drastically. In next two figureswe give only two examplesof bosonicself-energies;the� self-energy describedby 14diagrams,seeFig. 5, and

^
self-energy — by 17diagrams,Fig. 6. A full

collectionof all self-energiesandtransitionsoccupiesmany pages,seeChapter5 of Ref.[1]. Thetypical
numberof verticesandboxesin theSM is alsoof theorderof tensinsteadof 1-2 in caseof QED.

5.1 Bosonicself-energy diagrams

Any vectorbosonself-energy diagramand,thereforethesumtoo, look like a tensorî [`[ Vl- . Z~� 9)� N ¡ [`[ Vl- . Z - 9 - 9 R (349)

At theone-looplevel thesecondtermdoesnot contribute (seeSection6.5of Ref. [1]). We will denote
by

©  T�Í Vl- . Z the � 9G� partof thetotal � bosonself-energy (or transition)relatedto
î T�Í Vl- . Z :

î ¢u¢ Vl- . Z 0 d . ; . /L þ � .
©  ¢u¢ Vl- . Z 	 î ¢ X Vl- . Z 0 d . ; /L þ � . ��/

©  ¢ X Vl- . Z 	
î X|X Vl- . Z 0 d .L þ � . � . /

©  X|X Vl- . Z 	 î ara Vl- . Z 0 d .L þ � .
©  aÁa Vl- . Z R (350)

Furthermore,
©  ¢u¢ V K Z 0 K

asdictatedby QED #3V L|Z -invariance.Therefore,onemayintroduce
�  ¢u¢ Vl- . Z

definedby:

©  ¢u¢ Vl- . Z 0Y- . �  ¢u¢ Vl- . Z R (351)

Every
©  T-Í Vl-/. Z couldberepresentedasasumof two terms,

©  T
Í Vl- . Z 0 © � � �T-Í Vl- . Z³N © æ ­Î­T-Í Vl- . Z 	 (352)

thefirst of whichcorrespondsto the
� 0 L gaugeandthesecondcontainsall

�
dependenceandvanishes

for
� 0 L .
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5.1.1 Bosoniccomponentof bosonicself-energies

By bosoniccomponentwe will understandthe sumof all but the first [marked by (1) in both figures]
diagramsof Figs.5–6. It is a gauge-dependentquantityandwe will look at

© ara , asa typical example,
in two typesof gauges.
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Fig. 5: Ï�ÐlÑ�Ò�Ó -bosonself-energy; Ð5Ô2Ò transition.
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�! gauge.
Its

� 0 L partis rathershort

© � � �ara 0 2 .L O � ; � /� � / LrNyÞ � . / 2 .- . � L K
� . / N ã

� NyL þ � . / N LI� � K � . / - .2 . � \ - . { 2 	 2 �
� Lr� 2 .g2 . . 2 .- . �YL K N O 2 .g2 . N -/.2 . � \ - . { 2bg 	 2
�MÞ ; . / 2 .- . N O � ã -/.2 . � \ - . {�K 	 2

N L
� . / � O N

2 .g2 .
2 .- . �yL � N P þ 2 .2 .g � \ V 2�Z2 .

� ; . /� . / LINyÞ � . / 2 .- . �yLÁ�tL|Þ 2 .�2 .g NyL þ � . / � \ V 2 � Z2 . N 2 . �y2 .g- . NyÛ � \ V 2 g Z2 .
NML O L

� � / N O
2 .2 .g � O

L
� . / NyL|ÞIN

2 .g2 . � OP -/.2 . 	 (353)

whilst theadditionalpartis extremelycumbersomeandhardlyfits on onepage.

© æ ­�­ara 0 2 . N - .L O
; � / 2 .- . �tLrN � � . / N � � / � � . / O N � . / - .2 . � � � / -

�2 �© � \ - . { � 2 	 � X�2 � � � \ - . { 2 � 	 � 2
N O

; � /� . /
2 .- . �yL K NtÞ � . / � ã � . / - .2 . � \ - . { 2 � 	 � 2 � � \ - . { 2 � 	 2

N ; � / 2 .- . NtLr� ö � � / N � . / O � ö � . / -/.2 . N � � / -
�2 �© � \ - . { 2 	 � X�2 � � � \ - . { 2 � 	 2

N O ; . / 2 .- . NyÞr� ã -/.2 . � \ - . {�K 	 � 2 � � \ - . {�K 	 2
N � . X �yL � . X NYLÁN O � . / - .2 . N � � / � . �yL � . NyLÁN O - .2 .

� O � . / � . X � . �yL 2 .- . �tL � \ - . { � 2 	 � X�2 �
N � . X �tL � . X NyLÁ� O � . / 2 .- . N O � . / LÁN - .2 . � \ - . { 2 	 � X�2 �
N � . �tL � . / � . O � � . / 2 .- . N � . / � O � � . / . 2 .- .

N � . / O � � . / N O � � / -/.2 . � \ - . { 2 � 	 � 2
N O ; . / � . �yL � . NtL 2 .- . N O � \ - . {�K 	 � 2
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N P ; . / � . T �yL LÁ� � . 2 .- . LÁ� - .2 . � \ - . {�K 	 � 2
� 2 .- . N � � -/.2 . � \ - . {�K 	 2

N O � . / ; . / 2 .- . N ã � . / � \ V � Xz2 � Zx� � \ V 2 � Z2 . NyL K � \ V � 2 Zx� � \ V 2�Z2 .
N O � . �yL 2 .- . � � . / � . X �yL 2 .- . �tL � \ V � 2�Z2 .
� � . / � . / � . �yL 2 .- . �YL � O � . X �yL 2 .- . � \ V � X
2 � Z2 .
� � . / � . �yL O � � . / 2 .- . N � . / � \ V 2 � Z2 . � � . / � . X �yL 2 .- . NyL � \ V 2�Z2 .
� P ; . /

� . T �yL- . � \ V � 2 ZxN � \ V 2�Z³� - .2 . � \ V � 2 Zq� � \ V 2�Z
N � � . / � . X �yL N � � . �tL N O � ; . / � . T �yL
N O ; . / � . T �yL 2 . � \ - . {�K 	 2 N � \ V 2 Zq�y2 . R (354)

As seen,theadditionalpartvanishesnot only at
� 0 L , but alsoat -�.30 �32 . , i.e. at the

^
massshell.

This is a propertyof the �! gaugeandis dueto a propertreatmentof the tadpoles(seediscussionin
Section2.6). This

�
-dependentpartis boundto cancelwith theother

�
-dependentpartscomingfrom the

verticesandboxesfor eachphysicalamplitudeit contributesto. Thisexampleteachesusthatworking in
the �! gauge,wemostlyproduceunphysicalterms.This is thepricebeingpaidfor anexplicit controlof
gaugeinvariance.

Actually, thereis anotherapproachto thecalculationof theone-loopamplutudes,which is orga-
nizedin suchaway thatall

�
-dependencescancelbefore calculationof integralsover Feynmanparame-

ters.

# gauge.Thenumberof diagramscontributing to thetotal self-energies,aswell asthenumberof total
self-energies themselves in the # gauge,is very limited. Below thewhole list is presented,wherethe
following short-handnotationsareused:

¶�0 -/.2 .a 	 yM0 -/.2 .X 	 ^ 0 -/.2 .g 	 ¶"Õ 0 2 .g2 .a 	 ^ � � �a 0vV Lr� ¶"Õ Z � { (355)

©$Öara Vl-/. Z2 .a 0 � LL O � � a N OP L
� . a � P

O N OP � . a N LL O � � a
L
¶ N OP L

� . a � � � � � . a N � � a
N P

O N
ÞP � . a N P

O � � a ¶ N OP � . a LÁN � . a ¶ . � LL O � � a ¶
E � \ - . { 2YX 	 2ba

� ; . aþ ã¶ NtL|ÛÁ�yL|Û ¶ � ã ¶ . � \ - . {�K 	 2ha
� LL O

¶ � . �Õ¶ �yL K N O ¶"Õ N ¶ � \ - . { 2 g 	 2 a
N LL O

L
� . a � O N � . a � � � a N ¶"Õ L

¶ � O N Lþ � . a � LL O � � aN LL O �ML K N � . a N � � a ¶ N LL O � � a ¶ .
� \ V 2baUZ2 .a
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N � LL O
L
� . a N ö � ö � . a � � � a L

¶ � LL O �
Ûþ � . a � P

� � � a
N LL O � . a � ö � � a ¶ N LL O � � a ¶ .

� \ V 2 X Z2 .a N LL O
L
¶ � L^ � O � \ V 2 g Z2 .a

� L þ L
� . a N O|O N � . a N � � a N ¶"Õ � Lö O N P � . a N Û

O � � a ¶
� L ö LrN P

O � . a N ãO � � a ¶ . � LL|Þ � � a ¶ E { (356)

©$ÖX|X Vl-�. Z2 .a 0 � � a � � N L|ÛP ¶ N � P ¶ . � ¶ EL O � \ - . { 2ha 	 2ba � � . a � N � P ¶ � ¶C.þ � \ V 2 a Z2 .X
N LL O � L

� � a � O ¶"Õ� . a N ¶ .Õ L
¶ N L K

� . a � O ¶"Õ � ¶ � \ - . { 2 g 	 2 X
N LL O � . a

L^ � L
y NyL � \ V 2YX�Z2 .X � LL O � . a

L^ � L
y N O � \ V 2hgiZ2 .X

� Lþ � . a N � � � a N ¶"Õþ N LL|Þ N
� P � � a ¶ N ãö � � a ¶ . N LL|Þ � � a ¶ E {

© ÖT/T Vl- . Z 0 - . � Ö¢u¢ Vl- . Z 	 © ÖX T Vl- . Z 0ü� . a - . � Ö¢u¢ Vl- . Z 	
� Ö¢u¢ Vl- . Z 0 L

¶ � � N L|ÛP ¶ N � P ¶ . � ¶ EL O � \ - . { 2 a 	 2 a
N � � � � P ¶ N ¶ .þ � \ V 2baUZ2 .a � � � � P ¶ � ãö ¶ . � ¶ EL|Þ 	

©$Ög�g Vl-�. Z2 .a 0 P N ¶ N ¶ .� � \ - . { 2ha 	 2ba N ö
Þ ¶ .Õ � \ - . { 2hg 	 2hg

N L
O � � a

P N y N y .� � \ - . { 2 X 	 2 X N P � ¶
O

� \ V 2baUZ2 .a
N P

O � . / �
¶ � � \ V 2hX�Z2 .a N P

�³¶"Õ � \ V 2hgiZ2 .a R (357)

Note, that the mixing,
© ÖX T Vl- . Z ¦ - . �2Ö¢u¢ Vl- . Z . Therefore,

© ÖX T V K Z 0 K
which provides far reaching

simplificationsfor a renormalizationprocedure.This is a propertyof the # gaugeonly. In theunitary
gauge,wenotetheappearanceof theso-callednon-unitaryterms,growing with ¶�0h- . } 2 .a aspowers
of ¶�. ½ E , therebyviolating the unitary limit. Thesetermsmustalsocancelin the sumof all one-loop
diagramscontributing to a physicalamplitude.(Similar termscancelin Eq. (354),althoughit is not as
easyto seethisproperty.)

5.1.2 Fermioniccomponentsof bosonicself-energies

By fermioniccomponentof a bosonicself-energy we understandthecontribution of thefirst diagrams
in Figs.5–6. They aregauge-independentcontributionsandan interestingphysicsis confinedin them.
This is why wegive all self-energy andtransitionsfor physicalfields:

� ? èìô¢u¢ Vl- . Z 0 �
@ �Æ@
B .@ �!@ - . { ?A@H	Æ?A@ 	

© ? èÅôX T Vl- . Z 0 O @ �Æ@
BI@ � @�- . �!@ - . { ?A@z	Æ?A@ 	
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© ? èÅôX|X Vl- . Z 0 @ �Æ@ � .@ N � . @ - . �!@ - . { ?A@z	Æ?A@ � O � . @ ? . @ � \ - . { ?A@H	Æ?A@ 	
© ? èÅôara Vl- . Z 0 @/Ï�Ø � @�- . �!@ - . { ? @ ² 	Æ?A@ N @ � @
? .@ �4� - . { ? @ ² 	Æ?A@ 	
© ? èìôg�g Vl- . Z 0 @ �Æ@ ? . @2 .a � \ Vl?A@ Z³� -/. N � ? . @

O � \ - . { ?A@H	Æ?A@ 	 (358)

where � @ denotesthecolor factor, equalto L for leptonsandto
P

for quarks.

Thefermioniccomponentof the
f � � transitionvanishes,sinceit is proportionalto

¦ � \ - . { ?A@H	Æ?A@ N O � � - . { ?A@
	Æ?A@ - 9 	 (359)

seeEq.(179). In Eq.(358)wehave introducedanauxiliary function �!@ :

�!@ - . { ?A@ ² 	Æ?A@ 0 O � . � - . { ?A@ ² 	Æ?A@ N �4� - . { ?A@ ² 	Æ?A@ 	 (360)

and? @ ² standsfor themassof theweakisospinpartnerof thefermion � .

Then,we will needthepoleandfinite partsof the �!� � functions:

� � � - . { ? � 	Æ? . 0v� � � L
«� � ¸ �

2 .a: . N � �� � - . { ? � 	Æ? . 	 (361)

with � \ 0 L 	 ���!0 � LO 	 � . �r0 LP R (362)

For equalmasses? ��0Y? . 0b?A@ , onehas:

- . � �@ - . { ?A@
	Æ?A@ 0 -/.ö N O ? . @P ¸ � ? . @2 .a N LP O ? . @ � - . � �\ - . { ?A@H	Æ?A@ 	 (363)

and

� � - . { ?A@H	Æ?A@ 0 � LO � \ - . { ?A@H	Æ?A@ 	
� �\ - . { ?A@H	Æ?A@ 0 O � ¸ � ? . @2 .a �]T @Á¸ � T @ NYLT @ �YL 	
� \ È - . { ?A@H	Æ?A@ 0 � L

- . N O ? . @- �
LT @ ¸ �

T @ NtLT @ �tL 	 with T @J0 LÁN � ? . @- . R (364)

5.2 Heavy top asymptoticbehaviour of self-energies;parameter $&"
Herewe discussoneexampleof asymptoticbehaviour of fermioniccomponentsof somebosonicself-
energies. In realisticcalculations,sayfor LEP1/SLC,onemayignoreall fermionmassesbut top quark.
Herewe will useonemoreapproximation: � - . � ¨ ? . × 	 (365)

althoughit is not sogoodat LEP1/SLCenergiesandis absolutelyuntrueat LEP2energies. We needit
for anacademicstudyof asymptoticbehaviour when?A× is thelargestparameterandis theonly scaleof
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theproblem.Considerthreecasesin theasymptoticregimeof Eq.(365):

L|Z O Z P Z
?A@ ² 0h?A×H	 ?A@ ² 0 K 	 ?A@ ² 0h?A×�	?A@J0Y? × 	 ?A@`0h? × 	 ?A@ 0 K 	

� �\ - . { ?A@ ² 	Æ?A@ � � ¸ � ? . ×: . 	 Lr� ¸ � ? . ×: . 	 thesame,

� �� - . { ? @ ² 	Æ?A@ � L
O ¸ �

? . ×: . 	 L
O ¸ �

? . ×: . �
L� 	 L

O ¸ �
? . ×: . �

P
� 	

� �@ - . { ? @ ² 	Æ?A@ � L
O ¸ �

? . ×: . 	 LP ¸ � ? . ×: . � ãL|Þ 	 thesame.

(366)

Usingthis table,oneeasilyderivestheheavy topasymptoticfor ��� and
^�^

self-energies:

© ? èÅôX|X V K Z 0
P
O ? . × ¸ �

? . ×: . 	
© ? èÅôara V K Z 0

P
O ? . × ¸ � ? . ×: . �

L
O R (367)

Considernow theso-calledVeltman’s $&" parameter, whichwasoriginally definedas1

$&" \ 0 L2 .a ª © ara V K Zq� © X|X V K Z ­�R (368)

UsingEq.(367),wefind theasymptoticbehaviour of Veltman’s $&" parameter:

$&" ? èÅô\ 	 � P� ? . ×2 .a R (369)

A supscript‘fer’ remindsthatonly fermioniccomponentsof thebosonicself-energiescontribute in the
consideredasymptoticregime.

Note, that the higherterm ? . × ¸ � h Ñ×9 Ñ cancelledandthereforethe asymptoticis quadraticin the
>

quark
mass.This is why onesometimessaysthatthe $4" \ is quadratically enhancedby thetopquarkmass.

Considernow anotherdefinitionof a $&" parameter, which,aswill beseenbelow, is averyrelevant
quantityfor all electroweakradiative corrections.It is madeof completeself-energies:

$4"Ô0 L2 .a © ara V 2 .a Z³� © X|X V 2 .X Z R (370)

This quantityis gauge-invariant,asis clearfrom thediscussionin theprevioussection.For this reason
it is usedfor the re-summationof large corrections,seebelow. If oneignoresall massesbut top quark
mass,for its asymptoticwe will have thesameanswerasfor $&" \ :

$&" ? èÅô 	 � P� ? . ×2 .a R (371)

It is very importantto emphasizethat $&" is thegauge-invariant but ultraviolet-divergent object.
By theway, thequantity $&" \ , definedby Eq.(368),is neithergauge-invariantnorfinite. In theliterature,
a lot of other " ’s definitionsaremet. This createsa messanda Babylonsituation. Oneshouldalways
bearin mindwhichdefinitionof " is meant,beforemakingany controversialconclusion.

1We donotdiscussheretheso-calledØ parameter, definedastheratio of NC/CCeffective Fermicouplings,andits relation
to parameterÙ�Ø . For moredetail,seeSection6.11.3of Ref. [1].
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5.3 Ultraviolet behaviour of fermionic componentsof bosonicself-energies

Otherinterestingphysicsis relatedto theultraviolet behaviour of fermioniccomponentsof bosonicself-
energies.Considertwo fermionicself-energy diagramsfor avectorandascalarfield:

� �

8 	 �

8 	�� f f

�

�

Webegin with acommoninitial expression,valid for bothcases:

© ¦ Tr � }z N ?A@ ² Ó � V � }- Nn� }z N ?A@ Z Ó .z . N ? . @ ² V z N - Z . N ? . @ R (372)

For thevectorcase,e.g. Óµ�!0h� 9 	IÓ . 0h� � , onehas:

V © [ Z 9G� ¦ � � 9)� z Vl- N z ZxN ? . @ � V z 9 - � N z � - 9 Zq� O z 9 z �z . N ? . @ V z N - Z . N ? . @ R (373)

For thescalarcase,Ó��!0vÓ . 0 L , andwe getinstead:

© Ý ¦ � z . � - � z � ? . @z . N ? . @ V z N - Z . N ? . @ R (374)

Let usexaminetheleadingUV divergencesin bothcases:

V © [ Z 9)� ¦ � � 9)� z . � O z 9 z �
z . N ? . @ V z N - Z . N ? . @

0 � 9G� � � � Ñ L
Ó3V ÜµZ Ó LÁ� �

O ? . � - . � Ñ + �!L
O Vk� � O Z � Ó O � �

O 	
© Ý ¦ � z .z . N ? . @ V z N - Z . N ? . @

0 � � � Ñ L
Ó3V ÜµZ Ó LI� �

O ? . � - . � Ñ + � �
O ��Ó LÁ� �

O R (375)

As seen,the UV-behaviour is quite different. From Eq. (372), by countingof powersof z , onecould
expectquadraticdivergences(or polesat ��0 O ) in both cases.However, in thevectorcasequadratic
divergencesfrom thescalarandtensorpartsof thediagramcancel,yielding residuallogarithmicdiver-
gence.In thescalarcasethequadraticdivergencesurvives.

This observation is tradedas an exhibition of a non-naturalnessof the radiative correctionsto
the massof a scalarfield and is beingusedasoneof the motivationsfor SUSY, wherethe quadratic
divergencescancelif oneaddsthecontribution from sfermions.

In the framework of the SM, however, this doesnot representany problemsincethe SM needs
renormalizationanyway, andafter renormalizationall thedivergences,bothquadraticandlogarithmic,
cancelidentically. (Seethediscussionon renormalizationbelow in thenext lecture.)
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5.4 Calculation of decayrates in the Born approximation

5.4.1 Calculationvia treediagrams

In orderto exhibit anotherinterestingpropertyof self-energy diagrams,we have to understandtheBorn
expressionsfor thepartialwidth of a bosondecayinto a fermion–antifermionpair. The Born diagram
lookslike:

�
�

�
B

-
z

wherewe have indicatedall theparticles’momenta.

In ourconventionfor phasespace,thedifferentialprobabilityis givenby (cf. Eq.(24)):

��Ó 0 L
O 2 spins

�®Ë � . �/ÍCÑ�	 (376)

with thetwo-bodymassivephasespace:

ÍIÑ 0 V O�� Z � � E -V O�� Z E O - \
� E zV O�� Z E O z \

� V~B � - � z Z R (377)

Below we sketchthecalculationof ÍCÑ for thecasewherethefinal-statefermionmassesarenot ignored.
Thecalculationproceedsasfollows:

ÍIÑ 0 L
V O�� Z .

� E -
O - \ � � z � ( z . N ? . @ � V~B � - � z Z

with � ( - . N ? . @ 0E. Vk- \ ZH� - . N ? . @
0 L

V O�� Z .
�&³-n� .M�Ô��³-��

O - \ �
ÚiÈ � ( V~B � - Z . N ? . @
using ��³-��
� �\³-�� 0Y- \ �·- \ and �
ÚiÈ4� � �

0 L
O�� �&³-n�
��- \ � �M2 . N O 2 - \ 0 L

O��
�\³-��
O 2 R (378)

Usingfurtheron: - \ 0 2
O 	 �\³-�� 0 2 .� � ? . @ , and T @ÁV 2 Z 0 ��³-��- \ 0 LÁ� � ? . @2 . 	 we finally

get

ÍIÑ�0 LÞ � T @ÁV 2�Z R (379)

Next, we calculateof
spins

��Ë � . for threedecays:�µ	Á��	 f .

For thevectorandaxial–vectorcases,we derive:

spins

��Ë � . 0 LP � 9G� N B 9 B �2 . spins

ËLÄ ó~ô��9 ËLÄ ó~ô��� ( 	
Ë Ä ó~ô��9 0 � � «8 V z Z � 9 V � @ N �)@�� ù Zª� Vl- Z 	

Ë Ä ó~ô��9 ( 0 � �µ«� Vl- Z � � V � @ N �
@
� ù Z 8 V z Z 	 (380)
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wherethecouplingconstantsfor two casesare

�Ô0 'q	 for � 0 heavy photon	d
O �0/ 	 for � 0ü� R (381)

For non-polarizedfermionsthesummationover thefinal spinsgives

spins

8 V z Z «8 V z Z 0 �!� }z N ?A@r	
spins

� Vk- Z «� Vl- Z 0 �!� }- � ?A@r	 (382)

andwe obtain

spins

��Ë � . 0
� P ' . 2 .[ LIN O ? . @2 .[ 	 for � 0 heavy photon	
LP d .� . / 2 .X � .@ N � . @ LÁN O ? . @2 .X � þ � . @ ? . @2 .X 	 for ��0v� R

(383)

Similarly, for thescalarcase,we derive

spins

��Ë � . 0
spins

Ë Ä ó~ô�� Ë Ä ó~ô�� ( 	
Ë Ä ó~ô��9 0 � ?A@

O 2ha «
8 V z ZX� Vl- Z 	 Ë Ä ó~ô�� ( 0 � ?A@

O 2ba «� Vl- Z
8 V z Z 	 (384)

and

spins

�®Ë � . 0 d . ? . @ 2 .g
O 2 .a T .@ V 2bg�Z R (385)

Weconcludeourexercisewith a list of answersfor partialwidths:

Ó � ��� � 0 '�. 2 [L O�� T @IV 2 [ Z LÁN O ? . @2 .[ 	
Ó � ��� � 0 � Ó \ T @ÁV 2YX�Z � .@ N � . @ LIN O ? . @2 .X � þ � . @ ? . @2 .X 	
Ó f ��� � 0 � � ? . @ 2hg� ¨ O�� T E@ V 2 g Z R (386)

Herewe usedthenotation:

���¨ O 0
d .Þ|2 .a 	 � . a 0 2 .a2 .X 	 Ó \ 0 ��� 2 EX

O � ¨ Oâ� R (387)

5.4.2 Calculationthroughself-energy functions

Now we arereadyto presentanothercalculationof partialwidthsandto compareit with whatwe got in
theprevioussection.FromEq.(358)at thebosonicmassshell, -/.40 �32 . , onegets:

î ¢u¢ 0 ' .L þ � . �M2 .[ � �!@ �M2 .[ { ?A@z	Æ?A@ 	
î X|X 0 d .L þ � . � . / � � .@ N � . @ 2 .X �!@ �M2 .X { ?A@z	Æ?A@ � O � . @ ? . @ � \ �M2 .X { ?A@
	Æ?A@ 	
î g�g 0 d .L þ � .

? . @2 .a � \ Vk?A@ Zx� �32 .g N � ? . @
O � \ �M2 .g { ?A@H	Æ?A@ R (388)
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Let usrecallthedefinitionof the �!@ �32 . { ?A@z	Æ?A@ function,Eq.(360)andtake imaginaryparts:� »y� \ Vl?A@ Z 0 K 	� »Y�4� �M2 . { ?A@H	Æ?A@ 0 � LO
� »y� \ �M2 . { ?A@H	Æ?A@ 	

� »y� . � �M2 . { ?A@H	Æ?A@ 0 LP Lr� ? . @2 .X � »Y� \ �M2 . { ?A@H	Æ?A@ 	
� »Y� \ �M2 . { ?A@H	Æ?A@ 0 � T @ÁV 2 Z R (389)

Substitutingtheimaginarypartsinto Eq.(388)andcomparingtheresultswith Eq.(386),weimmediately
verify thevalidity of identity: � » î ÍJÍ 0 2 Í Ó ��� � � 	 (390)

i.e. the imaginarypart of the fermionic componentof the bosonicself-energy on the bosonicmass
shell is equalto thebosonmasstimesthepartialbosonicdecaywidth into this fermionicpair. A similar
propertytakesplacefor thefermioniccomponentof the

^�^
self-energy andfor thebosoniccomponent

of bosonicself-energies.

5.5 Dispersionrelation for
� - .

As thelastapplicationof bosonicself-energies,we will considerthedispersionrelationfor
� -/. . It is

beingusedfor thecalculationof thehadroniccontribution to therunningelectromagneticcoupling Ü V ; Z .
Webegin with apartialcontribution to

� -�. dueto afermionpair � � , seethesecondrow of Eq.(263):

� @ - . 0 þ ? . @ N -/.ö - . N OP - . � \ Vl?A@ Z³�
-/. � O ? . @P - . � \ - . { ?A@z	Æ?A@ R (391)

Let usrecall its ingredients

� \ - . { ?A@z	Æ?A@ 0 L
«� � ¸ �

? . @: . N � �\ - . { ?A@z	Æ?A@ 	
� �\ - . { ?A@z	Æ?A@ 0 O �]T @Á¸ � T @ NyLT @ �yL 	

T .@ 0 LrN � ? . @- . ��� ¬ R (392)

Fromit we constructtherenormalizedvacuumpolarization(- . 0 � ; ):
� ôlè��@ V ; Z 0 � @HV ; Z³� � @HV K Z 0 Lö � LP LÁN O ? . @; � �\ V � ; { ?A@H	Æ?A@ Z 	 (393)

andtake its imaginarypart:

� » � ô è��@ V ; Z 0 � L P LIN O ? . @; � »y� �\ V � ; { ?A@H	Æ?A@ Z 0 � LP LrN O ? . @; � T @ R (394)

Now computethedispersionintegral:

;
�

À
� h Ñ� � =

� » � ôlè��@ V = Z= V = � ; ��� ¬ Z 0 � LP À
� h Ñ�

; � == V = � ; ��� ¬ Z LÁN O ? . @= LÁ� � ? . @=

0 � LP LÁN O ? . @;
À
� h Ñ�

; � == V = � ; ��� ¬ Z LÁ� � ? . @= N O ? . @P À
� h Ñ�

� == . Lr� � ? . @= R (395)
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Theabove two integralscouldeasilybetaken:

À
� h Ñ�

; � == V = � ; ��� ¬ Z Lr� � ? . @= 0 T ¸ � T NyLT �yL � O 	
À
� h Ñ�

� == . Lr� � ? . @= 0 Lþ ? . @ R (396)

Substitutingthesetwo integrals,we verify theidentity

� ôlè�� V ; Z 0 ;
�

À
� h Ñ� � =

� » � ôlè�� V = Z= V = � ; �n� ¬ Z R (397)

The result for the hadroniccontribution to the running electromagneticcoupling, $ Ü � ù �Õ V ; Z , is
obtainedin theliteratureby makinguseof a similardispersionrelation:

$ Ü � ù �Õ V ; Z 0 � ÜP �
; ® ¢

À
� h ÑÛ � ; �

� ¢ V ; � Z; � V ; � � ; ��� ¬ Z 	 (398)

with theratio

� ¢ V ; Z 0 Â4V~' ( ' + � � % � hadronsZÂ4V~' ( ' + � � % � : ( : + Z 	 (399)

asanexperimentalinput.

For thehadroniccontribution at 2 X it gives:

$ Ü � ù �Õ V 2 .X Z 0 K R K O Þ K P ö Þ R (400)

For moredetailsaboutthis subjectseeSection1.5of Ref. [1].

5.6 Fermion self-energiesin the Standard Model

In the �! gaugetherearesix fermionself-energy diagrams,shown in Fig. 7.

� � 0 � ��

�V L|Z
N � ��

�V O Z
N � �� �

^V P Z

N � ��
fV � Z

N � ��

[�\V ã Z
N � �� �

[V þ Z
Fig. 7: Fermionicself-energy diagrams

where � � is theweakisospinpartnerof the � -fermion,andthecouplingsto the � bosonare

� @J0 D �QEG�@ � O ; . / BC@r	 �
@J0 D �QEG�@ 	 (401)

Wewill alsousecombinationsof couplings:

Â @ 0 � @ N � @ 	 Â � . �@ 0 � .@ N � . @ 	 Â �@ 0 � @ N � @ � 	
� @ 0 � @ � � @ 	 � � . �@ 0 � .@ � � . @ 	 � �@ 0 � @ � � @ � R (402)
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Eachself-energy diagramcontainingaboson� -line is denotedby
© Í V~}- Z andhasthestructure:

© Í V~}- Z 0vV O�� Z � �
d .L þ � . � Í 	 }-�0Y-�o��]o R (403)

Therearesix � Í functionsin the �! gauge,andonly four [from (1) to (4) in Fig. 7] in the # gauge.As
anexamplewe giveQED contribution in the �! gauge:

�  T 0 ; . / B . @ � }- O �&� - . { ?A@z	 K NYL � O ?A@ O � \ - . { ?A@H	 K �yL
� V � }- N ?A@ Z � . T �yL � \ - . { ?A@
	 K N ?A@ÁV � }- � ?A@ Z � � - . { ?A@ 	 (404)

whereoneseesthepresenceof thespecialPV function ��� -/. { ?A@ .

In the # gauge,thetwo diagramswith heavy vectorbosonsmaybeexpressedas

� ÖX 0 � L� � . / � }- Â � . �@ N O � @z�
@
� ù - . N ? . @2 .� �4� - . { 2 � 	Æ?A@ N � ÖÜ - . { 2 � 	Æ?A@
N ?A@ � � . �@ P � \ - . { 2 � 	Æ?A@ N L2 .� � \ Vl?A@ Z³� O 	

� Öa 0 � L� � }-CV LrN � ù Z - . N ? . @ ²2 . �4� - . { 2 	Æ?A@ N � ÖÜ - . { 2 	Æ?A@ 	 (405)

i.e. by meansof acommonauxiliary function:

� ÖÜ - . { 2 	Æ? 0 O �&� - . { 2 	Æ? N � \ - . { 2 	Æ? N L2 . � \ Vk? Zx�yL R (406)

Self-energy diagrams,bothbosonicandfermionic,areuniversal in thesensethat they dependonly on
thetypeof propagatingparticle. On thecontrary, verticesandboxesdependon theprocess,andin this
sensearetermedto benon-universal.

5.7 The Standard Model vertices

I will limit myselfto only oneexampleof avertex shown in Fig.8. Thefollowing classificationis useful:� (1) is theQED diagram;� (2) and(12) form the � Abeliancluster;� (3) and(8) aresimilarly the
^

Abeliancluster;� (4) and(9)–(11)form the
^

non-Abeliancluster;� remaining(5)–(7)and(13)–(14)form the
f

cluster.

Only diagrams(1)–(7) remainin the unitary gauge;Only diagrams(1)–(4) contribute in the caseof
masslessfermions.

As anexample,considerthe
^

Abelianclusterwith virtual V ^ 	 [�Z exchangefor thecaseof the�U� � vertex. Evenfor themassless� -quark,thediagrams8.(8-11)will contribute,sincein thiscase� � 0 >
and?A× cannotbeneglected.

Thevertex is avector, �+Ý Î9 BI. , which, in turn, is differentfor two cases:

1) �µ� � vertex, � Ý Î9 B . 0 V O�� Z � � �
d E
L þ � .

; /
O � D �FEG�@ � 9 V LrN � ù Z � é a � V~B . Z 	 (407)

2) �&� � vertex, � Ý Î9 B . 0 V O�� Zw��� �
d E
L þ � .

�0/
O � D �QEG�@ � 9 V LÁN � ù Z � éa � V~B . Z R (408)
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Fig. 8: Ï�ÐOÑ�Ò>Ó�ÈÊÞ Þ vertices.Thesymbol Ï�Ð8Ó in somegraphsindicatesthatit contributesonly to the Ð vertex.

The � é a � V~BI. Z and � éa � V~BÁ. Z arescalarform factors,bearingthesup-index d 0 gauge. In general,they
aredifferentfor �*� � and ��� � vertices.In the # gauge,however, onehas:

� Öa � V~B . Z 0ü� Öa � V~B . Z 0 � Öa � V~B . Z 	 (409)

with
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O �
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� OP � BÁ.þ 2 .
L2 . � \ V 2 Z³� L2 . � \ ?A@ ² � OP � ? . @ ²

O 2 . �
� ö � ? . @ ²� 2 . BI.2 . � B �L|Þ|2 � R (410)

This vertex, aswell astheAbeliandiagramsof Fig. 8.(3,8)with virtual V ^ 	 [�Z exchange,areonemore
sourceof ? . × } 2 .a enhancedterms.Thesetermsarealsocallednon-universal.

Theworld of verticesandboxesis muchmorerich thanthatof self-energies.Many moreexamples
may be be found in Sections5.9–5.12and14.13–14.14of Ref. [1]. We alsowould like to emphasize
that nowadays,one-loopdiagramsareusuallycalculatedusingthe methodsof computeralgebra.For
instance,all calculationsin Ref. [1] areachievedby a setof codeswritten in form. Thesecodesauto-
maticallygenerateall thepossibleon-loopdiagrams,substitutetheFeynmanrulesandmakethetensorial
reductionup to thescalarPV functions.In principle,they areaccessiblefrom theauthorsuponrequest.

5.8 Summary of fiveLectures

Let usbriefly summarizewhatwehave studiedandlearnedin thefive lectures:� StandardModel, its fieldsandLagrangian;
Feynmanrules � building of diagrams;� Regularization,Ç -point functions;
PV functions � calculationof diagrams;� Groupsof diagrams,building blocks:

– Tadpolesreduceto one-pointfunctions;

– Self-energiesreduceto two- andone-pointfunctions;
while studyingthem,we discussed:ß " -parameter;ß ? . × -enhancedterms;ß problemof quadraticdivergences;

– Verticesreduceto 3,2,1point functions;

– Boxes(direct/crossed)reduceto 4,3,2,1functions.

Weareapproaching:� Calculationof amplitudesfor physicalobservables;� Understandingtheinevitability of renormalization.

6 RENORMALIZA TION, ONE-LOOP AMPLITUDES, PRECISION TESTSOF THE SM

In the five previous lectures,our presentationwas rathercompleteandconsequent.Approachingthe
mostinterestingsubject,we facea lack of time andimpossibility to continuewith the samedegreeof
comprehension.This is why thefollowing presentationwill beunavoidablybrief andfragmentary.

6.1 Renormalization for pedestrians

We begin with anexplanationof themainprinciplesof renormalization.However, first of all, we have
to devotesometime to theDysonre-summation.
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6.1.1 Dysonre-summation

Considera bare propagator. Turningto thedressedone,we have to sumup all theone-loopinsertions.
Thismaybeschematicallydepictedin thefollowing figure:

0 L
V O�� Z � �

L
Vl- . Ny2 . Z 	

- - 0 N
N
N N �����

0 L
V O�� ZÅ���

L
-/. Ny2 . � L

V O�� Zw���
R

Thisprocedureis known astheDysonre-summation.

In thecaseof conventionalQED,wehave thewell-known result:

î 9G� 0 L
V O�� Zw���

� � . ' . - . � 9G� � - 9 - � ��� Vk- . Z R (411)

The - 9 - � partdoesnotcontributewheneveroneconsiders
î 9G� asbeingcoupledto aconservedfermionic

currents.Therefore,Dysonre-summationresultsin thesubstitution:

L
V O�� Zw���

� 9G�
- . � L

V O�� Zw���
� 9)�
- .

L
Lr� '�.� � .

� - . 	 (412)

with
� Vl- . Z givenby Eq.(263).This equationdescribestherunningelectromagneticcoupling.

Similarly, for the � bosonpropagatorin the
� 0 L gaugewe obtain:

î 9G� 0 L
V O�� Z � �

� � .
d .� . a � 9G� © X|X Vl- . ZxN - 9 - � ¡ X�X Vl- . Z 	 (413)

L
V O�� Z � �

� 9G�
- . Nt2 .X � L

V O�� Z � �
� 9)�

- . Ny2 .X � d .L þ � . � . a
© X|X - .

R (414)

Thereis a big differencebetweenEqs.(412)and(414). Theformerdoesnot changethepositionof the
poleof thephotonpropagator, which wasat - . 0 K

beforesummation(barepropagator)andremained
at -�.�0 K

after. We mustemphasizehowever that it doeschangethe residueof thephotonpropagator,
which wasequalto onebeforesummation.On thecontrary, Eq. (414)drasticallychangestheposition
of the pole of the � propagator. The barepropagatorhadthe pole at - . 0 �M2 .X . Let us recall now
Eqs.(388)and(390). We seethat thepole of the re-summedpropagatorshifts into thecomplex plane
because

© X|X Vk- . Z hasanimaginarypart.Therefore,theDysonre-summationresultsin theBreit–Wigner
form of thepropagatorof anunstableparticle.However, it is nota full story. Thequantity

© X|X Vl-/. Z also
possessesa divergentrealpartandthere-summedexpressionis meaningless.To continue,wemustlearn
moreaboutrenormalizationprocedure.
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6.1.2 Renormalizationin QED

We comebackto QED describingthe interactionof spin-�. particleswith photons.We recall theQED
Lagrangianin theFeynmangauge:

� ����� 0 � L� ��9G����9G� � L
O V � T Z . � @ m @ V~}u ��� 'GBC@z}� N ?A@ Z mi@r	 (415)

where ��9)� 0vu 9 � � � u � � 9 	 � T 0 � u 9 � 9 	 (416)

andthesumrunsover thefermionfields � (with charge 'GBC@ , andmass?A@ ). WealsorecalltheFeynman
rulesof QED:

-Ô� L
V O�� Z � �

�!� }- N ?A@- . N ? . @ ��� ¬ 	: 5 L
V O�� Z � �

L
- . ��� ¬ � 9)� 	

: V O�� Zw���i� ')BI@*� 9 R
Therearemany alternative waysto describerenormalization.Herewe usethe languageof the

so-calledon-mass-shellrenormalization(OMS).

The QED Lagrangianis unambiguousat treelevel. Moving to higherorders,we faceproblems
becauseboth the individual diagramsand their sum containUV and IR divergences,and one hasto
modify somethingin theprocedureof thecalculationsin orderto getameaningfulanswer.

A naturalquestionmight be raised:Which arethe fields andparametersthat the Lagrangianof
Eq.(415)is madeof? Weassumethatit is madeof somebarefieldsandparameterslabelledwith indicesK
, andspecifytherenormalizationconstantsfor bothfields— � 9 andm — andparameters— themass? andthecharge ' — asfollows:

� � 9 0 � � § .T � 9 	 m � 0v� � § .à m�	
' � 0 � 7 'I	 ? � 0v� h ? 0h? N ' . � ? N ÿ ' � R (417)

The renormalizationconstants,as everything elsewithin a perturbative approach,are assumedto be
representableasTaylorexpansionsin thecouplingconstant'�. , i.e.

����0 LÁN ' . � �q� N ÿ ' � R (418)

TheLagrangiancannow bere-written,up to terms ÿ '�.� ����� � � ² ����� 0 � ����� N � ° ò 	 (419)

with acounter-termLagrangian

� ° ò 0 ' . � � . �° ò N ÿ ' � 	
� � . �° ò 0 � L� � � T � 9)� � 9)� � L

O � � T V~u
9 � 9 Z . �y� � à m�}u�m

� V � � à ? Ny� ? Z m�m ��� � � 7 Ny� � à N L
O � � T ')� 9 m�� 9 m R (420)
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Thefirst partof theLagrangian,
� ����� , generatesthestandardsetof diagramsandFeynmanruleswhich

wereshown in theprevious figure. Thecounter-term Lagrangiangeneratesa new setof diagramswith
Feynmanrules: � � ' . � � T 	

' � � ' . V � � à � }- Ny� � à ? Ny� ? Z 	
� :

' (

' +
� �r� '~� 9 ' E � � 7 Ny� � à N L

O � � T 	

andwe have to take into accountcontributionsgeneratedby bothparts.

The crucial momentin theabove modificationis an assumptionthat we have two kind of fields
andparameters,bareandphysicalones,andthatthey arerelatedby thesimplestkind of transformation,
a multiplicativescaletransformationEq.(417)with someyetunknown renormalizationconstants.In this
way, we introducedinto thetheoryasetof new parameters(degreesof freedom)whichshouldsomehow
befixed. We will seethat thereis a very physicalway of their fixation, afterwhich all UV-divergences
do automaticallycancel. In orderto understandbetterthe meaningof the fixation procedure,we will
consideronceagaindiagramsof adifferentkind.

Thephotonpropagator.
With thenew LagrangianEq. (419)afterDysonre-summation,insteadof Eq.(412),we will have:

L
V O�� Z � �

� 9G�
- .

L
LrN ' . � � T � ' .� � .

� - .
R (421)

Theessenceof theon-mass-shellrenormalizationschemeis to preservethemeaningof theoriginal
parametersof theLagrangian.For thedressedphotonicpropagator, we requirethatits residueshouldbe
unchangedat thephotonicmassshell, -/.M0 K

, i.e.L
LrN ' . � � T � ' .� � .

� V K Z 0
L R (422)

This requirementguaranteesthat thewave function for externalphotoniclines doesnot changedueto
one-loopradiativecorrections(for theproofseeSection1.4of Ref.[1]) andsimultaneouslyfixes '�. � � T :

' . � � T 0 '�.� � .
� V K Z R (423)

RecallingEq. (265),we substitute
� V K Z andobtainanexplicit answerfor oneof thecounter-terms:

� � T 0 LL O�� . � L «� N ¸ � ? .: . R (424)

In otherwords,onecansaythatweusedthefirst fixationconditionandfixedthecounter-term � � T .

Theelectronpropagator.
With theLagrangianEq. (419),we have

î 0 L
V O�� Zk���

LrN ' . � � à V � }- N ? ZxN ' . � ? � L
V O�� ZÅ���

© V~}- Z + � R (425)
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Thesecondfixation condition. For thedressedelectronpropagatorwealsorequireresidue0 L (residue
one) at theelectronmassshell, � }-�0 � ? , i.e. theon-shellpropagatorshouldbeequalto

î 0 L
V O�� Z � � V � }- N ? Z R (426)

In orderto exploit this fixation condition,we have to expand
© V~}- Z aroundthe physicalelectronmass� }-�0 � ? (thispoint is sometimescalledthesubtractionpoint). It is sufficient to take into accountonly

thefirst two termsin theTaylorexpansion

© V~}- Z 0 © V � ? Z³N V � }- N ? Z ©>á¹â N ÿ V � }- N ? Z . 	 (427)

wherethecoefficient of thelineartermis calledthewavefunctionrenormalizationfactor

©ãá¹â 0 u © V~}- Zu�V � }- Z � §È Ï + h
R (428)

For there-summedpropagatorwe derive

î 0 L
V O�� Zw���

LÁN ' . � � à V � }- N ? ZxN ' . � ?
� L
V O�� Z � �

© V � ? Z³N V � }- N ? Z ©ãá¹â N ÿ V � }- N ? Z . + � R (429)

theresidueonerequirementwill befulfilled if

' . � ? 0 © V � ? ZV O�� Z � � 	 ' . � � à 0 © á�â
V O�� Z � � R (430)

The first equationis massrenormalization, whilst the secondis wavefunction renormalization. the
residueonerequirementpreservestheexternalline electronwave function from beingrenormalizedby
theone-loopradiative correctionsandsimultaneouslyfixestwo morecounter-terms.

By straightforwardcalculationsin dimensionalregularization,we derive

© V � ? Z 0 � � . ' . ? � P «� N
P ¸ � ? .: . � � 	

©>á¹â 0 � � . ' . O �4� � ? . { ? 	 K NyLÁ� � ? . �4�kÈ � ? . { ? 	 K N O � \ È � ? . { ? 	 K
0 � � . ' . � L «� N O �� N P ¸ � ? .: . � � R (431)

Substitutingtheseresultsinto Eq. (430),we obtainexplicit answersfor two morecounter-terms:

� ? 0 ?L þ � . � P «� N
P ¸ � ? .: . � � 	 � � à 0 LL þ � . � L «� N O �� N P ¸ � ? .: . � � R (432)

The �µ'
(*')+ vertex. Considerthe �*')(µ')+ vertex with bothfermionson massshell. Collectagainall con-
tributionsto the � 9 -part of the �µ'
(�'
+ vertex in the one-loopapproximation.In termsof � � BI.�	Æ? ,
introducedin Subsection4.1.3,we have

� V O�� Z � �/� ' LÁN ' . � � 7 N L
O � � T Ny� � à N LL þ � .

� � B . 	Æ? � 9 R (433)
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Third fixationcondition.
In thespirit of on-mass-shellrenormalizationwe have to preserve themeaningof theparametersof the
original Lagrangian.For theone-loopcorrectedvertex we requireit to be

� V O�� Z � ��� '�� 9 	 (434)

at BÁ. 0 K
, which preserves the Thompsonlimit of the electric charge from being renormalizedby

one-loopradiative corrections,i.e.

� � 7 N L
O � � T Ny� � à N LL þ � .

� ��V K 	Æ? Z 0 K R (435)

Substitutingthealreadyfixed counter-term � � à , andthederived expressionfor � ��V K 	Æ? Z , we observe
thefamousQED Wardidentity

� � à N LL þ � .
� � V K 	Æ? Z í K 	 (436)

thatfixesthelastcounter-term

� � 7 í � LO � � T R (437)

So, all the counter-termsin the Lagrangianarefixed andonemay calculateany QED processat the
one-looplevel.

Let ussummarizeourfindings:� The one-loopandthe counter-term contributions for any externalon-shellline compensateeach
otheridentically;this is known astheprincipleof non-renormalizabilityfor externallines;� For any O � O fermionprocess,at theone-looplevel, we encounteronly two building blocks:
1) Theeffective (running)electriccharge, '�. -�. , enteringthephotonicpropagator,

' . � 9G� 0 '�. -�.
V O�� Zw���

� 9)�
- . 	 ' . - . 0 '�.

LÁ� '�.� � .
� ôlè�� - . 	 (438)

theevolutionof which is governedby therenormalizedquantity

� ôlè�� - . 0 � - . � � V K Z { (439)

2) Therenormalizedvertex, � ô è��� BÁ.|	Æ? , enteringthecomplete�µ'
(*')+ vertex,

K 9 0üV O�� Z � � � ' EL þ � . � 9
� ô èx�� B . 	Æ? N Â 9)� Vk-�� N - . Z � ? � . B . 	Æ? R (440)

Therenormalizedvertex is againthedifference

� ôlè��� B . 	Æ? 0 � � B . 	Æ? � � ��V K 	Æ? Z R (441)

Integral representations,limiting cases.
At theendof our studyof renormalizationin QED,we presenttheintegral representationof two renor-
malizedquantitiesanddiscusssomeof their properties.

Werecalltheexpressionfor
� ô è�� - . :

� ôlè�� - . 0 Lö N LP LÁ� O ? .- .
�
\ �·jU¸ � 6 -�.�	Æj? . 	 (442)
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with 6 - . 	Æj 0h- . j1V Lr� j ZqN ? . R (443)

For very low - . , onehas � ôlè�� - . 0 - .L ã ? . 	 for - . � K 	 (444)

which is thewell-known contribution to theUehlingeffect, i.e. themodificationof Coulomblaw dueto
vacuumpolarization.
Alternatively for large ; 0 � - . , wehave

� ôlè�� - . 0 LP ¸ � ;
? . ��� � 	 for ; 0 � - . �rD R (445)

The � ôlè��� BI.|	Æ? in anintegral form reads:

� ôlè��� B . 	Æ? 0 O L �� N ¸ � ? .: . LÁ� B . N O ? .O
�
\ ��j L6 V�B . 	Æj Z

� B . N O ? .
�
\ �·j L6 V~B . 	Æj Z ¸ �

6 BI.�	Æj? .
� �

\ ��j1¸ � 6 BÁ.|	Æj? . N O B . N P ? . �
\ �·j L6 V�B . 	Æj Z � þ R (446)

Thelastexpressionstill containsapoleandascale-dependentlogarithm,

L �� N ¸ � ? .: . 	 (447)

which hasan infraredorigin andwhich will be compensatedin any realisticcalculationby the contri-
bution of the real soft photonsemissionandalsoby the box diagramswhich areultraviolet finite by
themselves.

6.2 Non-minimal OMS renormalization schemein the # gauge

Now we briefly discusstheon-mass-shellrenormalizationin theSM. In thespirit, it is absolutelyanal-
ogousto thatwe have consideredin QED.Moreover, in the # gauge,we aredealingonly with physical
fields,andtherenormalizationprocedureis particularlysimple.

6.2.1 Multiplicative renormalizationin theSM

In theSM, the independentquantitiesof theschemeare: theelectriccharge, themassesof all particles
andall fields.They undergo a multiplicativerenormalization.
For fields:

m � � V 0 � � § .V � � m � V 	 m � � Y 0 � � § .Y � � m � Y 	^ � 9 0 � � § .a ^ 9 	 � � 9 0 � � § .X � 9 	f � 0 � � § .g f 	 � � 9 0 � � § .T � 9 N � � § .ä � 9 R
(448)

For bosonicmasses:

2 . 0v� ä a � + �a 2 .a 	 2 .� 0ü� ä X � + �X 2 .X 	 2 .� g 0 � ä g � + �g 2 .g R (449)

Fermionicmassrenormalizationis moreinvolved,dueto themixing. We introducethematricesof the
renormalizationconstants� h � and �4(h � :

� ° ò ø � m V � h � m"Y N m Y � (h � m"V � m�?A@�m R (450)
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All but oneof therenormalizationconstantsarefixedby requiringthattheresidueof all thepropagators
are L . This remainingrenormalizationconstantis associatedwith the renormalizationof the electric
charge ' � 0v� 7 � + � § .T ' R (451)

Alternatively, onemayuseanadditiverenormalizationof theelectriccharge

' . � 0 ' . Ny� ' . 	� ' .' . 0 O V�� 7 �tL|Z³� V~� T �yL|Z R (452)

If theelectricchargerenormalizationis definedby Eq. (451),thentherelevantWardidentity implies

� 7 í L R (453)

Within theOMS renormalizationscheme,onehasto adopttwo definitions,valid to all orders in
theperturbationtheory.

1. TheOMS weakmixing angle, . a Vi� a 0E´�µb¶&. a Z :
2 .X � . a 0 2 .a { (454)

2. TheOMS weakcharge, d :

d . 0 ' .; . a 	 ; . a 0 LÁ� � . a 0 Lr� 2 .a2 .X R (455)

The necessityto adopt them as definitionsfollows from the fact that ; a and d are not independent
quantitiesin this framework.

6.2.2 Counter-termLagrangian

With the aid of the sameprocedureusedin the caseof QED, it is rathereasyto derive the counter-
termsLagrangianfrom anoriginal one,usingmultiplicative renormalizationEqs.(448)–(451).Herewe
presentonly thefinal result.

Thekineticandmasstermsfor bosonicfieldsare

�>å �}� ½ æ° ò 0 � L� V~� T �YL|Z V�� 9G� Z . 	�>å �}� ½ ç° ò 0 � L� V~� X N � ä �yL|Z V�� 9)� Z . � L
O � ä X �yL 2 .X V�� 9 Z . � L

O �
� § .T � � § .ä � 9G� � 9G� 	

� å �}� ½ Ý° ò 0 � L O V~�
a �tL|Z � ^ 9G� � . � � ä X �yL 2 .a � ^ 9 � . 	

� å �}� ½ è° ò 0 � LO V~�
g �yL|Z V~u 9 f Z . � L

O � ä g �yL 2 .g f . 	 (456)

with

� 9G� 0vu 9 � � � u � � 9 R (457)

Thefermionickinetic termreads,

��å �}� ½ @° ò 0 � LO m&}u � V n � V � D � ( N � Y n � Y � D � + m R (458)

Herewe introduced: � _ 0 LÁ÷ � ù R (459)
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Since
¨ � V and

¨ � Y areunderstoodto be thematricesactingin the full fermionic-flavour space,the
equation,

� V . 0 � V n � V 	 (460)

shouldbeunderstoodasanotation.In general,thesematricesarenon-diagonalandevennon-Hermitian,
dueto themixing inducedby loopcorrections.Therenormalizationrequirementfixesthecombinations,

� V . � D 	 � Y . � D 	 (461)

whichdirectlyenterthekinetic term.

In the one-loopapproximationwe may consistentlyacceptthat � V ½ Y areHermitianmatrices,
then

� V ½ Y � D 0 L
O � V ½ Y . � D 	 (462)

andall thecombinationsenteringtheinteractionLagrangianbecomeknown.

For the �ïV f Z � � interactionpartsof theLagrangianoneobtains:

� ¢ @ @° ò 0 �
O 'GBC@ m��

9 � V . � D � ( N � Y . � D � + N O V�� 7 �yL|Z m�� 9 	
� ç @ @° ò 0 �

O
'; a � a m�� 9 � V . � ä X � a

� T � ä a � Ö
� § . � D D �QEG�@ � (

� O BI@ ; . a L
O � V . � ( N � Y . � + � ä X � a

� T � ä a ��Ö
� § . � D

� O BI@ ; a � a L
O � V . � ( N L

O � Y . � + � ä� T
� § . m�� 9 	

� Ý @ @ ²° ò 0 �
O ¨ O

'; a m Õ � 9 � ( �qÕ�Å n � �qØ Å � a� T ��Ö
� § . � � m Ø N_^ R � R

� è @ @° ò 0 � '
O 2ba ; a m

L
O � h � � + N � (h � � ( � g � a� T � ä a �qÖ

� § . � ?A@ m&	 (463)

where

�qÖr0 LÁ� � � . a; . a 	 ; . a 0 Lr� 2 .a2 .X 	 � � . a� . a 0 �
2 .a2 .a � �
2 .X2 .X 	 (464)

with 2ba and 2hX beingthephysicalmassesof thevectorbosons,and � beingtheCKM mixing matrix.

Thefull list of bosonicrenormalizationconstants,which is derivedafter their fixation by residue
onerequirements,looksasfollows: (wenotethatanunnaturallookingof thefirst threerowsis anartifact
of thedefinitionEq.(449)):

� ä a � � a 0 �
2 .a2 .a 0 d .L þ � . 2 .a © ara 2 .a 	
� ä X � � X 0 �
2 .X2 .X 0 d .L þ � . � . / 2 .X © X|X 2 .X 	
� ä g � � g 0 �
2 .g2 .g 0 d .L þ � . 2 .g © g�g 2 .g 	
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� � § .ä 0 d . ; aL þ � . � a 2 .X
© X T 2 .X 	

� T �tL 0 '�.L þ � .
� ¢u¢ V K Z 	

� X �tL 0 d .L þ � . � . /
u © X|X - .u�- . È Ñ Ï +`é ÑX

	
� a �tL 0 d .L þ � .

u © ara - .u|- . È Ñ Ï +`é Ña
	

� g �tL 0 d .L þ � .
u © g�g - .u�- . È Ñ Ï +`é Ñg

R (465)

It shouldbenotedthatwe usea conventionfor arguments.For every self-energy function:
© [J[ ,

� ¢u¢
,...

if - . 0 � ; or - . 0 �M2 . , we will omit theminussign,i.e. we will write
© [`[ V ; Z ... On thecontrary, in

theargumentlist of every �!Ê�	Á� Ê RºRºR function,we will explicitly maintainthesign.

6.2.3 Linearizedform of thecounter-termLagrangian

Sincewe areworking within the perturbationtheory, whereall renormalizationconstantsarea power
seriesin thecouplingconstant'�. (cf. Eq. (418)),we maysimplify a little thecounter-term interaction
LagrangianEq.(464)andrewrite it as

� ç @ @° ò 0 �
O

'; a � a mp� 9 � V . � D N L
O V�� X �yL|Z³� V~� T �yL|ZqN � . a � ; . a; . a

� � . a� . a D �FEG�@ � (
� O BI@ ; . a L

O � V . � D � ( N L
O � Y . � D � +

N L O V�� X �yL|Z³� V�� T �yL|Zq� L; . a
� � . a� . a N � a; a � � § .ä m�� 9 	

� Ý @ @ ²° ò 0 �
O ¨ O

'; a m Õ � 9 � ( �qÕ�Å � D � N � �qØ Å � D
N � L

O V~�
a �yL|Z³� L

O V�� T �yL|ZqN
� �Æ. a
O ; . a m Ø N_^ R � R 	

� è @ @° ò 0 � '
O 2ba ; a m � h � � ?A@ N ?A@ L

O V��
g �yL|Zq� L

O � ä a �yL
N LO V~�

a �yL|Z³� L
O V�� T �yL|ZqN

L
O
� �Æ. a; . a m R (466)

This is theso-calledlinearizedform of thecounter-termLagrangianfrom whichoneeasilyderivesaddi-
tional Feynmanrulesfor verticesinvolving renormalizationconstants.

6.2.4 Fermionicrenormalizationconstants

In previous sectionswe calculatedall the renormalizationconstantsassociatedwith bosonicfields and
masses.We still needto fix fermionic renormalizationconstants,Eq. (461),andfermionicmassrenor-
malization,� h � , Eq. (450).

The procedureof fixation is very similar to that of QED, althoughit hassomepeculiarfeatures
dueto thepresenceof � ù . Below webriefly sketchtheprocedure.
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Considera fermionicself-energy diagram:

� �
�

�
Themostgeneralexpressionfor suchadiagramlookslike:

© V � }- Z 0 V O�� Z � � ����Vl- . Z³N � . Vl- . Z � ù N � E Vl- . Z³� � � Vl- . Z � ù � }- R (467)

However, in theStandardModel we have always � . Vl- . Z í K
(seetheproof in Section6.6 of Ref. [1]).

Therefore,it reducesto

© V � }- Z 0vV O�� Z � � ���âVl- . Z³N � E Vl- . Zl� }- N � � Vl- . Zl� }-�� ù R (468)

Thekineticandmasstermsof thecounter-termLagrangianmaybesymbolicallydepictedas:

� �

andtheir contribution,derivedfrom Eqs.(450)and(458),as:

� LO � }- � V . � D � ( N � Y . � D � + � � h � � ?A@ R (469)

From the requirementthat the sumvanisheson the fermion massshell, onederives all the fermionic
renormalizationconstants:

� V . � D 0 � E Vl? . Zx� O ? . � �E Vl? . Z³N O ? � � � Vl? . Z³N � � Vl? . Z 	
� Y . � D 0 � E Vl? . Zx� O ? . � �E Vl? . Z³N O ? � � � Vl? . Z³� � � Vl? . Z 	

� h � 0 ? N ����Vl? . ZxN O ? . � � � Vl? . Z³� O ? E � �E Vl? . Z 	 (470)

where� � � denotesthederivatives, � � � Vl? . Z 0vu�� � Vl-/. Z }|u�-�.�� È Ñ Ï + h Ñ andwherewehaveusedtheexpansion:

�)�ÆVl- . Z 0 �
� Vl? . Z³N O ? V � }- N ? Z � � � Vl? . Z 	 (471)

assumingthatfrom theleft sideof Eq. (468)theDirac equationholds,i.e. � }- 0 � ? . Equation(470)is

obtainedby meansof re-shuffling thetermsasfollows, � N �UV � }- N ? ZzN ÿ V � }- N ? Z . , andrequiring

� 0 K 	I��0 K
. Higher-orderterms ÿYV~V � }- N ? Z~Z . maybeneglectedon themassshell.

To summarizeourstudyof therenormalizationprocedure,we recalltheimportantsteps:� Dysonre-summation;� Inventionof therenormalizationconstants;� Constructionof thecounter-termLagrangian;� Fixationof therenormalizationconstantsin thespirit of theOMS scheme;� Physicalmeaningof theresidueonerequirement.

We recall that theresidueonerequirementmeansthatwe preserve thephysicalmeaningof theparam-
etersof the original Lagrangian.This meansin turn, that renormalizationhasnothing to do with the
cancellationof divergences.We obtainthecancellationof UV-divergencesfor freeasa byproductof a
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procedureaimedat preservingthephysicalmeaningof theparametersfrom beingchangedby radiative
corrections. This meansin turn, that within a renormalizabletheory, the problemof UV-divergences
simply doesnot present.We need,of course,to exploit a well-definedregularization, nowadaysdimen-
sionalregularization,in orderto parametrizethedivergencesof individual terms.However, afterproper
treatmentof the Lagrangianparameters,all the UV-divergencescancelidentically, in otherwordsthe
theorybecomesUV-finite.

It is necessaryto understand,however, oneimportantdifferenceof the SM from usualQED. In
QED we wereableto introducethe notion of the renormalizeddiagram for every individual diagram,
seeEqs.(442)and(446). In theSM it is, in general,impossible.As anexample,consider� self-energy
(Fig. 5) in general�p gauge.It couldbesubdividedinto a fermioniccomponent,Fig. 5.(1),andbosonic
one,Fig. 5.(2-14).

Definetherenormalizedself-energy by meansof theexpression:

© ôlè��X|X Vl- . Z 0 © X|X Vl- . Zx� © X|X V 2 .X Zx� Vl- . Ny2 .X Z u © X�X Vl-/. Zu�- . È Ñ Ï +`é ÑX R (472)

It iseasytoverify thatthefermioniccomponentof
© ôlè��X�X Vl- . Z , whichisknown tobegauge-invariant,is free

of UV-pole,andtherefore,full analogywith QED holds.However, thebosoniccomponentof Eq.(472),
althoughalsoUV-free,doesdependon

�
, andthereforethe notion of the renormalizedself-energy di-

agramis meaningless.In theunitarygauge,thequantity
© ôlè��X|X Vl-/. Z even containsUV-divergences.The

gauge-dependenttermscancelin thesumof self-energy, vertex andbox diagramsfor a physicalampli-
tude.Thesameis truefor UV-polesin theunitarygauge.

With this minimal knowledgeaboutthe renormalizationprocedure,we arereadyto discussthe
amplitudesfor somephysicalprocesses.

6.3 One-loopamplitudes

6.3.1 TheBornamplitudeanddiagrams

To approachthe discussionof the amplitudesandto introducemorenotions,we begin with the Born
approximationof theamplitudeof theprocess'
(*')+,� � � . It is describedby thetwo tree-level diagrams
with � and � exchanges:

')( �
�

')+ �
N

'
( �
�

'
+ �
Thephotonexchangeamplitudehasauniquevector 7 vectorstructure,whilst the � exchangeamplitude
maybewritten in two basises, VA or LQ:

¬ Ä ó~ô��ê 0 '�.�B 7 BC@; � 9 7 � 9 	
¬ Ä ó~ô��X 0 '�.� ; . a � . a 6 X V ; Z � 9 V � 7 N � 7 � ù Z87 � 9 V � @ N �
@
� ù Z � VA-basis	
¬ Ä ó~ô��X 0 '�.� ; . a � . a 6 X V ; Z � 9 D �FEG�7 � ( � O B 7G; . a 7 � 9 D �QEG�@ � ( � O BI@ ; . a � LQ-basisR (473)
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Here � _ 0 LI÷ � ù andthesymbol 7 is usedin thefollowing short-handnotation:

� 9 V � � N �]�ì� ù Z<7 � � V � . N � . � ù Z 0 «8 Vl- ( Z � 9 V � � N ���ì� ù ZX� Vw- + Z «� V z + Z � � V � . N � . � ù Z 8 V z ( Z R (474)

Furthermore,the 6 X V ; Z denotesthe � bosonpropagator:

6 X V ; Z 0 L; �y2 .X N�� ; Ó X } 2 X R (475)

Fromthebasicrelationsbetweentheparameters,

d .Þ|2 .a 0 ���¨ O 	
; . a 0 ' .d . 	 � . a 0 LÁ� ; . a 0 2 .a2 .X 	 (476)

oneeasilyderives

' .� ; . a � . a 0 ¨ O � � 2 .X 	 (477)

or, using '�.M0 � � Ü , wedefinetheconversionfactor:

��0
¨ O ��� 2 .X ; . a � . a

� Ü 	 (478)

which is equalto onein thelowestorder. Of course,it maydiffer from onedueto radiative corrections.
Thiswill bethesubjectof next section.

6.4 Muon decay, Sirlin’ s parameter $&%
As alreadymentionedin the first lecture,onehasto exploit somehow the precisemeasurementof the
muonlifetime, sincein termsof the Fermi couplingconstant,���h0 L R L þ|þ P ö V O Z © L K +]ù GeV+]. , the
relevant accuracy is ÿ L K +]ù . In this sectionwe briefly discussthe relevant issues. For a complete
presentation,seeChapter4 andSection7.13of Ref. [1].

6.4.1 Muonlifetime

Theprocessbeingconsideredis : ��' N 5 9 N 5 7 R (479)

If oneincludeslowest-orderQEDcorrectionsand
^

bosonpropagatoreffects,thenfor theinversemuon
life-time oneobtains,(cf. with thestandardpresentationin Ref. [6]):

L= 9 0 �r. � ? ù 9L ö O�� E
� ? . 7? . 9 LrN P

ã
? . 92 .a LrN Ü ? . 9

O�� O|ã� � � . 	 (480)

where � Vk% Z 0 Lr�tÞ % NyÞ % E � % � �yL O % . ¸ �r% (481)

is thephasespacefactor, and Ü + � ? . 9 	 L P þ is theQED runningcouplingconstantat thescale? 9 .

Thislow-energy decayprocessmaybedescribedwith theeffectivefour-fermionFermiLagrangian

� � 0 ���¨ O m
7 � 9 � ( m 9 m ��à � 9 � ( m � ß N_^ R � R (482)
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Oneusuallycalculatestheobservabledistribution, � D \ Vlj Z , in termsof a kinematicalvariablejû0 .�ë ßh à ,
where ì 7 is theelectronenergy in themuonrestframe.

If theelectronmassis neglected,j variesfrom
K

to L . Then,in thelowestorder(treelevel), one
has

� D \ Vlj Z 0 � . � ? ù 9ö|þ � E j . V
P � O j Z ��jÒ� L= 9 0 � . � ? ù 9L ö O�� E R (483)

Sincetheelectronmass? 7 is very small, it is sufficient to calculatethe realandvirtual QED radiative
correctionsignoringtheelectronmass.

6.4.2 Realcorrectionsin : -decay

Thebremsstrahlung,or realphotonemission,in : -decay, i.e. theprocess

: � ' N 5�9 N 5�7 N �U	 (484)

is describedin Fermitheoryby two Feynmandiagrams:

:
'
5|7

5�9

:
'
5�7

5�9
Thequantityof experimentalinterestis the transitionprobabilitysummedover the full photonicphase
space.After lengthycalculationsof thedecayprobabilityof thebremsstrahlungprocess,onederives:

� D ô Vlj Z 0 � . � ? ù 9ö|þ � E
Ü
O��

í Vlj Z �·jµ	
í Vlj Z 0 O j . V P � O j Z L �� N ¸ � ?

9 ? 7: . N ¸ � V Lr� j Z .j V � �yL|Z³N N ¹ . Vlj Zx� N ¹ . V L|Z
� jUV P � O j Z V LI� j Z ¸ �ïV LI� j ZxN LP V LÁ� j Z ã NyL|Û j � P � j . �A� O|O j N P � j . 	

where � 0 ¸ � j ? 9? 7 R (485)

Notetheappearanceof theIR-poleterm,which is dueto thesoft photonemission.

6.4.3 Virtual QED correctionsfor : -decay

Therearethreediagramsthat contribute to the ÿYV ÜµZ QED correctionsin the Fermi theory, which are
dueto thevirtual photonexchange(actuallyonly thethird one,seeSection6.1):

:
'
5 7

5�9
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Theeffect of thevirtual diagramsmaybeseenasdressingthelowest-orderinteraction «8�7 ��o]� ( 8�9 with
QED corrections,resultingin theappearanceof amorecomplicatedstructure:

� Ü� �
î � � o � ( N �

? 9 � . z 9 ½ o � + N �
? 9 � E z 7 ½ o � + R (486)

Note that only the first term hastheBorn-like structure,the secondandthird onesarenew andthis is
why we usethenotionof inducedstructuresfor them.Theresultof calculatingthediagramsreads:

î � 0 O L �� N ¸ � ?
9 ? 7: . V � �yL|Z³N N ¹ . V L|Z³� N ¹ . Vkj Z

N O �A� O ¸ �1V LÁ� j ZxN LLÁ� j ¸ �rj � P �AN � 	
� . 0 OV LÁ� j Z . j1¸ �Áj NyLI� j 	
� E 0 OV LÁ� j Z . V LÁ� O j Z ¸ �Áj �yLÁN j R (487)

Thevirtual correctionscontribute via interferenceof theamplitudeEq. (486)with theBorn am-
plitude.After calculatingthetracesonederives:

� D \ (Jï Vlj Z 0 LÁ� Ü
O��

î � � D � \ � Vlj ZqN � . � ? ù 9ö|þ � E
Ü� � j

E V � . N � E Z ��j R (488)

Thelowest-orderresultis multipliedby acorrectionfactor,
î � , which is ultraviolet finite (afterrenorma-

lization), but infrareddivergent; the inducedform factors, � . and � E , arefinite. The latter shouldbe
the case,sincethereareno othersourcesto compensateany divergenceof inducedform factors. The
infrareddivergencemustcancelwhenwe combinethe contribution of the virtual photons,Eq. (488),
with realphotonscontribution, � D ô Vlj Z , Eq. (485).

6.4.4 Total QED correctionsfor : -decay

Theexperimentallyobservablequantityis thesumof thetwo transitionprobabilitiesfor realandvirtual
processes,which is freeof infrareddivergences.For thesum,we obtain:

� D Vlj Z 0 �r. � ? ù 9ö|þ � E j . V P � O j Z³N Ü
O�� $

D Vlj Z ��jU	
$ D Vlj Z 0 O j . V P � O j Z O ¸ � Lr� jj N P

O V �A�yL|Z³N O N ¹ . Vlj Zx� O N ¹ . V L|ZqN ¸ �ïV LÁ� j Z ¸ �Áj � L
O� LÁ� jj ¸ �UV Lr� j Z � P j . ¸ �rj N LÁ� jP ã NYL|Û j � P � j . �A� O|O j N P � j . R (489)

ThetotalQED correctionis derivedby integrating � D Vlj Z over j from 0 to 1, yielding

L= 9 0 �r. � ? ù 9L ö O�� E LrN Ü
O�� O|ã� � � . R (490)

Let usemphasizeagainthat this resultwascalculatedwithin QED 7 effective 4-fermionFermi theory.
Of course,thecalculationcouldbeperformedexclusively within theStandardModel framework. This
wouldgive somethinglike

L= 9 0 ? ù 9L ö O�� E
d �P O 2 �a LÁN Ü

O�� �
9 R (491)

However, theFermiconstantwashistorically definedby Eq. (490).This is why we sketched,first of all,
aderivationwithin theFermitheory. Now we turn to acompletecalculationwithin theSM.
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6.4.5 EWcorrectionsfor muondecay, Sirlin’s parameter$&%
Turningto thediscussionof completeone-loopcorrectionsto : decay, we notefirst of all thattheQED
corrections,discussedin theprevious section,form a gauge-invariant result. Moreover, both the QED
andremainingEW correctionsareinfrared-andultraviolet-finite andgauge-invariant,thereforethey can
betreatedseparatelyandwe maywrite: � 9 0 � 7 h9 Ny� 7�ð9 R (492)

or, equalizingEqs.(490)and(491),we obtain

� �¨ O 0
d .Þ|2 .a LÁN Ü� � � 9 �t� 7 h9 0 d .Þ|2 .a LÁN Ü� � �

7#ð9 R (493)

Recallingthebasicdefinitionsof theOMS scheme

2 .X � . a 0 2 .a 	 d . 0 '�.; . a 	 (494)

andusingthem,we derive

; . a � . a 0 � Ü¨ O � � 2 .X V LIN $&% Z 	 with $&%J0 Ü� � �
7�ð9 R (495)

AlbertoSirlin (1980)suggestedthatthelastequationberewritten as

; . a � . a 0 � Ü¨ O ��� 2 .X
LLI� $&% 	 (496)

asif it couldbe re-summedto all orders(similar to theDysonre-summation)aswould be true for $ Ü
(seeEq. (502)below).

After lengthycalculations(seeSection7.13of Ref. [1]), onederivesthefinite resultfor $&% in the
one-loopapproximation

$4% 0 Ü� �
L; . a ; . a � OP � � ? èÅô ½ �¢u¢ V K Z N � . a; . a $&" � N $&" �a N L|L

O � ãÞ � . a LrN � . a N ö � . a� ; . a ¸ �ï� . a 	
(497)

wherefinitepartsof the $&" � factorsdefinedby,

$&" � 0v$&" B ó~ç ½ � N $&" ? èÅô ½ � 	 $&" �a 0v$4" B ó~ç ½ �a N $&" ? èÅô ½ �a 	 (498)

have fermionic andbosonic contributions

$4" B ó~ç � ? èÅô � ½ � 0 L2 .a © B ó~ç � ? èìô � ½ �ara 2 .a � © B ó~ç � ? èÅô � ½ �X|X 2 .X 	
$4" B ó~ç � ? èÅô � ½ �a 0 L2 .a © B ó~ç � ? èìô � ½ �ara V K Z³� © B ó~ç � ? èÅô � ½ �ara 2 .a R (499)

Thebosoniccontributions,writtendown explicitly, are

$&" B ó~ç ½ �a 0 � LL O � � a N �P � . a � L|ÛP�� � � . a � �\ �M2 .a { 2YX 	 2ha
� LÁ� LP ¶"Õ N LL O ¶ .Õ � �\ �32 .a { 2hg 	 2ha
N P

� V LI� ¶"Õ Z N
L� � LL O ¶"Õ ¶"Õr¸ �Á¶"Õ N LL O � � a N L|ÛL O � . a � P

; . a N L� ¸ �U� . a
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N LL O � � a N L|LÞ � . a N L P öP þ � L|Û|Û
O � � . a N ãÞ � � a � LL O ¶"Õ Û

O � ¶"Õ 	
$&" B ó~ç ½ � 0 � LL O � . a N � P � L|ÛP � . a � � � � a � �\ �32 .X { 2ba 	 2ha � L

� . a � �\ �M2 .a { 2hX 	 2ha
N LÁ� LP ¶"Õ N LL O ¶ .Õ � �\ �32 .a { 2hg 	 2ha
� LÁ� LP yñÕ N LL O y .Õ L

� . a � �\ �M2 .X { 2 g 	 2 X
N LL O

; . a ¶ .Õ V~¸ �Á¶"Õ �yL|Z³� LL O � � a N L
O � . a � O N LL O ¶"Õ ¸ �U� . a

� LL O � � a � L öP þ � . a � L P|PL|Þ NyÞ � . a 	 (500)

wherewe introducedtwo ratios

¶"Õ 0 2 .g2 .a 	 yñÕ 0 2 .g2 .X 	 (501)

andthefinite partsof the � \ functionasin Eqs.(361)–(362).

6.4.6 Re-summationof large corrections

In order to reacha high precisionof theoreticalpredictions,one hasto improve upon the one-loop
expression.Webegin with theextractionof $ Ü ? èÅô 2 .X from $&% . Fromthedefinitionof $ Ü ? èÅô 2 .X ,

Ü ? èÅô 2 .X 0 Ü
LÁ� $ Ü ? èìô 2 .X 	 (502)

andthedefinitionof thee.m.runningcoupling

Ü V ; Z 0 Ü
Lr� Ü� �

� � V ; Z 	 with
� � V ; Z 0 � ôlè�� V ; Z 0 � ¢u¢ V ; Z³� � ¢u¢ V K Z 	 (503)

we derive thefollowing representationfor $&%
$&% 0 $ Ü ? èìô 2 .X N Ü� � ; . a

; . a � OP � � × ½ �¢u¢ V K Z³� � ! (]ù g·½ �¢u¢ 2 .X
N � . a; . a $&" � N $&" �a N L|L

O � ãÞ � . a LÁN � . a N ö � . a� ; . a ¸ �ï� . a 	 (504)

wherethesuperscript

6 N ã z standsfor asummationover leptonsandfive light quarks.

Note, that the runningQED coupling, $ Ü ? èìô 2 .X , is definedat the scale: 0 2YX . The two
quantitiesin Eq. (499) aredefinedat the scale: 0 2ha asan artifact of the definition in Eq. (361).
It is reasonableto re-scaleall the relevant quantitiesto the natural valueof the scale: 0 2 X . The
quantity $&" � , evaluatedat : 0 2 X , is a gauge-invariantobject,andthereforea goodcandidatefor a
re-summation.Definetheleadingandremaindercontributionsto $&% :

$&% V 0 � Ü� �
�Ä. a; � a $4" � à·ò ä X 	

$&% ôlè�Ë 0 Ü� � ; . a
; . a � O P � � × ½ �¢u¢ V K Z³� � ! (]ù g�½ �¢u¢ 2 .X N Lþ Ç�@ � Lþ �yÛ � . a ¸ �ï� . a

N $&" �a N L|L
O � ãÞ � . a LÁN � . a N ö � . a� ; . a ¸ �ï� . a à·ò ä X R (505)
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There-summedone-looprepresentationreads¨ O ��� 2 .X ; . a �Æ. a
� Ü 0 L

LÁ� $ Ü ? èÅô 2 .X � $&% ô è�Ë LÁN ¨ O ��� 2 .X ; . a �Ä. a
� Ü $&% V

R (506)

There-summationof $ Ü ? èÅô 2 .X is dictatedby renormalizationgrouparguments.The re-summation

of termscontaining $&" ? èÅô ½ � V~$&% V Z finds its rootsin the two-loopEW calculations(G. Degrassiet al.
1996–1999).TheEq. (506)is thereforeanimprovedversionof theone-loopresultEq.(496).

Higher orders,in particularQCD correctionsof ÿYV ÜµÜ*Ý�Z andsecond-orderelectroweakcorrec-

tions ÿ �r. � ? � × and ÿ �r. � ? . × 2 .X , areappliedby meansof modificationsof theleadingandremain-
derterms:

$&% V � $4% V N $4% åâóV 	 $4% ô èxË � $4% ô èxË N $&% åâóô è�Ë R (507)

Equation(506) formally looks like an equationfor conversionfactor � , cf. Eq. (478). If all radiative
correctionsareswitchedoff, � 0 L , and � differsfrom 1 dueto non-zeroradiative corrections.Wemay
considerthe Eq. (506) asan equationwith respectto 2ha . The resultsof an iterative solutionof this
equationfor the 2 a which incorporatesecond-orderelectroweakcorrections,without andwith QCD
correction ÿYV ÜµÜ Ý Z , areshown in the Tab. 1. This Table is shown not only to give sometasteof the

Table1: The � -bosonmass,óõô [GeV] in OMSscheme,ö�÷ãø±ù — first entry, ö8÷Zø±ù�ú}Ç·ûxù — secondentry.

? × [GeV] 2 g [GeV]
65 300 1000

170.1 Þ K R �|� ã Þ K R P � ö Þ K R O|ã þÞ K R P Û ã Þ K R O Û ö Þ K R L|Þ þ
175.6 Þ K R � Þ O Þ K R P Þ þ Þ K R O ö LÞ K R � K|ö Þ K R P L O Þ K R O L ö
181.1 Þ K R ã|O L Þ K R � O P Þ K R P O öÞ K R �|�|� Þ K R P � þ Þ K R O|ã|O

numbers.It shows that thetwo-loopcorrectionsof ÿYV Ü�Ü*Ý]Z shift thepredictedmassof the 2ha boson
by about80 MeV, which is bigger thanthepresentexperimentalerrorof directmeasurementsof 2ha !
It is aniceillustrationof theimportanceof precisioncalculations.

6.5 � resonanceobservablesat oneloop

Beforediscussing� resonanceobservables,we have to give two definitionsin orderto understandthe
terminologythathasarisenin thedepthsof theLEPcommunity.

Definition 1 RealisticObservables.They are the cross-sectionsÂ @ V ; Z and asymmetries� @ V ; Z of the
reactions, ' ( ' + � Vl�*	�� Z � � ��Vl�x� Z 	 (508)

calculatedfor a givenvalueof ; 0 � ìI. with all availablehigher-order corrections(QCD,EW),includ-
ing real andvirtual QED photoniccorrections,possiblyaccountingfor kinematicalcuts.

Definition 2 Pseudo-Observables.They are relatedto measured cross-sectionsand asymmetriesby a
de-convolutionor unfoldingprocedure (i.e. undressingof QEDcorrections).Theconceptof thepseudo-
observabilityitself is rather difficult to define. Oneway to introduceit is to saythat the experiments
measure someprimordial (basicallycross-sectionsand therebyalsoasymmetries)quantitieswhich are
thenreducedto secondaryquantitiesundera setof specificassumptions.Within theseassumptions,the
secondaryquantities,thepseudo-observables,alsodeservethelabel of observability.
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6.5.1 The � partial widths

The � partialwidthsrepresenta typical exampleof pseudo-observables, i.e. they have to bedefined. At
theBorn level, wedefinethepartialwidth of the �W� � � decayasaquantitydescribedby thesquareof
onediagram:

�
�

�
Fig. 9: ProcessÐÆÈÊÞ Þ ; Bornapproximation.

Its amplitudeis written by thedirectapplicationof theFeynmanrulesof Section2.11. Like Eq. (473),
theamplitudeof theprocess� ��� � decayamplitudemaybewritten in two basises:�U� -basis,

� ç @ @9 0vV O�� ZÅ��� � d EL þ � . � a �
9 � @ N �
@µ� ù 	 (509)

� B -basis,

� ç @ @9 0vV O�� Z � � � d EL þ � . � a �
9 D �FEG�@ � ( � O BI@ ; . a R (510)

Both expressionsare identical andwe write both for didactic reasonsonly. The partial width of the�W� � � decayin theBorn approximationis givenby Eq.(386)whichwe recallhere:

Ó � ��� � 0 ��� 2 EXþ ¨ O�� T @ÁV 2hX�Z � .@ N � . @ LrN O ? . @2 .X � þ � . @ ? . @2 .X R (511)

Herethe � –fermioncouplingsaredefinedby Eq.(401).

6.5.2 QEDdiagramsandcorrections

QED correctionsin themasslessapproximationaredescribedby threediagramsin Fig. 10.

�
�

�
� N

�
�

�

� N
�

�

�
�

Fig. 10: ProcessÐÆÈÊÞ Þ ; QED corrections.

QED diagramsare separatelygauge-invariant and finite. Their contribution integratedover the full
bremsstrahlungphotonphasespaceis (seederivationin Section4.2)

Ó �����@ 0vÓ � \ �@ LÁN P
� Ü� B . @ R (512)
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6.5.3 The �W� � � decayamplitude

All remainingone-loopdiagramsrefer to EW corrections.They form anothergauge-invariant subset
of diagrams.Recall that all the counter-termswerefixed in sucha way that all external lines remain
unchangedby radiative corrections,thereforeonly vertex diagramsandvertex-type counter-termscon-
tribute:

�
�

�
N

�
�

�
Fig. 11: ProcessÐÆÈüÞ Þ ; fermionvertex andits counter-terms.

The effect of radiative correctionsmay be parametrizedin termsof amplitudeform factors. In the
masslessapproximation,theamplitudehasa Born-like structurewith only two form factorsandagain
two basisesmight beused:�U� -basis,

� ç @ @9 0vV O�� Z � � � d EL þ � . � a � 9 � [ V 2 .X ZxN � T V 2 .X Z � ù 	 (513)

� B -basis,

� ç @ @9 0vV O�� Z � � � d EL þ � . � a � 9 D �FEG�@ � V 2 .X � ( � O BI@ ; . a � � 2 .X R (514)

We seethat theonly differencefrom theBorn caseis the replacementL � � V ½ � 2 .X . With theaid
of this amplitudeoneconstructsthe � partialwidths, Ó
@ , which canbecompared,in principle,with the
experimentaldata.

6.5.4 The � width in theone-loopapproximation

Considerthesumof theBorn andof theone-loopcorrectedamplitudesfor the � bosondecay

� ° ó~ô9 2 .X ¦ � '
O ; a � a �

9 D �QEG�@ � X ½ V � ( � O BC@ ; . a � X ½ �
0 � 'G� X ½ V

O ; a � a �
9 D �QEG�@ � ( � O BC@ ; . a LÁN � X ½ � � � X ½ V 	 (515)

where � X ½ V � � � 0 LrN Ü� � ; . a
� X ½ V � � � 2 .X R (516)

Usingthedefinitionof $&% , Eq. (496),rewritten asfollows,

'; a � a 0 O ¨ O ��� 2 .X Lr� L
O $&% 	 (517)

we eliminatethe ratio 'G}|V ; a � aUZ in favour of theFermiconstant�o� , and � X ½ V 2 .X receive shiftsof� $&%z} O . This procedureeliminatesrunningQED coupling $ Ü V 2 .X Z from � X ½ V 2 .X andto anextent

minimizestheradiative correction,since $ Ü V 2 .X Z containsbig logs. Definethetwo effectivecouplings
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" @ X (onemore" !, this timefinite andgauge-invariant, seecommentsbelow) and ý @ X ,

" @ X 0 LÁN Ü� � ; . a O � X ½ V 2 .X � ; . a � 7�ð9 	
ý @ X 0 LÁN Ü� � ; . a

� X ½ � 2 .X � � X ½ V 2 .X 	 (518)

where � 7�ð9 wasdiscussedin Section6.4.5. In termsof theseeffective couplingstheone-loopimproved
expressionfor thepartialwidth of �W� � � decaybecomes

Ó�@J0 � � 2 EXþ ¨ Oâ� � @�" @ X � @è�þ . � @ [ N D �QEG�@ . � @ T 	 (519)

where

� @è�þ 0 D �FEG�@ � O BI@&¶)¹ � . . @è�þ 	
¶)¹ � . . @èxþ 0 ý @ X ; . a R (520)

In Eq. (519),we includedfactors � @ [ and � @ T , which accumulatefinal state(FSR)QED andQCD cor-
rections.The lowest-orderQED 7 QCD resultmaybe obtainedfrom Eq. (512) if oneremembersthe
colourtraceQCD factor4/3:

� @ [ 0v� @ T 0 LrN P Ü� � B . @ N
Ü*Ý
� R (521)

Now many moretermshave beenarecomputedandreally neededto matchthe high precisionof the
experiment.Thefactors� @ [ ½ T look like aseriesin Ü V 2 .X Z and ÜµÝ V 2 .X Z :

� @ [ 0 LIN P Ü V 2 .X Z� � B . @ N ÜµÝ V 2 .X Z
� � Ü V 2 .X Z� �

ÜµÝ V 2 .X Z
� B . @ N � � . �[ ÜµÝ V 2 .X Z

�
. N R�R�R

� @ T 0 LIN P Ü V 2 .X Z� � B . @ N ÜµÝ V 2 .X Z
� � Ü V 2 .X Z� �

ÜµÝ V 2 .X Z
� B . @ N � � . �T

ÜµÝ V 2 .X Z
�

. N R�R�R (522)

Thediscussionof FSRQED 7 QCDcorrectionsdeservesaseparatelecture.

At theendof this sectionI would like to emphasize:

1. We metanimportantnotionof theamplitudeform factors. Sincethey describea physicalampli-
tude(or anotherphysicalquantity, like theanomalousmagneticmoment),they aregauge-invariant
anddivergence-freefunctions(or constants).Moreover, wemayrephraseslightly thedefinitionof
pseudo-observables givenabove,asfollows:

2. Definition: In a very general sense, the pseudo-observableis a constructionmadeof gauge-
invariant form factors of an amplitudeof a process.
Therefore,Sirlin’s parameter$&% or the " -parameterof Eq. (518), " @ X , aretypical pseudo-obser-
vables,whilst Veltman’s parameter$&" is not.

6.5.5 Re-summationof large corrections

In asimilarway to whathasbeendonefor $&% , onehasto improveupontheone-loopapproximationfor" @ X and ý @ X . Definetheleading(enhanced)andremaindercontributionsto " @ X and ý @ X :

" @ X 0 LÁN " @ V N " @ô è�Ë 	
ý @ X 0 LÁN ý @ V N ý @ô èxË R (523)
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Whenwe eliminate $4% andnormalizeamplitudesto theFermiconstant��� , all largecorrections
containingÜ ? èìô 2 .X areautomaticallyaccountedfor.

Therefore,in contrastto whathappenedin there-summationof $&% , hereonehasto re-sumonly
the ? . × -enhancedterms.As for $&% , onederives:

" @ X 0 LrN " @ô è�Ë
LÁN ¨ O ��� 2 .X ; . a � . a

� Ü " @ V
R (524)

For ý onehasto follow aslightly differentprocedure,

ý @ X 0 LÁN ý @ôlè�Ë LÁN ¨ O �o� 2 .X ; . a �Æ. a
� Ü ý @ V N L; . a � » -parts	 (525)

wheresome
� » -partsareadded(seeSection6.11.6.3of Ref. [1]). Thesearesecond-orderterms,en-

hancedby � .�Ç�@ (where Ç�@ is the total numberof fermionsin the SM) which have to be taken into
accountassoonastheleadingtwo-loopcorrectionsareadded.

Theleadingcontributionsaremadeof thegauge-invariantquantity $&" � asfollows

" @ V 0 � Ü� �
L; . a $&" � 	 ý @ V 0 � Ü� �

� . a; � a $4" � 0v$4% V R (526)

Theinclusionof higher-orderirreducibleeffects,is achievedby meansof themodificationof theleading
andof thereminderterms.As for $&% , we have:

$&% V � $&% V N $&% åâóV 	
" @ô è�Ë � " @ô è�Ë N " @ ½ åâóô è�Ë 	
ý @ôlè�Ë � ý @ô è�Ë N ý @ ½ åâóô èxË R (527)

Thenumericalresultsfor ¶)¹ � . . 7è�þ , derivedincludingthere-summationof theleadingcorrectionsandthe

leadingandsub-leadingtwo-loop irreducibleelectroweakcorrectionsÿ �r. � ? � × and ÿ �r. � ? . × 2 .X ,
areshown in Tab. 2.

Table2: TheOMS ÿ���� Ñ�� ß��� .

?A× [GeV] 2bg [GeV]
65 300 1000

170.1
K R O P L K|ö K R O P L|Þ|Û K R O P O|ã P

175.6
K R O P K|ö|K K R O P L þ Þ K R O P O P �

181.1
K R O P K Û K K R O P L � ö K R O P O L ã

This table illustratesthat the ¶)¹ � . . 7è�þ is quite sensitive to variationsof both ?A× and 2bg . It is
instructive to comparea typical variation due to Higgs mass ø K R K|K|K � ã with the presentcombined
experimentalerror ø K R K|K|K O þ . This illustrateswhy thepresentprecisionalreadyensuresa sensitivity to
themassof theHiggsboson.
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6.6 Realisticobservablesin the process' ( ' + � � �
For thisprocesswemayalsoconsideragauge-invariantsubsetof QEDdiagrams:QEDvertices,��� and��� boxes. It hasto beconsideredtogetherwith four QED bremsstrahlungdiagrams,Fig. 12. Thesum
of all theQEDdiagramsis freeof infrareddivergences.

' ( �
�
�'
+ �

N
' ( ��

�

')+ �
'
( �

� �
' + �

N
')( �

� �
' + �

Fig. 12: Bremsstrahlungprocess	�
�	�
9ÈÊÞ Þ�� .

6.6.1 One-loopdiagramsandcorrectionsfor ')(µ')+���� �
The remainingone-loopdiagramsform the non-QEDor weakcorrections.The total weakamplitude
mayberepresentedasthesumof dressed� and � exchangeamplitudesplusthecontribution from weak
boxdiagrams,i.e. �&� and

^�^
boxes.The �&� boxesareseparatelygauge-invariant.

Fermionicloopsarealsoseparatelygauge-invariantandmaybere-summed.Bosonicloopshave
to beexpandedto thefirst order. Dressed� and � exchangesmaybesymbolicallydepictedas:

')( �
V~��	�� Z

' + �
N

'
( �
V~�p	�� Z

' + �
Fig. 13: Process	�
�	�
oÈ Ï�ÐlÑ�Ò�ÓOÈüÞ Þ ; final fermionvertex andits counter-terms.

')( �
V~��	�� Z

' + �
N

'
( �
V~�p	�� Z

' + �
Fig. 14: Process	 
 	 
 ÈüÏ�ÐlÑ�Ò�Ó�ÈÊÞ Þ ; electronvertex andits counter-terms.
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' ( �
V~�p	�� Z V~�p	�� Z

')+ �
N

' ( �
V~�p	�� Z V~�p	�� Z

'
+ �
Fig. 15: Process	 
 	 
 ÈüÏ�ÐOÑ�Ò>Ó�ÈÊÞ Þ ; self energiesandkinetic counter-terms.

If externalfermionmassesareneglected,thenthecompleteone-loopamplitude(OLA) canbedescribed
by only four scalarfunctionsandby therunningelectromagneticconstantÜ ? èÅô V ; Z .

Therearetwo waysof representingthedressedamplitude:

1) In termsof four scalarform factors,� � � V ; 	 > Z ,
¬������X


 T 0 '�. D �QEG�7 D �QEG�@� ; . a � . a 6 X V ; Z � 9 � ( 7 � 9 � ( � V�V V ; 	 > Zx� � � B 7 � ; . a � 9 7 � 9 � ( � � V V ; 	 > Z
� � � BI@µ� ; . a � 9 � ( 7 � 9�� V � V ; 	 > Z³NyL þ � B 7 BI@q� ; � a � 9 7 � 9
� �`� V ; 	 > Z {

(528)

2) In termsof theeffective couplings" 7 @HV ; 	 > Z and ý/� � V ; 	 > Z , which in thiscaseare ; 	 > -dependent,

contraryto the � decaywherethey wereconstants.(The
>
-dependenceis dueto theweakboxes.)

¬������X

 T 0 ¨ O ��� D �QEG�7 D �QEG�@ 2 .X 6 X V ; Z " 7 @zV ; 	 > Z � 9 � ( 7 � 9 � ( � � � B 7 � ; . a ý 7 V ; 	 > Z � 9 7 � 9 � (

� � � BI@�� ; . a ý/@zV ; 	 > Z � 9 � ( 7 � 9 NtL þ � B 7 BI@q� ; � a ý 7 @HV ; 	 > Z � 9 7 � 9 R (529)

On top of the
¬ �����X


 T thereis thecorrected� -exchangeamplitude,which contains,by construction,only

theQEDrunningcoupling Ü ? èÅô V ; Z :
¬ �����T 0 � � Ü

? èìô V ; Z; � 9 7 � 9 R (530)

Thereareresidualcorrectionsto thephotonexchangediagrambut it is alwayspossibleto assignthemto
the � exchangeamplitude,sincebothcontainthesameDirac structure� 9 7 � 9 .

Theeffective couplings" and ý ’s arerelatedto theform factors� � � V ; 	 > Z andto thequantity $&%
(or � 7�ð9 , seeSection6.4.5)by thefollowing equations:

" 7 @HV ; 	 > Z 0 LÁN Ü� � ; . a
� V�V V ; 	 > Z³� ; . a � 7�ð9 	

ý 7 V ; 	 > Z 0 LÁN Ü� � ; . a
� � V V ; 	 > Z³� � V�V V ; 	 > Z 	

ý�@zV ; 	 > Z 0 LÁN Ü� � ; . a
� V � V ; 	 > Z³� � V�V V ; 	 > Z 	

ý 7 @HV ; 	 > Z 0 LÁN Ü� � ; . a
� �`� V ; 	 > Z³� � V�V V ; 	 > Z R (531)

Here L is dueto theBorn amplitudewhichhasalsobeenincluded.
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6.6.2 Convolutionwith QEDradiation

Herewe briefly discussthe subsequentchain of calculations. Having constructedOLA amplitudes,
Eqs. (529)–(531),which may also be called the Improved Born Approximation(or IBA) amplitudes,
we may calculate the correspondingIBA cross-section. The latter may also be called doubly de-
convolutedcross-section, i.e. prior to subsequentconvolution with Initial State(ISR) andFinal State
(FSR)radiations. It is convenientto introducethe notion of a singly de-convolutedcross-section, i.e.
with FSR and without ISR; the latter being a function of the reducedc.m.s. energy ; � and possible
kinematicalcutsin thefinal state.
So,thenaturalnext stepwouldbe:From IBA � IBA � FSRcross-section. Thiswouldgiveusakernel
cross-sectionfor asubsequentconvolution with theISR.

Â ­ è ° 0
�
ÂxV ; �w	 cutsZ R (532)

Thefinal stepwould be: From IBA � FSR cross-section� complete QED convoluted cross-section,
whichwouldaccountfor multiplerealbremsstrahlungin theISR,virtual ISRcorrectionsandcorrections
dueto theemissionof realandvirtual unobservedpairs,shown symbolicallyin Fig. 16.

'

'

�

�*	��

�
Fig. 16: ISR� FSRQEDcorrectionsfor 	 	¹ÈÊÏ�ÐlÑ��aÓ�ÈÊÞ Þ .

The ISR correctionsareaccountedfor by meansof thestructurefunctions(SF), � V�y { ; Z , or the
flux function (FF),

f Vkj { ; Z . The QED convoluted cross-sectionÂ4V ; Z is relatedto the kernel cross-
sectionby theconvolutionintegral,

Â4V ; Z 0 � + Ù � § Ù
\ �·j f Vlj { ; Z

�
Â V Lr� j Z ; 	 (533)

wheretheflux function
f

is relatedto thestructurefunctionsby:

f Vkj { ; Z 0 �
� + ´

�
yy � Vñy { ; Z � LÁ� jy { ; R (534)

TheFF maybepresentedasasumof virtual + soft photon(V+S) andhardphoton(H) contributions:f Vlj { ; Z 0 T j e + � ��� ( � Ny��� 	
T 0 O Ü� ¸ � ;

? . 7 �yL 	 (535)

with thevirtual + soft photonpartbeingexponentiated.

The flux function is known up to ÿ Ü . completely, and up to ÿ Ü E � E in the leading log
approximation(LLA). Theseissuesdeserve, indeed,aseparatelecture.

105



6.7 Experimental statusof the SM

I shallpresentonly two plotstakenfrom Ref. [7], courtesyof M. Grünewald, referringfor acomprehen-
sive experimentalreview of thisfield to Ref. [7] andto his work Ref. [8].

The overall statusof the SM might be well illustratedby the so-calledpulls, Fig. 17. Although
thereareseveral pointswheredeviationsbetweenthe theoryandexperimentapproachtwo standards,
theaveragesituationshouldbe ranked asextremelygood. We notethat the level of precisionreached
is of theorderof ø L K + E , andthat it is extremelynon-trivial to controlall theexperimentalsystematics
at this level. In thesecondfigure,Fig. 18, we presentthe famousblue-bandshowing the $ 6 .Ë&�}� V 2 .g Z
distribution derived from a combinedfit of all the world experimentaldatato the SM exploiting the
bestknowledgeof precisiontheoreticalcalculationswhich is realizedin computercodesZFITTER and
TOPAZ0. It illustrateswhat we call an indirect discovery of the Higgs bosonmadevia the study of
constraints, providedby PHEP, asdiscussedin thefirst lecture.
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Fig.17: Pullsfor pseudo-observables.Thepull isdefinedasthedifferencebetweenthemeasurementandtheSM predictioncal-
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Fig. 18: TheBlue-Band.Curve showing KMLONPRQ S�TVU NWYX ø�LZNPRQ S�TVU NWYXE[ LZNPRQ S asa functionof U W . Thewidth of theshaded

bandaroundthe curve shows the theoreticaluncertainty. The two lines correspondto differentcalculationsof KM\M]�^`_ TVU Na X ,
namely KM\ ]�^`_ TVU Na X ø ùcb ùcd;e�ù;fhg�ùcb ùÎùÎù�i;j (Eidelman,Jegerlehner) and KM\ ]�^`_ TVU Na X øÆù�b ùcd�k;e`flg�ù�b ù·ùÎùcd�i (theory-driven

analyses). Also shown is theregionexcludedat m�j;n CL by thenegativedirectsearchfor theHiggsbosonatLEP2, o�pxù·ù GeV.

Thesefigures,aswell asmany moreproofsof thecorrectnessof theSM collectedin recentexper-
iments,convincesusto concludetheselectureswith:

7 CONCLUSION
q TheStandardModelhasbeencompletedtheoreticallyandmustberankedasTheStandardTheory,

whichshouldcompletelyreplaceQED.
q TheStandardTheoryhasnotbeencompletedexperimentally.

The Higgs bosonis the only ingredientstill waiting to be discovered,and it will inevitably be
discovered.However, it is very difficult to predictwhereandwhen?
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