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Abstract
Thefield quality in thesuperconductingmagnetsis expressedin termsof the
coefficients of the Fourier seriesexpansionof the field in the aperture,at a
referenceradius.Scalinglaws for differentcoefficientsandreferenceradii are
presentedand the field generatedby line currentsin 2 and 3 dimensionsis
derivedfrom basicprinciples.

1 Fourier seriesexpansionof
���

Themagneticfield errorsin theapertureof thesuperconductingacceleratormagnetsareexpressedasthe
coefficientsof theFourierseriesexpansionof theradialfield componentat a givenreferenceradius(in
the2-dimensionalcase).In the3-dimensionalcase,thetransversefield componentsaregivenata longi-
tudinalposition ��� or integratedover theentirelengthof themagnet.For beamtrackingit is sufficient
to considerthe transversefield components,sincethe effect of the z-componentof the field, which is
presentin themagnetends,on theparticlemotionscanbeneglected.

Assumingthat the radial componentof themagneticflux density
���

at a given referenceradius�	�
� � insidetheapertureof a magnetis measuredor calculatedasa functionof the angularposition� (if nothingelseis stated,the local coordinatesystem�������� of aperture2 [right oneseenfrom the
conncetionside]is usedandtheindex is omitted),we getfor theFourierseriesexpansionof thefield

� ��� � � ������� �
�����

� � � � � � �����  "!#�%$'& � � � � �)(+*��,!#���.- (1)

If the field componentsare relatedto the main field component
��/

we get for 0 =1 dipole, 0 =2
quadrupoleetc.:

� ��� � � ������� ��/ � � � � ������
�.1 � � � � �����  2!#�%$'3 � � � � �)(+*��4!#���.- (2)

The
� � arecalledthenormalandthe & � theskew componentsof thefield givenin 5 ,

1 � arethenormal
relative, and 3 � the skew relative field components.They aredimensionlessandareusuallygiven in
unitsof 6�798�: ata17 mmreferenceradius.

2 The field components

Let us now considera singlecoil centeredin an iron yoke with circular inner apertureanda uniform
high permeability. The coil canbe accuratelydescribedby a setof line currentsat the positionof the
superconductingstrands.It will beshown below, thatfor asetof !#; of theseline currentsat theposition� ��<=��>2<+� carryingcurrent ? < thecoefficientsaregivenby

� � � � � ���A@
��B
< ���

C � ? <D� � 8 ��EGF 6� �< $
CIHJ@ 6C H $ 6

� ��<K �L.M.N.O �
� (+*��4!#> < (3)
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& � � � � �P�
��B
< ���

C ��? < � � 8 ��EGF 6� �< $
C H @ 6C H $ 6

� � <K �L.M.N.O �
� ���  2!#> < (4)

where
K L.M.N.O is the inner radiusof the iron yoke with the relative permeabilityC H . It is reasonableto

focuson thefieldsgeneratedby line currentssincethefield of any currentdistribution over anarbitrary
cross-sectioncanbeapproximatedby summingthefieldsof anumberof line currentsdistributedwithin
thecross-section.As superconductingcablesaremadeof strandswith adiameterof about1 mm,agood
computationalaccuracy canbeobtainedby representingeachcableby two layersof equallyspacedline
currents(samenumberasstrands).Thusthegradingof thecurrentdensityin thecabledueto thediffer-
entcompactionon its narrow andwidesideis automaticallyconsidered.

With equation(3) and(4), a semi-analyticalmethodfor calculatingthefields in superconducting
magnetsis given. The iron yoke is representedby imagecurrents(secondtermin theparentheses).At
low field level, thesaturationof theiron yoke is low andthismethodis sufficient for optimizingthecoil
cross-section.Underthatassumptionsomeimportantconclusionscanbedrawn:

Q For a coil without iron yoke thefield errorsscalewith 6�R � � wheren is theorderof themultipole
and� is themid radiusof thecoil. It is clear, however, thattheconsequenceof anincreaseof coil
apertureis a linear drop in dipole field. Otherlimitations of the coil sizearethe beamdistance,
theelectromagneticforces,theyoke size,andthestoredenergy which resultsin anincreaseof the
hot-spottemperatureduringaquench.Q The relative contribution of the iron yoke to the total field (coil field plus iron magnetization)is
for a nonsaturatedyoke approximately

� 6 $ ��SUTWVYXYZ� � � � � 8 � . For themain dipoleswith �[�]\4^�-`_
mm and

K L.M.N.O �ba�c mmwe getfor the
� � componentabout19 % of contribution from theyoke,

whereasfor the
��d

componenttheinfluenceof theyoke is only about0.07%.Q For certainsymmetryconditionsin the magnet,someof the multipole componentsvanishi.e.
for an up-down symmetryin a dipole magnet(positive current ?=� at

� � � ��> � � andat
� � � ��@e> � � )

no & � termsoccur. If thereis in additiona left-right symmetry, only the odd
� � � ��f � ��d � �hg ��-`-

componentsappear.

It is thereforeappropriateto optimizefor higherharmonicsfirst, usingthe analyticalapproach,
andonly at a laterstatecalculatetheeffect of iron saturationon the lower-ordermultipoles.Whenthe
LHC magnetsarerampedto their nominalfield of 8.4 T in the aperture,the yoke is highly saturated,
andnumericalmethodshave to beusedto replacethe imagingmethod.Thenit is advantageousto use
numericalmethodsthatallow a distinctionbetweenthecoil-field andthe iron magnetizationeffects,to
confineboth modellingproblemson the coils andFEM-relatednumericalerrorsto the 20 % of field
contribution from theiron magnetization.Collaborative effortswith theUniversityof Graz,Austria,and
theUniversityof Stuttgart,Germany, have beenundertaken for this task.Usingthemethodsof reduced
vector-potentialsor theBEM-FEM couplingmethodyields the reducedfield in theaperturecausedby
themagnetizationof theiron yoke andavoidstherepresentationof thecoil in theFE-meshes,seecom-
panionpapersin thisyellow report.

In order to avoid field approximationsby differential quotients,it is useful to usethe vector-
potentials&ji insteadof the

� �
componentsin theFourierseriesexpansion.In orderto do so,transfor-

mationlaws arederived.
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3 The solution of the Laplaceequation

With Maxwell’s equations

(+kml�nIop �qor (5)s � t
o� � 7 (6)

for magnetostaticproblemsandtheconstitutive equation

o� �uC � op �Ivwop �uC � � op $ ox � (7)

andtogetherwith thevector-potentialformulation o� �y(+kml�neo& weget

(+kml�nzo&{�|C � � op $ ox � (8)

op � 6C � (+kml�nIo&}@ ox (9)

6C � (+kml�n`(+kml�nzo&{� or $'(+kml�n2ox (10)

In thetwo-dimensionalcasewith ~~ i � 7 , o& hasonly a � -component.In theabsenceof iron magnetiza-
tion, we getthescalarPoissondifferentialequation

� � &�ih�A@�C � r i (11)

andfor currentfreeregionsEq. (11) reducesto theLaplaceequationwhich readsin cylindrical coordi-
nates

� ��� � &�i� � � $[� � &�i� � $ � � &ji
� � � � 7 - (12)

Thegeneralsolutionof this homogeneousdifferentialequation(which is valid only insidetheaperture
of themagnetcontainingneitheriron norcurrents)is derivedusingthemethodof separationandreads

&ji � �������j� �
�����

�.� 6 � � � $ � E � � 8 � � �.� 6 � ���  "!#��$ � E � (+*��4!#���.- (13)

Consideringthat &ji is finite at � =0 the
� E � have to bezerofor thevectorpotentialinsidetheaperture

of themagnet.For thesolutionin theareaoutsidethecoil all
� 6 � arezero.RearrangingEq. (13)yields:

&ji � �������#� �
�����

� � ��� � ���  2!#�%$[� � (+*��4!#���.- (14)

At a referenceradius� � weget:

&ji � � � �����j� �
�����

�.� � ���  2!#�%$ � � (+*��4!#���.- (15)

With
� � � �� � ~����~�� � theradialfield componentcanbeexpressedas

� ��� �������e� �
�����

�4� � 8 �.� ��� � ���  "!#��$�� � (+*��4!#���.� (16)

� ��� � � �����h� �
�����

� � � ���  2!#�%$'& � (+*��,!#����� ��/ �
�����

�.1 � ���  2!#�%$'3 � (+*��m!#���.- (17)
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The small
1 � ��3 � are the multipolesrelatedto the main field

��/
which is

� � for the dipole,
� � for

thequadrupoleetc.
� � aregiven in 5 , 5�RG� , 5hRG� � etc.,

� � aregiven in 5 , and
1 � aredimensionless

and usually given in units of 6�798�: at a referenceradiusof 17 mm. For the
� � componentwe get� � � �������j�A@ ~�� �~ � � ������ � � � 8 �.�W� � � ���  2!#�%@ � � (+*��m!#��� andtherefore

� � � � � � ���� � $ � �� � � �u� �
� 8 �.� � � � $ � �� - (18)

4 Somescalinglaws

Fromequation(18) it canbeseenthatthemagnitudeof a
E ! -polefield componentdoesnotdependon �

andscaleswith � � 8 � . A
� f

componentproducesonthe � -axisa
���

field thatriseswith � � . Therelation
betweenthecoefficientsin Eq. (15) and(17) is asfollows:

& � � � � �#� !
� �
� � � � � �.� � � � � � �P� @�!

� �
� � � � � �.- (19)

Thesescalinglaws canbe usedto calculatethefield componentsfrom the Fourierseriesexpansionof
thevector-potentialwhich is moreaccuratewhennumericalfield computationmethodsareapplied.For
thescalingof differentreferenceradii we get:

& � � � � �P� � � �� � �
� 8 � & � � � � �.� � � � � � ��� � � �� � �

� 8 � � � � � � �.� (20)

3 � � � � ��� � � �� � �
� 8 / 3 � � � � �.� 1 � � � � ��� � � �� � �

� 8 / 1 � � � � �.- (21)

Of coursetheproblemstill remainshow to calculatethefield harmonicsfrom agivencurrentdistribution.

5 The field of a line current

As previously explained,it is reasonableto focuson thefieldsgeneratedby line currentsasthefield of
any currentdistribution over anarbitrarycross-sectioncanbeapproximatedby summingthefieldsof a
numberof line currentsdistributedwithin thecross-section.In the3-dimensionalcase,Eq. (11) canbe
separatedandwe getfor the &�����& � andthe &ji componentthesolutionapplyingGreenstheorem,

& < � C �\ F �
r <K sm� (22)

where
K � � oK � � � o��@ o� � � with thesourcepoint o� andthefield point o� � . Assemblingthecomponentswe

get

o&��A& � o� � $'& � o� � $'& i o� i � C �\ F � orK sm� (23)

andtherefore

o� �b(+kml�n o& � C �\ F � (+k4l�n o
r
K sm� �b@ C �\ F � or	¡£¢ l�¤ s � 6K � sm� � C �\ F � or	¡ oKK f sm�

(24)

which is calledBiot-Savart’s law. Theintegral canbeapproximatedby theintegrationover segmentsof
line currentsof finite lengthwhichareusedto approximatethecurrentdistribution in themagnet.In 2-d
therequiredparticularsolutionfor &�i is

&jih�
�
@ C � r iEGF n  Kh¥ &¦�A@ C ��?EGF n  K (25)

213



with thesourcepoint o�§� � ����>¨� andthefield point o� � � � � � ����� and
K � � oK � � � o�©@ o� � � . Thecosine

law

K � �u� � $�� �� @ E ��� � (+*�� � �ª@'>e� (26)

canberewritten as

K � �u� � � 6 @ ��«� � < � � 8�¬ � ��v � 6 @
��«
� � 8 < � � 8�¬ � � (27)

andtherefore

n  K �An  2�e$ 6E n  � 6 @ ��«� � < � � 8�¬ � �I$ 6E n  � 6 @ ��«� � 8 < � � 8�¬ � �.- (28)

With theTaylor seriesexpansionof n  � 6 @ � � which givesfor
� � �® 6 (or � �  � insidetheapertureof

themagnet),

n  � 6 @ � �P�b@ �
�����

6! � � � (29)

Eq. (25)canbetransformedto

&�ih�A@ C ��?EGF n  ��e$ C ��?EGF �
�����

6! �
� �� � � (+*�� � ! � �%@'>e�.�m- (30)

Ther componentof themagneticfield is then

� � �A@ C ��?EGF �
�����

� � � 8 �� � � �����  � ! � �ª@¯>e�.� (31)

� � �b@ C ��?EGF �
�����

� � � 8 �� � � � � ���  "!#�u(+*��,!#>¯@'(+*��4!#�°���  2!#>¨�.- (32)

Comparisonof thecoefficientswith equation(17)yields

� � � � � �P�b@ C ��?EGF �
� 8 �� � � (+*��,!#>e� (33)

& � � � � �P� C ��?EGF �
� 8 �� � � ���  2!#>¨- (34)

Theeffect of aniron yoke with constantpermeabilityandperfectcircularinnershapewith radius
K L.M.N.O

is takeninto accountby meansof theimagingmethod.Theimagecurrentof thestrength±³² 8 �± ²Y´ � ? is located

at thesameangularpositionandtheradius��µz� K �L.M.N.OR � . Thus

� � � � � �P�A@ C ��? �
� 8 ��EGF 6� � $

C H @ 6C H $ 6
� �K �L.M.N.O �

� (+*��,!#>e� (35)

& � � � � �P� C �9? � � 8 ��EGF 6� � $
C H @ 6CIHJ$ 6

� �K �L.M.N.O �
� ���  "!#>e- (36)
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For thecalculationof theintegratedmultipolecontentin thecoil-endregion,noanalyticalequation
exists.Thecoefficients

� � � � � � ��� � , & � � � � � ��� � canbeestimatedby meansof theFourierseriesexpansion
of thefield

� ��� � � ����� ��� � which is calculatedwith theBiot-Savart integralsfor thecoil contribution and
with numericalmethods(BEM-FEM couplingmethod)for thefield generatedby theiron magnetization.
Theintegrationof thetransversefield componentsis sufficient astheeffect of theThemagneticlength
of thecoil-endis givenby

¶¸·�¹.º � 6��» � ¼�½ OW¾
i�¿
i B

��/ � � � ¥ � (37)

where
��» � ¼�½ OW¾ is themainfield componentin themagnetcross-section.� ; is thestartingpointand � � the

endpoint of the integrationpath. Thefield harmonicsproducedby thecoil-endcanthenbecalculated
by integratingthe

� � and & � componentsalongthe � -axisanddividing by
¶À·�¹.º v �j» � ¼�½ OW¾ .

For thecalculationof thefield generatedby aline currentsegmentin 3 dimensionswenow assume
that the line currentstartsin the origin andendsat a point

� � �9�+Á9��� � �9� . The field point is
� � � �+Á � � � � � .

With

o¥ ;Â� ¥ � o� � $ ¥ Á o��ÁÃ$ ¥ � o� � � ¥ � o� � $ � Á9�� �
¥ � � o��Áw$ � � �� �

¥ � � o� � (38)

o�w� � � � @ � � o� � $ � Á � @[Áz� o��ÁÄ$ � � � @ � � o� � � � � � @ � � o� � $ � Á � @ Á9�
� � � � o�.Áw$

� � � @ � �
� � � � o� � (39)

we get:

o� � C ��?\ F v �9Å
�

¥ �¥ @ ��¿�9Å � $ÇÆ� ÅÅ � �
f � 3j�È����@ 1 � � ��Éz��i³� (40)

where

3Ê� Á9�
� � � � @[Á �

� �
� �

1 � � � @ � � � �� � É��uÁ � @ � � Á9�� � (41)

¥ � � � � $[Á � � $ � � � �Â� � � � �2$�Á � Á9��$ � � � � Ëª� � �� $ÌÁ �� $ � �� - (42)

Theintegral in eq.(40) yields:�9Å
�

¥ �¥ @ ��¿�9Å � $ÍÆ� ÅÅ � �
f �b@ � � �Î ¥ � � � @ ¥ � $

� @e�j$'Ë�� � �Î ¥ @ E �j$'Ë � @¨� � $ ¥ Ë�� (43)
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