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Abstract
Fromthebeginning theROXIE programwasstructuredsuchthatmathemati-
cal optimizationtechniquescanbeappliedto thedesignof thesuperconduct-
ing magnets.With theconceptof featuresit is possibleto createthecomplex
coil assembliesin 2 and3 dimensionswith only a smallnumberof engineer-
ing datawhich canthenbe addressedasdesignvariablesof theoptimization
problem. In this chaptersomebackgroundinformationon the applicationof
mathematicaloptimizationtechniquesis given.

1 Historical overview

Mathematicaloptimizationincluding numericaltechniquessuchaslinear andnonlinearprogramming,
integerprogramming,network flow theoryanddynamicoptimizationhasits origin in operationsresearch
developedin world war II, e.g., Morse andKimball 1950 [45]. Most of the real-world optimization
problemsinvolve multiple conflictingobjectiveswhich shouldbeconsideredsimultaneously, so-called
vector-optimizationproblems.Thesolutionprocessfor vector-optimizationproblemsis threefold,based
ondecision-makingmethods,methodsto treatnonlinearconstraintsandoptimizationalgorithmsto min-
imize theobjective function.

Methodsfor decision-making,basedon theoptimalitycriterionby Paretoin 1896[48], have been
introducedandappliedto awide rangeof problemsin economicsby Marglin 1966[42], Geoffrion 1968
[18] andFandel1972[12]. Thetheoryof nonlinearprogrammingwith constraintsis basedon theopti-
mality criterionby KuhnandTucker, 1951[37]. Methodsfor thetreatmentof nonlinearconstraintshave
beendevelopedby Zoutdendijk1960[70], FiaccoandMcCormick1968[13] andRockafellar1973[54]
amongothers.Numerousoptimizationalgorithmsbothusingdeterministicandstochasticelementshave
beendevelopedin thesixtiesandcoveredin thebooksby Wilde 1964[67], Rosenbrock1966[55], Him-
melblau1972[25], Brent1973[5], andSchwefel1977[62]. Researcherstendto comebackto genetic
andevolutionaryalgorithmsrecentlyasthey aresuitedfor parallelprocessing,findingglobaloptima,and
arereportedto besuitablefor a largenumberof designvariablesFogel1994[15], Holland1992[26].

Mathematicaloptimizationtechniqueshave beenappliedto computationalelectromagneticsal-
readyfor decades.Halbach1967[23] introduceda methodfor optimizing coil arrangementsandpole
shapesof magnetsby meansof finite element(FE)field calculation.Armstrong,Fan,SimkinandTrow-
bridge1982[2] combinedoptimizationalgorithmswith thevolumeintegral methodfor thepoleprofile
optimizationof a H-magnet.Girdinio, Molfino, Molinari andViviani 1983[20] optimizeda profile of
anelectrode.Theseattemptstendedto beapplication-specific,however. Only sincethelate80 th, have
numericalfield calculationpackagesfor both 2d and 3d applicationsbeenplacedin an optimization
environment.Reasonsfor this delayhave includedconstraintsin computingpower, problemswith dis-
continuitiesandnondifferentiabilities in theobjective functionarisingfrom FE meshes,accuracy of the
field solutionandsoftwareimplementationproblems.A small selectionof paperscanbe found in the
references.

Thevarietyof methodsappliedshows thatno generalmethodexists to solve nonlinearoptimiza-
tion problemsin computationalelectromagneticsin the sameway that the simplex algorithmexists to
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solve linearproblems.Therearemany differentapplicationsin computationalelectromagneticsandeach
onerequiresits own particularprocedure.Someoptimizationproceduresaredescribedin thefollowing
sectionsthathavebeenprovenefficient for problemsin computationalelectromagneticsandareprovided
for generalusein theROXIE program.

2 Pareto-optimality

Mostof thereal-world optimizationproblemsinvolve multiple conflictingobjectivesthatmustbemutu-
ally reconciled.Characteristicfor theseso-calledvector-optimizationproblemsis theappearanceof an
objective-conflictwheretheindividual solutionsfor eachsingleobjective functiondiffer andnosolution
existswhereall theobjectivesreachtheir individual minimum.

A vector-optimizationproblemin astandardizedmathematicalform reads:
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variables. For the definition of the optimal solutionof the vector-optimizationproblemwe apply the
optimalitycriterionby Paretooriginally introducedfor problemsin economicsPareto[48], Stadler[65].
A Pareto-optimalsolution
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A designwheretheimprovementof oneobjective causesthedegradationof at leastoneotherobjective,
is an elementof the Pareto-optimalsolutionset. It is clearthat this definition yieldsa setof solutions
ratherthanoneuniquesolution.Fig. 1. shows ageometricinterpretationof Pareto-optimalsolutionsfor
two conflictingobjectives.

3 Methods of decision-making

Applying mathematicaloptimizationroutinesrequiresadecision-makingmethodthatguaranteesasolu-
tion from thePareto-optimalsolutionset.Below somemethodsaredescribedthathave beenappliedto
computationalelectromagnetics,author’s papers[56], [57]. A comprehensive overview canbefoundin
Cohon[7].
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Fig. 1: Pareto-optimalsolutions.Point1 and2 arenot pareto-optimalbecauseoneobjective canalwaysbe improvedwithout

deterioratingtheother

3.1 Objective weighting

Theobjectiveweightingfunction,KuhnandTucker[37] is thesumof theweightedobjectivesandresults
in theminimizationproblem:
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it canbe proved indirectly, Fandel[12], that eq. (7) is a minimizationproblemwith a uniquePareto-
optimalsolution.Theproblemis to find theappropriateweightingfactorsin particularwhentheobjec-
tiveshave differentnumericalvaluesandsensitivity. Using objective weightingresultsthereforein an
iterativesolutionprocesswhereanumberof optimizationshave to beperformedwith updatedweighting
factors.

3.2 Distance function

The problemof choosingthe weighting factorsappropriatelyalsooccurswhen the distancefunction
method,CharnesandCooper[6], is applied.Most commonis a leastsquaresobjective function.The

� MK
aretherequirementsfor theoptimumdesign.Theminimizationproblemreadsfor
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For convex functionsandfor
��MK takenastheminimal individual solutionsit canbeproved, in thesame

mannerasfor theobjective weightingfunction,that(8) hasanuniquePareto-optimalsolution.Thedis-
advantageof leastsquaresobjective functionswith theEuclideannorm

� � � �
is the low sensitivity for

residualssmallerthanone. Thereforesufficiently high weightingfactors
i.K

have to be introduced. If
the absolutevaluenorm is applied,the disadvantageis the nondifferentiableobjective function in the
optimum.
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3.3 Constraint formulation

The problemwith the weighting factorscan be overcomeby defining the problemin the constraint
formulation,Marglin [42]. Only oneof the objectives is minimizedandthe othersareconsideredby
constraints.Theresultingoptimizationproblemreads:
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and additionalconstraints,eq. (2)-(4). The

gYK
representthe minimum request

valuespecifiedby the userfor the k-th objective. Combining(10) and (2) and,becausethey canbe
treatedseparately, omitting the boundsfor the designvariables(4) yields in a vectornotation �*¢¡£� �¤ P#&¥L¦ ��§H� � �/ ¡ � �¨ P©# �
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3.4 Sensitivity analysis

Theconstraintformulationhastheadvantagethata sensitivity analysiscanbeperformedusingthenec-
essaryoptimalityconditionsat theoptimumpoint

�
�M
which read,seeLuenberger[38]:
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The �¯ � �± arethevectorsof thecorrespondingLagrangemultipliers. Equations(14) - (17) aretheKuhn-
Tucker equations.The gradientof theLagrangefunction hasto be zero,andthe Lagrangemultipliers
of theactive inequalityconstraintshave to take valuesgreaterthanzero,otherwiseit would bepossible
to decreasethe valueof a constraintwithout increasingthe objective function, which is of coursenot
characteristicfor an optimalpoint. By meansof thecorrespondingLagrangefunctionL it canalsobe
provedthat(11) - (13) is aminimizationproblemwith auniquePareto-optimalsolutionif all constraints
areactive. A non-active constraintwouldbeequivalentto azeroweightin theweightingfunction.

The Lagrange-multipliersareestimatedby solving the linear equationsystem(14) by meansof
thevariationalproblem

����� «³�´ «µ � ª ® � � ����� «³�´ «µ � ª°«­ �H�L�
 M �H�·¶ �¯ �¹¸ �± � (18)
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with the gradientsof the constraintsarrangedin the matrices
¶

and
¸

. The Lagrangemultipliers are
a measureof the price which hasto be paid when the constraintis decreased.Mathematicallythis
relationshipis expressedby [38]
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(20)

3.5 Payoff table

A tool whichprovidesthedecisionmakerwith alot of informationaboutthehiddenresourcesof adesign
is the payoff-table. To createthis tableK individual optimizationproblemsaresolved to find the best
solutionfor eachof theK objectives(
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Table1: Payoff tablefor K objectives

Bestcompromisesolutionscanthenbefoundby minimizingthedistancefrom thein generalnon-
feasible”perfect” solutionon thediagonalof thepayoff-table,cf. Fig. 1. By applyingdifferentnorms
e.g. the ® � � ® � and ®¿¾ norm the optimal compromisesolutionscanbe found. The payoff-table can
alsohelpto setup constraintproblemswith Pareto-optimalsolutions(i.e. finding feasiblesolutionsfor
constraintproblemswith active constraints).

3.6 Fuzzy sets

Consideringthe often imprecisenatureof judgementsin multiobjective programmingproblems,the
fuzzy set,BellmanandZadeh[3] approachlooks promising. A fuzzy subsetA of X is definedby its
membershipfunction

ÀWÁ !Y
Q'Âa 8���9�d
(21)

whichassignsto eachelement@ PÃ
 arealnumberÀWÁ � @ � in theinterval [0,1] wherethevalueof ÀWÁ � @ �
representsthe degreeof membershipof x in A. The ideabehindthe fuzzy set theory is thereforenot
whetheranelementis in thesubsetor not, but if it is moreor lessa memberof thesubset.A constraint
which maybeexpressedby, e.g.,”the valuehasto beconsiderablylarger than10” couldbeassociated
with themembershipfunction

ÀWÁ � @ ��� 8 @ e"9�89&� �� ¦HÄÆÅÈÇ � ÄFÉ §H� Å;ÊrÊrË @©Ì 9�8 (22)
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BellmanandZadeh[3] introducedthreebasicconcepts:Fuzzygoal, fuzzy constraintandfuzzy
decision.Let be Í 9�� Í :������ Í � them fuzzygoalsrepresentedby theirmembershipfunctionsÀWÎ �¼����� ÀWÎ ¥
and Ï 9�� Ï :������ Ï � them fuzzy constraintsrepresentedby their membershipfunctionsÀWÐ ������� ÀWÐ ¥ then
the fuzzy decisionis the elementwith the maximumdegreeof membershipof the intersectionof the
fuzzy goalsandconstraints.

� h @ É ÀWÑ � � h @ É ����� � ÀWÎ ��������� ÀWÎ ¥ � ÀWÐ ��������� ÀWÐ ¥ � (23)

Therearetwo drawbacksto themethod,however. Thefirst is theappropriatechoiceof membershipfunc-
tionsto beassociatedwith fuzzystatementslikesmall,big, verybig, lower, considerablylower, etc.The
secondis theflat function topologyfor areaswith violatedconstraintswherethemembershipfunction
of theintersectionis zerothusmakingtheapplicationof stochasticoptimizationalgorithmsnecessary.

4 Solution methods

4.1 Bounds for design variables

As thedesignvariablesof theoptimizationproblemcanusuallyonly bevariedbetweenupperandlower
bounds,amodifiedobjective functionis applied
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with sufficiently high penaltyparameters
g A . Theadvantageof this procedureis that theviolation of the

boundsis checkedbeforeafunctionevaluationis carriedout(violatedboundsmayevencauseanabortof
thenumericalfield calculationroutines),andthattheexistingalgorithmsfor unconstrainedminimization
canbeappliedwithoutmodifications.

4.2 Treatment of nonlinear constraints

With the constraintformulationthe problemof the treatmentof the nonlinearconstraintsarises. One
methodis the transformationof the constrainedprobleminto an unconstrainedproblemby meansof
a penalty function method. The main idea is to adda penaltyterm to the objective function which
dependson thedegreeto which theconstraintsareviolatedandvanishesif theconstraintsaresatisfied.
Theoptimizationproblem(11)-(13)transformedinto thepenaltyfunctionreads:
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In orderto prove thefeasibility of theresultthepenaltyfactors
>^K

, Ó
0

have to bechoseninfinite. Large
penaltyfactors,however, leadto ill-conditionedproblems.Replacingthesquaretermin (26)by themod-
ulusresultsin theexact penalty method.Heretheweightingfactorcanbefinite (

>^K ² S ¯ K�S � Ó
0 ² S ± 0½S ),
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the ¯ and
±

beingthe LagrangeMultipliers eq. (19,20),to guaranteefeasibility of the solution. The
disadvantageis the nondifferentiability of the objective function in the optimum,the sameproblemas
whenapplyingthedistancefunctionmethodwith the ® � norm.

It wasthereforeproposedto solve a sequenceof unconstrainedminimizationproblemswith in-
creasingpenaltyfactors.This is calledthe sequential unconstraint minimization technique, SUMT
FiaccoandMcCormick[13]. However, astheobjective functionis discontinuousfrom stepto step,the
optimizationalgorithmhasto berestartedwith updateddeterminationcriteria. In practicalapplicationsit
seemsmorereliableto adjustthepenaltyfactoronceandkeepthesevaluesfor thenext runs.Usingfinite
penaltyfactorsincludesacertainfuzzinessinto thesolution,theconstraintswill notexactlybefulfilled.

If thepenaltytermis not addedto theobjective functionbut to theLagrangianfunction,thecon-
strainedproblem(11)-(13)canbe solved by minimizing the augmented Lagrangian function Rock-
afellar[54]:
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0 Ó
0;��/10;� �
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9
Õ K

9
>^K � � h @

� ��8���� ¯ KÖ��:×��>mK1�=*�Km�L�
��H� ¤ Km��� ¯ � K � (27)

This leadsto aniterative procedurewith

1. Estimationof a suitablepenaltyfactorandestimationof the Lagrangemultiplier by minimizing
(18).

2. Minimization of theaugmentedLagrangianfunction(27) in
�

.

3. Updatingthe Lagrangemultipliers by ¯
K ¦ �K � � h @ ��8�� ¯ KK �°:�>^Km�=*�Km�L�
��×� ¤ K^��� and

± K ¦ �0 �
± K0 ��: Ó

0 ��/ 0 � �
��H� ¨;0 �
andreturningto thesecondstep.

Although this procedureleadsto well-conditionedfunction topologies,the convergenceof the
procedureis verydependentontheaccuracy with whichstep2 is performedasstep3 assumes

ª ®WÔ �"8
which is only trueif theminimumof step2 is found.

4.3 Algorithms for the minimization of scalar unconstraint objective functions

Theobjective weightingfunction,thedistancefunctionandthefuzzy setdecisionallow the immediate
applicationof an algorithmfor finding the minimum valueof an unconstrainedobjective function. It
is most importantto find the suitableminimizationmethodto fit the methodof decision-makingand
the treatmentof thenonlinearconstraints.Thespecialproblemin optimizationin electromagnetismis
thetime consumingevaluationof theobjective function(electromagneticfield) usingthefinite-element
method. The advantagesof stochasticalgorithmsare the possibletreatmentof problemswith a high
numberof designvariables,the possibility to treatnon convex, anddiscreteproblemsandthe easeof
use. The deterministicalgorithmsconverge much faster(usually around200 function evaluations)if
the searchis startedfrom a carefully chosendesign(we recall that in literature,e.g. Schwefel[62],
Himmelblau[25] for testexamplesusuallymorethan1000functionevaluationsarecarriedout).

Someof thealgorithmsfrequentlyusedfor our optimizationproblemsin thedesignof supercon-
ductingmagnetsaredescribedbelow.
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4.3.1 Deterministic methods

The optimizationalgorithm EXTREM by Jacob [31] consistsof one-dimensionalminimizationsby
meansof Powell extrapolations[51] in a main searchdirection (usersupplied)andan orthogonaldi-
rectionevaluatedby Gram-Schmidtorthogonalization.After theseone-dimensionalsearcheshave been
carriedout (endof a searchstep)themainsearchdirectionis updatedby a vectorpointingfrom theini-
tial outlineto theminimumof thesearchstep.Theuserhasto supplyaninitial step-sizewhich is taken
to
� @DAFE � @BAFA ��Ø�9�8 . This user-friendly algorithmis suitablefor practicallyall applicationsincludingun-

constrainedscalarfunctions,distancefunctions,penaltyfunctions,andaugmentedLagrangefunctions.
Besidestheinitial stepsizetherearenousersuppliedparameterswhichcouldinfluencetheconvergence
rate.

The Levenberg-Marquard algorithm wasoriginally developedfor nonlinearregressionprob-
lemsusingleastsquaresobjective functions.It canefficiently beappliedto theminimizationof thedis-
tancefunction.Assumingtheobjectivefunctionin thevectornotationby
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� ,
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Usingaquadraticapproximationof � �2�
�� andneglectingtheterm
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stepsizeanddirectionis
givenby:
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á}â
canbe regardedasan approximationfor the neglectedterm. With a high

á
the algorithmstartsin

a Gauss-Newton directionand
á

is decreasedin theoptimizationprocedurebecausetheneglectedterm
getslessandlessimportantwith smallerandsmallerresiduals.

The Davidon-Fletcher-Powell algorithm usesa quadraticapproximationof the objective func-
tion wherethestep-sizeanddirectionis givenby

à �
��J�äã §H� ª��H� �
��
. TheHessianMatrix

ã
does

not have to becalculatedin eachpoint but is updatediteratively beginningwith theunity Matrix
â
. The

derivatives of the objective function have to be approximatedby differential quotientsthoughwhich
makesthe convergencebehavior dependentuponthe function topology. In recentpublicationsan effi-
cientmethodfor thecalculationof thederivativesin FE solutionshasbeenproposedby Gitosusastroet.
al. [21] andParket. al. [49]. Theideais asfollows: Theobjective functioncanbeexpressedas

�H� �
�� �å �
with thevectorpotentialat thenodesof thefinite elementmesh.Thenwegetfor adesignvariablex the
totalderivative ¨ �

¨ @ � Ý
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f is anexplicit functionof x and
�å

andthereforethe terms
Þ|çÞ É and

Þ|çÞ ÁWè areknown. Differentiatingthe

systemsequation
O c ] � �å � �é

yields:
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As thesolutionfor
�å

is alreadyknown from theFE solutionwe have a linear equationsystemfor
Þ «ÁÞ É

without anotherFE calculationas
Þ1ê ��ëÞ É and

Þ «ìÞ É canbecomputeddirectly from thefinite elementmesh.

Evenif theseproceduresarenotavailablein theFEpackageapplied,theDavidon-Fletcher- Pow-
ell algorithmis very well suitedto checktheoptimality conditionsby meansof a Lagrange-Multiplier
estimation,minimizing eq. 14. As herethe ”designvariables”aretheLangrange- multipliers �¯ � �± the
derivativescanbeapproximatedwith ahighaccuracy thusresultingin agoodconvergencebehavior.

4.3.2 Stochastic methods

Genetic algorithms arespeciallysuitedto solve discreteproblemsaseachtrial solutionis codedasa
vector(chromosome)

�

with elementsbeingdescribedasgenes.Holland[26] suggestedthat thechro-

mosomesshouldberepresentedby binarystrings.Fromtwo setsof chromosomesoffspringareproduced
by theuseof geneticoperatorssuchascrossover andmutation. Crossover meansthe interchangingof
sectionsof thechromosomesbetweentwo parentchromosomes.Thepositionwherethechromosomes
aresplit into two sectionsis chosenrandomly. Mutationmeansthatwith a certainlikelihoodsinglebits
in the chromosomesareflipped. The third operatoris the randomselectionwherethe chancesof se-
lection is proportionalto the individualsfitness(objective functionvalue). Therefore,eventheweakest
individualhasachanceof beingselected.Theprincipleandusageof thisalgorithmis explainedin detail
in thenext chapter.

Evolution strategies go back to the work by Schwefel[62] Rechenberg [53] and Fogel [16].
The methodsare basedon the link betweenreproductive populationsratherthan geneticlinks. The
representationof the individuals is donewith floating point vectors ��í�î�2�
�� �ï � where �ï is a vector
of standarddeviations(in accordancewith biological factsthat smallerchangesoccurmoreoften than
largerones).Fromapopulationof À parents(multi-memberedevolution

� À �Ã9�� strategy) theoffspringis
createdby addingaGaussianrandomvariableto eachcomponentof

�
4,
with ameanzeroandastandard

deviation ï , .

�
 % ¦ � � �
 % ��ðT��8�� �ï � (33)

Fromtheoffspring À vectors
�
 , � � ´ ÇÆÇ ñ thatrepresentthelowestobjective functionvalue(for min-

imization) arechosenasparentsof the next generation.Differentto the geneticapproach,leastfit in-
dividualsareimmediatlyremoved from the population. The remainingoneshave all the samemating
probabilities.

In the multi-memberedevolution strategy we find a similarity to the crossover in geneticalgo-
rithms,herecalledrecombination,wheresomeelementsof thedesignvariablevectorareswappedbe-
tweentwo membersof the population. An extensionis the

� À �"áB� strategy where À elter produce
á

offspring, theeltersurvive andcompetewith theoffspring. If theelterarecompletelyreplacedin each
generationswe have theso-called(À ��á ) strategy. Theproblemwith theevolution strategy is thechoice
of numberof parentsandoffspringandtheadjustmentof thesearchstepsize.

The simulated annealing Kirkpatrick et. al. [34] simulatesthe slow cool-down of thermody-
namicsystemsin order to achieve its lowestenergy state. Startingfrom a given searchpoint

�

, new

designvariablevectors
�
4,

, arecreatedapplyingrandommovesalongeachcoordinatedirection.Let beà ���ò�H���
4,+�7�ó�H�L�
��
thenthenew point is acceptedif

à ��eò8
elseit is acceptedwith a probability
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of
>T�ôj §mõ ç � Ù with a certaintemperatureT. For a high temperaturebasicallyall thenew trails areex-

cepted,whereasfor T=0 only new pointswith lower functionvaluesareacceptednot yielding a global
optimum(comparableto a rapidly cooledmaterialwhich doesnot show thecrystallinestateof lowest
energy but glass-like intrusions). The problemhereis the choiceof the startingtemperatureand the
cool-down process.
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