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Abstract

Fromthe beginning the ROXIE programwasstructuredsuchthat mathemati-
cal optimizationtechniquesanbe appliedto the designof the superconduct-
ing magnets With the conceptof featurest is possibleto createthe comple
coil assembliesn 2 and3 dimensionswith only a smallnumberof engineer
ing datawhich canthenbe addresseas designvariablesof the optimization
problem. In this chaptersomebackgroundnformation on the applicationof
mathematicabptimizationtechniquess given.

1 Historical overview

Mathematicaloptimizationincluding numericaltechniqguesuchaslinear andnonlinearprogramming,
integerprogrammingnetwork flow theoryanddynamicoptimizationhasits originin operationgesearch
developedin world war Il, e.g., Morse and Kimball 1950[45]. Most of the real-world optimization
problemsinvolve multiple conflicting objectives which shouldbe consideredgsimultaneouslyso-called
vectoroptimizationproblems.Thesolutionprocesdgor vectoroptimizationproblemss threefold,based
ondecision-makingnethodsmethoddo treatnonlinearconstraintandoptimizationalgorithmsto min-
imize the objectve function.

Methodsfor decision-makingbasedn the optimality criterion by Paretoin 1896[48], have been
introducedandappliedto awide rangeof problemsin economic$y Marglin 1966[42], Geofrion 1968
[18] andFandel1972[12]. Thetheoryof nonlinearprogrammingwith constraintss basedon the opti-
mality criterionby KuhnandTucker, 1951[37]. Methodsfor thetreatmenbf nonlinearconstrainthave
beendevelopedby Zoutdendijk1960[70], FiaccoandMcCormick1968[13] andRockafellarl973[54]
amongothers.Numerousoptimizationalgorithmsbothusingdeterministicandstochastielementave
beendevelopedin thesixtiesandcoveredin the booksby Wilde 1964[67], Rosenbrock 966[55], Him-
melblaul1972[25], Brent1973[5], andSchwefell977[62]. Researchereendto comebackto genetic
andevolutionaryalgorithmsrecentlyasthey aresuitedfor parallelprocessingfinding globaloptima,and
arereportedo besuitablefor alarge numberof designvariablesFogel 1994[15], Holland 1992[26].

Mathematicaloptimizationtechniqueshave beenappliedto computationaklectromagnetical-
readyfor decadesHalbach1967[23] introduceda methodfor optimizing coil arrangementandpole
shape®f magnetdy meansof finite element(FE) field calculation.Armstrong,Fan, Simkin and Trow-
bridge1982[2] combinedoptimizationalgorithmswith the volumeintegral methodfor the pole profile
optimizationof a H-magnet.Girdinio, Molfino, Molinari andViviani 1983[20] optimizeda profile of
anelectrode.Theseattemptgendedto be application-specifichovever. Only sincethelate 80th, have
numericalfield calculationpackagedor both 2d and 3d applicationsbeenplacedin an optimization
ervironment. Reasongor this delayhave includedconstraintsn computingpower, problemswith dis-
continuitiesandnondiferentiabilities in the objective functionarisingfrom FE meshesaccurag of the
field solutionandsoftwareimplementatiorproblems. A small selectionof paperscanbe foundin the
references.

Thevariety of methodsappliedshaws thatno generaimethodexists to solve nonlinearoptimiza-
tion problemsin computationaklectromagneticé the sameway that the simplex algorithm exists to
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solvelinearproblems.Therearemary differentapplicationsn computationaklectromagneticandeach
onerequiresits own particularprocedure Someoptimizationproceduresredescribedn thefollowing
sectionghathave beenprovenefficientfor problemsn computationaklectromagneticandareprovided
for generalusein the ROXIE program.

2 Pareto-optimality

Most of thereal-world optimizationproblemsinvolve multiple conflicting objectvesthatmustbe mutu-
ally reconciled.Characteristidor theseso-calledvectoroptimizationproblemsis the appearancef an
objectve-conflictwheretheindividual solutionsfor eachsingleobjectve functiondiffer andno solution
existswhereall the objectvesreachtheir individual minimum.

A vectoroptimizationproblemin a standardizeanathematicaform reads:
"min” F(X) = "min” (f1(X), fo(X), ., 1 (X)) )

F:R"— RX g, hj: R* - R subjectio

9:(X) <0 (i=1,2,...,m) ©)
hi(X) =0 (j=1,2...,p) (3)
xy < xp < Ty (1=1,2,....n) (4)

with the designvariablevector)? = (z1,x2,...z,) andthein generalnonlinearobjectve functions f,
arrangedn thevectorﬁ()?). The x;; andx;,, arethe lower respectrely upperboundsfor the design
variables. For the definition of the optimal solution of the vectoroptimization problemwe apply the
optimality criterion by Paretooriginally introducedfor problemsin economicdareto[48], Stadler[65].
A Pareto-optimalsolution X*is given whenthereexists no solution X in the feasibledomain M =
{(X e R"| g:(X)<0; hj()?) =0y <z <z,Vi=1,..m; j=1,.p; | =1,..n} for which

fr(X) < fulX7) Vhe[LK] (5)
fu(X) < fu(X*)  foratleastonek € [1, K] (6)

A designwheretheimprovementof oneobjective causeshe degradationof atleastoneotherobjectie,
is an elementof the Pareto-optimakolutionset. It is clearthatthis definition yields a setof solutions
ratherthanoneuniquesolution.Fig. 1. shavs ageometrianterpretatiorof Pareto-optimabkolutionsfor
two conflictingobjectves.

3 Methods of decision-making

Applying mathematicabptimizationroutinesrequiresa decision-makingnethodthatguaranteea solu-
tion from the Pareto-optimakolutionset. Below somemethodsaredescribedhathave beenappliedto
computationaklectromagneticguthors paperg56], [57]. A comprehense overview canbefoundin
Cohon[7].
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f 1 min
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Pareto-optima f 1 min

Fig. 1: Pareto-optimakolutions.Point1 and2 arenot pareto-optimabecaus®neobjective canalwaysbe improved without
deterioratinghe other

3.1 Objective weighting

Theobjective weightingfunction,KuhnandTucker[37] is thesumof theweightedobjectvesandresults
in theminimizationproblem:

K
min{u(F(X)) =3ty - fu(X) | X € M} )
k=1

with theweightingfactorst; representingheuserspreferenceFor cornvex optimizationproblemswvhere
forallk € [1, K]andX;, Xy € M ,0 < v < 1lyields f (v X1+ (1—1)X3) < vfu(X1)+(1—0) fi(X2)

it canbe proved indirectly Fandel[12], thateq. (7) is a minimization problemwith a uniquePareto-
optimal solution. The problemis to find the appropriateveightingfactorsin particularwhenthe objec-
tiveshave differentnumericalvaluesandsensitvity. Using objectve weightingresultsthereforein an
iterative solutionprocesavherea numberof optimizationshave to be performedwith updatedveighting
factors.

3.2 Distance function

The problemof choosingthe weighting factorsappropriatelyalso occurswhenthe distancefunction
method CharnesandCooper{6], is applied.Most commonis a leastsquarebjective function. The f;'
aretherequirementsor the optimumdesign.The minimizationproblemreadsfor X € M andthenorm
12 [lp= (| 21 [P et | 2 [P)HP

min || F*(X) = F(X) 3= min || Z(X) |3=

K
min > tx(fi(X) = fu(X))?. (8)
k=1

For corvex functionsandfor f; takenasthe minimal individual solutionsit canbe proved, in the same
mannerasfor the objective weightingfunction, that(8) hasanuniquePareto-optimabkolution. The dis-

advantageof leastsquarebjectve functionswith the Euclideannorm || . ||2 is the low sensitvity for

residualssmallerthanone. Thereforesuficiently high weightingfactorst;, have to be introduced. If

the absolutevalue normis applied,the disadwantageis the nondiferentiableobjectve functionin the
optimum.
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3.3 Constraint formulation

The problemwith the weighting factorscan be overcomeby defining the problemin the constraint
formulation, Marglin [42]. Only one of the objectvesis minimized andthe othersare consideredy
constraints Theresultingoptimizationproblemreads:

min f;(X) 9)

fr(X) = <0 (10)

Vk = 1,K; k # i andadditional constraints,eq. (2)-(4). The r; representhe minimum request
value specifiedby the userfor the k-th objective. Combining(10) and (2) and, becausehey canbe
treatedseparatelyomitting the boundsfor the designvariables(4) yieldsin a vectornotationg’, ¢ €

Rm+E-1 1 ' c Rp:

min f;(X) (11)
§(X)—é<a (12)
W(X)—d=0 (13)

3.4 Sengitivity analysis
The constrainformulationhasthe advantagethata sensitvity analysiscanbe performedusingthe nec-
essanyoptimality conditionsat the optimumpoint X* which read,seeLuenbeger[38]:

Vel =Vefi(X*) +aVgg (X)) +GVgh (X*) =0 (14)
§'(X1)—e=0 (15)

H(X*)—d=0 (16)

a>0 (17)

Thed, E arethevectorsof the correspondindg.agrangemultipliers. Equationg14) - (17) arethe Kuhn-
Tucker equations.The gradientof the Lagrangefunction hasto be zero,andthe Lagrangemultipliers
of theactive inequalityconstraintdhave to take valuesgreaterthanzero,otherwiseit would be possible
to decreasehe value of a constraintwithout increasingthe objective function, which is of coursenot
characteristidor an optimal point. By meansof the correspondind.agrangefunctionL it canalsobe
provedthat(11)- (13)is aminimizationproblemwith a uniquePareto-optimakolutionif all constraints
areactive. A non-actve constrainwould be equialentto a zeroweightin theweightingfunction.

The Lagrange-multipliersre estimatedby solving the linear equationsystem(14) by meansof
thevariationalproblem

ming 5| VL ||=ming ;|| Vg f(X*) + Ad+ B | (18)

a,
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with the gradientsof the constraintsarrangedn the matricesA andB. The Lagrangemultipliers are
a measureof the price which hasto be paid when the constraintis decreased.Mathematicallythis
relationshipis expressedy [38]

Ve f(X*) = -a, (19)

Vaf(X*) = 6. (20)

3.5 Payoff table

A tool which providesthedecisionrmakerwith alot of informationaboutthehiddenresourcesf adesign
is the payof-table. To createthis tableK individual optimizationproblemsare solved to find the best
solutionfor eachof theK objectives (X’ beingthe minimizerof the problemmin f;(X).)

AKX XY TCORES
AKX (XY .. fe(X2) | X2
X fg()'?K) ..... Fre(XF) TK

Tablel: Payof tablefor K objectives

Bestcompromisesolutionscanthenbefoundby minimizing the distancefrom thein generahon-
feasible”perfect” solutionon the diagonalof the payof-table, cf. Fig. 1. By applyingdifferentnorms
e.g. the L1, L, and L., norm the optimal compromisesolutionscan be found. The payof-table can
alsohelpto setup constraintproblemswith Pareto-optimakolutions(i.e. finding feasiblesolutionsfor
constrainfproblemswith active constraints).

3.6 Fuzzy sets

Consideringthe often imprecisenatureof judgementsn multiobjectve programmingproblems,the
fuzzy set,Bellmanand Zadeh[3] approachHooks promising. A fuzzy subsetA of X is definedby its
membershigunction

wa X —[0,1] (21)

which assigngo eachelementr € X arealnumberu 4(x) in theintenal [0,1] wherethevalueof p4(x)
representshe degree of membershipf x in A. The ideabehindthe fuzzy settheoryis thereforenot
whetheranelements in the subsebr not, but if it is moreor lessa memberof the subset.A constraint
which may be expressedy, e.g.,"the valuehasto be considerablylargerthan10” could be associated
with the membershigunction

0 r <10
pa(z) = 1 (22)
(=) { L~ roae=toyz © = 10
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BellmanandZadeh[3] introducedthreebasicconcepts:Fuzzygoal, fuzzy constraintandfuzzy
decision.LetbeG1, G2,..Gm them fuzzy goalsrepresentedly theirmembershigunctionsucgi, -.tam
andC'1, C2,..C'm them fuzzy constraintsepresentedy their membershigunctionsyucs, ..ucm then
the fuzzy decisionis the elementwith the maximumdegree of membershipf the intersectionof the
fuzzy goalsandconstraints.

maTyhp = MAaTy min(/JJle <y HGms HC1s -+ /JJCm) (23)

Therearetwo dravbacksto themethod however. Thefirstis theappropriateehoiceof membershigunc-
tionsto beassociateavith fuzzy statementtike small,big, very big, lower, considerablyower, etc. The
seconds theflat functiontopologyfor areaswith violated constraintsvherethe membershigunction
of theintersections zerothusmakingthe applicationof stochastioptimizationalgorithmsnecessary

4 Solution methods
4.1 Boundsfor design variables

As thedesignvariablesof the optimizationproblemcanusuallyonly bevariedbetweerupperandlower
boundsamodifiedobjective functionis applied

o _ ] 1% no boundviolated
P = { f(X*) +r(X) boundviolated (24)

with X* = (1,22, ooy 2}, ) @Nd ) = xy, if x; > ay, if (Upperboundviolated)andz; =
xy if x; < zy (lowerboundviolated). Theaddedpenaltytermreads:

. (21 — 21)? i 1 > @,
T’(X) = ZT; (Iu — .%‘l)Q if <y (25)
1 0 otherwise

with sufficiently high penaltyparameters;. The adwvantageof this proceduras thatthe violation of the
boundss checledbeforeafunctionevaluationis carriedout (violatedboundsmayevencauseanabortof
thenumericalffield calculationroutines) andthattheexisting algorithmsfor unconstrainedninimization
canbeappliedwithout modifications.

4.2 Treatment of nonlinear constraints

With the constraintformulationthe problemof the treatmentof the nonlinearconstraintsarises. One
methodis the transformationof the constrainedorobleminto an unconstrainegroblemby meansof

a penalty function method. The mainideais to add a penaltyterm to the objective function which

dependn the degreeto which the constraintsareviolatedandvanishesf the constraintsaresatisfied.
Theoptimizationproblem(11)-(13)transformednto the penaltyfunctionreads:

p(X) = fi(X) + > pi - maz®(0., g (X) — &) +
k

> qi(hi(X) — dj)? (26)
J

In orderto prove the feasibility of the resultthe penaltyfactorsp;,, ¢; have to be choseninfinite. Large
penaltyfactors howvever, leadtoill-conditionedproblems.Replacinghesquargermin (26) by themod-
ulusresultsin theexact penalty method.Heretheweightingfactorcanbefinite (pr, >| o |, q; >| 5 1),
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the a and 3 beingthe LagrangeMultipliers eq. (19,20),to guarantedeasibility of the solution. The
disadwantageis the nondiferentiability of the objective functionin the optimum,the sameproblemas
whenapplyingthedistancgunctionmethodwith the L; norm.

It wasthereforeproposedo solve a sequenc®f unconstrainedaninimization problemswith in-
creasingpenaltyfactors. This is calledthe sequential unconstraint minimization technique, SUMT
FiaccoandMcCormick[13]. However, asthe objectve functionis discontinuousrom stepto step,the
optimizationalgorithmhasto berestartedvith updatedieterminatiorcriteria. In practicalapplicationst
seemsnorereliableto adjustthe penaltyfactoronceandkeepthesevaluesfor the next runs. Usingfinite
penaltyfactorsincludesa certainfuzzinessnto the solution,the constraintawill notexactly befulfilled.

If the penaltytermis not addedto the objective functionbut to the Lagrangiarfunction,the con-
strainedproblem(11)-(13) canbe solved by minimizing the augmented L agrangian function Rock-
afellar[54]:

Lp=fi(X)+ Zﬁj(hj()?) —dj) + qu(hj(f) —d;)* +

1 Z a -maz* (0., o + 2 - pr(gr(X) — cx) — ) (27)

Thisleadsto aniterative procedurawith

1. Estimationof a suitablepenaltyfactorandestimationof the Lagrangemultiplier by minimizing
(18).

2. Minimization of theaugmented.agrangiarfunction(27)in X.

3. Updatingthe Lagrangemultipliers by of ™' = max(0,af + 2pi(gx(X) — c)) and g5+ =
ﬁf’ +2q;(h; (X) — d;) andreturningto the secondstep.

Although this procedureleadsto well-conditionedfunction topologies,the cornvergenceof the
procedureas very dependentntheaccurag with which step2 is performedasstep3 assume&’/ Lz = 0
whichis only trueif the minimumof step2 is found.

4.3 Algorithmsfor the minimization of scalar unconstraint objective functions

The objective weightingfunction, the distancefunction andthe fuzzy setdecisionallow theimmediate
applicationof an algorithmfor finding the minimum value of an unconstraineabjective function. It
is mostimportantto find the suitableminimization methodto fit the methodof decision-makingand
the treatmentbf the nonlinearconstraints.The specialproblemin optimizationin electromagnetisnis
thetime consumingevaluationof the objectve function (electromagnetiéield) usingthefinite-element
method. The advantagesof stochasticalgorithmsare the possibletreatmentof problemswith a high
numberof designvariables,the possibility to treatnon corvex, anddiscreteproblemsand the easeof
use. The deterministicalgorithmscorverge much faster(usually around200 function evaluations)if
the searchis startedfrom a carefully chosendesign(we recall thatin literature,e.g. Schwefel[62],
Himmelblau[25] for testexamplesusuallymorethan1000functionevaluationsarecarriedout).

Someof the algorithmsfrequentlyusedfor our optimizationproblemsin the designof supercon-
ductingmagnetsaredescribedelow.
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4.3.1 Deterministic methods

The optimizationalgorithm EXTREM by Jacob [31] consistsof one-dimensionaiminimizationsby

meansof Powell extrapolations[51] in a main searchdirection (usersupplied)and an orthogonaldi-

rectionevaluatedoy Gram-Schmidbrthogonalization After theseone-dimensionasearche$fiave been
carriedout (endof a searchstep)the main searchdirectionis updatedoy a vectorpointingfrom theini-

tial outlineto the minimumof the searchstep. The userhasto supplyaninitial step-sizevhichis taken
to (x5, — xy;)/10. This userfriendly algorithmis suitablefor practicallyall applicationsncludingun-
constrainedscalarfunctions,distancefunctions,penaltyfunctions,andaugmented.agrangefunctions.
Besidegheinitial stepsizethereareno usersuppliedparametersvhich couldinfluencethe cornvergence
rate.

The Levenberg-Marquard algorithm was originally developedfor nonlinearregressionprob-
lemsusingleastsquare®bjectie functions.It canefficiently be appliedto the minimizationof the dis-
tancefunction. Assumingtheobjective functionin thevectornotationby min 2(X) = min F(X)TF(X)
with theresidualsf; arrangedn thevector F(X) = (f1(X), f2(X), ..., fr(X)) andthe JacobiMatrix
J(X) of z(X) weget

Vz(X) =2 -J(X)TF(X) (28)

F(X) (29)

Usingaquadraticapproximatiorof z(X) andneglectingtheterm 26‘;()?) F(X) stepsizeanddirectionis
givenby:

—

AX = —%[J()?)TJ()?) AT I TF(R) (30)

Al canbe regardedasan approximationfor the ngglectedterm. With a high A the algorithm startsin
a Gauss-Nevton directionand ) is decreaseth the optimizationprocedurébecausehe neglectedterm
getslessandlessimportantwith smallerandsmallerresiduals.

The Davidon-Fletcher-Powell algorithm usesa quadraticapproximationof the objectve func-
tion wherethe step-sizeanddirectionis given by AX = —H—1Vf()?) . The HessianMatrix H does
not have to be calculatedn eachpoint but is updatedteratively beginning with the unity Matrix I. The
derwatives of the objective function have to be approximatedby differential quotientsthoughwhich
makesthe convergencebehaior dependentiponthe functiontopology In recentpublicationsan effi-
cientmethodfor the calculationof the derivativesin FE solutionshasbeenproposedy Gitosusastret.
al. [21] andParket. al. [49]. Theideais asfollows: Theobjectve function canbeexpressechsf()?, fT)
with thevectorpotentialat the nodesof thefinite elementmesh.Thenwe getfor a designvariablex the
total derivative

af _of of 8A1 of 0A
dr oz 9A, oz 04 oz

of oA
f is anexplicit function of x and A andthereforetheterms% andg)—i areknown. Differentiatingthe

systemequation{ K} - A = Q@ yields:

(K} - %+—6{£} A= z—f (32)

67



As the solutionfor A is alreadyknown from the FE solutionwe have a linear equationsystemfor %—f
withoutanother~E calculationas% and%—f canbe computedlirectly from thefinite elementmesh.

Evenif theseproceduresrenotavailablein the FE packageapplied,the Davidon- Fletcher Pow-
ell algorithmis very well suitedto checkthe optimality conditionsby meansof a Lagrange-Multiplier
estimationminimizing eq. 14. As herethe "designvariables’arethe Langrange multipliers @, 5 the
derivativescanbe approximatedvith a high accurag thusresultingin agoodcorvemencebehaior.

4.3.2 Sochastic methods

Genetic algorithms are speciallysuitedto solve discreteproblemsaseachtrial solutionis codedasa
vector(chromosome)X with elementseingdescribecasgenes.Holland[26] suggestedhatthe chro-
mosomeshouldberepresentebly binarystrings.Fromtwo setsof chromosomesffspringareproduced
by the useof geneticoperatorssuchascrosseer andmutation. Crosseer meanghe interchangingof
sectionsof the chromosomesetweenwo parentchromosomesThe positionwherethe chromosomes
aresplit into two sectionds choserrandomly Mutation meanghatwith a certainlikelihoodsinglebits
in the chromosomesire flipped. The third operatoris the randomselectionwherethe chancesf se-
lectionis proportionalto the individualsfitness(objective functionvalue). Therefore gventhe wealest
individual hasachanceof beingselectedThe principleandusageof this algorithmis explainedin detail
in thenext chapter

Evolution strategies go backto the work by Schwefel[62] Rechenbey [53] and Fogel [16].
The methodsare basedon the link betweenreproductre populationsratherthan geneticlinks. The
representatiorf the individualsis donewith floating point vectorsy = ()?,5) whered is a vector
of standarddeviations(in accordancevith biological factsthat smallerchangesoccurmoreoftenthan
largerones).Fromapopulationof x parentdmulti-memberedvolution (1. + 1) stratgy) theoffspringis
createdby addinga Gaussiamandomvariableto eachcomponenbf X, with ameanzeroandastandard
deviation o;.

X" — X" + N(0,5) (33)

Fromthe offspring u vectors)?izl,,,u thatrepresenthe lowestobjective functionvalue (for min-
imization) are chosenas parentsof the next generation.Differentto the geneticapproach)eastfit in-
dividualsareimmediatlyremoved from the population. The remainingoneshave all the samemating
probabilities.

In the multi-memberedvolution stratgy we find a similarity to the crosseer in geneticalgo-
rithms, herecalledrecombinationwheresomeelementsf the designvariablevectorare swappedbe-
tweentwo membersof the population. An extensionis the (1 + \) stratgy where . elter produce)
offspring, the elter survive and competewith the offspring. If the elterarecompletelyreplacedn each
generationsve have the so-called(u, ) stratgy. The problemwith the evolution stratey is the choice
of numberof parentsaandoffspringandthe adjustmenbf the searchstepsize.

The simulated annealing Kirkpatrick et. al. [34] simulatesthe slow cool-davn of thermody-
namic systemsin orderto achieve its lowestenepy state. Startingfrom a given searchpoint X, new
designvariablevectorsfi, arecreatedapplyingrandommovesalongeachcoordinatedirection. Let be
Af = f(X;) — f(X) thenthe new pointis acceptedf Af < 0 elseit is acceptedvith a probability

68



of p = e 2f/T with a certaintemperaturd. For a high temperaturéasicallyall the new trails areex-
ceptedwhereador T=0 only new pointswith lower function valuesareacceptedot yielding a global
optimum (comparabldo a rapidly cooledmaterialwhich doesnot shav the crystallinestateof lowest
enegy but glass-lite intrusions). The problemhereis the choiceof the startingtemperatureandthe
cool-dawvn process.
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