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Abstract
If electromagneticproblemsaresolvedby finite elements,thecomputationfor
problemsinvolving infinite spaceand/orcomplicatedcoil geometriescauses
difficulties. Onepossibility to treatsuchproblemsis thecouplingof finite el-
ements(FEM) andboundaryelements(BEM), referredto asBEM-FEM cou-
pling. Thephysicalproblemis decomposedinto aBEM part,whichrepresents
thesurroundingspaceaswell asprescribedexciting currents,andaFEM part,
which containsthe magneticmedia. In this paper, the BEM-FEM coupling
for magnetostaticproblemsis derivedin detail. For thetreatmentof nonlinear
mediathe

�������
-iterationis presented.As anapplicationexamplethecompu-

tationof iron inducedeffectsin superconductingdipolemagnetsis considered.

1 Introduction
Magnetostaticproblemsaredescribedby Maxwell’s equations

�	��

������ ������ (1)
��� � ������ (2)

andby theconstitutive relation

���� �"! ��$#%�"! �� � (3)

where �� is the magneticfield, ���� the impressedsourcecurrentdensity, �� the flux densityand �� the
magnetization.Themagnetizationis assumedto beof theform

��&� �'���(�
� ! � )+* �� � (4)

where
�����(�

is somesingle-valuedmonotonousnonlinearmagnetizationcurve. A permanentmagneti-
zation ��,! couldbeeasilyaddedto (4). From(1) we have

��� � ���� ��� (5)

for all currents.
By introducingthepotential �- theusualway,

���� �	��
.�/�- � (6)

(1) – (3) canbeequivalentlyexpressedas

�0 �- � ) �"! �� � # �	��
.�1�� 2
(7)

It canbeshown [1] that(5) and(7) in connectionwith thecondition �- ��� at infinity imply theCoulomb
gauge

��� � �- ���32 (8)
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Fig. 1: Integrationover asmallcylindrical volume 8 with theboundary9

Fromtheequationsgivensofar someinterfaceconditionsfor thevectorpotentialandits derivativescan
bederived.Thiswill beexplainedin greaterdetail,becausetheseinterfaceconditionsareof fundamental
importancefor theapplicationof theBEM-FEM coupling.For thedifferentialoperators�	��

� and

��� �
in

(6) and(8) to make sense,thevectorpotentialhasto becontinuous,

�- ���32
(9)

Thebracketsdenotethe jump of their argumentacrossa surfaceof discontinuityin thedirectionof �: ,
theunit normalvector. An immediateconsequenceof (9) is

�:<; �� ���32
(10)

If we integrate(7) over a smallcylindrical volumeaccordingto Figure1 andtake into account) �0 �- ��	��
.�=�	��
.�>�- )@? 
.A �B��� � �- andtheidentities[2]

C
�	��
.� �D � 8 � E�FHG C

�:JI �D � 9 � (11)

C ?


A �LK�� 8 � E�FHG C

�: K>� 9 (12)

we obtainthefollowing equation,

E
�:MI �	��
.�>�- ) �: ��� � �- � 9 � C

� ! ���� � 8 # E
� ! �:JI �� � 9 2 (13)

If the heightof the cylinder tendsto zero,only the surfacesparallel to the interfacecontribute to the
surfaceintegralsin (13). Because(13) is valid for cylindersof arbitraryshape,wefind for theintegrands

�:NI �	��
.�/�- � �"! �O #%�"! �:JI �� � (14)
��� � �- ��� � (15)

where �O is apossiblesurfacecurrentdensity. Equation(14)is theusualinterfaceconditionfor �� , namely

�:JI+P ��RQS� �O � (16)

equation(15) thecontinuityof
��� � �- . Usingtheidentity [2]

E
�:NI �	��
.�/�- ) �: ��� � �- � 9 � ) E

T �-
T : � 9 (17)
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Fig. 2: Decompositionof thedomain8 into subdomains8yx{z}| and 8�~�z}|�� , � � * �=�

bothinterfaceconditionscanbecombinedto
T �-
T : #%� ! �:NI �� � ) � ! �O 2 (18)

With thedefinition

�� � T �-T : # �:NI � ! �� � �: � �: ~�z�| (19)

we canwrite

�� ��� � (20)

where �O ��� hasbeenassumed.Surfacecurrentswill notbetakeninto accountany longer.
If we take thedotproductof ���� with (7), (9), (19)and(20), we find for the � -components

0�- � � ) � ! � ��� # �����; �	��

���� � (21)

- � ��� � (22)

� � � T�- �T : # � ! �� I ���� ; �:y� (23)

� � ���32 (24)

The equationsfor the otherCartesiancomponentscanbe obtainedby replacingthe index � by � and� , respectively. The equations(21) – (24) for the Cartesiancomponentsof �- and �� arecompletely
decoupledandcanbe treatedseparately. A mutualcouplingcomesinto play by themagnetization �� ,
whichappearson theright handsideof (21)and(23).

2 The BEM-FEM Coupling
Figure2 shows the typical decompositionof the domain 8 which is appliedfor BEM-FEM coupling.
The infinite domain 8 is decomposedinto a subdomain8 x{z}| and(several) subdomains8 ~�z}|B� with
thecommonboundaries9�~�z}|B� � 9�x{z}|���� .
Subdomainswhichconsistof magneticmediaarediscretizedwith thehelpof thefinite elementmethod.
Thosepartswhich containimpressedexciting currents ���� canbe describedeitherby thefinite element
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methodor by the boundaryelementmethod. However, in the caseof complicatedexciting coils it is
betterto avoid theirmodellingin theFE-mesh.Theremainingdomainis treatedby theboundaryelement
methodin any case.In theexampleof Figure2 we have

8 � 8y~�z}|���8yx{z}| � (25)

8�~�z�| � 8�~�z�|/����8�~�z�|�� � (26)

9�~�z}| � 9�~�z}|�����9�~�z}|�� � 9�x{z�|�� � 9�x{z}|�������9�x{z}|�� � 2 (27)

On thecommonboundary9�~�z}| � 9�x{z�|�� , thecouplinginterface,theinterfaceconditions(9) and(20)
arevalid.

3 The Finite Element Description
Thestartingpointfor thefinite elementdescriptionis theweakintegral form of (21)in thedomain8�~�z�| .
The weakintegral form is obtainedby multiplying (21) by a weightingfunction � andintegratingby
parts.This resultsin

C¡ �¢¤£ ?

.A � - ��; ? 

A � � � 8M) E  �¢¤£

� � � � 9

�
CS ¥¢¦£
� !�� ��� � � 8§) CS ¥¢¦£

� ! �� I ���� ; ? 
.A � � � 8 � (28)

where
� � is definedin (23). Theweakintegral form (28) automaticallyfulfills the interfacecondition

(24)atpossibleinterfacesin theinteriorof 8y~�z}| , e.g.at theinterfacesbetweenthefinite elements.The
boundaryintegral in (28) allows to prescribe

� � on 9 ~�z�| andthereforethecouplingwith theboundary
elementmethod.
At this point thediscretizationof thedomain 8�~�z�| into individual finite elements8y¨ takesplace.Pos-
sible materialinterfacesmustcoincidewith elementinterfaces. We use ©

!
-continuous,isoparametric

nodalfinite elements.The functions
- � � �� � and

� � � �� � areexpandedwith respectto theelementshape
functions ª¬« � �� � andthenodalvalues

- � « and
� � « asfollows

- � � �� ��� ­
« F � ª «

� �� � - � « in 8y¨ � (29)

� � � �� ��� ®« F � ª «
� �� � � � « on 9�~�z}|�¯�9°¨ � (30)

where: is thenumberof nodesof theelement8 ¨ and ± is thenumberof nodeson 9 ~�z�| ¯�9 ¨ . This is
theportionof theelementboundary9�¨ in commonwith theboundary9�~�z�| .
If we introduce(29)and(30) into (28)andchoosetheweightingfunctions� equalto theelementshape
functionsª¬² weobtaintheGalerkinequationfor onefinite element.Usingmatrixnotationthisequation
reads

O - � ) ³ � � � K � � ���� � (31)

O
= :JI´: elementstiffnessmatrix,- � = : nodalunknowns

- � in µ8y¨ ,
³ = :JI ± elementboundarymatrix,� � = ± nodalunknowns

� � on 9�~�z�|�¯�9�¨ ,K � � ���� = elementforce : -vector.
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The ± I ± matrix ³ hasbeensupplementedto becomea :¶I ± matrix. Theglobalsystemof equations,
accumulatedof theelementmatricesandvectorsaccordingto (31) is

· ~�z}| - � ) ¸ � � � ¹ ~�z�|� � ���� � (32)

· ~�z}| = ª I ª globalstiffnessmatrix,- � = ª nodalunknowns
- � in µ8�~�z�| ,

¸ = ª I � globalboundarymatrix,� � =
�

nodalunknowns
� � on 9�~�z�| ,¹ � � ���� = globalforce ª -vector.

In (32), ª is thenumberof nodesin µ8�~�z�| and
�

is thenumberof nodeson 9�~�z�| . Thebarnotation
indicatestheclosureof a domain,i.e. thedomainandits boundary.

4 The Boundary Element Description
Perdefinition thedomain 8 x{z}| containsno magneticmedia,hence �� �º� . Onemoreintegrationof
(28)by partsyields

CS»¤¢¤£
- � 0 � � 8 # E »¤¢¦£½¼

T�- �
T : ��) - �

T �T : � 9 � CS»¤¢¤£ )
� !�� ��� � � 8 2 (33)

In (33) it wasalreadytaken into accountthat the boundaryintegralsover the far boundary9¡¾ do not
contribute [3]. Now theweightingfunction � is chosenasthe fundamentalsolution ¿�À of theLaplace
equation,which is in 2D

¿ À � �� � �Á ��� ) *��Â � ÃÅÄ ��1) �Á Ä (34)

andin 3D

¿ À � �� � �Á �y� *Æ Â Ä ��1) �Á Ä
2

(35)

In (34) and(35), �� is thesourcepoint and �Á is thefield point. With theabbreviation

Ç À � �� � �Á �y�
T ¿�ÀT :¬ÈÉ (36)

we obtainfrom (33)

Ê � �Á � - � � �Á �"#
E »¤¢¤£�¼ )

T�- �
T : ¿ À # - ��Ç À � 9 � C¡»¤¢¦£

� !�� ��� ¿ À � 8 2 (37)

In (37)

Ê � �Á �Ë� Ì��Â in 2D and Ê � �Á ���ÎÍÆ Â in 3D (38)

is thesocallededgefactorand Ì theplanarangle( Í thesolid angle)at thepoint �Á in theinterior of the
domain 8�x{z�| . The integral on the right handsideof (37) canbe identifiedasthe � -componentof the
Biot-Savart integral for thevectorpotentialdueto theimposedcurrentdensity ���� in 8�x{z�| ,

�- � � �Á �y�
C ».¢¦£

�"! �� � ¿ À � 8 2 (39)
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The normalderivative of the vectorpotentialcanbe expressedin termsof
� � accordingto (23) with�� �Ï� in 8�x{z�| . Furthermore,thenormalderivative in (23) refersto theoutwardnormal �: � �: ~�z�| ,

wherasthe outward normal �: � �: x{z�| in (37) points into the oppositedirection, which leadsto an
additionalminussign.From(23), (37), (39) andthisconsiderationwe obtain

Ê � �Á � - � � �Á �Ð#
E ».¢¦£½¼

� � ¿ À � 9 # E ».¢¦£½¼
- ��Ç À � 9 � - ��� � �Á � � �Á�Ñ 9�x{z}|�� 2 (40)

Due to thespecialchoiceof �Á on 9�x{z�|�� only boundaryvaluesof
- � and

� � arerelatedto eachother.
Equation(40) is theintegral equationon which theboundaryelementmethodis basedon.
For thenumericalsolutionof (40), theboundary9�x{z�|�� mustbedecomposedinto anumberof Ò bound-
ary elements9�¨ resultingin

Ê � �Á � - � � �Á �Ð#ÔÓ
¨ F � E�Õ

� � ¿ À � 9 #ÔÓ¨ F � E�Õ
- �ËÇ À � 9 � - ��� � �Á ��2 (41)

Again, ©
!
-continuous,isoparametricnodalelementsareusedfor thediscretization.Theseelementshave

exactly thesamepropertiesasthefinite elementsin section3. Dueto theboundaryintegral formulation,
the dimensionof the elementsis reducedby oneso that for 3D problems2D boundaryelementsand
for 2D problems1D boundaryelementshave to beapplied. The trial functionsfor

- � and
� � for one

element9°¨ aresimilar to thosein (29)and(30),

- � � �� �y�Ö®« F � ª «
� �� � - � « on 9�¨ � (42)

� � � �� �y� ®« F � ª «
� �� � � � « on 9�¨ � (43)

where± is thenumberof nodesof theelement9°¨ . If we introduce(42) and(43) into (41) andput the
field point �Á succesively at thelocationof eachboundarynode ���× , O � * 2=2=2.� , weendupwith asystem
of
�

equationswhich reads
� - � # Ø � � � - ��� � (44)

�
=
� I � matrix resultingfrom Ç À � �� � �Á � ,- � =
�

nodalunknowns
- � on 9�x{z}|�� ,Ø

=
� I � matrix resultingfrom ¿ À � �� � �Á � ,� � =
�

nodalunknowns
� � on 9�x{z}|�� ,- ��� =

�
-vectorof thesourcepotential.

This is thepointwisecollocationmethod,whichleadsto unsymmetricmatrices
Ø

and
�

. In contrast
to the symmetricsparseFEM matrices

·
and ¸ , the BEM matricesare unsymmetricand fully

populated.

5 The Overall System of Equations
The boundaryconditions(22) and(24) require

- � and
� � to be continuouson the couplinginterface

9 ~�z}| � 9 x{z}|�� . If ”compatible” elements[4] areusedin both subdomains,this is guaranteedby the
continuityof thenodalvaluesandthesimilarexpansions(29), (42)and(30), (43), respectively.
Multiplying (44)by

Ø Ù �
resultsin

� � � ) Ø Ù � � - � # Ø Ù � - ��� 2 (45)
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Thisequationcanbeusedto eliminatetheunknowns
� � from (32), whichnow reads

· - � � ¹ � � �- ��� ���� � (46)

· � · ~�z}| # · x{z�| � (47)

· x{z�| � ¸ Ø Ù � � � (48)

¹ � � �- �������� � ¹ ~�z}|� � ���� # ¸ Ø Ù � - ��� 2 (49)

The ª I � matrix
· x{z�| hasbeensupplementedto becomea ª I ª matrix. Thedomain 8yx{z}|

hasbeenmappedontooneequivalentfinite elementresultingin
· x{z�| . Thematrix

· x{z}| is un-
symmetricwhich meansthat

·
is unsymmetric,too. In contrastto the sparsematrix

· ~�z}| , the
matrix

·
containsa dense

� I � subblockwhich couplesall theboundarynodeswith eachother.
Thesepropertiesof

·
reducetheefficiency of thenumericalsolutionof (46) andhave to beregarded

asdisadvantagesof the BEM-FEM coupling[4]. However, therearesomespecialsolutionalgorithms
notexplainedin thispaperwhichallow to work aroundthesedifficulties[5, 6].
Theequations(46) for theCartesiancomponentsof thevectorpotentialmaynow becombinedinto

· � �
� · �
� � ·

Ú·

- É-ÜÛ
- �
�-

�
¹ É � �- ��������¹ Û � �- ��������
¹ � � �- � � ����

�¹/� �- �¥� ����

2
(50)

Equation(50) describesany magnetostaticproblemon an infinite domainwith theboundarycondition�- ��� at infinity.

6 The Ý �ßÞÅ� -Iteration
Themagnetization �� which appearson theright handsideof (50) is in generalnot known in advance,
but dependsitself on thefieldsaccordingto themagnetizationcurve (4). This meansthat(50) hasto be
solvedby iteration.
A possibleiterative methodis the

�à�����
-iteration. The principle of the

�à�����
-iteration is a simple

update.Themagnetization �� × is obtainedfrom thevectorpotential �- × of thecurrentiterationstep
O

with thehelpof themagnetizationcurve(4). Thevectorpotentialis recomputedfrom thismagnetization
in thenext iterationstep,

Ú· �- ×3á � � �¹/� �- �¥� �� × � � O ��� � * �=�3� 2=2=2�2 (51)

If we subtract
Ú· �- × from bothsidesof (51) weobtain

Ú· â �- × � �ã × � (52)

�ã × � �¹/� �- ��� �� × � ) Ú· �- × � (53)

�- ×äá � � �- × # â �- × � (54)

where
â �- × is the incrementof thepotentialvaluesand �ã × is the residual.Theconvergencerate

canbe improvedby multiplying the increment
â �- × by a relaxationparameterå�× . Equation(54) has
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O ��� � �- ! � �

æ¡ç3è1é�ê¦ëíì1î�ï¡ð�ñ�ò=ó%ôõì=ö�÷øó½ê=ñäù
�¹ × � �¹/� �- �¥���� × �
�ã × � �¹ × ) Ú· �- ×

�ã ×
�¹ ×

úüûþý ÿ ì=ö

ò¦ç
ð�ç3ù��¤ì>ë���ì>ö ÿ ö�ëíì=èÚ· â �- × � �ã ×

æ��}ç}ç3ö�ì�ë��}ìþôõì=ùøñ���ñäë	÷øç�ò´é=ñ}ôõñäè ì=ëíì�ô å�×

�- ×äá � � �- × # å�× â �- ×

O	� � O # * ð�

���

Fig. 3:
�à�����

-iteration
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thento bereplacedby

�- ×3á � � �- × # å�× â �- × 2 (55)

With the techniquesgiven in [7] it canbe shown that the
�������

-iterationconvergesfor
� ú å�× ú � .

However, practicalexperimentsshowed that a considerablespeed-upcanbe achieved by an adaptive
computationof therelaxationparameterfrom theincrementof thecurrentandthepreviousiterationstep
accordingto [6, 8]

å ! � * �

å�× � å�× Ù �
*B)

â �- × ; â �- × Ù �
â �- × Ù � �

� O � * �=�3� 2=2=2 2
(56)

Figure3 shows theflowchartof the
�������

-iteration.A suitablestoppingcriterionis û � * � Ù�� 2=2=2 * � Ù�� .
Comparedto the widespreadNewton-Raphsonmethod,the

�����'�
-iterationhasthe following advan-

tages:

� Thesystemmatrix
Ú·

hasto beassembledandfactorizedonly once,providedthatadirectsolver
is used.

� Thespecialstructureof
Ú·

shown in (50) is preserved. Thusthenumericalexpenseis thatof a
scalarpotentialproblem,becauseonly thesubblock

·
hasto beprocessed.

� The
�������

-methodis globally convergent.

� No derivativesof themagnetizationcurve (4) arerequired.

Of course,therearealsodisadvantages:

� Therequirednumberof iterationstepsis muchhigher. The3D problempresentedin [6] tookabout
200steps.

� Evenin thecaseof linearmediathe
�à�����

-iterationis necessary.

7 Superconducting Magnet Field Calculation
In this section,the BEM-FEM coupling is appliedto the field calculationof superconductingdipole
magnets.Thesearethemaindipolemagnetsof theLargeHadronCollider. TheLargeHadronCollider
is a superconductingacceleratorfor protonsandheavy ionsto beinstalledat CERN.TheLargeHadron
Collider will be placedin an existing tunnelwith a circumferenceof about27 km. Spacelimitations
aswell ascostconsiderationsdictatea two-in-onemagnetdesign,wherethetwo ringsareincorporated
in the samecryostat. The main dipole magnetswill operateat about0.58T at injection and8.40T at
nominalcurrent.Thesuperconductingmagnetsarecharacterizedby thedominanceof thecoil geometry
for thefield distribution. Thedesigngoalsfor themagnetsaremaximumdipolefield, minimumcontent
of unwantedmultipolesandsufficient safetymargin for theconductorover thewholeoperationrange.
Figure4 shows a cross-sectionof the magnet.For symmetryreasons,only a quarterof the geometry
needsto beconsideredasshown in Figure.
Theaimof thenumericalanalysisis to determinethequalityof themagneticfield. For thispurpose,the
radial component

���
of themagneticinductionis expandedinto a multipole serieswith respectto the

center
� � ! �	� !3�y� ��� ì=ñ
è�� � �3� of thecoil,

���.��� ��� �Ë� ¾

­ F �
� ­ Ù � � ­

� � Ã � :
� �"# -
­
�� !� � :
� � 2 (57)
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0 51.43 102.86 154.29 205.71 257.14 308.57 360

Fig. 4: Cross-sectionof themagnetshowing thesuperconductingcoils, the iron yoke and
theiron inserts.

The
�
­ arecalledthenormalandthe

-
­ theskew componentsof thefield. By introducingthenormal

andskew relative field components

"
­
� � ­� �

� ­ Ù �! � D
­
� - ­� �

� ­ Ù �! � (58)

(57)canbewritten in theform

���.��� ��� �Ë��� �
¾

­ F �
�
� ! ­

Ù � "
­
� � Ã � :
� �"# D

­
�� !� � :
� � 2 (59)

� � is themainfield component(
" � � * ) and

� !
a givenradius.At

���#� !
we have

���.��� ! ��� �Ë��� �
¾

­ F �
"
­
� � Ã � :
� �"# D

­
�� !� � :
� � 2 (60)

Thenumericalcomputationof therelative multipolecomponentsis a challengingtask[9]. Thesecom-
ponentsareof theorder * � Ù�� . Even to obtainthreevalid digits, theaccuracy of thefield computation
hasto beof theorder * � Ù�$ . Onebasicrequirementis thecorrectmodellingof thecoils, which have a
complicatedgeometryandcurrentdensitydistribution. As canbeseenfrom (50), theinput datafor the
BEM-FEM couplingis thevectorpotential �- � of thesourcecurrentsat thelocationsof theboundary
nodes.This caneasilybe obtainedfrom the designdataof the coils. The designandoptimizationof
thecoil geometryhasbeenperformedwith theCERNprogrampackageROXIE [10]. FromtheROXIE
database,the locationandcurrentof eachfilamentaryconductoris available. For the � -th conductor
locatedat ���� andcarryingthecurrent %�� we getfrom (39)

�- �'& � � �Á �y� � ! %��¦¿ À � ���� � �Á ��2 (61)

For thenumericalanalysis,themagnetis assumedto beinfinitely extendedin � -direction.Theresulting
2D problemis describedby (46). Only a quarterof the geometryneedsto be discretizedwhen the
symmetryis takeninto accountby theboundarycondition

T�- �
T : � � (62)

56



Fig. 5: Coarsemeshwith 3396nodesandcomputed �� -field

on bothcoordinateaxis.Thismeansthatthemodifiedfundamentalsolution

Ú¿ À � � �	�½� Á ��( �Ë� ¿ À � � �	�Ð� Á ��( �S# ¿ À � � �	�Ð� ) Á ��( �# ¿ À � � �	�½� Á � ) ( �S# ¿ À � � �	�Ð� ) Á � ) ( � (63)

hasto beusedfor thecomputationof thematrices
Ø

and
�

. Only theiron yoke andtheiron insert
needto bemeshed.We used8-nodedquadrilateraland6-nodedtriangularsecondorderfinite elements
and3-nodedsecondorderboundaryline elements.A coarsemeshwith 3396nodes(Figure5) andafine
meshwith 6521nodeshave beenconsidered.
Oncethe field problemhasbeensolved, the relative multipole componentsaccordingto (60) can be
evaluated.For this purpose,themagneticvectorpotential

- � ��� ! ��� � is requiredon a circle © with the
center

� � ! �	� !ä������� ì=ñäè)� � �3� andtheradius
�¤! � * � mm. This canbedoneby evaluating(40) in terms

of theboundaryelementdiscretization.Thepotential

- � � �Á ��� - ��� � �Á �Ð# ) E ».¢¦£½¼
� � ¿ À � 9�) E ».¢¦£½¼

- ��Ç À � 9

� - �'* � �Á �

� �ÁþÑ © (64)

consistsof two parts:Theimpressedpotential
- ��� dueto thecoilsandthereduced potential

- �+* dueto
themagnetization[9]. Thepotential

- � � �Á � hasbeenevaluatedin 144discretepointson © at anangular
distanceof

0 � � � 2-,/. . With thesesamplevaluesa discreteharmonicanalysishasbeenperformedby
meansof theprogramTRICOF from theCERNLibrary. TRICOF yields thecoefficients 0 ­ and Ç ­ of
theFourierexpansion

- � ���¤! ��� �Ü�10 !� #
¾

­ F �
0 ­
�� !� � :
� �"# Ç

­
� � Ã � :
� � 2 (65)

Takinginto account

���.��� ! ��� �y� *� !
T
T � - � ��� ! ��� � (66)
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CoarseMesh FineMesh2436587:9�;=<?>A@CB�D
T

2436587:9�;=<E>!@CDEF
TG H�I H�I

2 1.45900J=K FMLAN 1.46035J=K FOLAN
3 -1.11400J=K F LAN -1.11413J=K F LAN
4 -0.15273J=K F LAN -0.15269J=K F LAN
5 -0.19984J=K F LAN -0.19983J=K F LAN
6 0.00432J=K F LAN 0.00432J=K F LAN
7 0.03386J=K F LAN 0.03385J=K F LAN
8 -0.00153J=K F LAN -0.00153J=K F LAN
9 -0.01062J=K F LAN -0.01062J=K F LAN

10 0.00165J=K F LAN 0.00166J=K F LAN
11 0.00919J=K FMLAN 0.00918J=K FOLAN

Table 1: Relativemultipolecomponentsfor thecoarseandthefinemesh(Stoppingcriterionû � * � Ù�$ )

the D ­ ,
"
­ canbeexpressedin termsof the 0 ­ ,

Ç
­ accordingto

� � � ) 0���¤! � "
­
� )

: 0 ­�.!ä� �
� D
­
� :ËÇ ­�¤!�� �

2
(67)

Startingfrom the expansion(65) and using the relations(67) avoids numericaldifferentiationof the
vectorpotential.
Dueto thesymmetrywehave D ­

� Ç
­
���

. Table1 containstheresultsfor thecoarseandthefinemesh.
Evenwith thecoarsemeshthefirst four digits canberegardedasaccurate.
Thehighaccuracy requirementsin connectionwith thehighsaturationlevel of theiron poseademanding
teston the

�à�����
-iteration.Table2 shows theresultsfor thecoarsemeshanddifferentstoppingcriteriaû . Thehigherordermultipoles

"�P
,
"�Q

,
" ��� arehardlyinfluencedby theyokeandtheiron saturationeffect.

Theestimatesfor a coil in aninfinite permeableiron yoke are
"�P � �32 �!R Æ ; * � Ù�� , "�Q � ) �32 � * � ; * � Ù�� ,

and
" ��� � �32 �3�!S!S ; * � Ù�� [9]. Thesemultipolesare thereforea goodmeasureof the accuracy of the

field solution. Indeed,Table2 shows a goodagreementwith the predictedvaluesandno dependency
on thestoppingcriterion. Thequadrupole

" � , which resultsfrom thetwo-in-onedesigndependson the
stoppingcriterion. Thefirst four digits canberegardedasexact for ûUT * � Ù�� . It shouldbenotedthat
an unnecessarilystrict stoppingcriterion resultsin an excessive high numberof iterations(up to 1400
iterationsfor û � * � Ù�$ , up to 2000iterationsfor û � * � Ù

P
).

8 Conclusion
Thispaperpresentedadetailedexplanationof theBEM-FEM couplingfor nonlinearmagnetostaticprob-
lems. Theproposedmethodwasappliedto thecomputationof themultipoleerrorsin thefield of a su-
perconductingdipolemagnet.Theexciting coilsneednot to bediscretized,but theirvectorpotentialcan
directly beusedasinput datafor thefield computation.Thereducedvectorpotentialdueto themagne-
tizationwascomputedby integrationover theBEM-FEM couplinginterface,which tendsto smoothout
localerrors.
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