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Abstract

If electromagnetiproblemsaresolvedby finite elementsthecomputatiorfor
problemsinvolving infinite spaceand/orcomplicatedcoil geometriecauses
difficulties. Onepossibility to treatsuchproblemsis the couplingof finite el-
ementdFEM) andboundaryelementyBEM), referredto asBEM-FEM cou-
pling. Thephysicalproblemis decomposedto aBEM part,whichrepresents
the surroundingspaceaswell asprescribedexciting currentsanda FEM patrt,
which containsthe magneticmedia. In this papey the BEM-FEM coupling
for magnetostatiproblemss derivedin detail. For thetreatmenf nonlinear
mediathe M ( B)-iterationis presentedAs anapplicationexamplethecompu-
tationof iron inducedeffectsin superconductindipolemagnetss considered.

1 Introduction
Magnetostatiproblemsaredescribey Maxwell’'s equations

curl H = Ty 1)
divB=0 2)

andby the constitutize relation
B = poH + poM, 3)

where H is the magneticfield, 7; theimpressedsourcecurrentdensity B the flux densityand]\7[ the
magnetizationThe magnetizations assumedo be of theform

- (B(H) .
M(Mﬂ1)m (4)

where B(H) is somesingle-\aluedmonotonousionlinearmagnetizatiorcurve. A permanentnagneti-
zation M, couldbeeasilyaddedo (4). From(1) we have

divy;=0 (5)
for all currents. .
By introducingthe potential A the usualway,
B = curl ff, (6)
(1) — (3) canbeequvalently expresse@s
AA = —pg (j; + curl M) . @)

It canbeshawn [1] that(5) and(7) in connectiorwith thecondition4 = 0 atinfinity imply theCoulomb
gauge

div A = 0. (8)
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Fig. 1. Integrationover a smallcylindrical volume(2 with theboundaryl®

Fromtheequationgjivensofar someinterfaceconditionsfor the vectorpotentialandits dervativescan
bederived. Thiswill beexplainedin greatedetail becaus¢hesenterfaceconditionsareof fundamental
importancefor theapplicationof the BEM-FEM coupling. For thedifferentialoperators:url anddiv in
(6) and(8) to make sensethevectorpotentialhasto becontinuous,

[A] =o. 9)

The bracletsdenotethe jump of their agumentacrossa surfaceof discontinuityin the directionof 7,
theunit normalvector An immediateconsequencef (9) is

i-[B] =o0. (10)

If we integrate(7) over a smallcylindrical volumeaccordingto Figurel andtake into account—AA =
curl curl A — grad div A andtheidentities[2]

/curlddQ = j{ﬁ x adrl’, (11)
Q =00
/gradfdQ = ?{ﬁf dr (12)
Q =09
we obtainthefollowing equation,
f (ﬁ x curl A — i div /Y) dl' = /,uoj.; dQ + j{,uoﬁ x M dT. (13)
r Q r

If the heightof the cylinder tendsto zero, only the surfacesparallelto the interface contritute to the
surfaceintegralsin (13). Becaus€13)is valid for cylindersof arbitraryshapewe find for theintegrands

i x [curl A] = pok + port x [M ], (14)
[div A] =0, (15)

where is apossiblesuriacecurrentdensity Equation(14) is theusualinterfaceconditionfor 4, namely

ix[H] =k, (16)
equation(15) the continuity of div A. Usingtheidentity [2]
f(ﬁxcurlj—ﬁdivj) ar=— ¢ 94 4r (17)
on
r r
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rFEM2 = rBEM i2
NBEMoo

Fig. 2. Decompositiorof thedomain2 into subdomain$lgen andQeeyv,, v = 1,2

bothinterfaceconditionscanbecombinedo

OA . . .
5 + poit x [M ] = —pok. (18)
mn
With the definition
- 04 PO
Q:a——FnXMOM, N = NFEM (19)
n
we canwrite

@] =0, (20)

wherek = 0 hasbeenassumedSurfacecurrentswill notbetakeninto accountary longer
If we take thedot productof €, with (7), (9), (19) and(20), we find for the z-components

AA, = —Ho (]zs + €, - curl M) s (21)

[A.] =0, (22)
0A, - .\ L

Q.= o + (qu X ez) -1, (23)

[Q:] =o0. (24)

The equationdor the other Cartesiancomponentsan be obtainedby replacingthe index z by x and
y, respectiely. The equationg(21) — (24) for the Cartesiancomponentf A and@ are completely
decouplecandcanbe treatedseparately A mutualcouplingcomesinto play by the magnetization\/,
which appear®n theright handsideof (21) and(23).

2 TheBEM-FEM Coupling

Figure 2 shaws the typical decompositiorof the domain{2 which is appliedfor BEM-FEM coupling.
The infinite domain(? is decomposedhto a subdomaingey and (several) subdomaing2geng, With

thecommonboundaried ren, = I'BEMIL-

Subdomainsvhich consistof magnetionediaarediscretizedwith the help of thefinite elemenimethod.
Thosepartswhich containimpressedxciting currentsj; canbe describeckitherby the finite element
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methodor by the boundaryelementmethod. However, in the caseof complicatedexciting coils it is
betterto avoid theirmodellingin theFE-mesh Theremainingdomainis treatedby theboundaryelement
methodin any case.In the exampleof Figure2 we have

Q= Qrpm U Qiwm, (25)
Qrem = Qremi U QrFeM2, (26)
I'rem = I'rem1 U 'rEM2,  I'BEMi = I'BEMi1 U I'BEMI2- (27)

Onthecommonboundant'ren = I'sems, the couplinginterface,the interfaceconditions(9) and(20)
arevalid.

3 TheFinite Element Description

Thestartingpointfor thefinite elementescriptions theweakintegral form of (21)in thedomainQggs.
The weakintegral form is obtainedby multiplying (21) by a weightingfunction w andintegrating by
parts.Thisresultsin

/gradAz-gradwdQ— %szdf

Qpeu TrEM
= /,uojzs wd) — /(HOM X €z) - grad w d{Q, (28)
QrFEM QrFEM

whereQ@, is definedin (23). The weakintegral form (28) automaticallyfulfills the interfacecondition

(24) atpossibleinterfacesin theinterior of Qrgy, €.9.attheinterfacesbetweerthefinite elementsThe

boundaryintegral in (28) allows to prescribe). on I'rgm andthereforethe couplingwith theboundary
elementmethod.

At this pointthe discretizationof the domainS2ggys into individual finite elementd), takesplace.Pos-

sible materialinterfacesmustcoincidewith elementinterfaces. We use C’-continuous jsoparametric
nodalfinite elements.The functions A, (Z) andQ.(Z) areexpandedwith respecto the elementshape
functionsNV; (%) andthenodalvaluesA.; and@.; asfollows

AL () =Y Nj(@)Az; inQ,, (29)
j=1

Q.(7) = Z N;(@)Q.; onT'rem NTe, (30)
j=1

wheren is the numberof nodesof theelement2, andm is thenumberof nodesonI'egm N I'e. Thisis
the portionof theelementhoundarnyt’. in commonwith the boundaryl ggy,.

If we introduce(29) and(30) into (28) andchooseheweightingfunctionsw equalto theelementshape
functionsN; we obtainthe Galerkinequatiorfor onefinite element.Using matrix notationthis equation
reads

(R{A:} = [t11{Q-} = {£-(0D)}, (31)
k] =n x n elementstiffnessmatrix,
{A.}  =nnodalunknawvns 4. in €.,
[¢] =n x m elemenboundarymatrix,
{Q.} =m nodalunknovns Q. onTgeym N T,

{f.(M)} = elementorce n-vector
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Them x m matrix [t] hasbeensupplementetb becomean x m matrix. Theglobalsystenof equations,
accumulateaf the elementmatricesandvectorsaccordingo (31) is

[KFPM{AL} - [THQ:} = {ET™M (D)}, (32)
[KFEM] = N x N globalstiffnessmatrix,
{A.} = N nodalunknavns A, in Qpgu,
[T = N x M globalboundarymatrix,
{Q.} = M nodalunknovns Q. onT'rru,

{F,(M)} = globalforce N-vector

In (32), N is the numberof nodesin Qrgy and M is the numberof nodeson I'rgy;. The bar notation
indicatesthe closureof adomain,i.e. thedomainandits boundary

4 TheBoundary Element Description

Perdefinitionthe domainQ gy containsno magneticmedia,hence]\7[ = 0. Onemoreintegration of
(28) by partsyields

/AzAwdQ—i- f 8Azw—Aza—w dl’ = /—,uojzswdQ. (33)
on on

QBEM 'BEMi QBEM

In (33) it wasalreadytaken into accountthatthe boundaryintegrals over the far boundaryl', do not
contribute [3]. Now the weightingfunctionw is chosenasthe fundamentakolution«™ of the Laplace
equationwhichis in 2D

—

X [ = _ 1 —
w(@E) = 5-ln|E ¢ (34)
andin 3D
= 1
uw(Z,6) = ———. 35
®6= =7 (35)

In (34) and(35), 7 is the sourcepoint andgis thefield point. With the abbreiation

v 2 ouT
¢'(@8) = 5 (36)
we obtainfrom (33)
= I 8AZ * * . *
c(§)A (&) + ~on u'+ A, q ) dl'= poJzs w' dS2. (37)
IeEMi QBEM
In (37)
& = L in20ande(d = 2 in 3D (38)
asr= 2T as)= 47

is the socallededgefactoranda the planarangle(© thesolid angle)at the point £ in theinterior of the
domainQggy. Theintegral on theright handsideof (37) canbeidentifiedasthe z-componenbf the
Biot-Savartintegral for the vectorpotentialdueto theimposedcurrentdensityjs in Qpgw,

- =

L@ = [monuan. (39)

QBEM

51



The normal derivative of the vector potentialcanbe expressedn termsof (), accordingto (23) with
M =0in Qpem. Furthermorethe normalderivative in (23) refersto the outward normal7 = 7ipgy,
wherasthe outward normal7 = 7iggy in (37) pointsinto the oppositedirection, which leadsto an
additionalminussign. From(23), (37), (39) andthis consideratiornwe obtain

—

(&) AL(E) + f Q.u*dl + j{ A.qdT = A8, €€ e (40)

'sEMmi I'BEMi

Dueto the specialchoiceof fon I'sewmi only boundaryvaluesof A, and@, arerelatedto eachother
Equation(40) is theintegral equationon which the boundaryelemenimethodis basedon.

For thenumericalsolutionof (40), theboundarni'ggyr; mustbedecomposedhto anumberof £ bound-
ary elementd’. resultingin

(@4 +Y. [QuareY [aqar = a6 (41)

Again, C”-continuousjsoparametrinodalelementsreusedfor thediscretization Theseelementhiave
exactly the samepropertiesasthefinite elementsn section3. Dueto the boundaryintegral formulation,
the dimensionof the elementds reducedby one so that for 3D problems2D boundaryelementsand
for 2D problems1D boundaryelementshave to be applied. The trial functionsfor A, and@, for one
elementl’, aresimilarto thosein (29) and(30),

AL(F) =) Nj(@)A;; onT., (42)
j=1

Q-(#) =) _ Nj(#)Q-; onT., (43)
j=1

wherem is the numberof nodesof the elementl".. If we introduce(42) and(43)into (41) andputthe
field point¢ succesiely atthelocationof eachboundarynodex, £ = 1... M, we endupwith asystem
of M equationsvhichreads

({4} + [G]{Q:) = {As} (44)

—

[H|] =M x M matrixresultingfrom ¢*(Z, €),
{A.} =M nodalunknavns A onT'gg;,
[G] =M x M matrixresultingfrom u*(Z, ),
{Q.} =M nodalunknavns Q. onT'geni,

{A.s} = M-vectorof thesourcepotential.

Thisis thepointwisecollocationmethod whichleadsto unsymmetrianatrices|G| and[H . In contrast
to the symmetricsparseFEM matrices[K | and [T'], the BEM matricesare unsymmetricand fully
populated.

5 TheOverall System of Equations

The boundaryconditions(22) and (24) require A, and @, to be continuouson the couplinginterface
I'eem = M- If "compatible” elementqd4] areusedin both subdomainsthis is guaranteedby the
continuity of the nodalvaluesandthe similar expansiong29), (42) and(30), (43), respecirely.
Multiplying (44) by [G]_l resultsin

{@:} = -[6] "[H]{A:} + [6] A} (45)
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This equationcanbe usedto eliminatethe unknavns {QZ} from (32), which now reads

[K]{4.} = {F.(4, M)}, (46)
(K] = [KFEM] + [P, (47)

[N = (1] (@] 7 ], (48)
{F.(A, )} = {FF™NMOD) + [1][6] 7 { A} (49)

The N x M matrix [KBFM] hasbeensupplementetio becomea N x N matrix. The domainQggym

hasbeenmappedonto one equivalentfinite elementresultingin [K®*™]. The matrix [ K®*M] is un-
symmetricwhich meansthat [ K| is unsymmetrictoo. In contrastto the sparsematrix [K**M], the
matrix [K] containsadenseM x M subblockwhich couplesall the boundarynodeswith eachother

Thesepropertiesof [K] reducethe efficiengy of the numericalsolutionof (46) andhave to beregarded
asdisadantageof the BEM-FEM coupling[4]. However, thereare somespecialsolutionalgorithms
not explainedin this paperwhich allow to work aroundthesedifficulties[5, 6].

Theequationg46) for the Cartesiarcomponent®f thevectorpotentialmay now be combinednto

(K] 0 0 ({4} {Fe(As, M)}
[K] 0 {Ay} - {Fy(AS’M)} ‘ (50)
0 o [K]) \{4.} {FL.(4;, M)}

K] {4} (AL 1))

Equation(50) describesary magnetostatiproblemon aninfinite domainwith the boundarycondition
A = 0 atinfinity.

6 TheM(B)-Iteration

The magnetizationV/ which appearon theright handsideof (50) is in generalnot known in adwance,
but dependstself on the fieldsaccordingto the magnetizatiorcurve (4). This meanghat(50) hasto be
solvedby iteration.

A possibleiteratve methodis the M (B)-iteration. The principle of the M (B)-iterationis a simple
update.The magnetizatioer is obtainedrom thevectorpotential{/fk} of thecurrentiterationstepk
with thehelpof themagnetizatiorcurve (4). Thevectorpotentialis recomputedrom this magnetization
in the next iterationstep,

[K{ A1} = {F(A, My)}, k=0,1,2,.... (51)

If we subtract K] { A} } from bothsidesof (51) we obtain

[K]{6A4,} = {R:}, (52)
{Ra} = {F(A, M)} - [K]{ 4}, (53)
{A’Hl} = {/Tk.} + {M’k}, (54)

where {34}, } is theincrementof the potentialvaluesand { .} is the residual. The corvergencerate
canbeimproved by multiplying theincrement{élk} by arelaxationparametetw;. Equation(54) has
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k=0, {4} {0}

-~

Compute RHS and residual
{F} = {F(A4;, My)}
{Br} = {Fi} — [K]{4}

no

Solve the system

[K]{0Ar} = { i}

Y

Choose the relaxation parameter wy,

Y

(A} = (A} + wn{040)

Y

Fig. 3: M(B)-iteration
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thento bereplacedy
(A1) = { A} +wr {04} (59)

With the techniqueggivenin [7] it canbe shawn thatthe M ( B)-iterationconvergesfor 0 < wy < 2.
However, practicalexperimentsshaved that a considerablespeed-upcan be achieved by an adaptve
computatiorof therelaxationparametefrom theincrementf the currentandthe previousiterationstep
accordingo [6, 8]

wo =1,
wy, = - {514{:);_‘1{6/3@-—1} o k=1,2,... ¢- (56)
[ade |

W

Figure3 shavs theflowchartof the M ( B)-iteration. A suitablestoppingcriterionise = 107*...107°.
Comparedo the widespreadNewton-Raphsormethod,the M ( B)-iteration hasthe following adwan-
tages:

e Thesystemmatrix [f( } hasto beassemble@ndfactorizedonly once providedthatadirectsolver
is used.

e The specialstructureof [f(] shawvn in (50) is presered. Thusthe numericalexpenses thatof a
scalampotentialproblem,becausenly thesubblock[K } hasto be processed.

e The M (B)-methodis globally corvergent.

¢ No dervativesof the magnetizatiorcurve (4) arerequired.
Of coursetherearealsodisadwantages:

e Therequirednumberof iterationstepss muchhigher The3D problempresentedh [6] tookabout
200steps.

e Evenin thecaseof linearmediathe M ( B)-iterationis necessary

7 Superconducting Magnet Field Calculation

In this section,the BEM-FEM couplingis appliedto the field calculationof superconductinglipole
magnets.Thesearethe maindipole magnetof the Large HadronCollider. The Large HadronCollider
is asuperconductingcceleratofor protonsandheary ionsto beinstalledat CERN. The Large Hadron
Collider will be placedin an existing tunnelwith a circumferenceof about27 km. Spacelimitations
aswell ascostconsiderationslictatea two-in-onemagnetdesign wherethe two ringsareincorporated
in the samecryostat. The main dipole magnetswill operateat about0.58 T atinjectionand8.40T at
nominalcurrent. The superconductinghagnetsarecharacterizetby the dominanceof the coil geometry
for thefield distribution. The designgoalsfor the magnetsaremaximumdipolefield, minimumcontent
of unwantedmultipolesandsuficient safetymamgin for the conductorover thewhole operatiorrange.
Figure 4 shavs a cross-sectiorf the magnet. For symmetryreasonspnly a quarterof the geometry
needgo be consideregsshavn in Figure.

Theaim of thenumericalanalysidgs to determinethe quality of the magnetidield. For this purposethe
radial componentB,. of the magneticinductionis expandednto a multipole serieswith respecto the
center(zo, yo) = (beam2,0) of thecoil,

B,(r,¢) = Z (B, sin(ng) + A, cos(nep)). (57)

n=1
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30857 360

Fig. 4. Cross-sectiomf the magnetshaving the superconductingoils, the iron yoke and
theiron inserts.

The B,, arecalledthe normalandthe A,, the skew component®f thefield. By introducingthe normal
andskew relatve field components

B, ,._ Ay e
bn = B—lT‘O 17 ayp = B—ITO 1, (58)
(57) canbewrittenin theform
e e} n—1
r .
B, (r,¢) = By Z_:l <%> (bn sin(np) + a, cos(mp)). (59)

By isthemainfield componen{b; = 1) andry agivenradius.At r = ry we have

B, (ro,¢) = By Z (b, sin(nep) + a,, cos(ny)). (60)

n=1

The numericalcomputationof the relative multipole componentss a challengingtask[9]. Thesecom-
ponentsareof the order10~*. Evento obtainthreevalid digits, the accurag of the field computation
hasto be of the order10~%. Onebasicrequirements the correctmodellingof the coils, which have a
complicatedyeometryandcurrentdensitydistribution. As canbe seenfrom (50), theinput datafor the
BEM-FEM couplingis thevectorpotential{A's} of the sourcecurrentsat thelocationsof theboundary
nodes. This caneasily be obtainedfrom the designdataof the coils. The designand optimizationof
the coil geometryhasbeenperformedwith the CERN programpackageROXIE [10]. Fromthe ROXIE
databasethe location and currentof eachfilamentaryconductoris available. For the v-th conductor
locatedat z,, andcarryingthe current/,, we getfrom (39)

—

A (€) = nolu’ (3. ). (61)
For thenumericalanalysisthe magneis assumedo beinfinitely extendedn z-direction. Theresulting

2D problemis describedby (46). Only a quarterof the geometryneedsto be discretizedwhenthe
symmetryis takeninto accounty the boundarycondition

DA,

5o =0 (62)
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Fig. 5. Coarsemeshwith 3396nodesandcomputedB-field

on bothcoordinateaxis. This meanghatthe modifiedfundamentasolution

a*<x7y7€7n) - u*(‘ray7€’n) + u*(:z:,y, _6777)
—I-U*(ﬂ?,y,f, _77) +u*(x,y, _57 _77) (63)

hasto be usedfor the computatiorof the matrices[G] and [H|. Only theiron yoke andtheiron insert

needto be meshed We used8-nodedquadrilaterabnd6-nodedtriangularsecondorderfinite elements
and3-nodedsecondrderboundaryline elementsA coarsemeshwith 3396nodegFigure5) andafine

meshwith 6521nodeshave beenconsidered.

Oncethe field problemhasbeensolved, the relative multipole componentsaccordingto (60) can be

evaluated. For this purpose the magneticvectorpotential A, (r, ) is requiredon a circle C' with the

center(zo, yo) = (beam2,0) andtheradiusry = 10 mm. This canbe doneby evaluating(40) in terms
of theboundaryelementdiscretization.The potential

A (E) = A(6) + ?{Qzu dr — ?{Azq dF feC (64)

'BEMI BEMI

= Azr(g)

consistf two parts: Theimpressedgotential A . dueto the coilsandthereduced potential A, dueto
themagnetizatiorj9]. The potentialAz({ ) hasbeenevaluatedin 144 discretepointson C' atanangular
distanceof Ap = 2.5°. With thesesamplevaluesa discreteharmonicanalysishasbeenperformedby
meansof the programTRICOF from the CERN Library. TRICOF yieldsthe coeficientsp,, andg,, of
the Fourierexpansion

A.(ro, ) = % + ) (pn cos(ng) + gn sin(ng)). (65)
n=1
Takinginto account
10
Br (T07 SO) = _Az (T()a SO) (66)
o Op
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CoarséVlesh FineMesh

By = —7.64280 T | By = —7.64290 T

n bn bn
2 1.45900104 1.4603510~4
3 -1.1140010~* -1.1141310~*
4 -0.15273107* -0.1526910~*
5 -0.1998410~* -0.1998310~*
6 0.0043210~* 0.0043210 4
7 0.0338610* 0.0338510 4
8 -0.0015310~* -0.0015310~*
9 -0.0106210~* -0.0106210~*
10 0.0016510~* 0.0016610~*
11 0.0091910~* 0.0091810*

Table 1. Relatve multipolecomponent$or thecoarseandthefine mesh(Stoppingeriterion
e =1079)

thea,, b, canbeexpressedn termsof thep,, ¢, accordingto

Y41 nPn ndn

By = _%7 b, = _TD—BI’ an = H (67)
Startingfrom the expansion(65) and using the relations(67) avoids numericaldifferentiationof the
vectorpotential.
Dueto thesymmetrywe have a,, = g,, = 0. Tablel containgheresultsfor thecoarseandthefine mesh.
Evenwith the coarsemeshthefirst four digits canberegardedasaccurate.
Thehighaccurag requirementin connectiorwith thehigh saturatiorievel of theiron poseademanding
testonthe M ( B)-iteration. Table2 shavs theresultsfor the coarsemeshanddifferentstoppingcriteria
e. Thehigherordermultipolesbz, by, b11 arehardlyinfluencedoy theyoke andtheiron saturatioreffect.
The estimatedor a coil in aninfinite permeablédron yoke areb; = 0.034 - 107%, bg = —0.010 - 1074,
andb;; = 0.0088 - 10~* [9]. Thesemultipolesare thereforea good measureof the accurag of the
field solution. Indeed, Table 2 shavs a good agreementvith the predictedvaluesand no dependenc
on the stoppingcriterion. The quadrupolée., which resultsfrom the two-in-onedesigndependson the
stoppingcriterion. Thefirst four digits canbe regardedasexactfor ¢ < 10~°. It shouldbe notedthat
an unnecessarilgtrict stoppingcriterion resultsin an excessve high numberof iterations(up to 1400
iterationsfor ¢ = 1075, up to 2000iterationsfor ¢ = 10~7).

8 Conclusion

This paperpresente@ddetailedexplanationof theBEM-FEM couplingfor nonlineamagnetostatiprob-
lems. The proposednethodwasappliedto the computationof the multipole errorsin thefield of a su-
perconductinglipole magnet.Theexciting coils neednotto bediscretizedput their vectorpotentialcan
directly be usedasinput datafor thefield computation.The reducedvectorpotentialdueto the magne-
tizationwascomputedby integrationoverthe BEM-FEM couplinginterface,which tendsto smoothout
local errors.
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