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Abstract
Nonlinearmagneticerrorsreducethestableregionof theparticlemotionthere-
by decreasingtheperformanceof thecollider. A carefulanalysisof thesources
of magneticfield errorsis mandatoryandastatisticalmodelof field imperfec-
tion is demandedto identify thecausesthatgive riseto theseerrorsandto im-
plementcorrective strategiesalreadyat theproductionlevel. Sortingstrategies
for theimprovementof thedynamicapertureof theLHC arealsodiscussed.

1 Intr oduction

Thesingleparticlebeamdynamicin superconductinghadroncollidersis dominatedby nonlinearerrors
in the main magnets.Nonlinearfields induceinstability in particle trajectorieslimiting the region of
stablemotionandtherebydecreasingtheaccumulatedintensityandtheluminosityof thecollider. This
phenomenonis particularlyharmfulduringtheinjectionplateau,whenthebeamsizeis maximum.

Therearethreemainsourcesof field imperfectionsin asuperconductingmagnet,namely, thenon-
idealgeometryof thecoils, thepersistentcurrentsandtheiron saturation.Theiron saturationis almost
irrelevantat theexcitation level of the injectionplateau.Thepersistentcurrents,mostlydeterminedby
thesizeof thesuperconductingfilamentadopted,areestimatedseparatelyandtheir effect is eventually
cancelledby an appropriateoptimisationof the cross-sectiongeometry. In the following sections,we
will only concentrateourattentionon thenon-idealshapeof coils,andon thepossiblecureto reduceits
effect in theLHC dipoleswith two-in-onedesign.

Thenominalshapeof thecoils alreadyintroducesignificantsystematiccomponentsin themag-
netic field. In addition,themechanicaltolerancesproducerandomdeviationsof multipolar harmonics
from magnetto magnet. Coil deformationsdueto the assemblyprestressor to the thermalshrinkage
duringthecool-down arealsoa potentialsourceof field errorswhich mustbeknown andpossiblycon-
trolled.

The planeof this paperis the following. In Sections2 and3 we evaluatethe magneticerrors
inducedin theLHC maindipolesby thegeometricalimperfectionsof thecoils. In Section4 we suggest
possiblecorrective actionsbasedon the useof an appropriatesetof shimsduring the assemblyof the
coils. In section5 wesuggesthow wecanreducetheeffectof randomerrorsby anappropriatesortingof
themaindipolesduring the installationandwe presentestimatesof thepossibleimprovementof beam
stability. In Section6 we draw someconclusions.

2 Systematicand random field-shapeerrors due to coil geometry

Let usconsidertheLHC dipolewith the5-blockcoil designshown in Fig.1. We expectto observe sys-
tematicfield-shapeerrorsevenwhentheconductorsarein theirnominalposition.Theharmonicexpected
at injectionareshown in Table1. They resultfrom anoptimisationwherethecrosssectionof thecoils is
iteratively modifiedasto minimiseor canceltheeffectof persistentcurrentson the’allowed’ harmonics���

,
���

,
���

and
���

. On the otherhand,errorsin coil positioningwithin mechanicaltolerancesgenerate
field-shapeimperfectionsrandomlyvarying from dipole to dipole. To computein a roughmannerthe
field variation,weuseasimplifiedandnot fully consistentdescriptionof thecoil displacement.Wevary
in anindependentmannertheradialandtheazimuthalpositionof eachblock of superconductingcables
with a Gaussiandistribution with zeroaverageandanappropriatevalueof the r.m.s. displacement.In
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Fig. 1: Five blockscoil cross-section.

Table1: Systematicerrorsexpectedat injectionin theLHC dipoles.Unit �
	���
 at thereferenceradiusof 17 mm.

nominal geometric pers.current� � ����������� ������� �����������
��� ������� ��������� �������
��� ������� ������� ���������
��� ������� ��������� �������
��� � ������� �������

-

Table2 we presentsix columns. The first two give the randomerrorscomputedwith ROXIE [1] as-
suminganr.m.s.displacementof theblocksof

���"!$#
anda distribution cut at

�&%
. Thecorresponding

distributionsof themultipolarcomponentsareshown in Fig.2. In thethird andfourthcolumnsof Table2
we reporttherandommultipolarerrorsextrapolatedfrom theharmonicsmeasuredin theHERA dipoles
andin the last two columnswe show theestimatedvariationsof thefield errorsexpectedfrom vendor
to vendor[2]. Indeed,the resultsof our simpleestimateof the randomerrorsareconsistentwith the
extrapolationsfrom theresultsof Hera,exceptfor high ordercomponents.This discrepancy is likely to
be dueto the limited precisionof themagneticmeasurementsystemratherthanto a structuralreason.
The errorsgiven in the last four columnsof Table2 areusedin the computertrackingsimulationsof
Section5. They do not reducein adramaticmannerthebeamstability.

Loosermechanicaltolerancesgeneratelargerrandomfield errors:in Table3 weshow therandom
errorobtainedassumingr.m.s.displacementsof

���'!$#
andof

�����'!$#
andadistribution cut at

�(%
.

Anothersourceof magneticerrorsvaryingfrom dipoleto dipole is relatedto theimperfectshape
of the collars. To estimatethis effect in a propermannerwe needa statisticalmodelof the possible
collar deformations,which is nonyet available.Wecanhowever, evaluatetheorderof magnitudeof the
inducedfield imperfectionby an’ad hoc’ model.We assumesomehow arbitrarily thatall thecollarsof
agivendipolehave thesameshapewith somedeformationlocalisedin apreciseazimuthalsectorof the
cross-section.Wealsoassumethatthedeviation is aslargeastheallowedmechanicaltolerance.

Someof themagneticerrorsinducedby theconsideredmodesof collar deformationsareshown
in dashedin Fig. 2. Our analysisis by far non-exhaustive. However, it is alreadysufficient to show that
themagneticerrorsdueto collar toleranceshave thesameorderof magnitudeasthe randomerrorsof
Table2. It is interestingto notethat for low orderharmonics,i.e. below )+*-, , theeffect of thecollar
deformationsseemsto be the leadingsourceof randomerrors;for high orderharmonics,instead,this
effectbecomessmallerandsmaller.
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Fig. 2: Multipolar errorsdistribution for ./	0	 realizationof randomblocksdisplacements(white background)andfor maximal

collar displacements(darkbackground).
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Table2: Randomerrorsexpectedin theLHC dipolesassumingmechanicaltolerancesof 50 132 cut at �54 . Unit �/	���
 at the

referenceradius6'7�8:9<;=�?> mm.

statistical extrapolations uncertainty
model from Hera

n
%A@CB %�D B %A@CB %�D B %A@CB %�D B

� ����� , ������� ��� ,�, ��� , � ������� ����� ,, ��� , � ��� , � ��� , � ��� , � ����� , ��� , �� ����� , ������� ������� ������� ��� , � ��� , �� ������� ������� ������� ����� , ������� �������
� ������� ������� ������� �������

- -� ������� ������� ������� �������
- -� ������� ������� ������� �������
- -��� ������� ������� ����� , ����� , - -��� ������� ������� ������� �������
- -

Table3: Randommultipolarerrorscalculatedfrom ROXIE assumingmechanicaltolerancesof 50 132 andof 100 132 cut at E
4 . Unit �/	 �F
 at thereferenceradius6'7�8:9G;H�
	 mm.

50
!$#

100
!$#

n
%�@CB %AD B %�@CB %AD B

� ������� ������� ��� , � ��� , �
, ������� ������� ��� , � �������
� ��� ,�, ��� , � ������� �������
� ������� ������� ������� �������
� ������� ������� ������� �������
� ������� ������� ������� �������
� ������� ������� ������� �������

��� ������� ������� ������� �������
��� ������� ������� ������� �������

3 Err ors inducedby stresses

Collaring,assemblingandthermalstressesinducea non-negligible deformationof thecoil conductors
in theLHC dipoles.Thedeformationscanbecomputedby a finite elementcodelike ANSYS [3], and
programlike ROXIE canbeusedto evaluatetheinducedmultipolarerrors.

We performedthis analysison the LHC dipole with two-in-oneandfive blocksdesign,andwe
computedthemagneticerrorsat threesuccessivestagesduringthemagnetproduction,i.e. in thecollared
coil, in theyokedwarmmagnet,andfinally in thecold magnetat injection.

In Tab. 4 we give the expectedvariationsof the multipolar componentsat the threestagesof
interest.In thethreesituationsconsidered,theexpectedmechanicaldeformationsarenon-negligible in
size,consequentlythey inducea quite substantialvariationof the multipolar. In addition,even if the
deformedshapeis quitedifferentfrom asituationto another, theinducedmultipolarvariationis similar
in size,at leastfor theallowedoddharmonics.Theevenharmonics,instead,vary quiteconsiderably.

This resultis qualitatively confirmedby theavailablemagneticmeasurementsof a few 10 m long
prototypedipoles[4]. We arenot yet ableto predictwith precisiontheabsolutevalueof themeasured
multipolesdueto our imperfectknowledgeof themechanicalcharacteristicsof theprototypemagnets.
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Table4: Variationof themultipolesexpectedfrom coil deformations.Unit �/	A�F
 at thereferenceradiusof 17mm.

COLLARED ASSEMB. COOLED��I J ������� J ��� , � J �������
��� J ������� J ������� J �������
��K ��������� ������� , ���������
��� ��������� ��������� ����� , ���L ��������� J ����� , J �������
� � J ������� J ������� J �������
��M

- -
���������

��� ��������� J ������� J �������
���ON

-
J ������� J �������

��� � ��������� ���������
-

But weseethattheallowedharmonicsmeasuredatthevariousstagesof dipolecompletiondonotchange
very much,in agreementwith ourcomputersimulations.

4 Shimming ascorrective action

A possiblewayto reducethefield-shapeimperfectionof amagnetconsistsin changingthecoil geometry
by asetof shimsselected’ad hoc’ [5]. Weinvestigatethispossibilityin theLHC dipoleusingacomputer
modelbasedonROXIE.

Ouraim is to find therangeof tunabilityof themultipolesandto verify if in this rangethedepen-
denceon theshimsizeis still linear.

Weassumethatshimsupto
�����P!$#

thicknesscaninsertedin themid-planeandin thepoleof both
theinnerandtheoutercoils. Wealsoassumethatwecanvary thesizeof thefour copperwedgesby the
sameamount.In this rangethevariationof themultipolarcomponentsis linearwith thevariationof the
thickness.In Table5 weshow thechangeof multipolesdueto shimsof

�����Q!$#
. In thefirst four casesthe

shimswereaddedin theinnermidplane,innerpole,outermidplaneandouterpolerespectively, while in
thelastthreecasestheshimswereaddedto thewedgesbetweentheblocks.In all casesweassumedthat
thechangeof thecoil geometryis uniform alongtheazimuth. Theshimshave a significanteffectson

Table5: Effect of shimson multipolarerrors.Notethat RTSVUXW is in theouterlayer;RTSVUAY and RTSZU3[ arein the inner layer. Unit

�/	A�F
 at thereferenceradiusof 17 mm. ��� ��� ��� ��� ��� �
\�]G^`_ ��������� ��������� ������� , ��������� ���������
\�aVbCc J ������� ����� , � J ������� ��������� �������

d ]G^`_ ��������� ��������� ���������
- -d aVbCc J ��� , � ��������� ���������
- -egfih � ��������� J ����� , J �������
- -egfih I ��������� J ������� J ������� J ������� J �������

egfih � J ��� , � J ������� ��������� ��������� J �������

theallowedharmonicsat thesametime. However onecanacton a singleharmonicsby anappropriate
setshims. For a full control of themwe may have to introducethe shimsalreadyin the nominalcoil
designin ordermake possiblepositive or negative changesof theblock size. To acton evenmultipolar
errorsa left-right asymmetricsetof shimsis to beused.Thecorrespondingvariationof themultipolar
errorsis reportedin Table6. Theeffectonlow orderharmonics,like thenormalquadrupoleandoctupole
is significantbut unfortunatelynot independent.
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Table6: Effectof left-right asymmetricshimsonmultipolarerrors.Unit �/	 �F
 at thereferenceradiusof 17 mm.

innercoil outercoil� I J ������� J �������
� � J ������� J �������
��K J ������� ���������
��� ������� , ���������
��L ��������� J �������
��� ��������� J �������
� M

- -���
-

���������
� �ON

-
���������

��� �
- -

Although from a practicalpoint of view only the upperpole shimsseemto be easilyrealizable
afterthebuilding of thecoil, aneffective controlof thelowermultipolarerrorsrequiresthepossibilityof
usingshimsalsoin themidplane.

5 Local Compensationof RandomErr ors by DipolesSorting

In generalrandomfluctuationsof themagneticimperfectionsdueto constructingtolerancesaffect sub-
stantiallythestability of theparticlemotion. Unfortunatelyit maybevery difficult if not impossibleto
correcteachindividual magnet.Thesortingstrategiesareconsideredanappropriatetool to compensate
the destabilisingeffect of the randomerrorsof the superconductingmagnetsin large hadroncollid-
ers[6, 7]. It hasbeenshown that installing at appropriatelocationsalongthe acceleratorthe magnets
with large randomerrors,canprovide to a large extenta self compensationof their detrimentaleffects
therebyimproving thedynamicaperture.

Thetechniquesproposedfor thesortingof themainLHC dipolesarebasedon localor quasi-local
cancellationof therandomerrorsby pairingthemagnetswith similar errorsin magnitudeandsignand
placingeachpair in a strategic positionalongthe azimuthof the accelerator[8, 9, 10]. The strategies
developedwerefirst testedon a simplifiedmodelof theLHC whereonly randomerrorswereincluded
in themaindipolesandtrackingwasperformedconsideringonly theshorttermdynamicaperture(1000
turns)in the 4D motion. The mostpromisingtechniqueswerethenappliedto a realisticmodelof the
LHC whereall multipolarerrorswereincludedin thedipolesandthedynamicaperturewascomputed
includingthesynchrotronmotion,power suppliesripple in themainquadrupoles.Long termeffectsin
beamstability wereconsideredby trackingparticlesup to

��� �
turnsandanalysingthesurvival plotsby

meansof theextrapolatinglaws for thelong termestimatesof thedynamicaperture[11, 12].

Pairingat zerophaseadvance.Takingintoaccountthattwo adjacentdipoleshaveopticalfunctions
not too dissimilar and the phaseadvancebetweenthem is almostnegligible, one can obtain a local
compensationschemeby placing in adjacentposition two errorsequal in strengthbut with opposite
signs.Indeedthisschemeis usedfor thecorrectionof thesystematic

���
and

���
errorsin theLHC dipoles

by meansof spoolpiecescorrectors.In theLHC theschemeis only partially effective sincethephase
advancebetweentwo dipolesis approximately

���
degrees.

Pairingat
�����

and
�����

degrees.In absenceof strongdeviation from the linear motion, a better
cancellationschemeof equalandoppositerandomerrorscanbe obtainedby placing the magnetsat
positionseparatedby

�����
degreesor equivalently

�����
degreesfor errorsalsoequalin sign. In theLHC

eachcell contains
�

dipolesandthephaseadvanceis
���

degreessothatpositionsseparatedby
� , magnets

correspondto a phaseadvanceof
�����

degrees.Furthermoreowing to the regularity of thecells, these
positioncorrespondto thesamelocationin thecell thereforetheopticalfunctionsareequal.

Mixedtechniques.It is possibleto definesortingproceduresbasedon morethanoneof theprevi-
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ousstrategies. Thepairingof two adjacentmagnetscanbe improvedby a compensationat
�����

or
�����

degrees.In thiscase, dipolesarepaired.

Furtherimprovementof thesetechniquecanbeobtainedby theminimisationof dynamicalquan-
tities suchas perturbative estimationsof tune shifts or resonancedriving termsby meansof random
permutationsof the previously generatedpairs of dipoles

j 9 k 13k 14l . In the following we presentthe
effectof mixedtechniqueson LHC modelsof increasingcomplexity.

5.1 4D Analysisof the LHC motion

We initially appliedthe sorting algorithmsdescribedabove to the LHC version2, with the injection
optic, available at that time. The lattice wasmadeof

�
octants,eachof themcarrying

���
dipolesin

thedispersionsuppressorregion and
� ,�, dipolesin thearcs. Eacharc is composedof

� , FODO cells
eachcarrying

�
dipoles. The overall numberof dipolesis

�������
. The setof

�����
chromaticsextupoles

is consideredin the simulations.We assumethat the magnetswill be installedasthe productiongoes
on, thereforeonly a limited numberof dipoleswill bestoredandavailablefor sorting. We appliedthe
sortingstrategieson groupsof

� ,�, dipoles. We alsoassumedthat only randomerrorsareincludedin
the main dipolesandwe calculatedthe dynamicaperturewith shortterm tracking(

�������
turns)on 4D

motion. Two extremecaseswereanalysedin detail: dipoleswith only random
���

, anddipoleswith the
full setof randomerrors.

We generated
�����

randomrealizationof themultipolarerrorsandcalculatethedynamicaperture
by trackingbeforeandaftersortingthedipoles.Thecharacteristicsof thedistribution of theDA andthe
resultsof thesortingstrategiesarereportedin Table7. Theaveragevalueover

�����
realizationsis denoted

by m andtheR.M.S.by
%An

. Theimprovementof theDA dueto thesortingof thecaseswith aninitially
smallvalueof theDA aredenotedas’WorstCases’in Table7. Theeffect of sortingon theDA canbe
put in evidenceby plotting therelative gainin DA asa functionof theDA of theunsortedrealizationsof
theerrors,asshown in Figs.3 and4. It appearsclearlythattherealizationswith aninitially smallvalue
of theDA aremoreefficiently correctedandin theworstcasestheDA is morethandoubled. Theresults
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Fig. 3: Relative gainasa functionof theDA of theunsortedsequenceof randomerrorsfor �/	?	 realizations.Only randomo�[ .
of thesestudiesshow that thesortingstrategieswe developedarevery effective in thecasewherethere
is a dominantmultipolee.g. thecasewith only random

���
. In thegeneralcase,whereall randomerrors

up to
���

-th orderwereincluded,the improvementin dynamicaperture,althoughreducedwith respect
to theprevioussimplifiedcase,is still significantat leastfor therealizationof therandomerrorswhich
have asmalldynamicaperturebeforesorting.
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Fig. 4: Relativegainasa functionof theDA of theunsortedsequenceof randomerrorsfor �
	0	 realizations.All randomerrors.

Table7: Characteristicsof theDA distributionover �
	0	 randomrealizationsof themultipolarerrors.4D motionLHC v2.

m %�n
Gain WorstCases���

randomerrors.
unsorted

������� , ����� -
sorted , ����� , ����� 48% 91%

Randomerrorsup to
���

-th order.
unsorted

������� �������
- -

sorted
������� ����� , 7% 17%

5.2 Long terms and 6D checks

Therobustnessof thesortingstrategiesdevelopedwastestedon a realisticandmorerecentmodel,the
LHC version4.3. Extensive trackingsimulationswereperformedincludingall multipolarerrorsin the
maindipolesandquadrupoles,bothsystematicandrandom,couplingwith the longitudinalmotionand
power suppliesripple in the main quadrupoles.Furthermorea morerealisticvalueof , � dipoleswas
assumedto beavailablefrom thestorageareas.Thecharacteristicsof thecorrespondingDA distribution
beforesortingaregiven in Tab. 8. Owing to the large amountof CPU time needed,sortingstrategies
wereappliedonly to thefiveworstcases.Althoughtheabsolutegainin DA is small,in all casesthevalue
obtainedaftersortingis closeto theaveragevalueof thedistribution of DA for theunsortedrealization
whichaccountsto saythattheworstrealizationscanat leastbecorrectedto averagerealizations.

Theextrapolationof thesurvival plotsallows to estimatethelong termbehaviour to a numberof
turnsaslarge as

��� L
. Theplotsof theDA vs thenumberof turns p obtainedfrom trackingup to

��� �
turnsareinterpolatedusingtheempiricalformula

j 12l
mrq ptsG*vu J wx d?y�z p (1)

to obtainDA estimatesat
��� L

turns.

Table8: Characteristicsof theDA distributionover E/	 randomrealizationsof themultipolarerrors.6D motionLHC v4.3.

D(
��� �

)
% n|{ �ON [Z} D(

��� �
)

% n|{ �ON�~ }��������� ��� , � ��������� ��� , �
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Table9: DA valuescalculatedat �
	 [ , �/	 ~ , �/	F� turnsfor the5 worstrealizationsof therandomerrorsbeforeandaftersorting.

D(
��� �

) D(
��� �

) D(
��� L

)
tracking tracking extrapolation

unsorted
# 1

��������� ��������� �������
# 4

��������� ��������� ���������
# 9

��������� ��������� ���������
#19

��������� ��������� ���������
#29

��������� ��������� �������
sorted

# 1
��������� ��������� ���������

# 4
��������� ��������� ���������

# 9
��������� ��������� ���������

#19
������� , ��������� ����� , �

#29
��������� ����� , � ���������

Thisanalysisshows thatthegainin DA persistsandanexampleof thecomparisonof thesurvival
plot for a realization(seed� �

) of therandomerrorsis shown in Fig. 5. Thevaluesof theDA for these
5 cases,beforeandaftersorting,is givenin Table9.

Fig. 5: Interpolationof survival plot for the realizationseed��� . The leftmostcurve is the survival plot beforesorting,the

rightmostaftersorting.

6 Conclusions

The geometricalcoil imperfectionsof the LHC dipole play an essentialrole in the determinationof
randomandsystematicfield-shapeimperfections.Thenumericalanalysisof therandommultipolesdue
to the variation of the coils andcollarsgeometrywithin the allowed tolerancesshows that low order
multipolesmaybemoreaffectedby thecollar imperfections;instead,highordermultipolemaybemore
affectedby thepositioningerrorsof theindividual blocks.Thedeformationsof theconductorsresulting
from mechanicalandthermalstressesmodify significantlythesystematicmultipolesalreadypresentin
thenominaldesign.Methodsto reducethemultipolescanbebasedon theuseof setof shimsby which
onecanvary thecoil geometry. Shimsof oneor two hundredof

!$#
sizearealreadyadequatefor our

needs.However, we would like to suggestin the nearfuture slight changesof the collar geometryso
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to preventat leasttheincreaseof thesystematicfield-shapeerrors.Theeffect of therandommultipolar
errorson thedynamicaperturewasinvestigatedwith extensive trackingstudies.Sortingstrategieswere
appliedto realisticLHC modelsandthey have shown to beeffective in thosecaseswherethedynamic
apertureis significantlyinfluencedby therandomerrors.
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