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The Angular Momentum and gp1 Sum Rules for the Proton∗ † ‡
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The gauge invariant operator formulation of the angular momentum sum rule 1
2

= Jq + Jg for the proton is
presented and contrasted with the sum rule for the first moment of the polarised structure function gp

1 . The
decoupling of the axial charge a0 from the angular momentum sum rule is highlighted and the possible QCD
field-theoretic basis for an angular momentum sum rule of the form 1

2
= 1

2
∆q + ∆g + Lq + Lg is critically

discussed.

1. Introduction

In this talk, based on work in collaboration
with B. White, I review our recent formulation[1]
of the angular momentum sum rule for the proton
and discuss its relation to the sum rule for the first
moment of the polarised structure function gp

1 . In
particular, the role of the axial charge a0, which
is measured in the gp

1 sum rule, is highlighted and
it is shown how this decouples from the angular
momentum sum rule. This emphasises the lim-
itations of attempting to identify a0 with quark
(and gluon) spin and an alternative interpretation
in terms of topological charge is briefly reviewed.
The angular momentum sum rule is shown to take
the simple form 1

2 = Jq +Jg, where Jq and Jg are
gauge and Lorentz invariant form factors of the
forward matrix elements of local operators, which
may reasonably be interpreted as quark and gluon
components of the total angular momentum of
the proton. Experimentally, they may be mea-
sured in, for example, deeply virtual Compton
scattering. Their RG evolution properties are
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derived from a careful analysis of operator mix-
ing. We also discuss critically whether there is
indeed a QCD field-theoretic basis for a decom-
position of the proton spin into separate quark
and gluon spin and orbital angular momentum
components, as in the frequently-quoted sum rule
1
2 = 1

2∆q + ∆g + Lq + Lg.

2. The gp
1 sum rule and topological charge

The sum rule for the first moment of gp
1 (see

e.g. ref.[2] for reviews of our earlier work and ref-
erences) is
∫ 1

0

dx gp
1(x,Q2) =

1
12
CNS

1

(
a3+

1
3
a8

)
+

1
9
CS

1 a
0(Q2) (1)

where the C1 are Wilson coefficients and the
flavour singlet axial charge a0 is defined as the
form factor in the forward matrix element of the
corresponding axial current,

〈p, s|A0
µ|p, s〉 = a0sµ (2)

where sµ is the covariant spin vector. Since A0
µ

is not a conserved current, due to the UA(1)
anomaly

∂µA0
µ − 2nfQ ∼ 0 (3)

where Q = αs

8π ε
µνρσtrFµνFρσ is the gluon topo-

logical charge density, the form factor a0 is scale
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dependent and satisfies the non-trivial RG evolu-
tion equation

d

dt
a0(Q2) = γa0(Q2) (4)

where t = lnQ2/Λ2 and the anomalous dimension
is γ = −nf

αs

2π2 .
Given a3 and a8 from low-energy neutron and

hyperon decays, a0 can be extracted from po-
larised inclusive DIS processes e(µ)p → e(µ)X .
The simplest prediction, a0 ' a8, is an immedi-
ate consequence of the OZI rule and transcribed
into the sum rule for gp

1 gives the Ellis-Jaffe sum
rule. However, the flavour singlet pseudovector or
pseudoscalar channel is precisely where we would
expect to find strong OZI violations related to the
UA(1) anomaly and indeed it is found experimen-
tally that a0 � a8.

Since we can rewrite a0 using eq.(3) in terms
of the matrix element of the topological charge
density,

a0 = 〈p, s|Q|p, s〉 (5)

we see immediately that the observed suppres-
sion in a0 is a manifestation of topological charge
screening. This interpretation has been devel-
oped in a series of papers written in collabora-
tion with Veneziano, Narison and De Florian[2].
Our proposal is that this screening is universal,
i.e. target-independent, being an intrinsic prop-
erty of the QCD vacuum itself. Specifically, we
showed that (in the chiral limit)

a0 =
1

2M
2nf

[
χ(0)ΓQpp +

√
χ′(0)ΓΦ5pp

]
(6)

where the Γ are suitably defined 1PI vertex func-
tions and χ(k2) = i

∫
d4xeik.x〈0|TQ(x)Q(0)|〉 is

the topological susceptibility, χ′(0) being its slope
at k = 0. Since the anomalous chiral Ward iden-
tity implies χ(0) = 0 in the chiral limit, the
sole contribution to a0 comes from the second
term in eq.(6). Making the motivated assump-
tion that the RG invariant vertex ΓΦ5pp obeys
the OZI rule to a good approximation, we con-
jecture that the principal origin of the suppres-
sion in a0 is an anomalously small value of χ′(0)
due to universal topological charge screening by

the QCD vacuum.5 This is anticipated in certain
instanton-based models of the QCD vacuum, has
been confirmed quantitatively by QCD spectral
sum rule calculations, and is currently being in-
vestigated in lattice gauge theory.

The QCD parton model gives an alternative
interpretation of a0 through the identification

a0(Q2) = ∆q − 2nf
αs

4π
∆g(Q2) (7)

where ∆q = ∆u + ∆d + ∆s and ∆g(Q2) are
the first moments of the polarised flavour sin-
glet quark and gluon distributions and we have
used the AB class of renormalisation schemes
where ∆q is defined to be Q2 independent. The
OZI/Ellis-Jaffe relation a0 = a8 follows imme-
diately from the assumption that in the proton,
∆s = 0 and ∆g = 0. In this model, 1

2∆q and
∆g are interpreted as the quark and gluon spins,
which led to the initial interpretation of the ex-
perimental observation a0 � a8 as indicating that
the quarks carry only a small fraction of the spin
of the proton – the so-called ‘proton spin crisis’.

In the rest of this talk, we derive the actual an-
gular momentum sum rule for the proton in terms
of gauge invariant operator matrix elements, with
particular emphasis on whether and how the axial
charge a0 appears and whether the interpretation
of ∆q and ∆g as spin components can be com-
plemented by corresponding definitions of orbital
angular momentum components Lq and Lg.

3. The angular momentum sum rule

The angular momentum sum rule is derived by
taking the forward matrix element of the con-
served angular momentum currentMµνλ, defined
from the energy-momentum tensor as

Mµνλ = x[νT λ]µ + ∂ρX
ρµνλ (8)

The inclusion of the arbitrary tensor Xρµνλ (an-
tisymmetric under ρ↔ µ and ν ↔ λ) just reflects
the usual freedom in QFT in defining conserved
currents. However, this arbitrariness allows us to

5Explanations which favour OZI violations due to a large
polarised strange quark component of the proton or the
implications of the Skyrme model of proton structure have
been recently reviewed in, for example, ref.[3]
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write different equivalent expressions for Mµνλ as
a sum of local operators, suggesting correspond-
ing interpretations of the total angular momen-
tum as a sum of ‘components’, which we can try
to identify as reasonable definitions of quark and
gluon spin and orbital angular momentum[4].

The best decomposition is the following:

Mµνλ = Oµνλ
1 +O

µ[λ
2 xν] +O

µ[λ
3 xν] + gµ[λxν]Lgi

+
{
i∂{µc̄D[λ}c+ ∂{µBA[λ} + gµ[λLgf

}
xν]

−1
4
∂ρ

[
x[νελ]µρσψ̄γσγ5ψ

}
+ EOM + ∂ρX

ρµνλ (9)

The tensor Xρµνλ is chosen to cancel the di-
vergence and equation of motion (EOM) terms,
while the forward matrix element of the opera-
tor gµ[λxν]Lgi vanishes. The term in {. . .} is the
contribution from the covariant gauge-fixing and
ghost terms in the Lagrangian, but this turns out
to be a BRS variation so its matrix element be-
tween physical states vanishes. The remaining
(bare) operators are gauge invariant:

Oµνλ
1 =

1
2
εµνλσψ̄γσγ5ψ ≡ 1

2
εµνλσA0

σ

Oµλ
2 = iψ̄γµ

↔
Dλ ψ

Oµλ
3 = FµρFρ

λ (10)

We also find it convenient for later use to define
Oµλ

4 = 1
2O

{µλ}
2 . At first sight, Oµνλ

1 , which is just
the flavour singlet axial current considered in sec-
tion 2, looks as if it may be associated with ‘quark
spin’, with O

µ[λ
2 xν] corresponding to a gauge in-

variant definition of ‘quark orbital angular mo-
mentum’. This leaves Oµ[λ

3 xν] to be associated
with the ‘gluon total angular momentum’.

In fact, there is no further decomposition of the
gluon contribution as long as we restrict to gauge
invariant operators. We can certainly make the
alternative decomposition:

Mµνλ =
Õµνλ

1 + Õ
µ[λ
2 xν] + Õµνλ

3 + Õ
µ[λ
4 xν] + gµ[λxν]Lgi

+
{
Aµ∂[λB + i∂µc̄∂[λc+ i∂[λc̄Dµc+ gµ[λLgf

}
xν]

+∂ρ

[
x[νAλ]Fµρ

]
+ EOM + ∂ρX

ρµνλ (11)

where

Õµνλ
1 =

1
2
εµνλσψ̄γσγ5ψ

Õµλ
2 = −iψ̄γµ∂λψ

Õµνλ
3 = −Fµ[νAλ]

Õµν
4 = Fµρ∂λAρ (12)

and try to identify the first four operators with,
respectively, quark spin and orbital and gluon
spin and orbital angular momentum. However,
even the forward matrix elements of these oper-
ators turn out not to be gauge invariant. More-
over, the gauge-fixing and ghost term in {. . .} is
no longer a BRS variation so would contribute
a non-vanishing ‘ghost orbital angular momen-
tum’. Further discussion of the problems with
such gauge non-invariant decompositions is given
in ref.[1], and from now on we restrict attention to
the gauge invariant formulation based on eq.(9).

The next step is to express the matrix elements
of the operators Oµνλ

1 , Oµ[λ
2 xν] and O

µ[λ
3 xν] in

terms of form factors. There are technical sub-
tleties connected with defining operators of the
form Ox and their renormalisation mixing which
are explained precisely in ref.[1]. The prescrip-
tion is essentially to define the forward matrix
elements of Ox in terms of the limit of an off-
forward matrix element. We therefore write (a
little loosely)

〈p|Oµλxν |p〉 = −i ∂

∂∆ν
〈p|Oµλ|p′〉∣∣

p′=p
(13)

where ∆ = p− p′. We then have[1]

〈p, s|Oµνλ
1 |p, s〉 = a0Mεµνλσsσ

〈p, s|Oµ[λ
2 xν]|p, s〉 = Bq(0)

1
2M

pρp
{µε[λ}ν]ρσsσ

+B̃q(0)
1

2M
pρp

[µε[λ]ν]ρσsσ − 2Dq(0)Mεµνλσsσ

〈p, s|Oµ[λ
3 xν]|p, s〉 = Bg(0)

1
2M

pρp
{µε[λ}ν]ρσsσ (14)

The crucial observation now follows from the
identity

Oµνλ
1 +Oµ[λ

2 xν] = O
µ[λ
4 xν]+divergence+EOM (15)
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Since the matrix elements of the divergence and
EOM terms vanish, and recalling that the opera-
tor Oµλ

4 is symmetric in µ, λ, we see that

B̃q(0) = 0 2Dq(0) = a0 (16)

Thus a0 appears not only as the unique form fac-
tor in the matrix element 〈O1〉 of the axial cur-
rent, but also as a contribution to 〈O2x〉. It there-
fore cancels from the angular momentum sum
rule.

Introducing the notation Jq = Bq(0), Jg =
Bg(0), then from eq.(14) we may write the sum
rule as

1
2

= Jq + Jg (17)

where Jq and Jg are gauge and Lorentz invari-
ant quantities which may reasonably be identi-
fied as total ‘quark’ and ‘gluon’ angular momenta
respectively. Of course, this is a rather non-
rigorous terminology since the corresponding op-
erators O2x and O3x mix, and indeed O2x itself
contains an explicit gluon field component in the
covariant derivative, but it is convenient and the
closest approximation to a quark-gluon decom-
position that can be given in an interacting QFT
such as QCD. Moreover, as we discuss below, Jq

and Jg are still not RG scheme/scale dependent
quantities.

The point we wish to stress is that provided
we restrict to gauge and Lorentz invariant quan-
tities, the true angular momentum sum rule in-
volves only the two form factors Jq and Jg. The
axial charge a0 is simply not present in the sum
rule (17). We return to this point in section 5.

Just as the axial charge form factor a0 can be
measured in polarised inclusive DIS, the angular
momentum form factors Jq and Jg can in prin-
ciple be extracted from measurements of unpo-
larised off-forward parton distribution functions
in processes such as deeply virtual Compton scat-
tering γ∗p→ γp. The required identifications are

−iP+ ∂

∂∆µ

∫ 1

−1

dx xfq(g)/p(x, ξ,∆)
∣∣
∆=0

= Jq(g)
1
M
ε+µρσPρsσ (18)

where ξ = q.∆
2q.P and the incoming(outgoing) pro-

ton momenta are P − (+)∆.
These form factors may also be calculated non-

perturbatively in lattice gauge theory and some
initial results for Jq in the quenched approxima-
tion have recently been obtained in ref.[5].

4. Operator mixing and RG evolution

The operators O1, O2x and O3x in the angular
momentum sum rule renormalise and mix in a
non-trivial way. The analysis is made more subtle
by the explicit factors of the coordinate x which
have to be carefully treated. A detailed discussion
is presented in ref.[1] and here we only sketch the
main features.

First, note that when inserted into forward ma-
trix elements, operators of the form Oa and Oix
mix with a block triangular structure:(

Oa

Oix

)
R

=
(
Z−1

ab 0
Z−1

ib Z−1
ij

) (
Ob

Ojx

)
B

(19)

since gauge-invariant operators with no factors of
x only mix with other similar operators. Then
since Oµλ

3 is symmetric, it can only mix with
the symmetric operators Oµλ

3 and Oµλ
4 , which

for forward matrix elements implies that Oµ[λ
3 xν]

only mixes with itself and Oµνλ
1 + O

µ[λ
2 xν]. Fi-

nally, since the full angular momentum current
is conserved and therefore not renormalised, the
columns of the mixing matrix must all add to
one. This implies the following form for the mix-
ing matrix for forward matrix elements:


Oµνλ

1

O
µ[λ
2 xν]

O
µ[λ
3 xν]




B

=


 1 +X 0 0

Z −X 1 + Z −Y
−Z −Z 1 + Y







Oµνλ
1

O
µ[λ
2 xν]

O
µ[λ
3 xν]




R

(20)

and one-loop calculations show Y = − 2
3nf

αs

4π
1
ε

and Z = − 8
3CF

αs

4π
1
ε . X is due to the anomaly

and is O(α2
s). For the form factors, this gives:

 a0

Bq

Bg




B

=



5


 1 +X 0 0

0 1 + Z −Y
0 −Z 1 + Y





 a0

Bq

Bg




R

(21)

We therefore find the evolution equations for
the quark and gluon components of the proton
angular momentum:

d

dt

(
Jq

Jg

)
=
αs

4π

( − 8
3CF

2
3nf

8
3CF − 2

3nf

) (
Jq

Jg

)
(22)

together with eq.(4) for a0. It follows that in
the asymptotic limit Q2 → ∞, the partitioning
of quark:gluon angular momenta is 3nf : 16 [6].
Interestingly, this is the same result as for the
partitioning of momentum obtained from the first
moment of the unpolarised pdfs.

5. Partons and orbital angular momentum

We have seen how the gp
1 and angular mo-

mentum sum rules involve three Lorentz invari-
ant form factors a0, Jq and Jg, where Jq(g) may
be reasonably identified as total quark (gluon)
angular momentum components in the sum rule
1
2 = Jq+Jg while the axial charge a0, which enters
the gp

1 sum rule, decouples and may instead be in-
terpreted in terms of topological charge density.
There is no gauge and Lorentz invariant opera-
tor identification of ‘orbital angular momenta’ Lq

and Lg.
In the parton model, the axial charge a0 is in-

terpreted as a sum of polarised quark ∆q and
gluon ∆g distributions as in eq.(7). In the AB
scheme, the RG evolution equations are

d∆q
dt

= 0
d∆g
dt

=
αs

4π
(
3CF ∆q+β0∆g

)
(23)

where β0 = 11 − 2
3nf , compatible with eq.(4).

This evolution can also be directly obtained from
the splitting functions.

Now if as the parton model suggests, 1
2∆q and

∆g are to be interpreted as quark and gluon spins,
then to complete the angular momentum sum rule
we are forced to write
1
2

=
1
2
∆q + ∆g + Lq + Lg (24)

where Lq(g) are orbital angular momenta. Since
there is no intrinsic operator definition of these

partonic quantities, the best we can do is to define
them to be consistent with the sum rule (17), i.e.

Lq = Jq − 1
2
∆q Lg = Jg −∆g (25)

Of course this means the sum rule (24) is not
really predictive, since there is no way to inde-
pendently measure Lq(g) – only the form factors
Jq(g) can be extracted from experiment. More-
over, the identifications (25) are not very natural,
since they involve subtracting quantities belong-
ing to form factors for different Lorentz struc-
tures. They are therefore frame-dependent, not
surprisingly given that spin and orbital angular
momentum are associated with different represen-
tations of the Lorentz group.

Nevertheless, if we adopt (7),(25),(24) as
the best possible gauge-invariant definition of
a quark/gluon spin/orbital angular momentum
sum rule, we may determine the RG evolution
for the components ∆q, ∆g, Lq and Lg from eqs.
(22),(23). We find

d

dt




∆q
∆g
Lq

Lg


 =

αs

4π




0 0 0 0
3CF β0 0 0
− 4

3CF
2
3nf − 8

3CF
2
3nf

− 5
3CF −11 8

3CF − 2
3nf







∆q
∆g
Lq

Lg


 (26)

which is consistent with the non-renormalisation
of the full angular momentum current and may,
at least in part, also be derived in a splitting func-
tion approach [6].
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