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1. Introduction and summary

Noncommutative field theories appear naturally in the low energy description of

string theory in a constant Neveu-Schwarz antisymmetric tensor background [1]–

[11]. They have also appeared previously in the study of c = 1 matrix model

(two-dimensional string theory) [12] and of two-dimensional QCD [13]. In [2] it

was observed that D-branes compactified on a torus with constant Neveu-Schwarz

B field background gives rise to an effective noncommutative field theory on the

compactified world-volume. There has been some study of perturbative dynamics of

these theories [14]. However, their utility in understanding nonperturbative aspects

of field theories has attracted more attention lately [15]. Presence of constant Neveu-

Schwarz antisymmetric tensor field background tangential to the D-brane leads to

noncommutative gauge theory on the D-brane world volume. In case of the abelian

gauge theory it has been shown that the abelian noncommutative gauge theory is
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related by field redefinition to the Born-Infeld electrodynamics action on the D-

brane [4]. Noncommutative gauge theories have been further discussed in [16, 17];

ref. [17] discusses monopole solutions in noncommutative U(1) gauge theory in 3+1

dimensions.

The solitons in noncommutative scalar field theories studied in [15] are non-

topological, and are stable at large θ. These solutions lack stability in the commu-

tative limit as they violate Derrick’s theorem. However, coupling of these scalars

to, say, gauge fields could add stability to these solutions. Simplicity of the non-

commutative field theory formalism in the large-θ limit was exploited in [18, 19] to

gain better understanding of the tachyon condensation phenomenon in the non-BPS

D-branes [20] using the physics of noncommutative solitons.

It is important to generalize the class of noncommutative solitons to accommo-

date solitonic solutions which have topological conserved charge. It is clear from

the work of [18]–[22] that the topological solitons are relevant to the study of brane

descent relations in the non-BPS brane dynamics. It has been conjectured that the

topological charge of the tachyonic soliton on the brane worldvolume of the non-BPS

Dp brane is the RR charge of the D(p − k) brane [20, 22], where k < p and for

k = 1 the soliton is a kink, for k = 2, it is a vortex and so on. Study of topology in

noncommutative field theories, however, is also important in its own right.

Here we will address this question in the abelian Higgs model. We will show that

the noncommutative abelian Higgs model supports topological vortex solution with

quantized flux, which can be any arbitrary integer. The model that we will study

first is a left module on the Hilbert space, that is, in the complex Higgs field notation,

the gauge field multiplies the Higgs field φ from the left whereas for φ̄ it multiplies

from right. In section 2, we will briefly review the Nielsen-Olesen vortex solution

in the ordinary abelian Higgs model, highlighting the first order, i.e., Bogomolnyi

formulation.

We generalise the Bogomolnyi equations to the noncommutative abelian Higgs

model in section 3 and obtain exact solutions in the large θ limit. In this limit

it is possible to do a systematic 1/θ expansion and we obtain corrections to the

solution of the leading order equations of motion. We find that these corrections

converge quite rapidly. In the large-distance limit this solution matches with the

large distance Nielsen-Olesen ansatz for vortex solution in the ordinary abelian Higgs

model. We also derive the Seiberg-Witten(SW) map for the noncommutative abelian

Higgs model. We find that to order θ, the SW map for the gauge field A and the

gauge transformation parameter λ is unaltered whereas the SW map for the Higgs φ

is linear in φ. It has been argued in the pure gauge theory case [4], that the SW map

in the zero slope limit gives a field redefinition from an ordinary field theory with the

Born-Infeld action to the noncommutative gauge theory action which is quadratic in

the gauge field strength. The SW map for A is a nonlinear function of A, whereas, as

mentioned above, SW map for φ is linear in φ. Therefore it is tempting to conjecture
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that the corresponding action for the Higgs field in the ordinary field theory will

retain its form with each term in the Higgs lagrangian multiplied by some function

of the gauge field A.

We also determine the profile of the magnetic field B due to this vortex solution.

In the original coordinates it is just a δ-function. This is as expected since in the

large-θ limit, the dispersion generated by the derivative terms in the kinetic energy

is totally suppressed. In the scaled coordinates, however, the magnetic field profile

is proportional to the ground state wavefunction of the harmonic oscillator. The

coefficient in front of this wavefunction encodes the topological charge of the solution.

In section 4, we discuss the issue of the topology of this solution. We show

that this solution carries the topological conserved charge (magnetic flux) which is

determined by the behaviour of the Higgs field. This topological charge is conserved,

quantized and takes integer values. We establish this result in both small as well as

large-θ limit. In the small-θ limit the leading result reproduces the integer vortex

charge of the commutative limit; we show that higher order terms in θ expansion are

total derivatives and fall too rapidly at large distances to contribute to the charge.

In the large-θ limit too, the leading term itself gives the entire charge and subleading

terms in the 1/θ expansion do not contribute. We discuss the connection of this

topological charge with various other quantized charges and indices. We also discuss

the “semiclassical” limit of the field configuration in which the topology reduces to

that of the commutative limit.

In section 5, we address the same question but for the left-right symmetric mod-

ule. In this case we get an interesting vortex solution which at the face value seems

to have charge 1 (using Witten’s identification [21] of the vortex charge with Atiyah-

Singer index of the Higgs field). The solution is not square integrable, however; in

the operator language the trace of the topological charge over the one particle Hilbert

space diverges and requires regularisation. The question of finding a consistent reg-

ularisation scheme to compute this charge is left for the future.

2. Ordinary abelian Higgs model

In this section we will briefly review the Nielsen-Olesen vortex solution to the abelian

Higgs model [23], emphasising the Bogomolnyi limit of this model [24]. In the next

section we will generalise these equations to the noncommutative abelian Higgs model

and work only in the Bogomolnyi limit.

Let us start with the usual abelian Higgs model. The lagrangian is

L = −1
4
FµνF

µν − 1
2
|(∂µ + ieVµ)Ψ|2 − λ(|Ψ|2 − |Ψ0|2)2 . (2.1)

As mentioned earlier we will concentrate on the Bogomolnyi limit. Bogomolnyi

limit and the corresponding first order equations of motion are obtained from the en-

ergy functional by writing it in terms of strictly positive quantities and a topological
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charge density and then minimising the energy functional. We will take the static

ansatz. That means we will set V0 = 0 and ∂tVm = 0 = ∂tφ. Energy functional of

the abelian Higgs model for such an ansatz is

E =

∫
d2x

[
1

4
FmnF

mn + |DmΨ|2 + λ(|Ψ|2 −Ψ20)2
]
. (2.2)

Let us rescale coordinates and fields and write them down in terms of the following

dimensionless variables

Ψ = Ψ0φ , Vm = Ψ0Am ,

xm =
1

eΨ0
ym , z =

1√
2
(y1 + iy2) ≡ r eiϕ and E = 2πΨ20E . (2.3)

The Nielsen-Olesen ansatz for the asymptotic form of a vortex solution with winding

number n is

φ = exp(inϕ) =
zn

(zz̄)n/2
, φ̄ = φ∗

Az = −i
n

2z
, Az̄ = A

∗
z (2.4)

The second equation is equivalent to

Am dxm = n dϕ (2.5)

With the definitions (2.3) the energy functional becomes

E = 1
2π

∫
d2z

[
1

2
B2 + |Dmφ|2 +

β

2
(φφ̄− 1)2

]
, (2.6)

where β = 2λ/e2, D is a covariant derivative with gauge field A and

B = ∂1A2 − ∂2A1 = −i(∂Ā − ∂̄A) = [D, D̄] . (2.7)

It is easy to rewrite this as (see appendix B for the derivation in the noncommutative

case)

E = 1
2π

∫
d2z

[
1

2

(
B + (φφ̄− 1)

)2
+Dz̄φDzφ̄+

β − 1
2
(φφ̄− 1)2 + T

]
, (2.8)

where

T = ∂mS
m +B (2.9)

Sm =
1

2
εmn

(
iφDnφ̄− iDnφφ̄

)
(2.10)

Our convention for εmn is that ε12 = 1.

4



J
H
E
P
0
9
(
2
0
0
0
)
0
1
8

We will argue below that T is a topological density, which generalises naturally
to the noncommutative case as well. It is easy to see in the commutative case (the

same will be true for the noncommutative generalisation) that 1
2π

∫
d2zT gives the

magnetic flux of the vortex and is an integer n. The energy functional for a vortex

with winding number n, then, is

E = n+ 1
2π

∫
d2z

[
1

2

(
B + (φφ̄− 1)

)2
+Dz̄φDzφ̄+

β − 1
2
(φφ̄− 1)2

]
. (2.11)

Notice E is a sum of absolute square terms except the last term. However, when
β = 1, this term drops out and minimum of E can be obtained if the Bogomolnyi
equations are satisfied:

Dz̄φ = 0 , Dzφ̄ = 0 , B = 1− φφ̄ . (2.12)

It is interesting to note that the euclidean action (2.8) can be written in an

elegant form using Quillen’s superconnection [25] A defined below

E =

∫
d2x

(
||F − 1||2 + Str exp[F ]

)
, (2.13)

where in the exponential only the term proportional to the volume form contributes,

namely ∫
d2x Str exp[F ] = F+ + D̄φ ∧ Dφ̄− {F+, φφ̄} . (2.14)

Here F is the curvature of the superconnection [25] A

A =
(
d+ A+ φ

φ̄ d

)
(2.15)

and F+ is the curvature of A+. The Bogomolnyi equations (2.12) can be written in

a very suggestive form

F − 1 = 0 . (2.16)

3. Noncommutative abelian Higgs model

Now let us consider noncommutative generalisation of these equations. We present

our conventions and definitions for noncommutative field theory following [16] (see

also appendix A). The energy functional for the noncommutative abelian Higgs

model is given by [16]

E = Tr
[
1

2
B2 +Dz̄φDzφ̄+DzφDz̄φ̄+

1

2
(φφ̄− 1)2

]
, (3.1)

where B is now defined as

B = [D, D̄] = −i (∂zAz̄ − ∂z̄Az)− [Az, Az̄] . (3.2)
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Following the steps described in appendix B, we can recast the energy functional as

E = Tr
[
1

2
(B + (φφ̄− 1))2 +Dz̄φDzφ̄+ T )

]
, (3.3)

where the topological term is now

T = DmSm +B , (3.4)

with B defined as in (3.2) and

DmSm = ∂mSm − i[Am, Sm] (3.5)

Sm is defined as before (2.10) with due attention to operator ordering now. The use of

the covariant derivative on Sm in (3.4) is necessary since Sm is now gauge-covariant.

We will argue in the next section that

I = Tr T , (3.6)

corresponds to a topological charge. In particular, for the noncommutative Nielsen-

Olesen vortex of charge n constructed below, I evaluates to n for any value of the

noncommutativity parameter θ.

Bogomolnyi equations. It is clear from (3.3) that the Bogomolnyi equations

remain the same as in (2.12), namely

Dz̄φ = 0, Dzφ̄ = 0, B = 1− φφ̄ , (3.7)

which are now to be interpreted as operator equations (conventions described in

appendix A).

It is difficult to solve the Bogomolnyi equations exactly. We will find the solution

in various limits. First we will solve the large θ limit (θ →∞ and 1/
√
θ corrections).

3.1 Large θ

We will now consider the limit when the the noncommutativity parameter θ, defined

by

[X1, X2] = iθ (3.8)

is large. Let us define the following scaled operators

X i =
√
θX̃ i , i = 1, 2 . (3.9)

We define the annihilation and creation operators as

a =
1√
2

(
X̃1 + iX̃2

)
, a† =

1√
2

(
X̃1 − iX̃2

)
. (3.10)
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The scaled complex coordinates w, w̄ are defined as

z =
√
θw , z̄ =

√
θw̄ . (3.11)

In accordance with the fact that the gauge potential A is a 1-form and the magnetic

field is a 2-form, the scaled gauge potential Ã and scaled magnetic field B̃ are given by

A =
Ã√
θ
, B =

B̃

θ
. (3.12)

With the above rescalings the energy functional (3.3) becomes

E = θTr

1
2

(
B̃

θ
+ (φφ̄− 1)

)2
+
1

θ
Dw̄φDwφ̄+

B̃

θ
+
DmSm
θ

 . (3.13)

Here ∂w = −Ada†, ∂w̄ = Ada (see appendix A).
Let us now solve the Bogomolnyi equations (3.7) in these rescaled variables order

by order in 1/θ.

We write the following 1/θ-expansion of the Higgs field and the gauge field

φ = φ∞ +
1

θ
φ−1 + · · ·

A =
1√
θ
Ã =

1√
θ

(
A∞ +

1

θ
A−1 + · · ·

)
. (3.14)

The expansion of Ā is identical to that of A except that Āi are hermitean conjugates

of Ai. The large-θ expansion of the magnetic field (3.2) is given by

B =
1

θ
B̃ =

1

θ
B∞ +

1

θ2
B−1 + · · · (3.15)

where

B∞ = −i(∂wĀ∞ − ∂w̄A∞)− [A∞, Ā∞]
= i([a†, Ā∞] + [a, A∞])− [A∞, Ā∞] , (3.16)

B−1 = −i(∂Ā−1 − ∂̄A−1)− [A∞, Ā−1]− [A−1, Ā∞]
= i([a†, Ā−1] + [a, A−1])− [A∞, Ā−1]− [A−1, Ā∞] . (3.17)

Let us substitute the expansions (3.14), (3.15) in (3.13) or in the Bogomolnyi

equations and solve these equations order by order in 1/θ.

o(θ) Bogomolnyi equations. The relative orders of the Bogomolnyi equations are

easiest to figure out from (3.13). The o(θ) term in (3.13) gives the leading Bogomolnyi

equation give

φ∞φ̄∞ = 1 . (3.18)
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This equation is solved by Witten [21] and the solution is

φ∞ =
1√
ana†n

an , φ̄∞ = a†n
1√
ana†n

. (3.19)

It is easy to see by simple substitution that this ansatz indeed solves the leading

order Bogomolnyi equation (3.18).

It is interesting to note a more general set of solutions of (3.18), namely

φ∞ =
1√

(a + w1) · · · (a+ wn) (a† + w̄n) · · · (a† + w̄1)
[(a+ w1) · · · (a+ wn)]

φ̄∞ = (φ∞)
† (3.20)

It is possible to find a solution for the gauge field and the Higgs field in a 1/θ

expansion around this more general solution, although we will not explicitly write it

down here. The interpretation of this solution is simple for (a) all wi coincident and

(b) far separated wi. (a) represents a vortex with all properties the same as (3.19),

except that it is translated from the origin of the NC plane to the point w1. (b)

represents n single vortices located at w1, w2, . . . , wn. The kernel of φ∞ is given by a
linear span of the n approximately orthonormal coherent states {|−w1〉, |−w1〉, . . . |−
wn〉}; this corresponds to index φ∞ = n.

o(1) Bogomolnyi equations. At o(1) in (3.13) we get the Bogomolnyi equations

involving the covariant derivative of the Higgs field, namely

∂w̄φ∞ − iĀ∞φ∞ = 0 , ∂wφ̄∞ + iφ̄∞A∞ = 0 . (3.21)

For the sake of simplicity we will work only with the φ equation of motion (φ̄, being

hermitean conjugate of φ, can be determined from the solution to the φ equation of

motion).

The φ-equation can be written in the operator form as

[a, φ∞] = iĀ∞φ∞ . (3.22)

Let us recall at this point the action of creation and annihilation operators of the

harmonic oscillator on the one particle Hilbert space.

a|m〉 =
√
m|m− 1〉 , a†|m〉 =

√
m+ 1|m+ 1〉 . (3.23)

For future purposes, it is useful to write down the action of the Higgs field on the one

particle Hilbert space. The Higgs field configuration for the vortex solution is written

in terms of harmonic oscillator creation and annihilation operators. Using (3.23), it

is easy to see that the action of the Higgs field on the Hilbert space is

φ|m〉 = |m− n〉 . (3.24)
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Now let us look at the subleading equation, that is (3.22). Using the above results it

is easy to derive the gauge field Ā∞ (A∞ is given by its hermitean conjugate). Thus

Ā∞ = −i
1√
N + 1

a
(√

N −
√
N + n

)
A∞ = i

(√
N −

√
N + n

)
a†

1√
N + 1

, (3.25)

where N = a†a is the number operator.
To gain a better understanding of the operator solutions (3.19) and (3.25) let us

evaluate their expectation values in a coherent state

|w〉 = ewa† |0〉 . (3.26)

By using the result

〈w|f(a, a†)|w〉 = 〈0|f(a+ w, a† + w̄)|0〉 (3.27)

it is easy to see that in the large w limit or equivalently in the large 〈N〉 limit, the
expectation values become

〈w|φ∞|w〉 = exp(inϕ),
〈w|Ā∞|w〉 = i

n

2w̄
, 〈w|A∞|w〉 = −i

n

2w
. (3.28)

The large distance behaviour here is exactly the same as the large distance behaviour

of the usual Nielsen-Olesen vortex (2.4).1

In a way, this result is expected because in the large-θ limit we have ignored

the derivative terms and then in the large-〈N〉 limit the asymptotic behaviour of the
vortex solution becomes exact. Behaviour of the vortex solution in the finite domain

of the w plane, that is, for finite values of 〈N〉 depends on the competition between
the kinetic energy terms and the potential energy terms in the energy functional.

Exact solution to the equations in the large-θ expansion, which essentially ignores

the kinetic energy effect, of the Bogomolnyi equations, reduces to the potential energy

minimisation in the large-〈N〉 limit. We will show below that (3.6) evaluates to n for
this solution. Therefore, this solution carries topological charge, which is determined

by the quantized magnetic flux through the vortex solution.

The magnetic field. From (3.16) we see that B∞ is given entirely in terms of A∞.
Using the solution (3.25) in (3.16) (details in appendix C) we get

B∞ = n|0〉〈0| , (3.29)

1In stead of calculating expectation values in coherent states one could alternatively evaluate

the Weyl-Moyal (inverse) map of the operator solutions to find the classical functions on the NC

plane; the large distance behaviour obtained this way is the same as that in (3.28) or (2.4).
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where |0〉〈0| is a projection operator onto the vacuum state. It is curious that the
leading term in the large-θ expansion of the magnetic field has such a remarkably

simple form. It is also interesting to note that the trace of B∞ in the one particle
Hilbert space gives us exactly the integer n as desired. We will elaborate more on this

when we will discuss the topology of our solution. In terms of the original unscaled

coordinates this vacuum projection operator is essentially a δ-function. However, in

the scaled variables the vacuum projection operator is represented by the ground

state wavefunction, i.e., by the gaussian. Significance of this will be discussed in the

next section.

o(1/θ) and higher orders. So far we have looked at the leading and the first

subleading term in the large-θ expansion of the Bogomolnyi equations. Here we will

look at the higher corrections to the Higgs field φ as well as the gauge field A. It is

interesting to see that the large-θ correction are quite small and the convergence of

the solution is remarkably fast.

The o(1/θ) equation of motion is given by

B∞ = −φ∞φ̄−1 − φ−1φ̄∞ . (3.30)

Notice that since we have already determined B∞, we can use the above equation to
solve for φ−1. We get

φ−1 = −
n

2
|0〉〈n| , φ̄−1 = −

n

2
|n〉〈0| . (3.31)

As mentioned in the beginning of this subsection the solution has a very good conver-

gence property. To see this it is instructive to write the leading order solution (3.19)

as follows:

φ∞ =
∞∑
m=0

|m〉〈m+ n| , and φ̄∞ =
∞∑
m=0

|m+ n〉〈m| . (3.32)

Thus the leading order solution involves an infinite sum whereas the first correction

contains only one term as can be seen from (3.31).

The subleading correction to the gauge field solution is obtained by solving the

o(θ−2) equation
∂̄φ−1 − iĀ∞φ−1 − iĀ−1φ∞ = 0 (3.33)

The solution is

Ā−1 = −i
n

2

√
n+ 1|0〉〈1| . (3.34)

Substituting this result in (3.17) we can determine first subleading correction to the

magnetic field

B−1 = n(n+ 1) (|1〉〈1| − |0〉〈0|) . (3.35)

Note that the correction has a vanishing trace, ensuring that

Tr

(
B∞ +

1

θ
B−1

)
= TrB∞ = n . (3.36)
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3.2 Finite θ

Having constructed the vortex solution for large θ, we now ask what happens to this

solution at finite θ. To do this let us look at the Seiberg-Witten(SW) map for the

noncommutative abelian Higgs system.

Recall the SW map for the pure Yang-Mills theory is

Ŝ(A) ≡ Âi(A)Ai −
1

4
θkl{Ak, ∂lAi + Fli}+O(θ2)

Ŝ(λ) ≡ λ̂(λ,A)λ+
1

4
θkl{∂kλ,Al}+O(θ2) . (3.37)

We wish to carry out this exercise for φ, i.e., we look for a map Ŝ

(φ,A) 7→ Ŝ(φ,A) ≡ (φ̂, Â) (3.38)

such that

Ŝ(φ+ iλφ, A+ dλ) =
(
φ̂+ iλ̂φ, Â+ dλ̂+ i

(
λ̂Â− Âλ̂

))
, (3.39)

where both the map Ŝ and the noncommutative gauge transformation parameter λ̂

are to be found so as to satisfy the above equation. It turns out that the map for Â

and λ̂ given in (3.37) is unaltered. The map for φ is

φ̂ = φ− 1
2
θεklAk∂lφ+ o(θ

2) . (3.40)

The SW map can be used for determining the change in the fields at any value θ = θ0
due to small increment δθ. At θ = 0, right hand side of (3.37) and (3.40) contain

ordinary products of the fields, but if (3.37) and (3.40) are used for determining a

small increment at θ = θ0 then right hand side of these equations contain ?-products.

There is an important difference between the SW map for the Higgs field φ and

that for the gauge field A. Whereas the SW map for the gauge field A is nonlinear

in A that for the Higgs field φ is linear in φ. It is the nonlinearity of the SW map

for the gauge field which was useful [4] in relating the noncommutative gauge theory

action to the Born-Infeld action for the ordinary gauge theory. It is easy to see by

successive transformations that the SW map for φ remains linear in φ but becomes a

nonlinear function of A. Therefore, it is tempting to conjecture that the Higgs action

in terms of the ordinary Higgs field would still be of the same form, albeit multiplied

by complicated functions of the gauge field A.

By using the above result, it is easy to see that the equations of motion, written in

terms of the ordinary commutative fields, remain the same at r →∞ as in the usual
abelian Higgs model case. Therefore, the asymptotic form of the vortex solution,

written above, is valid. Though the solution in the noncommutative problem will
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differ from the abelian case in the bulk, for our purposes here, especially in the next

section, where we discuss the topology of the vortex solution, detailed form of the

solution in the bulk is not relevant.2

4. Topology

It is interesting to ask what happens to topology when one studies noncommutative

gauge theories coupled to matter. Below we show that the topological charge I

in (3.6) is independent of θ and therefore the configuration space of noncommutative

theory splits into the same topological sectors as in the commutative case. We first

show this for small θ.

4.1 Small-θ expansion

We rewrite (3.6) in the Moyal form (by that we mean using ordinary functions and

star products). Thus,

I =
1

2π

∫
d2z(DmSm +B) , (4.1)

where the covariant derivatives and the magnetic field B are defined, in the Moyal

formalism, in (A.8) in appendix A.

Besides the explicit θ-dependence involved in the star product, Sm and B also

have an expansion in terms of θ since they are built out of φ and Ai which are

solutions of the Bogomolnyi equations (we imagine writing these equations here in

the Moyal form, therefore explicitly containing θ, and solving them iteratively in

small θ). We write

φ = φ0 + θφ1 + · · ·
Ai = Ai,0 + θAi,1 + · · · (4.2)

The small-θ expansion for B = εkl(∂kAl − iAk ? Al) and the topological charge (4.1)
are

B = B0 + θB1 + · · ·
I = I0 + θI1 + · · · (4.3)

The zero-order term evaluates to

I0 =
1

2π

∫
d2xB0 =

1

2π

∮
Ai,0dx

i = n (4.4)

2A numerical vortex solution has been constructed in [26] in the context of a somewhat different

action.
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This follows from (2.4) since in the zero-th order in θ the Bogomolnyi equations are

identical to those of the ordinary abelian Higgs model. We have also used the fact

that at zero-th order ∫
d2x [DmSm]0 =

∮
rdϕSr,0|r=∞ = 0 (4.5)

as can be seen explicitly from the asymptotic form (2.4).

We now carry out the iterative solution to first nontrivial order in θ. Thus, for

example,

B1 =
1

2
εklεij∂kAi,0∂lAj,0 + ε

kl∂kAl,1 = −
(
i

2
εkl∂kφ0∂lφ̄0 + φ0φ̄1 + φ1φ̄0

)
. (4.6)

It is easy to see that the contribution of the magnetic field to I1 becomes a total

derivative. The expression after the first equality is given by

B1 = ∂kf
k

fk ≡ εkl
(
Al,1 +

1

2
εijAi,0∂lAj,0

)
. (4.7)

The contribution of B1 to the topological charge at this order, therefore, is

I1 =

∫
d2x B1 =

∮
r dϕ fr|r=∞ = 0 . (4.8)

It is easy to see that fr vanishes as fr ∼ 1/r3. Similar arguments can be made to
show that the contribution of DmSm becomes a total derivative too, and the surface
term at r =∞ vanishes.
These arguments, namely that (a) the integrals involved in In all become surface

terms, and (b) the surface terms vanish at r = ∞, in fact generalize to all higher
orders in θ. The proof of (a) is s straight-forward generalisation of the first-order

calculation; regarding (b) we need to only use the fact, proved at the end of the

previous section that higher φn, Ai,n have a faster fall-off at r = ∞ than the zero
order solutions. Regarding the rate of fall-off of the surface terms in successive In
it is easy to see from a scaling argument (using scaled coordinates (1/

√
θ)xi) that

order θn terms are down by 2n powers of derivative, or equivalently by 1/r2n in the

large-r limit.

To summarise, we see that the higher order terms in the small-θ expansion of I

all vanish and therefore do not modify the topological charge.

4.2 Large-θ expansion

We now show that the topological charge (3.6) is the integer n also in the large-θ

limit and would like to argue that the successive orders in the 1/θ expansion do not

modify this result.

13
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From the expression (3.29), namely

B∞ = n|0〉〈0| , (4.9)

it is easy to see that

TrB∞ = n . (4.10)

We emphasize here that to see the result (4.10), one must consider the subleading

1/θ terms as in the last section. In the θ = ∞ limit, as indicated in (3.15), B = 0.
In other words, since “Tr” in (4.10) is actually θ

∫
d2z in the original coordinates, it

is essential to keep the 1/θ terms in B.

By using calculations similar to appendix C, it is easy to see that

TrDmSm = 0 (4.11)

using the leading order expressions in large θ.

Thus, if one writes

I = I∞ + θ−1I−1 + · · · (4.12)

we have

I∞ = n . (4.13)

It is easy to check, using results from the last section, e.g. (3.35), that

I−1 = 0 . (4.14)

Although we have not checked it in explicit detail, it is easy to argue, in keeping

with our result for small θ, that the higher order terms in the large-θ expansion will

all vanish too. This implies

I = n (4.15)

nonperturbatively.

4.3 Comments

We would like to make several comments:

1. Although we have ostensibly shown that I evaluates to an integer by using

the on-shell vortex solution, it is clear from our small-θ arguments that the

expression I will evaluate to an integer for all off-shell configurations which

satisfy the conditions (2.4) at r =∞.

2. The topological charge I we have introduced can be identified with RR charge

in the context of vortex solutions on brane-antibrane systems. This fact has

been shown by vertex operator calculations in [27]. This provides additional

evidence the quantity I we have introduced must be quantized.
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3. It has been remarked in [21] that the topological charge of the vortex is actually

the same as the index of φ:

I = ι(φ) = dim ker φ− dim coker φ . (4.16)

Note that such a relation automatically implies a “quantization” (integer-

valued-ness) of the topological charge I. It is important to appreciate that

the “quantization” here does not refer to the usual quantization (specified by

a finite ~) but rather to noncommutative field theory. In a commutative field

theory, with or without ~, there is no notion of a kernel of φ. It is a char-

acteristic feature of NCFT’s that one can have ”quantization” conditions in a

classical field theory.

4. One can see in a “semiclassical” sense how I is also related to the Atiyah-Singer

index of the Dirac operator in the gauge field background of the vortex. We skip

the details here, but the main point is that if one considers the normal mode of

a fermion field ξm = z
m and adiabatically turns on the background gauge field

representing our vortex solution, then the normal mode gets transformed to

zm 7→ exp i

∫
A · zm = zm−n . (4.17)

By the standard arguments relating to spectral flow and the index, one can see

that the index of the Dirac operator is n since the “Fermi sea” shifts by n.

5. It would be very interesting to figure out why our topological charge I is equal

(4.16) to the index of φ. It is natural, e.g. from the viewpoint of the super-

connection [25], that the Dirac equation for the fermion should be considered

in the background of both the gauge field and the Higgs field. In other words,

the fermion zero modes should satisfy, schematically

D/ξ ≡ (∂/+ A/+ φ)ξ = 0 . (4.18)

It is possible that the toplogical charge I actually measures the index of D/. In
that case, in the large-θ limit, ∂/+A/ will pick up a factor of 1/

√
θ and decouple,

leaving just the index of φ.3

6. The zero-th order equation for φ in the large-θ limit, namely (3.18), is the equa-

tion of a fuzzy circle in the configuration space. The calculation in appendix C

can be interpreted to mean, on the other hand, that the topological charge I

receives contribution from states with expectation values

〈a†a〉 =M ⇒ 〈(X1)2 + (X2)2〉 = 2θ
(
M +

1

2

)
, (4.19)

3We thank Mike Douglas for a discussion on this point.

15



J
H
E
P
0
9
(
2
0
0
0
)
0
1
8

whereM →∞. Equation (4.19) can be regarded as a fuzzy circle in “coordinate
space”.4 Thus, I appears to characterise maps from a fuzzy circle to a fuzzy

circle.

We would also like to make a few remarks about the qualitative nature of the

vortex solution we have found. Let us, in particular, discuss how some features of

the magnetic field (3.29), (3.35) in the large-θ expansion could be arrived at by the

following physical reasoning.

It can be seen from the form of A∞ and Ā∞ in (3.25) and the expression of B∞
in (3.16) that magnetic field has to involve equal number of creation and annihilation

operators.

Now, for the n vortex solution, φ annihilates the ground state as well as n − 1
excited states in the one particle Hilbert space. Topology of the solution is obtained

by taking trace of B∞ over the whole Hilbert space. This can also be done as proposed
by Witten [21] by determining the index of φ. The index of φ is n since the lowest n

states in the Hilbert space are in the kernel of φ. So we would expect that B∞ can
be written in terms of a linear combination of the projection operator |i〉〈i|, where
i = 0, . . . , n− 1.
As is well known (see, e.g. [15, 17]), these projection operators are represented in

the Moyal form (in the sense of appendix A) in terms of Laguerre functions, related

to harmonic oscillator wavefunctions. In particular, |i〉〈i| is represented by the i-th
excited state wavefunction. All these wavefunctions have nodes except the ground

state wavefunction. If the magnetic field is written in terms of a particular |i〉〈i|
for some i 6= 0 then the magnetic field develops a zero in a finite region in the w
plane and as a consequence of the Bogomolnyi equations, the Higgs field relaxes to

its vacuum value. This configuration is allowed only at asymptotic infinity in the

w plane. One can, therefore, rule out the possibility that the magnetic field has a

form |i〉〈i| for some i 6= 0 since it contradicts with the minimal energy ansatz of
the Bogomolnyi limit. One may suspect that this may correspond to the n vortex

solution with n single vortex solutions centred at different locations in w plane. In

fact, this is also not possible as the i-th excited state wavefunction changes sign

after encountering a node, whereas change in the sign of the magnetic field would

correspond to an anti-vortex configuration. It is well known that a vortex-antivortex

configuration does not satisfy Bogomolnyi condition. This still leaves the possibility,

however, that the magnetic field is a linear combination of |i〉〈i| for i belonging to a
certain subset of the Hilbert space in such a way that the resulting functional form

of B never develops a zero. Profile of the magnetic field of the vortex that we seem

to get at the leading order indicates that we have a single vortex of vorticity n sitting

at the origin. A careful look at the subleading corrections to B in the large-θ limit,

4It is interesting to note the appearance of the zero point energy in the expression for radius of

the fuzzy circle.
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however, shows that the general profile of the magnetic field does allow for the linear

combinations of |i〉〈i| for i 6= 0. As has been shown at the end of previous subsection
these corrections to the magnetic field do not affect the value of the topological

charge.

5. Higgs coupling to diagonal U(1)

So far we have considered the NC Higgs model which has a nontrivial action only

of the left U(1). Here we will consider a model which has left-right action. In other

words, in NC abelian Higgs model, the Higgs field couples to left and right abelian

gauge fields which are different fields in general, i.e., NC abelian Higgs model has

U(1)L × U(1)R gauge symmetry. In case of left module, U(1)R gauge field is set to
zero. In this section we will consider a model where left and right U(1) gauge fields

are identified with each other. This is of interest because this model does not have

a commutative analogue. For another recent discussion of this model, see [28].

It is easy to generalize (2.12) to this case and they are given by

Dz̄φ = 0 , Dzφ̄ = 0 , B = 1− φφ̄+ φ̄φ , (5.1)

where the covariant derivative is defined as

Dz̄φ = ∂z̄φ− iAz̄φ+ iφAz̄ (5.2)

and similarly for φ̄. These equations can be rewritten in terms of the one form gauge

field A as
[A, Ā] = φφ̄+ φ̄φ , (5.3)

where, [A, Ā] = 1−B [15].
This equation supports exact solution unlike the left module NC abelian Higgs

model. To arrive at this solution let us notice the following fact about the commu-

tator [χ2, ψ], where χ and ψ are any two operators.

[χ2, ψ] = χ[χ, ψ] + [χ, ψ]χ = {χ, [χ, ψ]} . (5.4)

This relation can be used to convert the anticommutator on the right hand side of

the Bogomolnyi equation into a commutator. For our purpose, we choose χ = ξ2,

ψ = ξ̄2, and φ = 2ξ and φ̄ = [ξ, ξ̄2]. Substituting this in the Bogomolnyi equations,

it is easy to see that these equations are solved by

A =
√
2ξ2, Ā =

√
2ξ̄2 . (5.5)

Putting this into the second Bogomolnyi equation gives us the following relations

[ξ2, ξ] = 0, [ξ̄2, [ξ, ξ̄2]] = 0 . (5.6)
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Of these equations, first one is trivially satisfied whereas the second equation is also

satisfies if

[ξ, ξ̄2] = f(ξ̄) . (5.7)

In particular, for the choice of f(ξ̄) = 2ξ̄ the equation reduces to

[ξ, ξ̄] = 1 . (5.8)

Thus the Bogomolnyi equations are solved by

A =
√
2ξ2 , Ā =

√
2ξ̄2 , φ = 2ξ , φ̄ = 2ξ̄ . (5.9)

An example of solution to (5.8) is

ξ = a , ξ̄ = a† . (5.10)

Such a solution is obviously not normalizable. However using arguments similar to

that in [21] we see that this solution has nontrivial winding number (=1), because,

firstly (1) ξ ∼ r exp(iϕ) in the semiclassical limit and secondly, (2) dim ker ξ− dim
ker ξ̄ = 1−0 = 1. It would be interesting to get this winding number from a suitably
regularised topological charge.

Acknowledgments

One of us (S.R.W.) would like to thank Luis Alvarez-Gaume and Avinash Dhar for

discussions in the initial stages of this work. D.P.J. would like to thank Amol Dighe

for discussion and Theory Division of CERN for hospitality. G.M. would like to

thank Mike Douglas for a discussion regarding the topological index.

A. Noncommutative field theory: operator conventions

We collect below the conventions and some results that are needed for the purposes

of our paper. For more details, see [16].

The Weyl-Moyal map. We consider a one-particle Hilbert space H carrying a
representation of the Heisenberg algebra

[X1, X2] = i . (A.1)

For f a function on R2

f(x1, x2) =
1

2π

∫
dk1 dk2 f̃(k1, k2) exp[ik1x

1 + ik2x
2] (A.2)
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we define an operator M̂(f) on H

f 7→ M̂(f) (A.3)

by the rule

M̂(f) =
1

2π

∫
dk1 dk2 f̃(k1, k2) exp[ik1X

1 + ik2X
2] , (A.4)

where X1, X2 are the operators in (A.1). It is easy to see that

Tr M̂(f) =
1

2π

∫
d2xf(x1, x2)

M̂(f)M̂(g) = M̂(f ? g)

M̂

(
∂f

∂xi

)
(iθ)−1εik[Xk, M̂(f)] , (A.5)

where

f ? g(x1, x2) =

(
exp

[
i

2
θεkl

∂

∂xk
∂

∂yl

]
f(x1, x2)g(y1, y2)

)∣∣∣∣
y=x

. (A.6)

Clearly, NCFT can be defined either in terms of operators on H or on ordinary
functions whose multiplication is defined in the sense of star product. We use the

operator approach in most of our paper. Thus, for example, the equation (3.1) is

written in the operator language; its alternative form (which we will call the Moyal

form) will be

E = 1
2π

∫
d2z

[
1

2
B ? B +Dz̄φ ?Dzφ̄+Dzφ ?Dz̄φ̄+

1

2
(φ ? φ̄− 1) ? (φ ? φ̄− 1)

]
.

(A.7)

where

Diφ = ∂iφ− iAi ? φ
B = ∂Ā − ∂̄A− i(A ? Ā− Ā ? A) (A.8)

Conventions for the noncommutative U(1)×U(1) gauge theory. Note that
for NC gauge theory, gφ 6= φg even when g is (an operator representative of) a U(1)
transformation. Thus it is important to distinguish between the left U(1) from the

right U(1).

We define the left- and right-gauge fields as Ai and A
′
i and the corresponding

gauge transformations as δλ and δλ′ respectively. Our conventions for the left U(1)

are

δλAi = ∂iλ+ i[λ,Ai]

δλφ = iλφ

δλφ̄ = −iφ̄λ . (A.9)
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Similarly for the right U(1)

δλ′A
′
i = ∂iλ

′ + i[λ′, A′i]

δλ′φ = −iφλ′

δλ′ φ̄ = iλ′φ̄ . (A.10)

The covariant derivatives, when both the gauge fields are non-zero, are given by

Diφ = ∂iφ− iAiφ+ iφA′i
Diφ̄ = ∂iφ̄+ iφ̄Ai − iA′iφ̄ . (A.11)

In the above formulae we mean the derivatives and products as in the operator

formulation explained above.

In sections 2, 3 and 4, we consider only the left U(1), by putting A′i = 0 = λ′.
This has a commutative limit (the same as the right U(1)). In section 5, we put

Ai = A′i (the gauge transformations λ = κ = λ′) which corresponds to the diagonal
U(1). Clearly the diagonal U(1) does not have a commutative counterpart since the

relevant gauge transformation, for example of φ, is

δκφ = [δλφ+ δλ′φ]λ=λ′=κ = i[κ, φ] (A.12)

which disappears in the commutative limit.

B. Derivation of the topological density

In order to derive (3.3) we need to show that

(DmS
m+B)+2D̄φDφ̄+

1

2
(B+(φφ̄−1))2 = DφD̄φ̄+D̄φDφ̄+1

2
B2+

1

2
(φφ̄−1)2 . (B.1)

This is equivalent to

DmS
m = DφD̄φ̄− D̄φDφ̄− 1

2
(φφ̄B +Bφφ̄) . (B.2)

We start by observing that

DzS
z =
1

2

(
∂(φD̄φ̄− D̄φφ̄)− i[A, φD̄φ̄− D̄φφ̄]

)
=
1

2

(
DφD̄φ̄+ φD(D̄φ̄)−D(D̄φ̄)φ̄− D̄φDφ̄

)
. (B.3)

Similarly

Dz̄S
z̄ = −1

2

(
D̄φDφ̄+ φD̄(Dφ̄)− D̄(Dφ̄)φ̄−DφD̄φ̄

)
(B.4)

Using these, and the fact that [D, D̄]φ = Bφ, [D, D̄]φ̄ = −φ̄B we get (B.2).
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C. Calculation of B∞

We give some steps in the evaluation of (3.16).

We give details how to calculate traces of quantities like

t ≡ [a, C] (C.1)

for some operator C. Here a is the usual annihilation operator, satisfying

a|m〉 =
√
m|m− 1〉 ∀m = 1, . . . (C.2)

Formally,

Tr t =

M∑
m=0

〈m|aC − C a|m〉

=
M∑
m=0

√
m+ 1〈m+ 1|C|m〉 −

M∑
m=1

√
m〈m|C|m− 1〉 (C.3)

where eventually we should take the limit M → ∞ (this regulator has been used
in [17]). There are two ways in which we can proceed from here:

Method 1: shifting the summation variable in the second term, we get

Tr t =
√
M + 1〈M + 1|C|M〉 (C.4)

The calculation from this viewpoint reduces to the fuzzy circle at the boundary

〈a†a〉 = M → ∞. This actually provides a noncommutative version of Stokes’
theorem (recall that Ad a actually plays the role of a derivative operator).

Method 2: in this method, we note that the first summation has a contribution

from the ground state which is missing from the second summation. We take care of

this fact by writing

C a|m〉 =
√
mC(1− |0〉〈0|)|m− 1〉 (C.5)

Of course, the answers in both the methods are the same.

The first two terms in (3.16) are already of the form (C.1) (or hermitean conju-

gate). The two methods described above also work for the third term in a similar

fashion.

According to method 1, the trace of (3.16) gets evaluated as

TrB∞ = lim
M=∞

2
√
M(
√
M + n−

√
M) = n . (C.6)

The contributions come entirely from the first two terms in (3.16).

According to method 2, the first and second terms in (3.16) give

2
[
(N −

√
N(N + n))(1− |0〉〈0|)− (N + 1−

√
(N + 1)(N + n+ 1))

]
, (C.7)
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whereas the third term gives

−(
√
N −

√
N + n)2(1− |0〉〈0|) + (

√
N + 1−

√
N + n+ 1)2 . (C.8)

Combining, we get

B∞ = n|0〉〈0| , (C.9)

namely equation (3.29).
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