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� Dipartimentodi FisicaTeorica,Universit̀adi Torino,Torino, Italy

� INFN, Sezionedi Torino,Torino, Italy

� PaulScherrerInstitut,Villigen, Switzerland

� LAL, B.P. 34,F-91898OrsayCedex�
CERN,EPDivision,CH-1211Geneva23,Switzerland�
LNP, JINR,RU-141980Dubna,Russia�
PhysicsDepartment,Universityof Durham,Durham,England�
Instituut-Lorentz,Universityof Leiden,TheNetherlands

��� Instituteof NuclearPhysics,Moscow StateUniversity, Moscow, Russia

��� TheoretischePhysik,UniversiẗatBielefeld,Bielefeld,Germany
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1 INTR ODUCTION

During theyear1999aninformal workshopon MonteCarlo(MC) generatorsandprogramstook place
at CERN,concentratingon processesin e � e � interactionsat LEP2centre-of-massenergies(161 GeV
to 210GeV).Oneof thegoalswasto summarizeandreview critically theprogressmadein theoretical
calculationsand their implementationin computerprogramssincethe 1995 workshopon Physicsat
LEP2. Oneof thereasonsfor this reportwastheneedof having anofficial statementon variousphysics
processesandtheaccuracy of theirpredictions,beforedecidingon LEP2activities in theyear2000.

Thispartof theworkshopreportsummarizesthefindingsin theareaof Four-Fermionfinal states.
At thebeginningof theworkshopthefollowing goalswereidentifiedfor theFour-Fermionsub-group:

a) Describethe new calculationsandimprovementsin the theoreticalunderstandingandin theup-
gradedMC implementations.

b) Indicatewherenew contributions have changedprevious predictionsin the MC adoptedby the
collaborations,andspecifywhy, how andby how much.

c) In thosecaseswhereasubstantialdiscrepancy hasbeenregisteredandthephysicalorigin hasbeen
understood,recommendationsshouldbemadeon whatto use.

d) In thosecaseswherewehave foundincompletenessof theexistingMC, but nocompleteimprove-
mentis available,weshouldbeableto indicateasoundestimateof thetheoreticaluncertainty, and
possiblywayandtime scalefor thesolution.

Ourstrategy is determinedby thephysicsissuesarisingin theexperimentalanalysesperformedatLEP2.
Therefore,the four LEP Collaborationshave beenasked to provide a list of relevantprocessestogether
with thelevel of theoreticalaccuracy needed.

Clearly, the LEP experimentsinvestigatemany differentprocesses.For theoreticalpredictions
we thushave to managewith lots of differentsetsof cuts. At the beginning of our activities the four
experimentshave presenteduswith lists that reflectratherdiversestylesanddifferentapproaches:The
complexity of the observablesvaried greatly, rangingfrom thosedefinedby simplephase-spacecuts
on four-fermion (+ photon)level to completeevent-selectionproceduresrequiringpartonshower and
hadronizationof quarksystems.

An effort wasmadeto settleasmuchaspossibleonasetof quasi-realisticbut simplecutsfor each
process.Wehavecollectedprocessesand/orphasespaceregionswhereimprovedtheoreticalpredictions
aredesirable.A weighthasbeenassignedto eachprocessaccordingto its relevanceandurgency.

Thefocusof activity hasbeenon improving thetheoreticalpredictionsfor therelevantprocesses
and/orphasespaceregions.Also, all contributorshave beenaskedto give anestimatefor theremaining
theoreticaluncertainty. As a consequence,the output of the whole operationshouldnot be a mere
collection of comparisontablesbut a coherentattemptin assessingthe theoreticaluncertaintyto be
associatedto any specificprocess.

The realmof theoreticaluncertaintyis ill definedandin orderto reacha generalconsensusone
cannotbesatisfiedwith just somestatementon theoverall agreementamongdifferentprograms.When-
ever differencesarefound,onehasto make surethat they aredueto physics,andnot to somedifferent
input. Soourprojecthadto foreseeapreliminaryphasewith moreof a technicalbenchmark.Oncetriv-
ial discrepanciesareunderstoodandsortedout, onecanstartdigginginto inevitabledifferencesarising
from differentimplementationsof commontheoreticalwisdom.

In avastmajorityof casesthemaintheoreticalproblemis representedby theinclusionof QEDra-
diation.Therefore,oneof themainquestionswas:canweimproveuponour treatmentof QEDradiation
and/orgive somesafeestimateof thetheoreticaluncertaintyassociatedwith it?
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Below we will presentour referencetableof four-fermion processes.It is an idealisedcommon
groundwhere,in principle,all theoreticalpredictionsshouldbecompared.Moreadvancedsetupswould
beaccessibleonly to amorelimited numberof generators,built for thatspecificpurpose.

It is usefulto recall that theultimate,perfectprogramdoesnot exist and,mostlikely, will never
exist. Roughlyspeaking,programsbelongto two quite distinct classes.On oneside thereareevent
generators,usuallyinterfacedwith partonshowerandhadronizationpackages.They maymisssomefine
pointsof the theoreticalknowledgebut representan essentialingredientin the experimentalanalyses
concerningtheevaluationof signalefficienciesandbackgrounds.Thusthey createthenecessarybridge
betweentheraw datarecordedby thedetectorsandthebackground-subtracted efficiency-correctedre-
sultspublished.At theotherendof this cosmoswe have semi-analyticalprogramsthatarenot meantto
generateevents.Rather, they show theirpower in dealingwith thesignal,furnishingtheimplementation
of (almost)everythingavailablein the literatureconcerningthecalculationof specificprocesses.In ei-
ther case,we want to know aboutthe theoreticaluncertainty, processby process,to make clearwhich
programis able to achieve that level of accuracy underwhich configuration. For 0 -pair production,
however, the scenariois slightly changed:We have now MC event generatorsthat, at the sametime,
representa state-of-the-artcalculation.Nevertheless,we do not have yet theultimateMC: theonewith
radiative corrections,virtual/soft/hardphotons,DPA, completephase-spaceincludingsingle-0 , single-�

,
� �g� andableto produceweight-1eventsin finite time.

Theresultspresentedin this reportarebasedon severaldifferentapproachesandon comparisons
of their numericalpredictions. They are calculatedwith the following computercodes: # # $ , $ )�1 2 �
3 4�5 , ��4 � ��� 4 , | }('*� � , �  �% ¡ ��" ¢�� � !�" "�¢ � ��! £�£ , � 4�¤ ��$ ¡ �(¥*#�¦ % , 5 3�4 � ¡�! ¢�3 4 ��¡ $ , % &('*)�) + "�" , ! " ¡�5 ¢�" % ¡�5 ,
" 5�3 ¡�$ � and "��  �¢ £ £��   .

This article is organisedasfollows. In Section2 we presentthe four-fermion processeslooked
at in detail. Thenwe review themostrecenttheoreticaldevelopmentsin four-fermionphysicsin e � e �
interactions.In Section4 we discusstheCC03 ,�-9- cross-sectionandpredictionsbasedon theDPA.
Heredifferentapproachesarecompared.In Section5 we discusstheradiative processwith ��
§� � final
states.In Section6 thesingle-0 productionis critically discussed.Finally theNC02cross-section,, D�D
is analysedin Section7 Conclusionsandoutlookarepresentedin Section8

2 FOUR-FERMION PROCESSES

Herewe presentour basicreferencetable andspecify the calculationalsetup. Oneshouldreadit as
summarizingour original manifest.After readingthe following sections,it will be instructive to come
back herewith a critical eye: not all the items and questionslisted below have found a satisfactory
answer. Thiswas,somehow, foreseeable.If onethinkscarefullyonewill easilydiscoversomeimportant
messagealsofor thoseissuesthat remainunsolved: they cannotbesolved in any reasonabletime scale
andtheassociatedeffect is a realsourceof uncertainty.

2.1 List of processes

Thefollowing list providestheobservablestogetherwith precisiontagsin ¨ , asrequestedby theexper-
imentalCollaborations.Theaccuracy of MC simulationsshouldbebetterthanthe requestedprecision
tag,i.e. thephysicsuncertaintyshouldbesmallerandatworsttheoneindicated.How muchbetteris left
to thecontributors.For benchmarkingit is certainlyadvisableto usethemaximumavailableprecision.

In general,radiativecorrectionsandradiativephotonsin thefinal stateshouldbeconsideredfor all
processes,includingthediscussionof photonenergy andpolar-anglespectra.Typical minimal require-
mentson realphotonsare:energy ©bª¬«­� GeV; polarangle ®�¯�°�±l²³ª�®µ´­d�¶·G�F�¸�¹`d�¶·G�G�º�¹`d�¶·G�G~G�¸ depending
on channel;andminimal anglebetweenphotonandany chargedfinal-statefermion »¼«C¸~½ .
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� 0­0 and
�]�

typesignal:

1. e � e �¾	 0­0 	 all (CC03). The full phasespaceis neededandthe inclusive cross-section
accuracy is d�¶·c�¨ , which is ����� of experimentalaccuracy combiningall LEP2energies,

Thespectrumfor thephotonenergy andthepolarangleis needed( ®�¯�°�±g² ª ®f´Cd�¶·G�F�¸ j d�¶·G�G�º�k ).
2. ef�geh� 	 �]� 	 all (NC02). The full phasespaceis neededand the inclusive cross-section

accuracy is ��¨ . The spectrumfor the photonenergy andthe polar angleis needed( ®�¯�°�±g² ª ®w´
d�¶·G�F�¸ j d�¶·G�G�º�k ).

3. e � e �E	 x¿uLx¿u j �lk whereall À�e*� n � owÁ {ÂÀ�e*� n � owÁ combinationsarerequestedwith thefollowing
conditions:( ®�¯�°�±Ã²tÄ ��Å Ä � ®Æ´Çd�¶·G�F�¸ , ©[Ä �ÈÅ Ä � «É¸ GeV, B j x;�lx;�lk/«Ê��d j�� ¸�k GeV (full andhigh-mass
region). Theinclusivecross-sectionaccuracy is � ¨ for individualcombination;theinclusivecross-
sectionaccuracy is ��¨ for thesummedone;photonenergy andpolaranglespectrum( ®�¯�°�±Ã² ª ®�´
d�¶·G�F�¸ j d�¶·G�G�º�k ).

4. e � e �m	 IvI e*u j �gk (CC20), I -flavourblind, ®�¯�°�±Ã²tË�®�´Cd�¶·G�F�¸ , ©bË�«C¸ GeV, B j�I I kÃ«Ì��d j�� ¸�k GeV
(full and high-massregion); inclusive cross-sectionaccuracy is ��¨ (5% for low-massregion);
photonenergy andpolaranglespectrum( ®�¯�°�±Ã²tªN®f´Cd�¶·G�F�¸ j d�¶·G�G�º�k ).

5. ef�geh� 	 IvItn u j �lk and eh�lef� 	 IvITo u j �lk (incl. taupolarizationin taudecay)(CC10), ®�¯�°�±Ã²³Í Å�Î ®v´
d�¶·G�F�¸�¹`©bÍ Å�Î «Ì¸ GeV, B j�I I kÏ«Ì��d j�� ¸�k GeV (full andhigh-massregion), inclusive cross-section
accuracy ��¨ . Photonenergy andpolarangle( ®�¯�°�±g² ª ®v´Cd�¶·G�F�¸ j d�¶·G�G�º�k ) spectrum.

6. e � e �Ð	 I IvI Ivj �lk , flavour blind,
�Ñ� I I , �Ñ�Ñ�Ñ� . At leasttwo pairswith B j�I�Ò ¹ I�Ó kÔ«Õ��d j�� ¸�k GeV

(full andhigh-massregion), inclusive cross-sectionaccuracy ��¨ . photonenergy andpolarangle
( ®�¯�°�±Ã²³ª�®f´Ìd�¶·G�F�¸ j d�¶·G�G�º�k ) spectrum.

7. e � e �Ö	 I I x � x �pj �lk , I -flavour blind, heavy I -flavors, x�@×e*� n � o , ®�¯�°�±g² Ä � ®w´Ød�¶·G�F�¸ , no cut on
2ndlepton(only oneleptontagged),B j�I I kÃ«C��d j�� ¸�k GeV (full andhigh-massregion), inclusive
cross-sectionaccuracy c�¨ . Photonenergy andpolarangle( ®�¯�°�±g²³ªN®f´Cd�¶·G�F�¸ j d�¶·G�G�º�k ) spectrum.

8. ef�geh� 	 I I x;�lx;� j �lk , I -flavour blind, heavy I -flavors, ®�¯�°�±g² Ä � ® ¹µ®�¯�°�±g² Ä � ®l´�d�¶·G�F�¸ (both leptons
tagged),full andhigh-massregions: B j x � x � k�«Ê��d j�� ¸�k GeV, B j�I I k/«Ç��d j�� ¸�k GeV, inclusive
cross-sectionaccuracy c�¨ . Photonenergy andpolarangle( ®�¯�°�±g² ª ®f´Cd�¶·G�F�¸ j d�¶·G�G�º�k ) spectrum.

9. ef�geh� 	JI I eh�leh� j �gk , I -flavourblind,heavy I -flavors,with oneelectronin thebeampipe, ®�¯�°�±Ã² Ë ®v«
d�¶·G�G�º , andoneelectrontagged,®�¯�°�±Ã²³Ë�® ´­d�¶·G�F�¸ , B j�I I k^«¾��d j�� ¸�k GeV (full andhigh-massre-
gion) . Photonenergy andpolarangle( ®�¯�°�±l²³ªN®v´Cd�¶·G�F�¸ j d�¶·G�G�º�k ) spectrum.

10. e � e �Õ	 I I u u j �lk , I -flavour blind, heavy I -flavors, B j�I I kÙ«Ú��d j�� ¸�k GeV, inclusive cross-
sectionaccuracy � ¨ (10% for low-massregion). Photonenergy and polar angle( ®�¯�°�±l²³ªN®A´
d�¶·G�F�¸ j d�¶·G�G�º�k ) spectrum.

11. ef�geh� 	 x¿�lx;�lÛb�lÛb� j �gk and ef�pef� 	 x;�lx;�px;�lx;� j �lk (all possiblechargedleptonflavour combina-
tions):3 or 4 leptonswithin acceptance®�¯�°�±l²�®f´Cd�¶·G�F�¸ , B j x � x � k and B j Û � Û � kÏ«C��d j�� ¸�k GeV
(full andhigh-massregion). Photonenergy andpolarangle( ®�¯�°�±Ã² ª ®f´Cd�¶·G�F�¸ j d�¶·G�G�º�k ) spectrum.

� Single-0 typesignal:

1. e � e �Ü	 I I ehu j �lk , ®�¯�°�±g²³Ë�®N«Ýd�¶·G�G�º , either B j�I I kÞ« � ¸ GeV or ©[ß � ¹`©bß � «Ø��¸ GeV, inclusive
cross-sectionaccuracy ��¨ , photonenergy andpolarangle( ®�¯�°�±l²³ª�®�´Cd�¶·G�G�º j d�¶·G�G�G�¸�k ) spectrum.
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2. ef�geh� 	 e*u�e*u j �gk , ®�¯�°�±l² Ë ®~«Ðd�¶·G�G�º , © Ë «à��¸ GeV, ®�¯�°�±Ã² Ë ®�´àd�¶·º j d�¶·G�¸�k , inclusive cross-section
accuracy ¸�¨ , photonenergy andpolarangle( ®�¯�°�±Ã²tªN®f´Cd�¶·G�G�º j d�¶·G�G�G�¸�k ) spectrum.

3. e � e �á	 e*u n u j �lk and e � e �á	 e*u o u j �lk , ®�¯�°�±Ã² Ë ® «¾d�¶·G�G�º , ©[Í Å�Î «É��¸ GeV, ®�¯�°�±g²³Í Å�Î ® ´¾d�¶·G�¸ ,
inclusive cross-sectionaccuracy ¸�¨ , photonenergy andpolarangle( ®�¯�°�±l²³ªw®Æ´Çd�¶·G�G�º j d�¶·G�G�G�¸�k )
spectrum.

This list deservesalreadyfew wordsof comment.

For hadronicsystems(CCor NC), thereis usuallyarequirementof at least� ¸ GeVinvariantmass
( 0 and

�
signal)or at least ��d GeV (backgroundfor otherprocesses).Even lower invariantmasses,

saydown to � GeV, shouldbe handledby the dedicated��� subgroup.For leptons,thereshouldbe no
problemto go down to lower invariantmassesor energiesthanlistedabove.

We considerasradiative eventsthoseeventswith realphotonswhereat leastonephotonpasses
thephotonrequirementslistedabove, andasnon-radiative eventsthosewith no photonor only photons
below theminimal photonrequirements.In caseof non-radiative andradiative events,thecrosssection
andits accuracy is needed.In caseof non-radiative events,this amountsto addingup virtual andsoft
radiative corrections.In caseof radiative events,somedistributionsareneededin addition,in particular
photonenergy andpolarangle,andphotonanglewith respectto thenearestchargedfinal-statefermion.

2.2 Questionsto theory

Wenow elaboratein moredetailon specificquestionsassociatedto specificprocesses.

�ãâ j�ä k electroweakcorrectionsto eh�leh� 	 0à0 	Õ��
 .
Until 1999,theLEPexperimentswereusinga c�¨ theoreticaluncertaintyon thecalculationof the
CC03 0 -pair crosssection,not changedsincethe1995LEP2workshop.Althoughno complete
one-loopâ j�ä k EWcalculationexist yetfor off-shell e � e �
	 0à0 	�� f production,wewishthe
theoreticaluncertaintyto bebelow ��¨ ( d�¶·¸�¨ if possible)with justification.Also theuncertainties
in CC03vs. ��
 correctionswhenmeasuringthe 0­0 crosssectionshouldbeunderstood.

� Photonradiation(ISR)with å�æ in 0­0 and
�A�

-dominatedchannels.

Theprincipleeffectswill beon theselectionefficiency andon thedifferentialdistributionsused
for W massandtriple gaugebosoncoupling(TGC) studies.The interestin photonsis twofold:
photonsexplicitly identifiedassuch- usuallyat larger polar angles- andphotonswhich simply
createnoticeableactivity in the detector. The latter is, for example,alsoimportantin single-0
typeanalysis,thereforethephotonangularrangeis extendedto very low polarangles.

� Single 0 channels.

For the single-0 processthereareseveral issuesto be addressed.In the region of high invari-
antmassesof the 0 boson(above � ¸ GeV) this processis importantfor bothsearchesandTGC
measurements.Onetopic of investigationshouldbeISR: this processis dominatedby ç -channel
diagrams,whereasthecurrentMC programimplementISR assumings-channelreactions.A sec-
ondissueis thetreatmentof the ägè é�ê scale,not only for single-0 but alsofor single-

�
andfor� � � . Is it betterto re-weighton aeventby eventbasisor onadiagrambasis?

Oneof the outcomesof the workshopshouldbe a recommendationon the masscut which dis-
tinguishesthehigh massregion (morereliable)from the low massregion, i.e. the lower valueto
which the ¸�¨ (or better)precisiontagapplies.

Theimportanceof ISR in thischannelis threefold:(a)changein total cross-sectiondueto normal
radiative corrections,(b) changein eventdistributionsusedto make cutswhich changesthefrac-
tion of thetotal that fall insideour cuts,(c) fractionof eventswith identifiedphotons- this forms
abackgroundto someof thechargino searcheswhereadetectedgammais required.
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Sincethesingle-0 topologyis definedastheonewhereahighmassobjectis foundin thedetector
and the electronis not observed, we would like to know how the presenceof å æ ISR changes
the fraction of eventswherethe electrongetskicked out of the beam-pipe,how the differential
distributionsaredistortedfor TGC studiesandwhattheexplicit hardphotonrateis.

Thelow massregion (below � ¸ GeV) is mostly importantfor searchesandstudiedwithin the ���
sub-group.Onewould like to trusttheMC predictionsdown to ¸ìëí��d GeV invariantmassfor the
hadronicsystem.Therequiredprecisionshouldalsobearounḑ to ��d�¨ .

2.3 Input parameter set

A setof parametersmustbespecifiedfor thecalculationof â j�ä k predictions(CC03andto someextent
alsoNC02). Onceradiative correctionsareincluded,thequestionof RenormalizationScheme(RS)and
of InputParameterSet(IPS)becomesrelevant.For calculation,thefollowing inputparametersareused:

BíD @ G���¶·��F�î�ºÃ\^�`_ï¹ ��� äpj d�kì@C����º�¶·d���¸�G�F�G�¸�¹ðòñ @ ��¶·��î�î���ºÔó
��d � � \9�`_ � � ¶ (1)

As farasmassesareconcernedoneshoulduse:

Leptons: PDGvalues,i.e.

ô Ë @ d�¶·¸���d�G�G�G�d�ºÃõ¬�`_ö¹ ô Í @Ì��d�¸�¶·î�¸�F���F�GÃõ¼�`_R¹ô Î @ ��¶·º�º�º�d�¸Ã\^�`_÷¶ (2)

Quarks: for light quarksoneshouldmake adistinction;for phasespace:

ôöø @C¸Ãõ¬�`_ù¹ ôöú @C��dÃõ¼�`_ï¹ only relevantfor single-0m¹ (3)

while, in principle,thesemassesshouldnotbeusedin deriving ä è é�ê j ?fk from ä è é�ê j d�k .
Herethe recommendationfollows theagreementin our communityon usingthe following strategy for
theevaluationof älè é ê at themassof the

�
. Define:

älj BíD�kÏ@ äpj d�k
�9ëãû ägü �*ý j BíD�kNëEûzþÈÿ�� j BíD�kNëãû �����þ�ÿ�� j BED�k ¹ (4)

whereonehas û ä ü �*ý j BED�kÏ@Cû ä��	� �Ñþ � û ä ü �*ý
���
 .
Theinput parametershouldbe û ä ü �*ý
���
 , asit is thecontribution with thelargestuncertainty, while

the calculationof the top contributions to û ä is left for the code. This shouldbecomecommonto
all codes. Codesshouldinclude, for û ä��	� �Ñþ , the recentlycomputedâ j�ä < k termsof [1] and useas

default û ä ü �*ý
���
 @¾d�¶·d�c�F�d���G�F , takenfrom [2]. Usingthedefault oneobtains��� ä ü �*ý j BED�k9@¾��c�F�¶·F�º�º , to
which onemustaddthe ç ç contribution andthe â j�äpä � k correctioninducedby the ç ç loop with gluon
exchange,[3]. Therefore,light quarkmassesshouldnotappearin theevaluationof ä è é�ê j BíD�k andone
shouldendup with:

��� äpj BED.k @ ��c�F�¶·F�F�º�¹
for B D @CG���¶·��F�î�º ð e � ¹ ô æg@C��º�¸Ã\9�`_ ¹

B��Ù@C��¸�dÃ\^�`_ù¹ ä � j B D kÃ@Ìd�¶·����G�¶ (5)

Furthermore,oneshoulduse:

ä � j BED�kÏ@Cd�¶·����G�¹ B � @C��¸�dÃ\^�`_ ¹ B - @CF�d�¶·��¸�dÃ\^�`_÷¶ (6)

7



The quantities�lD�¹�� - shouldbe understoodascomputedin the minimal standardmodel,e.g. �lDã@
c�¶ � G � º��Ã\^�`_ and � - @Ìc�¶·d�F�î�G�GÃ\^�`_ for our IPS.

Now wecometo themostimportantpoint,whatto dowith IPSin thepresenceof radiativecorrec-
tions. In principle,all RSandall IPSareequallygoodandaccepted,anddifferencesaretrueestimates
of somecomponentof the theoreticaluncertainty. However, we want to make surethatdifferencesare
notdueto technicalprecision.TheIPSthatwewantto specifyis over-complete,let usrepeat,

ð ñ @ ��¶·��î�î���º ó ��d � � \^�`_ � � ¹ ��� älj BíD.k[@C��c�F�¶·F�F�º�¹
BED @ G���¶·��F�î�ºÃ\^�`_R¹ B - @ÌF�d�¶·��¸�dÃ\^�`_ï¹

ä � j B D k @ d�¶·����G�¹ B��Ù@C��¸�dÃ\^�`_ ¶ (7)

Clearly, onceradiative correctionare on, ?��E@ ?������ � U�� 
 ������ and we don’t careanymore since
enoughradiative correctionsshouldbe includedto make all schemesequivalent to â j�ä k . Thus, forâ j�ä k numbers?�� dropsout. Perhapswe shouldgive thehighestmarksto schemeswhere B - is in the
IPS;afterall, experimentsmeasureB - at LEP2andany schemewhere B - is not a primaryquantity
in theIPSis asbadasaschemefor LEP1 where BED is aderivedquantity.

Nevertheless,wecanusetheover-completenessof thepresentIPStosetsomeinternalconsistency:
it is agoodideato haveanover-completesetof IPS,neverthelessconsistent,sothateverybodycanmake
his favouritechoiceof theRS.Sincewe includevaluesfor älj BíD.k andfor

ð ñ
wecan,aswell, fine-tune

thenumbersso that the internalrelationshold, to thebestof our knowledge. The recommendation,in
thiscase,is asfollows:

� write down your favorite equation

� j B D ¹`B - ¹ ô æ�¹`B��[¹ ä � j B D k�¹ älj d�k�¹ ð ñ kÏ@Cd�¹ (8)

� keepeverythingfixedbut ô æ which, in turn, is derived asa solutionof theconsistency equation
(for OMS this involvestypically û � ).

Eventhis solutionis RS-dependentbut variationshouldbeminimal,sortof irrelevant.For instance,one
couldusethefollowing result(derivedfrom ��  5�¡ £"! [4]):

ô æ @C��º � ¶·��ºÃ\^�`_ Default for CC03 â j�ä k�¶ (9)

With B - @ÌF�d�¶·��¸�d ð e � and B � @Ì��¸�d GeVwearein a lucky situation,ô æ doesn’t changetoomuch.
For moresolutions,we referto Table1.

Table 1: #%$ asa functionof &(' .

&('*)�+-,�.0/ #1$2)�+-,�.0/
100 170.03
150 174.17
180 176.14
250 179.90

2.4 Comparisonsfor ��
 results

Thereis an old tradition in LEP physics,new theoreticalideasand improvementsshouldalways be
cross-checked beforebeingadoptedin theanalysisof theexperimentaldata. In this Reportwe present
accurateanddetailedcomparisonsbetweendifferentgenerators.In mostcasestheauthorshaveagreedto
coordinatetheir actionin understandingthefeaturesof thegenerators,their intrinsic differencesandthe

8



goodnessof their agreementor disagreementfor thepredictions.In sodoing,andfor theattunedcom-
parisons,they canexcludethateventualdisagreementmayoriginatefrom trivial sources,like different
input parameters.

Beforeenteringinto a detailedstudyof thenumericalresultsit is importantto underlinehow an
estimateof thetheoreticaluncertaintyemergesfrom themany setsof numbersobtainedwith theavailable
generators.Firstof all onemaydistinguishbetweenintrinsic andparametricuncertainties.Thelatterare
normallyassociatedwith a variationof theinput parametersaccordingto theprecisionwith which they
areknown. Theseuncertaintieswill eventuallyshrinkwhenmoreaccuratemeasurementswill become
available.

In this Reportwe aremainly devotedto a discussionof theintrinsic uncertaintiesassociatedwith
the choiceof oneschemeversusanother. With onegeneratoraloneonecannotsimulatethe shift of a
givenquantitydueto a changein therenormalizationscheme.Thusthecorrespondingtheoreticalband
in that quantityshouldbe obtainedfrom the differencesin thepredictionof the generators.On top of
that we shouldalso take into accountthe possibility of having different implementationsof radiative
correctionswithin onecode. Many implementationsof radiative correctionsandof DPA areequally
plausibleanddiffer by non-leadinghigherordercontributions,which however maybecomerelevant in
view of theachieved or projectedexperimentalprecision. This sort of intrinsic theoreticaluncertainty
canvery well beestimatedby stayingwithin eachsinglegenerator. However, sincethereareno reasons
to expectthat thesewill bethesamein differentgenerators,only thefull collectionof differentsources
will, in the end,give a reliableinformationon how accuratean observablemay be consideredfrom a
theoreticalpoint of view.

3 PHENOMENOLOGY OF UNSTABLE PARTICLES

In orderto extract the 0­0 signalfrom the full setof ������� 	 � � processes,the CC03cross-section
wasintroducedanddiscussedin Ref. [5]. In lowestorder, this cross-sectionis simplybasedon thethree
0­0 signaldiagramswith the full four-particlekinematicswith off-shell 0 bosons.Comparedto the
full setof diagrams,theCC03subsetdependsonly trivially on thefinal stateandallows to combineall
channelseasily. However, sincethe CC03cross-sectionis basedon a subsetof diagrams,it is gauge-
dependentandusuallydefinedin the’t Hooft–Feynmangauge.While theCC03cross-sectionis not an
observable,it is neverthelessa usefulquantityat LEP2energieswhereit canbeclassifiedasa pseudo-
observable. It containsthe interestingphysics,suchasthenon-abeliancouplingsandthesensitivity of
thetotalcrosssectionto B - nearthe 0 -pair threshold.Thegoalof thiscommondefinitionis to beable
to combinethedifferentfinal statemeasurementsfrom differentexperimentssothatthenew theoretical
calculationscanbe checked with dataat a level betterthan ��¨ . Note, however, that the CC03cross-
sectionwill becomeveryproblematicat linear-colliderenergies,wherethebackgrounddiagramsandthe
gaugedependencesaremuchlarger.

It is worthsummarizingthestatusof the 0­0 cross-sectionprior to the2000WinterConferences.
Nominally, any calculationfor ������� 	 � � 	J� � wasa treelevel calculationandonecould try the
standardprocedureof including, in a reasonableway, asmuchaspossibleof the universalcorrections
by constructingan improved Born approximation(hereafterIBA). This is the way the datahave been
analyzedsofar, mostlywith thehelpof ��4 ��� � 4 . Differentprogramshave beencomparedfor CC03,see
Ref. [5]: whenoneputsthesameinput parameters,renormalizationscheme,etc,a technicalagreement
at the d�¶·��¨ level is found. The universalcorrectionsare not enough,sincewe wish the theoretical
uncertaintyto bebelow ��¨ ( d�¶·¸�¨ seemspossible)with justification.

Indeed,we have clear indicationsthat non-universal electroweak correctionsfor 0­0 (CC03)
cross-sectionarenot small andeven larger thantheexperimentalLEP accuracy. ��4 ��� � 4 will produce
a CC03cross-section,typically in the

ðòñ
-scheme,with universalISR QED andnon-universalISR/FSR

QED corrections,implementedwith theso-calledcurrent-splittingtechnique.Thecorrespondingcurve

9



hasbeenusedfor thedefinitionof theStandardModelpredictionwith a 3Þc�¨ systematicerrorassigned
to it. This errorestimate[42,133] is basedon theknowledgeof both leadingandfull â j�ä k corrections
to on-shell 0 -pair production. Note that, in � 4�� ��� 4 , the non-universal ISR correctionwith current-
splitting techniquereadsas � d�¶ � ¨ effect atLEP2energies.

Recently, anew electroweak â j�ä k CC03cross-sectionhasbecomeavailable,in theframework of
DPA, showing a resultthat is c�¶·¸54 ��¨ smallerthantheCC03cross-sectionfrom � 4 ��� ��4 . This is a big
effect sincethecombinedexperimentalaccuracy of LEP experimentsis evensmaller. It is, therefore,of
theupmostimportanceto understandthestructureof aDPA-correctedCC03cross-section.

Thedouble-poleapproximation(DPA) of the lowest-ordercross-sectionemergesfrom theCC03
diagramsuponprojectingthe 0 -bosonmomentain the matrix elementto their on-shellvalues. This
meansthattheDPA is basedon theresidueof thedoubleresonance,which is agauge-invariantquantity,
becauseit is directly relatedto thesub-processesof on-shell 0 -pair productionandon-shell 0 decay.
In contrastto theCC03cross-section,theDPA is theoreticallywell-defined.Thepriceto bepaidfor this
is theexclusionof thethresholdregion,wheretheDPA is notvalid. Ontheotherhand,theDPA provides
aconvenientframework for theinclusionof radiative corrections.

3.1 Dealingwith unstableparticles

Mostof our technicalproblemsoriginatefrom thecomplicationsnaturallypertainingto thegaugestruc-
tureof thetheoryandto thepresenceof unstableparticles.As aninterlude,wewould like to summarize
thenominalessenceof thetheoreticalbasisof all generators.In this respectoneshouldrememberthat
several,new, theoreticalideaswerefully developedalsoasa consequenceof thepreviousworkshopon
0­0 -physics(Physicsat LEP2, Yellow reportCERN/96-01,February1996)and, in turn, many gen-
eratorshave profitedfrom themostrecenttheoreticaldevelopment.Furthermore,this sectionwill bea
naturalplacewhereto addsomeconsiderationaboutthefinepointsin theDPA-procedure.

Four-fermionproductionprocesses,with or without radiative corrections,all involve fermionsin
theinitial andfinal stateandunstablegaugebosonsasintermediateparticles.Sometimesaphotonis also
presentin thefinal state.If completesetsof graphscontributing to agivenprocessaretakeninto account,
theassociatedmatrixelementsarein principlegauge-invariant,i.e. they areindependentof gaugefixing
andrespectWardidentities.This is, however, notguaranteedfor incompletesetsof graphslike theones
correspondingto theoff-shell 0 -pairproductionprocess(CC03).Indeedthisprocesshasbeenfoundto
violatethe 687 j c�k Wardidentities[6].

In addition,theunstablegaugebosonsthatappearasintermediateparticlescangive riseto poles
��� j åµ�Lë B ��k in physicalobservablesif they aretreatedasstableparticles.In view of thehighprecisionof
theLEP2experiments,thepropertreatmentof theseunstableparticleshasbecomeademandingexercise,
sinceon-shellapproximationsaresimply not goodenoughanymore. A propertreatmentof unstable
particlesrequiresthe re-summationof the correspondingself-energies to all orders. In this way the
singularitiesoriginatingfrom thepolesin theon-shellpropagatorsareregularizedby theimaginaryparts
containedin theself-energies,whicharecloselyrelatedto thedecaywidths( � ) of theunstableparticles.
Theperturbative re-summationitself involvesasimplegeometricseriesandis thereforeeasyto perform.
However, thissimpleprocedureharbourstheseriousrisk of breakinggaugeinvariance.Gaugeinvariance
is guaranteedorderby orderin perturbationtheory. Unfortunatelyonetakesinto accountonly part of
thehigher-ordertermsby re-summingtheself-energies. This resultsin a mixing of differentordersof
perturbationtheoryandtherebyjeopardizesgaugeinvariance,even if the self-energies themselvesare
extractedin a gauge-invariantway. Apart from beingtheoreticallyunacceptable,gauge-breakingeffects
canalsoleadto largeerrorsin theMC predictions.At LEP2energiesthisproblemoccursfor instancein
thereactions eh�lef� 	 eh� u Ë:9 ; ¹weh�lu Ë 9�; for forward-scatteredbeamparticles[7].

Basedon thisobservation,it is clearthatagauge-invariantschemeis requiredfor thetreatmentof
unstableparticles.It shouldbestressed,however, thatany suchschemeis arbitraryto agreateror lesser
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extent: sincetheDysonsummationmustnecessarilybe taken to all ordersof perturbationtheory, and
we arenot ableto computethecompletesetof all Feynmandiagramsto all orders,thevariousschemes
differ evenif they leadto formally gauge-invariantresults.Bearingthis in mind,we needbesidesgauge
invariancesomephysicalmotivation for choosinga particularscheme.In this context two optionscan
bementioned.Eitheronecantry to subtract gauge-violatingtermsor onecantry to addgauge-restoring
termsto thecalculation.

The first option is the so-calledpole scheme[8]. In this schemeonedecomposesthe complete
amplitudeby expandingaroundthepoles.As thephysicallyobservableresiduesof thepolesaregauge-
invariant, gaugeinvarianceis not broken if the finite width is taken into accountin the pole terms <
��� j åµ�gë B ��k . In reactionswith multipleunstable-particleresonancesit is ratherawkwardto performthe
completepole-schemeexpansionwith all its subtletiesin the treatmentof themappingof theoff-shell
phasespaceon theon-shellphasespace.

Thereforeoneusuallyapproximatesthe expansionby retainingonly the termswith the highest
degreeof resonance.This approximationis calledtheleading-poleapproximationandis closelyrelated
to on-shellproductionanddecayof theunstableparticles.Theaccuracy of theapproximationis typicallyâ �w�`B , makingit a suitabletool for calculatingradiativecorrections, sincein that casetheerrorsare
furthersuppressedby powersof thecouplingconstant.Sincediagramswith a lowerdegreeof resonance
do not featurein the leading-poleapproximation,it is not anadequateapproachfor describinglowest-
orderreactions.So,for lowest-orderreactionsoneneedsanalternative approach.

Thesecondoptionis basedon thefundamentallydifferentphilosophyof trying to determineand
includethe minimal setof Feynmandiagramsthat is necessaryfor compensatingthe gaugeviolation
causedby theself-energy graphs.This is obviously a theoreticallyvery satisfyingsolution,but it may
causean increasein the complexity of the matrix elementsand consequentlya slowing down of the
numericalcalculations.Two methodshave beendevelopedalongtheselines.

First of all, for the gaugebosonswe are guidedby the observation that the lowest-order de-
cay widths are exclusively given by the imaginaryparts of the fermion loops in the one-loopself-
energies.It is thereforenaturalto performaDysonsummationof thesefermionicone-loopself-energies
andto includetheotherpossibleone-particle-irreducible fermionicone-loopcorrections(fermion-loop
scheme) [7,11–13]. For thelowest-orderLEP2processe � e �m	Õ��
 thisamountsto addingthefermionic
correctionsto thetriple gauge-bosonvertex. Thecompletesetof fermioniccontributionsformsa man-
ifestly gauge-invariantsubset,sinceit involvestheclosedsubsetof all â>= ?A@W ä ��BDCFE contributions(with? @W denotingthecolourdegeneracy of fermion

�
). Moreover, it obeys all Ward identitiesexactly, even

with re-summedpropagators,as shown in Ref. [12] for two- and four-fermion production. For any
particlereactionthis canbededucedfrom thefactthattheWardidentitiesof theunderlyinggaugesym-
metry, which areobeyedby thefermionloops,survive sucha consistentDysonsummation,in contrast
to the Slavnov–Taylor identitiesof the BRS symmetry, asshown in Ref. [14] in the framework of the
background-fieldformalism[15]. The limitation of the fermion-loopschemeis dueto the fact that it
doesnot apply to particleswith bosonicdecaymodesandthat on resonanceoneperturbative order is
lost. This in turndisqualifiesit asacandidatefor handlingradiative corrections.Moreover, theinclusion
of a full-fledgedsetof one-loopcorrectionsin a lowest-orderamplitudetendsto over-complicatethings
for reactionslike eh�leh� 	Õ��
 � .

Recentlyanovel non-diagrammatictechniquehasbeenproposedfor arbitrarytree-level reactions,
involving all possibleunstableparticlesandanunspecifiedamountof stableexternalparticles[16]. By
usinggauge-invariantnon-localeffectiveLagrangians,it is possibleto generatetheself-energy effectsin
thepropagatorsaswell astherequiredgauge-restoringtermsin themulti-particle(3-point,4-point,etc.)
interactions.In this way thefull setof Wardidentitiescanbesolved,while keepingthegauge-restoring
termsto aminimum.

A simplifiedversionof this non-diagrammatictechniqueis thecomplex-massscheme, which was
introducedin Ref. [18] for the reactionse � e �Â	 ��
 and e � e �Ü	 ��
 � . In this scheme,themodifica-
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tionsof theverticesthatarenecessaryto compensatethewidth effectsof thepropagatorsareobtained
by analyticallycontinuingthecorrespondingmassparametersin all Feynmanrulesconsistently, leading
to complex couplings.Thecomplex-massschemepreservesall Ward identitiesandworks for arbitrary
lowest-orderpredictions.As a small drawbackwe note,that for space-like gauge-bosonmomentathe
propagatorsarecomplex in thecomplex-massscheme, whereasperturbationtheoryin fact predictsthe
absenceof any imaginarycontribution to thepropagator. This leadsto complex couplingsthroughgauge
restorationandit will change,potentially, theCPstructureof thetheoreticalpredictions,whenever imag-
inary partsareredistributedbetweenvertex functions.

We mustadmitthattheeffect on theCPstructurehasnot beeninvestigatedin any scheme.How-
ever, for theFermion-Loopschemeonedoesnotseeany problemwith CPandfor thenon-localapproach
themodificationsof theverticeshavethefeaturethatnoimaginarypartsaregeneratedfor space-like par-
ticles. Onecanalsousethenon-localapproachstartingfrom properimaginarypartsfor time-like and
unproperonesfor space-like propagatorsand then look for a solution. One finds the complex mass
scheme. As suchit is confirmedby the non-localmethod,but only when one startswith an ad-hoc
ansatz.

3.2 The leading-poleapproximation

As mentionedabove, the pole schemeconsistsin decomposingthe completeamplitudeby expanding
aroundthepolesof theunstableparticles.Theresiduesin this expansionarephysicallyobservableand
thereforegauge-invariant. Thepole-schemeexpansioncanbeviewedasa gauge-invariantprescription
for performinganexpansionin powersof �w�`B . It shouldbenotedthatthereisnouniquedefinitionof the
residues.Their calculationinvolvesa mappingof off-shell matrix elementswith off-shell kinematicson
on-resonancematrixelementswith restrictedkinematics.Thismapping,however, is notunambiguously
fixed. After all, it involves morethan just the invariantmassesof the unstableparticlesandonethus
hasto specify the variablesthat have to be kept fixed in the mapping. The resultingimplementation
dependencemanifestsitself in differencesof sub-leadingnature,e.g. â �p�`B suppresseddeviationsin
the leadingpole-schemeresidue. In specialregions of phasespace,wherethe matrix elementsvary
rapidly, theimplementationdependencecantakenoticeableproportions.Thishappensin particularnear
phase-spaceboundaries,like thresholds.

In orderto make thesestatementsabit moretransparent,we sketchthepole-schememethodfor a
singleunstableparticle.In thiscasetheDysonre-summedlowest-ordermatrix elementis givenby

GIH @ 0 j åµ��¹KJ�k
å � ëMLB �

H
EON �

ë>LP j åµ�~k
å � ëQLB �

E @ 0 j åµ��¹KJ�k
å � ëMLB � � LP j å � k

@ 0 j B � ¹KJ�k
å � ëãB �

�� j B � k �
0 j å � ¹KJ�k

å � ë LB � � LP j å � k ë
0 j B � ¹KJ�k
å � ëãB �

�� j B � k ¹ (10)

where LP j åµ�~k is theunrenormalizedself-energy of theunstableparticlewith momentumå andunrenor-
malizedmass LB . Therenormalizedquantity B � is thepole in thecomplex å � plane,whereas

� j B � k
denotesthewave-functionfactor:

B � ëMLB � � LP j B � k[@Cd�¹ � j B � kÃ@C� � LPSR j B � k�¶ (11)

Thefirst termin thelastexpressionof Eq.(10)representsthesingle-poleresidue,whichis closelyrelated
to on-shellproductionanddecayof theunstableparticle.Thesecondtermbetweenthesquarebrackets
hasno pole andcan be expandedin powers of å�� ë­B � . The argument J denotesthe dependence
on the other variables,i.e. the implementationdependence.After all, the unstableparticle is always
accompaniedby otherparticlesin theproductionanddecaystages.
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For instance,considertheLEP1reactioneh�geh� 	 K�T� . In themappingå � D 	 B � onecaneither
keep ç]@ j å Ë�U ë å @ k¿�Ô@¾ë9åµ� D j ��ëÂ¯�°�±l²~k���c fixedor ¯�°�±g² . In theformermappinḡ�°�±l² pole is obtained
from the on-shellrelation ¯�°�±l² pole @ � � c³ç`�`B � , whereasin the latter mapping ç pole @ ëÞB � j � ë
¯�°�±l²µk���c . It maybe thata particularmappingleadsto anunphysicalpoint in theon-shellphasespace.
In thepresentexampleç pole will alwaysbephysicalwhen ¯�°�±g² is keptfixedin themapping.However,
since ®�¯�°�±l² pole ®�«C� for ç^´ÌëWVÃ�µB � , it is clearthatmappingswith fixedMandelstamvariablesharbour
thepotentialrisk of producingsuchunphysicalphase-spacepoints.1

This canhave repercussionson the convergenceof the pole-schemeexpansion. Thereforeit is
recommendedto useimplementationsthatarefreeof unphysicalon-shellphase-spacepoints.

Theissueof takinganglesinsteadof Mandelstamvariableswasraisedin Ref. [133] (seetext after
Eq. (58) there)andin thesecondreferenceof [8] (seeparagraphafterEq. (2)). For theDPA presented
in Ref. [9], in discussingthe treatmentof the mappingof the off-shell phasespaceon the on-shell
phasespace,anglesandcompletelydecoupledoff-shell invariantmassesfor the 0 bosonswereused.
Finally, in Ref. [10] thenumericaleffectscomingfrom differentphase-spacetreatmentswasconsidered
alsonumerically. Specifically, thenon-factorizablecorrectionswereconsideredfor differentchoicesof
Mandelstamvariablesusedin theDPA.

Theat presentonly workableapproachfor evaluatingtheradiative correctionsto resonance-pair-
productionprocesses,like 0 -pairproduction,involvestheso-calledleading-poleapproximation(LPA).
This approximationrestrictsthecompletepole-schemeexpansionto thetermwith thehighestdegreeof
resonance.In thecaseof 0 -pair productiononly thedouble-poleresiduesarehenceconsidered.This
is usuallyreferredto astheDPA. Theintrinsic errorassociatedwith this procedureis ä �l-]� j B[B - k9óX Y j ¶`¶`¶ k ´Z d�¶·¸�¨ , except far off resonance,wherethe pole-schemeexpansioncannotbe viewed asan
effective expansionin powers of �w�`B , and closeto phase-spaceboundaries,wherethe DPA cannot
be trustedto producethe dominantcontributions. In the above error estimate,the

X Y j ¶`¶`¶Èk represents
leadinglogarithmsor otherpossibleenhancementfactorsin thecorrections.In thelattersituationsalso
the implementationdependenceof the double-poleresiduescanleadto enhancederrors. Closeto the
nominal(on-shell) 0 -pair threshold,for instance,the intrinsic error is effectively enhancedby a factor
B - � j�> ?[ëEc�B - k\[CB - ��û¼© . In view of this it is wiseto applytheDPA only if theenergy is several� - above thethreshold.

In the DPA onecan identify two typesof contributions. Onetype comprisesall diagramsthat
arestrictly reducibleat bothunstable0 -bosonlines(seeFig. 1). Thesecorrectionsarethereforecalled
factorizableandcanbeattributedunambiguouslyeitherto theproductionof the 0 -bosonpairor to one
of thesubsequentdecays.Thesecondtypeconsistsof all diagramsin whichtheproductionand/ordecay
sub-processesarenot independentandwhich thereforedo not seemto have two overall 0 propagators
asfactors(seeFig. 2). Wereferto theseeffectsasnon-factorizablecorrections.2

In the DPA the non-factorizablecorrectionsariseexclusively from the exchangeor emissionof
photonswith ©[ª ´Z �l- [19]. Hardphotonsaswell asmassive-particleexchangesdonot leadto double-
resonantcontributions.Thephysicalpicturebehindall of this is thatin theDPA the 0 -pairprocesscan
beviewedasconsistingof several sub-processes:theproductionof the 0 -bosonpair, thepropagation
of the 0 bosons,andthe subsequentdecayof the unstable0 bosons.The productionanddecayare
hardsub-processes,whichoccurona relatively shorttime interval, â ���`B - . They arein generaldistin-
guishableasthey arewell separatedby a relatively big propagationinterval, â �����p- . Consequently, the
correspondingamplitudeshave certainfactorizationproperties.Thesameholdsfor theradiative correc-
tionsto thesub-processes.Theonly way thevariousstagescanbeinterconnectedis via theradiationof
soft photonswith energy of â �l- .

1In theresonanceregion, ] ^ � _2`baá� ]dce] aá� ] , theunphysicalon-shellphase-spacepointsoccurneartheedgeof theoff-shell
phasespace,sincefhg `�ikj�a �

requireslnm�oqp5r `�s .
2It shouldbenotedthattheexactsplit-upbetweenfactorizableandnon-factorizableradiative correctionsrequiresa precise

(gauge-invariant)definition.We will comebackto this point.
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Fig. 1: The genericstructureof the virtual factorizablet -pair contributions. The shadedcircles indicatethe
Breit–Wignerresonances,whereastheopencirclesdenotetheGreenfunctionsfor theproductionanddecaysub-
processesup to u5v precision.
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Fig. 2: Examplesfor virtual (top)andreal(bottom)non-factorizablecorrectionsto t -pairproduction.Theblack
circlesdenotethelowest-orderGreenfunctionsfor theproductionof thevirtual t -bosonpair.

As is clearfrom theabove-givendiscussionof theDPA, aspecificprescriptionhasto begivenfor
thecalculationof theDPA residues.Or, in otherwords,we have to fix the implementationof themap-
ping of thefull off-shell phasespaceon thekinematicallyrestricted(on-resonance)one.Two strategies
have beenadoptedin theliterature[9,20]. Onecanopt to alwaysextractpuredouble-poleresidues[9].
This meansin particularthatafter the integrationover decaykinematicsandinvariantmasseshasbeen
performedtheon-shellcross-sectionshouldbe recovered. Alternatively, onecandecideto excludethe
off-shell phasespacefrom themappingandapply theresidueonly to thematrix elements[20,37]. We
will comebackto theconceptualandnumericaldifferencesbetweenthesetwo implementationstrategies
in thedetaileddiscussionof theDPA programs.At this point we merelynotethat thenumericaldiffer-
encescanserve asanestimateof thetheoreticaluncertaintyof theDPA procedure.Ref. [37] alsoused
theapproachin which thefull off-shell phasespaceis maintainedandtheresidueis only appliedto the
matrixelements.

In therestof this sectionwe will explain thoseaspectsof theDPA procedurethatarecommonto
bothimplementationmethods.To thisendwe focuson thelowest-orderreaction

e � j�I � k§e � j�I � k 	 0 � j å � k§0 � j å � k 	 K� � j O � k � R� j O R � k � � j O � k K� R� j O R� k�¹ (12)
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involving only thosediagramsthatcontainasfactorstheBreit–Wignerpropagatorsfor the 0¾� and 0¾�
bosons.Here K� � and

� R
� arethedecayproductsof the 0 � boson,and

�
� and K� R� thoseof the 0 � boson.

It shouldbenotedthata largepartof theradiative correctionsin DPA to this reactioncanbetreatedin a
waysimilar to thelowest-ordercase,which is thereforeagoodstartingpoint. Theamplitudefor process
(12) takestheform

G @ x � �
x �
y x � x � j B � ¹`B � k

û ü � ýx � j B � kz
�

û ü � ýx � j B � kz
�

¹ (13)

whereany dependenceon thehelicitiesof theinitial- andfinal-statefermionshasbeensuppressed,and

z Ò @CB �Ò ëãB �- �|{ B - �l-A¹ B �Ò @ j O Ò�� O RÒ k � ¶ (14)

Thequantitiesû ü � ýx � j B � k and û ü � ýx � j B � k aretheoff-shell 0 -decayamplitudesfor specificspin-polari-
zation states} � (for the 0¾� ) and } � (for the 0¾� ), with } Ò @ j ëÞ��¹`d�¹ � ��k . The off-shell 0 -pair
productionamplitude

y x � x � j B � ¹`B � k dependson theinvariantfermion-pairmassesB Ò andon thepo-
larizations} Ò of thevirtual 0 bosons.In thelimit B Ò[	 B - theamplitudes

y
and û ü�~ ý go over into

theon-shellproductionanddecayamplitudes.

In thecross-sectiontheabove factorizationleadsto

fermionhelicities

® G ® � @ x � �
x � �
x�� � �
x�� �
�W� x � x ��� � x � � x � � � j B � ¹`B � k

� x � x � � j B � k® z � ® �
� x � x � � j B � k® z � ® � ¶ (15)

In Eq. (15) theproductionpartis givenby a Gòó
G densitymatrix

� � x � x ��� � x�� � x�� � � j B � ¹`B � kÝ@
ËK� helicities

y x � x � j B � ¹`B � k
y �x � � x � � j B � ¹`B � k�¶ (16)

Similarly thedecaypartis governedby � ó
� densitymatrices

� x���x � � j B Ò kÝ@
fermionhelicities

û x�� j B Ò kpû � xd� � j B Ò k�¹ (17)

wherethesummationis performedover thehelicitiesof thefinal-statefermions.

It is clearthat Eq. (16) is closelyrelatedto the absolutesquareof the matrix elementfor stable
unpolarized0 -pair production. In that casethe cross-sectioncontainsthe traceof the above density
matrix

Tr
� j B - ¹`B - kÏ@ x � �

x �
� � x � x ��� � x � x ��� j B - ¹`B - kÝ@

all polarizations

® y x � x � j B - ¹`B - k*® � ¶ (18)

Thedecayof anunpolarizedon-shell 0 bosonis determinedby

Tr
� j B - kÏ@ x�� � x���x�� j B - kÝ@

all polarizations

® û x�� j B - k*® � ¶ (19)

Note,however, thatalsotheoff-diagonalelementsof
� j B - ¹`B - k and

� j B - k arerequiredfor deter-
miningEq. (15) in thelimit B Òl	 B - .

As a next stepit is usefulto describethekinematicsof process(12) in a factorizedway, i.e. using
theinvariantmassesB � and B � of thefermionpairs.Thedifferentialcross-sectiontakestheform

; ,R@ �
c�? ® G ® � ; � =�� @ �

c�? ® G ® � ; � pr � ; � �dec � ; � �dec � ; B ��c�B � ; B ��c�B ¹ (20)
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where; � =�� indicatesthecompletefour-fermionphase-spacefactorand ? @ j�I � �¼I � k � thecentre-of-mass
energy squared.The phase-spacefactorsfor the productionanddecaysub-processes,; � pr and ; � ~dec,
read

; � pr @ �
j c�B[k �

� j�I � �ãI � ë
å � ë
å � k
;\�å �c³å ���

;\�å �c³å � �
¹

; � �dec @ �
j c�B[k �

� j å � ëEO � ëãO R � k ;
�O �c�O ���

; �O R �c�O R ��� ¹
; � �dec @ �

j c�B[k �
� j å � ëEO � ëãO R� k ;

�O �c�O � �
; �O R�c�O R� � ¶ (21)

Whenthefactorizedform for ® G ® � is insertedoneobtains

; , @ �
c�? x � �

x � �
x � � �
x � �
�W� x � x ��� � x � � x � � � j B � ¹`B � k ; � pr ó � x � x � � j B � k ; � �dec ó � x � x � � j B � k ; � �dec ó

ó �
c�B ; B ��® z � ® � ó �

c�B ; B ��® z � ® � ¹ (22)

which is thecommonstartingpoint for any of theDPA implementations.

3.3 Radiative correctionsin double-poleapproximation

A full calculationof thecompleteelectroweak â j�ä k correctionsto � � � �
	�� � j�� �lk for all four-fermion
final statesis beyondpresentpossibilities.While therealbremsstrahlungcorrectionsinducedby ������� 	
� � � areknown exactly [18,30,31], thereareseveretechnicalandconceptualproblemswith thevirtual
correctionsto four-fermion production. Fortunately, the full accountof the â j�ä k correctionsis not
neededat thelevel of accuracy demandedby LEP2. For 0 -pair-mediatedprocesses,������� 	 �Â� 	
� � , the requiredaccuracy of predictionsis of theorderof d�¶·¸�¨ for integratedquantities.At this level,
the correctionsto 0 -pair productioncanbe treatedin the DPA. In regionsof phasespacewheretwo
resonant0 bosonsdo not dominatethecross-sections,suchasin the 0à0 -thresholdregion or in the
single-0 domain,theDPA is, of course,not valid andoneshouldresortto otherapproximationsasthe
Weizs̈acker-Williams for single-0 [91].

Sinceonly diagramswith two nearly resonant0 bosonsarerelevant for the DPA, the number
of graphsis reducedconsiderably, anda generictreatmentof all four-fermion final statesis possible.
Obviously all diagramsthatappearfor thepair productionandthedecayof on-shell 0 bosonsarealso
relevantfor thepoleexpansionin theDPA. Sincesuchcontributionsinvolveaproductof two independent
Breit–Wigner factorsfor the 0 resonances,they arecalled factorizablecorrections. However, there
exist alsodoubly-resonantcorrectionsin which theproductionanddecaysub-processesdo not proceed
independently. Power countingrevealsthat suchcorrectionsare only doubly-resonantif the particle
that is exchangedby the sub-processesis a low-energetic photon. Owing to the complicatedoff-shell
behaviour of thesecorrections,they arecallednon-factorizable.

While the definition of the DPA is straightforward for the virtual corrections,it is problematic
for the real corrections.The problemis dueto the momentumcarriedaway by photonradiation. The
invariantmassesof the 0 bosonsin contributions in which the photonis emittedin the 0 -pair pro-
ductionsubprocessdiffer from thosewherethe photonis emittedin the 0 -decaysub-processes.The
correspondingBreit–Wigner resonancesoverlap if the energy of the emittedphotonis of the orderof��� . It is notobvioushow to definetheDPA for suchphotons.Therefore,theresultsbasedonaDPA for
therealcorrectionshave to betreatedwith somecaution.

Accordingto the above classification,therearefour categoriesof contributionsto â j�ä k correc-
tionsin DPA: factorizableandnon-factorizableonesbothfor virtual andrealcorrections.In thefollowing
thesalientfeaturesof thosefour partsaredescribed.
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3.3.1 Virtual corrections

As a first stepwe discusshow to separatethe virtual correctionsinto a sumof factorizableandnon-
factorizablevirtual corrections.The diagrammaticsplit-up accordingto reducibleandirreducible 0 -
bosonlinesis anillustrative way of understandingthedifferentnatureof thetwo classesof corrections,
but sincethedouble-resonantdiagramsarenot gauge-invariantby themselvestheprecisesplit-upneeds
to bedefinedproperly.

Wecanmakeuseof thefactthatthereareeffectively two scalesin theproblem: B - and �l- . Let
usnow considervirtual correctionscomingfrom photonswith differentenergies:

� soft photons,©[ª��I�p- ,

� semi-softphotons,©bªÔ@ â �p- ,

� hardphotons,�p-��i©[ªÔ@ â B - .

Only soft andsemi-softphotonscontribute to both factorizableandnon-factorizablecorrections.The
latterbeingdefinedto describeinteractionsbetweendifferentstagesof theoff-shell process.Thereason
for this is that only thesephotonscaninducerelatively long-rangeinteractionsand therebyallow the
varioussub-processes,which areseparatedby a propagationinterval of â �����p- , to communicatewith
eachother. Virtual correctionsinvolving theexchangeof hardphotonsor of massive particlescontribute
exclusively to thefactorizablecorrections.In view of theshortrangeof theinteractionsinducedby these
particles,their contribution to thenon-factorizablecorrectionsaresuppressedby at least â �l-]�`B - .

As hardphotonscontributeto thefactorizablecorrectionsonly, wemerelyneedto defineasplit-up
for softandsemi-softphotons.It is impossibleto dothis in aconsistentgauge-invariantwayonthebasis
of diagrams.In Refs.[9,10] it wasshown thatonly partof particulardiagramsshouldbeattributedto the
non-factorizablecorrections,therestbeingof factorizablenature.Thecompletesetof non-factorizable
correctionswasobtainedby collectingall termsthatcontaintheratios

z Ò � = z Ò 3ác�Ofå Ò C , whereO denotes
themomentumof the(semi-)softphoton.Theso-definednon-factorizablecorrectionsread[9]

G virt
nf @ { G DPA�

; = O
j c�B[k = = O � �|{�� C j�� Í� ��� Í� k � � � Í �ãj�� Í� ��� Í� k � � � Í ��� Í� � � � Í ¹ (23)

whichcontainsthegauge-invariantcurrents

� Í� @Ìe å Í �Ofå � �|{�� �
å Í�ëòOfå � �|{�� ¹

� Í� @Cë e I Í �O I � �|{�� ë
I Í�O I � �|{�� ¹ � Í� @ � e I Í �ëÞO I � ��{�� ë

I Í�ëÞO I � �|{�� (24)

for photonemissionfrom theproductionstageof theprocess,and

� Í� @ ë e å Í �Ofå � �|{�� ��� @ �
O Í �O§O � �|{�� ë � @
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�z

� � c�Ofå �
¹

� Í� @ ë e å Í�ëÞOfå � ��{�� ��� @ �
O Í�ëÞO§O � �|{�� ë � @

�� O R� ÍëÞO§O R� �|{��
z
�z

� ëãc�Ofå �
(25)

for photonemissionfrom thedecaystagesof theprocess.Here
G DPA� is thelowest-ordermatrixelement

in DPA and � @ standsfor the charge of fermion
�

in units of e . SinceEq. (23) contains(at least)
all contributions from diagramswith irreducible 0 -bosonlines, it canbe viewed asa gauge-invariant
extensionof the set of 0 -irreduciblediagrams. In generalone hasto calculateall of the integrals
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appearingin theaboveexpressions.Thecompletesetof integralshasbeengivenin Ref.[24] andexplicit
expressionsfor thefull setof virtual factorizablecorrectionscanbefoundin Ref. [22]. However, if one
is interestedin thesumof virtual correctionsandreal-photonradiation,thensomesimplificationsoccur
dependingon thetreatmentof thephoton3.

If the radiated(real) photon is treatedinclusively, then many of the terms in Eq. (23) cancel
[19]. In this context the differencein the signsof the {�� partsappearingin the currents� � and � �
arecrucial. Thesesignsactuallydeterminewhich interferencetermsgive rise to a non-vanishingnon-
factorizablecontribution aftervirtual andreal-photoncorrectionshave beenadded.As a resultof such
considerationsonly avery limited subsetof ‘final-state’interferencessurvivesfor inclusive photons:the
virtual correctionscorrespondingto Figs.2 and3 aswell astheassociatedreal-photoncorrections.

w
t

t

t

t

Fig. 3: TheCoulombgraph,contributing to bothfactorizableandnon-factorizablecorrections.

Thesumof virtualandrealnon-factorizablecorrectionshasbeencalculated,Refs.[10,21,23,24]4.
It hasbeenshown in Ref. [19] that this sumvanishesif theinvariantmassesof both 0 bosonsareinte-
gratedover, i.e. in particularthat the full non-factorizablecorrectionto thetotal cross-sectionis zeroin
DPA.

In Refs.[10,21,24] the full non-factorizablecorrectionshave alsobeendiscussednumerically.
They vanishon top of thedoubleresonanceandareof theorderof ��¨ in its vicinity. Theshift in the
0 invariant-massdistributions is only of the orderof a few MeV. Theseresultscanbe reproducedby
a simpleapproximation[25] basedon the so-calledscreenedCoulombansatz.However, it is impor-
tant to note that all thesenumericalresultson non-factorizablecorrectionsarebasedon the DPA for
real correctionsandhave beenobtainedin idealizedtreatmentof phasespace,namelythe assumption
that the 0 -bosonmomentacanbereconstructedfrom thefermionmomentaalone,i.e. without photon
recombination.It is notclearhow theseresultschangein physicalsituationswith photonrecombination.

The virtual factorizablecorrectionsconsistof all hardcontributionsandthe left-over part of the
semi-softones.Theso-definedfactorizablecorrectionshave thenicefeaturethat they canbeexpressed
in termsof correctionsto on-shellsub-processes,i.e. theproductionof two on-shellW bosonsandtheir
subsequenton-shelldecays.The correspondingmatrix elementcanbe expressedin the sameway as
describedat lowest-order:

G virt
fact @ x � �

x �
y x � x � j B � ¹`B � k

û ü � ýx � j B � kz
�

û ü � ýx � j B � kz
�

¶ (26)

3Note thatEq. (23) is UV-finite andcontains� - and � -point integrals. In fact it wasobserved thatcertaincombinationsof
these� - and � -point integralsareequalto asimple(Coulomb-like) � -point integralplusaconstant.Thissimple � -point integral
hasanartificial UV divergence,whichcancelsagainsttheconstantandcanberegulatedby eitheracut-off (BBC) or by keeping
theDPA-subleading� � contributionsin thedenominators(RACOONWW).Thefinal answerof coursedoesnotdependonthis.

4Theoriginalresultof theoldercalculation[23] doesnotagreewith thetwo morerecentresults[10,24],whicharein mutual
agreement.As known from theauthorsof Ref. [23], their correctedresultsalsoagreewith theonesof Refs.[10,24].
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Heretwo of the amplitudesaretaken at lowestorder, whereasthe remainingonecontainsall possible
one-loopcontributions, including the 0 wave-function factorsthat appearin Eq. (10). In this way
thewell-known on-shellradiative correctionsto theproductionanddecayof pairsof 0 bosons[26,27]
appearasbasicbuilding blocksof thefactorizablecorrections.5 In thesemi-softlimit thephotonicvirtual
factorizablecorrectionsto theproductionstage,containedin

y
, cancelagainstthecorrespondingreal-

photoncorrections.Non-vanishingcontributionsfrom
y

occurassoonasthe O � termsin thepropagators
cannotbeneglectedanymore.An exampleof this is thefactorizablecorrectionfrom theCoulombgraph
Fig. 3. For theon-shell(factorizable)partof theCoulombeffectphotonswith momentaO � @ â û¼© and
® �Ow®l@ â B - û¬© areimportant[28], i.e. O � cannotbe neglectedin the propagatorsof the unstable
particles.Sincewestaywell awayfrom the 0 -pair threshold( û¼© [C> ?pë c�B -¢¡ � - ), thissituation
occursoutsidetherealmof thesemi-softphotons.Thisfits nicely into thepictureof theproductionstage
beingahardsubprocess,governedby relatively shorttimescalesascomparedwith themuchlongertime
scalesrequiredfor thenon-factorizablecorrections,which interconnectthedifferentsub-processes.

3.3.2 Real-photonradiation

In this subsectionwe discusstheaspectsof real-photonradiationin theDPA asusedin Ref. [9]. To this
endwe considertheprocess

e � j�I � k§e � j�I � k 	 0 � j å � k§0 � j å � k = � j O§k�C 	 K� � j O � k � R� j O R � k � � j O � k K� R� j O R� kf� j O§k�¹ (27)

wherein the intermediatestatetheremay or may not be a photon. We will show how to extract the
gauge-invariantdouble-poleresiduesin differentsituations.Theexactcross-sectionfor process(27)can
bewritten in thefollowing form

; ,ö@ �
c�? ®
G ªw® � ; � =�� ª @ �

c�? c�VÃ� G
�
G �� �

G
�
G �� �

G
�
G �� � ® G � ® � � ® G � ® � � ® G � ® � ; � =�� ª ¹

(28)
where ; � =�� ª indicatesthe completefive-particlephase-spacefactor, andthe matrix elements

G
� andG ~ correspondto the diagramswherethe photonis attachedto the productionor decaystageof the

three 0 -pair diagrams,respectively. This split-upcanbeachieved with thehelpof thepartial-fraction
decomposition[29]

�z Ò j z Ò(� c³å�O§k @
�
c³å.O

�z Ò ë �z Ò(� c³å�O ¶ (29)

Eachcontribution to the cross-sectioncanbe written in termsof polarizationdensitymatrices,which
originatefrom theamplitudes
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�
û ü � ý j B � kz

�
¹ (30)
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¹ (31)

G
� @ y j B � ¹`B � ªLk

û ü � ý j B � kz
�

û ü � ýª j B � ª§kz
� ª

¹ (32)

whereall polarizationindicesfor theW bosonsandthephotonhave beensuppressed,and

z Ò ª @ z Ò.� c�O§O Ò.� c�O§O RÒ ¹×B �Ò ª @CB �Ò � c�O§O Ò(� c�O§O RÒ ¹×B �Ò @ j O Ò(� O RÒ k � ¶ (33)
5Note that thecompletedensitymatrix is requiredin this case,in contrastto thepureon-shellcalculationwhich involves

thediagonalelementsof thedensitymatrix only.
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Thematrix elements
y ª and û ü�~ ýª describetheproductionanddecayof the 0 bosonsaccompaniedby

theradiationof aphoton.Thematrixelementswithoutsubscript� have beenintroducedin Eq.(13).

In thecalculationof theBornmatrixelementandvirtual correctionsonly twopolescouldbeidenti-
fiedin theamplitudes,originatingfrom theBreit–Wignerpropagators��� z Ò . Thepole-schemeexpansion
wasperformedaroundthesetwo poles.In contrast,thebremsstrahlungmatrix elementhasfour in gen-
eraldifferentpoles,originatingfrom thefour Breit–Wignerpropagators��� z Ò and ��� z Ò ª . As mentioned
above, thematrix elementcanberewritten asa sumof threematrix elements(

G
� ¹
G

� ¹
G

� ), eachof
which only containtwo Breit–Wignerpropagators.For thesethreeindividual matrix elementsthepole-
schemeexpansionis fixed, asbefore,to an expansionaroundthe correspondingtwo poles. However,
whencalculatingcross-sections[seeEq. (28)] themappingof thefive-particlephasespaceintroducesa
new typeof ambiguity. Theinterferencetermsin Eq. (28) involve two differentdouble-poleexpansions
simultaneously. Onemight think thiswill poseaproblem,sincethereis no naturalchoicefor thephase-
spacemappingin thosecases.As we will seelater, however, only photonswith ©bª ´Z �¤£¥� B(£ give
noticeablecontributions to theseinterferenceterms. This meansthat onecanapply a soft-photon-like
(semi-soft)approximation(seebelow).

In Ref. [9] it wasarguedthat the resultingambiguity in the phase-spacemappingwill not have
significantrepercussionson thequality of theDPA calculation,in the sameway asstable-particlecal-
culationsarenot significantlyaffectedby the photonmomentumin the soft-photonregime. We note,
however, thatthereis still somecontroversyon this issue.

Let usreturnnow to thethreeearlier-definedregimesfor thephotonenergy:

� for hardphotons[ ©[ª ¡ �l- ] theBreit–Wignerpolesof theW-bosonresonancesbeforeandafter
photonradiationarewell separatedin phasespace(seeB �Ò ª and B �Ò definedabove). As a result,
the interferencetermsin Eq. (28) canbe neglected. This leadsto threedistinct regions of on-
shell contributions, wherethe photoncanbe assignedunambiguouslyto the W-pair-production
subprocessor to oneof the two decays.This assignmentis determinedby the pair of invariant
masses(out of B �Ò and B �Ò ª ) that is in the B �- region. Therefore,thedouble-poleresiduecanbe
expressedasthesumof thethreeon-shellcontributionswithout increasingtheintrinsicerrorof the
DPA. Notethatin thesamewayit is alsopossibleto assignthephotonto oneof thesub-processes,
sincemisassignmenterrorsaresuppressed,assumingfor conveniencethatall final-statemomenta
canideallybemeasured.

� for semi-softphotons[ ©[ªÉ@ â j �l-Ak ] the Breit–Wigner polesare relatively closetogetherin
phasespace,resultingin a substantialoverlapof the line shapes.The assignmentof the photon
is now subjectto larger errors. Moreover, sincethe interferenceterms in Eq. (28) cannotbe
neglected,aproperprescriptionfor calculatingtheDPA residues(i.e. thephase-spacemapping)is
required[9,10,24].

� for soft photons[ ©bª¦�§�l- ] theBreit–Wignerpolesareon top of eachother, resultingin a pole-
schemeexpansionthatis identicalto theonewithout thephoton.

Let usfirst considerthehard-photonregimein moredetail.Dueto thefactthatthepolesarewell
separatedin the hard-photonregime, it is clear that the interferencetermsaresuppressedandcanbe
neglected:

; ,R@ �
c�? ® G � ® � � ® G � ® � � ® G � ® � ; � =�� ª ¶ (34)

Note that eachof the threetermshastwo poles,originatingfrom two resonantpropagators.However,
thesepolesaredifferentfor differentterms.Thephase-spacefactorcanberewritten in threeequivalent
ways.Thefirst is

; � =�� ª @ ; � ª0 @ ; � ªpr � ; � �dec � ; � �dec � ; B ��c�B � ; B ��c�B ¹ (35)
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with
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Thetwo othersare

; � =�� ª @ ; � ª � @ ; � pr � ; � � ªdec � ; � �dec � ; B �� ªc�B � ; B ��c�B ¹ (37)

with
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; �O
j c�B[k < c�O � ¹ (38)

andasimilarexpressionfor ; � ª � . Thephase-spacefactors; � pr and ; � ~dec arejust thelowest-orderones.
Thecross-sectioncanthenbewritten in thefollowing equivalentform

; ,÷@ �
c�? ® G � ® � ; � ª� � ® G � ® � ; � ª � � ® G � ® � ; � ª � ¶ (39)

In order to extract gauge-invariant quantities,the DPA limit shouldbe taken. This amountsto taking
the limit åµ� � � � 	 B �- , usinga particularprescriptionfor mappingthe full off-shell phasespaceon the
kinematicallyrestrictedon-resonanceone. Note however that å � � � canbe differentaccordingto the

�
-

functionsin the decaypartsof the different phase-spacefactors. To be specific,the productionterm
® G � ® � haspolesat å � Ò @ÐB �Ò @àB �- , ® G � ® � haspolesat å � � @ÐB �� ª @ÐB �- andå �� @ÌB �� @àB �- , and
® G � ® � haspolesat å � � @CB �� @ÌB �- andå �� @ÌB �� ª @CB �- .

We completeour survey of the different photon-energy regimesby consideringsemi-softand
soft photons.The split-up of factorizableandnon-factorizablereal-photoncorrectionsproceedsin the
sameway asdescribedin theprevious subsectionfor virtual corrections.The resultreadsin semi-soft
approximation
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(40)
Thegauge-invariantcurrentsª � andª ~ aregivenby
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Thefirst threeinterferencetermsin Eq.(40)correspondto therealnon-factorizablecorrections.Thelast
threesquaredtermsin Eq. (40) belongto the factorizablereal-photoncorrections.They constitutethe
semi-softlimit of Eq. (39).

3.4 A hybrid scheme– virtual correctionsin DPA and real correctionsfrom full
matrix elements

The reliability of the error estimateof j�ä ��B[kAó j �¤�m�`B - k ó X Y j ����� k ´Z d�¶·¸�¨ for the accuracy of the
DPA can,of course,only be controlledby a comparisonto calculationsthat arebasedon the full ma-
trix elements.While for the virtual correctionssuchresultsdo not exist yet, the situationfor the real
correctionsis muchbetter, sincefull matrix-elementcalculationsfor the processes� � � �¾	 � � � are
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available [18,30,31]. The latter resultsseemto be of particularimportance,becausethe above error
estimatefor real correctionsin DPA is subjectof somecontroversy.

Althoughit deservessomecare,it is possibleto combinethevirtual â ä correctionsin DPA with
real correctionsfrom the full ������� 	 � � � lowest-ordermatrix elements. The non-trivial point in
this combinationlies in the relationsof IR andmasssingularitiesin virtual andreal corrections.The
singularitieshave theform of a universalradiatorfunctionmultiplied or convolutedwith therespective
lowest-ordermatrixelement

G
� of thenon-radiative process.Since

G
� appearsin DPA for thevirtual

correction(
G êT«d¬

� ), but asfull matrix elementfor therealones,a simplesummationof virtual andreal
correctionswould leadto amismatchin thesingularitystructureandeventuallyto totally wrongresults.
A solutionof thisproblemis to extractthosesingularpartsfrom therealphotoncontribution thatexactly
matchthesingularpartsof thevirtual photoncontribution, thento replacethefull ® G � ® � by ® G êT«�¬

� ® � in
thesetermsandfinally to addthis modifiedpart to thevirtual corrections.This modificationis allowed
in therangeof validity of theDPA andleadsto a propermatchingof all IR andmasssingularities.The
describedapproachfor sucha hybridDPA schemeis followedin the %�&�'r) ) +�" " program[20,22]. More
detailsof thisapproachcanalsobefoundin Section4.1.

A particularadvantageof thismethodis dueto thefactthattheleadingISRlogarithms,whichare
partof theextractedsingularitiesof therealcorrections,canbeeasilykeptwith thefull matrix elementG

� (see[22] for details).In thisway, thelogarithmicenhancementfactor
X Y j ¶`¶`¶�k doesnot involve large

contributionsfrom theelectronmass,i.e. correctionslike
X Y j ô � Ë ��?fk . In thehybridscheme,alsothenon-

factorizablecorrectionshave to be treatedcarefully. If the full matrix elementsfor photonradiationis
employed,onecannotexploit any cancellationsbetweenrealandvirtual non-factorizablecorrections,as
it is donein thecalculationsof [10,21,23,24]. Instead,oneneedsthefull setof non-factorizablevirtual
corrections,which includesalsophotonscouplingto the initial state.Suchresultscanbederived from
Eq.(23) andRef. [24], andareexplicitly givenin Ref. [22].

3.5 Intrinsic ambiguitiesand reliability of the double-poleapproximation

Thetheoreticalaccuracy of theoreticalpredictionsis indeedat thecoreof theworkshop.For this reason
it hasalreadybeendiscussedextensively in a purely theoreticalcontext. Although only the numerical
comparisonscantell uswherethepresenttheoreticaluncertaintyreally stands,it is not superfluousthat
therelevantfactsaresummarizedin oneplace.

An improved assessmentof the theoreticaluncertaintycan be obtainedby varying predictions
within theintrinsic freedomof thefollowedapproachfor theDPA. For instance,any kind of DPA makes
useof anon-shellprojectionof theoff-shell four-fermionphasespaceto thephasespacewith on-shell
0 bosons.Thedifferencebetweendifferenton-shellprojectionsis partof thetheoreticaluncertaintyof
theDPA approachandshouldbeconsideredin predictions(seeSection4.2for anumericaldiscussion).

It is a fact of life that questionsof principle aresometimesof scarcepracticalrelevance. CC03
containsgauge-invariance-breaking termsbut what is their numericalimpactat LEP2 energies? It is
quitea known fact that,whencomputedin the ’t Hooft-Feynmangauge,they areunimportant.At least
they arefor the 0­0 total cross-section– the signal– andwe canverify this statementby comparing
the gauge-dependentCC03 with the full gauge-invariant cross-section(CC11 for instance)including
backgrounddiagrams.Thereis ageneralagreement,datingfrom the’95 workshopthatthedifferenceis
lessthan d�¶·c�¨ atLEP2energies.

It is bizarrethat one can renderthe Born CC03diagramsgauge-invariant at the prize of large
numericalvariations; it is enoughto project the kinematicsin the matrix elementsonto the on-shell
phasespace,while keepingthe off-shellnessin the Breit-Wigner propagators.However, this changes
the cross-sectionby several per cent! Therefore,the useof DPA at Born level (CC03) is numerically
not recommendable.Oncemore,for lowest-orderreactionsoneneedsan alternative approachandfor
predictionsthathaveaDPA BornandaDPA â ä andnothingelsetheexpectedaccuracy is nomorethan
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�p-A�`B - ¨ c�¶·¸�¨ . ThedifferencebetweenBorn CC03andBornDPA shouldnotenterin thediscussion
of thetheoreticaluncertainty.

At theBornlevel onecanacceptanon-gauge-invariantCC03cross-section(atleastin the’t Hooft–
Feynmangauge)asa reasonablequantityat LEP2 energies. For higherenergiesoneshouldbe more
careful.

Thesamephenomenonwill occurwhenweincluderadiative correctionsandwewould like to add
somecommenton theDPA procedure,in particularon thechoiceof projectingthekinematics.

For highenoughenergies,any processeh�gef� 	 �­�
will beadominantsourceof four-fermionfi-

nalstatesdueto thedoubleresonantenhancementandhenceCC03(NC02)will beagoodapproximation
to thetotal cross-sectionfor four-fermionproductionin a situationwherewe excludecertainregionsof
thephasespace,e.g.,asmallscatteringangleof theoutgoingelectronin single-0 production.

Thus,for example,to calculatethecross-sectione � e � 	 �®�
oneproceedsasdescribedabove;

onecalculatesthematrix elementfor ef�pef� 	 �®� 	 ��
 andextractsthepartresonantin theinvariant
massesof thepairs, Ov� � ¹`Ov� � . Thegeneralmatrixelementtakestheform

G j ¶`¶`¶r¹`O � ¹`O � ¹`¶`¶`¶�kÃ@ Ò B Ò�j ¶`¶`¶*¹`O � ¹`O � ¹`¶`¶`¶Èk°¯ Ò ¶`¶`¶*¹`O � � ¹`O � � ¹ (42)

wherethe B Ò containthespinorandLorentztensorstructureof thematrix element,e.g.they have the
externalfermionicwave-functionsattached.The ¯ Ò areLorentzscalarsthatdependon theinvariantsof
theproblemandbecomenon-trivial anddifficult to computewhenhigherordercorrectionsareincluded.
Oneway of looking at theDPA-procedureis to saythat the resonantpart is extractedfrom the ¯ Ò , by
Laurentexpansion.The externalparticlewave functions,andhencethe B Ò , shouldnot beaffectedby
theprocesshencethe kinematicsof theproblemshouldbe left unchangedbecausethefinal stateinte-
grationsinvolve only thefermions,stableon-shellparticles.Thegaugenatureof thetheoryis intimately
connectedwith the ¯ Ò notwith kinematics.

Whenever we have processeswith external,unstable, vector-bosons,like in 0­0 	 0­0 or�]� 	 �]�
, the Higgs resonancewill appearin the ? -channeland by shifting e.g. a factor ? from

the B Ò to the ¯ Ò one gets factors ?f�`B � which violate unitarity at high energies [32]. This can be
avoidedby makingthesplitting betweenthe ¯ Ò and B Ò with somecare.Here,for eh�leh� 	 0­0m¹ �]� ,
the correspondingfactorsdo not directly violate unitarity. Nevertheless,onecould expect that Ward
identitiesareviolatedby thesplitting by termsof theorder O � ~ �`B � ë � , i.e. nondouble-resonantterms
negligible in theDPA approach.If, on the otherhand,oneincludesthe B Ò in theDPA, ascommonly
done,onehason-shellmatrixelementsandtheWI arefulfilled, at thepriceof expandingkinematics.

We do not necessarilyexpectan improvementof the accuracy whentaking the B Ò exactly, but
comparingresultswith DPA appliedto B Ò or not could give an additionalestimateon the theoretical
uncertainty, of the orderof ä ��B j:±°± d���²w°�³ Y � ±°± d���´ µ2¶Ìëã��k . We expect that, well above threshold,
thiswill notexceedthequotedd�¶·¸�¨ DPA precision,which involveslogarithmicenhancementfactors.

Anotherquestionablepoint in DPA is connectedto the fact that a particularmappingmay lead
to an unphysicalpoint in the on-shellphase-space(c.f. Section3.2). Even if we do not expandthe
kinematicsin the B Ò thereareLandausingularitiesin the ¯ Ò at theedgeof theoff-shell phasespace.If
oneperformsaDPA projectionin the ¯ Ò , theseLandausingularitiesmove into theon-shellphasespace,
althoughonly atadistancej Ov�bëáB �~k��`B � from theboundary[10]. Thismighthappenwhenthe ¯ Ò are
parametrizedin termsof invariants.If on theotherhand,oneparametrizesthe ¯ Ò in termsof anglesand
energies,this canbemoreeasilyavoided.

Notethattheformulationof aDPA wheretheon-shellprojectionis notappliedto the B Ò hasbeen
implementedtheformulationof theLPA of Ref. [37] (eqs.(1)and(2)).
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3.6 Remarkson DPA correctionsto distributions inclusive w.r.t. photons

The DPA correctionsto distributions that are inclusive w.r.t. photonsdependin a very sensitive way
on how the four-particlephasespaceis parametrized,or, in otherwords,on the way the distributions
aredefinedafter the photonhasbeenintegratedout. This statementsoundsobvious, but nevertheless
deservessomespecialattention.

In particularthe invariant-massdistributions( 0 line shapes)areaffected. In reactionswith two
resonancesthe invariantmasseshave to bedefinedfrom thedecayproducts.Dependingon theprecise
definition of the invariantmassesdifferentsourcesof large Breit–Wigner distortionscanbe identified
[20,33,35], in contrastto thesituationat LEP1whereonly initial-stateradiation(ISR) cancausesuch
distortions.

In Ref. [33] it hasbeenshown thatalsofinal-stateradiation(FSR)caninducedistortions.This is
a generalpropertyof resonance-pairreactions,irrespective of theadoptedschemefor implementingthe
finite-width effects. Theonly decisive factorfor thedistortionto take placeis whetherthevirtuality of
theunstableparticleis definedwith ( ? R · ) or without ( ? · ) theradiatedphoton(seeFig. 4).

¸n¹

¸»º ¼D½¿¾
À
¼
À
w
¾

Fig. 4: Photonradiationfrom anunstableparticle
À

. Virtualities: Á:ÂÄÃ ¼ � and ÁKÅ Â Ã�Æ ¼*½Ç¾2È � .
Uponintegrationoverthephotonmomentum,theformerdefinition(cf B �Ò ª definedin Section3.3.2)

is freeof largeFSReffectsfrom the
�

-decaysystem.It canonly receive largecorrectionsfrom theother
(productionor decay) stagesof theprocess.Thelatterdefinition(cf B �Ò definedin Section3.3.2),how-
ever, doesgive rise to large FSReffectsfrom theV-decaysystem. In contrastto theLEP1case,where
the ISR-correctedline shapereceivescontributionsfrom effectively lower

�
-bosonvirtualities, the ? ·

line shapereceivescontributionsfrom effectively highervirtualities ? R · of theunstableparticle.As was
arguedabove,only sufficiently hardphotons( ©[ª ¡ � · ) canbeproperlyassignedto oneof theon-shell
productionor decaystagesof theprocessin theDPA. For semi-softphotons[ ©[ªR@ â j � · k ], however,
theassignmentis not soclear-cut andwill bedeterminedby theexperimentalevent-selectionprocedure.

Eventselectionproceduresthatinvolveaninvariant-massdefinitionin termsof thedecayproducts
without thephotongive riseto largeFSR-induceddistortioneffects[33]. Thesearecausedby semi-soft
photons,sincehardFSRphotonsmove the virtuality ? R · of the unstableparticle far off resonancefor
near-resonance? · values,resultingin a suppressedcontribution to the ? · line shape.This picturefits
in nicely with the negligible overlapof the threeon-shelldouble-polecontributions for hardphotons,
discussedabove. The reasonwhy theFSRdistortionscanberatherlarge lies in the fact that thefinal-
statecollinearsingularities[ < � É � � @ X Y j ô � @ �`B �· k X Y j � · �`B · k ] donotvanish,evennotfor fully inclusive
photons.After all, a fixedvalueof ? · makesit impossibleto sumover all degeneratefinal statesby a
mereintegrationover thephotonmomentum.So theKLN theoremdoesnot apply in this case.These
FSRdistortioneffectsresultin shifts in themeasurementof the 0 -bosonmassof theorderof 40MeV,
ashasbeenqualitatively confirmedin Ref. [35].

This situationchangesfor event-selectionproceduresin which not all photonscanbe separated
from thechargedfermions.If photonrecombinationhasto betaken into account,i.e. if photonswithin
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a finite conearoundthe chargedfermionshave to be combinedwith the correspondingfermion into a
singleparticle,thementionedmasssingularitiesconnectedto final-statefermionsdisappear. TheKLN
theoremappliesandthelargefermion-masslogarithmsareeffectively replacedby logarithmsdepending
on the conesize[33]. In Ref. [35] this expectationhasbeenconfirmednumerically, showing that the
large negative shifts in thepeakpositionof the 0 invariant-massdistribution obtainedwithout photon
recombinationarereduced.In Ref. [20] it hasbeenshown that theeffect of photonrecombinationcan
evenovercompensatethemomentumlossfrom FSRif therecombinationis very inclusive. This is dueto
therecombinationof photonsthatareradiatedoff theinitial stateor off particlesbelongingto theother
decaying0 boson.Theresultingpositivepeakshiftscanamountto several ��dÃõ¼�`_ . Explicit numerical
resultson 0 invariant-massdistributionscanalsobefoundin Section4.1.

Finally we mentiona specialpropertyof the non-factorizablecorrections. When considering
pureangulardistributionswith aninclusive treatmentof thephotons,oneshouldintegrateover thepho-
ton phasespaceand the invariant massesB �Ò . After integrating out both invariant massesthe non-
factorizablecorrectionswill vanish,which is a typical featureof the non-factorizableinterferenceef-
fects[19].

3.7 Double-poleapproximations in practice

For LEP2 energies threedifferentgroups6 have formulatedversionsof a DPA for ������� 	 � � 	
� � j�� �gk . While Beenakker, Berendsand Chapovsky [9], called BBC in the following, formulateda
semi-analyticDPA, theothertwo groupsimplementedvariantsof theDPA in theeventgenerators� ��! " "
[37,38] and %�&�'*)�) +�" " [20,22]. Thebasicfeaturesof thesedifferentimplementationsaresummarized
in thefollowing.

3.7.1 The � � !�" " approach

� ��! "�" : â ä correctionto � � � �
	 � � � � in LPA, usingtheresultsof Ref.[52], leading-logcorrections
to leptonic 0 decaysvia 5 3  ��  �! (upto two radiative photonswith finite å æ accordingto theexact â j�ä k
soft limit), 0 decaysnormalizedto branchingratios,quarkhadronizationwith Ê*4�� !�4 � and o decays
with � ¡�¦   ��¡ (including radiative corrections),YFS exponentiationfor ISR andphotonemissionfrom
0 -bosons,off-shell Coulombsingularity, no full non-factorizablecorrections– only anapproximation
in termsof the screenedCoulombansatzof Ref. [25], approximate0 spin correlations(incomplete
correlationbeyondBorn)– they aremissingonly in anon-IRnon-LL partof EW virtual corrections.

3.7.2 The # # $ approach

BBC: semi-analyticalcalculationof completeâ j�ä k correctionsin DPA (with bothfactorizableandnon-
factorizablecorrectionsand 0 spin correlations),no background.Sincethe DPA is only valid well
above threshold,theon-shellpartof theCoulombsingularityis automaticallyincludedaspartof thefac-
torizablecorrectionsandtheoff-shell part is containedin thenon-factorizablecorrections,asdiscussed
in Ref. [24].

3.7.3 The % &�'r) )�+ " " approach

% &('*)�) + "�" treatsthevirtual â j�ä k correctionsto � � � � 	 � � 	 � � in DPA. No furtherapproxima-
tions beyond the pole expansionof the matrix elementaremade,i.e. non-factorizablecorrectionsare
included,and 0 -spincorrelationsarerespected.TheCoulombsingularityis partof thevirtual correc-
tions,andthecorrespondingpart thatgoesbeyondDPA hasbeenaddedasdiscussedin Ref. [10]. The
real â j�ä k correctionsarebasedonthefull ��
�� � matrixelement(of theCC11class),sothatthefull kine-
maticsis supportedalsofor photonradiation.All matrix elementsarebasedon masslessfermions,and

6AnotherDPA hasbeendiscussedin Ref. [36] for linear-collider energies.
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fermionmassesareintroducedonly for collinearphotonemissionthatis inclusive within a (small)finite
conefor eachfermion. Thus,a photoncollinearto anoutgoingfermionhasto berecombinedwith the
correspondingfermion,andaphotoncloseto thebeamshasto beconsideredasinvisible. Initial-statera-
diationbeyond â j�ä k is treatedin thestructure-functionapproach,includingsoft-photonexponentiation
andleading-logcontributionsup to â ä < .

3.8 The fermion-loop and non-localapproaches

As was mentionedabove, the alternative to subtracting sub-leadinggauge-violatingterms is to add
gauge-restoringtermsto thecalculation.In orderto do this,onehasto addto theamplitudethoseterms
thatareneededfor satisfyingtheWard identities. This is not easyto do in general.The following ob-
servationhelps.Thevery factthattheperturbative amplitudesrequirere-summationof theself-energies
indicatesthateithertheperturbative expansionparameter(couplingconstant)is not theproperone,or
alternatively thatthequantitythat is expanded(i.e. thelowest-orderLagrangianof theStandardModel)
is not thebestchoice.Thisobservationleadsoneto considerfirst theone-loopcorrectedeffectivepoten-
tial of theStandardModel beforedoingBorn calculations,in orderto avoid Dysonre-summationof the
self-energies.

For thediscussionof thefermion-loopandnon-localapproachesit is thereforeworthwhileto first
have a closerlook at the origin of the gauge-invarianceproblemassociatedwith the re-summationof
self-energies. To this endwe considerthe simpleexampleof an unbroken non-abelian6\7 j ? k gauge
theorywith fermionsandsubsequentlyintegrateout thesefermions[16].

First we fix thenotationsandintroducesomeconventions.The 687 j ? k generatorsin thefunda-
mentalrepresentationaredenotedby TË with Ìá@ ��¹ ����� ¹ ? � ëö� . They arenormalizedaccordingto

Tr j TË T8 kÏ@ � ËT8`��c andobey thecommutationrelation TË ¹ T8 @ { � ËT8 W TW . In theadjointrepresentation

thegeneratorsFË aregivenby j FË k 8 W @àë { � Ët8 W . TheLagrangianof theunbroken 687 j ? k gaugetheory
with fermionscanbewrittenas

Í j�Î kÏ@Cë �
c Tr Ï Í�Ð j�Î k�Ï Í�Ð j�Î k � KÑ j�Î k j�{ z �¬ë ô k Ñ j�Î k�¹ (43)

with

Ï ÍdÐ [ TËÓÒ°ËÍ�Ð @ {
H
= z Í ¹ z Ð CY¹ z Í @ÕÔ Í ë { H TË ¯ ËÍ [ÕÔ Í ë { H2Ö Í ¶ (44)

Here
Ñ

is a fermionic ? -plet in thefundamentalrepresentationof 6\7 j ? k and ¯×ËÍ arethe( ? �Æë � ) non-
abelian6\7 j ? k gaugefields,which form a multiplet in theadjointrepresentation.TheLagrangian(43)
is invariantunderthe 6\7 j ? k gaugetransformations

Ñ j�Î k 	 Ñ R j�Î kÏ@ Gj�Î k Ñ j�Î k�¹
Ö Í j�Î k 	 Ö R Í j�Î kÏ@ Gj�Î k�Ö Í j�Î k G��� j�Î k � {

H Gj�Î k Ô Í G��� j�Î k ¹ (45)

with the 687 j ? k groupelementdefinedasGj�Î kÞ@à��Ø"Ù = { H TË ²�Ë j�Î k�C . Thecovariantderivative
z Í and

field strengthÏ ÍdÐ bothtransformin theadjointrepresentation

z Í 	 Gj�Î k z Í G��� j�Î k�¹ Ï ÍdÐ j�Î k 	 Gj�Î k�Ï ÍdÐ j�Î k G��� j�Î k�¶ (46)

SincetheLagrangianis quadraticin the fermionfields,onecanintegratethemout exactly in the func-
tional integral. Theresultingeffective actionis thengivenby

{ 6 eff
= Ú Cl@ { ; = Î ë �

c Tr Ï Í�Ð j�Î k�Ï Í�Ð j�Î k � Ú ËÍ j�Î kk¯ Ëv� Í j�Î k � Tr
X Y j ë z �¬ë { ô k ¹ (47)
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with Ú ËÍ j�Î k denotingthegauge-fieldsources.Thetraceon theright-handsidehasto betaken in group,
spinor, andcoordinatespace.As anext steponecanexpandtheeffective actionin termsof thecoupling
constant

Tr
X Y j ë z � ë { ô k @ Tr

X Y j ëÛÔ � ë { ô k � Tr
X Y � � H{ Ô � ë ô Ö·�

@ Tr
X Y j ëÛÔ � ë { ô k �

H
E"N �

j ëÞ��k E ���Ü Tr
H{ Ô �¼ë ô Ö·� E ¶ (48)

Notethattheleft-handsideof Eq.(48)isgauge-invariantasaresultof thetrace-logoperation.In contrast,
theseparatetermsof theexpansionon theright-handsidearenotgauge-invariant.This is dueto thefact
that,unlike in theabeliancase,thenon-abeliangaugetransformation(45) mixesdifferentpowersof the
gaugefield ¯ Í in Eq. (48). Thus,if onetruncatestheserieson theright-handsideof Eq. (48) onewill
in generalbreakgaugeinvariance.FromEq. (48) it is alsoclearthat the fermionicpartof theeffective
actioninduceshigher-orderinteractionsbetweenthegaugebosons.

Whatarethesehigher-orderinteractions?Let usconsiderthequadraticgauge-fieldcontribution

ë �
c Tr

H{ Ô � ë ô Ö·� � @Cë �
c ; = Î ; =�Ý Tr Þ j�Î ¹ Ý kkÞ j Ý ¹ Î k ¹ (49)

where Þ j�Î ¹ Ý kÏ@EH¿6 ü � ýF j�Î ë Ý k�Ö·� j Ý k (50)

and { 6 ü � ýF j�Î ë Ý k/@ ´Ùd�®Fß j Ñ j�Î k KÑ j Ý k�kw®�db« free is the freefermionpropagator. Thetraceon theright-
handsideof Eq. (49) hasto betakenin groupandspinorspace.A quick glanceat this quadraticgauge-
field contribution revealsthatit is just theone-loopself-energy of thegaugebosoninducedby a fermion
loop. In thesameway, thehigher-ordertermsZ H2Eà¯×E in Eq.(48)arejust thefermion-loopcontributions
to the Ü -pointgauge-bosonvertices.

Onecantruncatetheexpansionin Eq.(48)at Ü @Cc , thustakinginto accountonly thegauge-boson
self-energy termandneglectingthefermion-loopcontributionsto thehigher-pointgauge-bosonvertices.
Thisis evidentlythesimplestprocedurefor performingtheDysonre-summationof thefermion-loopself-
energies. However, aswaspointedout above, truncationof Eq. (48) at any finite orderin H in general
breaksgaugeinvariance.This leadsto theimportantobservation that,althoughthere-summedfermion-
loop self-energiesare gauge-independent by themselves,the re-summationis neverthelessresponsible
for gauge-breakingeffectsin thehigher-pointgauge-bosoninteractionsthroughits inherentmixed-order
nature. Anotherway of understandingthis is provided by the gauge-bosonWard identities. Sincethe
once-contractedÜ -point gauge-bosonvertex canbe expressedin termsof j Ü ë ��k -point vertices,it is
clearthatgaugeinvarianceis violatedif theself-energiesarere-summedwithout addingthenecessary
compensatingtermsto thehigher-point vertices.

An alternative is to keepall the termsin Eq. (48). Then the matrix elementsderived from the
effective action will be gauge-invariant. Keepingall the termsmeansthat we will have to take into
accountnot only the fermion-loopself-energy in thepropagator, but alsoall thepossiblefermion-loop
contributionsto thehigher-point gauge-bosonvertices.This is exactly theprescriptionof the fermion-
loop scheme(FLS) [7,11–13]. Although theFLS guaranteesgaugeinvarianceof thematrix elements,
it hasdisadvantagesaswell. Its generalapplicability is limited to thosesituationswherenon-fermionic
particlescaneffectively be discardedin the self-energies,asis for instancethe casefor �p- and � D at
lowestorder. Anotherdisadvantageis that in the FLS oneis forcedto do the loop calculations,even
whencalculatinglowest-orderquantities.For example,thecalculationof thetree-level matrix element
for theprocessef�geh� 	 ��
 � involvesa four-point gauge-bosoninteraction,which hasto becorrected
by fermionloopsin theFLS.This over-complicatesanotherwiselowest-ordercalculation.
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It is clear that the FLS provides more than we actually need. It doesnot only provide gauge
invariancefor theDysonre-summedmatrixelementsatagivenorderin thecouplingconstant,but it also
takes into accountall fermion-loopcorrectionsat that given order. In the vicinity of unstableparticle
resonancesthe imaginarypartsof the fermion-loopself-energiesareeffectively enhancedby â j ���³H � k
with respectto theotherfermion-loopcorrections.Therefore,what is really neededis only a minimal
subsetof thenon-enhancedcontributionssuchthatgaugeinvarianceis restored.In asenseoneis looking
for a minimal solutionof a systemof Ward identities.TheFLS providesa solution,but this solutionis
far from minimalandis only practicalfor particlesthatdecayexclusively into fermions.Sincethedecay
of unstableparticlesis a physicalphenomenon,it seemslikely that thereexists a simpler and more
naturalmethodfor constructingasolutionto asystemof Wardidentities,withoutanexplicit referenceto
fermions.This is preciselythephilosophybehindthenon-localapproach[16]. Thisapproachconsistsin
usinggauge-invariantnon-localeffective Lagrangiansfor generatingboth theself-energy effectsin the
propagatorsandtherequiredgauge-restoringtermsin thehigher-point interactions.In this way thefull
setof Wardidentitiescanbesolved,while keepingthegauge-restoringtermsto aminimum.

3.8.1 Thefermion-loopscheme

The Fermion-Loopschemedevelopedin Ref. [7] andrefinedin Ref. [12] makestheapproximationof
neglecting all massesfor the incomingandoutgoingfermionsin the processeseh�leh� 	 Ü fermions.
It is possible,however, to go beyond this approximation[39,112] andgive the constructionof an ex-
act Fermion-Loopscheme(EFL) [39], i.e. , a schemefor incorporatingthe finite-width effects in the
theoreticalpredictionsfor tree-level, LEP2andbeyond,processes.

One can work in the ’t Hooft-Feynmangaugeand createall relevant building blocks, namely
the vector-vector [97], vector-scalarand scalar-scalar[39] transitionsof the theory, all of them one-
loop re-summed.The loops,enteringthe scheme,containfermionsand,asdonebeforein Ref. [12],
one allows for a non-zerotop quarkmassinside loops. Thereis a very simple relation betweenre-
summedtransitionsandrunningparameters,sinceDysonre-summationis mosteasilyexpressedin terms
of runningcouplingsandrunningmixing angles.

In theEFL generalization,it is particularlyconvenientto introduceadditionalrunningquantities.
They aretherunningmassesof thevectorbosons,B �á j åµ��kÏ@CB � j åµ�~k���â�� j åµ�~k , formally connectedto the
locationof the 0 and

�
complex poles. After introducingtheserunningmasses,it is straightforward

to prove that all ã -matrix elementsof the theoryassumea very simplestructure.Couplingconstants,
mixing anglesand massesarepromotedto running quantitiesand the ã -matrix elementsretain their
Born-likestructure,with runningparametersinsteadof bareones,andvector-scalaror scalar-scalartran-
sitionsdisappearif weemploy unitary-gauge–like vectorbosonpropagatorswherethemassesappearing
in thedenominatorof propagatorsaretherunningones.If the 0 ëÙ0 and äzëÛä transitionsaredenoted
by 6 Í�Ð- andby 6�å with,

6 ÍdÐ- @ H��
��îàB �

PÏÍdÐ- ¹ PÏÍ�Ð- @ P � - � Í�Ð � P �- å Í å Ð ¹
6�å @ H �

��îàB �
P åL¹ (51)

then,the 0 -bosonrunningmassis definedby thefollowing equation(notethemetric):

�
B � j å � k @

�
B �

å � ë�6N�- �Õæ �ç � 6�å
å � ë�6�å ¹ (52)

The whole amplitudecanbe written in termsof a 0 -bosonexchangediagram,if we make useof the
following effective propagator:

û Í�Ð��è @ �
å � � B � ë�6 � -

� ÍdÐ � å Í å Ð
B � j å � k ¶ (53)

28



For theverticeswe needthatall vector-bosonlinesbeoff mass-shellandnon-conserved and,moreover,
aWardidentityhasto becomputedandnotonly thecorrespondingamplitude.Therefore,thenumberof
termsincreasesconsiderablywith respectto thestandardformulationof theFL-schemeandwe referto
Ref. [39] for all details.

Therenormalizationof ultraviolet divergencescanbeeasilyextendedto theEFL-schemeby show-
ing thatall ultraviolet divergentpartsof theone-loopvertices,�l0­0 ¹��g0eä.¹���ä(0 and��äàä for instance,
areproportionalto the lowestorderpart. Therefore,theonly combinationsthatappearareof the form
���³Hµ� � �®�©� vertex or B �~�³Hµ� � �©� ä vertex etc.All of themare,by construction,ultraviolet finite.

Equippedwith this generalizationof theFermion-Loopscheme,onecanprove thefully-massive7 j ��k Wardidentitywhich is requiredfor acorrecttreatmentof thesingle-0 processes.As aby-product
of themethod,thecross-sectionfor single-0 productionautomaticallyevaluatesall channelsat theright
scale,without having to useadhocre-scalingsandavoiding theapproximationof a uniquescalefor all
termscontributing to thecross-section.

The generalizationof the Fermion-Loopschemegoesbeyond its, mostobvious, applicationto
single-0 processesand allows for a gaugeinvariant treatmentof all e � e �Ø	 Ü fermion processes
with a correctevaluationof the relevant scales.Therefore,the EFL-schemecanbe appliedto several
otherprocesseslike e � e �Â	 � � � and,in generalto e � e � 	 î fermion processes,with the inclusion
of a stable,external,top quark,but it doesnot apply to reactionsinvolving the physicalHiggs boson.
Furthermore,theschememissesthosecorrectionsto thetotaldecaywidth in thepropagatordenominators
thatareinducedby two-loopcontributions.

3.8.2 Thenon-localapproach

Themain ideaof thenon-localapproachis to rearrangetheserieson theright-handsideof Eq. (48) in
sucha way that eachterm becomesgauge-invariantby itself. Subsequenttruncationof the seriesat a
giventermis thenallowed. It is possibleto approximateEq.(48)by meansof aneffectiveLagrangianin
suchaway thattheresultingeffective actionhasthefollowing properties:

� it generatesthe Dyson re-summedtransversegauge-bosonself-energy in the propagator. This
meansthat it contributesto thegauge-bosontwo-point function. Hence,theeffective lagrangian
shoulddependat leaston two gauge-bosonfields.

� the Dyson re-summedself-energy is in generalnot a constant,but rathera function dependent
on the interactionbetweenthegauge-bosonsandthefermions.This meansthat theeffective La-
grangianshouldin generalbenon-local(bi-local) in thegaugefields.Thusthegaugefieldsshould
betakenat two differentspace–timepoints.

� it is gauge-invariant.As suchtheeffectiveLagrangianshouldhave theform of aninfinite towerof
gaugefields.

For the gaugingprocedureof the non-localLagrangianswe will needa specialingredient,the path-
orderedexponential, which is definedas

7 j�Î ¹ Ý k[@Õ7 � j Ý ¹ Î k
@ P ��Ø"Ù ë { H
é
ê Ö Í j J�k ; J Í (54)
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Here ; J Í is theelementof integrationalongsomepath ë j�Î ¹ Ý k thatconnectsthepoints Î and
Ý

.7 The
so-definedpath-orderedexponentialtransformsas

7 j�Î ¹ Ý k 	 Gj�Î kk7 j�Î ¹ Ý k G ��� j Ý k (55)

underthe 6\7 j ? k gaugetransformations.It hencecarriesthegaugetransformationfrom onespace-time
point to theother.

For a 687 j ? k Yang–Mills theorythe non-localactionwith the above-describedpropertiestakes
theform

ã NL @Cë �
c ; = Î ; = Ý P NL j�Î ë Ý k Tr 7 j Ý ¹ Î k�Ï Í�Ð j�Î kk7 j�Î ¹ Ý k�Ï ÍdÐ j Ý k [ ; = Î ; = Ý Í NL j�Î ¹ Ý k�¹

(56)
with

Í
NL j�Î ¹ Ý k the non-localeffective Lagrangian. As required,the action containsbilinear gauge-

bosoninteractions.Theinducedinfinite tower of higher-point gauge-bosoninteractions,which arealso
of progressively higherorderin thecouplingconstantH , is neededfor restoringgaugeinvariance.

It is importantto stressat thispoint thatthis termin theeffective actionshouldnotbeunderstood
as a new fundamentalinteraction. It is generatedby radiative corrections. From the point of view
of generalpropertiesof non-localLagrangians,the non-localcoefficient

P
NL j�Î ë Ý k is arbitrary. In

practice,however, it is fixedby theexplicit interactionbetweenthegauge-bosonsandthefermionsin the
underlyingfundamentaltheory. In oursimpleexamplethisconnectionis givenby Eq.(48).

Let us now derive the two-point function as an example of the Feynman rules generatedby
Eq.(56):

Ì � ¹ n �
I �

Ì � ¹ n �
I �

ì { P Ë � Ë � � Í � Í � j�Î � ¹ Î � kÏ@ { � � j ã L � ã NL k� ¯ Ë �Í � j�Î � k � ¯ Ë �Í � j�Î � k í N �
¹ (57)

wherethelocal action ã L follows from thegauge-bosontermin Eq. (43). TheFouriertransformof this
two-point function canbe calculatedin a straightforward way, sincethe path-orderedexponentialsare
effectively unity. Theresultreads

{ LP Ë � Ë � � Í � Í � j�I � ¹ I � kÃ@ { � Ë � Ë � I Í � I
Ð
� ë I � � H

ÍdÐ � � LP NL j�I � � k j c�B[k = � ü = ý j�I � �ãI � k�¶ (58)

Notethat this two-point interactionis transverse,asit shouldbefor anunbroken theory. Thenon-local
coefficient actsasa (dimensionless)correctionto the transversefree gauge-bosonpropagator, exactly
what is neededfor the Dyson re-summationof the gauge-bosonself-energies. The infinite tower of
gauge-restoringhigher-point gauge-bosoninteractionsareprovidedby thegauge-bosonfieldspresentin
both Ï Í�Ð andthepath-orderedexponentialoccurringin Eq.(56). For explicit Feynmanruleswereferto
Ref. [16].

Althoughtheabove-describednon-localprocedureprovidesagauge-invariantframework for per-
formingtheDysonre-summationof thegauge-bosonself-energies,wewantto stressthatit is notunique.
Wehave seenabove thattheFLS providesa differentsolutionof thesystemof gauge-bosonWardiden-
tities. In thecontext of non-localeffective Lagrangiansit is alwayspossibleto addadditionaltowersof
gauge-bosoninteractionsthatstartwith three-pointinteractionsandthereforedonot influencetheDyson
re-summationof thegauge-bosonself-energies.

7In principlewe arefreeto choosethis particularpath.This freedomis just oneoutof themany freedomsthatcharacterize
the treatmentof unstableparticles(asmentionedearlier). It just reflectsthe fact that in a perturbative expansiononeis free
to pick up additionalhigher-ordercontributions,sincetheanswerat any given (truncated)orderwill not bechangedby such
additionalterms.
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In thelight of thediscussionpresentedin Section3.8,werearrangetheseriesontheright-handside
of Eq. (48) accordingto gauge-invariant towersof gauge-bosoninteractionslabelledby the minimum
numberof gaugebosonsthat are involved in the non-localinteraction. Effectively this constitutesan
expansionin powers of the coupling constantH , sincea higher minimum numberof particlesin the
interactionisequivalenttoahigherminimumorderin H . In ordertoachieveminimalitywehavetruncated
thisseriesat thelowesteffective order. This shouldnotbeviewedassomeadhocrecipe,but ratherasa
systematicexpansionof theeffective potential.

Up to now wehaveseenhow thenon-localeffectiveLagrangianmethodworksfor unstablegauge
bosonsin a simple 687 j ? k gaugetheorywith fermions.In theStandardModel therearedifferenttypes
of unstableparticles: the top-quark,the massive gauge-bosons,the Higgs boson. In Ref. [16] it was
shown how to extendtheabove-describedmethodin sucha way that it allows thedescriptionof all the
unstableparticlesin termsof bi-local effective Lagrangians.

4 THE CC03CROSS-SECTION, ,.-/-
As mentionedbefore,a new electroweak â j�ä k CC03cross-sectionis available,showing a resultthat is
betweenc�¶·¸�¨ and ��¨ smallerthantheold 1995CC03cross-sectionpredictedwith � 4�� ��� 4 . This is a
big effect sincethecombinedexperimentalaccuracy of LEPexperimentsis evensmaller.

In the ’95 workshop[5] predictionsfor CC03wereproducedwith variationsin the IPS which
agreedat the level of ��¨ , andthena c�¨ theoreticalerror wasquoted,to be conservative. How does
this estimatecomparewith thepresentshift of c�¶·¸*4Ö��¨ downwards?This is a ��¶·c�¸ to ��¶·¸ sigmadif-
ference,totally acceptablewithin theareaof statistics.Certainly, this is moreof asystematictheoretical
uncertaintywhich is hardto quantify, but still: it is compatibleandin agreement.However, a comment
is neededhere.In ’95 severalgroupsproducedtunedcomparisonsfor CC03agreeingat thelevel of one
partin ��d = . Thenthey movedto theBest-You-Canapproach,definedby switchingon all flagsto getthe
bestphysicsdescriptionaccordingto theflagdescriptionof individualcodes.Theprogram� 4�� � ��4 , in its
BYC-mode,wasselectedto representtheStandardModel. However, if we take othercodes,noticeably
" 5�3 ¡�$ � and"��   , weeasilydiscoverCC03,Born-like,predictionsthathaveamaximal � ��¶·î�¨ shift with
respectto % &('*)�) + "�" ( � ��¶·��¨ with respectto � ��! "�" ) at thehighestenergy. Therefore,theold estimate
of c�¨ in theoreticalaccuracy wasnotunderestimated.

It is importantto discussthe numericalpredictionsfor the DPA-correctedCC03cross-section.
Therefore,in this Section,we presentnumericalresultsandalsoan accuratedescriptionof the com-
parisonsbetweendifferentapproaches,��� ! "�" , # # $ and % &('*) )�+ "�" . In principle,onewould like to un-
derstandtheeffectof DPA and,therefore,is interestedin theratio (with DPA)/(without DPA), bothwith
ISR,(naive)QCDetc. for eachof theprograms.For thisReport,however, thiswasnotdoneandwehave
to take theold results(e.g. ��4 � ��� 4 ) for a comparisonnew – old. By comparingdifferentcalculations
onecannumericallycheckthequality of theDPA for CC03.

4.1 Description of the programsand their results

CC03with %�&�'*)�) +�" "
Authors

A.Denner, S.Dittmaier, M.RothandD.Wackeroth

General description

The program % &('*) )�+ "�" [22] evaluatescross-sectionsand differential distributions for the reactions
� � � �­	 ��
 and � � � �­	 ��
.� � for all four-fermion final states.For the W-pair mediatedchannels
������� 	 �Â� 	 ��
Èj�� �gk thefull virtual â j�ä k correctionsaretakeninto accountin DPA, while for the
correspondingrealcorrectionsthefull ��
Æ� � matrix elementsareused.
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Featuresof theprogram

� Lowestorder: thefull matrix elementsfor all ��
 final statesareincluded,andthecontribution of
theCC03matrix elementsor of othersubsetsof diagramsis provided asan option. All external
fermionsareassumedto bemassless.

� Virtual îÛïKð%ñ corrections: thefull one-loopcorrectionsareincludedin DPA, i.e.all factorizable
corrections[26] andnon-factorizablecorrections[10]. In this way, full 0 -spin correlationsare
takeninto account.

� Real corrections— ò�óõô ö production: thecross-sectionsarebasedon thefull matrix-element
calculation[18] for all ��
§� � final stateswith masslessfermions.If theprocess� � � �Ù	 � � � �
is investigatedwith a separablephoton,i.e. if thephotonis neithersoft nor collinearto a charged
fermion,all ��
~� � final statesarepossible,andsubsetsof diagramscanbechosenasoptions(e.g.
boson-pairproductiondiagrams,QCD backgrounddiagrams).If therealcorrectionsto � � � � 	
�Â� 	 � � arecalculated,the full ��
�� � matrix elementsfor the CC11class8 are taken, i.e.
photonradiationfrom backgrounddiagramsis partially included.

Dependingon the choiceof the user, the cancellationof collinear and infrared singularitiesis
performedwithin thephase-spaceslicingmethodor within thesubtractionformalismof Ref. [41].
In bothcases,careis taken in avoiding mismatchbetweenthesingularitiesof thevirtual andthe
realcorrections,which is non-trivial owing to theapplicationof theDPA to thevirtual corrections
only. Thetreatmentof fermion-masssingularitiesis describedbelow in moredetail.

� ISR: higher-orderISR is implementedvia structurefunctionsfor the incoming e � and e � . The
structurefunctionsusedarethoseof Ref. [40] with the‘BETA’ choice,i.e. thecollinear-soft lead-
ing logarithmsareexponentiated.If the â j�ä k correctionsto � � � �ã	 �Â� 	i� � areincluded,
the â j�ä k contributionsalreadycontainedin thestructurefunctionsaresubtracted,in orderto avoid
doublecounting,andthefull CC11Bornmatrixelementsareusedin theconvolution.

� Treatment of collinear photons: the programis only applicableto observablesthat involve no
mass-singularcontributions from the final state. Thesemasssingularitiescancelif all photons
collinear to a charged final-statefermion arecombinedwith this fermion9. The recombination
procedureis controlledby recombinationcuts, i.e. photonemissionanglesandphotonenergies,
or invariantmassesof photon–fermionpairs. Specifically, first thechargedfermion that is clos-
est to the photonaccordingto thesecriteria (emissionangleor invariantmass)is selected,and
secondlythe photonis recombinedwith this fermion if it is within the recombinationcutsfor a
final-statefermion anddiscardedfor an initial-statefermion. The masssingularitiesthat remain
from collinearphotonemissionoff initial-stateelectronor positron[i.e. the j�ä X Y ô � k E terms]are
includedin thestructurefunctions.

� Coulomb singularity: within DPA it is fully includedin the â j�ä k corrections.Thefull off-shell
behaviour of thesingularityasdescribedin Ref. [10] canbeswitchedon asanoption.

� Finite gauge-bosonwidths: in the tree-level processes� � � �à	 ��
 ¹ ��
(� � several optionsare
included,suchasfixed-width,running-width,andcomplex-massscheme[18]. If â j�ä k corrections
aretakeninto accountthefixedwidth is automaticallyused.

8The CC11 classis the smallestgauge-invariant subsetof diagramsfor
j»÷qj U�ø ��ù that containsall graphswith two

resonantú bosons;in this classonly thosebackgrounddiagramsaremissingthatarepeculiarto
j � , û�ü , û�ü , or ù ù pairsin the

final state.
9Note thatwithout photonrecombination,only the total crosssection(without any cuts)fulfills this requirement,whereas

distributionsor cutsthatmake useof fermionmomentain generalinvolve mass-singularcorrections.

32



� Cuts: sinceeachevent is completelyspecified,in principleany conceivablephase-spacecut can
be implemented.However, sinceall fermionsaretakento bemassless,singularitiescanoccurin
photon-exchangechannels,renderingcutsunavoidable. In particular, if a chargedfermion–anti-
fermion pair is produced,a lower cut on its invariantmasshasto be specified,or if a final-state
electronor positronis present,cuts on its minimal angle to the beamand its minimal energy
arerequired.For calculationsbasedon restrictedsetsof diagrams,not all cutsarenecessary;in
particular, no cut atall is neededfor theCC03diagrams.

� QCD contributions: gluon-exchangecontributionscanbeswitchedon in thetree-level processes
� � � �Â	 ��
 ¹ ��
.� � . Gluon-emissionprocesses� � � � 	 ��
�� H canbe calculatedfor theCC11
classof ��
 final states.

For theQCD correctionsto � � � � 	 �Â� 	�� � , onecanchoosebetweenthenaive QCD factors
of j � � ä U³��B[k perhadronicallydecayingW bosonandthefull â j�ä U³k correctionsin DPA. Thefull
calculationis performedin thesameway asthephotonicpartsof the â j�ä k corrections.

� IBA: the programincludes,as an option, an improved Born approximation(IBA) [42], which
involvesthe leadingISR logarithms,therunningof theelectromagneticcoupling,correctionsas-
sociatedwith the ý parameter, andtheCoulombsingularity.

� Subsetsof diagrams: For lowest-orderpredictionsof � � � �
	Õ� � ¹ ��
�� � thereis thepossibilityto
selectsubsetsof diagrams,suchasthoseincludingthepairproductionof � , þ , þhÿ���� , or � ÿ�þhÿ����
bosons.Furthermore,all diagramscorrespondingto theCC11processclasscanbeselected.

� Intrinsic ambiguities: the accuracy of the DPA canbe studiedby changingthe DPA within its
intrinsic ambiguities.This is describedin Section4.2.

Programlayout�	��

���	�	���
consistsof two nearlyindependentMonteCarloprograms:oneusesphase-spaceslicing and

theotherthe subtractionmethodof Ref. [41]. Only themain control program,the routinesfor photon
recombinationandphase-spacecuts, and the calculationof the matrix elementsare commonlyused.
Thenumericalintegrationis performedwith themulti-channelMonteCarlotechnique[43] andadaptive
weightoptimization[44]. Thegeneratorproducesweightedevents.

Input parameters/schemes�	��

���	�	���
needsthefollowing input parameters:

�����������������������! "���$#%� �'&(���)�$���'*+��, & ��, � �
-/.0� 132�45�768�79:�7;���<��7=
��>"�7?@�7A�B (59)

Theweakmixing angleis fixedby CEDF 2HGJILK DF 2M� D& ÿ � D� , andthequark-mixingmatrix is setto unity.
The massesof external fermionsareconsistentlyset to zerowherepossible.While the massesof the
final-statefermionsappearonly asregulators,themasssingularlogarithmsof ISR dependon -ON . The
usercanchoosebetweentheexternallyfixed P width ,:Q andaninternallycalculatedvalueincluding
electroweakand/orQCDone-loopradiative corrections.

The parameterset (59) is over-complete. The programsupportsthreedifferent input schemes,
fixing theindependentparameters.Werecommendto usethe �! schemewherethetreelevel is fixedby�  , �/Q , and �'R andtherelative S ����� correctionsarecalculatedwith ������� .

Thecodeis availablefrom theauthorsuponrequest.
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Numericalresults

In Table 2 we list the predictionsof
�	��

���	�	���

for the total CC03 cross-sectionincluding radiative
corrections(best-with-CC03-Bornasdefinedbelow). We give the resultsfor oneleptonicchannel,for
onesemi-leptonicchannel,for onehadronicchannel,andfor thesumof all channelsseparately. Note
that for CC03andnegligible fermion massesthe resultsareindependentof thefinal statewithin these
channels.No cutsareapplied.While in all other

�	��

���	�	���
resultsin this reportLL S ���$T5� corrections

accordingto Ref. [40] areincluded,in this tableonly theLL S ��� D � termsaretaken into account.The
LL S ���$TU� contributions reducethe cross-sectionsby only about ��BV��W�X The given errorsare purely
statistical. The error for the total crosssectionwere obtainedby addingthe (statisticallycorrelated)
errorsof thevariouschannelslinearly.

Table 2: Cross-sectionsfor Y[Z�Y]\_^a`bZ�`c\3^ed
f from gih0j%kikilim@m .n o
[GeV] lept. [fb] semi-lept.[fb] hadr. [fb] total [pb]

172.086 142.088(71) 442.50(36) 1376.14(67) 12.0934(76)
176.000 160.076(78) 498.03(25) 1550.04(75) 13.6171(67)
182.655 180.697(89) 562.22(28) 1749.48(86) 15.3708(76)
188.628 190.882(96) 594.31(55) 1848.07(92) 16.2420(111)
191.583 194.271(118) 604.12(31) 1880.19(94) 16.5187(85)
195.519 197.320(123) 614.11(31) 1911.45(97) 16.7910(88)
199.516 199.497(103) 620.53(33) 1931.28(99) 16.9670(89)
201.624 200.200(104) 622.65(33) 1937.94(100) 17.0254(89)
210.000 200.910(107) 624.95(33) 1945.00(103) 17.0876(91)

In the following we show thepredictionsfrom
�	�p
]�	���	�	�

for the �q� Psr � invariantmassdistri-
butionsin four differentconfigurations:

4f-Born: full 4�t"4 rvuxw 1 Bornwithout radiative corrections;
best-with-4f-Born: full 4 t 4 r uxw 1 Bornplusradiative corrections

includingISRbeyond S ����� ,
soft photonexponentiation,
LL S ��� T � , andnaive QCD;

CC03-Born: CC03Bornwithout radiative corrections;
best-with-CC03-Born: CC03Bornplusradiative corrections

includingISRbeyond S ����� ,
soft photonexponentiation,
LL S ��� T � , andnaive QCD,

for thethreefinal states,6 t�y�z 9 r yU{ �7| }
6 r y5z and| }5K C at ~ K�2MW�������4�� .

As explainedin thetext, DPA sitsonly in thevirtual correctionin the
�	�p
]�	���	�	�

approach.Every-
thing elseis (or canbe)calculatedfrom full w 1p� � � matrix elements.This meansthatbest-with-4f-Born
andbest-with-CC03-BorncontainthesameDPA part(thevirtual correction).

All distributionshave beenobtainedwith thefollowing cut andphotonrecombinationprocedure:

– All photonswithin a coneof �U� aroundthebeamsaretreatedasinvisible, i.e. their momentaare
disregardedwhencalculatingangles,energies,andinvariantmasses.

– Next, the invariant massesof the photonwith eachof the charged final-statefermionsarecal-
culated. If the smallestoneis smallerthan ����N�� or if the photonenergy is smallerthan G���4�� ,
the photonis combinedwith thecorrespondingfermion, i.e. the momentaof thephotonandthe
fermionareaddedandassociatedwith themomentumof thefermion,andthephotonis discarded.

– Finally, all eventsarediscardedin which oneof thefinal-statechargedfermionsis within a cone
of G�� � aroundthebeams.No othercutsareapplied.
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Weconsiderthecasesof atight recombinationcut ����N���2 � ��4�� (bare) andof alooserecombinationcut����N���2�W � ��4�� (calo). Born predictionsareindependentof therecombinationcut. The Psr invariant-
massis alwaysdefinedvia thefour-momenta(aftereventualrecombinationwith thephoton)of the Psr
decayfermions.

In Fig. 5 (left) we show the CC03-Bornpredictionsfor the �q� Psr � distributions for all three
final states.The r.h.s.of Fig. 5 shows best-with-CC03-Bornwith the bare recombinationcut , i.e. the
correctionsareincludedin DPA. In Fig. 6 we show theeffect of theradiative correctionsby computing
the ratio of the invariant-massdistributions including radiative correctionsand the Born distributions
bothfor bare andcalo recombination.In thepeakregion, i.e. � �q� P�r �JI��'& �5� , & ÿ W , theeffectsof
radiative correctionslower the line-shapeby approximately� X�� � X�� (| }�K C ), � X�� � X�� (| }�6 r y z ), andG�G�Xs��G�W�X�� (6 t�y�z 9 r y�{ ) for bare(calo)distributions.Thedifferencesbetweenthefinal statesoriginate
mainly from the(naive) QCD corrections.

Fig. 5: The `c\ invariant-massdistributionsfor CC03-Born(left) andbest-with-CC03-Born(right) with bare
recombinationcutsfrom gih"j%kik@limim .

Fig. 6: The relative corrections(best-with-CC03-Born/CC03-Born- 1) for the bare(right) andcalo (left) `c\
invariant-massdistributionsfrom gih"j%k@kilimim .
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Theshapeof therelative correctionsto theinvariant-massdistributionscanbeunderstoodasfol-
lows. For small recombinationcuts(bare),in mostof the eventsthe �er bosonsaredefinedfrom the
decayfermionsonly. If a photonis emittedfrom thedecayfermionsandnot recombined,the invariant
massof thefermionsis smallerthantheoneof thedecaying� r boson.This leadsto anenhancementof
thedistribution for invariantmassesbelow the� resonance.Thiseffectbecomessmallerwith increasing
recombinationcut ����N�� . On theotherhand,if therecombinationcutgetslarge,theprobabilityincreases
that the recombinedfermion momentareceive contributions from photonsthat areradiatedduring the
� -pair productionsubprocessor from thedecayfermionsof the � t boson.This leadsto positive cor-
rectionsabove theconsidered� r resonance.Theeffect is larger for thehadronicinvariantmasssince
in this case,two decayfermions(the two quarks)canbe combinedwith the photon. The effect of the
squaredchargesof thefinal-statefermionsis marginal in thiscasebecausethecontributionof initial-state
fermionsdominates.

In Fig. 7 (left) we show the4f-Born predictionsfor the �q� P r � distributions,without radiative
corrections,i.e. theinvariantmassdistributionsareconstructedfrom all diagramswithout therestriction
to the CC03diagrams.The ratio 4f-Born/CC03-Born,shown in Fig. 7 (right) for the |�}�K C final state,
confirmsthegoodnessof theCC03approximationfor final statesinvolving noelectronsin describingthe
P�P cross-sectionat LEP2energies,especiallyin thepeakregion. The ratio best-with-4F-Born/best-
with-CC03-Bornis nearlythesameastheoneshown on ther.h.s. of Fig. 7, sincethecorrectionscon-
tainedin the numeratorand the denominatorare the same. In Fig. 8 we show the ratio best-with-4f-
Born/CC03-Bornfor boththebare(right) andthecalo(left) P r invariant-massdistributions,exhibiting
thecombinedeffectof includingradiative correctionsandbackgrounddiagrams.

Fig. 7: `c\ invariant-massdistributionsfor the4f-Born (left) from gih"j%kik@limim . Theratio (4f-Born/CC03-Born-
1) (right) is alsoshown for theprocessY7Z�Y]\�^q� � o � .
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Fig. 8: Therelativecorrections(best-with-4f-Born/ CC03-Born-1) for bare(right) andcalo(left) `c\ invariant-
massdistributionsfrom g@h"j%kikil@mim for all threefinal states.

Furthernumericalresultsfrom
�	��

�	���	���

canbe found in Ref. [20] and,for thesameset-upas
here,in Section4.1.

CC03with ��� �	���	���	�	  ! ���
Authors

S.Jadach,W. Placzek,M. Skrzypek,B. WardandZ. Was

General Description

Theprogram�	� �	�	���p¡�¢�£	¤ hasbeenfully documentedandpublishedin Ref. [49,50]. Hereonecanfind
thedifferencesbetween

��  ! ���	¥ and �	� ���	��� in termsof radiative corrections.

Thus,herewe describe
��  ! �	�	¥ first. This latter programevaluatesthe thedoubleresonantpro-

cess¦ t ¦§rsu P t Psr�u w 1 in the presenceof multiple photonradiationusingMonte Carlo event
generatortechniques.Thetheoreticalformulationis based,in theleadingpoleapproximation(LPA), on
theexact S �����©¨ ��ª¬« YFSexponentiation,with S ����� corrections(bothweakandQED) to theproduction
processtaken from Ref. [52], combinedwith S ��� T � LL ISR correctionsin the YFS schemeandwith
FSRimplementedin the S ��� D � LL approximationusing ­�®	��¯	� ! [53]. AnomalousP�P�° couplings
aresupported.TheMonteCarloalgorithmusedto realizetheYFS exponentiationis basedon theYFS3
algorithmpresentedin Ref. [54] andin Ref. [55]. This algorithmis now describedin detail in Ref. [56].
In thisway, oneachievesanevent-by-eventrealizationof ourcalculationin whicharbitrarydetectorcuts
arepossibleandin which infraredsingularitiesarecancelledto all ordersin � . A detaileddescription
of this work canbe found in Refs.[45,57–59]. The program� ��±	�	²�� 1.42 evaluatesall four-fermion
processesin ¦ t ¦@r annihilationby meansof theMonteCarlo techniques.It generatesall four-fermion
final stateswith multi-branchdedicatedMonteCarlopre-samplersandcomplete,massive, Born matrix
elements.Thepre-samplerscover theentirephasespace.Multi-photonbremsstrahlungis implemented
in theISR approximationwithin theYFS formulationwith the S ���$TU� leading-logmatrix element.The
anomalousP�P�° couplingsare implementedin CC03approximation. The standarddecaylibraries
( ³
´�¯ !�´	¯8µ¶­	®	��¯	��!8µO¯ �	· � �	� ) areinterfaced.Thesemi-analyticalCC03-typecode� �	±	���	� for differen-
tial andtotal cross-sectionsis included.It operatesbothin weighted(integrator)andunweighted(event
generator)modes.The detaileddescriptionof this work canbe found in Refs.[46–48,50,51] andthe
longwrite-upof theprogramin Ref. [49] .
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Featuresof theProgram

As theprogram�	� �	�	���p¡�¢�£	¤ is alreadypublishedin Ref. [49,50], weagainstartwith thefeaturesof the�	  ! ���	¥ program.The latter codeis a completeMonteCarlo eventgeneratorandgivesfor eachevent
the final particle four-momentafor the entire w 1O¸)¹ � final stateover the entirephasespacefor each
final stateparticle. Theeventsmaybeweightedor unweighted,asit is moreor lessconvenientfor the
useraccordingly. Thecodefeaturestwo realizationsof theLPA, which aredescribedin Refs.[57–59]
whereinwealsodiscusstheir respective relative merits.

Theoperationof thecodeis entirelyanalogousto thatof theMC’s
�	  ! ¥º���	»º�	  ! ¤ in Refs.[54,

67]. A crudedistribution basedon theprimitive Born level distribution andthemostdominantpartof
the YFS form factorsthat canbe treatedanalytically is usedto generatea backgroundpopulationof
events.Theweightfor theseeventsis thencomputedby standardrejectiontechniquesinvolving theratio
of thecompletedistribution andthecrudedistribution. As theuserwishes,theseweightsmaybeeither
useddirectly with theevents,which have thefour-momentaof all final stateparticlesavailable,or they
may be accepted/rejectedagainsta maximalweightWTMAX to produceunweightedeventsvia again
standardMC methods.Standardfinal statisticsof therun areprovided,suchasstatisticalerroranalysis,
total cross-sections,etc.Thetotalphasespacefor theprocessis alwaysactive in thecode.

Theprogramprintscertaincontroloutputs.Themostimportantoutputof theprogramis theseries
of MonteCarloevents.The total cross-sectionin ¼$½ is availablefor arbitrarycutsin thesamestandard
way asit is for

�	  ! ¥ and
�	  ! ¤ , i.e. theusermay imposearbitrarydetectorcutsby theusualrejection

methods.Theprogramisavailablefromtheauthorsvia e-mail.TheprogramiscurrentlypostedonWWW
at http://enigma.phys.utk.edu aswell ason anonymousftp at enigma.phys.utk.eduin theform of a tar.gz
file in the /pub/YFSWW/directorytogetherwith all relevantpapersanddocumentationin postscript.

As far asthe P -pair physicsis concernedthe � �	±	��²	� is optimizedto operatetogetherwith the�	  ! ��� program:� �	±	��²	� providesthecompletebackground(beyondCC03)simulationby includingall
theBorn level Feynmandiagramsof agivenprocess,whereasthesignalprocess(CC03)is simulatedby�	  ! ��� includingfirst ordercorrectionsto P production.Thefinal predictionis thenobtainedby adding
andsubtractingappropriateresults.

In orderto facilitatethisaddandsubtract procedurebothprogramshave beenre-organizedin the
following way: (1) TheCC03anomalousBornmatrixelementandcorrespondingphase-spacegenerator,
coveringtheentirephase-space,arethesamein bothcodes.(2) TheISR,basedon YFS principle,with
S ��� T � leading-logmatrix elementandfinite transversephotonmomentais alsothesamein bothcodes
(in thecaseof

�	  ! ��� it requiresswitchingoff thebremsstrahlungoff P -pair). (3) TheFSRis realized
in bothcodesin thesameway with thehelpof ­�®	��¯	� ! library. (4) Theinput datacardsarein thesame
formatfor bothcodesandcanbestoredin onedatafile with commondatabaseof parametersalongwith
keys specificfor bothprograms.

The features(1) – (3) guaranteethat thecommonfor bothprogramsBorn+ISR+FSRCC03part
can be definedand conveniently subtracted.This is a non-trivial feature,as for instancethereare a
numberof differentimplementationsof photoniccascadesavailableamongstfour-fermionMonteCarlo
codes.Thefeature(4) is amatterof convenienceasit allows for coherentandsafehandlingof theinput
parameters.For CC03,we notefor clarity that

��  ! ���	¥ and � ��±	��²	� 1.42differ in that
�	  ! �	��¥ hasthe

YFSexponentiatedexactNL S ����� correctionto theproductionprocesswhereas� ��±	�	²�� 1.42doesnot.

Numericalresults

Westartwith predictionsfor thetotalcross-section,shown in Tables3–5,wheretheBornapproximation
and the best resultsare shown. Theseresultsin Tables3–5 alreadyshow the size of the NL S �����
correction,¾ G�B � I¿W�BV��X , whencomparedto theanalogousresultsfrom programssuchas À	´�Á	¯ � ´ , see
for exampleRef. [34]. In the sub-sectionbelow on the comparisonbetween

���p

���	���	�
and

�	  ! ���	¥ ,
resultssuchasthosein Tables3–5 areusedto arrive at the currentprecisionon the total P�P signal
cross-sectionat LEP2energies.
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Table 3: Cross-sections[fb] for Y[Z�Y]\�^a`bZ�`c\ from Â@ÃiÄimim at
n o�ÅÇÆÉÈ
Ê

GeV.

Channel Born Best

� � o � 1.96325(37) 1.59365(86)
� �@� � 1.96369(41) 1.59572(71)
� �ÉË�\ Ì@Í 0.65441(14) 0.53901(22)
� �§Y]\ Ì§Î 0.65458(12) 0.53899(23)Ë�\ Ì§Í
Ï5ZÐÌ�Ñ 0.21809(4) 0.18193(7)

all `)` channels 17.66681(351) 15.49161(618)

Table 4: Cross-sections[fb] for Y[Z�Y]\�^a`bZ�`c\ from Â@ÃiÄimim at
n o�ÅÇÆÉÈ
Ò

GeV.

Channel Born Best

� � o � 2.03231(39) 1.68293(93)
� �@� � 2.03285(40) 1.68565(76)
� �ÉË�\ Ì@Í 0.67756(14) 0.56931(24)
� �§Y]\ Ì Î 0.67756(14) 0.56931(24)Ë \ Ì Í Ï Z Ì Ñ 0.22573(4) 0.19220(8)

all `)` channels 18.29266(354) 16.36329(694)

Table 5: Cross-sections[fb] for Y Z Y \ ^a` Z ` \ from Â@ÃiÄimim at
n o�Å¶Ó§Ô
Ô

GeV.

Channel Born Best

� � o � 2.06691(40) 1.75725(96)
� �@� � 2.06737(41) 1.76065(82)
� �ÉË�\ Ì Í 0.68899(16) 0.59440(26)
� �§Y \ Ì Î 0.68913(13) 0.59444(27)Ë�\ Ì Í Ï5ZÐÌ Ñ 0.22957(5) 0.20065(9)

all `)` channels 18.59649(383) 17.09010(771)

Turningnow to �	� �	���	� , wenotethatit hasmultiple-optionsin thepresencemulti-photonicevents.
It candefinedistributionsfor

1. visible � (radiative/hardest);

2. all photons,i.e. nocuts,in whichcaseonecantakeonly a) themostenergeticphotonto determine
energy andangles(all/hardest), b) thesum(all/sum).

A sampleof resultsis shown in Figs.9, 11 wherewe presentvariousdifferentialdistributionsfor
¦ t ¦@rÕu |�} Ö y�× includingall backgroundgraphsandemissionof multiple photonswith finite transverse
momentafrom initial andfinal statesgeneratedby � ��±	��²	� . Thefollowing generalcutshave beenused
for all plots: ��Ø]Ù�ÚMG�� GeV, Û × Ú � GeVand � <7Ü�?�Ý × �iÞ ��BVß�à � .
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Fig. 9: áiâigiã@äimæå�ç and è¬é
ê:ë�ç spectrafor � �¬Ë�\ Ì Í
ì .

Fig. 10: áiâigiã@äimæå�ç spectrafor � �§Y]\ Ì Îíì .
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Fig. 11: áiâigiã@äim bare, calo î spectrafor � �ÉË�\ Ì Í]ì .

In thefirst plot of Fig. 9 thephotonenergy distributionsareshown for: thehardestof all photons,
thehardestof visible(radiative)photonsandthesumof all photons.A visiblephotonis definedashaving
energy of at leastG GeV, separatedby at least�U� from all chargedfermionsandhaving � <7Ü�?�Ý�ï �iÞ ��BVß�à � .
Apart from thenaturalbig differencebetweenvisibleandinvisiblephotonsonecanalsoseeasubstantial
effectdueto emissionof morethanonephoton(hardestvs. sum). A similarpatternfor theelectronfinal
stateis shown in Fig. 10. In thesecondplot of Fig. 9 theangulardistributionsof thehardestandhardest
visiblephotonareshown.

In Fig. 11 theinvariantmassdistributionsareshown. massð denotesthe |�} -systeminvariantmass
andmassD the 6 y�z mass. Calo massincludesall photonsthat have eitherenergy smallerthan G GeV
or their angleto any final statechargedparticlelessthan G�� � for leptonsor W �U� for quarks.In thecase
of leptonsonecanseethe familiar patternof reductionof the cross-sectionbelow thepeak(andweak
changeabove) dueto FSRwhengoingfrom theBare to Calo massdefinition(cf. eg. Ref. [35]). In the
caseof hadronstheFSRis notgenerated.

CC03with À�´	Á	¯ � ´
Authors

D. Bardin,A. Olchevski andT. Riemann

We describeshortly the À�´	Á	¯ � ´ developmentafter v.2.00(1996). À�´	Á�¯ � ´ ñ ¢�¤Ð¢
¡
ò (March
2000)[5,68], with authorsD. Bardin,J.Biebel,D. Lehner, A. Leike, A. Olchevski andT. Riemanncan
beobtainedfrom: ó	ô�ô	õÐö �	��÷	÷�÷8¢
ø]ù ó ¢�»	ú�� ¾ ±pø]ú	û5�	������»	�p
�� À ú	� ô ²�ú���ü	ú	� ô ²�úÐ¢ ó	ô û�²�	��ùpý]�p

ú�±	�Ð¢

 ó �	þ�ý
ú	±��	ÿ��	ÿ	��±	» ø
��» � � õ þ�ÿ�²�ø	
�� À ú	� ô ²	ú�¤ ¡
ò

ProgramdevelopmentssinceÀ	´�Á	¯ � ´ v.2.00(usedin the1996LEP2workshop):
À	´�Á	¯ � ´ ñ ¢�¤8¢[òp¡ (14March1998)comparedto v.2.00:
Angulardistribution (with anomalouscouplings)extendedfrom CC03classto CC11class[69,70].
À	´�Á	¯ � ´ ñ ¢�¤8¢[ò	¤ (11Sept1998)comparedto v.2.01:
For CC cross-sections,alsoaconstantP width maybechosen;minor bugseliminated.�	��� ñ ¢[ò8¢��Ð¢�£ (12.02.1999)[71]: new package,includesanomalouscouplingsandcalculatestheangular
distribution for polarized� pairproductionin theNC08class.
À	´�Á	¯ � ´ ñ ¢�¤8¢]¡
ò (March2000)differsfrom v.2.02by thefollowing features:
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– for theCC cross-sections,above thresholdtheCoulombcorrectionwasmodified.
– the NC cross-sectionsin package

£�ù	�	�
includenow besidesthe NC32 classalsothe NC02 process;

alsosomenew optionsintroduced,seeflagdescriptionsbelow.

As is well-known, recentcomparisonsfor thetotalCC03cross-sectionshowedthat À	´	Á�¯ � ´ v.2.00
overestimatedit by aboutW�X . Thereasonwasunderstoodin astudymadeby the

�	��

���	�	���
collaboration

[72]. It wasfound that the Coulombcorrectionascomputedin references[28] overestimatesthe FSR
QED correctionabove the W P threshold.Sucha behaviour wasnot excluded,of course,becauseold
calculationscontrolonly theleadingtermat thresholdS ��G ÿ	� & � , where�JD& 2MGæI w � D& ÿ K . Only more
completecalculations,usinge.g.theDPA, maycheckhow preciselythe G ÿ	� & approximationworks.

An introductionof asimplesuppressionfactor

max G�I � &� & � 
 �
� D����������
� � (60)

switchingoff the Coulombcorrectionsmoothlybetween~ K¶2 W���& and W���� GeV improvesthe nu-
mericalagreementwith

���p

���	���	�
considerably. In this sense,theintroductionof sucha fudge factoris

justifiedby amorecompletecalculationbasedon DPA.

Comparedto À	´�Á	¯ � ´ ñ ¢[¤8¢[ò	ò , new or extendedflag regimesin À�´	Á	¯ � ´ ñ ¢�¤Ð¢
¡
ò allow for:
(a) �  	·�� À   =0,1:switchingtheCoulombsuppressionfactoroff/on (for �
­ � � � =1, ie, CC);
(b) ����� ��� =0,1:without/with inclusive (naive) treatmentof QCDcorrections(for �
­ � � � =2, ie, NC);
(c) ���  ���� =0,1,2: choice of final stateQED corrections[none, at scale K = � D� , or at scale K�� ] (for�
­ � � � =2);
(d) � � ®	Á�Á � =0,1:switchingbetweenNC02andNC32classes(for �]­ � � � =2);
(e) �]À ������� =0,1:switchingbetweenconstantand K -dependentP width (for �]­ � � � =1);
(f) ���]Á	­�¯ =2: use of the �  input scheme(for �
­ � � � =2) Seesection2.13, Eq. (8) of [5]: K D �����G�I�� D& ÿ � D� � ,  �D � w ~ WU�  � D& .
Further, by callingsubroutine

��·	 	��� À , onemayredefinethenumericalvalueof � ��! ��� D� � =��� ­	®  �� (for���  ���� =1).

Remainingelectroweak corrections,genuineweakcorrectionsin particular, arenot includedin
À	´�Á	¯ � ´ . Although,wehave severalchoicesof inputparameters.Wemayrecallherethat À�´	Á	¯ � ´ v.2.00
hadtwo options: � -schemeand �  -scheme,asdefinedby Eqs.(71).In À�´	Á	¯ � ´ v.2.10this is extended
to theNC32family. A sampleof thenumericalresultsis shown in Table6. TheCC tableis produced
with thefollowing À	´	Á�¯ � ´ flagsettings:�
­ � � � µ����
Á�­	¯8µ"�
��Á � ® � µ"��#	� � Á   µ"��# � �	À � µ"� � ®	Á�Á � = 1 1 1 1 0 0�
À ������� µ"�
À ���	��� µ"�
À ���	� µ�� ����� µ�� � Á5�8µ��"#$�]Á = 0 0 1 0 0 0� � �	Á�% � µ"� � ´ � �Ðµ��"�	´ � ® � µ��
¯�Á	�5Á · µ�� � ´	¯�¯ � = x x x 0 1� � � ��� #8µ"�  �·�� À   µ"���  ��	� µ����"� �&� = 2 1 0 1� ��� ­Ðµ�� ���	��' µ�� ��� ¯	­8µ"� ��� �
ÁÐµ�� ������' = 1 0 1 1 1
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Table 6: Cross-sections[pb] for Y[Z�Y]\ ^ `bZ�`c\ ^ d
f ; first column: gih0j%kikilim@m [20, 72], secondcol-
umn: (*)*+*,@ä*).-0/�1�2 , third and fourth columns estimatevariations due to theoreticaluncertainties. Flags:3�4 â5+*6iä07 398 )igiâ07 3�: )5;5<iÄ =001,100,013.n o

[GeV] g@h"j%kikil@mim (*)*+*,@ä*)>= (5)*+*,iä*) 2.10 (*)*+5,iä*)@?
172.086 12.0934(76) 12.0366 12.0457 12.1289
176.000 13.6171(67) 13.5651 13.5723 13.6655
182.655 15.3708(76) 15.2628 15.2731 15.3771
188.628 16.2420(111) 16.1723 16.1839 16.2935
191.583 16.5187(85) 16.4749 16.4869 16.5983
195.519 16.7910(88) 16.7674 16.7797 16.8927
199.516 16.9670(89) 16.9590 16.9723 17.0864
201.624 17.0254(89) 17.0309 17.0435 17.1579
210.000 17.0876(91) 17.1419 17.1539 17.2687

As seenfrom theTable,thereis avery goodagreementbetweenÀ�´	Á	¯ � ´ v.2.10and
�	�p
]�	���	�	�

. It
is importantto emphasize,thattheintroductionof asuppressionfactor, Eq.(60), is theonly modification
as comparedto v.2.00 which overestimatedthe total cross-sectionby about W�X . In this respectone
could saythat, following À	´�Á	¯ � ´ ’s example,all programsthat do not includeDPA may, nevertheless,
give an effectivedescriptionof CC03that emulatesthe resultsof DPA, e.g.

�	��

���	�	���
. Nevertheless,

only programsincluding DPA representa state-of-the-artcalculation. Indeed,the Coulombcorrection
is just part of the full A ����� correctionand cannotbe split from the rest unambiguouslyat energies
well above threshold.However, an improved Born approximation(IBA) comessignificantlycloserto
the S ����� -correctedresultif theCoulombsingularityis switchedoff above thresholdwith someweight
function 1p� � & � . Thiswasalreadydonein theIBA of Ref. [42], where1p� � & � reducedtheCoulombpart
from W�X to about G�X at ~ KO2 W�������4�� . The moreradical 1p� � & � of (60) reducesthe W�X to zeroat
~ K 2HW�������4�� .

Concerningthe theoreticaluncertaintiesgiven in Table 6, one shouldunderstandthat they are
exclusively dueto ISR asit is implementedwithin the À	´	Á�¯ � ´ approach.As seen,they areof theorder
of ��B ��� X . Again, a completeapproach,like the DPA, is bettersuitedto provide a safeestimateof
theoreticaluncertainties.

Comparisonbetween
���p
]�	�	���	�

and #�# � results

Authors�	��

���	�	���
A. Denner, S.Dittmaier, M. RothandD. Wackeroth#�# � F. Berends,W. Beenakker andA. Chapovsky

In thissectionwecomparetheMonteCarlogenerator
���p
]�	�	���	�

[20,22] with thesemi-analytical
benchmarkprogram[9] of Berends,Beenakker andChapovsky, called #�# � in thefollowing. Thenumer-
ical comparisonhasbeendonefor theleptonicchannel4�t:4 rvu y�z 6+t"9 r yU{ andtheinputparametersof
Ref. [9]. As explainedin moredetailbelow, in thissectionthe

�	�p
]�	���	�	�
resultsarenot calculatedwith

thepreferredoptions,but ratherin asetupascloseaspossibleto the #�# � approach.

The two programsinclude the completeelectroweak S ����� correctionsto 4�t$4 rxu �¿� u
w 1p��¸ � � , both including the non-factorizablecorrectionsand P -spin correlations,which at presentis
only possiblewithin theDPA formalism. AlthoughbothprogramsusetheDPA, neverthelessthereare
differencesbetweenthesetwo calculations. One is technical,the usualdifferencebetweena flexible
MonteCarlocalculation,which is alsomeantfor experimentaluse,andamorerigid semi-analyticalone,
which wasconstructedasa benchmarkfor futurecalculations.Theotherdifferenceis in theimplemen-
tationof theDPA. The #�# � calculationadheresstrictly to DPA definitions,soalsothephasespaceand
photonemissionaretaken in DPA. In

�	�p
]�	���	�	�
the matrix elementsfor virtual correctionsarecalcu-

latedin theDPA, but theexactoff-shell phasespaceis used.For realphotonradiationtheDPA is not
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used.Insteadall Borndiagramsfor 4 t 4 r uxw 1 � (includingthebackground)aretakeninto accountand
thefinite width is introducedin thefixed-widthscheme.Formally this procedureis not gauge-invariant,
but it hasbeenchecked numericallywith a gauge-invariant calculation(complex-massscheme).The
matchingbetweenthevirtual andrealcorrections,which is necessaryin orderto canceltheIR andmass
singularities,is donein sucha way that the leading-logarithmiccorrectionsarisingfrom ISR aretaken
into accountexactly, i.e. not in DPA. By comparingthetwo calculationsonecannumericallycheckthe
quality of the DPA for real-photonradiation. The expecteddifferencesin the relative correctionsbe-
tweenbothapproachesareformally of S ��� ÿ	BDC , Q ÿFE�Û � , with E�Û 2 ~ K I W�� Q nearthe P -pair
productionthreshold.

Thedifferencesin theapproacheshave importantconsequences.With
���p

���	���	�

predictionscan
beobtainedfor generalcutsandphysicallyrelevantsituations.Thefactthatthemassesof thefinal-state
fermionsareneglectedrestrictsthe applicability of the programto thoseobservablesthat are free of
masssingularitiesconnectedto thefinal state.This means,in particular, thatcollinearphotonshave to
becombinedwith thecorrespondingfermions.Thiscombinationdependson theexperimentalsituation,
which in turn dependson thetypeof final state.Thesemi-analyticalapproachis of courselessflexible
for implementingtheexperimentalcuts.In thebenchmark#�# � calculationsomeof theintegrationswere
performedanalyticallyin orderto speedup thenumericalevaluations.For instance,the invariant-mass
distributionsweretreateddifferently from observableswherethe invariantmasseshave beenintegrated
over. This is not a requirementin generalin theDPA if oneis preparedto do moreof the integrations
numerically. On the other hand,a treatmentof mass-singularobservables,i.e. oneswithout photon
recombination,canbeeasilyperformedin thesemi-analyticalapproach.

For the total cross-section,thedifferencesbetweenthe two approachesshouldbe of the naively
expectedDPA accuracy of S ��, & ÿFE�Û � relativeto the S ����� correction.In Fig.12weshow theprediction
of #�# � aspointswith error-barsandthepredictionof

���p

���	���	�
asa curve togetherwith error-barsfor

somepoints.All error-barsarepurelystatistical.

As shown in Fig. 12, both calculationsagreevery well above G�à � ��4�� . Below this energy the
differencesin the implementationof the DPA becomevisible, in agreementwith the expectedrelative
errorof S ��, & ÿFE�Û � . Themaineffect originatesprobablyfrom thedifferenttreatmentof the S ����� ISR
andthe phasespace.While #�# � treat the completeS ����� correction(including ISR) in DPA anduse
the on-shellphasespaceconsistently, in

�	��

���	�	��� 10 the universal leading-logpart of the S ����� ISR
correctionis appliedto the full CC11cross-section,andthe off-shell phasespaceis usedthroughout.
Below about G � ��� 4�� theDPA cannotbetrustedany morefor bothvirtual correctionsandreal-photon
radiation,sincethe kinetic energy of the P bosonsbecomesof the orderof the P width. The large
deviationsof up to W�X in theenergy rangebetweenG � � and G�à�����4�� canbepartially attributedto the
factthat #�# � treatsalsotheleadinglogarithmicISRcorrectionsin DPA which is notdonein

�	��

���	�	���
.

Thereforethisdifferencecannotbeviewedautomaticallyasa theoreticaluncertaintyof theMonteCarlo
programs.

10Theexponentiationof ISR hasbeenswitchedoff in G�HJI	K
K�L
M
M for this comparison,theon-shellCoulombsingularityhas
beenusedandno naive QCD correctionsare included. Moreover, the lowest-ordercross-sectionusedfor normalizationis
calculatedin DPA with on-shellphasespace.This allows to comparedirectly therelative correctionsof bothapproaches.
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Fig. 12: Relative NPORQ�S correctionsto thetotal cross-sectionof T%Z�T@\�^aÌ Í Ë:Z Ï \ Ì Ñ

For angularandenergy distributionsunavoidabledifferencesarisefrom thedefinitionof thephase-
spacevariablesin thepresenceof photonrecombination.Whendefiningthemomentaof the P bosons
for angulardistributions, #�# � choosesto assignthephotonto oneof theproduction/decaysub-processes.
If thedetectedphotonis hard, Û ïVU , & , thenthis is theoreticallypossible.Theerrorin theassignment
is suppressedby S ��, & ÿFE�Û � . If the detectedphotonis semi-soft, Û ï ¾ , & , thenit is impossibleto
assignit to any of thesub-processes,but asthephotonmomentumis muchsmallerthanthe P -boson
momentum,the error associatedwith this procedureis suppressedby the samerelative S ��, & ÿFE�Û � .
Theanglesarethendeterminedfrom the resulting P -momentaandtheoriginal fermion momenta.In�	��

���	�	���

, all anglesaredefinedfrom the fermion momentaafter eventualphotonrecombination.To
this end,the invariantmassesof thephotonwith eachof thechargedinitial- or final-statefermionsare
calculated.If thesmallestof theseinvariantmassesis smallerthan ����N�� andthefermioncorresponding
to this invariant massis a final-stateparticle, the photonis recombinedwith this fermion. The two
differentangledefinitionsleadto a redistribution of eventsin theangulardistributions,which arises,in
particular, from hardphotonemission.

The relative correctionsto the distributions in the cosinesof the polar productionangle, Ý¬Q 2W ��4�t�� � t�� , andthedecayangle,Ý z Q 2 W ��6+t�� � t�� , arecomparedfor ~ K�2HG�à w � 4�� in Fig. 13.

Theresultsof #�# � areagainshown aspointswith error-bars.Theresultsof
���p

���	���	�

areplotted
ashistogramsfor two differentphotonrecombinationcuts ����Ní� 2 � ��4�� or W � ��4�� . Therelative cor-
rectionsin the two recombinationschemesdiffer at the level of ��B �YX G�X , with the largestdifferences
for largeangleswherethecross-sectionis small. Thedeviationsbetween#�# � and

�	�p
]�	���	�	�
aresome-

what larger thanthis andalsolarger thanin thecaseof thetotal cross-section,but of thesameorderof
magnitude.A repetitionof theanalysisat ~ K!2sW � ����4�� hasshown that thedeviationsat largeangles
grow with increasingcentre-of-massenergy, sincealsothehard-photonredistribution effectsgrow with
energy.

Invariant-massdistributionsdependcrucially on the treatmentof the real photons.Sincethis is
fundamentallydifferent in

�	�p
]�	���	�	�
and #�# � , it doesnot make senseto comparethesedistributions

betweenthetwo programs.Specifically, #�# � definethe P invariantmassesfrom thefermionmomenta
only (bare or muon-like) which make themsensitive to thecollinearmasssingularities.In

�	��

���	�	���
,

the photonsarealwaysrecombinedwith the fermions(calorimetric or electron-like). The actualmass
shiftscrucially dependon theexperimentalsetup.They areof theorderof several G��[Z_4�� andnegative
for thebareprocedure.In thecalorimetrictreatmentthesemassshiftsarereducedandcanevenbecome
positive dependingon therecombinationprocedure.

45



Fig. 13: Relative N>O\Q$S correctionsto the ` -productionanddecayangledistributionsfor T%Z�T@\�^aÌ%Í]Ë:Z�Ï \ ÌiÑ atn o Å'Æ�È d^]_T9` for thetwo differentvaluesof îVacbRd Åfe ]_T9` and
Ó�e ]_T9`

As wasalreadymentionedearlier, themostimportantdifferencebetweenthetwo approachesis the
treatmentof real-photonradiation.Therefore,it is importantto comparedistributionsthatareexclusive
in thephotonvariables.As anexampleof sucha distribution we presentin Fig. 14 a comparisonof the
photonspectrum,Û ï }�g ÿ } Û ï , asa functionof photonenergy at theCM energy G�à w � 4�� .

Fig. 14: Photonenergy spectrum,å�ç��5hji
�@å�ç , at theCM energy
ÆÉÈ d^]_T�` for the two differentsetsof angular

cuts,asdescribedin thetext.

Thespectrumis shown for two differentsetsof angularcuts,whichrestricttheanglesbetweenthe
photonandthebeammomenta,

W ��4�k�� � � , thephotonandfinal-stateleptonmomenta,
W �mlnk�� � � , andthe

beamandfinal-stateleptonmomenta,
W �ml k �74 k � :

1.
W ��4�k�� � �poHG�>�4Jq ,

W �mlnk�� � �ro � >i4Jq and
W �mlFk��74�k��poHG���>�4Jq ,

2.
W ��4 k � � �po � ��>�4Jq ,

W �ml k � � �po � ��>i4Jq and
W �ml k �74 k �poMG���>i4Jq .

Thefirst setof cutsis closerto experiment,but thesecondsuppressesthedominantcontributionof ISRin
thereal-photonicfactorizablecorrections.Sincethesecondsetof cutsremovesa largepartof thephase
space,statisticsin thefirst caseis abouttentimesbiggerthanin thesecondcase.However, thesecond
setof cutsrendersnon-factorizableandfactorizableradiationof a comparableorder, thuscheckingthe
former. Figure14revealsanagreementbetweenthetwo approacheswithin ¾ G���X for bothsetsof cuts,
whichis of theorderof thenaiveexpectationfor theDPA errorof S ��, & ÿFE�Û � . Noteapeculiardecrease
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of thephotonenergy spectrumat lower photonenergiesfor thesecondsetof cuts. It wasnumerically
checked in the BBC approachthat this decreaseis dueto non-factorizablecontributions (interference
betweenvariousstagesof the process).More precisely, the non-factorizablepart amountsto roughly
20%of thecompletecontribution andis negative for Û ïts ,:Q ; it tendsto zeroabove Û ï ¾ ,"Q .

Comparisonof
�	��

�	���	���

and
�� ��	���	¥

results

Authors�	��

���	�	���
A.Denner, S.Dittmaier, M.RothandD.Wackeroth

�	 ��	���	¥
S.Jadach,W. Placzek,M. Skrzypek,B. WardandZ. Was

In this sectionwe compareresultsobtainedwith theMonteCarlogenerators
�	��

���	�	���

[20,22]
and

�� ����	�	¥
[76]. The numericalcomparisonhasbeendonefor the LEP2 input parameterset. This

comparisonis restrictedto theCC03contributionsfor 4�t:4 r)u � � u w 1 , i.e. backgrounddiagrams
have beenomitted11.

First we recall that
�	�p
]�	���	�	�

containsthe completeelectroweak S ����� correctionsto 4 t 4 r u
� � u w 1p��¸ � � within theDPA, including thenon-factorizablecorrectionsand P -spin correlations.
Real-photonemissionis basedon the full 4 t 4 r u w 1 � matrix element(of the CC11class),andISR
beyond S ����� is treatedin thestructure-functionapproachwith soft-photonexponentiationandleading-
logarithmiccontributionsin S ��� T � . To bemoreprecise,for w 1 andw 1 � (with ahardnon-collinear� ) at
treelevel all final statesaresupported,i.e. alsoMix43, i.e. |�} }]| . If, however, soft andcollinearphotons
areallowed, the virtual correctionto ¦ t ¦@rMu P�P u wvu is required. In this case,

�	�p
]�	���	�	�
takes

photonradiationfrom theCC11classinto account12. ThesingularCoulombcorrectionis includedwith
its full off-shell behaviour.QCD correctionsaretakeninto accountby thenaiveQCDfactors��G ¸'� # ÿ	B �
for hadronicallydecayingP bosons.

In
�� ����	�	¥

theexact S ����� electroweakcorrectionsto 4�t:4 rvu � t ��r areimplementedtogether
with YFS exponentiationof thecorrespondingsoft-photoneffectsfor theproductionprocessasdefined
in theDPA, which is equivalentto theLPA asdefinedin Ref. [77] for this process.ISR beyond S �����
is taken into accountup to S ��� T � in leading-logarithmicapproximation.The full off-shell behaviour
of thesingularCoulombcorrectionis included.Thecorrectionsto the P decay, includingnaive QCD
corrections,areimplementedby usingthecorrectedbranchingratios.In thisway, thetotal cross-section
receivesthefull S ����� correctionsin DPA. Takingthiscrosssectionasnormalization,final-stateradiation
with up to two photonsis generatedby ­	®	��¯	� � , which is basedon a leading-logarithmic(LL) approxi-
mationin whichfinite ¼&w effectsaretakeninto accountin suchawaythatthesoft limit of therespective
exact S ����� ¼ w spectrumis reproduced.

For observableswherethedecayof the P bosonsandtheir off-shellnessareintegratedout, the
expecteddifferencesbetweenthe two calculationsareof the orderof the accuracy of the DPA, i.e. of
the relative order S ����,"Q ÿFE�Û � , modulopossibleenhancementfactors. Here E�Û is a typical energy
scalefor the consideredobservable, i.e. E�Û ¾ ~ K I�W�� Q for the total cross-sectionnearthe P -
pair productionthreshold. For observablesthat dependon the momentaof the decayproductslarger
differencescanbe expected.This holds, in particular, for observablesinvolving a real photon. While
suchobservablesarebasedon the full lowest-ordermatrix elementfor 4 t 4 r u w 1 � in

�	��

�	���	���
, in�	 ��	���	¥

themulti-photonradiationin the PqP production(within theYFS scheme)is combinedwith
S ��� D � LL radiationin P -decays(doneby ­	®	��¯	� � ), i.e. therealphotonradiationis treatedin DPA and
somefinite S ����� termsfrom FSRareneglected,but thetreatmentof theleadinglogarithmsgoesbeyond
strict S ����� .

11Notethattherealcorrectionsin G�HJI	K
K�L
M
M includethebackgrounddiagramsof theCC11class,andtheISR is convoluted
with this classof diagrams.For LEP2energies,however, thedifferenceinducedby thesebackgrounddiagramswith respectto
theBornshouldbeat thepermille level.

12To do this, in any program,for Mix43 would requirevirtual correctionsto x -pair production,whicharenot implemented.
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For the total cross-section,thedifferencesbetweenthe two approachesshouldbe of the naively
expectedDPA accuracy, i.e. below 0.5%for ~ Kyo G�à�����4�� . In Table7 we comparethe resultsfrom
bothgeneratorsfor thetotalcross-sectionwithoutany cuts.Thebestnumberscorrespondto theinclusion
of all correctionsimplementedin theprograms.Independentlyof thechannelbothprogramsdiffer by��BVW X ��B � X , which is of theorderof theintrinsicambiguityof any DPA implementation,i.e. thenumbers
areconsistentwith eachother.

Table7: Totalcross-sectionsfor CC03from g@h"j%kikil@mim andÂiÃ@Äimim*z at
n o�Å¶Ó§Ô
Ô ]_T�` withoutcuts.Thenumbers

in parenthesesarestatisticalerrorscorrespondingto thelastdigits.

no cuts h�{c|�{�} f�~n�
final state program Born best

ÂiÃ@Äimim*z 219.770(23) 199.995(62)Ì Í Ë:Z Ï \p�Ì Ñ gih"j¬kikilimim 219.836(40) 199.551(46)
(Y–R)/Y = Ô&� Ô
Ê O Ó S % 0.22(4)%
ÂiÃ@Äimim*z 659.64(07) 622.71(19)� �� Ë \ �Ì%Í gih"j¬kikilimim 659.51(12) 621.06(14)
(Y–R)/Y

Ô�� Ô§Ó O Ó S % 0.27(4)%
ÂiÃ@Äimim*z 1978.18(21) 1937.40(61)� �� ê��è gih"j¬kikilimim 1978.53(36) 1932.20(44)
(Y–R)/Y = Ô&� Ô
Ó O Ó S % 0.27(4)%

The resultsof
�� ����	�	¥

presentedherediffer from the onespresentedat the winter conferences,
wherestill a differenceof ��B � X betweenthe programswas reported. The main point is that the re-
sultsin Table7 areobtainedwith version1.14whereasthosepresentedat thewinter conferenceswere
obtainedwith version1.13. Version1.14,which hasbenefittedfrom the detailedcomparisonbetween
the

���p

���	���	�
and

�� ����	�	¥
virtual corrections,represents,accordingto renormalizationgroupimproved

YFStheory[78], animprovedre-summationof thehigherordercorrectionsascomparedto version1.13.
We stressthat we (the

���p
]�	�	���	�
and

�	 ��	���	¥
groups)have alsochecked that, whenwe usethe same

couplings,our S ����� virtual plus soft correctionsin theW-pair productionbuilding block agreediffer-
entially at thesub-permille level andagreefor thetotal crosssectionat � ��BV��G�X . This is animportant
crosscheckon bothprograms.However, asa by-productof this detailedcomparison,we have realized
that the �  schemeof Refs.[79] hasonly theIR divergentpartof thevirtual photoniccorrectionswith
coupling ������� whereasthe renormalizationgroupequationimplies that any photonof 4-momentum�
shouldcouplecompletelywith ������� when �%D u � , where ��� ��D � is therunningrenormalizedQED cou-
pling. In version1.14of

�	 ��	���	¥
, we have madethis improvementas implied by the renormalization

groupequation[78]. Thegenericsizeof theresultingshift in the
�� ����	�	¥

predictioncanbeunderstood
by isolatingthewell-known softplusvirtual LL ISRcorrectionto theprocessathand,whichhasin S �����
theexpression[79] �	�

t ��9�&�[� ��� 2 ��� ��� � ¸
�
B �W�� ¸ B D

�
I�W � (61)

where � � D��� � � IeG�� , � 2 � � ��K ÿ - D � � , and � � is a dummy soft cut-off which cancelsout of the
crosssectionas usual. In the �  schemeof Refs. [79] which is usedin

�	 ����	��¥
-1.13,only the part��� ��� � ¸ ��� ÿ	B ��� B�DÓÿ�� � of

� �
t ����&�[� ��� hasthecoupling ������� andtheremainingpartof

�9�
t #���&�[� ��� hasthecou-

pling � �  ¾2 ������� ÿ ��G!I ��BV� ��� G�� . The renormalizationgroupimproved YFS theoryimplies,however,
that ������� shouldbeusedfor all thetermsin

���
t ����&�[� ��� . This is donein

�� ����	�	¥
-1.14andresultsin thenor-

malizationshift �����������JI�� �  � ÿ	B �:��G�B � � I W�� , which at 200GeVis ¾ I!��B ��� X . This explainsmostof
thechangein thenormalizationof

�	 ����	��¥
-1.14vsthatof

�	 ��	�	��¥
-1.13.Moreover, it doesnotcontradict

theexpectedtotalprecisiontagof eitherversionof
�� ��	���	¥

attheir respectivestagesof testing.Westress
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that,accordingto therenormalizationgroupequation,version1.14is animprovementoverversion1.13
– it betterrepresentsthetrueeffect of therespective higherordercorrections.More detailsof theactual
schemeof renormalizationandre-summationusedin

�	 ����	��¥
-1.14will appearelsewhere[59].

In
�	�p
]�	���	�	�

, thecoupling ������� is usedeverywherein therelative S ����� corrections,evenin the�  scheme,in order to include the appropriatecoupling for the (dominant)photoniccorrections. A
switch in

�	 ��	�	��¥
-1.14to this schemeshifts the maximaldifferencesbetweenthe programsto ��B ��w X ,

somewhat larger than the ��BVW � X shown. This confirmsthe expectationthat the effects of unknown
higher-ordercorrectionsareat thelevel of ��BVG�X .

It shouldbenotedthat the resultsin Table7 lie by W X � X below theLL-type predictionsgiven
by À�´	Á	¯ � ´ [68] (seealso Section4.1). As statedabove, however, this considerationonly appliesto
À	´�Á	¯ � ´ in somespecialsetup. The disagreementwith all othercodesactive in the ‘95 workshop[5]
is within G�B � X . The fact that two independentMonteCarlo calculationswith physicalprecisionat the
level of S � � ��� &� & � now agreeto ��BVW X ��B � X at W���� GeV for this total crosssectionis truly animportant

improvementover thesituationin the’95 workshop[5].

In the following we considerobservablesobtainedwith the cut andphotonrecombinationpro-
cedureas given in the descriptionof numericalresultsof

���p
]�	�	���	�
in Section4.1. We againcon-

sider the casesof a tight recombinationcut �/��N��Õ2 � ��4�� (bare) and of a looserecombinationcut����N���2HW � ��4�� (calo).

Table8 shows the analogouscross-sectionsto Table7 but now with the describedbare cutsap-
plied. Thedifferenceof ��BVW X ��B � X betweenthetwo comparedprogramsdoesnotchangeby theapplied
cuts.Whenturningfrom bare to calo cutstheresultsfor thecross-sectionsdo not changesignificantly;
of course,thelowest-orderresultsdo not changeatall.

Table 8: Total cross-sectionsfor CC03from Â@ÃiÄimim*z and gih"j¬kikilimim at
n o�ÅbÓ§Ô
Ô ]_T�` with bare cuts(seetext).

Thenumbersin parenthesesarestatisticalerrorscorrespondingto thelastdigits.

with barecuts h {c|�{ } f�~n�
final state program Born best

ÂiÃ@Äimim*z 210.918(23) 192.147(63)Ì Í Ë:Z Ï \p�Ì Ñ gih"j¬kikilimim 211.034(39) 191.686(46)
(Y–R)/Y = Ô&� Ô�e O Ó S % 0.24(4)%
ÂiÃ@Äimim*z 627.18(07) 592.68(19)� �� Ë�\p�Ì Í gih"j¬kikilimim 627.22(12) 590.94(14)
(Y–R)/Y = Ô&� Ô	Æ O Ó S % 0.29(4)%
ÂiÃ@Äimim*z 1863.40(21) 1826.80(62)� �� ê��è gih"j¬kikilimim 1864.28(35) 1821.16(43)
(Y–R)/Y = Ô&� Ô�e O Ó S % 0.31(4)%

In thefollowing relativecorrectionsto variousdistributionsfor thesemi-leptonicchannel4�t$4 rvu;p�>@6 r yUz arecomparedat ~ K 2�W�������4�� . All thesedistributionshave beencalculatedusingtheabove
setof separationandrecombinationcuts.

The correctionsto the cosineof the productionanglefor the � t and � r bosonsare shown
in Figs. 15 and16, respectively, for the bare (left) and the calo (right) recombinationschemes.The
distributionsarecompatiblewith eachotherto betterthan G�X . Thelargestdifferencesareof theorderofG�X andappearin generalfor largescatteringangles.
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Fig. 15: Distribution in thecosineof the �ÕZ productionanglewith respectto the T¬Z beamfor thebare (left) and
calo (right) setupat

n o�ÅOÓ§Ô
Ô ]_T�` for � �� Ë�\ Ì Í final state.

Fig. 16: Distribution in thecosineof the �¿\ productionanglewith respectto the T@\ beamfor thebare (left) and
calo (right) setupat

n o�ÅOÓ§Ô
Ô ]_T�` for � �� Ë \ Ì Í final state.

The correctionsto the invariant massdistributions for the � t and �er bosonsare shown in
Figs. 17 and 18 for the bare (left) and the calo (right) recombinationscheme. The distributions are
statisticallycompatiblewith eachothereverywhereandagreewithin 1%. It shouldbe notedthat the
distortionof the distributions is mainly dueto radiationoff the final stateandthe P bosons. It may
seemremarkablethattheLL approachof ­�®	��¯	� � properlyaccountsfor thesedistortioneffects.But one
shouldrememberthat ­�®	�	¯�� � wasfine-tunedto describetheexact S ��� ð � FSRfor theradiative � and9
decays,like �Hu 6 r 6+t�� � � and 9 u 6 y �y � � � . ­�®	��¯	� � wasalsocross-checked againsttheexactmatrix
elementfor the P u 6 y � process.

Figures19–21show thedistributionsin thephotonenergy Û ï , in thecosineof thepolarangleof
thephoton(w.r.t. the 4 t axis),andin theanglebetweenthephotonandthenearestfinal-statecharged
fermionfrom thetwo programsandin thetwo recombinationschemes.
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Fig. 17: Distributionin the �ÕZ invariantmassfor bare(left) andcalo(right) setupat
n o�Å¶Ó
Ô§Ô ]_T9` for � �� Ë�\ Ì§Í

final state.

Fig. 18: Distribution in the �¿\ invariantmassfor bare (left) andcalo (right) setup,
n o�Å¶Ó
Ô§Ô ]_T9` , for � �� Ë�\ Ì Í

final state.

Fig. 19: Distribution in photonenergy å ç (from ÂiÃiÄ@mim*z�å ç of thehardestphoton)for thebare (left) andcalo
(right) setupat

n o ÅOÓ
Ô
Ô ]_T9` for � �� Ë�\ Ì Í final state.
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Fig. 20: Distribution in the cosineof the polarangleof the (in ÂiÃiÄimim5z hardest)photonw.r.t. the T¬Z beamfor
bare (left) andcalo (right) setupat

n o ÅOÓ
Ô§Ô ]_T9` for � �� Ë�\ Ì§Í final state.

Fig. 21: Distribution in the anglebetweenthe (for Â@ÃiÄimim*z hardest)photonandthe nearestfinal-statecharged
fermionfor bare (left) andcalo (right) setupat

n o�Å¶Ó
Ô§Ô ]_T9`
The differencesareof theorderof G �YX W���X . Differencesof this ordermay be expected,since

photonicobservablesareno correctionsanymore,but belongto the classof 4�t$4 rqu w 1 � processes,
since4 t 4 r u w 1 doesnot contributehere.Whetheror not theobserveddifferencesareconsistentwith
thedifferencesin thetreatmentsof therealphotonemissionin thetwo programsis underinvestigation.

4.2 Inter nal estimateof theoretical uncertainty for CC03

Herewe give aquantitative statementon thetheoreticalprecisionfor DPA-approximation.

Estimatingthetheoretical uncertaintyof theDPA with
���p

���	���	�

Authors

A.Denner, S.Dittmaier, M. RothandD.Wackeroth

All existing calculationsof electroweakcorrectionsto 4�t:4 rvu �¿� u w 1 arebasedon DPA. A
naiveestimateof theaccuracy of thisapproachyields ��� ÿ	B � C�� � ��B�B�B � C ,:Q ÿ ��Q , where,"Q ÿ ��Q is the
genericaccuracy of theDPA, � ÿ	B resultsfrom consideringone-loopcorrections,and � � ��B�B�B � represents
leadinglogarithmsor otherpossibleenhancementfactorsin thecorrections.Thisnaiveestimatesuggests
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thattheDPA hasanuncertaintyof some��BVG�X . Note,however, thatthisestimatecanfail whenever small
scalesbecomerelevant. In particularnearthe P -pair threshold,the estimateshouldbe replacedby��� ÿ	B � C�� � ��B�B�B � C , Q ÿ � ~ K I�W�� Q � .

In orderto investigatethe accuracy of the DPA quantitatively, a numberof testshave beenper-
formedwith

�	��

�	���	���
. The implementationof theDPA hasbeenmodifiedwithin the formal level of��,"Q ÿ �/Q , andtheobtainedresultshave beencompared.Note that in

���p

���	���	�
only thevirtual cor-

rectionsaretreatedin DPA, while realphotonemissionis basedonthefull 4�t:4 rvu w 1 � matrixelement
with theexactfive-particlephasespace.Thus,only the W u w part is effectedby thefollowing modifi-
cations.Specifically, threetypesof uncertaintieshave beenconsidered(seeRef. [22] for details):

� Differenton-shellprojections:
In order to definea DPA one hasto specify a projectionof the physicalmomentato a set of
momentafor on-shell P -pair productionanddecay13. This canbe donein an obvious way by
fixing thedirectionof oneof the � bosonsandof oneof thefinal-statefermionsoriginatingfrom
either � bosonin the CM frameof the incoming 4�t$4 r pair. The default in

���p

���	���	�
is to fix

the directionsof the momentaof the fermions(not of the anti-fermions)resultingfrom the � t
and��r decays(def). A differentprojectionis obtainedby fixing thedirectionof theanti-fermion
from the � t decay(proj) insteadof thefermiondirection.

� Treatmentof soft photons:
In
���p
]�	�	���	�

, thevirtual photoncontribution is treatedin DPA, while realphotonradiationis fully
taken into account.Thesetwo contributionshave to bematchedin sucha way that IR andmass
singularitiescancel. This requirementonly fixes the universal,singularparts,but leaves some
freedomto treat non-universal,non-singularcontributions in DPA or not. For instance,in the
branchof

�	�p
]�	���	�	�
thatemploys thesubtractionmethodof Ref. [41], theendpointcontributions

of thesubtractionfunctionsarecalculatedin DPA andaddedto thevirtual photoncontribution as
default. As anoption,

���p
]�	�	���	�
allows to treatalsotheuniversal(IR-sensitive) partof thevirtual

photoncontribution off-shell by extractinganU(1)-invariantfactorà la YFS [80] from thevirtual
photoncontribution andaddingit to therealphotoncontribution, i.e. this soft+virtualpartof the
photoniccorrectionis treatedoff shell (eik). The two describedtreatmentsonly differ by terms
of the form ��� ÿ	B � C�B D C'S ��G�� which areeithermultiplied with theDPA (def) or with the full
off-shell Borncross-sections(eik).

� On-shellversusoff-shellCoulombsingularity:
TheCoulombsingularityis (up to higherorders)fully containedin thevirtual S ����� correctionin
DPA. Performingtheon-shellprojectionto thefull virtual correctionleadsto theon-shellCoulomb
singularity. However, sincetheCoulombsingularityis animportantcorrectionin theLEP2energy
rangeandis alsoknown beyondDPA,

���p

���	���	�
includesthisextraoff-shell Coulombcorrection

asdefault. Switchingtheextraoff-shellpartsof theCoulombcorrectionoff (Coul), yieldsaneffect
of theorderof theaccuracy of theDPA.

In the following table and figures the total cross-sectionand various distributions have been
comparedfor the different versionsof the DPA definedabove. The resultshave beenobtainedus-
ing the LEP2 input parameterset and the set of separationand recombinationcuts as given in the
descriptionof numericalresultsof

���p

���	���	�
in Section4.1. The recombinationcut is chosento be����N�� 2 W � ��4�� . As default, we take the

�	��

�	���	���
results(best-with-4f-Born)of Section4.1 for the

process4�t:4 r)u ; �>@6 r y�z � � � at ~ K 2�W�������4�� , which arebasedon theabove input. Theonly differ-
encesarethatthenaive QCD factorsandISRcorrectionsbeyond S ����� arenot includedin theresultsof
this section.Theresultsfor thetotal cross-sectionareshown in Table9.

13This option only illustratesthe effect of differenton-shellprojectionsin the four-particlephasespace;if real photonic
correctionsaretreatedin DPA theimpactof differentprojectionsmaybelarger.
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Table 9: gih"j%k@kilimim predictionsfor the total cross-sectionof T¬Z�Ti\v^ � �� Ë�\ Ì Í O ì S at
n o Å Ó§Ô
Ô ]_T�` in various

versionsof theDPA andrelativedifferences� Å hji�h�  bR¡ = Æ
def proj eik Coulhji9¢&~ 570.53(46) 570.37(46) 570.47(46) 571.28(46)�Ji*£ 0 = Ô�� Ô§Ê = Ô&� Ô	Æ 0.13

Note that thesecross-sectionsare calculatedwith the above cuts. We find relative differences
at the level of ��BVG�X . As expected,the predictionthat is basedon the on-shellCoulombcorrectionis
somewhathigherthantheexactoff-shell treatment,sinceoff-shell effectsscreenthepositive Coulomb
singularity. Theresultsin Table9 have beenobtainedusingphase-spaceslicing for thetreatmentof the
IR andcollinearsingularities. If the subtractionmethodis usedinstead,the resultingcross-sectionis
about0.01%smaller.

In Figs.22 and23 we show thedifferencesof theproj, eik, andCoul modificationsto thedefault
versionof theDPA for somedistributions. For thedistribution in thecosineof theW-productionangleÝ Qy¤ andin theW-decayangleÝ Qf¥ z ¥ (seeFig.22)therelativedifferencesareof theorderof ��BVG X ��BVW�X
for all angles,which is of theexpectedorderfor theintrinsic DPA uncertainty.

Fig. 22: Theoreticaluncertaintywithin the DPA for distributionsin the W-productionandW-decayanglesforT¬Z�Ti\�^ � �� Ë�\ Ì Í O ì S at
n o�ÅOÓ§Ô
Ô ]_T�`

Fig. 23: Theoreticaluncertaintywithin theDPA for distributionsin the Ë energy andin the � �� invariantmassforT¬Z�Ti\�^ � �� Ë�\ ÌiÍ¦O ì S at
n o�ÅOÓ§Ô
Ô ]_T�`
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For the6 -energy distribution,shown in thel.h.s.of Fig.23,thedifferencesaretypicallyof thesame
order, aslong as Û z is in the rangefor P -pair production,which is W���BVW�� 4�� � Û z � � ß�BVà�� 4�� at
~ K 2HW�������4�� . Outsidethis region,thefour-fermionprocessis notdominatedby the P -pairdiagrams,
andtheDPA is not reliableanymore,which is alsoindicatedby largeintrinsic ambiguities.Ther.h.s.of
Fig. 23 shows the DPA uncertaintiesfor the ; �> invariant-massdistribution. Within a window of W�,"Q
aroundthe W resonancethe relative differencesbetweenthe consideredmodificationsarealsoat the
level of ��BVG X ��BVW�X . Thedifferencesgrow with thedistancefrom theresonancepoint.

Thediscussedresultsillustratethattheintrinsic ambiguitiesof theDPA, asappliedin
�	��

���	�	���

,
areat thelevel of a few permil, whenever resonantP -pairproductiondominatestheconsideredobserv-
able.

Estimatingthetheoretical uncertaintyof theDPA with
�� ��	���	¥�§ � ��±	��²	�

Theaccuracy of thecombinedresultfrom
�� ��	���	¥

1.13andour all 4-fermionprocessMC � ��±	��²	� 1.42
[81] aspresentedin Ref. [59] is expectedto bebelow ��B � X for thetotal cross-sectionwhenall testsare
finished.Thesetestsarecurrentlyin progress.

4.3 Summary and conclusions

In this Sectionwe have compareddifferenttheoreticalpredictionsfor theCC03cross-sectionthathave
beenusedto analyzethedatain termsof all P -pair final states,wv� � �*�*�*� � andnon-wv� � �*�5� y � � y � y � . The
majorachievementin this areais representedby inclusionof radiative correctionsin DPA for the PqP
cross-section.

Dataarecollectedfrom GF¨�G GeVupto W�G�� GeV. Oneshouldrememberthatbelow somethreshold
( © G � ����4�� ) theDPA cannotbetrustedany morefor bothvirtual correctionsandreal-photonradiation,
sincethekinetic energy of the P bosonsbecomesof theorderof the P width.

�	�p
]�	���	�	�
hasshown

thattheintrinsic ambiguitiesof its implementationof theDPA areat thelevel of a few permille.

For thetotal CC03cross-section,thedifferencesbetween
�	��

�	���	���

and
�	 ��	���

shouldbeof the
naively expectedDPA accuracy, i.e. below 0.5%for ~ KPoqG�à�����4�� . And, indeed,independentlyof the
channel,the two MC differ by ��BVW X ��B � X in the resultspresentedhereinandthis increasesto 0.4%if
uncertaintiesfrom unknown higher-ordercorrectionsaretaken into account.Note that,with bare cuts
applied,thedifferenceof ��BVW X ��B � X shown herebetweenthetwo comparedprogramsdoesnotchange.

The correctionsto the distribution in the cosineof the productionanglefor the � t and � r
bosonshavealsobeenanalyzedfor thebareandthecalo recombinationalgorithms.They arecompatible
with eachotherat a level below 1%. Althoughcompatiblewith thestatisticalaccuracy, thedeviations
seemto becomesomewhat larger for large scatteringangles. The correctionsto the invariant mass
distributions for the � t and �er bosons,againwith bare and calo recombinationsare statistically
compatiblebetweenthetwo MonteCarloprogramseverywhereandagreewithin 1%.

Anothercomparison,shown in Fig. 12, indicatesthat
�	��

�	���	���

and #�# � calculationsagreevery
well for the total P -pair productioncross-sectionabove G�à � ��4�� . Below this energy the differences
in the implementationof the DPA becomevisible, in agreementwith the expectedrelative error of
S ��� ÿ	BDC , & ÿFE_Û � . However, for angularandenergy distributionsunavoidabledifferencesat thelevel
of G X W�X arisebetweenthetwo predictions,asaconsequenceof thedefinitionof thephase-spacevari-
ablesin thepresenceof photonrecombination.Althoughthe #�# � -calculationhasnotbeenimplemented
in aMonteCarloit canbeusedfor obtainingarelative S ����� correctionfactorwhereonehasanestimated
internalaccuracy rangingfrom G�B � X at lowerenergiesto ��B � X at W�G�� GeV.

In conclusion,from thedirectcomparisonsof
���p

���	���	�

and
�	 ����	��¥

, supportedby #�# � , we can
estimatean overall theoreticaluncertaintyof thecurrentpredictionsfor the total P�P cross-sectionat��B w X at W����_��4�� . The ��B w X precisiontagis animportantconclusionof thisWorkshop.
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For otherenergiesno completeinvestigationsof thetheoreticaluncertaintyhave beenperformed.
However, basedon theerrorestimateof ��B w X for W�������4�� , theintrinsicuncertaintyof theDPA of ��BVW�X
at W�������4�� andthe genericenergy dependenceof this uncertaintygiven by ,�& ÿ � Û@ªF«­¬ IMW�� Q � we
estimateanuncertaintyof thepredictionsof

�	��

�	���	���
and

�	 ��	�	��¥
of ��B � X for G�à�����4�� and ��B � X forG � ����4�� . Thiscouldbesomewhatfurtherreduced,if thesourcesof thedifferencesbetweenthedifferent

programsarefound.

Resultsfor the P�P cross-sectionat S ����� arealsoavailablefrom À �	��� ´ but a comparisonwith
the othercodesis not yet at the level of thosealreadypresentedwherea considerableamountof time
wasinvestedto try to understanddifferencestowardsasafeestimateof theoreticaluncertainty.

5 FOUR FERMIONS PLUS A VISIBLE PHOTON

Theclassof processesthatareinvestigatedat LEP2are ¦ t ¦ r u P t P r u w f, single-P production,� -boson-pairproduction,single-� production. LEP2 andalsofuture linear colliderswill allow us to
studyanew classof processes,¦ t ¦ r uxwvu ¸ � .

The physicalinterestof the latter is twofold. They can be usedto obtain informationson the
quarticgauge-bosoncouplingsandincludetheproductionprocessesof threegauge-bosons,P t Psr:� ,�P�+� and �+�:� . In this casethephotonis visible by definitionandwe termthecorrespondingprocess
radiative, i.e. weconsiderasradiative eventsthoseeventswith photonswhereat leastonephotonpasses
theexperimentalphotonrequirements,for instanceÛ ïtoHG GeV, <7Ü�?�Ý�ï � ��BVß�à � ����BVß�ß � � and Ý�. r ï o �U� .

Note that for all final states,the invariantmassneedsa moreprecisedefinition in caseradiative
photonsarepresentin theevent. Froma calculationalpoint of view, thereis alwaysa minimal invariant
mass(energy andseparationangle)below which photonsarenot resolved. Thuswe needto specify
fermion-photoninvariantmassor fermion-photonenergiesandseparationangles,below which the the
photonarecombinedwith thefermionandabove which thephotonsarenot includedin themasscalcu-
lation. A bare masswould setthesecutsrathertight, excludingphotonsfrom the 1 1 mass,a calo mass
wouldsettheseparationcutslooser. Theoristslike cutson �q� � I � 4&®	¯É4�?É= u � . Experimentalistslike cuts
on energiesandangles.In thefollowing we list bothTH(eory)cutsandEXP(erimental)cuts.

TH cuts: bare �q� 1p1 ¸�� � ��� includingphotonsif �q��1 ¸ � � �M� GeV,

calo �q� 1p1 ¸)� � ��� includingphotonsif �q��1 ¸ � � � W � GeV.

EXP cuts: bare �q� 1 ð 1 D ¸e� � ��� , photonslessthan 1 GeV or lessthan G � away from 1 ð or 1 D are
included;

calo �q� Ö ð Ö D ¸ � � ��� , photonslessthan1 GeV or lessthan G�� � away from charged leptonsare
included,�q� � ð � D ¸¿� � ��� , photonslessthan1 GeV or lessthan W �U� away from eitherquark �
ð � � D are
included,which takesat leastthemajordifferencebetweenfermions- quarksversusleptons
- into account.

Thesedefinitionsserve for benchmarkingdistributions,not so muchto mimic an actualexperi-
mentalstrategy, which is of coursefermion dependent.In otherwordsthis is an approximationto the
experimentalside: if the fermion is a muon,even � � openinganglescanbe separatedexperimentally.
In addition, for identifiedphotonsonestill may or may not chooseto recombinethe photonwith the
fermion.

Furthermore,¦ t ¦§r u wvu ¸ � is an importantbuilding block for the radiative correctionsto the
Born process¦ t ¦ r u w f, hencenon-radiative eventsarethosewith no photonor only photonsbelow
the minimal photonrequirements.In caseof non-radiative events,this amountsto addingup virtual
andsoft radiative corrections.The effect of S ����� QED correctionsvery often amountsto several per
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cent, mostly originating from collinear photonradiationoff highly energetic particlesand from vir-
tual photonexchange. For initial stateradiation,for instance,we have threetypesof corrections,a)
S ��� ÿ	B°� � ��- � ÿF± �É� with ± U - � beingthetypical scaleat which theprocessoccur, b) S ��� ÿ	B � from
hardphotonsthat must,nevertheless,be includedfor a G�X precisiontag, c) leading S ��� D � , or higher
correctionsthatbecomesrelevantfor aprecisiontagbelow the G�X thresholds.

Owing to the fact that a theoreticalpredictionwith a typical accuracy of somefraction of a per
centmustincludeall QED corrections,we facethe complexity of it. Handlingthesingularitiesof the
squaredmatrixelementrepresentsa formidabletask;in any bremsstrahlungprocesstheintegrandblows
upfor arbitrarysmallphotonenergiesandsimilarproblemsarisefrom collinearemissionoff thecharged
particles.

A generalcommentaboutthis sectionis thatsomeof theprograms,but notall, implementwvu ¸ �
at the level of (exact) matrix elements.Few programshave only an effective treatmentof photonsvia
structurefunctions,with or without ¼�² . Furthermorewe alsohave to distinguishbetweenmasslessvs.
massive calculations.

5.1 Description of the programsand their results

wvu ¸ � with
���p

���	���	�

Authors

A.Denner, S.Dittmaier, M.RothandD.Wackeroth

General description

The program
�	��

�	���	���

[22] evaluatescross-sectionsand differential distributions for the reactions4 t 4 r u wvu and 4 t 4 r u wvu ¸ � for all four-fermion final states. The long write-up hasalready
beenpresentedin Section4.1, so that we only stressthe featuresthat arepeculiarto wvu ¸ � produc-
tion with a separatedhardphoton. Thecalculationis basedon full wvu ¸ � matrix elementsfor all final
possiblestates.Sincefermionmassesareneglected,lower cutson theinvariantmassof u � u pairsandon4 k emissionangleshave to be imposed,in additionto theangularandenergy cutsfor thehardphoton.�	��

���	�	���

supportsdifferentwaysto treatfinite gauge-bosonwidths(fixedandrunningwidths,complex-
massscheme)andallowsto selectsubsetsof graphs( °(°æ� signaldiagrams,QCDbackground).Detailed
numericalresultson wvu ¸ � productionwith

�	��

���	�	���
canbefoundin Ref. [18] andin Section5.2.

wvu ¸ � with ­�®	´	À ����� ®	´ �	���
Author

C. G. Papadopoulos

This sectionrefersto a novel Monte Carlo programthat is capableto dealwith any tree-order
processinvolving any particleandinteractiondescribedby theStandardModel, includingQCD.

Theprogramconsistsof two modules:

1. ®	´ ����� whichis amatrixelementcomputation-tool[60] basedonDyson-Schwingerequations,and

2. ­	®	´�À ��� anautomaticphase-spacegenerator[61] capableto simulateall peakingstructuresof the
amplitude.

Theover all codeis usingaMonteCarlointegrationbasedonmultichanneloptimization[62].

®	´ �	���
Thematrix elementis evaluatedusinga recursive approachbasedon Dyson-Schwingerequations.The
computationalcostexhibits anexponentialgrowth ( ³��J´ ) asa functionof thenumberof externalparti-
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cles(¹ ) which for multi-particleprocessesresultsto a very importantincreasein theefficiency ascom-
paredwith thetraditionalFeynman-graphapproachwhosecomputationalcostgrows factorially( ³ ¹rµ ).
In order to optimize code’s efficiency the computationalstrategy consistsof two phases.In the first
phasea solutionto therecursive equationsis establishedin termsof an integerarraycontainingall rel-
evant informationfor theprocessunderconsideration.This is the initialization phaseandis performed
onceat thebeginningof theexecutionof theprogram.In thesecondphase,usingthealreadygenerated
information,theactualcomputationis performedresultingto thenumericalevaluationof theamplitude
for eachspecificphase-spacepoint provided.

In orderto consistentlydescribeunstableparticlesthefixedwidth aswell asthecomplex width
schemeshave beenincluded. ISR andrunningcouplingsarealsoan optionandwork is in progressto
implementhigherordercorrectionswithin theapproachof reference[16].

In order to deal with numericalstability problems,besidesthe doubleprecision, a quadruple
aswell asa multi-precision [63] versionis available. This makes ®	´ ����� able to dealwith processes
exhibiting strongcollinearsingularities,like ¦@r�¦ t u ¦§r�¦ t$6 r 6+t at zeroscatteringangles.Moreover
all particlemassesandverticesof theStandardModel, includingQCD,in boththeFeynmanandunitary
gaugesareincorporated.

­	®�´	À ���
Although several matrix elementcomputationaltools wereavailable in the pastthat candealwith ar-
bitrary processes,to theoneor to theotherextent [64], phase-spacegeneratorswerealwaysdeveloped
accordingto a specificprocessor a classof processes[65]. ­�®	´	À ��� is a phasespacegeneratorthat
incorporatesin an automaticway all possiblekinematicalmappingsfor any given process,using the
relevant informationprovided by ®	´ �	��� . To this endeachFeynmangraphcontributing to the process
underconsiderationgivesriseto akinematicalmapping.Theintegrationis performedvia aMonteCarlo
multichannelapproachandduringthecomputation,weightoptimizationselectsautomaticallythosekine-
maticalmappingsthatarerelevantfor theprocessunderconsideration.

As afirst highly non-trivial test ­�®	´	À ����� ®	´ �	��� hasbeenusedto produceresultsfor four-fermion
plusavisiblephotonwithin thecurrentstudy. Nevertheless,it is worthwhileto emphasizethat ­	®�´	À ���	�
®	´ �	��� is ableto dealwith any processinvolving any StandardModel particleandis by no meansre-
strictedto ¦ t ¦ r u 4 f ¸ � reactions.A detailedpresentationof thecode,theimplementedalgorithms
aswell astheincorporatedphysicseffectswill beavailablein thenearfuture[61].

wvu ¸ � with
���	� ­

Authors

G. Montagna,M. Moretti, O. Nicrosini,M. OsmoandF. Piccinini

Descriptionof theMethod.

Contributions of the Pavia/
�	� ­	® � group to the subjectof four fermionsplus gammafinal statesare

summarized.

Hard-scatteringmatrixelement

The exact tree-level matrix elementsfor the processeswith four fermionsplus a visible photonin the
final statearecomputedby meansof the

��� ­�® � algorithm[82]. At present,theprocesseswhich canbe
mediatedby two P -bosons( CCprocesses)or by two � -bosons( NC processes)areaccountedfor. The
effect of finite fermionmassesis taken into accountexactly both in thekinematicsanddynamics.The
contribution of anomaloustrilinear gaugecouplingscanbealsosimulated,afterhaving implementedin�	� ­	® � andcross-checked theparameterizationin termsof E¶� ï , · ï ,

�
¸ , EV� ¸ and · ¸ of Refs.[83,84].
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The genuinelyanomalousquartic gaugebosoncouplings,involving at leastone photonand relevant
for this processat tree-level, arealso included,accordingto the parameterizationof Ref. [85]. Final
cross-checkson anomalousquartic couplingsare in progress.The fixed-widthschemeis adoptedas
gauge-restoringapproach,asmotivatedin comparisonwith othergauge-invariance-preserving schemes
in Ref. [18].

Radiativecorrections

The phenomenologicallyrelevant LeadingLog (LL) QED radiative corrections,dueto initial-statera-
diation (ISR), are implementedvia the StructureFunction(SF) formalism[86], accordingto the two
following options:

– collinearSF ¹ �mº���K@� ;
– ¼ ² -dependentSF »¹ �mº���<7Ü�?�Ý ï¦¼ K§� , i.e. a combinationof thecollinearSF ¹ �mº���K@� with an angular

factorfor photonradiationinspiredby theleadingbehaviour G ÿ � ¼�½n� � [87,88].

In fact, asdiscussedin detail in Refs.[31,88], dueto the presenceof an observed photonin the final
state,thetreatmentof ISRin termsof collinearSFturnsout to beinadequatebecauseaffectedby double
countingbetweenthe pre-emissionphotons(describedby the SF) andthe observed one(describedby
thehard-scatteringmatrix element).14 By keepingundercontrolalsothetransversedegreesof freedom
of ISR, asallowed by ¼�² -dependentSF, it is possibleto remove thedouble-countingeffects,following
theprocedurefor thecalculationof theQED correctedcross-sectiondiscussedin Refs.[31,88], i.e.

g¦¾�¿ t ð ïÀÂÁ�Ã 2 }Jº ð }"º D } C
Ä ð�Åï } CJÄ D Åï »¹ �mº ð � C
Ä ð�Åï ¼ K@� »¹ �mº D � CJÄ D Åï ¼ K§��Æ!��<7;"=�?§��}&g ¾�¿ t ð ï � (62)

where C Ä � Åï � <7Ü�?�Ý Ä � Åï , Ç 2 G���W . According to Eq. (62), an equivalentphotonis generatedfor each
colliding leptonandacceptedasahigher-orderISRcontribution if:

– the energy of the equivalent photonis below the thresholdfor the observed photon ÛÉÈËÊÍÌï , for
arbitraryangles;or

– theangleof theequivalentphotonis outsidetheangularacceptancefor theobservedphotons,for
arbitraryenergies.

Within the angularacceptanceof the detectedphoton,the cross-sectionis evaluatedby meansof the
exactmatrix elementfor theprocesses¦ t ¦ r u wvu ¸ � . Therefore,Eq. (62) appliesto thesignatureof
four fermionsplusexactlyonephotonin thefinal state,correctedby theeffectsof undetectedsoftand/or
collinearISR.The ± D -scaleenteringtheQED SFis fixedto be ± D 2HK .
Computationaltool andobtainedresults

The theoreticalfeaturessketchedabove have beenimplementedinto a massive MonteCarlo(MC) pro-
gram,named

���	� ­ (
� �

adiative processwith
�
lpha& ­ avia). The multi-channelimportancesampling

techniqueis employedto performthephase-spaceintegration,payingparticularattentionto theinfrared
andcollinearpeakingstructuresdueto photonemission.Thecodesupportsrealisticeventselectionsand
canbeemployedeitherasa cross-sectioncalculatoror asa trueeventgenerator. Resultsobtainedin the
presentstudycanbesummarizedasfollows: We have performeda critical analysisof theeffect of ISR
(seeFigs.24–26)anda studyof the impactof finite fermion masses(seeTable10), Finally, we have
tunedcomparisonswith thepredictionsof othercodes,especiallywith

���p
]�	�	���	�
(seeSection5.2).

14In thetunedcomparisonwith GÎH
I	K
K�LJM	M theeffect of ISR SFwasswitchedoff.
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Theimpactof ISR via collinearSFon the wvu ¸ � integratedcross-sectionof theCC10final state6 r y�z | } � is shown in Figs.24 and25, asa functionof theLEP2c.m.s.energy (Fig. 24) andof the
photonenergy thresholdat ~ K 2HG�ß�W GeV (Fig. 25). Figure24 shows thatISR in thecollinearapproxi-
mationreducestheBorn cross-sectionbetweenGF¨æIcG�W�X in thec.m.s.rangeG�à��æI¿G�ß�� GeV andat theG���X level closeto W���� GeV, for theconsideredphotonseparationcuts. In particular, at ~ K 2 192GeV
thereductionfactorasdueto ISR is G�W�I'G � X , almostindependentof thephotondetectionthreshold,as
shown in Fig. 25.

Fig. 24: The effect of ISR, simulatedby collinearSF, on the integratedcross-sectionof the CC10final-state
Ë�\ Ì Í � � ì asafunctionof theLEP2c.m.s.energy. TheBorncross-sectionfor theCC20final-stateY]\ Ì Î � � ì
is alsoshown.

Fig. 25: Theeffectof ISRvia collinearSFto thecross-sectionof theCC10final-stateË�\ ÌiÍ � � ì , asa function
of theminimumenergy of theobservedphoton,at 192GeV.

NotethatcollinearSFcontradictsphotondetectioncriteria,asdiscussedbefore.However, in order
to getafirst estimateof thecorrectiondueto ISR,collinearSFcanbeused,sincetheerrorintroducedby
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this treatment(double-countingeffects)is estimatedin Fig. 26,by comparingcollinearand ¼�² structure
functions.

Fig. 26: Comparisonbetweentheeffectsof ISR via collinearSF(dashedline) andÏnÐ -dependentSF(solid line),
respectively, for thecross-sectionof thetheCC10final-stateË�\ Ì@Í � � ì , asa functionof theminimumenergy
of theobservedphoton,at 192GeV.

Table 10: Comparisonbetweenmassive andmasslessBorn crosssectionsfor theprocessË�\ Ì Í � o ? ì at
n o Å

Ó
Ô§Ô
GeV, asobtainedby meansof WRAP. ë ç \�Ñ , with Ò ÅÔÓJÕ Ë is the minimum separationanglebetweenthe

photonandfinal statechargedfermions. In the third column,the first resultrefersto the massive case,andthe
secondoneto themasslesscase.Relativedifferenceis shown in thelastcolumn.

Ö ç \�× (deg)
Ö ç \ Í [deg] cross-section[fb] � (%)e�Ø ÆJ� Ô�Ø Ò§Ô&�VÆ�e¦ÙÂÚ Ô&� Ô
ÊÎÛ ÆJ� Ò
ÓÜÚ Ô&� Ô
ÈÒ ÆJ� Ò
Ô§ÊÝÚ Ô&� Ô
ÊÎee�Ø Ô&�VÆ�Ø ÆÉÔ d �ÞÙÎÙ�Ù�Ú Ô&� Ô d Û Ò&� Ê	Æ_Ú Ô&� Ô
ÒÆ§Æ�e�� Ô§Ô d Ú Ô&� Ô d§de�Ø Ô&� Ô�Ø ÆÉÔ�e�� d Ê
È^Ú Ô&� Ô d e

As far asfermion massesareconcernedwe show in Table10 a comparisonbetweenthe cross-
sectionfor thefinal state6 r yUz C K � in themasslessapproximationis comparedwith thesamecross-
sectionin thepresenceof finite massesfor thefinal statefermions.Themassvaluesandcutsusedare:- z 2M��BVG�� � GeV, - � 2H��B � GeV, -�ß 2HG�B ��� GeV, with �àß � Ú � GeV. In theconsideredchannelwith a
muonin thefinal state,theminimumseparationanglebetweenthequarksandthephotonis maintained
fixedat � � , while theseparationanglebetweenthemuonandthephotonis variedfrom G � down to zero.
It canbeseenthatthemasseffectson thetheintegratedcrosssectionareof theorderof G�X for not too
small separationangles,but it may reach,not surprisingly, the G���X level in morestringentconditions,
whereonly amassive wvu ¸ � calculationcanprovideareliablepredictionin thepresenceof muonsin the
final state.

61



wvu ¸ � with
���	û õ�®	´�­

Authors

E. Boos,M. Dubinin andV. Ilyin

General description

Theprogram
���	û õ�®	´�­ [89] calculatescross-sectionsanddistributionsfor all channels¦ t ¦§r u w 1 and

¦ t ¦ r u w 1 ¸ � . Thecalculationisbasedonatree-level matrixelementfor thecompletesetof diagrams.
Finite fermionmassesaretaken into accountboth in thematrix elementandin the four or five particle
phasespaceparameterization.The fixed-widthprescriptionis usedfor the gaugebosonpropagators.
In so far as

�	��û õ	®�´	­ usesthe squareddiagramstechnique,the calculationfor the five particlestates
with radiative gammais CPU time consumingand in the following only the resultsfor the channel
¦ t ¦ r u � 6 y yUz | } (2556squareddiagrams)arepresented(Figs.27, 28,wherethefactor ������� ÿ � �  is
notaccountedfor). Weusedthestandardsetof cutsincludingEXP-cutsfor thedistributionsin thebare
andcalomass.

Fig. 27: Distributionsin thegammaenergy, gammatransversemomentum,gammaanglewith thebeam,andin
theopeninganglebetweenthegammaandthenearestchargedfermion.Thedistributionsfor the Y7Z�Y]\�^ ì ËÝ�Ì%Í]� �
areshown by thesolid line andthedistributionsfor the Y[Z�Y]\3^ ì ËÝ�Ì Í `bZ with thefollowing ` isotropicdecay
areshown by thedashedline.
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Fig. 28: Upperrow of plots- distributionsin thequarkenergyandthequarktransversemomentumfor thechannel
Y[Z�Y]\O^ ì ËÝ�Ì Í � � (solid) andtheapproximationY[Z�Y]\/^ ì ËÝ�Ì Í `bZ (dashed).Lower row of plots- distributions
in the‘bare’ and‘calo’ îyá	â invariantmassfor theapproximationY[Z�Y�\�^ ì ËÝ�Ì Í `bZ (solid) andtheexact

Ó ^ e
processY[Z�Y]\_^ ì ËÝ�Ì%Í
� � (dashed/dotted).

On-shell P bosonapproximationfor ¦ t ¦ r u � 6 y�z | }
In the W u w approximationof theon-shellP boson¦ t ¦@rvu � 6 y z P t for the W u � process¦ t ¦@rvu
� 6 y5z | } thenumberof diagramsis muchsmaller( � G for the w -bodyand � G for the � -bodyfinal state).
It is interestingto find out if asimpleron-shellP approximationreproduceswith enoughlikelihoodthe
total rateanddistributionsgiven by the exact W u � treelevel amplitude. The possibility to describe
quantitatively the � -bodydistributionsof radiative eventsby sometrivial changeof thenormalizationin
the w -bodyresultscouldbeattractive.

We calculatedthecrosssectionof theprocess¦ t ¦@rbux� 6 yUz P t multiplied by a factorgivenby
thefollowing on-shellP isotropicdecayto | } . Vectorsof the | , } quarksmomentageneratedrandomly
in the restframeof the P wereboostedto the ¦ t ¦ r c.m.s.,wherethestandardkinematicalcutswere
introduced:Û ï Ú 1GeV, Û z Ú � GeV, � <7Ü�?�ÝU� ��¦ � �iÞ ��BVß�à � . Furthermore,� <7Ü�?�ÝU��6 ¦ � �@Þ ��BVß�à � , ÝU� � �768� ,ÝU� � �7|�� , and ÝU� � � }�� Ú 5� . Sucha schemeof calculationis basedon thewell-known approximationof
infinitely small P width �'&(,äã�ª�ã ÿvå ��� DØ Ù I3� D& � D ¸�� D& , D ²�æç²mè0é B

�
��� DØ Ù I�� D& � andhavebeenwidely

usedfor thesimulationof the � - and w -bodyfinal statesin many generators.Thesimulationby ­ � ¯�®�� �
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generator[90] follows slightly betterscheme,whenthe P decayproductsinvariantmassis distributed
accordingto theBreit-Wignerandgammaradiationfrom quarkscanbeswitchedonin theapproximation
of final stateshower.

Thetotal rateof the gp� ¦ t ¦ r u � 6 yUz P t � Br � P t u | }5� is equalto w ß�B w ��W�� fb to becompared
with theexact W u � result ¨�ß�BVG���ß�� fb. Missingcontribution of theomitteddiagrams,especiallyfrom
the phasespaceregions nearthe collinearand infrared polesof the photonsradiatedfrom the initial
stateandthe | , } quarksleadsto substantialunderestimateof therate. Peaksof theforwardandback-
scatteredphotons(Fig. 27), radiatedfrom the initial ¦ t , ¦§r , are much strongerunderestimatedthan
the photondistribution in the centralrapidity region. Distributions in the quarkenergy andtransverse
momentum(upperplotsin Fig. 28)areratherdifferentin theexactandapproximatecalculation.For the
exact calculationthe quarkenergy spectrummorerapidly decreasesthanfor the approximationwhere
thephotonradiationfrom quarksis notaccountedfor. In theexact � -bodyconsiderationthe P bosonis
createdin aratherwell definedpolarizationstate,sotheapproximationof anisotropicon-shellP decay
couldbeunsatisfactoryfor angularvariables.Largedifferenceof thedistributionsin thephoton-fermion
(muonor quark)angle(lower plot in Fig. 27) is causedby a simplecombinatorialreason.Calo jet-jet
mass(lower plot in Fig. 28) containsthe unresolved photonradiatedfrom the initial stateor from the
muon,soonly � Ø Ù ï ÚH��& is possible.

It follows that in thecaseof four fermion eventswith radiative photontheapproximationof the
on-shell P isotropicdecaydoesnot, generallyspeaking,satisfactorily describeboth the total rateand
thefull setof final particledistributions.

wvu ¸ � via Structure Functionswith Á	´ ' ¯ ���	� ��# ·��
Authors

F.A.Berends,C. G. PapadopoulosandR.Pittau

In thisSectionweshow illustrativeresultsfor theprocesses¦ t ¦@rLu 6 r 6+t"| �|�� � � ( �P� signal)and
¦ t ¦@rvu 6 r �y zi| �}	� � � ( P�P signal).Analogousresultsfor thesingle-P casecanbefoundin Section6.

Á	´ ' ¯ ���	� ��# ·�� doesnot containtheexactmatrix elementfor ¦ t ¦ r u w 1_¸ � , thereforewe gen-
eratephotonsalwaysthrough¼�² -dependentê&ëpì StructureFunctions.We usedthesetof cutsspecified
in theproposalat ~ K 2�W���� GeV, all diagramsandfermionmassesincluded. In tables11 and12 four
valuesof crosssection(in pb)areshown.

Table 11: Cross-sectionsin fb from +*)*í5, 4 ãiä 39î*ï g for the process Y[ZrO Æ S�Y]\�O Ó S�^ Ë�\�O Ê S Ë:ZrOVd¦S �ÂO e S �ÂO Û S .
îðO Ê d�Sòñ Æ�Ô GeVand îðO e�Û Sòñ ÆÉÔ GeV. Separationcutsfor thephotons:å ç ñ Æ ]_T9` Õ	ó è%é
ê"ë ç óFô�Ô�� Ò§È�e .

Type Cross-sectionhÎ{c|õ{ 16.107(9)hÎö9ac÷   15.018(9)hÎøcac÷   1.0697(30)h   ac÷   0.0189(4)

Table 12: Cross-sectionsin fb from +*)5í*, 4 ãiä 3�î*ï g for the process Y7ZrO Æ S�Y�\ÂO Ó Sc^ Ë�\ÂO Ê S Ì Í OVd¦S �ÂO e S �FO Û S .
îðO eÎÛ Sòñ Æ�Ô GeV. Separationcutsfor thephotons:å ç ñ Æ ]_T9` Õ�ó è¬é§ê0ë ç óFôLÔ&� Ò
ÈÎe .

Type Cross-sectionhÎ{c|õ{ 617.27(59)hÎö9ac÷   578.19(58)hÎøcac÷   38.54(16)h   ac÷   0.54(2)
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Thefirst value,labelledby tot, is thesumof radiativeandnonradiativeevents(within thespecified
separationcutsfor thegeneratedphotons).Thesecondonenradcorrespondsto non-radiative eventsand
the third onesrad to single-radiative events,namelyeventswith only oneradiatedphotonoutsidethe
separationcuts.Wealsoincludea fourthentrythatrepresentsthesmallfractionof radiative eventswithW photons(drad).

To checkthesensitivity of thedistributionsto thechosenform of StructureFunction,werunagain
theaboveprocesseswith aslightly differentimplementationof thesub-leadingterms,withoutobserving
any significantdeviation with respectto thepreviousresults.

wvu ¸ � with À �	��� ´
Authors

Y. Kurihara,M. KurodaandY. Shimizu

In this Sectionwe presentresultsfrom À ����� ´ for the wvu ¸ � processeswith P -pair andsingle-
P cuts. Parametersandcuts usedare the sameas thoseof the

���	� ­ and
�	�p
]�	���	�	�

collaborations,
exceptthatweused� �  for all vertices.Unfortunately, À ����� ´ resultscannotbecompareddirectlywith
thoseof

�	��

�	���	���
and

�	�	� ­ ; indeed,whenÀ ����� ´ numbersarebecomparedwith theothersoneshould
multiply by a factor ������� ÿ � �  . To checkthecalculations,the following testshave beenperformedfor
theprocesses¦ t ¦@rvu 6 yUz | } � at ~ K�2MW���� GeV:

– Gaugeparameterindependencecheck;theamplitudegeneratedby À ����� ´ keepsgaugeparameters
in covariantgauge.It hasbeenchecked numericallythat the amplitudeis independentof gauge
parametersat severalphase-spacepoints.

– Ward Identity check;whenthepolarizationvectorsof theexternalphotonsarereplacedby their
four-momentum,theamplitudemustbezerodueto Ward-Identity. Wehavecheckedit numerically
at severalphase-spacepoints.

– Soft photoncheck;thecross-sectionswith soft-photonemissioncanbeeasilycalculatedby non-
radiationcross-sectionandthesoft-photonemissionfunction.Wehave calculatedthesoft-photon
emissioncross-sectionby two methods;

1. Using wvu ¸ � matrix elementswith cuts, G�� r ¾ ��4�� � Û ï � G�� r	D ��4�� , no angularcut
on the photon, � <7Ü�?�Ý z �p� ��BVß�à � � Û z o � ��4������ ��|�}5�ùo G�����4�� , giving g 2 ��B � G�� ��úI!��BV������W pb;

2. Using wvu ¸ � matrix elementswith soft-photonfunction with cuts, G�� r ¾ ��4�� � Û ï �G�� r	D ��4�� , noangularcutonthephoton, � <7Ü�?�Ý z �@� ��BVß�à � � Û z o � ��4��_���q��|�}��roHG���� 4��
giving gO2H��B � G���ß ú ��BV����� � pb.

The two methods,therefore,give consistentresults.We have usedexactmatrix elementsfor the
calculationsof wvu ¸ � . For P -pair processes,we simply usedfixed width for the gauge-boson
propagatorin the unitary gauge. For single-P processeswe useda specialgauge[93] for theû
-channelphoton,whichshowsverysmalleffectsfrom thegaugeviolationdueto thegauge-boson

width.

Distributionsfrom À ����� ´ areshown in Figs.29–34.

65



Fig. 29: å�ç andè%é
ê"ëÉç distributionsfor theprocessËJÌ Í ��� ì from (ig@ã 4 ) with `)` cuts.

Fig. 30: Bareandcalo îðO �p�*S distributionsfor theprocessËJÌ Í ��� ì from (ig@ã 4 ) with `)` cuts.
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Fig. 31: å ç andè%é
ê"ë ç distributionsfor theprocessY Ì%Î7��� ì from (ig@ã 4 ) with `)` cuts.

Fig. 32: Bareandcalo îðO �p�*S distributionsfor theprocessY�Ì�Îí��� ì from (ig@ã 4 ) with `)` cuts.
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Fig. 33: å�ç and è¬é
ê:ë�ç distributionsfor theprocessY Ì Î �p� ì from (igiã 4 ) with single-̀ cuts.

Fig. 34: Bareandcalo îðO �p�FS distributionsfor theprocessY Ì%Îí�p� ì from (igiã 4 ) with single-̀ cuts.

5.2 Comparisonsfor wvu ¸ �
A first setof comparisonsbetweenthepredictionsof severalindependentcodes,namely

�	��� ­ ,
���	û õ	®	´�­8µ

À ����� ´ and
�	��

���	�	���

wasperformedat thebeginningof theworkshop.

Thiscomparisoncoversintegratedcross-sectionsandvariousdifferentialdistributions,essentially
for aCC10final state.Discrepanciesobservedat thatstagearemainly to beascribedto non-tunedcom-
parisons.In fact,a detailedtunedcomparisonbetween

�	��� ­ ,
�	��

�	���	���

and ­	®	´�À ���	� ®�´ ����� presently
shows abeautifulagreementfor severaldistributionsandfinal states.

Input parametersandcutsusedto carry out this tunedcomparisoncorrespondto thoseof the wvu
proposal(in theapproximationof masslessfermions).In particular, thephotoncutsare: Û ÈËÊÍÌï 2HG GeV,
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� <7Ü�?�Ý�ï �i� 0.985,at ~ K 2HW���� GeV. In the ­	®�´	À ��� –
�	�p
]�	���	�	�

–
���	� ­ comparison,thefollowing final

stateshave beenconsidered:

– 6 y z�| } �
– ¦@r y � | } �
– 6 y z�9�t y { �
– ¦ r y � 9 tLy�{ �
– K �C | } �

Theobservablesstudiedin thetunedcomparisonare:

– integratedcross-sections;

– Û ï distribution, }&g ÿ } Û ï [fb/GeV];

– distribution in thecosineof thephotonangle Ý ï , }&g ÿ }+<7Ü�?�Ý ï [fb];

– distribution in theopeningangleÝ%. ï betweenthephotonandthenearestchargedfinal-statefermion,}�g ÿ }5Ý ï . [fb];

– distributions in the bare invariant massesof the P t and P r bosons, � t 2 � Ø Ù ��� { ¤nü
ý ,}�g ÿ }5� t [fb/GeV]; � r 2H� � ß���� z ¥�þüJÿ , � � ¥$þü�� , }&g ÿ }5� r [fb/GeV].

All the observablesarecalculatedfor ~ K32 W���� GeV in the fixed width scheme.The squaredmatrix
elementis calculatedin the �  schemeandsubsequentlymultiplied by ������� ÿ � �  , to take exactly into
accountof thescaleof therealphoton.

Theappliedcutsare:

– commonto all processes:Û ï o G GeV, � <7Ü�?@��Ý5� � �7A�4&®���� ��� ��BVß�à � , ÝU� � � u �Vo � � , f = charged
fermion.

– for |�}]6 y�z � and |�} ¦ y � � : �q��|�}��@o�G�� GeV, � <7Ü�?�ÝU� � �7A�4&®���� �"� ��BVß�à �(Û�� o � GeV, wherel is a
chargedlepton,

– for 9 y�{ 6 y�z � and9 y�{ ¦ y � � : � <7Ü�?�ÝU� � �7A�4&®���� �i� ��BVß�à � , Û�� o � GeV, �q��Ö©t�Ö r �[oMG�� GeV,

– for |�} C K � : at leasttwo pairswith � � � � ��� �roºG�� GeV.

Thegeneratorshave producedahugecollectionof resultsandonly asmallsamplewill beshown here.

Thetotal cross-sectionsarereportedin Table13 wherethedifferencesbetweenthepredictionsof�	��� ­ ,
�	��

�	���	���

and ­	®�´	À ���	� ®	´ �	��� arearound��BVG�X , signallingperfecttechnicalagreement.

In thefollowing wewill show few exampleof predictions.By comparingthethreedifferentcodes
with a tunedcomparisonwe geta roughestimateof theassociatedtechnicaluncertaintyalsofor distri-
butions. Besidesthedistributionscomparedin plotswe alsobe presentratio-plots,asthedistributions
themselvesaretoocloseto show adifferencebetweenprogramsin theactualscale.

First we considerthe angulardistribution, i.e. the <7Ü�?�Ý%ï distribution in the range å I G���G è for
variousfinal states,asshown in Figs.35–39,wherewe alsoplot theratiosbewteenthepredictions.
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Table 13: Comparisonbetweenm@giã	� , g@h"j%kikil@mim and �*<5)*(iãiÄ	
5<*)iäiã 4 for a sampleof total cross-sections(fb).

Process migiã	� gih"j%k@kilimim �5<*)*(iãiÄ�
*<*)iäiã 4
� �(Ë�\ Ì Í
ì 75.732(22) 75.647(44) 75.683(66)
� �
Y]\ Ì ÎEì 78.249(43) 78.224(47) 78.186(76)Ì Í Ë:Z Ï \ Ì Ñ�ì 28.263(9) 28.266(17) 28.296(22)Ì Í Ë:Z�Y]\ Ì ÎEì 29.304(19) 29.276(17) 29.309(25)
� � o � ì 199.63(10) 199.60(11) 199.75(16)
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Fig. 35: è¬é
ê:ë ç distributionsandratiosfor theprocessesÌ%Í]Ë:ZÐY]\ Ì@Î ì .
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ê"ëÉç distributionsandratiosfor theprocessesÌ Í Ë:Z Ï \ Ì Ñ ì .
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Fig. 38: �������� distribution for theprocesses! "�# $&% and! "�')( *	+,% .
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Fig. 39: ���0�1�  ratiosfor theprocesses! "�# $2% and! "�'�( * + % .

Similarly, the 354 distributionsandratiosin therange[1, 50] GeVareshown for variousprocesses
in Figs.40–43. Note that virtual correctionsarenot included,therefore,the photonspectrumstartsat
somelowerboundaryof 6 GeV. Deviationsareof theorderof 6�7 for softphotonsandtendto deteriorate
for harderones.Statisticallythedeviationsarecompatiblewith zero.Notethatfor veryhardphotonsthe
crosssectionandthereforetheaccuracy of thenumericalintegrationof theprogramsbecomespoorer.
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Fig. 40: => distributionsandratiosfor theprocess*@?�A1B�'�( *�+,% .
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Fig. 41: =  distributionsandratiosfor theprocess* ? A1BFEF( *�GH% .
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Fig. 43: =  distributionsandratiosfor theprocess! "�'�( * + % .

In Fig. 44 we show thefermion-photonopeningangle KMLJNPO)QSR (wheref is a chargedfermion)dis-
tribution. In thesamefigurewe show thepercentagedeviation betweenthethreepredictions.Themost
interestingregion occursfor small angles,i.e. towardsthe collinearregion, wherea reasonableagree-
mentis registered,of theorderof apercent.For theusedstatisticsthedeviationsarenotyet significant.
Theagreementdeterioratesfor a largerseparationbetweenthephotonandthechargedparticles.How-
ever, in this region thecross-sectionis anorderof magnitudelower. Note that thepeculiarbehavior of
thedistribution towards TMU is only dueto thefactthatthethird bin is betweenV�WYXMU and Z�W [\U with acut at
ZMU .
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Fig. 44: Distribution in the openingangle ��bc%edf�SgMh0ikj0l@monYl�ikprqs��t1u betweenthe photonandthe nearestcharged
final-statefermionin theprocess'v* + AP( * ? % andthecorrespondingratios.
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Finally, we comparethedistributionsin thebareinvariantmasses.First the wyx oneaspredicted
by z|{~}~� and {~�����~�|�~z~z . Resultsfor all consideredchannelsandfor the w x distribution areshown in
Fig. 45(left). Note that thecurvesfor the two purely leptonicchannelsandthe two semi-leptonicfinal
statesarealmostidentical. In Fig. 45 (right) we alsopresentthe percentagedeviationsfor theprocess� �|� � N . In Fig. 46 we give thecorrespondingwy� invariant-massdistribution includingresultsfrom the
V programs.In Fig. 47weshow theratiobetweenthe w � andthe wyx invariant-massdistributionsfrom
z~{|}~� and {|�����~�~�|z~z respectively.

Fig. 45: Bare ��( massdistributionsandpercentagedeviationsbetween�	�	�	� and �	���@�	���	�	� for onespecific
example,! "0# $2% .

Fig. 46: Bare ��B massdistributionsfrom ���	�	� , �	���@�	�	�	��� and �	���	�	�	� .
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Fig. 47: Ratioof invariantmassdistributions ��(e�0��B from �	���	� and �	�����	�	�	�	� for theprocessA�*@?~'v*@+ .

5.3 Estimateof theoretical uncertainty

No globalstatementcanbegiven,at themoment,on this issue.Thefollowing programshave agreedto
make individual statements:

{~�e�0�|�~�~z|z
Sincetheprogramhasonly tree-level precisionfor ���P� x�� [1Q�� N , a reliableestimatefor thetheoretical
uncertaintycannotbegivenwith thepresentversion.This couldbedoneif leadingcorrectionssuchas
ISRwereincluded,which is plannedin futureextensionsof theprogram.

z~{|}~�
z~{|}~� hastried to estimatethetheoreticaluncertaintyin [1Q��¡N processescomingfrom variationsin the
renormalizationscheme.The selectedprocessis ���P� x¢� � �)£ x¥¤¦)§ N with the cutsusedin the tuned
comparisons.Thefollowing two schemeshave beenadopted:

¨ R �@© ª « 6o¬
­ ©ª­ ©® O ¯ « [±° ²�³µ´ ­ ©ª � © ª

[·¶ O¹¸ ©º« [·¶ ¯� © ª O
¨|¨ R �@© ª « ¶5¯PLS² ­ ª R

° ²M³µ´ ­ ©ª O»¸ ©¼« [ ° ²�³ ´ ­ ©ª O with ¯>LS² ­ ª R « 6�²�½�WYT�¾�W (63)

Thecrosssectionis alwaysrescaledby thefactor ¯PLST�RS¿�¯ in orderto take into accountof thescalēPLST�R
for theemittedrealphoton.Here, ¯ is thevaluecomputedin thecorrespondingrenormalizationscheme.
Theresultsareshown in Table14.
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Table 14: Estimateof thecontribution to thetheoreticaluncertaintyasdueto variationof theinput parameterset,
accordingto ���	�	� . I andII referto thechoicesin Eq. (63)and À is thepercentagedifference.Á # [GeV] crosssection[fb] À

200(I) 75.750(29)fb
200(II) 75.887(29)fb ÂÄÃYÅSÆÈÇ
189(I) 71.889(25)fb
189(II) 71.997(25)fb ÂÄÃYÅSÉÈÇ
183(I) 67.238(22)fb
183(II) 67.324(22)fb ÂÄÃYÅSÊÈÇ

Note that the overall theoreticaluncertaintyfor [1QF�ËN productioncannotbe below the level of
6rÌÍ²�7 . In this respectthenumbersgiven in Table14 areonly a partial indicationof possiblesources
of uncertainty. As shown by the previous analysis,ISR needsto be taken into accountin programs
for a realisticanalysisof [1Qe�ÎN final states.Furthermore,in order to avoid double-countingbetween
pre-emissionand matrix-elementradiation,the implementationof QED correctionsin computational
toolsfor [1Q��ÏN processesshouldrely uponmethods,suchpartonshower, YFSor Ð|Ñ -dependentstructure
functions,ableto keepundercontrolphotonÐ Ñ effects.Effectsdueto finite fermionmassescanbecome
importantat somepercentlevel for smallphoton-chargedfermionseparationcuts.

In order to betterunderstandthe uncertaintyassociatedto the implementationof collinear ISR
in [1QÒ�ÓN processes,a comparisonbetweenthe effects of ISR via collinearSF and Ð|Ñ -dependentSF,
respectively, is shown in Fig. 26 for the crosssectionof the the CC10final state£ x ¦M§¡� � N , asa
function of the minimum energy of the observed photon,at ° �Ï« 6�Ô�² GeV. As canbe seen,the two
prescriptionsfor ISR candiffer at Z�7 level for 3±Õ×ÖÙØ4 closeto 6±¬Ú²·ÛÝÜ)Þ , while thedifferencebecomes
smallerandsmalleras 3 Õ×ÖÙØ4 increases.In general,thedifferencebetweencollinearandÐ~Ñ -dependentSF
is strongernearthesoft andcollinearregions,asapriori expected,andit givesanestimateof thesizeof
thedouble-countingeffect at thelevel of ISR.

ß~à|á~â|ã }~äeå0æ|ç~{
To checkthesensitivity of variousdistributionsto thechosenform of theStructureFunctions,thepro-
cesses���P� xè� £ x £ � � � LJNPR and ���P� xé� � x ¦Mêë� � LJNPR have beenconsideredwith a slightly different
implementationof the sub-leadingterms,without observingany significantdeviation, at the per mille
level, with respectto thepreviousresults.

5.4 Summary and conclusions

While the technicalprecisionin ���×� xì� [1Q��ÎN doesnot representa problemanymore for all those
programsthat implementan(exact)matrix element,very little effort hasbeendevotedin analyzingthe
overall theoreticaluncertainty. Someof theprogramsalsoincludethelargeeffectof initial stateradiation
at the leadinglogarithmiclevel. Whenthis is done,thebulk of large radiative correctionsis included.
Sincehowever in generalnon-logarithmicíîLS¯PR correctionsarenotknown, thetheoreticalaccuracy is at
thelevel of ²�WYZ�7 on integratedcross-sectionsandon inclusive distributions.

6 SINGLE- w
Anotherinterestingprocessat LEP2is theso-calledsingle-w production,� � ��x � wï� ¦ which canbe
seenasa part of the CC20process,���×� xè� ðPð L £ñ¦)§ Ooò ¦)ó R�� ¦)ê , or asa part of the Mix56 process,
� � ��x � � � ��x ¦)ê ¦Äê . For a more detailedtheoreticalreview we refer to [91] and to [92]. All pro-
cessesin theCC20/Mix56familiesareusuallyconsideredin two regimes, ôkõkö�÷PKMLS� x R0ôFø � or SA and
ôkõkö�÷PKÄLS��xPR0ô	ù � or LA. In thelist of observables,thesingle w productionis definedby thoseeventsthat
satisfy ôkõkö�÷PKÄLS� x R0ô	øéT�WYÔ�Ô�¾ andthereforeis aSA.
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TheLA cross-sectionhasbeencomputedby many authorsandreferencescanbefoundin Ref.[5].
It representsacontribution to the ���>� x�� wy�Pw x total cross-section.Froma theoreticalpointof view
theevaluationof aLA cross-sectionis freeof ambiguity, evenin theapproximationof masslessfermions,
aslong asagauge-preservingschemeis appliedand KMLS��xPR is not toosmall.

For SA instead,onecannotemploy themasslessapproximationanymore.In otherwords,in addi-
tion to double-resonantw -pair productionwith one w decayinginto � ¦)ê , thereare ú -channeldiagrams
that give a sizeablecontribution for small valuesof the polar scatteringangleof the ú -channelelec-
tron. Single-w processesaresensitive to thebreakingof û¼LS6�R gaugeinvariancein thecollinearlimit,
asdescribedin Ref. [7] (seealso [93]). The correctway of handlingthem is basedon the so-called
Fermion-Loop(FL)scheme[12], the gauge-invariant treatmentof the finite-width effectsof w and ü
bosonsin LEP2 processes.However, till very recently, the Fermion-Loopschemewasavailableonly
for theLA-regime. For ���P� xý� � x ¦Äê0þMÿ þ © , the û¼LS6�R gaugeinvariancebecomesessentialin theregion
of phasespacewherethe anglebetweenthe incoming andoutgoingelectronsis small, seethe work
of [7] andalsoanalternative formulationsin Ref. [11]. In this limit thesuperficial6�¿���� divergenceof
thepropagatorstructureis reducedto 6�¿�� © by ûµLS6�R gaugeinvariance.In thepresenceof light fermion
massesthisgivesraiseto thefamiliar � ��L�� © ê ¿ � R largelogarithms.Furthermore,keepinga finite electron
massthroughthecalculationis not enough.Oneof themain resultsof [91] wasto show that thereare
remainingsubtletiesin CC20,associatedwith thezeromasslimit for theremainingfermions.

In Ref.[39] ageneralizationof theFermion-Loopscheme(hereafterEFL) is introducedto account
for external,non-conserved,currents.Anotherextensionhasbeengivenin Ref. [112] for theimaginary
partsof Fermion-Loopcontributions,which representstheminimal setfor preservinggaugeinvariance.

Themostrecentnumericalresultsproducedfor single-w productionarefrom thefollowing codes
[95]:

ã �	��
	� à � , 
|{ ã��	� ,
ß|à~á~â|ã }|ä�å0æ|ç~{ , �|z~}~� , z~�	�~} ã~â and z â�� .

In view of a requested,inclusive cross-section,accuracy of ²�7 we mustincluderadiative correc-
tions to thebestof our knowledge,at leastthebulk of any large effect. As we know, thecorrectscale
of the couplingsandtheir differentiationbetween� - and ú -channelis connectedto the real part of the
corrections,sothattheimaginaryFL is notenough,we needa completeFL for single-w , or EFL. Hav-
ing all theparts,the tree-level couplingsarereplacedby runningcouplingsat theappropriatemomenta
and the massive gauge-bosonpropagatorsaremodifiedaccordingly. The vertex coefficients, entering
throughthe Yang–Mills vertex, containthe lowest ordercouplingsaswell as the one-loopfermionic
vertex corrections.

Eachcalculationaimedto providesomeestimatefor single-w productionis, at leastnominally, a
treelevel calculation.Amongotherthingsit will requirethechoiceof someInput ParameterSet(IPS)
andof certainrelationsamongtheparameters.Thus,differentchoicesof thebasicrelationsamongthe
input parameterscanleadto differentresultswith deviationswhich, in somecase,canbesizeableand
shouldbeincludedin thetheoreticaluncertainty. Here,morework is needed.

For instance,apossiblechoiceis to fix thecouplingconstanţ as

¸ © « [�¶5¯� © ª O � © ª « ¶5¯
° ²�³ ´ ­ ©ª O (64)

where ³µ´ is theFermicouplingconstant.Anotherpossibilitywouldbeto use

¸ ©º« [ ° ²�³ ´ ­ ©ª O (65)

but, in bothcases,we missthecorrectrunningof thecoupling.Ad hocsolutionsshouldbeavoided,and
therunningof theparametersmustalwaysfollow from a fully consistentscheme.

Anotherimportantissuein dealingwith single-w productionis connectedwith the inclusionof
QEDradiation.It is well known thatuniversal,� -channelstructurefunctionsarenotadequateenoughto
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includetheradiationsincethey generateanexcessof ISR bremsstrahlung.In ú -channeldominatedpro-
cessestheinterferencebetweenincomingfermionsbecomesverysmallwhile thedestructive interference
betweeninitial andfinal statesbecomesstrong.

It is quitea known fact that,amongtheelectroweakcorrections,QED radiationgivesthe largest
contribution andtheneededprecisionrequiresa re-summationof thelarge logarithms.For annihilation
processes,� � ��x � þ�þ , initial stateradiationis adefinable,gauge-invariantconceptandwehavegeneral
toolsto dealwith it; thestructurefunctionapproachandalsotheparton-shower method.However, when
we try to apply thealgorithmto four-fermion processesthat includenon-annihilationchannelswe face
a problem: it is still possibleto includethe large universallogarithmsby makinguseof the standard
tools but an appropriatechoiceof scaleis mandatory. Suchis the casein single-w . The problemof
thecorrectscaleto be usedin QED correctionshasbeentackledby two groups,
|{~} ã~à and �|z~}~� and
additionalresultswill beshown in Sections6.2.1,6.2.3andin Section6.2.

6.1 Signaldefinition in single-w
Theexperimentalrequirementson single-w are:

– CC20– Mix56 calculationswith somedetectoracceptancethatareusedfor a) triple gaugecou-
pling determination,b) standardmodelbackgroundto searches;

– theLEP EWWG cross-sectiondefinitionthat is usedto combinethecross-sectionmeasurements
from thefour LEPexperiments.

During the last WW99 CreteWorkshopa proposalhasbeenmadeto reacha commonsignal
definitionfor theLEPEWWGcross-section[96]. Thepersonswhoparticipatedin theWW99workshop
agreedon somesetupto definethesingle-w productionandnow this hasbeenformalizedin oneof the
ä à � à z|z�
 meetings;there,it wasdecidedto haveacombinationof thesingle-w cross-sectionusingthe
signaldefinitionsof Table15 for � � ��x � ��x ¦�ê�þ�� þ : Thesetof ú -channeldiagrams,all for CC20,are
shown in Fig. 48. Thesignaldefinitionuses6�T diagramsfor CC20, Ô for CC18and V�¾ for Mix56.

Table 15: Signaldefinitionfor single-� processes.

Process diagrams cuts
'v'v*M* � -channelonly = b 'kB5u����0Â��Pl�� d�� �@�0����b 'ëB u��� ÂÄÃ !0É|d��,���0�È��b '#" u���� ÂÄÃ !0É
'v*vA�* � -channelonly =�$sA1B5u%�&��Â'�Pl��
'v*vE1* � -channelonly ='$ EÄB u%�(�0Â��Pl��
'v*v!�" � -channelonly )�b !�"	u%�&*0É	+o'-,
'v*M$�# � -channelonly )�b $�#�u%��*�É.+o'/,

Notethatcharge-conjugatestateshouldbetakeninto accountandthatanasymmetriccuthasbeen
introducedfor �0� ¦�¦ ; thelatteris dueto thefactthattheprocessitself is CP-evenwhennocut is applied,
but an ambiguityremainsif onestartsto discusssingle-w with � x in the forward direction. Thenwe
shouldmultiply this processby a factor ² aswell. Thegoalof this commondefinition is to be ableto
combinethedifferent � ¦ ð	ð O)� ¦	£5¦ O)� ¦ ò ¦ O)� ¦ � ¦ measurementsfrom differentexperimentssothatthenew
theoreticalcalculationscanbecheckedwith dataata level betterthan 6�T�7 .

Signaldefinition hasa longstandingtradition in LEP physics,the mostcelebratedbeing the ú -
channelsubtractionin BhabhaandthemostrecentbeingtheCC03cross-section.Herewe have a dif-
ferentsituation.First of all, nobodyhasradiative correctionsfor single-w production,hencetheusual
argumentof theavailability of a sophisticatedsemi-analyticalcalculationfor thesignaldoesnot apply.
Wecouldavoid adefinitionof thesignalin termsof diagramsandhave recourseto adefinitionin terms

79



of cutssince,in averynarrow conearoundthebeamaxis,thesingle-w family is fully dominatedby the
ú -channelphotons.
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Fig. 48: The � -channelcomponentof theCC20family of diagrams:fusion,bremsstrahlungandmulti-peripheral.

6.1.1 A studyof single-w signaldefinitionwith
ã ���	
�� à �

Authors

E. Boos,M. Dubinin andV. Ilyin

Single-w signaldefinitionin thereaction � � ��x � � � ��x ¦)ê ¦Mê
It is well-known for a long time how thesingle w signalcanbeseparatedwith thehelpof kinematical
cuts[93]. Thetypical setof cutsusedby ALEPH, DELPHI andL3 collaborationsfor the leptonicfour
fermionstates� x ¦Mê10 � ¦#2 separatestheconfigurationswith very forward � x andaratherenergetic 0 � pro-
ducedat a sufficiently large anglewith thebeam.For instance,theL3 cutsto beusedin thefollowing
calculationsare ôkõkö�÷×K ê#3 ô�øéT�WYÔ�Ô�¾ , 3 2 ø 6�Z·ÛÝÜ)Þ and ôkõkö�÷×K 254 ô	ù T�WYÔ�Ô�¾ . In thecaseof thesemi-leptonic
states� x ¦Mê ð ð-6 an additionalcut

­ L ð ð#6 Rrø 45 GeV have beenappliedby OPAL. In so far asdifferent
collaborationsareusingnot exactly thesamecuts(definedby theoptimaldetectoracceptance),thedef-
inition of the w signalin termsof angularcutsis not universalandsomestandardizationprocedureis
needed.In therecentproposalby LEPexperiments[96] theOPAL collaborationconsideredthepossibil-
ity to introducethedefinitionof the w signalin termsof diagrams.Angularcutsontheforwardelectron
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andthecorrespondinganti-leptonarenot imposed,so thesingle w cross-sectiondependsonly on the
3 2 energy cut andis definedby the gaugeinvariant subsetof the ú -channelsingleresonantdiagrams.
Theuniversalityof suchdefinitionis satisfactoryif theinterferencesbetweenthegaugeinvariantsubsets
of diagramsin the channels��x ¦Mê70 � ¦#2 and ��x ¦Mê ð ð 6 arealwaysnegligible. Then indeedthe single w
cross-sectionin termsof diagramscouldbemeaningful.

We performeda detailedcalculationof thecontributionsfrom variousdiagramsetsof theMix56
channel���×� xý� ���P� x ¦)ê ¦Äê (seeAppendixfor Figs.63 and70 referredto in thefollowing). Usingthe
generalapproachto theamplitudedecompositioninto gaugeinvariantclasses[131], we foundtengauge
invariantsubsetsof diagrams(seeFigs.63–64).In Table16 6�½�w denotestwo gaugeinvariantsubsetsof
Ô diagramswith single w (seeFig.63), ½�ü denotestwo gaugeinvariantsubsetsof [ diagramswith single
ü (seeFig.64), Ô�w � wïx standsfor thedouble-resonantsubset(Fig.65)andsoon. Main contribution to
thefinal configurationswith forwardelectroncomefrom thesingle w andthesingle ü production,while
variousN×O)ü � � � ��x conversioncorrections(Figs.68–70)to the � � ��x � � � ��xPO ¦)ê ¦�ê arenegligible.
For thecaseof angularcutson the forward electronthe interferencebetweenthesingle w andsingle
ü subsets6�½�w and ½�ü is negative andequalto several fb. However, if theangularcutsareremoved,
thedestructive interferencemoduloincreasesratherconsiderably(Table16). This is not anunexpected
fact sinceboth single-w andsingle-ü (NC processeswith onelost electron)subsetshave a similar ú -
channelpolestructure.Otherinterferencesarealsonot negligible. Soin thecaseof � � ��x ¦)ê ¦Mê channel
thediagram-baseddefinitionof single w signalis not completelysatisfactory.

Table 16: Contributionsof thegaugeinvariantsubsets(fb) at theenergy
Á #98 200GeV. First row - with angular

cuts,secondrow - no angularcutsfor '�( , 'ëB . Theresultfor 26 � -channeldiagrams(18� and8: , seeFig.1,2)is
indicatedin thesecondcolumn.

26 � -ch. 18� 8: 9��B·��( 4:�: 9* + * + 4'ëB×'�( 2* + * + 2 � -ch
��+ , =<; 49.9 36.1 16.4 0.91 0.02 8= 10(�> 7 = 10(�? 1= 10(@? 6= 10(�A

only = ; 220.5 106.6 153.6 240.5 44.9 15.9 0.02 3 = 10(@> 8= 10(�B

6.2 Description of the programs,resultsand comparisons

z â	� andEFL

Author

G. Passarino

TheFermion-Loopscheme(EFL)

The EFL schemefor non-conserved currentsis describedin Ref. [39] and briefly discussedin Sec-
tion 3.8.1. It consistsof the re-summationof the fermionic one-loopcorrectionsto the vector-vector,
vector-scalarandscalar-scalarpropagatorsandof theinclusionof all remainingfermionicone-loopcor-
rections,in particularthoseto theYang–Millsvertices.

In theoriginal formulation,theFermion-Loopschemerequiresthatvectorbosonscoupleto con-
servedcurrents,i.e. , thatthemassesof all externalfermionscanbeneglected.Thereareseveralexam-
pleswherefermionmassesmustbekeptto obtainareliableprediction.As alreadystated,this is thecase
for thesingle-w productionmechanism,wheretheoutgoingelectronis collinear, within a smallcone,
with the incomingelectron.Therefore,� ê cannotbeneglected.Furthermore,amongthe ²�T Feynman
diagramsthatcontribute (for � ¦Mê�� � final states,up to Z�X for � � ��x ¦)ê ¦Mê ) therearemulti-peripheralones
thatrequireanon-vanishingmassalsofor theotheroutgoingfermions.
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As well known in the literature,the Fixed-Width schemebehavesproperly in the collinearand
high-energy regions of phasespace,to the contraryof the Running-Width scheme,but it completely
missestherunningof thecouplings,aneffect that is expectedto beabove therequestedprecisiontagof
²�7 . To bespecificthenameof Fixed-Width schemeis reserved for the following: thecross-sectionis
computedusingthe tree-level amplitude.The massive gauge-bosonpropagatorsaregiven by 6�¿�LJÐ © ¬
� © �DC�EF� R . Thisgivesanunphysicalwidth in ú -channel,but retainsû¼LS6�R gaugeinvariancein theCC20
process.

The correctway of handlingthis problemis to apply the EFL-schemeand,by consideringthe
impactof the EFL-schemeon the relevant observables,one is ableto judgeon the goodnessof naive
rescalingproceduresor of any incompleteFL-scheme.Oneof theproblemwith thelatteris thatvertices,
althoughchosento respectgauge-invariance,arenot uniquelydefined. Furthermore,couplingsother
than ¯HG�I	J usuallydo not evolve with thescaleandcomplex poles,thetruly gauge-invariantquantities,
arenever introducedor explicitly computed.Finally, programsthancannotsplit diagramsandapplyan
overall rescaling,bothin � - andú -channel,mistreatsingle-w and/orviolates K�û¼LS²�R invariance.

Numericalresultsandrecommendations.

Numericalresultsfor EFL havebeenshown in Ref.[115]. Here,we limit thepresentationto someuseful
recommendations:

– thebulk of theeffect is in therunningof thee.m.couplingconstant;

– onecancomputethe single-w cross-sectionsfor a fixed massof the top quark,suchas � Ñ «
6�¾�V�WY½ GeV, without finding any significative differencewith thecasewhere� Ñ is fixedby a con-
sistency relation. We are using complex-massrenormalizationbut we only include fermionic
corrections.Therefore,we canstartwith the Fermi couplingconstantbut alsowith

­ ª asan
input parameter. Equatingthe correspondingrenormalizationconditionsyields a relation be-
tween

­ ® , ³µ´ , L�Ü	M�¯PL ­ ©® R x ÿ-N , ­ ª , and � Ñ , see[12]. This relationcanbe solved iteratively
for � Ñ . For the following input parameterset,

­ ª « ½�T�WYV�Z�T·ÛÝÜ)Þ ,
­ ® « Ô�6�WY6�½�X�¾·ÛoÜ)Þ and

³¼´ « 6�WY6�X�X�V�ÔPOï6�TMx�Q5ÛÝÜ)Þ x © , weobtainthefollowing solution:

£ ª « L·Ü¥LJÐ ª R « ½�T�WYV�²H[±ÛÝÜ)Þ O»N ª « ¬
R/S LJÐ ª R£ ª « ²�WYT�Z�½�6·ÛÝÜ)Þ OT� Ñ « 6H[1½�WYX�²·ÛÝÜ)Þ O

(66)
with ²�XVU Ü)Þ differencebetween

­ ª and£ ª . SeeSection6.3.1for theinclusionof QCDeffects.
This typeof effect shouldbeincludedin any incompleteFL-scheme;

– the main accentin the EFL-schemeis on putting the correctscalein the runningof ¯HG�I	J . The
latter is particularlyimportantfor the ú -channeldiagrams,dominatedby a scale ð ©XW T andnot
ð © W ­ ©ª . However, aconsistentimplementationof radiativecorrectionsdoesmorethanevolving
¯HG�I�J to thecorrectscale,othercouplingsarealsorunning,propagatorsaremodifiedandvertices
areincluded;

– theeffectiveFW-schemedescribesconsiderablywell thehadronicfinalstatewith acutof
­ L � � RZY

[1Z GeV. However, thediminutioninducedby ¯HG�I�J¥L ð © R is toolargefor theleptonicfinal state.The
latter is a clearsignthatothereffectsarerelevantanda naive rescalingdoesnot suffice in repro-
ducing a realistic approximationin all situations,at leastnot within the ²�7 level of requested
theoreticalaccuracy;

– Modificationsinducedby thefermionicloopsaresensitive to therelativeweightof single-resonant
termsandof multi-peripheralpeaks.Furthermore,theeffectof radiativecorrectionsinsidethe w -
propagators([ -factorsof Ref. [115]) is far from being negligible and tendsto compensatethe
changedueto therunningof ¯\G�I�J .
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Theserecommendationsarebetter illustratedby few examples. At ° � « 6�½�V GeV we considerthe
angulardistribution, �.] ¿ � K ê for the � � � x ¦Mê final states.Theresultsareshown in Fig. 49.

FromFig. 49 we seethat theEFL predictionis lower thantheFW one,from ¬º¾�W [1X�7 in thebin
T U ¬ T�WY6 U to ¬µZ�WYZ�X�7 in thebin T�WYV U ¬ T�W [ U . Correspondingly, thefirst bin is X�WY¾�½ higherthanthesecond
one, 6�6�WYX�T�LS6�X�WYV�¾�R thanthethird(fourth)one.This is not a surprise,sincethefirst bin representsZ�T�7 of
thetotal single-w cross-section.

Alwaysin thesamefigure,wehavereportedthebehavior of ¯PL ð © RS¿�¯%^ ´ ¬Ï6 © asafunctionof K ê
for threevaluesof _ , usingtheappropriaterelation: ð © « ð © LSK ê O`_eR , _ beingthefractionof theelectron
energy carriedby thephoton. Thebehavior of EFL/FW-1, whenwe vary K ê , is very similar to theone
givenby theratioof couplingconstants,indicatingthatthebulk of theeffect is in therunningof thee.m.
couplingconstant.

For completenesswe have reportedthenumericalresultsfor thethreeenergiesin Table17,where
thefirst entry is Fixed-Width distribution andthesecondentry is EFL one. Only thefirst four binsare
shown, owing to thefactthatthey arethemostsignificantin thedistribution. Thethird entryin Table17
givesEFL/FW-1 in percent.

Next we consider� � ��x � � ¦	£5¦ , with ôkõkö�÷·K ê ô�YïT�WYÔ�Ô�¾ , 3 § Yy6�Z GeV, and ôkõkö�÷PK § ô	ayT�WYÔ�Z . In
Table18wereportthecomparisonbetweentheEFL distribution andtheFW onefor ° � « 6�½�V GeV. As
before,only themostsignificantbinsareshown ( T�WYTMU·Ì T�W [\U ).

As for thehadroniccase,theEFL predictionis considerablylower thantheFW one,althoughthe
percentagedifferencebetweenthetwo is approximately²�WY²�7éÌ ²�W [17 smallerthanin thepreviouscase.
Usefulcomparisonswill bepresentedin the z|���|} ã~â descriptionof thisSection.

Fig. 49: �cbed predictionsfor "ef��0"\���0�\� + [fb/degrees]for 'ëB·'�(hg ! "�'�( * + with )�b ! "�u'�i*�É GeV and
Á #j8

ÅSÆ�Ê'�Pl�� .
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Table 17: "ef��0"�� + in [pb/degrees],from �cbcd , for theprocess'ëB·'�(Dg '�( * + ! " , for )�bc! "	u��k*0É GeV. First entry
is Fixed-Width distribution,secondentryis Fermion-Looponeandthird entryis EFL/FW-1 in percent.

� + [Deg]
Á #�8ýÅSÆ�Ê'�Pl�� Á #l8 Å�Æm!'�Pl�� Á #�8X�0Â�Â'�Pl��Â|Ã Â�n�oñÂ|ÃcÅ7n 0.48395 0.54721 0.67147

0.44784 0.50695 0.62357
-7.46 -7.36 -7.13Â|ÃcÅ n oñÂ|Ã � n 0.07026 0.07815 0.09323

0.06605 0.07357 0.08798
-5.99 -5.86 -5.63Â|Ã ��n�oñÂ|Ã Ê�n 0.04095 0.04554 0.05433

0.03860 0.04298 0.05141
-5.74 -5.62 -5.37Â|Ã Ê�n�oñÂ|Ã *�n 0.02897 0.03223 0.03845

0.02736 0.03045 0.03646
-5.56 -5.52 -5.18

Table 18: "ef��0"�� + in [pb/degrees],from �cbcd , for the process'ëB·'�(pg '�( * + * ? A1B , for � �@�0��� + �q� Â|Ã !7!�r , = ? �
ÅSÉ GeV, and � �@�0��� ? �@ ÂÄÃ !0É . Furthermore,

Á #�8ýÅSÆ�Ê GeV.

� + [Deg] FW EFL EFL/FW-1 (percent)ÂÄÃ Â�nsoñÂ|ÃcÅ7n 0.14154 0.13448 -4.99ÂÄÃYÅmnsoñÂ|Ã ��n 0.02113 0.02031 -3.88ÂÄÃ ��nsoñÂ|Ã Ê�n 0.01238 0.01194 -3.55ÂÄÃ Ê�nsoñÂ|Ã *�n 0.00880 0.00851 -3.30

A final commentwill bedevotedto QEDISR.Veryoftenonecanfind thestatementthatthechoice
of theappropriatescalein thestructurefunctionsis mandatory. This is a jargon for ‘implementingthe
correctexponentiationfactor in multi-photonemission’. Note that the usualinfraredexponent ¯ut is
representedby

¯vt « ²·¯
¶

w 6±�yx ©
6±¬yx © � �

6
x ¬�6-z<{ ²·¯

¶ � � �
©

� © ¬�6 O for � ©}| � © O
� ©
� © « x

LS6 ¬yx�R © {~x	O (67)

where � © is the Mandelstaminvariant associatedwith the emitting pair. For ô úÄô | � © ê the photon
radiationis governedby � �>L0ô úÄô ¿-� © ê R ratherthanby � �>L � ¿-� © ê R . The differenceis againa large log and
explaintheexcessof radiationgeneratedby � -channelSF. However, thewholeexpressionfor t is known
andnot only its asymptoticbehavior (thescale).Therefore,for vanishingscatteringangles,thecorrect
behavior shouldbereadfrom Eq.(67). In this respectoneshouldrememberthat ô úë4�ô Õ×ÖÙØ in single-w can
bemuchlower than� © ê , being� © ê _ © ¿�LS6 ¬k_eR where_ « ­ © L ¦ ê þ ÿ þ © RS¿ � .
Single-w with z|���|} ã~â
Authors

E. Accomando,A. BallestreroandE. Maina

A new versionof z~���|} ã|â [127] is now available. It includesall massive matrix elementsin
additionto thepreviousoneswhich accountedfor � -quarkmassesonly. As before,thematrix elements
arecomputedwith themethodof Ref. [126], which hasproved to be fastandreliablein particularfor
massive calculations. New mappingsof the phasespacehave beenadded,in order to accountin an
efficient way for the peakingstructureof contributions like single-w , single-ü and N1N contributions.
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With the new versionone has,therefore,the choiceof using fully massive or masslesscalculations.
The former areneededin variousprocesseswhich diverge for masslessfermions, while the latter are
fasterandgive an excellentapproximationfor mostcases.We startwith the introductionof the IFL-
schemeshowing comparisonswith alternative solutions,designedto dealwith gauge-invarianceissues.
However, the most importantpart is containedin the secondSubsectionwherethe effective scaling
inducedby ¯\G�I�J is presented.

IFL-scheme

The ImaginaryPart Fermion-Loopschemehasbeengeneralizedto the fully massive caseof non-con-
servedweakcurrentsin Ref. [112]. Theresultsobtainedhavebeencomparedwith othergaugerestoring
schemesusedin single-w processescomputations.Thefollowing schemeshave beenconsideredin the
analysis:

– Imaginary-partFL scheme(IFL): Theimaginarypartof thefermion-loopcorrections,ascomputed
in Ref. [112], are used. Fermionmassesareneglectedonly in loops but not in the rest of the
diagrams.

– Fixed width (FW): The � -bosonpropagatorsshow an unphysicalwidth for Ð © a T , but retains
û¼LS6�R gaugeinvariancein theCC20process[7].

– Complex Mass(CM): All weakbosonmassessquared
­ ©�éO#t « w O)ü arechangedto

­ ©� ¬
C ­ � E � [18] ( E � is the on-shell t width), including when they appearin the definition of the
weak mixing angle. This scheme,which againgives an unphysicalwidth in somecases,has
however theadvantageof preservingboth ûµLS6�R and K�ûµLS²�R Wardidentities.

– Overall scheme(OA): Thediagramsfor � x ��� � � xÝ¤¦)êS� ¤� canbesplit into two setsthataresepa-
ratelygaugeinvariantunderûµLS6�R . In theactualimplementationof theOA-scheme,ú channeldia-
gramsarecomputedwithoutany width andarethenmultipliedby L ð © ¬ ­ © RS¿�L ð © ¬ ­ © �&C ­ E>R
where ð , ­ and E arethemomentum,themassandthewidth of thepossibly-resonant� -boson.
This schemeretainsû¼LS6�R gaugeinvarianceat theexpensesof a mistreatmentof thenon-resonant
terms.

In orderto assestherelevanceof currentnon-conservation,theimaginarypartof thefermion-loop
correctionshavealsobeenimplementedwith theassumptionthatall currentsthatcoupleto thefermion-
loopareconserved. In thiscasetheexpressionsof Ref. [112] reduceto thosecomputedin Ref.[7]. Note
that themassesof externalfermionsarenonethelesstaken into accountin thecalculationof thematrix
elements.This schemeviolates ûµLS6�R gauge-invarianceby termswhich areproportionalto the fermion
massessquared,asalreadynotedin Ref.[94]. Howeverthey areenhancedathighenergy by largefactors
andcanbenumericallyquiterelevant. This schemewill bereferredto astheimaginary-partFL scheme
with conservedcurrents(hereafterIFLCC). All schemesdescribedabove have beenimplementedin the
new versionof z|���~} ã~â [127] with thefully massive option.

Table 19: Cross-sectionsin pb for theprocesses'ëB·'�(�g '�(V�*@+k! " for variousgaugerestoringschemes.No ISR
is includedandwe applythefollowing cuts: )�b ! "�uq� É'�Pl�� d@=<��� Ê'�Pl�� d�= ��� Ê'�Pl�� d,�@�0�Hb � + u%� Â|Ã !7!�r

190GeV 800GeV 1500GeV
IFL 0.11815(13) 1.6978(15) 3.0414(35)
FW 0.11798(11) 1.6948(12) 3.0453(41)
CM 0.11791(12) 1.6953(16) 3.0529(60)
OA 0.11760(10) 1.6953(13) 3.0401(23)

IFLCC 0.11813(12) 1.7987(16) 5.0706(44)
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In Table19 the cross-sectionsfor CC20aregiven for the different gaugerestoringschemesat
LEP2andLC energies.Fromit, onecanimmediatelydeducethattheIFL, FW, CM andtheOA schemes
agreewithin ² ] in almostall cases.TheIFLCC schemeagreeswith theotheronesatLEP2energiesbut
alreadyat800 ÛÝÜ)Þ it overestimatesthetotal cross-sectionby about X�7 . At 6�WYZ}�1Ü)Þ theerroris almost
a factorof two. Onthecontrary, evenin thepresenceof non–conservedcurrents,i.e.of massiveexternal
fermions,the FW CM andOA calculationsgive predictionswhich arein agreement,within a few per
mil, with theIFL scheme.Theagreementwith theresultsof a self-consistentapproachjustifies,from a
practicalpointof view, theongoinguseof theFW, CM andOA schemes.

Table 20: Comparisonof FW andIFL schemesfor differentsingle-� cross-sectionsin pb andat ��Â0Â GeV. No
ISR is included.Cutsaredefinedin thetext.

IFL FW'�(e'ëB&g '�(Z�* + ! �" ) ���� �(*0É GeV 0.12043(10) 0.12041(11)'�(e'ëB&g '�(Z�* + ! �" ) ����  (*0É GeV 0.028585(14) 0.028564(14)'�(e'ëB&g ')(V�* + A1B·* ? 0.035926(34) 0.035886(32)'�(e'ëB(g ')(V�* + 'ëB·* + 0.050209(38) 0.050145(32)

The possibledependenceof this agreementon the particularsingle-w processconsideredhas
beenexaminedandwe comparein Table20 the cross-sectionsobtainedin the IFL andFW schemeat
° �º« ²�T�T GeV. In this case,asin thefollowing ones,thestandardcutshave beenapplied:theelectron
angleis limited in all processesby ôkõkö�÷×K xê ôqY T�WYÔ�Ô�¾ , theotherchargedleptonby ôkõkö�÷·K 2 ô�a T�WYÔ�Z , its
energy hasto be 3 2 Yé6�Z GeV. Theseresultsconfirmthat,atLEP2,thereis nodependenceof thecross-
sectionson thescheme.Distribution of severalobservableshave alsobeenstudiedwith z|���|} ã~â in the
IFL andFW schemes.In mostvariableslike theelectronangleandenergy nodifferencehasbeenfound.
However, themassspectrumof the � � pair shows someschemedependence,asreportedin Fig. 50. The
physicalmotivation for this differencecanbe tracedto the fact that the IFL schemeuses,correctly, a
running w -width. In fact, comparingIFL massdistribution with a FW calculationin which w mass
andwidth areproperlyshifted[113], thedifferenceis reducedto asmalloverall factor, asexpected,and
shouldnotbeviewedasa theoreticaluncertainty.

In any case,in view of possiblediscrepancies,the useof IFL hasto be preferredamongthe
schemesanalyzedin thissection.
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Fig. 50: Massdistribution of the ! " pair in '�(e'ëBhg '�(V�* + ! �" at
Á # = 200GeV in theIFL andFW schemes.No

ISR. �,���0�1��(+ ��� ÂÄÃ !m!�r

Runningof ¯ , comparisonswith EFL

The EFL schemeimplementedin Refs.[39,115] for the massive (non-conserved currents)casesolves
thegauge-invarianceproblemsexactly, asIFL does,but in additionit computestherealpartof Fermion-
Loopradiativecorrections.Thesetermsareknown to determinetherunningof thecouplingsinvolvedin
single-w processes.Onemayargue,therefore,thatconsideringtherunningof ¯\G�I�J at anappropriate
physicalscalemightaccountfor themostrelevantpartof EFL corrections.To testthecorrectnessof this
argument,a proper ¯HG�I	J evolution hasbeenintroducedasanoption in z|���|} ã~â . For every setof final
momenta,̄HG�I	J is evaluatedat thescaleú , thevirtuality of thephotonemittedby theelectronline, and
usedfor two verticesin the ú -channelcontributionsonly.

Theseparategaugeinvarianceof � - andú -channeldiagramsmakesit possibleto usea different ¯
for them: ¯PLJúvR for t-channeland ¯ ^ ´ for � -channel.Sucha separation,which canbe implementedin
codescomputingFeynmandiagramsas z~���|} ã|â , shouldautomaticallyaccountfor therelative weightof� andú contributionsfor any setof cuts.

Computationsperformedwith this choicewill bereferredto asIFL � . Severalcomparisonshave
beenperformedbetweentheIFL andIFL � schemesandwith theFW/EFL predictionsby z â	� [128].

Thegoodagreementof thetwo codesasfarasFW andIFL schemesareconcernedis documented
in Tables21–25for the cross-sections,the electronangulardistribution and the quark invariant mass
distribution. However, this hasto be consideredas a technicalagreementmore than a physicalone.
WhetherIFL � cansatisfactoryreproducetheEFL completecalculationsseemsto dependontheprocess
considered.Note, in Table21, theagreementbetweenIFL � andEFL for the total cross-sectionof the
process��xP� � � ��x ¤¦)ê�� ¤� . Only at ²�T�T GeV thereis a disagreementof lessthan T�WYZ�7 . Moreover, the
angulardistribution studiedin Table22, for themostrelevantbins,never shows ahigherdiscrepancy.
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Table 21: Total single-� cross-sectionin fb for the process'ëB·'�(�g '�(V�* + ! " , for )�b ! "�u���*0É GeV and
� �@�0����+#�F�ýÂ|Ã !7!�r . FW andEFL arecomputedby �ebcd , IFL andIFL � by ���	�	�c�cb . No ISR. Thenumberin paren-
thesisshows thestatisticalerrorof thenumericalintegrationon thelastdigit.Á # FW IFL IFL � EFL EFL/FW-1

(percent)ÅSÆ0Ê��Pl�� 88.17(44) 88.50(4) 83.26(5) 83.28(6) -5.5(5)ÅSÆm!��Pl�� 98.45(25) 99.26(4) 93.60(9) 93.79(7) -4.7(3)
�0Â0Â��Pl�� 119.77(67) 120.43(10) 113.24(8) 113.67(8) -5.1(5)

Table22: "ef��0"��S+ in [pb/degrees]for theprocess'ëB·')(�g '�( *�+f! " , for )�bc! "	uq��*�É GeV,
Á # =200GeV. No ISR.

FW andEFL arecomputedby �ebcd , IFL andIFL � by ���	�	�c�cb .

� + [Deg] FW IFL IFL � EFL EFL/FW-1
(percent)ÂÄÃ Â�nsoñÂ|ÃcÅ7n 0.67147 0.67077 0.62404 0.62357 -7.13ÂÄÃYÅmnsoñÂ|Ã ��n 0.09323 0.09321 0.08753 0.08798 -5.63ÂÄÃ ��nsoñÂ|Ã Ê�n 0.05433 0.05455 0.05141 0.05141 -5.37ÂÄÃ Ê�nsoñÂ|Ã *�n 0.03845 0.03867 0.03624 0.03646 -5.18

The variationof the cross-sectionof the processat handwith the invariantmass
­ L � � R cut is

reportedin Fig. 51 from which onededucesthat the IFL and the IFL � schemespractically coincide
whenthe cut reachesthe massof the w -boson. In Table23 oneseesthat, even varying the cuts, the
differencebetweenFL andIFL � is at mostof theorderof 6�7 .

Theconclusionis, therefore,thatat LEP2andfor � x � � � � x ¤¦)êS� ¤� the IFL � schemeis reliable
at the per cent level. The samedoesnot apply to � x ��� � � xÝ¤¦ ê £ � ¦ § , as can be verified with the
helpof Tables24 and25. Fromtheseoneseesthat thediscrepancy is of theorderof ²�7 or worse.This
confirmsthatvaryingthescaleof ¯\G�I�J , onaneventby eventbasis,is notcompletelysatisfactory. These
numericalresultspoint towardsanestimateof aboutV�7 theoreticalerrorfor single-w predictionsvia the
IFL � -scheme.Onecantry to applytherunningof ¯HG�I	J to only onevertex of theú -channeldiagrams;the
agreementobtainedwith this approximation(hereafterIFL � ÿ ) is muchbetterfor � x ��� � � xÝ¤¦ ê £ � ¦ § .
Of course,it becomesworsefor ��xP� � � ��x ¤¦)ê�� ¤� . At 6�½�V�O)6�½�Ô and ²�T�T GeV the cross-sectionsfor
� x ��� � � x ¤¦)ê�£ � ¦)§ are respectively ²�Z�WYX�Z�LS6�RSO)²�½�WY½�T�LS²MRSO0VH[\WY½�XMLS²MR fb, to be comparedwith the EFL
resultsof Table24. The first bins of the angulardistribution arealsovery closeto EFL. No physical
meaninghasto be attributedto this fact: thereis no theoreticalreasonfor usingrunning ¯HG�I�J just at
onevertex. Theagreementmaybeaccidentalandit is probablydueto thefactthatwith thecutsusedfor
� x ��� � � xÝ¤¦)êë£ � ¦)§ thecontribution of multi-peripheraldiagramsis suppressed.
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Fig. 51: Totalcross-sectionfor '�(F'ëB(g ')(��* + ! �" at
Á # = 200GeVwith � +  èÂÄÃYÅmn asa functionof thelowercut

on M � � in IFL andIFL � schemes.Themarkersgive theresultsof FW andFL by �cbed .

Table 23: Cross-sectionsfor theprocess'ëB·')((g ')( *�+f! " in pb for Â|Ã Â�nl Ó��+� ýÂÄÃYÅmn and )�bc! "�uV��)���� � (in
GeV).

Á #v8èÅSÆ0Ê��Pl�� . No ISR. FW andEFL arecomputedby �cbed , IFL andIFL � by ���	�	�c�cb . The numberin
parenthesisshows thestatisticalerrorof thenumericalintegrationon thelastdigit.

)���� �Äb ! "	u FW IFL IFL � EFL EFL/FW-1
(percent)

45 0.04841(3) 0.04845(3) 0.04510(4) 0.04478(3) -7.5(1)
35 0.05104(7) 0.05107(1) 0.04754(1) 0.04711(6) -7.7(1)
25 0.0546(1) 0.05467(2) 0.05090(1) 0.0504(1) -7.7(2)
15 0.0595(1) 0.05968(2) 0.05555(2) 0.0552(1) -7.2(2)
10 0.0626(1) 0.06283(2) 0.05847(1) 0.0582(1) -7.0(2)
5 0.0659(1) 0.06623(2) 0.06164(2) 0.0615(1) -6.7(2)
1 0.0682(1) 0.06864(1) 0.06388(1) 0.0637(1) -6.6(2)

Table 24: Total single-� cross-sectionin fb for the process'ëB·'�(�g '�(V�* + A1B·* ? , for � ������� + ���ÚÂÄÃ !m!�r , = ? �
ÅSÉ GeV, and � �@�0��� ? �� ÂÄÃ !0É . No ISR.FW andEFL arecomputedby �cbed , IFL andIFL � by ���	�	�c�cb . Thenumber
in parenthesisshows thestatisticalerrorof thenumericalintegrationon thelastdigit.Á # FW IFL IFL � EFL EFL/FW-1

(percent)Å�Æ0Ê'�Pl�� 26.77(14) 26.45(1) 24.90(1) 25.53(4) -4.6(5)Å�Æm!'�Pl�� 29.73(14) 29.70(2) 27.98(2) 28.78(4) -3.2(5)
��Â0Â'�Pl�� 36.45(23) 35.93(4) 33.85(4) 34.97(6) -4.1(6)
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Table 25: "ef��0"�� + in [pb/degrees]for theprocess'ëB·'�(&g ')( * + * ? A1B , for � �@�0��� + ��� ÂÄÃ !m!�r , = ? �ÍÅSÉ GeV, and
� �@�0��� ? �@ ÂÄÃ !0É . Á #l8 Å�Æ0Ê GeV. No ISR.FW andEFL arecomputedby �cbed , IFL andIFL � by �	���	�c�cb .

� + [Deg] FW IFL IFL � EFL EFL/FW-1
(percent)Â|Ã Â n oñÂ|ÃcÅ n 0.14154 0.14170 0.1319 0.13448 -4.99Â|ÃcÅ7n�oñÂ|Ã ��n 0.02113 0.02117 0.01987 0.02031 -3.88Â|Ã ��n�oñÂ|Ã Ê�n 0.01238 0.01240 0.01166 0.01194 -3.55Â|Ã Ê�n�oñÂ|Ã *�n 0.00880 0.00879 0.00830 0.00851 -3.30

SincetheIFL � andIFL � ÿ schemesare,in turn,in goodagreementwith completeEFL for different
processesandcuts,thedifferencebetweentheirresultswill beusedasanestimateof thetheoreticalerror
for � x ��� � � x ��� ¦)ê ¤¦)ê and � x ��� � � x ��� ¦)§ ¤¦)§ , whereEFL predictionsarenot available. Thecross-
sectionsfor suchprocessesarepresentedin Tables26and27. Theangulardistributionsfor thefour pro-
cessesthatwehavediscussedsofararereportedin binsof T�WYT�6 degreesin Fig. 52. Notethattherelevant
partof thecross-sectionis concentratedin thefirst threeor four bins,alsofor � x ��� � � x ��� ¦)ê ¤¦)ê (Mix)
and ��xP� � � ��x×� � ¦)§ ¤¦)§ (NC), aswell as for the two CC processes.Finally the comparisonbetween
z~�	�~} ã~â and z â�� hasbeenextendedto cover theLEP2signaldefinition for thehadronicdecaysof the
w -boson,but theresultswill notbepresentedhere.

Table26: Totalsingle-� cross-sectionin fb by ���	�	�c�cb for theprocesses'ëB×')(�g 'ëB·'�(e* * for �,��������(+ ��� ÂÄÃ !m!�r ,
= +�� � Å�É GeV, and �,������� +�� �l Â|Ã !�É . No ISR. The numberin parenthesisshows the statisticalerror of the
numericalintegrationon thelastdigit.Á # final state IFL IFL � IFL �	�Å�Æ0Ê'�Pl�� 'kB·'�(e* + * + 38.24(1) 35.99(1) 37.10(2)'ëB·')(�* ? * ? 12.81(1) 12.05(1) 12.42(1)Å�Æm!'�Pl�� 'kB·'�(e* + * + 42.38(1) 39.86(1) 41.09(2)' B ' ( * ? * ? 13.74(1) 12.92(1) 13.32(1)

��Â0Â'�Pl�� 'kB·'�(e*H+ *�+ 50.20(2) 47.25(2) 48.70(2)'ëB·')(�*@? *�? 15.37(1) 14.46(1) 14.91(1)

Table 27: "ef��0"�� + in [pb/degrees]by ���	�	�c�cb for theprocesses'ëB×'�(yg 'ëB·'�(e* * for �,��������(+ ��� Â|Ã !7!�r , = + � �
ÅSÉ GeV, and � �@�0��� + � �� Â|Ã !�É . Á #�8��0Â�Â GeV. No ISR.

� + [Deg] final state IFL IFL � IFL ���ÂÄÃ Â�nqo ÂÄÃYÅmn 'ëB·'�(e* + * + 0.27958 0.260390 0.26990'ëB·'�(e*@? *	? 0.09007 0.08386 0.08693ÂÄÃYÅmnqo ÂÄÃ ��n 'ëB·'�(e*@+ *	+ 0.03890 0.03643 0.03764'ëB·'�(e*@? *	? 0.01158 0.01086 0.01123ÂÄÃ ��nqo ÂÄÃ Ê�n 'ëB·'�(e*@+ *	+ 0.02279 0.02146 0.02216'ëB·'�(e*@? *	? 0.00680 0.00641 0.00660ÂÄÃ Ê n o ÂÄÃ * n ' B ' ( *@+ *	+ 0.01622 0.01535 0.01573'ëB·'�(e* ? * ? 0.00482 0.00456 0.00467
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Fig. 52: Angulardistributionsfor differentsingle-� processesat
Á # = 200GeV in theIFL andIFL � scheme.

Single-w and �|z~}|�
Authors

G. Montagna,M. Moretti, O. Nicrosini,A. Pallavicini andF. Piccinini

Descriptionof themethod

Contributions of the Pavia/}~ä|���|} group to the subjectof single-w productionaresummarized.The
exactmatrix elementsfor single-w productionarecomputedby meansof the }|ä~���|} algorithm[82] for
theautomaticevaluationof theBornscatteringamplitudes.Fermionmassesareexactlyaccountedfor in
thekinematicsanddynamics.Thecontribution of anomaloustrilineargaugecouplingsis alsotakeninto
account.Theanomalousgaugebosoncouplings �¡�4 , ¢~4 , £ ® ,  �¡ ® and ¢ ® areimplementedaccordingto
theparameterizationof Refs.[83,84]. Thefixed-widthschemeis adoptedasgauge-restoringapproach,
asmotivatedin comparisonwith othergauge-invariance-preserving schemesin Ref. [112].

Radiativecorrections

Leading-log(LL) QEDradiative correctionsareimplementedvia theStructureFunction(SF)formalism
in thecollinearapproximation[86]. The � © -scaleenteringtheSF ¤ L�¥PO#� © R is fixedby comparingthe
íîLS¯PR expansionof theSFmethodwith theanalyticresultsobtainedfor the íîLS¯PR double-logphotonic
correctionsasgiven by soft-photonbremsstrahlungfrom the external legs, its virtual counterpartand
hard-photonradiationcollinearto thefinal-stateparticles.Noticethat,sincethegoalis to determinethe
scaleenteringthe SF, only thecontribution of real photonsis explicitly calculated,becausethevirtual
corrections,in orderto preserve thecancellationsof infraredsingularities,mustsharethesameleading
collinearstructureof therealpartitself. More detailsaboutthederivationin thepresentapproachof the
soft/collinearlimit of the íîLS¯>R correctioncanbefoundin Ref. [114].
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For example,for the process� � ��x � ��x ¦�� � , this comparisontranslatesin the following two
� © -scales:(two initial-state(IS) SFareassumed:� © x refersto theSFattachedto theincomingelectron,
while � © � to theSFattachedto theincomingpositron)[114]

� © x « [13 ©
LS6±¬ � x R ©£ © O � © � « ²<¦¨§© 3 © L�LS6 ¬

� ª RSLS6±¬ �`« R © R@¬­
LSLS6±¬ � « ª R © £ Q R ¬© (68)

where 3 is thebeamenergy, � x thecosineof theelectronscatteringangle, � « and � ª thecosineof the
quarkscatteringangleswith respectto theinitial positron,� « ª thecosineof therelativeanglebetweenthe
quarks,£ thehalf-openingangleof theelectromagneticjet (calorimetricangularresolution).It is worth
noticingthatin thenumericalimplementation,wheneveroneof thetwo scalesis lessthanasmallcut-off
(® ©¯�°/± x�²´³ « [�� © ê , where� ê is theelectronmass),theradiationfrom thecorrespondingleg is switched
off, in accordancewith theexpectedpower law behaviour.15 It wascarefullytestedthatvariationsof the
cut-off donotalterthenumericalresults.

Also a naive ansatzfor the two scales,asmotivatedby an analysisof the single-w processin
termsof theWeizs̈acker-Williams approximation,canbegiven[114] asfollows:

� © xsµ Ø/¶SÖ¸·´¹ « ô ð ©41º ô	O � © � µ Ø/¶SÖ¸·´¹ «
­ ©ª (69)

where ð ©4 º is thesquaredmomentumtransferin the ���SNH» vertex and
­ ª is themassof the w boson.

The effect of vacuumpolarizationis alsotaken into accountin thecalculation,by including the
contribution of leptons,heavy quarksandlight quarks,thelatteraccordingto thestandardparameteriza-
tion of Ref. [2].

Computationaltool andobtainedresults

The theoreticalfeaturessketchedabove have beenimplementedinto a massive MonteCarlo(MC) pro-
gram, named�|z~}~� (� ingle z processwith } lpha & � avia). The multi-channelimportancesampling
techniqueis employed to performthephase-spaceintegration. Thecodesupportsrealisticevent selec-
tions andcanbe employed eitherasa cross-sectioncalculatoror asa true event generator. The main
resultsobtainedin thepresentstudycanbesummarizedasfollows: we have performeda critical analy-
sisof theenergy scalefor QED radiation(seeFig. 53); Next, we have evaluatedtheeffect of a running
of ¯\G�I�J (seeFig. 54);Finally wehave performeda tunedcomparisonswith othercodes.

Fig. 53: The effect of LL QED correctionsto the crosssectionof the single-� process'ëB·'�(Pg ')(��*v! �" for
differentchoicesof the ¼Z½ -scalein the electron/positronSF. Left: absolutecrosssectionvalues;Right: relative
differencebetweenQED correctedcross-sectionsand the Born one. The marker ¾ representsthe Born cross-
section, ¿ representsthe correctiongiven by ¼Z½ÀÁ8y# scale, Â representsthe correctiongiven by ¼Z½ÀÃ8��ÅÄ´½ #Æ �
scale, Ç thecorrectiongivenby the scalesof Eq. (68), thecorrectiongivenby the naive scalesof Eq. (69). The
entriescorrespondto 183,189,200GeV.

15Althoughthis behavior is exactly known andcouldbeimplemented,È�É#Ê/Ë hasevidencefor a correspondingsmalleffect.
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Fig. 54: Theeffectsof therescalingof �	Ì�Í�Î from ��ÏÑÐ to ��b�Ä´½ Æ 8ÏÂÈu ( Ç ) and �eb�Ä´½ Æ u ( Â ) ontheintegratedcross
sectionof thesingle-� process' B ' ( g ' ( �*v! �" . fmÒ is thecross-sectioncomputedin termsof ��ÏÑÐ . Theentries
correspondto 183,189,200GeV.

Input parametersandcutsusedto obtainthenumericalresultsshown in the following arethose
of the [1Q proposalfor theprocess���×� x � � xÝ¤¦	� ¤� ( ôkõkö�÷%Ó ê ô�YïT�WYÔ�Ô�¾�O ­ « ª YÚ[1Z GeV).For Fig. 53 the
valueof £ parameterenteringEq. (68) is £ « Z U , but it hasbeenchecked that thenumericalresultsare
very marginally affectedby its actualvalue.

Scales& QED radiation. In Fig. 53 the numericalimpactof differentchoicesof the � © -scale
on the cross-sectionof the single-w process���P� x � � x¥¤¦	� ¤� is shown. The marker Ô representsthe
Born cross-section,Õ representsthecorrectiongiven by � © Ö « � scalefor both IS SF(s), × represents
the correctiongiven by � © Ö « ô ð ©41º ô scalefor both IS SF(s), Ø the correctiongiven by the scalesof
Eq. (68), thecorrectiongivenby thenaive scalesof Eq. (69). It canbeseenthatneitherthe � scale,as
implementedin computationaltoolsusedfor theanalysisof thesingle-w process,nor the ô ð ©41º ô scale,as
recentlyproposedin Ref.[92], areableto reproducetheeffectsdueto thescalesof Eq.(68)andEq.(69).
Thesetwo scalesarein goodagreementandbothpredicta loweringof theBorn cross-sectionof about
½�7 , almostindependentof thec.m.s. LEP2energy. Note the [17 differencebetweenISR with � -scale
andthenew scale.

Runningof ¯HG�I	J . Because³¼´ ,
­ ª and

­ ® aretheagreedinput parametersin the [ þ proposal,
thevalueof thee.m.couplingconstant̄ is fixedat tree-level to a high energy valueasspecifiedby the
³µ´ -scheme.On theotherhand,thesingle-w processis a ð ©41ºjÙ T dominatedprocessandthereforethe
above high-energy evaluationof ¯ , ¯Ú^ ´ , needsto be rescaledto its correctvalueat small momentum
transfer. In orderto take into accounttheeffect of the runningof ¯HG�I	J in a gaugeinvariantway, a re-
weightingprocedurecanbeadopted,by simply rescalingthedifferentialcrosssection�.] ¿ � ú (ú�Û ð ©41º )
in thefollowing way �	]

� ú �
¯ © LST�R
¯ © ^ ´

�.]
� ú O

�.]
� ú �

¯ © LJú)R
¯ © ^ ´

�.]
� ú O (70)

where ¯PLST�RSO)¯>LJú)R is theQEDrunningcouplingcomputedatvirtuality ð ©41º equalto T andú , respectively.

Figure54 shows the effectsof the above re-weightingprocedure.The Ø representthe relative
differencebetweenthe integratedcross-sectioncomputedin termsof ¯ ^ ´ andthe cross-sectioncom-
putedin termsof ¯PLST�R , while × is therelative differencebetweentheintegratedcross-sectioncomputed
in termsof ¯%^ ´ andthe cross-sectioncomputedin termsof ¯>LJú)R . As canbe seen,the rescalingfrom
¯%^ ´ to ¯PLJúvR introducesa negative correctionof about5–6%in theLEP2energy range.Thedifference
betweenØ and × , which is about2–3%,is ameasureof therunningof ¯HG�I�J from ð ©41º « T to ð ©41º « ú . A
detailednumericalanalysisof theeffect of therunningcouplingsin single-w productionhasbeenvery
recentlyperformedin Ref. [39], basedon thetheoreticalresultsof themassive fermion-loopschemeof
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Ref. [39]. The resultsfor the runningof ¯\G�I�J , asshown in Fig. 54, are in agreementwith thoseof
Ref. [115], asfar astheeffect of ¯HG�I�J is concerned,which is thebulk of theEFL contribution, leaving
residualdifferencesat the level of 1–2%,dependingon theconsideredchannelandeventselection,see
alsothediscussionin the z~���|} ã|â partof this Section.

ß~à|á~â|ã }~äeå0æ|ç~{
Authors

F.A.Berends,C. G. PapadopoulosandR.Pittau

This sectiondescribesthe featuresof a new Monte Carlo program
ß|à~á|â~ã }|ä�å�æ~ç~{ [111], which

aims at keepingthe advantagesof
à|á~ã }~ä�å�æ~ç|{ [116], but tries to improve on its shortcomings.The

advantages,which shouldbekeptarethehigh speedof theprogramandtheapplicabilityto all possible
4-fermionfinal states.The shortcomingsof

à|á~ã }~ä�å�æ~ç|{ , which arepartly relatedto its assets,arethe
masslessnatureof its fermions,theinclusive treatmentof ISR QED corrections(no Ð|Ñ from a photonin
anevent)andtheneglectof any runningof couplingconstants.

Thestrategy of thecode

To startwith, it shouldbenotedthatunlessstatedotherwisecomplex gaugebosonmassesandacomplex
weakmixing angleareusedto ensuregaugeinvariantmatrix elements[18]. This procedurehasbeen
shown to work well [112]. Thevariouswantedimprovementswill now besuccessively discussed.

Inclusionof fermionmasses

Insidetheprograma massive matrix elementis needed,for thecalculationof which a recursive method
[117] is used.

This massive matrix elementnow exists in the whole phasespace,sincethe singularitiesof the
masslesscaseareregularized.Neverthelessseriousnumericalcancellationstake placein very specific
situations.Themostdramaticcaseis causedby thephotonicmulti-peripheraldiagramswhich blow up
for forwardscattering.Whenat thesametimebothelectronandpositronmove in theforwarddirection,
it becomesnecessaryto performthe calculationin quadrupleprecision. Whenonly oneis moving in
the forward directionthe usualdoubleprecisionis sufficient. A versionof the programusingdouble
precisionin all possiblesituationsis currentlyunderstudy.

The phasespacegenerationis an extensionof the treatmentin
à~á~ã }~äeå0æ~ç|{ , i.e. a self-adjusting

multi-channelapproach,now includingthemulti-peripheralsituationin animprovedform.

With the above mentionedingredientsoneindeedhasan event generatorfor any massive four-
fermionfinal state.In particular, for thepotentiallydangerouskinematicalsituationseventscannow be
generated,like forwardsingleW-productionor N\N processes.Also all channels,whereHiggsexchange
cantake placenow indeedcontainHiggsexchanges.

To demonstratetheability of theprogramto cover all phase-spaceregions,without loosingeffi-
ciency, weshow, in Tables28and29,thetotalcross-sectionsfor theprocesses� � ��x � � � ��x £ � £ x and
���P� x�� ���×� x ���P� x . Whereavailable,wecompareourpredictionswith theQED numberspublishedin
Ref. [125].ß~à|á~â|ã }~äeå0æ|ç~{ containsall electroweakdiagrams,andcanthereforebeusedto computetheelectroweak
backgroundto theabove N N processes.By lookingat thelastentryof thetables,thelatteris foundto be
lessthan 6�7 at LEP2energies,at leastfor totally inclusive quantities.

All numbershave beenproducedat the Born level, but ISR andrunning ¯ G�I�J canbe includedasde-
scribedin thenext sections.
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Table 28: feÜÞÝ`Ü (in nb) for theprocess'ëB·')(ßg 'ëB·'�(|A1BFAP( . Only QED diagrams,exceptin thelastentry.Á # àcácâ ã	�cäebc�	�cåFæ�àcç	�
20 98.9 è 0.6 99.20 è 0.98
35 131.4 è 2.2 131.03è 0.88
50 154.4 è 0.9 152.33è 0.83
100 205.9 è 1.2 204.17è 1.73
200 — 263.50è 1.31
200(all) — 265.58è 1.44

Table 29: feÜÞÝ`Ü (in nb é×ÅSÂ7A ) for theprocess'kB·'�(�g 'ëB×'�(e'ëB·')( . Only QEDdiagrams,exceptin thelastentry.Á # àcácâ ã	�cäcbe�	�cåFæ�àeç	�
20 0.920 è .011 0.905 è .011
35 1.070 è .015 1.079 è .014
50 1.233 è .018 1.214 è .016
100 1.459 è .025 1.485 è .020
200 — 1.776 è .019
200(all) — 1.787 è .030

Takinginto accountthecorrectscale

As mentionedabove,thematrixelementcalculationcaneasilybemodified.Oneoptionwouldbeto take
into accountFermion-Loopcorrections,which becomesrelevant whentherearedifferentscalesin the
matrixelement,e.g.dueto small ú -channelscales.A possiblesolutionis theFermion-Loopapproachof
Refs.[12,115],whereall fermioncorrectionsareconsistentlyincludedby introducingrunningcouplings
¸\L � R and ��L � R , togetherwith there-summedbosonicpropagators.

In presenceof the wïwÓN vertex, theabove ingredientsarenot sufficient to ensuregaugeinvari-
ance,becauseloop mediatedverticeshave to beconsistentlyincluded.On thecontrary, whenno wïwÓN
vertex is present,theneutralgaugebosonvertices,inducedby theFermion-Loopcontributions,aresep-
aratelygaugeinvariant[12].

Insteadof explicitly includingtheloopvertices,we follow aModifiedFermion-Loopapproach.Namely,
we neglecttheseparatelygaugeinvariantneutralbosonvertices,andincludeonly thepartof the wïwÓN
loop functionnecessaryto renormalizethebare wìwÓN vertex andto insurethe ûµLS6�R gaugeinvariance.
Ourprocedureis asfollows: besidesrunningcouplings,we usebosonicpropagators

ê §7ëì L � R « � ¬ ­ ©ì L � R x
ÿ
¸ §7ë ¬ Ð § Ð ë­ ©ì L � R

ê §7ëí L � R « � ¬ ­ ©í L � R x
ÿ
¸ §më ¬ Ð § Ð ë­ ©í L � R

with runningbosonmassesdefinedas

­ ©ì L � R «Î£ ì ¸ © L � R
¸ © L £ ì R ¬�¸ © L � R

w î ª L � RÒ¬ î ª L £ ì R�z
­ ©í L � R «Ë£ í ¸ © L � R� © ï L � R

� © ï L £ í R
¸ © L £ í R ¬

¸ © L � R� © ï L � R
w î ® L � R�¬ î ® L £ í R�zÄW

î ª
µ ® L � R arecontributionsdueto thetopquark,£ ì µ í thecomplex polesof thepropagators(onecantake,

for instance,£ ì µ í «
­ ©ì µ í ¬yC�E ì µ í

­ ì µ í ) and

� © ï L � R « � © L � R
¸ © L � R O � © ï L � R « 6±¬ � © ï L � R�W
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The leadingcontributionsarein the real part of the runningcouplingsthereforewe take only the real
part of them. This also meansthat one can replace,in the above formulae, ¸ © L £ ì µ í R � ¸ © L ­ ©ì µ í R ,� © ï L £ í R � � © ï L ­ ©® R andalso

î ª
µ ® L £ ì µ í R �

î ª
µ ® L
­ ©ì µ í R .

Whenthe wïwÓN couplingis present,weintroduce,in addition,thefollowing effective threegauge
bosonvertex

% ?
��Bð

��(ñ

ò
ò B

ò (

« C\��L � R´ó §më/ô

with � « Ð © O � � « Ð © � O � x « Ð © x and

ó §më/ô « ¸ §7ë LJÐ¼¬�Ð � R ô ��¸ ë/ô LJÐ � ¬�Ð x R § LS6±�i£´õ RÒ��¸ ô�§ LJÐ x ¬�Ð\R ë
� LJÐ � ¬�Ð x R §� x ¬ � �

¸\L � x×R
¸\L � � R ¬ 6 Ð � ë Ð � ô ¬

¸FL � � R
¸FL � x R ¬ 6 Ð x ë Ð x ô

£ õ « 6
¸\L � � RJ¸FL � x RSL � x ¬ � � R ¸ © L � � RJ¸ © L � x R w î ª L � x R�¬ î ª L � � R�z

� w ¸\L � � R�¬�¸\L � x R�z w � x ¸\L � � R�� � � ¸FL � x R�z W (71)

It is the easyto seethat, with the above choicefor ó §më/ô , the û¼LS6�R gaugeinvariance- namelycurrent
conservation- ispreserved,evenin presenceof complex massesandrunningcouplings,alsowith massive
final statefermions.

By lookingatEq.(71),onecannoticeat leasttwo effectivewaysto preserve ûµLS6�R . Onecaneither
computȩFL � R at a fixed scale(for examplealwayswith � « ­ ©ª ), while keepingonly the runningof
�0L � R , or let all thecouplingsrunat theproperscale.16

With the first choicethe modificationof the threegaugebosonvertex is kept minimal (but the
leadingrunningeffectsincluded).With thesecondchoiceeverythingrunsat theproperscale,but aheav-
ier modificationof theFeynmanrulesis required.At this point oneshouldnot forget thatour approach
is aneffectiveone,thegoodnessof whichcanbejudgedonly by comparingwith theexactcalculationof
Ref. [39]. We foundthat thesecondchoicegivesa betteragreementfor leptonicsingle-w final states,
while thefirst oneis closerto theexact resultin thehadroniccase,which is phenomenologicallymore
relevant. Therefore,we adoptedthis first option asour default implementationin

ß~à|á~â~ã }~äeå0æ~ç|{ . The
resultsof theEFL-schemearethenreproducedat ²�7 accuracy for bothleptonicandhadronicsingle-w
final states.

We want to stressoncemorethat the outlinedsolutionis flexible enoughto dealwith any four-
fermion final state,whenever small scalesdominate. For example,oncethe given formulaeare im-
plementedin the Monte Carlo, the correctrunning of ¯HG�I�J is taken into accountalso for � -channel
processesas ü NH» production.

Also naive QCD correctionscanbeeasilyincluded,without breakingû¼LS6�R gaugeinvariance,by
theusualrecipeof rescalingthetotal w -width andthecross-section.

In fact,in ourapproach,E ª canbegeneric,andtheaboveprocedurerespectscurrentconservation,
providedthesamew -width is usedeverywhere17.

16Note,however, that in thecompleteformulationof theEFL schemethereis no ambiguityandall scalesareautomatically
fixed.

17Note,however, that in a completeEFL schemetherelevantobjectsarethecomplex polesandQCD correctionsshouldbe
computedaccordingly, seeSection6.3.1.
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Improving thetreatmentof theQED radiation

Oncethematrixelementcalculationis fixedonecanaddexternallytheQEDleadinglogarithmiceffects
in theStructureFunctionmethod[118]. Suchastrategy is implementedin mostof theprogramsusedfor
theanalysisof theLEP2data[119] andaccuratelyreproducestheinclusive four-fermioncross-sections,
at leastfor � -channeldominatedprocesses.In principle both initial andfinal stateradiation(ISR and
FSR)canbe treatedin this way, as it hasbeenexplicitly doneoriginally for Bhabhascattering[120].
Hereonly theimplementationof ISRin

ß~à|á~â~ã }~äeå0æ~ç|{ is discussed.Therearetwo issuesto bediscussed.
Oneis thechoiceof scaleð © in the leadinglogarithm ö « � ��L ð © ¿-� © ê R . Anotheris theunfoldingof this
leadinglogarithmin termsof an emittedphoton. For the latter issuea particularform of Ð|Ñ dependent
StructureFunctions[88] is implemented.Thesearederived, at the first leadinglogarithmicorder, for
smallvaluesof Ð|Ñ . In practice,we replacethequantity

� ��L ð ©� © ê Rø÷�ù 6
6 ¬ �ûú � ²�ü ¬ýþ ¬

in thestrictly collinearStructureFunctionfor theC ÑÞÿ incomingparticle,byexplicitly generating� ÿ and � © ,
thecosines(in thelaboratoryframe)of theemittedphotonswith respectto theincomingparticles.Once�)ÿ µ © aregenerated,togetherwith theenergy fractions¥ ÿ µ © , andtheazimuthalangles� ÿ µ © , themomenta
of two ISR photonsareknown. Thefour-fermionevent is thengeneratedin thec.m.s.of the incoming
particlesafterQED radiation,andthenboostedbackto thelaboratoryframe.

Wealsotake into accountnonleadingtermswith thesubstitution[121]

� �>L ð ©� © ê R�¬ 6 � 6
6 ¬ � ú ��²�ü ¬ýþ ¬

¬ ² � © êð ©
6

LS6 ¬ � ú � ²�ü ¬ýþ ¬ R
© W

Theabove choiceensuresthat theresidueof thesoft-photonpolegetsproportionalto � ��L þ ¬ü ¬ý R�¬�6 , after
integrationover � ú .

As to thescaleð © , � shouldbetakenfor � -channeldominatedprocesses,while, whenaprocessis
dominatedby small ú exchangesand ¬Ýú is muchsmallerthan � , thescaleis relatedto ú . This is e.g.. the
casein smallangleBhabhascattering[122] andtheproperscaleis chosenastheonewhich reproduces
roughlytheexactfirst orderQEDcorrection,which is known for Bhabhascattering.A similarprocedure
now alsoexists for themulti-peripheraltwo photonprocess[100], sinceanexactfirst ordercalculation
is alsoavailable[124]. In theseú -channeldominatedprocessesit is importantto know whethera cross-
sectionwith angularcutsis wanted,sincethenthe ú -relatedscalewill increaseandtheQED corrections
aswell. Whenno exact first ordercalculationsareavailable the scaleoccurringin the first ordersoft
correctionsis alsousedasguidelineto guessð © [100,114].

In
ß~à|á~â~ã }~äeå0æ~ç|{ the choiceof the scaleis performedautomaticallyby the program,event by

event,accordingto theselectedfinal state[seeTable30].

Table30: Thechoiceof theQEDscalein ã	�cäebc�	�cåFæ�àcç	� . Ä´½À arethescalesof theincoming ' À while � À represent
the � -channelinvariantsobtainedby combininginitial andfinal state ' À momenta.Whentwo combinationsare
possible,asin thelastentryof thetable,thatonewith theminimumvalueof � ��� is chosen,eventby event.

FinalState Ä´½ ( Ä´½B
No ' À # #
1 '�( � � ( � #
1 ' B # � � B �
1 '�( and1 'ëB � � ( � � � B �
2 '�( and2 'ëB min( � � ( � ) min( � � B � )
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Numericalresults

In Tables31 and32 we show single-w numbersproducedwith theModified Fermion-Loopapproach,
asdiscussedin theprevioussection.Comparisonsaremadewith theEFL calculationof Ref. [39]. The
resultsof EFL arereproducedwithin ²�7 accuracy for bothleptonicandhadronicsingle-w final states.

It shouldalsobe notedthat, whenneglectingFermion-Loopcorrections,onecandirectly com-
pare

ß|à~á~â|ã }|ä�å0æ|ç~{ with othermassive MonteCarlo’s andonefinds excellentagreementfor single-w
productionin thewholephasespace.

Table 31: "ef��0"�� + [pb/degrees]and feÜÞÝ`Ü [fb] for theprocess'ëB·'�((g '�( * + ! " . Thefirst columnis theModified
Fermion-Loop,the secondone is the exact Fermion-Loopof Ref. [39].

Á # 8 ÅSÆ0Ê GeV, � �@�0��� + ��� ÂÄÃ !m!�r ,
)�b ! "�u�� *0É GeV. QED radiationnot included. The numberin parenthesisis the integrationerror on the last
digits.

"7f���"�� + MFL EFL MFL/EFL " 1 (percent)ÂÄÃ Â�n�o ÂÄÃYÅmn 0.45062(70) 0.44784 +0.62ÂÄÃYÅmn�o ÂÄÃ ��n 0.06636(28) 0.06605 +0.47ÂÄÃ ��n�o ÂÄÃ Ê�n 0.03848(21) 0.03860 -0.31ÂÄÃ Ê�n�o ÂÄÃ *�n 0.02726(18) 0.02736 -0.37
feÜÞÝ`Ü 83.26(9) 83.28(6) -0.02

Table32: "7f���"���+ [pb/degrees]and f ÜÞÝ Ü [fb] for theprocess'ëBP'�(�g '�( *�+)*@?�A1B . Thefirst columnis theModified
Fermion-Loop,the secondone is the exact Fermion-Loopof Ref. [39].

Á # 8 ÅSÆ0Ê GeV, � �@�0��� + ��� ÂÄÃ !m!�r ,
� �@�0����?��@ ÂÄÃ !0É and =>?}�ÎÅ�É GeV. QEDradiationnot included.Thenumberin parenthesisis theintegrationerror
on thelastdigits.

"ef��0"�� + MFL EFL MFL/EFL " 1 (percent)Â|Ã Â�n�oñÂ|ÃcÅ7n 0.13218(26) 0.13448 -1.7Â|ÃcÅ n oñÂ|Ã � n 0.01997(10) 0.02031 -1.7Â|Ã ��n�oñÂ|Ã Ê�n 0.01171(8) 0.01194 -1.9Â|Ã Ê�n�oñÂ|Ã *�n 0.00838(6) 0.00851 -1.5
fcÜÞÝ Ü 25.01(3) 25.53 -2.0

In Figs. 55, 56 we show the õkö�÷PKH4 and 3 4 distributions for the most energetic photonin the
process� � ��x � ��x ¤¦)êS� ¤� LJNPR . We used° �¼« ²�T�T GeV, ôkõkö�÷×K ê ô�Y T�WYÔ�Ô�¾ and

­ L � ¤� R�Y [1Z GeV. Only
ISRphotonsaretakeninto account,accordingto theschemegivenin Table30.

Note,however, that the recipeof usingStructureFunctionswith a properchoiceof scalesis not
enoughto determinewithout ambiguitythe patternof the radiationin ú -channeldominatedprocesses.
Thereasonis that,when ô úÄô « ð © {~� © ê , theLeadingOrderStructureFunctionapproachfailsandonehas
to introduceaminimumvaluefor ô úÄô , below whichonly non-radiative eventsfrom thecorrespondingleg
aregenerated.SinceStructureFunctionsbehave like £ functionsfor vanishingð © , this is automatically
achievedby introducinga minimumvalue ô ú ü ú�� ô , suchthat,for eventswith ô úMô@a ô ú ü ú�� ô , thescalein the
correspondingStructureFunctionis alwayssetequalto ô ú ü ú�� ô 18. We observed deviationsat the order
of T�WYZ�7 by varying ô ú ü ú�� ô from ²�WY¾�6�½�²�½%� © ê to 6�T�T%� © ê . Thedefault valueof ô ú ü ú�� ô in ß|à~á|â~ã }|ä�å�æ~ç~{ is
takento bethelatter.

18Note,however, thatthis behavior is known andcouldbeimplemented.It is enoughto considerthestandardYFS infrared
emissionfactor �� , seee.g.Eq.(3) of Ref. [45].
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In Table33 we alsogive the crosssections(in pb) correspondingto theabove distributions. tot
refersto radiative plusnonradiative events(within thespecifiedseparationcutsfor thegeneratedpho-
tons),nrad to non-radiative events,srad to single-radiative eventsanddrad to doubleradiative events.

Finally, in order to quantify the effects due to ISR scalesand running of ¯\G�I�J , we show, in
Tables34 and35, thecrosssectionsobtainedby usingbothISR scales= � andswitchingon andoff the
ModifiedFermionloopcorrections.

Table33: Cross-sectionsin fb from ã	�eäcbc�	�cå�æ�àcç	� for theprocess'kB5bfÅ0u ')(�bÞ�~uqg ')(�b Ê~u * + b¨*~u !�bYÉÈu "	b��~u . )�bYÉ��~uÚ�
*0É GeV, no energy cut. ISR asin Table30, Modified FermionLoop included. Separationcutsfor the photons:
=  �ËÅs�Pl��±d��,�������  �� ÂÄÃ !m!�r .

Type Cross-section
f������ 103.68(33)
f ����� � 96.54(32)
f�! ��� � 7.00(7)
f ����� � 0.139(7)

Table34: Cross-sectionsin fb from ã	�eäcbc�	�cå�æ�àcç	� for theprocess'kB5bfÅ0u ')(�bÞ�~uqg ')(�b Ê~u *�+�b¨*~u !�bYÉÈu "	b��~u . )�bYÉ��~uÚ�
*0É��Pl�� , no energy cut. Both ISR scales= # , Modified FermionLoop included.Separationcutsfor thephotons:
=  �ËÅs�Pl��±d��,�������  �� ÂÄÃ !m!�r .

Type Cross-section
f������ 100.73(17)
f7����� � 93.39(16)
f ! ��� � 7.21(4)
f������ � 0.124(5)

Table35: Cross-sectionsin fb from ã	�eäcbc�	�cå�æ�àcç	� for theprocess'kB5bfÅ0u ')(�bÞ�~uqg ')(�b Ê~u *�+�b¨*~u !�bYÉÈu "	b��~u . )�bYÉ��~uÚ�
*0É��Pl�� , no energy cut. Both ISR scales= # , Modified FermionLoop excluded.Separationcutsfor thephotons:
=> �ËÅs�Pl��±d��,�������� .�� ÂÄÃ !m!�r .

Type Cross-section
f ����� 106.36(18)
f7����� � 98.62(17)
f ! ��� � 7.61(5)
f ����� � 0.131(5)

Single-w with 
|{~} ã~à
Authors

Y. Kurihara,M. KurodaandY. Shimizu

Introduction

Thesingle-w productionprocessespresentanopportunitytostudytheanomaloustriple-gauge-couplings
(hereafterTGC) at LEP2experiments.In orderto proceedto theprecisemeasurementof TGC, the in-
clusion of an initial stateradiative correction(ISR) in any generatoris an inevitable step. As a tool
for the ISR thestructurefunction (SF) [129] andthepartonshower [130] methodsarewidely usedfor
the ���P� x annihilationprocesses.Sincethe main contribution for the single-w productionprocesses
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comes,however, from the non-annihilationtype diagrams,the universalfactorizationmethodusedfor
theannihilationprocessesis, obviously, inappropriate.Themainproblemlies in thedeterminationof the
energy scaleof thefactorization.Accordingto thestudyof thetwo photonprocess[100], SFandQED
partonshower (QEDPS)methodswereshown to reproducetheexact "¼LS¯>R resultspreciselyevenfor the
non-annihilationprocesses,whentheappropriateenergy scaleis usedin thosealgorithms.

Here,we proposea generalmethodto determinetheenergy scaleto beusedin SFandQEDPS.
Thenumericalresultsof testingSFandQEDPSfor � x ��� � � x ¦Mê�� � and � x ��� � � x ¦�êS£ � ¦)§ aregiven.
Thesystematicerrorsarealsodiscussed.

6.2.1 Energy scaledeterminationin QED corrections

Single-w is notdominatedby annihilationand,therefore,standardmethodsas � -channelstructurefunc-
tionsfail to reproducethecorrectresult.

The factorizationtheoremfor the QED radiative correctionsin the LL approximationis valid
independentlyof the structureof the matrix elementof the kernelprocess.Hencestructurefunctions
(hereafterSF) andQEDPSmustbe applicableto any ���P� x scatteringprocesses.However, thechoice
of theenergy scalein SFandQEDPSis not a trivial issue.For simpleprocesseslike ���P� x annihilation
into fermionpairsandtwo-photonprocess(with only themulti-peripheraldiagramsconsideredsofar),
theevolution energy scalecouldbedeterminedin termsof theexactperturbative calculations.However,
for morecomplicatedprocesses,this is not alwayspossible.Henceaway to find asuitableenergy scale
without knowing theexactloop calculationsshouldbeestablished.

First we look at thegeneralconsequenceof thesoft photonapproximation.

Thesoft photoncross-sectionis given, in someapproximation,by theBorn cross-sectionmulti-
plied by thefollowing correctionfactor[99]:

�.]�#�$&% Ñ L � R�(' « �	] � L � R��' Ü*)�+ ¬ ¯¶ � �
3
¡�, ú µ -

� ú � -	. ú .(-/ ú - � � 6 � / ú -6 ¬ / ú -
©
O (72)

/ ú - « 6o¬ � © ú � © -LJÐ ú10 Ð - R ©
¦¬ O (73)

where� - (Ð - ) arethemass(momentum)of 2 -th chargedparticle, ¡�, is themaximumenergy of thesoft
photon(theboundarybetweensoft- andhard-photons),3 is thebeamenergy, and � - theelectriccharge
in unit of the � � charge. Thefactor .(- is ¬º6 for the initial particlesand �º6 for thefinal particles.The
indices(C@O 2 ) runoverall thechargedparticlesin theinitial andfinal states.

Thepart proportionalto � �>LS3¼¿�¡ , R that is shown explicitly in Eq. (72) is exact andnot only LL-
approximated.However, the single-logarithmicpart is omitted,so that the formula is not a complete
LL-approximation,but it is enoughto guesstheenergy scaleappearingin SFandQEDPS.For thetwo-
photonprocess,��x×LJÐ x R|� � � LJÐ � R � ��x×L ð x RÄ� � � L ð � R|� £ x>L´¡ x R|� £ � L´¡ � R , it wasshown in Ref.[100]
thatthesoft-photonfactorin Eq.(72)with a (Ð x 0 ð x )-termgivesagoodnumericalapproximationto the
exact íîLS¯>R correction[101].

This impliesthatoneis ableto makeandeducatedguessaboutthepossibleevolutionenergy scale
in SFfrom Eq.(72)without anexplicit loopcalculation.

However, onemay questionwhy the energy scale � « LJÐ x �ýÐ � R © doesnot appearin the soft-
photoncorrection,evenif they areincludedin Eq.(72). WhenapplyingSFto thetwo-photonprocesswe
haveignoredthosetermswhichcomefromthephotonconnectingdifferentchargedlines.Thisis because
thecontributionsfrom thebox diagrams,with photonexchangebetweenthe ��� and � x lines,is known
to besmall[102]. Fortunately, theinfraredpartof theloopcorrectionis alreadyincludedin Eq.(72)and
thereis noneedto know thefull form of theloopdiagram.For thetwo-photonprocesseswelook atthose
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two termswhere,for example,(Ð x 0 Ð � )-termsand( ð x 0 Ð � )-termsarepresent;here,themomentumof ��x
is almostthesame,beforeandafterthescattering(Ð x W ð x ). Thedifferenceonly appearsin .(-3.(4 « �º6
for a (Ð x Ð � )-termandin . - .(4 « ¬º6 for a ( ð x Ð � )-term. Thenthesetermscompensateeachotherafter
summingthemup for theforwardscattering,which is thedominantkinematicalregion of this process.
This is why theenergy scale� « LJÐ x � Ð � R © doesnot appearin thesoft-photoncorrection,despiteits
presencein Eq. (72).

Whenexperimentalcutsareimposed,for examplethefinal � x is taggedin a largeangle,thiscan-
cellationis not perfectbut only partialandtheenergy scale� mustappearin thesoft-photoncorrection.
In this casethe annihilation-typediagramswill alsocontribute to the matrix elements.Thenthe usual
SF andQEDPSformulation for the annihilationprocessesare justified andcanbe usedfor ISR with
the energy scale � . Onecancheckwhich energy scaleis dominantunderthe given experimentalcuts
by numericallyintegratingthesoft-photoncross-sectiongivenby Eq. (72) over theallowedkinematical
region. Thus,in orderto determinetheenergy scaleit is sufficient to know the infraredbehavior of the
radiative processusingthesoft-photonfactor.

Next, wedeterminetheenergy-scaleof theQED radiative correctionsto thesingle-w production
process,

� x LJÐ x R�� � � LJÐ � R � � x L ð x RÒ� ¦Äê L ð ë R�� � L´¡ « R�� � L´¡ ª RSW (74)

Thesoft-photoncorrectionfactorshown in Eq.(72)is numericallyintegratedwith theBornmatrix
elementof theprocess(74),with ú -channeldiagramsonly andwithoutany cutonthefinal fermions.The
resultsareshown in Table36.

Table 36: Soft-photoncorrectionfactor from differentsetsof chargedparticlecombinationsin the processof
'ëB·'�(ßg ')( * + ! " at thec.m.s.energy of 200GeV. Thetotal factoris normalizedto unity.

all terms Ð x ð x Ð � ¡ « ¡ ª all othercombinations
1 T�WYV�½ T�WYX�6 6�WYÔuO�6�T x
�

Onecanseethat themaincontribution comesfrom anelectron-line(Ð x ð x -term)anda positron-
line (Ð � ¡ « ¡ ª -term), while all the othercontributions arenegligibly small. As in the caseof the two-
photonprocesses,the energy scale � doesnot appearin the soft-photoncorrection. Applying SF or
QEDPSfor theelectronandpositroncharged-linesindividually andwith anenergy scalegivenby their
momentum-transfersquaredmight belegitimate,accordingto theabove results.

6.2.2 Structure functionmethod

Thecorrectedcross-sectionis givenby

] Ñ $ Ñ�5 2 L � R « � ¥76 x � ¥·´ x � ¥86 � � ¥ « � ¥ ª ¤ ê13 L�¥76 x O)¬Ýú x R´¤ ê13 L�¥·´ x O)¬Ýú x R
¤ ê 4 L�¥ 6 � OkÐ © 9 « ª R´¤ « L�¥ « O`� © « ª R´¤ ª L�¥ ª O`� © « ª R ] � L;:� RSO (75)

using the structurefunction ( ¤ % ) with an energy scale ú x « LJÐ x ¬ ð x R © , Ð © 9 « ª i.e. the transverse-
momentumsquaredof the � - ¤� systemand� © « ª « L´¡ « �i¡ ª R © .

Theenergy-scaledeterminationfor thepositronline is ratherambiguous.The Ð 9 « � ª is distributing
around

­ ª ¿�V , thenthedifferencebetweenthesetwo energy scalesdoesnot give a significanteffect on
thecorrectionfactor. After(before)thephotonradiationthe initial(final) momentaÐ Ö ( ð Ö ) become :Ð Ö
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( :ð Ö ) definedby:

:Ð x « ¥ 6 x Ð x O<:ð x « 6
¥·´ x

ð x O)WYWYW (76)

Thenthec.m.s.energy squared� is scaledas :� « ¥ 6 x ¥ 6 � � .
6.2.3 Partonshowermethod

Insteadof the analytic formula of the structure-functionapproach,a Monte Carlo methodbasedon
the partonshower algorithm in QED (QEDPS)can be usedto solve the Altarelli-Parisi equationin
theLL approximation[103]. The detailedQEDPS-algorithmcanbe found in Ref. [105] for the � � ��x
annihilationprocesses,in Ref.[106] for theBhabhaprocess,andin Ref.[100] for thetwo-photonprocess.
In QEDPSweusethesameenergy scaleasin theSFmethod.OnedifferencebetweenSFandQEDPSis
thattheadhocreplacementof theperturbative expansioncoefficient ö L « � �>L´� © ¿-� © % RSR by ö ¬ý6 , which
wasrealizedby handfor SF, doesnot apply for QEDPS.Anothersignificantdifferencebetweenthese
two methodsis thatQEDPScangiveacorrecttreatmentof thetransversemomentumof emittedphotons
by imposingthe exact kinematicsat the � � �SN splitting. Note that it doesnot affect the total cross
sectionstoomuchwhenthefinal ��x areunconstrained.However, thefinite recoilingof thefinal � Ö may
resultinto a largeeffecton thetaggedcross-sections.

As a consequenceof the exact kinematicsat the � � �SN splitting, the � Ö areno moreon-shell
after photonemission. On the other handthe matrix elementof the hard scatteringprocessmust be
calculatedwith theon-shellexternalparticles.A trick to maptheoff-shell four-momentaof the initial
� Ö to thoseaton-shellis needed.Thefollowing methodis usedin thecalculations:First :� « L=:Ð x �>:Ð � R ©
is calculated,where :Ð Ö arethefour-momentaof theinitial � Ö afterthephotonemissionby QEDPS. :� is
mainlypositive evenfor theoff-shell � Ö . (When :� is negative, thateventis discarded.)Subsequently, all
four-momentaaregeneratedin therest-frameof theinitial � Ö afterthephotonemission.Four-momenta
of thehardscatteringin their rest-frameare ?Ð Ö , where ?Ð © Ö « � © ê (on-shell)and :� « L�?Ð x �@?Ð � R © .

Finally, all four-momentaarerotatedandboostedto matchthe three-momentaof ?Ð Ö with those
of :Ð Ö . This methodrespectsthedirectionof thefinal � Ö ratherthanthec.m.s.energy of thecollision.
The total energy is not conserved becauseof the virtuality of the initial � Ö . The violation of energy-
conservation is of theorderof 6�T x
A GeV or less. Theprobability to violate it by morethan 6 MeV is
6�T x � .
Numericalcalculations,thetotal cross-sections

Total anddifferentialcross-sectionsof thesemi-leptonicprocess��x×� � � ��x ¦Mê�� � andof the leptonic
one, � x ��� � � x ¦Mê�£ � ¦)§ , are calculatedwith the radiative correctionby using SF or QEDPS.For-
trancodesto calculateamplitudesof theabove processesareproducedusing 
|{~} ã|à system[107]. All
fermion-massesarekeptfinite in calculations.Numericalintegrationsof thematrix elementsquaredin
thefour-bodyphasespacearedoneusing æ~}	� à � [108]. For thestudyof theradiative correctionfor the
single-w productions,only ú -channeldiagrams(non-annihilation diagrams)aretakeninto account.

For thetotal energy of theemittedphotons,bothmethodsmustgive thesamespectrum,whenthe
sameenergy scaleareused.That is confirmedby the resultsshown in Fig. 57 at thec.m.s. energy of
²�T�T GeV for thesemi-leptonicprocess.

Total cross-sectionsasa function of the c.m.s. energiesat LEP2with andwithout experimental
cutsareshown in Fig. 58. Theexperimentalcutsappliedhereare

­ þ þ YÎ[1Z·ÛoÜ)Þ and 3 2 Yé²�T·ÛÝÜ)Þ .
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Fig. 57: Differentialcross-sectionof thetotalenergy of emittedphoton(s)obtainedfrom QEDPS(histogram)and
from SF(circle).

Fig. 58: Total cross-sectionsof 'v* + �!F" and 'v* + A�* ð processeswithout andwith experimentalcuts.SF(t) denotes
SFwith correctenergy scaleandSF(s) with wrongenergy scale( # ).

Theeffectof theQEDradiative correctionsonthetotalcross-sectionsareobtainedto be ¾ to 6�T�7
on LEP2energies. If oneusesthewrongenergy scale� in SF, theISR effect is overestimatedof about
[17 asshown in Fig.59bothwith andwithoutcuts.For thefully extrapolatedcasetheSF-algorithmwith
a correctenergy scaleis consistentwith QEDPSwithin T�WY²�7 . It may reflectthedifferencebetweenö
and ö ¬Ó6 , asmentionedin Section6.2.1.On theotherhand,with theexperimentalcutstheSF-method
at thecorrectenergy-scalegivesadeviation of around6�7 from QEDPS.
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Fig. 59: Total cross-sectionswith SF (s) andSF (t) normalizedto thosewith QEDPSfor 'H*H+��!e" and 'v*@+,A�* ð
processeswithout andwith experimentalcuts.SF(t) denotesSFwith correctenergy scaleandSF(s) with wrong
energy scale( # ).

Numericalc alculations,thehard photonspectrum

Energy andangulardistributions of the hardphotonfrom QEDPSarecomparedwith thosefrom the
calculationsof the exact matrix elements. The cross-sectionsof the process��xP� � � ��x ¦Mê�� � N are
calculatedbasedon the exact amplitudesgeneratedby 
|{~} ã|à andintegratednumericallyin five-body
phasespaceusing æ~}	� à � . To comparethe distributions, the soft-photoncorrectionfor the radiative
processmustbe included. For this purposeQEDPSis implementedinto thecalculationof theprocess
��x ¦Mê�� � N with acarefultreatmentaimedto avoid adouble-countingof theradiationeffect. Thedefinition
of thehardphotonis 354�Yè6·ÛÝÜ)Þ with anopeninganglebetweenthephotonandthenearestfinal-state
chargedparticlesthat is greaterthan ZMU . Thedistributionsof thehardphotonsarein goodagreementas
shown in Fig. 60. Thetotal cross-sectionof thehardphotonemissionis consistentat the ²�7 level. On
theotherhand,if thesoft-photoncorrectionis not implementedon theradiative process,weendupwith
anover-estimateof V�T�7 .

6.3 Technicalprecisionin single-w
An old comparisonfor single-w hasbeenextendedto cover

1. � � ��x � ð ð � ¦ LJNPR , ôkõkö�÷×K ê ôsY T�WYÔ�Ô�¾ , either
­ L ð ð R}Y [1Z GeV or 3 þ ¦ O)3 þ ¬ Y 6�Z GeV, inclusive

cross-sectionaccuracy ²�7 , photonenergy andpolarangle( ôkõkö�÷PKH4�ô�aéT�WYÔ�Ô�¾rLST�WYÔ�Ô�Ô�Z�R ) spectrum

2. ���×� x�� � ¦ � ¦ LJN×R , ôkõkö�÷PK ê ô@YèT�WYÔ�Ô�¾ , 3 ê Yì6�Z GeV, ôkõkö�÷·K ê ô�aìT�WY¾ LST�WYÔ�Z�R , inclusive cross-section
accuracy Z�7 , photonenergy andpolarangle( ôkõkö�÷·K@4ÒôeaéT�WYÔ�Ô�¾ LST�WYÔ�Ô�Ô�Z�R ) spectrum.

3. ���×� xý� � ¦�£5¦ LJNPR and ���P� xý� � ¦ ò ¦ LJNPR , ôkõkö�÷·K ê ô�YyT�WYÔ�Ô�¾ , 3 §CBSó Y 6�Z GeV, ôkõkö�÷×K §CBSó ô�ayT�WYÔ�Z ,
inclusive cross-sectionaccuracy Z�7 , photonenergy andpolarangle( ôkõkö�÷PKH4�ô�a T�WYÔ�Ô�¾¼LST�WYÔ�Ô�Ô�Z�R )
spectrum.
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Fig. 60: Differentialcross-sectionsof thehardphoton;Energy, transverseenergy w.r.t. thebeamaxis,cosineof
thepolarangle,andopeninganglebetweenphotonandnearestcharged-fermion.A histogramshows theQEDPS
resultandstarsfrom thematrix elementwith soft-photoncorrection.

With this comparisonwe wantto checka) technicalprecisionat theBorn level, b) thecorrectinclusion
of QED radiation,c) QCD corrections,especiallyin thelow-massregion.

Thefirst answeris thattechnicalprecisionis notaproblemanymore,all codesagreeonsingle-w
cross-sectionsanddistributions,evenfor K ê aéT�WY6 U , evenfor leptonicfinal states.On ](D ²	E Ø thetechnical
accuracy is T�WY6�7 , thesamefor �	] ¿ � K ê for K ê � T . Not only invariant-masscuts,but alsoenergy-cuts
have beentestedasshown in Tables37,38 andin Fig. 61.

Table 37: Cross-sections[fb] for 'ëB·')(�g '�( * + A1B * ? .Á #l8 ÅSÆ�Ê GeV
Á #l8 Å�Æm! GeV

Á #l8X��Â0Â GeV
ã	�eäcbc�	�cå�æ�àcç	� �C�ÄÃ *0Æ�Ê�è ÂÄÃ Âm*ÈÅ �m!|Ã ��r´!lèñÂ|Ã Â7*�r Ê0É|Ã Æ7!0ÊlèñÂ|Ã Â7*0Æ�	�	�	� �C�|Ã *�r<è ÂÄÃ Âm* �m!|Ã r�Â�èñÂ|Ã Â7* Ê�ÉÄÃ !0Ê�èñÂ|Ã Â�É

Table 38: Cross-sections[fb] for 'kB·'�(�g '�( * + EÄB *�G .Á #l8 ÅSÆ�Ê GeV
Á #l8 Å�Æm! GeV

Á #l8X��Â0Â GeV
ã	�eäcbc�	�cå�æ�àcç	� �C�ÄÃ *m�7��è ÂÄÃ Â0Ê�É �m!|Ã ��É0ÉlèñÂ|Ã Â7*C� Ê0É|Ã !�Ém*lèñÂ|Ã Â�Ém��	�	�	� ���ÄÃ Êlè ÂÄÃ � �7!ÄÃ ��èñÂ|Ã � Ê�ÉÄÃ !m��èñÂ|Ã Â�É
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Fig. 61: � + distributionsfor ! "�AP( * ? andsingle-� cross-sectionsfor ! "�AP( * ? .

6.3.1 QCDcorrections

QCD correctionsare usually implementedin their naive form, a recipewherethe total w -width is
correctedby a factor

E ª « E I
Fª 6 � ²
V
¯ # L ­ ©ª R

¶ O (77)

andthe cross-sectiongetsmultiplied by 6µ� ¯ # L ­ ©ª RS¿H¶ . In all thoseapproacheswherethe Fermion-
Loop is includedor simulated,oneshouldpay particularattentionto QCD, for instancein z â�� QCD
correctionsareincorporatedin theevaluationof thecomplex polesby usingthe íîLS¯P¯HGÈR vector-boson
self-energies of Ref. [3] (the location of the polesis gauge-invariant). Furthermore,the verticesare
effectively correctedsothat therelevantWard identity remainssatisfied.In a similar way z~�	�~} ã~â also
includesQCD effectsin thecomputationof the imaginarypartof both there-summedpropagatorsand
thevertices,to preserve gaugeinvariance.

To checkthe effect of QCD correctionswe have comparedz|���|} ã~â (IFL � ) with z â�� (EFL) for
� ¦)ê��P� final statesin LEP2configurationwith andwithout QCD. Thecomparisonis shown in Table39
wherethe first error for z â�� comesfrom a variationof the scale£ from £ ¿�² to ² £ , wherewe adopt£ « ­ ª asthescalefor light quarksand£ « � Ñ for the ��¬��HO#�>¬ ú andú�¬ ú contributions.Therefore,
QCD effects in single-w areundercontrol in thoseprogramsthat implementthemconsistentlywith
Fermion-Loop.
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Table39: Cross-sections[fb] at
Á #�8 ÅSÆm�|Ã ��É0É'�Pl�� for 'ëB×'�(�g '�( * + ! " (LEP2configuration)with andwithout

QCDcorrections.Thefirst errorin �cbed comesfrom a variationin thescaleA from A���� to �eA .

without QCD with QCD�	�	�	�c�eb ÅSÂ�r�Ã ��Ê�è ÂÄÃYÅSÂ ÅSÂ7!ÄÃYÅSÆlèñÂ|Ã Â�Æ�ebcd ÅSÂ0Æ|Ã !���è ÂÄÃ Âm* Å�ÅSÂ|Ã ��Ê B ÒCI ��J( ÒCI Ò B è ÂÄÃ Âm*�	�	�	�c�ebLK	�cbcd -1 [ Ç ] -1.22 -1.07

6.3.2 Assessingthetheoretical uncertaintyin single-w
If we do not want to usetheFermion-Looppredictionthen,by a carefulexaminationof themostplau-
sible re-scalingprocedure,we endup with approximately6�7 O)²�7 and V�7 theoreticaluncertaintyto be
assignedto the energy scalein the channels�×� , £5¦)§ and � ¦)ê respectively. Therefore,a conservative
estimateof thetheoreticaluncertaintywould readasfollows:

Energy scale: Mµ² ÌËV�7 from a tunedcomparisonamong
ß|à~á|â~ã }|ä�å�æ~ç~{ , z|���|} ã~â and z â	� ;

ISR for ú -ch, Ð|Ñ : MÝ[17 : if oneusesthewrongenergy scale� in SF, the ISR effect is, indeed,overesti-
matedby approximately[17 asshown in thesubsequentanalysis.

giving aconservative total upperboundof MºZ�7 , seeSection6.4 for a morecompletediscussion.

One shouldstressthat most of the theoristswere interestedin gaugeinvarianceissuesdue to
unstableparticlefor CC20. Theexperimentalists,however, wereaskingfrom thebeginning for ISR Ð|Ñ
effects,comparisonwith QEDPSt,SFandYFS. Unfortunately, only few groupshave beenworking on
theseissues.

In the previous sectionfew recipeshave beenintroducedto improve upon QED ISR; they are
all equivalent insofar asthey translateinto differentchoicesfor the scalein the leading-logarithmsof
the structurefunctions. However this problemhasnot yet received its final solutionanda full íîLS¯PR
calculationwouldbeneeded.

Thereis, however, an additionalcomplicationin the useof QED structurefunctionsoriginating
from masseffects.Thesingle-w is �ON ú - channelsandthe ú -channelpartslook asin Fig. 62.

� �

��x

¦Mê
þ ©

þ ÿ

��x �

� �

��x

¦Mê
þ ©

þ ÿ

��x
� ©

Fig. 62: TheCC20family of diagramswith theexplicit componentcontaininga � -channelphoton.

Thecorrespondingcross-sectionis proportionalto

��P � 6:� � :ö §7ë :w §më O :� « :Ð x ¬ ð x O :ö §7ë « 6
² :� © £ §7ë �Q:ÐSRH:ðCT �U:ð x § :Ð x ë (78)

�(P � :w §7ë « :w ÿ LS¬}£ §7ë � :� § :� ë:� © RÒ¬ :� ©
LV:Ð � 0 :�ºR © :w ©1W § W ë
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W § « :Ð § � ¬ :Ð � 0 :�:� © :� §

where :Ð and :ð denoteemissionof soft andcollinearphotons.Usually, Ð © x « :Ð © x « T and ð © x « :ð © x « T ,
and one writes :Ð x « ¥ ÖÙØ Ð x and :ð x « ð x ¿-¥ ² °/± with the kernel cross-sectionto be weightedwith
structurefunctions. Here,however, massesmattershouldnot be neglectedand the electronsare in a
virtual state,i.e. off their mass-shell.A possiblechoiceis to write

LV:Ð x R © « ¬l� © ê � 6
² LS6 ¬

/ R�LS6±¬y¥ ÖÙØ R � {é¬l¥ ÖÙØ � © ê

Theimportantfactsarethat :� § :ö §7ë « T owing to gaugeinvariance.Insteadwe get

:� § :ö §7ë « [±LS6±¬y¥ ÖÙØ Re� © ê ð x ë ��[±LS6±¬
6
¥ ÖÙØ

Re� © ê Ð x ë W
Even if we insist in putting :Ð x « ¥ ÖÙØ Ð x and Ð © x « ¬l� © ê , gaugeinvarianceis violated by termsof
íîL�� © ê ¿ � R . Theeffectof constanttermson the � © -integratedphotonflux-functioncanbeaslargeas X�7 .
Gauge-invarianceviolationaffectsthis term,resultingin someintrinsic theoreticaluncertainty, although
we expectthat theeffect will be stronglydecreasedafter convolution with SF peakingat ¥ ÖÙØ B ² °-± « 6 .
Alternatively onemayadoptformulationswheretheelectronremainson-shellafteremissionbut at the
priceof having collinearphotonsof non-zerovirtuality, L=:Ð¼¬�ÐFR ©YX« T .

It is worth noticing that,therescaledincomingfour-momentaareimplementedin �~z|}~� as :Ð Ö «
L�¥P3¼O)T�O)T�O=M ¥ © 3 © ¬y� © ê R , by interpreting¥ astheenergy fractionafterphotonradiation,asmotivated
in Ref. [134]. If required,Ð[ZP¿HÐ[\ effectscanbeimplementedin thetreatmentof ISR,by meansof either
Ð[Z -dependentSF [88] or a QED PartonShower algorithm[134]. Therefore,in practice�~z~}|� adoptsa
formulationthatpreserveson-shellincomingelectrons.Furthermore,in

ß|à~á~â|ã }|ä�å0æ|ç~{ it is possibleto
have bothon-shellinitial stateparticlesandonshellgeneratedphotonsbut at thepriceof loosingpartof
theinformationon thedirectionof theinitial statesafterradiation.

A final setof commentsis neededto quantifythetheoreticalaccuracy of single-w production.


~{|} ã|à
Themethodto applytheQEDradiativecorrectiononthenon-annihilationprocessesareestablished.The
conventionalmethod,SFwith energy scale� givesabout[17 overestimationfor theQEDradiative effect
on theLEP2energies. If onewantsto look at thehardphotonspectrum,thesoft-photoncorrectionon
theseradiative processesareneeded.

�~z|}~�
Thedifferenceshown in Fig. 53 betweenthepredictionsgiven by the two setof � © scalesof Eq. (68)
andEq. (69) is at thepermille level, andthereforethesimplenaive scalesof Eq. (69) area goodansatz
for theenergy scaleof QEDradiation,whichcouldbecorroboratedby thecomparisonwith theresultsof
othergroups.QED correctionsmissingin thepresentapproacharebeyondtheLL approximation.The
presentstudyshows that thechoice � © Ö «y� asscalein theIS QED SF(s)canleadto over-estimatethe
effect of LL photoniccorrectionsby a factorof 6�WYZ , implying anunder-estimateof theQED corrected
cross-sectionof about[17 . Also thechoiceof fixing thescaleto � © Ö « ô ð ©4 º ô for both the IS SF(s),as
recentlysuggested[92], leadsto an under-estimateof the photoncorrectionof about [17 . Sincethese
effectsarenotnegligible in thelight of theexpectedtheoreticalaccuracy, it is recommendedto adoptthe
� © -scalesasgivenin Eq. (68)or Eq. (69),whicharemotivatedby theargumentssketchedabove.

Further, the effect of rescalinḡHG�I�J from the high-energy value ¯Ú^ ´ to ¯>L ð ©41º R amountsto a
negative correctionof about ZoÌ X�7 , to betakeninto accountcarefully.
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z~�	�~} ã~â
Fromthecross-sectionsof Tables26and27 onededucesthatthedifferencebetweenIFL andIFL � is of
theorderof X�7 , for both ��xP� � � ��x×� � ¦)ê ¤¦)ê and ��x×� � � ��xP� � ¦)§ ¤¦)§ . Thediscrepancy betweenIFL �
andIFL � ÿ predictionsis alwaysof the orderof V�7 andonehas,therefore,to attribute an estimateof
V Ì�[ % errorto theIFL � calculationsfor theseprocesses.

Consideringall processestogetheronecanconcludethat theimplementationof a properrunning
¯HG�I	J reducesthe theoreticaluncertaintyby aboutonehalf with respectto fixed-widthor imaginary
fermion-loopalone.In somecasesthisuncertaintyis furtherreducedto lessthanonepercent,but only a
comparisonwith completeEFL calculations,asareferencepoint,mayassesswhetherthis is thecase.If
no comparisonsareavailablefor theprocessandcutsathandourstudypointstowardsa V�7 uncertainty
for thecalculationsusingtherunning ¯\G�I�J , for bothsingle-w andsingle-ü processes.Of course,one
shouldaddtheuncertaintydueto thefact that ISR for annihilationprocessesis not suitedfor ú -channel
contributions.Someobviousimprovementson thispointwill soonbeimplementedin z~�	�~} ã|â , however
a morecarefulstudyboth for thetheoreticaluncertaintyof thesesolutionsandfor a bettertreatmentof
ú -channelISR is still needed.

z â	�
Bosoniccorrectionsarestill missingand,very often, our experiencehasshown, especiallyat LEP 1,
that bosoniccorrectionsmay becomesizeable[132]. A large part of the bosoniccorrections,ase.g.
the leading-logarithmiccorrections,factorizeand can be treatedby a convolution. Neverthelessthe
remainingbosoniccorrectionscanstill be non-negligible, i.e. , of the orderof a few per centat LEP2
[133]. For the Born cross-sections6 Ìï²�7 should,therefore,be understoodas the presentlimit for
the theoreticaluncertainty. This will have to be improved, soonor later, sincebosoniccorrectionsare
even largerat higherenergies[6] [135] andthesingle-w cross-sectionwill crossover the wìw oneat
500GeV.

6.4 Summary and conclusions

A fairly largeamountof work hasbeendonein thelastyearson thetopic of single-w . In theprevious
sectionswepresentedthemostrecenttheoreticaldevelopmentsin single-w andtheir implementationin
the generators.Therearecommonproblematicsituationswith moreor lessequivalentsolutions. One
hasto assignan error bandto the cross-sectionfor our partial knowledgeof ISR, with or without Ð|Ñ ,
andfor the uncertaintyin the scaleof the runningcouplings. As for the energy scalein couplingswe
haveanexactcalculationbasedontheEFL-schemewhich,at theBorn-level (noQED) is known to beat
the 6�7 level of accuracy. EFL-scheme,however, is implementedonly in onegeneratorwhile theother
offer a wide rangeof approximationsbasedon theideaof re-scalingthecross-section.Furthermore,no
programincludes íîLS¯PR electroweakcorrections,not even in Weizs̈acker-Williams approximation(for
thesubprocessÜ)N � � ¦ ¹ ), thecounterpartof DPA in CC03.

A descriptionof single-w processesby meansof the EFL-schemeis mandatoryfrom, at least,
two pointsof view. EFL is the only known field-theoreticallyconsistentschemethat preservesgauge
invariancein processesincludingunstablevector-bosonscoupledto e.m.currents.Furthermore,single-
w productionis aprocessthatdependsonseveralscales,thesingle-resonant� -channelexchangeof w -
bosons,theexchangeof w -bosonsin ú -channel,thesmallscatteringanglepeakof outgoingelectrons.A
correcttreatmentof themulti-scaleproblemcanonly beachievedwhenwe includeradiative corrections
in the calculation,not only one-looptermsbut also the re-summationof leadinghigher-order terms.
Recentmonthshave shown that this projectcanbe broughtto a very satisfactory level by identifying
the correctapproximation,process-by-process. In particular, the w ¬ w configuration,dominated
by double-resonantterms,can be treatedwithin DPA. As a consequence,the theoreticaluncertainty
associatedwith thedeterminationof the wïw cross-sectionis sizablydecreased.In principle,thesame
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procedureappliesto thedeterminationof the ürü cross-section,whereonedevelopsaNC02-DPA instead
of theCC03-DPA one.

We have foundthatall themodificationsintroducedvia theEFL-schemearerelevant: runningof
thecouplings,[ -factorsandvertices,not only thechangēHG�I	JÝL^]_)~Ü(`�R � ¯\G�I�J¥L^a�bF�F�dc �_e1R . Therefore,
a naive rescalingcannotreproducethe EFL answersfor all situations,all kinematicalcuts. The high-
energy Input ParameterSetusedin all calculationsthat arepresentlyavailable– we quote,amongthe
variousschemes,theFixed-Width scheme,theOverall schemeandtheIFL one– is basedon ³µ´�O ­ ª
and

­ ® with ¯ G�I�J L^]_)~Ü(`�R « 6�¿�6�V�6�WYÔ�Z�¾�Ô�½ . It allows for theinclusionof partof higherordereffectsin
theBorn cross-sectionsbut, it fails to give a correctandaccuratedescriptionof the ð © { T dominated
processes.A naive, overall, rescalingwould lower the single-w cross-sectionof about ¾�7 . We have
found,with the EFL calculation,that this decreaseis processandcut dependent.Moreover, the effect
is larger in the first bin for K ê – T�WYTMU ÌìT�WYT�6MU – in the distribution �.] ¿ � K ê and tendsto becomeless
pronouncedfor largerscatteringanglesof theelectron.However, thefirst bin representsalmost Z�T�7 of
thetotal single-w cross-section,sothat,in general,thecompensationsthatoccuramongseveraleffects
never bring theEFL/FW ratio to one. We obtaina maximaldecreaseof about ¾�7 in the resultbut, on
average,theeffect is smaller. We have alsofoundthattheeffect is rathersensitive to therelative weight
of multi-peripheralcontributions.

Finally, theeffectof theQEDradiativecorrectionsonthetotalcross-sectionsarebetween¾�7 and
6�T�7 at LEP2 energies. f�g�� �
h and �|z~}~� have estimatedthat if oneusesthe wrong energy scale � in
thestructurefunctions,the ISR effect is overestimatedof about[17 , asshown in Figs.53 and59, both
with andwithout cuts. For the no-cutcaseSF with a correctenergy scaleis consistentwith QEDPS
aroundT�WY²�7 . On theotherhandwith theexperimentalcuts,SFwith correctenergy-scalegivesaround
6�7 deviation from QEDPS.

At thesametime �~z|}~� estimatesthattheeffectsdueto two differentscales(Eq.(68)andEq.(69)
arein goodagreementandbothpredicta loweringof theBorn cross-sectionof about ½�7 , almostinde-
pendentof thec.m.s.LEP2energy. �~z|}~� resultsshow agoodagreementwith thoseof f
ge� ��h whenboth
arereferredto � -channelSF.

Althoughweregistersubstantialimprovementsuponthestandardtreatmentof QEDISR,theprob-
lemis notyet fully solvedfor processeswherethenon-annihilationcomponentis relevant.A solutionof
it shouldrely on thecompletecalculationof the íîLS¯PR correction,thereforethethebasicYFS approach
or any equivalentoneaugmentedby virtual corrections.

At the moment,a total upperboundof MºZ�7 theoreticaluncertaintyshouldstill be assignedto
the single-w cross-section.In particular, the differencebetweenannihilation-like QED radiationand
theoptimizedscalesamountsto a [17 , which is conservatively used(by theLEP EWWG) in theglobal
estimateof theoreticaluncertainty. Alternatively oneshouldusethe differencesbetweendifferent im-
plementationsof ISR in the ú -channelasa basisfor thesystematicuncertainty. However, we arenot yet
readyto formulateastrictanddefinitive statementalongtheselines.Furthermore,thereseemsto beand
indicationof somenumericaldifferencearisingfrom differentQED treatmentsin 
~{|} ã~à andin �~z|}~� .
At presentno direct comparisonhasbeenattemptedto understandtheorigin. We could saythat QED
radiationin single-w is understoodata level betterthan[17 but wearepresentlyunableto quantifythis
assertion.

In this sensethe current Z�7 shouldbe consideredasa goodestimateof the global upperlimit
for theoreticaluncertainty. The origins of this upperboundareasfollows. QED effectsarebounded
by a [17 , saturatedonly by thoseprogramsthatdo not improve uponthescale.Effectsdueto running
couplingsandverticesareboundedby a ²�7ìÌÚV�7 , saturatedby thoseprogramsthatdo not implement
anexactmassive FL-scheme.To lower this estimateis presentlypossibleonly in amulti-stepprocedure
whereprogramA is usedvs. B to assesstheeffectof EFL/̄\G�I�J , thenA is usedvs. C to assesstheeffect
of QEDISRandfinally A is correctedto take into accountthemissingpiecesandassignanuncertainty.
This procedureshouldbeperformedwithin theexperimentalcommunity, usingtheindividual estimates
of theoreticaluncertaintiesasdeclaredby theprogramsin thisSection.
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We expectan improvementuponthis estimatewhenmoreimplementationof theFermion-Loop
schemewill beavailable.Presently, theresultswith a rescalingof ¯\G�I�J for the ú -channelphotonshow
an agreementwith EFL predictionsthat is between6�7 and ²�7 . Note that in � ¦ � ¦ EFL is not yet
implementedandtherewe usethe estimateby z~���|} ã|â of roughly V�7 . All programsthat implement
thecorrectrunningof ¯HG�I	J shouldbeableto reachthis level of accuracy, but not all of themhave this
implementation.

All programthatstill implement� -channelstructurefunctionssaturatethe Z�7 level of theoretical
accuracy. Furtherandmorecompletestudiesareneededfor QED correctionsandadhocsolutions,like
fudge factors shouldbeavoided.

As statedabove, the presentlevel of global theoreticaluncertainty, Z�7 , comesfrom different
sourcesand different effects. Someof them have beenfully understoodfrom a theoreticalpoint of
view but, sometimes,not yet implementedin mostof theprograms.Thereareremainingproblemsthat
have not yet received a satisfactory solution andsomeof the programsimplementeducatedguesses.
In generalwe shouldsay that single-w remains,to a large extent, the land of fudge factors. As for
individual programs,the following collaborations(listed in alphabeticorder)have agreedto quantify
theirperformances:ß~à|á~â~ã }~äeå0æ~ç|{ triesto includeall leadinghigherordereffects.At present,by comparingwith the
Exact-FermionLoop andvarying the internalparametersof theprogram,we canassigna conservative
V�7 uncertaintycomingfrom our Modified fermion loop approach.On the otherhand,our solutionto
the ú -channelISRproblemrepresentsthebestwe have sofarat thetheoreticallevel. Therefore,thefinal
precisionof MºZ�7 on single-w hasto be consideredasa safeestimateof the accuracy reachedby the
program,at leastin absenceof largeanglehardphotons.

�~z|}~� includesexacttree-level matrixelementswith finite fermionmassesandanomaloustrilinear
gaugecouplings,theeffect of vacuumpolarization,higher-orderleadingQED correctionsaccordingto
the treatmentfor theenergy scaleasgivenby the(equivalent)choicesof Eq. (68) andEq. (69). Since,
apartfrom theeffect of therunningof ¯\G�I�J , otherone-loopfermionicandbosoniccorrectionsarestill
missingin �|z~}~� , its theoreticaluncertaintyis at the level of ² –V�7 19, dependingon thechanneland/or
eventselectionconsidered.

z~�	�~} ã|â can be usedfor single-w in its versionIFL ¯ . This is at presentthe bestchoice: all
otherschemeshave beenemployed for studiesandcomparisonsbut arenot recommended.As already
explained,thetheoreticaluncertaintydueto nonimplementationof thecompleteEFL amountsto V –[17
for CC20/Mix56. This, togetherwith thenoncorrectQED radiationfor ú -channel,leadsto anestimate
of 5–6%accuracy in actualz~�	�~} ã|â single-w predictions.

z â	� canonly beusedasabenchmarkfor thedeterminationof thescalesin thecouplingconstants.
In its default z â�� saturatesthe upperboundof Z�7 of accuracy. Ideally, the differencebetweenany
programusingsomeapproximationandz â	� shouldbeconsideredassystematicuncertaintyfor thescale
determination(in couplings)of thatprogram.In practiceEFL, theright approach,is only implemented
in z â�� anda cross-checkis neededbeforebeingableto apply theprevious rule. Thecorrecttreatment
of QED radiationis still missing,it is a choiceof theauthorto avoid adhocsolutionsanda consistent
upgradingis currentlyunderstudy. Furthermore,Fermion-Loop(asDPA) impliescertaincharacteristics
andprogramsthatimplementaincomplete-FLthatdoesnotreflectat leastalargefractionof themshould
refrainfrom usingthelabelFL.

Thecollaborationseachtake responsibilityfor theabove statementsthatrangefrom conservative
to moreoptimisticones.

19to becomparedwith theestimatedupperboundof ikj .
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6.5 Outlook

A substantialamountof work wasdonein thelast two yearson thetopic of single-l production.This
hastriggeredtheoreticaldevelopmentswhichcanbeusedalsoin otherareas,e.g.massiveFermion-Loop
scheme,QED radiationin processesdominatedby m -channeldiagrams.Oneof themain resultsof the
theoreticalactivity hasbeento upgradeprogramsthat whereavailableprior to the workshopanddid
not provide a satisfactorysimulationof theprocess.They might have givena numericallymoreor less
correctcrosssection,but thiswasmostlyanaccident.

Somework hasnot yet beendone,e.g. low–invariant-massn�o_p hadronsfinal states(searches),
DPA-equivalentsetof radiative corrections(high-luminosityLC). Finally, we still do not have a com-
plete,solution to the ISR problem,althoughtherehasbeenconsiderableprogressin the treatmentof
QED radiation,in particularin thedeterminationof theradiationscale.Goingbeyondthepresentlevel
of theoreticalaccuracy would requireacompleteqsr	tHu calculationthereforecontributing to improve the
presentlevel of theoreticalaccuracy.
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Appendix: the diagrams
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Fig. 63: Two gaugeinvariantsubsetsfor thesingle � productionin thechannel� �8�y�����&�7�*�[�k� ��� . Thesetof
ninediagramsin thefirst threerowsandthesetof diagramsin thelastthreerowsareseparatelygaugeinvariant.
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Fig. 64: Two gaugeinvariantsubsetsfor thesingle � productionin thechannel�&�H�y�����&�7�*�[�k� ��� . Thesetof
four diagramsin thefirst two rowsandthesetof diagramsin thelasttwo rowsareseparatelygaugeinvariant.

v
}v ~ }v

v w xz|{ }wyxv
diagr.1

v
}v ~ v

v }w xz|{ wyx
}v

diagr.2

v
}v

~ z|{
}w xv

z|{ wyx
}v

diagr.3

v z|{ }w xvw x
}v z { wyx

}v
diagr.4v

}v � }v
v wyxz { }wyxv

diagr.5

v
}v � v

v }w xz { wyx
}v

diagr.6

v
}v � }w x

wyx v
z { wyx

}v
diagr.7

v
}v � w x

wyx }v
z { }wyxv

diagr.8

v
}v

� z {
}w xv

z { wyx
}v

diagr.9

Fig. 65: The ���7��� double-resonantgaugeinvariantsubsetin thechannel�&�8�y�O���&�7�*����� ��� .
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Fig. 66: The ��� double-resonantgaugeinvariantsubsetin thechannel�&�H�y�O���&�7�y�1� � � � .
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Fig. 67: Thegaugeinvariantsubsetwith �������Q� �7�y� conversioncorrectionsto theprocess�&�7�*�O���k� ��� .
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Fig. 68: Thegaugeinvariantsubsetwith ���Q��� ��� conversioncorrectionsto theprocess�&�7�*�O���&�7�y� .
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Fig. 69: Thegaugeinvariantsubsetwith ���Q�&�8�y� conversioncorrectionsto theprocess�&�7�y�O����� �L� .
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Fig. 70: Theweakmulti-peripheralgaugeinvariantsubsetin thechannel�&�7�y�����&�H�y�1�k� ��� .
7 THE NC02CROSS-SECTION, � �S�
Thecross-sectionfor n��8n�������� is definedstartingfrom theNC02process,very muchas n��8n����l � l � in termsof CC03, hencewe sum over all channels,n � n � � � r	� ¡;¢ ¡ ¢ u£p¤� r	� ¡�¥ ¡ ¥ u
includingfour neutrinosin thefinal state.Theelectroweakcorrectionsto nCn¦�<� � werecalculatedin
Ref. [66]. Actually theretheweakcorrectionshavebeendiscussedseparately, but unfortunatelyin the t
scheme.

As usual,it is left for theexperimentersto evaluatethebackground,i.e. to defineaneutralcurrent
observablecross-sectionasfollows:

�;§7¨�©ª�(§8¨L« ¥ ¬ p®­�¯[°�±§7¨ p �(²	³d´µ�(§8¨L« ¥ ¶ (79)

Thetheoreticalprediction,therefore,shouldconcentrateon � §8¨·« ¥ , with or without qsr	tHu radiative cor-
rection in DPA-approximation. In particular, the backgroundshouldaccountfor the Mixed processes
(Mix43). Thereis someimportantremarkto bemade.Whendealingwith ¸ ¸S¸ ¸ etc, i.e. with channels
containingidenticalparticles,wehaveto evaluatetheunphysicalsumof thetwo diagramscorresponding
to n��Hn���� � r	�¹¸7¢ ¸7¢ku8pº� r	�¹¸S¥ ¸S¥;u , tacitly assumingthat therearetwo ¸ quarks,̧ of type 1 and¸ of type 2. Sincethe interferencesbetweenthe crossingsarenot double-resonant,it is customaryto
considerthemasbackgroundandto definethe � � signal,i.e. � §7¨L« ¥ , from theabsolutesquaresof the
double-resonantdiagramsonly. This is a matterof definition, i.e. , we could definethe � � signal to
containall crossingsin caseof four identicalflavors in thefinal state.Thatonechoosesthefirst option
is largely basedon thedrawbackthat,with thelatter,

��r	n � n � �»� � u�¼¾½À¿ ¥ r	�º��¸ ¸8u	Á (80)

is no longer �[Â·Â·ÃÅÄ Ä Ä Ä . It is certainlytruethatthecross-sectioncontainingall crossingswouldbemore
physicalbut, for the time being this is the convention. Furthermore,one shouldrememberthat theÆ � Æ � ��Ç8È�Ç7ÈkÁ Ç8È�É backgroundis quitelarge(seee.g.Ref. [18]).

Bearingthis in mind,we shouldstressthattheterminology � §8¨·« ¥ is, sometimes,unfaithful, sim-
ply becausethis is notwhatexperimentsusein theiranalysis.A commonprocedureis to useÊ
Ë�Ì
Í�Î�ÏCÐ�Ñ
Ò
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andto restrictit to thecompletesetof double-resonantdiagrams.In otherwords,experimentsmeasure
datain somewindow of invariantmassandextrapolatewith somecoefficient,evaluatedby MC, to what
onefinally callstheNC02-totalcross-sectionbut it represents,instead,thesumof all double-resonant�
diagrams(for somechannelÓ insteadof Ô ).

However, by definition,weselectNC02to be n � n � �»� � , two diagrams(m anḑ channel),with
all � decaymodesallowedfor both � -bosons.If onecomputeseverythingasproduction Õ decaythen,
aslong asoneremembersto includefactors¬·Ö Ô , everythingis reasonable.Theconclusionis basedon
thefollowing observation.Whenall diagramsaretakeninto accountwe find

��r	n � n � � ¸×¸ Ø�Øku¹© Ô·Ù·Ú ¶�Û7ÜÞÝ Á ��r	n � n � � ¸S¸ ß�ß�u7©ªÔ·ÙkÓ ¶ Ó ÜÞÝ Á
��r	n � n � � à(à ß�ß�uá© ¬ Ú·Ô ¶�â7ÜÞÝ Á ��r	n � n � � ¸S¸ à(à�uã© ¬·¶�Û Ú·Ù[ä Ý Á
��r	n � n � � ¸×¸ ¸×¸Hu¹© ¬ Ù ¬·¶ Ó ÜÞÝ Á ��r	n � n � � à�à à
à(uã©ªÚ·å ¶ Ú·Ú ÜÞÝ Á (81)

and,asaconsequence, æ ÄyÄyçèçêé	ÄyÄyÄyÄ ©ªÔ ¶ Ù â Á æÀë3ë3ì ì é ë�ë3ë3ë ©>Ô ¶ Ù·Ú ¶ (82)

In otherwords,evenif wedefineon-shellandcomputeoff-shell thesameresult,within few percents,is
obtained.

The relative significanceof the ��� cross-sectionis considerablylessthanthe oneattributed to
the l¾l cross-section.Its is smallerandwith much larger experimentalerrors,even at the level of
projectedones.As a consequencetheNC02processhasreceived lessattentionthat theCC03oneand,
so far, we have no publishedresulton qsr	tHu DPA calculationsfor it although,in principle, thereis no
majorobstacleto it.

7.1 Description of programsand resultsí
î�ï
ð�ð
Authors

S.Jadach,W. PłaczekandB. F. L. Ward

General Description

TheprogramevaluatestheNC02doubleresonantprocessn � n � �á������Ó Ü in thepresenceof multiple
photonradiationusingMonteCarloeventgeneratortechniques.Thetheoreticalformulationis based,in
the leadingpole approximation(LPA), on qsr	t ¥ u LL YFS exponentiationfor the productionprocess,
with the possibility of anomalousgaugecouplingsif the userso desires.The Monte Carlo algorithm
usedto realizethe YFS exponentiationis basedon the YFS2 algorithmpresentedin Ref. [67] andin
Ref. [139]. In this way, we achieve an event-by-event realizationof our calculationin which arbitrary
detectorcutsarepossibleandin which infraredsingularitiesarecancelledto all ordersin t . A detailed
descriptionof ourwork canbefoundin Ref. [140].

Featuresof theprogram

The codeis a completeMonte Carlo event generatorandgives for eachevent the final particle four-
momentafor theentire Ó×¡�p�ñ�Ç final stateover theentirephasespacefor eachfinal stateparticle. The
eventsmaybeweightedor unweighted,asit is moreor lessconvenientfor theuseraccordingly. Thecode
featurestherealizationof theLPA for theNC02processthatis theanalogof thatgivenin Ref.[57] for the
CC03processof productionanddecayof l¾l pairs.A technicalprecisioncheckon theprogramat the
level of 2 permille for thetotalcross-sectionhasbeendoneby comparisonwith theresultsin Ref.[141].
Theaccuracy of thecombinedresultfrom

í
î�ï
ð�ðóò�ô	õ�ö
and÷�ø
ù�ú
û
ü 1.42,whenthecombinationis taken

in analogywith thatpresentedin Ref.[142] for
í
î�ï ü�ü
ý ò�ôyòCþ

and÷
ø�ù
ú�û
ü ò1ô	þ
ö
, is expectedto beatthe
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level of Ô·ÿ for the total cross-section,dueto themissing qsr	tHu pureweakcorrectionsin
í
î
ï�ð
ðóò1ô	õ
ö

(we do not expecttheothereffectsmissingfrom our calculationsuchasnon-universalQED corrections
to enterat this level), whenall testsarefinished.Thesetestsarecurrentlyin progress.

The operationof the codeis entirely analogousto that of the MC
í
î�ï
ö

in Refs.[67]. A crude
distribution basedon theprimitive Born level distribution andthemostdominantpartof theYFS form
factorsthatcanbetreatedanalyticallyis usedto generateabackgroundpopulationof events.Theweight
for theseeventsis thencomputedby standardrejectiontechniquesinvolving the ratio of the complete
distribution andthe crudedistribution. As the userwishes,theseweightsmay be eitheruseddirectly
with the events,which have the four-momentaof all final stateparticlesavailable,or they may be ac-
cepted/rejectedagainsta maximalweight WTMAX to produceunweightedeventsvia againstandard
MC methods. Standardfinal statisticsof the run areprovided, suchasstatisticalerror analysis,total
cross-sections,etc.Thetotal phasespacefor theprocessis alwaysactive in thecode.

Descriptionof outputandavailability

The programprints certaincontrol outputs.The most importantoutputof the programis theseriesof
MonteCarloevents.Thetotalcross-sectionin ¡�� is availablefor arbitrarycutsin thesamestandardway
asit is for

í�î
ï
ö
, i.e. theusermayimposearbitrarydetectorcutsby theusualrejectionmethods.

Theprogramis availablefrom theauthorsvia e-mail. Theprogramis currentlypostedon WWW
at http://enigma.phys.utk.edu aswell ason anonymousftp at enigma.phys.utk.eduin theform of a tar.gz
file in the /pub/YFSZZ/directorytogetherwith all relevantpapersanddocumentationin postscript.

ð
ð����
Author

G. Passarino

Description.ð
ð����
is a newly createdcodefor computing � §7¨L« ¥ which, at the moment,hasuniversalInitial State

QED,FinalStateQED,FinalStateQCD, is fully massivewith � and Ø quarksrunningmasses.Fermion-
Loop is alsoimplemented.

ð
ð����
is missingnon-universalQED ISR andpurelyweakeffects(in DPA);

however, it isunderconstructionwith thefinalgoalof includingthoseeffects.Thecodesumsoverall � �
decaymodes,even o×o_o_o . However, singlechannelsareavailable,i.e. ��������Á����Lo_o;Á�����	
	�Á�	
	�o_o(Á�	
	
	
	 Á o_o_o_o .
Therefor, inside

ð
ð����
we have theexactmatrix elementfor n��Hn���� � �@� Ó Ü with massive fermions

andrunningmassesfor the �kÁ*Ø -quarks.Cutsareonly implementedon the � invariantmasses,therefore
we canapplyfinal stateQCD correctionfactorsbeyond theusualnaivecorrection.In otherwords,the
totalhadronicdecayrateof each� -bosonis split into thesumof thevectorcurrentinducedrate, ��
 , and
of theaxial decayrate, ��� , which receive differentQCD correctionsevaluatedat thescaleequalto the
virtuality of the � � -pair. Non-factorizableQCD correctionsareneglected.Final stateQED corrections
arealsoincluded,againevaluatedat thevirtuality of thepair, i.e. with t���� ¯ r�� ¥������� u . Initial stateQED
correctionsinclude,sofar, only theuniversalpartof thestructurefunctionsevaluatedat thescaleß .

To implementtheFermion-Loopschemewehadto incorporateQCDcorrectionsin theevaluation
of thecomplex pole � Â andof the � -parameterassociatedto the � -propagator. This we have doneby
taking into accountalsothemassive top quark,while the light quarks,including the � one,aretreated
asmassless.QCD is exactly implementedby usingthe qsr	tdt��
u vector-bosonself-energiesof Ref. [3]
with � Â asthescalefor light quarksand � � for the � ´!��Á"� ´ m and m ´ m contributions. For �$#�©Ú·Ù ¶
%'& Ù)( Æ"* Á"� Â © Û·¬·¶�¬ Ú·Ú·Ú)( Æ"* and t � r�� ¥Â u ©ªÙ ¶�¬ Ô·Ù we find aQCD effect illustratedin Table40.
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Table 40: Effectof includingQCDcorrectionson thecomplex +-, �.+0/ polesaccordingto 1�1�243 .
without QCD with QCD5 ,76 8:9 +0, [GeV] 80.324 80.322;�<>=@? +-,BA.C 5 , [GeV] 2.0581 2.11095 /D6 8E9 + / [GeV] 91.155 91.153;�<>=@? + / A.C 5 / [GeV] 2.4653 2.5315FHG [GeV] 148.21 156.32

Theprogram
ð
ð����

is currentlypostedon WWWathttp://www.to.infn.it/giampier/zzto

Distributions.

The ��� -signalis basicallydefinedthroughinvariantmasses,for instancen � n � �I� �4J � J � r^ÇHu , � -flavour
blind or heavy � -flavors, J ©�n ÖLK ÖLM , NPOPQ'R�SUTWVXNZY�Ù ¶�Û Ú & , no cut on the secondlepton(only onelepton
tagged),� r�� �Lu:[ ¬ Ù�r^Ó & u GeV.

Here, we do not discussinvariant massdistributions in termsof the full processesbut only in
termsof thesignalNC02. Theangularcutsarethereonly becauseof detectorholesat thebeampipe.
Sincefor NC02thereareno polesat edgeof phasespace,we could leave thesecutsout for simplicity.
Furthermore,we analyzeonly n��Hn�� � � �4J �\J �Hr^ÇHu wherethe definition of invariantmassesis free of
ambiguities.

ð�ð����
includesfinal stateradiationsin two differentoptions.In afirst case

ð�ð����
implements

theexact, factorizable,qsr	tHu correctionsfor someextrapolatedsetupwereonecanonly cut on the � -
virtuality, seeRef. [143]. In the secondone,hard andcollinearphotonsare included,within a cone
of angularresolution ­$] ¬ , accordingto the formalism of Ref. [144]. Moreover, soft photonsare
exponentiated.

Therefore,we can define invariant massdistributions accordingto the following choices: a)
�@r�J �\J �×ÇHu or � r ����ÇHu where � representsthe virtuality of the decaying � -bosonand b) ��r�J �\J �Hu
where� is the J � J � invariantmassandhardphotonsareincludedwhenever theanglebetweenthepho-
ton andthe nearestchargedfinal-statefermion is lessthan ­ ] ¬ . Above ­ photonsarenot included
in the masscalculation. Gluonsarealwaysincludedin qsr	t��
u with a fully extrapolatedsetup,i.e. the
� -variablefor ��� final statesis alwaysunderstoodas � r��@u7� �4�Àp Ç p_^ .

In Fig. 71 we show the � -distribution for n��Hn��8p hadronsand for ����r ØkØ�u	p leptonsat one en-
ergy, ` ß © ¬ Ú·Ú ¶�â GeV. Thereis no appreciabledifferencewith K��aK�� p hadronsdueto thefact thatthe
FSRcorrectionfactoris approximately%·Ö Ócb ¥ d t ÖLe sincewe cut on the � -virtuality andnot on the ¡1¡
invariantmass.
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Fig. 71: NC02distributionsfrom 1�142�3 . Here f ? g-ga? ���>haAiA is thevirtuality of thecorresponding� -boson.

In Fig. 72 we show n � n � p hadronsandcompare� and � distributions for the n � n � r^Ç8u pair.
Thelatter includescollinearphotonswithin a coneof half-openingangle ­ © &kj . In thesamefigurewe
alsocomparethe ��r ¡[¡�u distributionsfor n � n � p hadronsand K��aK�� p hadrons.Sincethecut is on the
invariantmassof thepaironestartsappreciatingdifferencesbetweendifferentflavors.

Fig. 72: NC02 distributions from 1�1�243 . Here f ? g-ga? �1�.h0AlA is the virtuality of the corresponding� -boson
and F ? g-g A is the gmg invariant masswith collinear photons that are combinedwith the nearestfermion,n ? � ;po 9rqXsl9Utlu g A 6 v�w .

All distributions arecomputedby
ð�ð����

in the Fermion-Loopmode. The largesteffects in the
theoreticaluncertaintyareassociatedto the fact that non-factorizableQED correctionsareneglected,
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althoughonecanshow thatthey vanishin thelimit of on-shell � -bosons,N�� ¥ ´x� ¥Â N ]I�HÂ�� Â . They
alsovanishfor afully extrapolatedsetup,i.e.afterintegratingoverthefull rangeof thetwo � virtualities,
which is not thecasefor distributions.

y Ê�z � Î
Ê
Authors

D. Bardin,A. Olchevski andT. Riemann

TheNC cross-sectionsin package
þ�{ ú�| includenow besidestheNC32classalsotheNC02process

(NC08 is unchanged);alsosomenew optionsintroduced,ÏCÌ�}�z�z�Î =0,1: switchingbetweenNC02 and
NC32classes(for Ï�~�Ò � Ì =2); Note, that the treatmentof z�Ì õ�� sub-family is not changedcomparedto
theversion� ô	öãôCòCõ

. It remainsaccessibleonly via z�Ì������ branchof thepackage.

7.2 Comparisonsfor the NC02cross-section

In this Sectionwe will comparetheNC02cross-sectionbetween
í
î
ï�ð
ð

,
y Ê�z � Î�Ê andthenewly created

code
ð
ð����

. First, the comparisonbetween
í�î
ï
ð�ð

and
ð�ð����

. Here, ` ß�© ¬ Ú·Ú ¶�â)� n�� andQCD is not
included. The result is shown in Table 41. From Table 41 we seea remarkableagreement,further
quantifiedin Table42. Furthermore,for �[Â·Â with Born+ISR+QCDthe uncertaintyrelatedto the IPS
(InputParameterSet)isapproximately¬ ÿ . Thisdoesnotmeanthatthetotal,true,theoreticaluncertainty
is ¬ ÿ . The � � line-shape,aspredictedby

ð
ð����
andincludingQCD correctionsis shown in Table44

wheretheresultsreferto threeschemes,tdÁ ��� andFermion-Loop.

Finally, in Fig. 73 we presentthe NC02 line-shapefor a wide rangeof energy, comparingthet -schemewith the ��� -schemeandtheFermion-loopone. Missingan implementationof theFermion-
Loop schemein othercodes,our recommendationis to usethe � � -schemesinceit allows usto include
partof higherordereffectsin theBorn cross-sections.

Table 41: Comparisonfor the NC02 cross-sectionbetween�����41�1 and 141�2�3 at � � 6�������� � GeV. The cross-
sectionsarein fb.

channel �����41�1 1�142�3D�c� -scheme 141�2�3D� -scheme�"�"�"� 294.6794(490) 298.4411(60) 294.5715(59)�"� �;� 175.4404(302) 175.5622(35) 174.9855(35)�"����� 88.1805(134) 88.7146(18) 87.9881(18)��� �(� 26.2530(463) 26.0940(5) 26.1342(5)������� 6.5983(15) 6.5929(1) 6.5706(1)�(�;�;� 26.1080(71) 25.8192(5) 25.9868(5)
total 617.2596(755) 621.2241(124) 616.2366(123)

Table 42: Differences������141���1�1�243 for theNC02cross-sectionin percent.

channel 1�1�243 ( � � )/�����41�1 - 1 141�2�3 ( � )/������141 - 1�"�"�"� +1.28 -0.04�"� �;� +0.07 -0.26�"����� +0.61 -0.22��� �;� -0.61 -0.45������� -0.08 -0.42�;�;�;� -1.11 -0.46
total +0.64 -0.17
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Table 43: Schemedifferencesin percentfor NC02,accordingto 1�1�243 .
channel 1�1�2�3c�c��C�� ; ��"�"�"� +1.31�"� �;� +0.33�"����� +0.83��� �;� -0.15������� +0.34�;�;�(� -0.64

total +0.81

Table 44: NC02 ��� line-shapefrom 141�2�3 .
� � [GeV] � /X/� [pb] with QCD � /X/� � [pb] with QCD � /�/ 4¡ [pb] with QCD � � /FL - 1 [per cent]

180 0.12478(1) 0.12568(1) 0.12669(1) -0.80

181 0.16044(2) 0.16160(2) 0.16267(2) -0.66

182 0.21135(2) 0.21287(2) 0.21376(2) -0.42

183 0.27770(2) 0.27970(2) 0.28009(2) -0.14

184 0.35224(1) 0.35477(1) 0.35457(1) -0.03

185 0.42644(1) 0.42950(1) 0.42881(1) +0.16

186 0.49579(1) 0.49936(1) 0.49833(1) +0.21

187 0.55897(1) 0.56299(1) 0.56175(1) +0.22

188 0.61596(1) 0.62039(1) 0.61901(1) +0.22

189 0.66723(1) 0.67203(1) 0.67057(1) +0.22

190 0.71336(1) 0.71848(1) 0.71699(1) +0.21

191 0.75487(1) 0.76030(1) 0.75879(1) +0.20

192 0.79225(1) 0.79794(1) 0.79643(1) +0.19

193 0.82596(1) 0.83190(1) 0.83040(1) +0.18

194 0.85643(2) 0.86258(2) 0.86111(2) +0.17

195 0.88393(2) 0.89028(2) 0.88884(2) +0.16

196 0.90875(1) 0.91528(1) 0.91388(1) +0.15

197 0.93118(1) 0.93787(1) 0.93651(1) +0.15

198 0.95146(1) 0.95830(1) 0.95698(1) +0.14

199 0.96890(1) 0.97677(1) 0.97549(1) +0.13

200 0.98635(2) 0.99343(2) 0.99220(2) +0.12

201 1.00012(2) 1.00843(2) 1.00724(2) +0.12

202 1.01460(2) 1.02189(2) 1.02075(2) +0.11

203 1.02660(1) 1.03397(1) 1.03288(1) +0.11

204 1.03736(1) 1.04481(1) 1.04376(1) +0.10

205 1.04700(1) 1.05452(1) 1.05352(1) +0.09

206 1.05561(1) 1.06320(1) 1.06224(1) +0.09

207 1.06326(1) 1.07090(1) 1.06998(1) +0.09

208 1.07001(1) 1.07770(1) 1.07683(1) +0.08

209 1.07594(2) 1.08367(2) 1.08284(2) +0.08

210 1.08111(2) 1.08888(2) 1.08809(2) +0.07
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Fig. 73: Comparisonof differentschemes,�S�U�c� andFermion-Loop,for the ��� line-shapefrom 141�2�3 .

In Table45 we show the �[Â·Â cross-sectionaspredictedfrom
y Ê�z � Î
Ê . Table45 is producedwith

thefollowing
y Ê�z � Î
Ê�¢ þ�{ ú�| flagsettings:Ï�~�Ò � ÌE£CÏ�Ï�z�~ � £yÏ � z ï }�ÎE£yÏCÐ � Ò�z î £yÏCÐ(Ì
÷ y Ò:£yÏCÌ�}�z�z
Î = 2 2 1 1 0 0Ï y Í�¤ ð
ï £yÏ y Í�¤
ü ï £yÏ y Í�¤
ü:£CÏ�¥�Ì ï £CÏyÍ�z � £CÏyÐ1Ï¦z = 0 0 0 0 0 0ÏCÌ � z�§
ÎE£yÏ ð Ê
Ò � £CÏ¦¨
Ê�¥�} ï £CÏ � z � z
Ñ:£CÏ ð Ê ��� Í = x x 3 0 1ÏCÌ � Î�¤
ÐE£yÏ î Ñ�¥ y î £yÏ
Ï î�ï Ò:£CÏ
Ï¦¨
Ì�¥ = 0 0 1 0Ï�¤�Í�~:£CÏCÒ�¤
Í�ËE£CÏyÒ ï�� ~E£yÏ�¤�¤�Ï�z:£CÏ"¤�¤�Í
Ë = 1 0 1 1 1

andwith thefollowing NCqedbranchsettings:Ï�~�Ò � Ì©£CÏ�Ï�z�~ � £CÏ � z ï }
Î:£CÏyÐ � Ò�z î £CÏCÐ�Ì
÷ y ÒE£yÏCÌ�}�z�z
Î = 3 2 1 1 1 2Ï y Í�¤ ð
ï £yÏ y Í�¤
ü ï £yÏ y Í�¤
üª£CÏ¦¥
Ì ï £CÏyÍ�z � £CÏCÐ1Ï�z = 0 0 0 0 0 0ÏCÌ � z�§
ÎE£yÏ ð Ê
Ò � £CÏ¦¨
Ê�¥�} ï £CÏ � z � z
Ñ:£CÏ ð Ê ��� Í = 0 1 x x 1ÏCÌ � Î�¤
ÐE£yÏ î Ñ�¥ y î £yÏ
Ï î�ï Òª£CÏ�Ï�¨�Ì�¥ = 2 1 1 0Ï�¤�Í�~«£yÏCÒ�¤�Í
Ë©£yÏCÒ ï�� ~¬£CÏ�¤�¤�Ï¦z©£CÏ¦¤�¤
Í�Ë = 1 0 1 1 1

TheTabledeservesanextendedcomment.Its upperpart is obtainedwith theaid of thestandardy Ê�z � Î
Ê approachto ISR:thebandof theoreticaluncertaintiesis producedby choosingstandardstructure
functions(SF) for theminimum andflux functions(FF) for themaximumwith a reasonablechoicein
betweenfor thepreferredone.For themaximum,we includeLLA secondordercorrectionsandexclude
the lowestorderconstantterm(option Ï ð Ê�Ò � =0). Thebandhasa typical width of about %®­ Ó×ÿ . This
approachfindsits rootsin thetreatmentof theCC03cross-sectionwherewe usedtheso-calledcurrent-
splitting technique,theprecisionof which is difficult to evaluatesinceit takesinto accountonly a part
of diagrams.We emphasizeagainthat nowadays,after theadventof DPA calculations,the theoretical
uncertaintiesin theCC-sectorarereduced.

For NC-processes,the ISR is well definedandno current-splittingis required. In Ref. [145] we
providedthecompletelowestorderISR QED corrections(option Ï � z � z
Ñ�¯ ò ). In our completecalcula-
tionstheconstanttermis full reproducedandthereareno justificationsto excludeit. This is why in the
lower part of the Tablewe alwaysuse Ï ð Ê�Ò � =1. For the theoreticaluncertainties,we vary thenover
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threeworking options Ï¦¨
Ê�¥�} ï £CÏ � z � z
Ñ =00,10,11andselectpreferred,min andmax out of them. As
seenfrom thelowerpartof theTable,thetheoreticaluncertaintyderivedin suchaway is abouttwice as
narrow ascomparedto theupperpart. It is importantto emphasizethatthetwo bandsoverlap,although
thereis asystematicshift towardsslightly highercross-sections.

Table45: Cross-sections[fb] for � �7�y�O��� ���±°�² at � � 6³������� � GeV; first columń�µ�¶42�·�µ 2.10with preferred
flags,secondandthird columnsestimatevariationsdueto theoreticaluncertainties.The upperpart is produced
with the4fanbranchandwith flags: ¸U¹43�¶�º�·�»r¸U1�µ�¼�3 =00,10,01. Thelowerpartis producedwith NCqedbranchof
´�µ�¶42�·�µ���½4¾�¿�À andwith flags: ¸UÁ�µ4Â�Ã���»U¸r2�¶�3�¶�Ä =00,10,11.

channel ´4µ�¶�2�·�µ 2.10 ´�µ�¶�24·�µ ; ´�µ�¶�2�·4µDÅ�"�"�"� 299.642 298.614 301.448�"� �;� 176.076 175.410 177.137�"����� 89.187 88.851 89.720��� �;� 26.204 26.103 26.362������� 6.637 6.612 6.677�(�;�;� 25.857 25.766 26.013
total 623.602 621.356 627.356�"�"�"� 301.448 300.418 301.522�"� �;� 177.137 176.532 177.180�"����� 89.725 89.418 89.746��� �;� 26.361 26.271 26.367������� 6.676 6.654 6.678�(�;�;� 26.022 25.933 26.029
total 627.370 625.226 627.522

This shift is due to the constantterm. If we hadchosenÏ ð Ê
Ò � =1 for the upperpart, its band
would totally containthebandfor thelowerpart.Wetendto considerthelowerpartto beamorecorrect
treatmentof theISR for thecaseof NC-processes.

7.3 Summary and conclusions

Threedifferentprogramshaveproducednumbersfor theNC02cross-sectionshowing remarkableagree-
mentover a wide energy range.

ð�ð����
hasproducedresultswith two differentrenormalizationschemes,

�Æ� and t , showing differencesof the order of a per cent.
y Ê�z � Î�Ê confirmsthe finding with nearly

thesameshifts as
ð
ð����

betweenthe two schemes.It looksplausibleto have a Ç Ô·ÿ of theoreticalun-
certaintyassignedto theNC02cross-section.Thereis an indications,comingfrom theFermion-Loop
analysisof

ð�ð����
, thatshow smallerdeviationswith respectto the � � -schemeandtheFermion-Loopis

usuallyaccurateat the ¬ –Ô·ÿ level.

At themomenttheestimatedtheoreticaluncertaintycomesfromthecomparisonsbetween
y Ê�z � Î
Ê ,í
î�ï
ð�ð

and
ð�ð����

andit is roughlyaboutÔ·ÿ . Thesizeof theuncertaintyis confirmedby aninternalesti-
mateof

y Ê�z � Î
Ê , asgivenin Table45. With thecompletelowestorderISRQED included
y Ê�z � Î�Ê gives

a total cross-sectionat ` ß�© ¬ Ú·Ú ¶�â GeV of â Ô·å ¶
% å � «XÈ ¢ÊÉ� ¥ È ¢ ² fb where
ð�ð����

gives â Ô ¬·¶ Ô·Ô fb, i.e.
y Ê�z � Î
Ê

predictsa Ù ¶ Ó×ÿ uncertaintywith
y Ê�z � Î
Ê and

ð�ð����
differing by roughly ¬ ÿ . Furthermore,

y Ê�z � Î
Ê pre-
dictsa p Ù ¶�â ÿ shift dueto theconstanttermin ISR andbothprogramspredicta ´ Ù ¶ Ú·ÿ shift from the
�Æ� -schemeto the t -scheme.

Giventheexperimentaluncertaintyon thecross-sectiona differencebelow Ô·ÿ is reasonableand,
most likely, do not requirethe implementationof missingeffects which are beyond the reachof the
experiments.Nevertheless,work is in progressfor

ð
ð����
towardsacompleteDPA calculationfor NC02.
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8 CONCLUSIONS AND OUTLOOK

An extensive collectionof theoreticalpredictionsfor observablesin n��8n�� interactionsat LEP2energies
hadbeenpresentedin the1996CERNReportof theWorkshoponPhysicsat LEP2. However, anupdate
with improvedtheoreticalprescriptionsis neededin orderto matchtheprecisionachievedby now in the
experimentalanalyses.

Theaimof thefour-fermioncontribution to thisworkshopeffort is twofold. Wehavesummarized
themostrecenttheoreticaldevelopmentsconcerningn��Hn�� annihilationinto four-fermionsat LEP2en-
ergies.Furthermore,applicationsto thefour mostimportantclassesof processeshave beendiscussedin
detail. In decreasingorderof importancethey arethe l@l -signal,the inclusionof an extra photonin
thefinal state,thesingle-l productionandthe � � -signal.

To gaugetheprioritiesof thisReportoneshouldrememberthattheexperimentalsituationis rather
differentfor l¾l whencomparedto theotherprocesses.For l -pairs,LEP (ADLO) is ableto testthe
theoryto below ¬ ÿ , i.e. , below theold uncertaintyof Ç Ô·ÿ establishedin 1995. ThustheCC03-DPA,
including non-leadingelectroweak corrections,constitutesa very important theoreticaldevelopment.
However, ADLO cannottestsingle-l or ��� -signalto anequivalentlevel, sincetheir totalcross-section
is of theorderof ¬ �Ë� or less,Ô·Ù timessmallerthanthatof l -pairproduction20.

Theauthorsof thefour-fermionreportagreeon thefollowing conclusionsfrom thisstudy:

Ì Thereis aniceglobalagreementbetweenthenew DPA predictionsfor CC03,whichare Ô·ÿ ­³% ÿ
lower thantheold approach21.

Ì The Monte Carlo programsÒ
ú�Íyø
ø�|
ü
ü and
í
î�ï ü�ü
ý agreewithin Ù ¶
% ÿ at ` ß�© Ô·Ù·Ù GeV. The

presentestimatedtheoreticaluncertaintyof theseprogramsis Ù ¶ Ó×ÿ , Ù ¶
& ÿ , and Ù ¶ å·ÿ for ` ß�©Ô·Ù·Ù)( Æ"* , ¬ Ú·Ù)( Æ"* , and ¬ å·Ù)( Æ"* , respectively.

Ì Thereis a generalsatisfactionwith theprogressinducedby new DPA calculations.Nevertheless,
thetheoreticaluncertaintycouldprobablybeimprovedsomewhatin thefuture.

Ì More work will beneededto reducetheuncertaintyfor Ó Ü p Ç andof partonshower with � � .
Ì In single-l productionmost of the theoristswere interestedin gauge-invarianceissuesdue to

unstableparticle.Theexperimentalistswereaskingfor ISRand � � effects,comparisonsincluding
partonshower, structurefunctionsandexponentiation.Unfortunately, only few groupshave been
workingon theseissues.Their work representsanimportantresultof thisReport.

Ì In single-l productionwe have a (global) Ô·ÿ ­!% ÿ theoreticaluncertaintyassociatedwith the
scaleof the m -channelphoton,with a projected¬ ÿ uncertaintywhenthe implementationof the
Fermion-Loopscheme[39] will receive morecross-checks.

Ì For simpleprocesseslike n � n � annihilationandtwo-photoncollision, theevolution of theenergy
scalein thestructurefunctionor in theparton-shower algorithmscanbedeterminedby theexact
perturbative calculations.However, this is not availablefor morecomplicatedprocesses.When
no exact first ordercalculationsareavailable thenoneresortsto the scaleoccurringin the first
ordersoft corrections.Therefore,at themoment,wemayapplyaveryconservative (global)upper
boundof Ó×ÿ theoreticaluncertaintyfor ISR in single-l production.Herewe repeatoneof the
conclusionsof Section6, we understandthe implementationof QED radiationin theMC better
thanbefore,StructureFunctionsat thescale ß areobviously wrong,but we arepresentlyunable
to preciselyquantify the improvementuponthequoted– global– upperbound.Singleprograms

20For ÎÏÎ with 1997+1998+1999data,thepresentanalysesandglobalLEP combinationmethodgive anaveragemeasure-
mentwith ÐLÑ accuracy. At theendof LEP, we mayreachbetterthan ÒLÑ .

21seeSection4 for a properdefinitionof theold approach.
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mayclaimto havemorestringentinternalestimates.In conclusion,thecurrentupperboundonthe
globalestimateof the theoreticaluncertaintyis & ÿ for single-l . A detailedexplanationof this
boundis givenin Section6.4.

Ì Comparedto the experimentaluncertaintyon the NC02 � � cross-sectiona differenceof about¬ ÿ betweentheoreticalpredictionsis acceptable.Theglobalestimateof theoreticaluncertaintyisÔ·ÿ , againacceptable.However, it wouldbeniceto improve upontheexistingcalculations.

Thesepointsarediscussedin moredetailin thefollowing.

Thenew DPA predictionsfor CC03are Ô·ÿ ­³% ÿ lower thanin theold approach.Thenew Monte
Carlo programsÒ
ú�ÍCø�ø�|
ü�ü and

í
î
ï ü
ü�ý agreewithin Ù ¶
% ÿ at ` ß�©áÔ·Ù·Ù)( Æ"* , i.e. at a level that is
consistentwith the accuracy of the DPA. The theoreticaluncertaintyof theseprogramsfor the CC03l -pair crosssection,which we estimateto be below Ù ¶ Ó ­ Ù ¶
& ÿ for ` ß�© ¬ Ú·Ù –Ô ¬ Ù)( Æ"* , should
be comparedwith the currentexperimentalprecisionof Ç Ù ¶�Û ÿ with all ADLO dataat ¬ Ú % –Ô·Ù·Ô GeV
combined.It shouldbementionedaswell that Ò
ú�ÍCø
ø�|
ü�ü andthesemi-analyticalÐ
Ð
Ì calculationsagree
very well wherethey should,i.e. above ¬ Ú & ( Æ"* .

Turningto distributions,thedeviationsseemto becomesomewhatlargerfor large Óó� production
angles,althoughcompatiblewith thestatisticalaccuracy. Theinvariantmassdistributionsagreewithin
roughly ¬ ÿ with a distortionof the distributions that is mainly dueto radiationoff the final stateand
the l bosons.Weexpectthatthepresentuncertaintyof theCC03 l -pair cross-sectioncanbereduced
somewhat whenthe sourcesof the differencesbetweenÒ�ú�Íyø
ø�|�ü
ü and

í
î�ï ü
ü andthe leadinghigher-
ordercorrectionswill be betteranalyzed.To go below the level of a few per-mille of accuracy would
requirethecompletecalculationof one-loopradiative correctionsin four-fermion productionfor all 4f
final states,aprogramthatdoesnot seemfeasiblein a foreseeablefuture.

The presenceof real photonscanalso changethe quantitative agreementof DPA calculations.
For integratedquantitiesthedifferencesbetweenalternative approachesareexpectedto beof theorder
of the accuracy of the DPA while for moreexclusive observableslarger differencescanbe expected.
A comparisonbetweenÒ�ú�ÍCø�ø�|�ü
ü and

í�î
ï ü�ü
ý for variousdistributions in the semi-leptonicchannelÆ � Æ �º�ÕÔ)Ö× K � o'Ø andwith a specifiedsetof separationandrecombinationcutsreflects,however, for
observablesinclusive in thephotonthesameglobaldifferenceasthetotal cross-section.

Thetechnicalprecisionfor n � n � � Ó Ü p�Ç hasreachedhigh standardsasshown by thecompar-
isonsamong~�}�Ê y Í ï ¢�}
Ê�Î
Í
Ì , Ò
ú�ÍCø
ø�|
ü�ü andü�Ò
Í�~ , but at themomentweareunableto presentany over-
all statementonthetheoreticaluncertaintyprocessby process.This is truein particularfor thesingle-l
configuration.Furthermore,no detailedcomparisonhasbeenperformedincluding partonshower and
hadronization.

In generalmorework will beneededto establishtheuncertaintyfor Ó Ü p�Ç . This shouldbedone
processby process,with the target of achieving the requiredaccuracy. At the momentwe canfix an
upperboundof Ô ¶
& ÿ basedonmissingnon-logarithmiccorrections.

In single-l productionmost of our activity was centeredaroundgauge-invarianceissuesdue
to unstableparticle. Although, no coordinateeffort hasbeenperformed,at the moment,to study the
theoreticaluncertaintyinducedby ISR ��� effects,comparisonwith partonshower, structurefunctions
andexponentiationtheinterestedreadercanfind in theReportdetailson QED correctionsasthey stand
now. Few programs,noticeably

y Ò�Í
Ì
Ê and
ï ü
Í�~ , have produceda preliminaryinternalestimateof the

uncertaintyassociatedwith the treatmentof QED radiation;the net effect of QED is betweenÚ·ÿ and¬ Ù·ÿ in theLEP2energy range,with ß -channelstructurefunctionsover-estimatingtheeffect by ÙºÓ×ÿ .
Furthermore,structurefunctionswith amodifiedscaleseemsto agreewith partonshower at thelevel of¬ ÿ whenexperimentalcutsareincludedor evenbetterfor a fully extrapolatedsetup.
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As far as the scaleof the electromagneticcoupling is concernedwe find that the resultswith a
rescalingof t ��� ¯ for the m -channelphotonthat hasbeenimplementedin z�Ê
Ë � Ì
Í�Î�ÏCÐ�Ñ
Ò:£ ï ü�Í�~ andü�~�}
Í�Ì � show anagreementwith ü ��� predictionsthatis roughlyaroundÔ·ÿ .

For single-l , therefore,we registera conservative, overall,upperboundof Ç & ÿ for thetheoret-
ical uncertainty. Singleprogramsmay claim betterinternalestimatesbut this doesnot transform,yet,
into aglobalone22.

Implementationof theEFL-schemein single-l (in additionto ü ��� ) will give a moresolid basis
to theestimateof ¬ –Ô·ÿ for theuncertaintyassociatedwith thescaleof thee.m.coupling.

The next, obvious, stepis representedby the evaluationof missing qsr	tHu electroweak effects,
e.g.in Weizs̈acker-Williams approximation(for thesub-processÆ Ç �ÚÓ o�Û ), theanalogousof DPA for
CC03.

A betterunderstandingof QED ISR andof all radiative correctionsin single-l productionis
certainlyneededin orderto reducethecorrespondinguncertainty, hopefullyaround¬ ÿ . This,however,
requiresto go beyondthepresentapproximations,not aneasytaskandwith a considerablylargeexper-
imentalerror. SinceDPA cannotbeappliedto single-l productiononehasto follow somealternative
path,like including radiative correctionsin (improved)Weizs̈acker-Williams approximation,or WWA.
It is expectedthatalreadythenormalWWA ( i.e. logarithmictermsonly), with a typical Born-accuracy
of & ÿ , will yield resultsaccurateat thelevel of & ÿ ¼ t ÖLe . For themomentthis is not strictly needed
but oneshouldconsiderthatsingle-l will beoneof themajorprocessesatLC.

For the NC02 cross-sectionwe have a ¬ ÿ variation,obtainedby changingthe Input Parameter
Setin

y Ê�z � Î�Ê andin
ð
ð����

andby varyingfrom thestandard
y Ê�z � Î�Ê approachfor ISR to thecomplete

lowestordercorrections.We estimatethe realuncertaintyto be Ô·ÿ . However, given theexperimental
uncertaintya theoreticaluncertaintyin this orderis acceptableanddoesnot seemto requirethe imple-
mentationof missingeffects. Furthermore,

ð
ð����
which is not yet a DPA calculationagreesratherwell

with
í�î
ï�ð
ð

, roughlybelow the typical DPA accuracy of Ù ¶
& ÿ , andthe latter featuresthe realizationof
the LPA for the NC02 process.The implementationof a DPA calculation,in morethanonecode,in
theNC02 � -pair cross-sectionwill bring thecorrespondingaccuracy at thelevel of Ù ¶
& ÿ , similar to the
CC03case.
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