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Abstract

We evaluatethe dynamicaperturefor the CERN muonstoragering, and,in partic-
ular, studytheeffect of magnetfringe fields. Thedetuningwith amplitudeis computed
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1 Introduction

In this paper, we investigatetheeffect of fringe fieldsandthedynamicaperturein themuonstorage
ring [1] of theCERNneutrinofactory. Earliersimilar studiesfor theFNAL designrevealeda strong
reductionof thedynamicaperturedueto quadrupolefringefields[2, 3, 4]. Thetransversenormalised
beamemittancein theCERNmuonstoragering is assumedto be1.7 mm mrad,half aslargeasfor
theFNAL design.At 50 GeV, this correspondsto a geometricemittanceof about7 � m, or to beam
sizesof afew centimeters.Thermsenergy spreadis 0.5%,againhalf theFNAL value.An acceptance
of ��� overa few hundredturnsis desirablein bothtransversephasespaceandmomentum.

TheCERNring is of triangularshapeandincludesthreestraightsections,two of which areused
asneutrinoproductionstraightsaimedat distantdetectors.Themagnetsin thestraightsectionsare
weakly focusingandthebetafunctionsarelarge in orderto confinethebeamdivergence.Thearcs
exhibits strongerfocusingandmuchsmallerbetafunctions.Themagnetaperturesvary roughlywith
thebeamsize.Quadrupoleboreradii are89 mm in thestraightsections,and31 mm in thearcs.Pole
tip fieldsare0.5 T and3 T, respectively, andquadrupolelengths0.35m in thestraightand0.5m in
thearcs.Thearcdipolefield is 6 T. Thearcsareequippedwith sextupolesfor chromaticcorrection.
Table1 summarisestherelevantparameters.Theexponentialdecaytime of themuonscorresponds
to about150turns.

Table1: Someparametersof theCERNmuonstoragering [5].

beamenergy � 50GeV
normalisedemittance ���	��
 � 1.7mm rad
rmsenergy spread ���������������� 0.5%
circumference � 2068.8m
betatrontunes ����
 � 11.250,12.203
arcquadradius  "! 31 mm
arcquadpoletip #%$&
 ! 3 T
arcquadlength '(! 0.5m
arcdipolefield # 6 T
arcdipolelength ' 2.9m
straight-sectionquadradius  *) 89 mm
straight-sectionquadpoletip #%$&
 ) 0.5T
straight-sectionquadlength '() 0.35m

In COSY the fringe field fall off near the magnetedgecan be describedby a so-calledEnge
function[6, 7], +

�,-�/.
0

021436587 �9;: 1 9"<;=,>�>?@� 1BACACAD1 9"E;=,>�-?F� E �-G (1)

which characterisesthevariationof thedipole or quadruplefield with longitudinalposition , along
the magnetaxis. The scalingparameter? is the diameterof the magnetbore. The default Enge
coefficients representmeasurementsof a family of PEPmagnets[8]. For example, in caseof a
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Figure1: Opticsof theCERNmuonstoragering [5].

quadrupole,thesecoefficientsare 9;:W.YX A[Z>\>]>^�0�_ , 9*<`. ^�A[a �>� Z�0�\ , 9*b`.dc Z>AeZ>_ X \>f>Z , 9"g`. 0hA X ]>f-]>Z>_ ,9*ij. ckX A X>� ] � \�0 , and 9"El.mX A X Z>Z-Z>]�0 . A differentset of coefficients was inferred from TOSCA
simulationsfor a spectrometermagnetat GSI [9], namely 9n:o.pX A�0-0qZ>Z , 9"<r. ]>AeZ>]-_�0 , 9"bs.tc 0hA[^>\>f>Z ,9*gu.v� A[a>f>f>Z , 9"iw.xc Z�A=0qZ X \ , and 9*Eu. 0hA[_>Z � . Figure2 comparesthe quadrupole-fieldfall off for
thesetwo parametrisations.

2 Results

A COSYinput file of themuonstoragering wascreatedfrom theMAD lattice [5] usingtheMAD-
to-COSYconverter[10]. The fractionalbetatrontunescomputedby COSY are �y�z.xX A[Z>a X-X , and���{.xX A[Z X Z-f 1, andagreewith the tunesfrom MAD [12]. The simulationsincludethreedifferent
typesof nonlinearities:fringes,sextupolesandkinematiccorrections.

Figure3 shows thehorizontalandverticalphasespaceobtainedby trackingfor 1000turns(tra-
jectoriesareplottedon every 5th turn) througha 9th orderTaylor maprepresentingtheentiremuon-
storagering with nonlinearkinematicterms,fringe fieldsandchromatic-correctionsextupoles.The
verticalaxis is thehorizontalor verticalslopeof theparticletrajectory, |�} or ~n} , in unitsof rad,and
thehorizontalaxisis thetransverseposition,| or ~ , in unitsof meter. Theobservationpoint is at the
centerof adefocusingquadrupolein oneof thestraightsections.All trajectoriesin Fig. 3 areregular,

1Recently, thenominaltunesof themuonstoragering weresetto theLHC injectiontunes,�������D� �q� and ���o����� �-�
[11].
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Figure2: Thefall-off of a quadrupolefringe field asa functionof thelongitudinaldistancefrom the
magnetedgein units of the full magnetaperture,comparingtwo differentmodels: COSY default
(solid line) andalternativeparametrisationof in Ref. [9]. In bothcases,thefall-off is describedby an
Engefunction

+
=,-� , Eq. (1), with coefficientsquotedin the text. An additional10% changein the

parameter? for thesecondcasewasalsotakeninto account.

andthedynamicapertureis well above therequired3� .
As discussedin Ref. [3], the tune shifts with amplitudecan be obtainedfrom a normal form

analysisin COSYINFINITY. Table2 lists thelineartuneshiftswith amplitudecalculatedby COSY
for four cases:thefull lattice includingsextupolesandfringe fields,the latticewithout fringe fields,
the barelattice, andfinally, the full lattice with a different length for oneof the critical matching
quadrupoles(seesubsequentdiscussion).The tableshows that the kinematictermsarenegligible,
whereasthetuneshiftsinducedby thefringefieldsareof thesameorderof magnitudeasthosearising
from the chromatic-correctionsextupoles. This is alsoreflectedby the sizeof the tunefootprints,
shown in Fig. 4.

The on-energy dynamicaperturefor variousbetatrontunesis illustratedin Figs. 5 and6. The
trajectoriesrevolve on regular elliptical orbits. Only nearthe quarterinteger resonancewe seean
islandstructure,excitedby thefringefields.

For the FNAL muonstoragering, we have shown that quadrupolefringe fields in the matching
sectionbetweenarcsandproductionstraightcancausea strongreductionof the dynamicaperture
[3]. Also in theCERNstoragering design,thelargestfringe field effect is expectedto arisefrom the
matchingsection,wheretheproductof quadrupolegradientandsquaredbeamsizeis muchlargerthan
in thearcsor straights.Figure7 comparesthehorizontalphasespaceat a tunenearthe4th integer
resonancefor two different lengths(and associatedstrengths)of matchingquadrupoleQ3M. The
larger amplitudeof the islandposition,in the right picture,indicatesa strongerhorizontaldetuning
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Figure3: Horizontal(left) andverticalphasespace(right), obtainedby 9thordertrackingthroughthe
muonstoragering, includingnonlinearquadrupolefringefieldsandchromatic-correctionsextupoles.
Betafunctionsat theobservationpoint are ����. Z>^-\�Ae]-a m, ���k. 0>0�a�A �-� m, fractionalbetatrontunes���`.�X A[Z>\>^ and �y�s.�X A[Z>f>f . Particlesarelaunchedin stepsof about0.5� , andtheplot rangeextends
overabout� ^ � . Theenergy offsetis zero.

with amplitudefor theshorterquadrupolelength.This is consistentwith thelineardetuningin Table
2. Theopticsof thematchingsectionfor thetwo quadrupolelengthsarecomparedin Fig. 8. Except
for the lengthof quadrupoleQ3M, they are indistinguishable.The dependenceof the fringe-field
effect on quadrupolegradientandbetafunction canbe understoodfrom analyticalconsiderations;
see,e.g., Ref. [4], andreferencestherein. Fortunately, in this opticsthe fringe field effect is rather
benign.It becomesvisible only in theimmediatevicinity of the3rd or 4thorderresonance.

As indicatedin the introduction,thefall off of themagneticfield is not exactly known, until the
magnetshave beendesignedor built. To illustratethesensitivity to the exactshapeof thefield fall
off, Fig. 9 comparesphasespaceplotscomputedwith thestandardCOSYfringefield à la Brown and
Spencerandfor the alternative parametrisationproposedby Méot. The unperturbedtuneswithout

Table2: Linear tuneshift in variousconfigurations,for fractionalbetatrontunesof �y�@.�X A[Z>\>^ and���s.�X AeZ-f>f . Thebarelatticecontainskinematictermsonly.�
Lengthof matchingquadrupoleQ3M(T) reducedby a factorof two.

tuneshift �;�y�-�-�;��� ���y�>�>����� �����*�>�����
sexts.& fringefields 152 c 68 200
sexts.w/o fringefields 44 c 180 104
barelattice 5 3 5
sexts.& fringefields

�
186 c 54 200

5
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Figure4: Tunefoot print for horizontalandvertical startingamplitudesup to 3� , calculatedfrom
5th ordernormalform. The two axesdisplaythe horizontalandvertical fractional tunes. Top left:
full latticeincludingsextupolesandfringes;top right: only fringes;bottomleft: full latticeincluding
sextupolesbut without fringefields;bottomright: barelattice.

fringe fieldsare0.254455and0.28730.With thedefault COSYfringefield [8], on theleft, thetunes
areshiftedto ����.�X A[Z>^ � ^>Z and �y�s.�X A[Z>_>a-f>f , whereasthetunesobtainedusingMéot’s fringefield,
in theright picture,are ���`.�X A[Z>Z>\-^>^ and �y�s.�X AeZ>] � a X .

We recall that the energy acceptanceof the ring shouldbe as large as � 1.5%. The next series
of phasespaceplots illustratesthe dynamicaperturefor off-energy particles,obtainedby tracking
throughanenergy dependent8th ordermap.Figures10 and11 depictthehorizontalphasespacefor
energy offsetsof c 0hA[a % and

1@0hAea
%,respectively, with variousvaluesof thehorizontaltunespanning

atotal �y� rangeof 0.1.For tunesbetweenthefourthandthird integerresonance,thedynamicaperture
is about2–2.5� . Figures12and13depicttheequivalentpicturesfor theverticalplane.Thenext four
figures,14–17,arephasespaceplots for exactly the sameconditionsas the four previous figures,
but calculatedwithout any fringe fields. Exceptnearlow-orderresonances,no limit on thedynamic
aperturecannow beseenwithin

^ � . Thus,thefringe fieldsdo have someinfluenceon thedynamic
aperturefor off-energy particles.

However, whenphysicalaperturerestrictionsaretakeninto account,thefringe-fieldeffectsmay
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0.480E-03

Figure5: Horizontalphasespacewith 9thordermapincludingsextupolesandfringefieldsfor several
valuesof thehorizontaltune,varyingfrom 0.25to 0.35in stepsof 0.02.Eachplot extendsover � ^ � .

no longerberelevant.This is demonstratedin Figs.18 to 21,whichagainshow thesituationwithout
fringe fields,this time simulatedby MAD andincluding,at everymagnet,a physicalapertureof ��� ,
i.e., threetimesthermsbeambeamsize.Evidently, thedynamicapertureinducedby thefringefields,
ascomputedby COSYin Figs.11etc.,liesoutsidethephysicalaperture.
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Figure6: Verticalphasespacewith 9th ordermapincludingsextupolesandfringe fields for several
valuesof theverticaltune,varyingfrom 0.20to 0.30in stepsof 0.02.Eachplot extendsover � ^ � .
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Figure7: Horizontalphasespacenearthe4th integerresonancefor two differentlengthsof Q3M, a
quadrupolein thematchingsection,asobtainedby 9thordertrackingincludingchromatic-correction
sextupolesandquadrupolefringe fields. Left: nominalopticswith lengthof quadrupoleQ3M equal
to 2 m; right: Q3M lengthreducedto 1 m andcorrespondingincreasein quadrupolegradient.The
horizontalbetafunctionat theobservationpoint is ����. Z>a X m. Thehorizontaltuneis thesamefor
thetwo cases:�y��.YX AeZ-a>^ . Particlesarelaunchedin stepsof about0.5� , andtheplot rangeextends
over � ^ � . Theenergy offsetis zero.
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Figure8: Opticsof thematchingsectionin theCERNmuonstoragering; nominal(left) andanolder
versionwith shorterlengthof quadrupoleQ3M (right) [5].
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Figure 9: Horizontal phasespacefor two differentparametrisationsof the fringe-field fall-off, as
givenby Brown andSpencer(left) [8], andassumedby Méot(right) [9]. Thetrackingwasperformed
with COSYINFINITY including the linear componentof the fringe field (COSYoptionFR3),and
consideringthe casewith a shorterQ3M quadrupolelengthof 1 m. The horizontalbetafunction
at the observation point is ���¢. Z>a X m. The unperturbedtuneswithout fringe fields are0.254455
and0.28730,which areshiftedto �y�£.¤X A[Z>^ � ^-Z and �y�¥.¤X AeZ-_>a>f>f (left), and �y�£.¦X AeZ>Z-\>^>^ and���§.¨X A[Z>] � ^>\>a (right). In both cases,particlesare launchedin stepsof about0.5� , and the plot
rangesextendover � ^ � . Theenergy offsetis zero.
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Figure10: Horizontalphasespacewith 8thordermapataconstantenergy offsetof c 0qAea % for several
valuesof thehorizontaltune,varyingfrom 0.25to 0.35in stepsof 0.02.Eachplot extendsover � ^ � .
Fringefieldsareincluded.
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Figure11: Horizontalphasespacewith 8thordermapataconstantenergy offsetof
1@0hA[a

% for several
valuesof thehorizontaltune,varyingfrom 0.25to 0.35in stepsof 0.02.Eachplot extendsover � ^ � .
Fringefieldsareincluded.
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Figure12: Verticalphasespacewith 8th ordermapat a constantenergy offsetof c 0hA[a % for several
valuesof thevertical tune,varyingfrom 0.20to 0.30in stepsof 0.02. Eachplot extendsover � ^ � .
Fringefieldsareincluded.
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Figure13: Verticalphasespacewith 8th ordermapat a constantenergy offsetof
1@0hA[a

% for several
valuesof thevertical tune,varyingfrom 0.20to 0.30in stepsof 0.02. Eachplot extendsover � ^ � .
Fringefieldsareincluded.
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Figure14: Horizontalphasespacewith 8thordermap,not includingfringefields,ataconstantenergy
offsetof c 0hA[a % for severalvaluesof thehorizontaltune,varyingfrom 0.25to 0.35in stepsof 0.02.
Eachplot extendsover � ^ � .
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Figure15: Horizontalphasespacewith 8thordermap,not includingfringefields,ataconstantenergy
offsetof

1@0hA[a
% for severalvaluesof thehorizontaltune,varyingfrom 0.25to 0.35in stepsof 0.02.

Eachplot extendsover � ^ � .
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Figure16: Verticalphasespacewith 8th ordermap,not includingfringe fields,at a constantenergy
offset of c 0hAea % for several valuesof the vertical tune,varying from 0.20 to 0.30 in stepsof 0.02.
Eachplot extendsover � ^ � .

Finally, we look at the preservation of polarisation. The spin decoherencecausedby different
energiesmaybecontrolledvia momentumcompactionfactor, rf frequency andrf voltage[13]. The
spinscanalsodecoheredueto differencesin the particleorbits. This secondquestionis addressed
in Fig. 22, which displaysthe variationof the © -axis andthe variationin spin tunefor trajectories
extendingup to �`��� in transversephasespace. The non-vertical componentsof the © axis vary
by lessthan0.5%,andthespin tuneonly by about

0
–
Z�ª«0 X�¬ E . Fromthis, we estimatethat thenet

depolarisationdueto thedependenceof spinmotionontransversecoordinatesis considerablysmaller
than1%.
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Figure17: Verticalphasespacewith 8th ordermap,not includingfringe fields,at a constantenergy
offset of

1@0hAea
% for several valuesof the vertical tune,varying from 0.20 to 0.30 in stepsof 0.02.

Eachplot extendsover � ^ � .
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Figure18: Horizontalphasespacecomputedby MAD trackingat a constantenergy offsetof c 0hA[a %
for severalvaluesof thehorizontaltune,varyingfrom 0.25to 0.35in stepsof 0.02,andwith aphysical
apertureof ��� at everymagnet.Eachplot extendsover � ^ � . Fringefieldsarenot included.
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Figure19: Horizontalphasespacecomputedby MAD trackingat a constantenergy offsetof
1@0hA[a

%
for severalvaluesof thehorizontaltune,varyingfrom 0.25to 0.35in stepsof 0.02,andwith aphysical
apertureof ��� at everymagnet.Eachplot extendsover � ^ � . Fringefieldsarenot included.
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Figure20: Vertical phasespacecomputedby MAD trackingat a constantenergy offset of c 0hA[a %
for severalvaluesof theverticaltune,varyingfrom 0.20to 0.30in stepsof 0.02,andwith a physical
apertureof ��� at everymagnet.Eachplot extendsover � ^ � . Fringefieldsarenot included.
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Figure21: Verticalphasespaceby MAD trackingaconstantenergy offsetof
1@0hA[a

%for severalvalues
of theverticaltune,varyingfrom 0.20to 0.30in stepsof 0.02,with aphysicalapertureof �>� atevery
magnet.Eachplot extendsover � ^ � . Fringefieldsarenot included.
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Figure22: Spinfootprintsfor theCERNmuonstoragering. Shownarethelongitudinalandhorizontal
componentsof the © -axisfor transversecoordinatesextendingup to �`��� (top)andthespintune[the
rotationfrequency aroundthe © axis]asa functionof startingcoordinatesin unitsof � (bottom).The
spinnormal-formanalysiswasperformedto 4thorder.
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3 Conclusions

The dynamic apertureof the CERN muon storage ring is larger than the physical aperture (chosen as
3 times the rms beam size) at almost all betatron tunes. This holds true even for the maximum mo-
mentum error of � 0hA[a %. Fringefieldsaremarginally important in thematching section between arcs
and straights, where they could affect the dynamic aperture if the quadrupole magnets are shortened
or if the real field fall off of the magnets deviates largely from our assumption. The depolarisation
due to the dependenceof © axisand spin tune on transversecoordinates isnegligible.
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