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Abstract

In this paper, we consider the unbounded generalized Friedrichs operator H; i.e. the operator

of multiplication by the rational function u with the perturbation of integral operator with kernel

K. We prove that if the kernel K satis�es some analyticity condition, then the essential spectrum

of H coincides with the spectrum of the multiplication operator.
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1 Introduction

In L2(R) we consider the non-self-adjoint unbounded operator H de�ned by the formula

Hf(x) = u(x)f(x) +

Z
R
K(x; y)f(y)dy; f 2 Du

i.e. H = H0 + V; where H0 is the operator of multiplication by the rational function u and V

is integral operator with analytical kernel K(x; y) in W 2
� = W� �W� satisfying the following

condition

jK(s+ iy; t+ iy)j � M

jsj + jtj + 1
;  > 1; (K)

for all y 2 (��; �); where W� = fz 2 C : jImzj < �g; � is a �xed number, C the complex

plane and Du = ff 2 L2(R) :
R
R ju(x)f(x)j2dx <1g:

The bounded generalized self-adjoint Friedrichs model is considered for the case of when u and

K are analytic functions in [1]. In Lakaev S. N. [1], it was proved that the absolutely continuous

spectrum of the operator H coincides with the spectrum of H0: Moreover, the singular spectrum

of H is a �nite set. In [2] the structure of essential spectrum for non-self-adjoint bounded

Friedrichs operator is described.

First, we remark that Du = D(H�); where D(H�)� is a domain of the adjoint operator H�:

Thus, the operator H is a closed operator (see theorem VIII.1 in [3]). Let �(H) is a spectrum

of H:

De�nition 1. A point � 2 �(H) is called discrete if � is isolated and the operator

P� =
1

2�i

I
j���j=�

(H � �)�1d�

is �nite dimensional, where (H � �)�1 is a resolvent of the operator H and the number � > 0

such that f� : j�� �j � �g = f�g: We denote by �disc(H) a discrete spectrum of the operator

H.

De�nition 2. The essential spectrum of operator H is the set

�ess(H) = �(H) n �disc(H):

Denote by � the range of the function u: Let � be a set satisfying the following condition

C n � = D1 [ ::: [Ds;

where Di is an unbounded connected open set in C for i = 1; s: We observe that � = �(H0);

where �(H0) is the spectrum of the operator H0:

Theorem. The essential spectrum of operator H concides with the spectrum of the operator

H0; i.e.

�ess(H) = �(H0):
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2 Auxiliary lemma and the proof of the main result

Let �(z) be the Fredholms determinant of the operator I+V (H0�z)�1; where z 2 C n�(H0), I

is a unit operator, (H0�z)�1 is a resolvent of the operator H0: The function �(z) is represented

by the formula

��(z) = 1 +
1X
n=1

dn(z)

n!
; (1)

dn(z) =

Z
R
:::

Z
R
Dn(x1; :::; xn; z)dx1 : : : dxn; (2)

Dn(x1; :::; xn; z) =

���������

K(x1; x1) K(x1; x2) � � � K(x1; xn)

K(x2; x1) K(x2; x2) � � � K(x2; xn)
...

... � � � ...

K(xn; x1) K(xn; x2) � � � K(xn; xn)

���������
�

� 1

u(x1)� z
: : :

1

u(xn)� z
:

Proposition 1. The series (1) converges for all z 2 C n �(H0):

Proof. We note that the function Dn(x1; :::; xn; z) is integrable, due to condition (K). Let

N be a positive number. The function Dn(x1; :::; xn; z) is symmetric. Therefore, the integral (2)

is represented by the following expression:

dn(z) =

Z
R
:::

Z
R
Kn(x1; :::; xn)

dx1

u(x1)� z
: : :

dxn

u(xn)� z
=

=

Z
jx1j>N

:::

Z
jxnj>N

Kn(x1; :::; xn)
dx1

u(x1)� z
: : :

dxn

u(xn)� z
+

+ : : :+ Ck
n

Z
jx1j<N

:::

Z
jxkj<N

Z
jxn�(k+1)j>N

:::

Z
jxnj>N

Kn(x1; :::; xn)�

� dx1

u(x1)� z
: : :

dxn

u(xn)� z
+

+

Z
jx1j<N

:::

Z
jxnj<N

Kn(x1; :::; xn)
dx1

u(x1)� z
: : :

dxn

u(xn)� z

where

Kn(x1; :::; xn) =

���������

K(x1; x1) K(x1; x2) � � � K(x1; xn)

K(x2; x1) K(x2; x2) � � � K(x2; xn)
...

... � � � ...

K(xn; x1) K(xn; x2) � � � K(xn; xn)

���������
:

Consequently, we obtain:

jdn(z)j �
1

(mz)n

Z
jx1j>N

:::

Z
jxnj>N

jKn(x1; :::; xn)jdx1 : : : dxn + : : :+

+Ck
n

1

(mz)n

Z
jx1j<N

:::

Z
jxkj<N

Z
jxn�(k+1)j>N

:::

Z
jxnj>N

jKn(x1; :::; xn)jdx1 : : : dxn+

+
1

(mz)n

Z
jx1j<N

:::

Z
jxnj<N

jKn(x1; :::; xn)jdx1 : : : dxn
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where mz = infx2R ju(x)� zj > 0 for z 2 C n �(H0):

We can choose a number N such that be following inequlity

Z
jx1j>N

:::

Z
jxnj>N

jKn(x1; :::; xn)jdx1 : : : dxn �

�
Z
jx1j<N

:::

Z
jxkj<N

Z
jxn�(k+1)j>N

:::

Z
jxnj>N

jKn(x1; :::; xn)jdx1 : : : dxn �

�
Z
jx1j<N

:::

Z
jxnj<N

jKn(x1; :::; xn)jdx1 : : : dxn;

holds.

Then we have

jdn(z)j �
2n

(mz)n

Z
jx1j<N

:::

Z
jxnj<N

jKn(x1; :::; xn)jdx1 : : : dxn:

Thus, by using the condition (K) and applying Hadamard's theorem we obtain the following

inequality

jdn(z)j �
2n

(mz)n
Mn(2N)n

p
nn:

This proves proposition 1.

Lemma 1. Let i be a �xed positive integer. There exists an unbounded subset D0
i � Di

such that �(z)! 1 as z !1 and z 2 D0
i:

Proof. We denote by a1; :::; ak the real poles of rational function u; mz = infx2R ju(x)� zj:
a) Let z 2 Di and mz !1 as z !1: Then we have

j
1X
n=1

dn(z)

n!
j �

1X
n=1

1

n!

1

(mz)n

Z
R
:::

Z
R
jKn(x1; :::; xn)jdx1 : : : dxn =

=
1

mz

1X
n=1

1

(mz)n�1
1

n!

Z
R
:::

Z
R
jKn(x1; :::; xn)jdx1 : : : dxn: (3)

By using (3) we obtain limmz!1�(z) = 1 in z 2 Di; since

1X
n=0

1

n!

Z
R
:::

Z
R
jKn(x1; :::; xn)jdx1 : : : dxn <1:

b) Now let mz ! c = const as z !1 for z 2 Di: Then there exists an integer N, a positive

number � < � and an unbounded connected set D0
i = D0

i(N; �) � Di such that

u�1(D0
i) � 
 = [ki=1fz : jz � aij < �; Imz > 0g [ fz = x+ iy : 0 < y < �; jxj > Ng;

where N > jaij:
Let z 2 D0

i and  1(z); :::;  l(z) 2 
 be solutions of the equation u(x) � z = 0 and �N;� a

contour de�ned by

�N;� = [i=1kfz : jz � aij = �; Imz � 0g [ fz = �N + iy : 0 � y�g[
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[fz = N + iy : 0 � y � �; jxj � Ng [ fz = x+ i� : jxj � Ng:

Let K(t,s) be an analytic continuation in W 2
� of the function K(x; y); x; y 2 R:

The function d1(z) is represented as

d1(z) =

Z
R

K(x; x)dx

u(x)� z
=

Z
Rn�N;�

K(t; t)dt

u(t)� z
+

Z
�N;�

K(t; t)dx

u(t)� z
=

= 2�i
lX

j=1

K( j(z);  j(z))

u0( j(z))
+

Z
�N;�

K(x; x)dx

u(x)� z
:

Since ju(t)� zj � � > 0; for all z 2 D0
i; there exists a number N > 0 such that the following

inequality Z
�N;�

:::

Z
�N;�

jDn(t1; :::; tn; z)jdt1 : : : dtn �

� 2

Z
RN;�

Z
�N;�

:::

Z
�N;�

jDn(t1; :::; tn; z)jdt1 : : : dtn �

� 2n
Z
RN;�

:::

Z
RN;�

jDn(t1; :::; tn)jdt1 : : : dtn

holds, where

RN;� = (�N; a1 � �) [ (a1 + �; a2 � �) [ : : : [ (al�1 + �; al � �) [ (al + �;N):

We denote by Kz a number de�ned by

Kz = maxfsup jK( j(z);  j(z))

u0( j(z))
j; sup
t2�N;�

jK(t;  j(z))

u0( j(z))
j; sup
t2�N;�

jK(t;  j(z))

u0( j(z))
j;

sup
t2�N;�

jK(t;  j(z))

u(t)� z
j; sup
t2�N;�

jK( j(z)); t

u(t)� z
j; sup
s;t2RN;�

j K(t; s)

u(t)� z
jg: (4)

Hence, we get

jd1(z)j � 2�lKz + 2

Z
RN;�

jK(t; t)jdt
ju(t)� zj � 2�lKz + 2�N;�Kz:

where �N;� is a length of the contour RN;�:

Proposition 2. limz!1Kz = 0 for z 2 D0
i:

Proof. Let u0(x) = const: Then

lim
z!1

 j(z) =1; for allj � l:

If u0(x) 6= const: Then

lim
z!1

 j(z) =1; j � l:

Thus, we have

sup lim
z!1

jK( j(z);  j(z))

u0( j(z))
j = 0:
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Note that the contour RN;� is bounded. So, we obtain

lim
z!1

ju(t)� zj =1; t 2 RN;�:

Consequently,

lim
z!1

j sup
s;t2�N;�

K(t; s)

u(t)� z
j = 0:

The relation limz!1Kz = 0 is proved analogously for all cases.

Now, we consider

dn(z) =

Z
R
:::

Z
R

���������

K(x1; x1) K(x1; x2) � � � K(x1; xn)

K(x2; x1) K(x2; x2) � � � K(x2; xn)
...

... � � � ...

K(xn; x1) K(xn; x2) � � � K(xn; xn)

���������
�

� dx1

u(x1)� z
: : :

dxn

u(xn)� z
=

Z
Rn�N;�

: : :

Z
Rn�N;�

���������

K(t1; t1) K(t1; t2) � � � K(t1; tn)

K(t2; t1) K(t2; t2) � � � K(t2; tn)
...

... � � � ...

K(tn; t1) K(tn; t2) � � � K(tn; tn)

���������
�

� dt1

u(t1)� z
: : :

dtn

u(tn)� z
+ : : :+

+Ck
n

Z
Rn�N;�

: : :

Z
Rn�N;�

Z
�N;�

dtn�k�1 : : :

Z
�N;�

dtn�

�

���������

K(t1; t1) K(t1; t2) � � � K(t1; tn)

K(t2; t1) K(t2; t2) � � � K(t2; tn)
...

... � � � ...

K(tn; t1) K(tn; t2) � � � K(tn; tn)

���������
�

� 1

u(t1)� z
: : :

1

u(tn�k � z

dtn�k�1

u(tn�k�1)� z
: : :

dtn

u(tn)� z
+

+

Z
�N;�

: : :

Z
�N;�

���������

K(t1; t1) K(t1; t2) � � � K(t1; tn)

K(t2; t1) K(t2; t2) � � � K(t2; tn)
...

... � � � ...

K(tn; t1) K(tn; t2) � � � K(tn; tn)

���������
�

� dt1

u(t1)� z
: : :

dtn

u(tn)� z
=

= (2�i)n
lX

j1=1

: : :
lX

jn=1

���������

K( j1 ;  j1) K( j1 ;  j2) � � � K( j1 ;  jn)

K( j2 ;  j1) K( j2 ;  j2) � � � K( j2 ;  jn)
...

... � � � ...

K( jn ;  j1) K( jn ;  j2) � � � K( jn ;  jn)

���������
�

� 1

u0( j1(z))
: : :

1

u0( jn(z))
+
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+(2�i)n�1
lX

j1=1

: : :
lX

jn�1=1

1

u0( j1(z))
: : :

1

u0( jn�1
(z))

Z
�N;�

�

�

���������

K( j1 ;  j1) K( j1 ;  j2) � � � K( j1 ; xn)

K( j2 ;  j1) K( j2 ;  j2) � � � K( j2 ; xn)
...

... � � � ...

K(xn;  j1) K(xn;  j2) � � � K(xn; xn)

���������
dxn

u(xn)� z
+

+ : : :+ Ck
n(2�i)

n�k
lX

j1=1

: : :
lX

jn�k=1

1

u0( j1(z))
: : :

1

u0( jn�k(z))

Z
�N;�

: : :

Z
�N;�

�

�

���������

K( j1 ;  j1) � � � K( j1 ;  jn�k) K( j1 ; tn�k�1) � � � K( j1 ; tn)

K( j2 ;  j1) � � � K( j2 ;  jn�k) K( j2 ; tn�k�1) � � � K( j2 ; tn)
... � � � ...

... � � � ...

K(tn;  j1) � � � K(tn;  jn�k K(tn; tn�k�1) � � � K(tn; tn)

���������
�

dtn�k�1

u(tn�k�1)� z

dtn

u(tn)� z
+

Z
�N;�

: : :

Z
�N;�

���������

K(t1; t1) K(t1; t2) � � � K(t1; tn)

K(t2; t1) K(t2; t2) � � � K(t2; tn)
...

... � � � ...

K(tn; t1) K(tn; t2) � � � K(tn; tn)

���������
�

� dt1

u(t1)� z
: : :

dtn

u(tn)� z
:

Arguing as above (as for the case n=1) by using (4) and applying Hadamard's theorem we get

the following inequality

jdn(z)j � lnKn
z

p
nn + nln�12�N 0�K

n
z

p
nn ++Ck

nl
n�k(2�N;�)

kKn
z

p
nn + : : :+

+(2�N;�)
nKn

z

p
nn < 2n(2�N;�)

nKn
z

p
nn;

for all z 2 D0
i and n = 1; 2; : : : : As consequence we get

j��(z)� 1j �
1X
n=1

jdn(z)j
n!

�
1X
n=1

2n(2�N;�)
nKn

z

p
nn

n!
= Kz

1X
n=1

2n(2�N;�)
nKn�1

z

p
nn

n!
;

for all z 2 D0
i = D0

i(N; �):

Now, by proposition 2, we have the proof of lemma 1.

Proof of theorem. The operator H � z is represented as

H � z = (I + V (H0 � z)�1)(H0 � z)

for z 2 Cn�(H): Thus, (H�z)�1 exists if and only if (I+V (H0�z)�1))�1 exists. By proposition
1, Fredholm's determinant �(z) is de�ned for all z 2 C n �(H0): V is a compact operator. The

function V (H0 � z)�1 is compact valued analytic in C n �(H): By using the analytic Fredholm

theorem, we conclude that (I + V (H0 � z)�1))�1 exists on C n �(H0) except for discrete set

D � C n �(H0); since by lemma 1 (I + V (H0 � z)�1))�1 exists for certain z 2 C n �(H0): So

�ess(H) � �(H0):
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Now let �0 be an arbitrary element of �(�0 6= 1) and u(x0) = �0; u is a rational function.

Then there exists positive N0 > 0 such that function u is continuous in [x0:x0 +
1

N0
]: We set

fn(x) =

�p
n(n+ 1); as x 2 (x0 +

1

n+1
; x0 +

1

n
]

0 as x =2 (x0 +
1

n+1
; x0 +

1

n
]

for integer n > N0: Evidently, fn(x) 2 Du and ffng is an orthonormalized system. It is easy to

show that

lim
n!1

k (H � z�0)fn k= 0:

Thus, �0 2 �(H): In other words � = �(H0) � �(H): Consequently, �(H0) � �ess(H):
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