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1 Introduction

Let k be a field. A k-algebra A is called periodic if it has a periodic projective resolution
as an A, A-bimodule. This paper grew out of an attempt to find periodic resolutions for the
trivial extension algebras of the path algebras of Dynkin quivers in bipartite orientation. Such an
algebra A (if it has three or more simples) is quadratic and its quadratic dual is the preprojective
algebra for the same Dynkin graph. Computations had indicated that the initial terms of a
minimal projective bimodule resolution of A are given by its Koszul bimodule complex (as
defined in [7]) and that the algebra A has 2(h — 1) as a period, where h is the Coxeter number of
the underlying Dynkin graph. In this paper we prove these results within a theory of what we
call ‘almost Koszul’ algebras, which are algebras with properties very close to those of Koszul
algebras. This new theory also enables us to establish periodicity for other families of algebras.

Theorem 2.1 in Section 2 contains our results for the trivial extension algebras of the path
algebras of bipartite Dynkin quivers. Theorem 2.2 extends them to the trivial extensions of
algebras derived equivalent to path algebras of Dynkin quivers; we are grateful to Jeremy Rickard
for both its statement and its deduction from Theorem 2.1.

In Section 3 we define almost Koszul rings and develop a theory for them along the lines of the
theory of Koszul rings in [5]. An almost Koszul ring A is positively graded and artinian and has
two positive integral invariants p and ¢, where p is just the grade of the last non-zero component
of A. One of the properties of ¢ is that the top of A has a minimal projective resolution in which
the first ¢ maps are linear in the sense of Koszul theory. For ¢ = 1 or p = 1 these rings turn
out to be the truncated rings and are dealt with ad hoc in Subsection 3.2. Otherwise an almost
Koszul ring is quadratic and has a quadratic dual which is also almost Koszul but with the p
and ¢ invariants interchanged. The Koszul bimodule complex of an almost Koszul ring has only
g+ 1 non-zero terms and the main result of this section, Theorem 3.15, provides a description of
its (¢ + 1)-st syzygy. This section includes a brief discussion of the Yoneda algebra and Hilbert
polynomial of an almost Koszul algebra.

Section 4 contains results, central to the proof of Theorem 2.1, about the preprojective
algebra B of a Dynkin quiver. We show that B is an almost Koszul algebra with p = h — 2 and
q = 2, so that its quadratic dual, the trivial extension algebra A for the corresponding Dynkin
quiver, is almost Koszul with p = 2 and ¢ = h — 2. We also identify a Nakayama automorphism
[26] 8 of B, with order 1 or 2, which will be used in Section 5 to determine the structure of the
(h — 1)-st syzygy in the minimal projective bimodule resolution of A. Section 4 also includes a
new proof that the third bimodule syzygy of B is its k-linear dual DB, an unpublished result of
Ringel and Schofield.

In Section 5 we complete the proof of Theorem 2.1 and show that the Yoneda algebra of the
trivial extension algebra A is the graded twisted polynomial algebra B[t; 5] in an indeterminate
t of degree h — 1 (see Theorem 5.3).

Section 6 contains further examples of almost Koszul algebras. These are constructed using
covering theory. Some are not self-injective. The others belong to infinite families of periodic
finite-dimensional algebras which are also DTr-periodic. These families appear to include all the
finite-dimensional DT'r-periodic algebras discussed by Auslander and Reiten in [1] and Buchweitz
in [6].

All our examples of almost Koszul algebras have either p < 2 or ¢ < 2. It is an open question
whether or not there are almost Koszul algebras with both p > 3 and ¢ > 3.

To conclude, we note that there are precedents for our use of one-sided projective resolu-
tions to induce projective bimodule resolutions of an algebra. The idea underlies Cartan and
Eilenberg’s ‘inverse process’, given in Chapter X.6 of [8], for calculating Hochschild homology
and cohomology of certain types of algebras from their one-sided homology and cohomology.
Their examples include the group ring ZG of a finite group G and it is clear that their process



converts the periodic resolutions of Z for cyclic and quaternionic groups, given in their Chapter
XII, to periodic bimodule resolutions of Z(G. The philosophy of constructing projective bimodule
resolutions from one-sided resolutions is also explicitly formulated by Skoldberg at the end of
Section 2 of [25].

Throughout the paper algebras are associative and have identities. For an A, A-bimodule
M, we write Mg for the twist of M by automorphisms a and 3 of A; the action of A on Mg
is given by (a,m,b) — a(a)m3(b). Graded algebras, unless otherwise stated, are graded by the
non-negative integers. Lastly, we use the term ‘Dynkin graph’ or ‘Dynkin quiver’ for the simply
laced Dynkin graphs or quivers A,,, D,, Eg, E; and Eg. Their Coxeter numbers, h, which are
n+1, 2(n—1), 12, 18 and 30, respectively, appear throughout this paper.
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2 A periodicity theorem

We now formulate our results on the periodicity of the trivial extension algebras of the path
algebras of Dynkin quivers. For any vector space U over the fixed basefield k, we write DU
for the dual space Homy (U, k). The trivial extension algebra, T'(E), of a finite-dimensional k-
algebra, F/, has underlying vector space E® DFE, where DFE is viewed as an E,F-bimodule, and
T(E) has multiplication given by (e + f)(e' + f') = ee’ + ef’ + fe'. It is a symmetric algebra
with non-degenerate symmetric bilinear form (e + f,e' + f') = f(e') + f'(e).

The following theorem will be proved in Section 5.

Theorem 2.1. Let k be a field and QQ a Dynkin quiver in bipartite orientation and with Coxeter
number h. Then T (kQ) is periodic and has 2(h—1) as a period. This period is minimal unless k
has characteristic 2 and the graph of Q is one of Ay, Doy, Er or Eg, in which case the minimal
period is h — 1.

Let A = T(kQ), with @ as in Theorem 2.1. We actually do more than the theorem states:
we give an explicit construction of a minimal projective bimodule resolution of A. For the cases
Q = A; and Q = Ay, the algebra A is truncated and the construction of the resolution and
the proof of the theorem are covered by Subsection 3.2. When @ is a Dynkin quiver with three
or more vertices, A is a quadratic almost Koszul algebra with quadratic dual the preprojective
algebra B for (). Note that B is a graded algebra with A — 1 non-zero graded components which
we denote By,...,Bj_o. In this case we will use the results of Sections 3 and 4 to show that
there is an exact sequence with minimal maps

0—%X— PDBy_3)—--—PDB;) = PDB)) = A—0 (1)

where P(X) is a graded projective A, A-bimodule with top X and ¥ = 1 A, for an automorphism
a of A of order at most 2.

The automorphism « induces an automorphism M +— { M, of the category of A, A-bimodules
which preserves projectives. Hence the image of (1) is the first h — 1 terms of the minimal
projective bimodule resolution of 1 A, and has (h —1)-st syzygy 14,2 which is isomorphic to 1 A;
We may splice this onto (1) to obtain a complete period, with 2(h — 1) terms, of the minimal
projective bimodule resolution of A.

The following theorem is an extension of Theorem 2.1 to a much wider class of symmetric
algebras.



Theorem 2.2 (Rickard). Let k be a field and Q a Dynkin quiver with Coxeter number h.
Suppose that E is a k-algebra which is derived equivalent to the path algebra kQ. Then T(E) is
periodic and has 2(h — 1) as a period. This period is minimal unless k has characteristic 2 and
the graph of Q is one of Ay, Dy, , Er or Eg, in which case the minimal period is h — 1.

Proof. If E is derived equivalent to the path algebra k@ of a Dynkin quiver (or for that
matter any tree), then in particular it is derived equivalent to A = kQ', where Q' has bipartite
orientation and the same underlying graph as (). By Theorem 2.1 the result holds for A.
Suppose that the derived equivalence between E and A is given by a tilting complex P*® for A.
Write Q* = P®* ®p T(A). Then by [20], Theorem 3.1, Q® is a tilting complex for T'(A) with
endomorphism ring T'(E), so that T'(A) and T'(E) are also derived equivalent. Next, Proposition
2.5 in [21] shows that Homp(,)(Q®, T(A)) ®, Q° is a tilting complex for the enveloping algebra
T(A)® =T (A) @ T(A) of T(A) with endomorphism algebra the enveloping algebra T'(E)¢ of
T(E), and that the bimodules 7\ T (A)7(n) and 7T (E)7(g) correspond under the resulting
equivalence of derived categories. Finally, since both enveloping algebras are self-injective, it
is a consequence of Corollary 2.2 in [20] and of its proof, that the last equivalence induces an
equivalence of the stable categories of T'(A)- and T'(E)-bimodules under which the bimodules
7T (A)7ay and 7(g)T(E)7(g) correspond. Since we are dealing with self-injective algebras,
the fact that T'(A) has period n is equivalent to the formula Q"(T'(A)) ~ T(A) in the stable
bimodule category for T'(A); here € denotes the syzygy functor for the latter category. Since
T(A) and T(E) correspond under an equivalence of stable bimodule categories, it follows that
n must also be a period for T'(E), as required.

3 Almost Koszul rings

Throughout this section S will be a semisimple artinian ring and the tensor product ®g will be
written as ® without a suffix. In any graded left or right S-module, M, we assume that the
components, M,, are artinian. In Section 3.4 we require also that S is separable over a field k.

3.1 Definition

In [5], Definitions 1.1.2 and 1.2.1, a positively graded ring A = ®penAy, with Ag = S is called a
left Koszul ring if Ay considered as a graded left A-module has a graded projective resolution

o P2 PP 5 40
in which each P’ is generated by its component of degree i and hence P* = A ® P;.

Definition 3.1. Let A be a graded ring with A9 = S. We call A a left almost Koszul ring if
there exist integers p,q > 1 such that

1. A, =0 for all n > p, and
2. there is a graded complex
P*: 0—-Pl—.-.-=P 5P 0 (2)

of projective left A-modules such that each P? is generated by its component Pf of degree
i, and the only non-zero homology is Ag in degree 0, and W = A4, ® P{ in degree p + q.

We say then that A is a left (p, q)-Koszul ring.



Note that, in the above definition, W is semisimple. If W = 0, then A is left Koszul and of
global dimension ¢ at most. If W #£ 0 and p > 2, then A is definitely not left Koszul because the
(g + 2)-nd projective P?*! in the minimal resolution of Ag,is generated in degree g +p > q + 1;
if p=1, A may or may not be left Koszul.

The definition of almost Koszul implies, in the first place, that the graded components of
the projective P’ are of the form A;® P!. Thus the complex (2) decomposes into p + q + 1
homogeneous subcomplexes as follows:

Ay ® P Ay ® P§ Ag @ P} Ay @ By
N\ N\ N\ N\
A, @ Pf A ® P A @ P} A @ Py
N\ N\ N\ N\
Ay ® PY Ay @ P A, ® P} A2 @ By (3)
¢ N\ N\
N\ N\ N\
Ay, @ P Ap ® P Ap @ P} Ap & Py

where, to save space, we have omitted zeros from each end of each of the subcomplexes. The
definition now amounts to the requirement that all the subcomplexes are exact except the one
term complexes at the top right and bottom left corners, that is, the complexes in degrees 0 and
p + ¢. For example, since PY = Ay = S, the exactness of the degree 1 complex gives P} ~ A;.

The definition also determines a minimal projective resolution of S as either a graded or an
ungraded left A-module. Since each projective P’ is generated in the least possible degree, the
complex (2) provides the first ¢ + 1 terms of such a resolution. Also the right action of S on Ay
lifts uniquely to make (2) a complex of A, S-bimodules. Let W™ be the n-fold tensor power of
W over S, so that W° = § = Ay. In the complex

P oW :0=sPIloW"— ... 5> P'oW" >0

the terms are projective left A-modules and the non-zero homology occurs only at the ends; at
the left-hand end it is W"*! and at the right-hand end it is W™. Thus these complexes may be
spliced together to form a projective A-module resolution of S which, since W is semi-simple,
is minimal.

The minimality of (2) also implies that the complex Hom 4(P*,S) has trivial differentials.
Hence

Ext4y(S,S8) = (P)* for0<i<gq

and ExtTl(S, S) = W*, where for any left S-module X, we define X* to be the right S-module
Homg (X, S).



Proposition 3.2. If A is a left (p,q)-Koszul ring with p > 1, then

q
B =P Ext’y(S. ) (4)
=0
is a subalgebra of Ext%(S,S). Furthermore, B is generated by By and By and Ext%(S,S) is
generated by B and W* = Extlfl(S, S).

Proof. The fact that B is generated by By and B, follows as in the Koszul case (cf. [5] Section
2.10). To show then that B is a subalgebra, it is sufficient to prove that B; - B, = 0 and
By - By = 0, which may easily be verified, making use of the fact that p > 1. Finally, the fact
that B and W* generate follows by routine arguments from the fact that W is semi-simple.

We may also use the properties of the graded ext algebra to characterize almost Koszul rings,
by direct analogy with [5] Proposition 2.1.3. This proposition states that a graded ring A is
Koszul if and only if, for every 4,n > 0, the graded ext groups ext?(Ag, Ag[n]) are 0 unless n = i.
Our analogue is as follows.

Proposition 3.3. Let A be a graded ring with Ay = S and with non-zero graded components
only in degrees at most p, where p > 1. Also, let ¢ > 1. Then A is a left (p,q)-Koszul ring if
and only if

1. for 0 <i < q, ext'(Ag, Ag[n]) = 0 unless n =i, and
2. extiT(Ag, Ag[n]) = 0 unless n = p +q.

We next observe that the proof in [5], Proposition 2.2.1, that the opposite ring of a left
Koszul ring is left Koszul, also goes through for almost Koszul rings.

Proposition 3.4. A left (p,q)-Koszul ring is also a right (p,q)-Koszul ring.

Proof. The idea of the proof is that, if A is a left (p,q)-Koszul ring, then application of the
exact functor X — *X = Homg(—, Sg) from mod-S to S-mod converts the defining sequence
into the first ¢ + 1 terms of a graded injective resolution of the right A-module Ay = * Ay,

0 *Pl¢ o= *PY 0

with (¢ + 1)-st cosyzygy *W in degree —p —q. One may then use this resolution to calculate the
graded ext’(Ag, Ag[n]) groups needed, according to Proposition 3.3, to prove that A is a right
(p, q)-Koszul ring.

3.2 Example: truncated rings

The notation V® is used to denote the tensor ring over S of the S, S-bimodule V', V" to denote
the r-fold tensor power of V, and (V") the ideal it generates. A ring of the form A = V®/I,
where I = (VPT1) is called a truncated ring. For such a ring, clearly 4 = Ag + Ay + -+ + A,
where A, = V", and there is an obvious exact sequence of graded left A-modules

0—=-4,0V ARV - A= Ay — 0.

This shows that A is left (p,1)-Koszul. In fact the following proposition accounts for all (p, q)-
Koszul rings with either p =1 or ¢ = 1.

Proposition 3.5. Any left (p,1)-Koszul ring is a truncated ring and any left (1, q)-Koszul ring
is truncated of the form V®/(V?).



Proof. Let A be a left (p,1)-Koszul ring. Then the diagram (3) has only two columns and all
the maps are isomorphisms. Thus A;;; ~ 4; ® Ay ~ (A1)’ fori = 0,1,--- ,p—1 and so A is
truncated. Any left (1, ¢)-Koszul ring A is trivially truncated, for then

A=Ay + AL = A12/(A2).

Remark 3.6. Note that a truncated ring of the form V®/(V?) is actually Koszul with dual
V®. Hence the full Ext algebra Ext% (S, S) is generated in degrees 0 and 1 and B as defined in
Proposition 3.2 is not a subalgebra. Thus the condition p > 1 is necessary in Proposition 3.2
and the case p = 1 is degenerate.

A projective bimodule resolution of a truncated ring A (as above) may be constructed starting
from the fundamental four-term exact sequence

0Y 2 AQVRA—ARA - A—=0 (5)

where ¥ = I/I? (see formula (1.2) of [7]). Now ¥ ~ A ® W as an A, S-bimodule, where
W = VP*l 50 we obtain A, S-bimodule isomorphisms

T4 (A0X) AW e X

for all S, S-bimodules X. Hence, we may apply X ®4 — repeatedly to (5) to obtain four-term
exact sequences

030t S AW V)A s AW A= XM 50 (6)

where ©(") denotes the n-fold tensor power of ¥ over A. On splicing these sequences together
we obtain a projective bimodule resolution which is minimal because it has the same terms as
the minimal resolution constructed in [7] Example 5.3.

A special case of a truncated ring is provided by the trivial extension algebra A = T'(kQ),
where () = A, with linear ordering. In this case, A is the quotient of the path algebra of the
cyclically oriented A, ; by the ideal of all paths of length at least n+1. The arbitrary truncation
of such a cyclically oriented quiver was studied by Liu and Zhang [18]. In particular, they show
that the minimal projective bimodule resolution is periodic.

In the case A = T(kQ), with Q = A, as above, we have ¥ = Q%(A4) = ; A, where « is the
automorphism of A given by rotating the quiver one place. Since a has order n, 2n is a period
and Q%" (A) # A for r < n. For n > 2 the odd syzygies of A have dimension greater than that
of A and so 2n is the least period. For n = 1 one verifies directly that Q(A) ~ A if and only if
char k = 2. In particular we see that Theorem 2.1 holds for the quivers A; and As.

3.3 Quadratic duality

In Section 2.3 of [5] it is proved that a Koszul ring is a quadratic ring, that is, it is the quotient
of a tensor ring V¥ = SOV O V2®--- over S of the S, S-bimodule, V, by an ideal (R) generated
by an S, S-sub-bimodule R C V2. However the truncated rings already show that (p, 1)-Koszul
rings are not quadratic (unless p = 1). Taking account of these exceptions, the arguments in [5]
give the following result.

Proposition 3.7. A (p,q)-Koszul ring A is generated by Ay and Ay, and, if ¢ > 2, then A is
quadratic.

The following lemma shows that, for any quadratic ring, the first three terms of a minimal
graded projective resolution of Ag are generated in degrees 0, 1 and 2, respectively.



Lemma 3.8. Let A = V®/(R) be a quadratic ring. The graded complex of projective left A-
modules

AR S5 ARV % A0, (7)

in which m is the multiplication map and ¢ is induced by the inclusion of R in V @V followed
by multiplication, provides the first three terms of the minimal projective A-module resolution of

Ay as a left A-module.

Proof. The complex clearly has homology Ag in degree 0, and in degree 1 reduces to the exact
sequence 0 — Ay ® V — A; — 0. It therefore suffices to show that for each n > 2, there is an
exact sequence of S, S-bimodules

Ap 9o ®R— A, 1@V — A, = 0. (8)
For each n > 2 there is an exact sequence
0—>R,—>V"—=A4,—0

in which R, is the degree n component of the ideal (R). Let Ry = Ry = 0. Then, for n > 2,
R, = R,_1V + V" 2R. We can form the commutative diagram with exact rows

0 - R, 2®R — V2R — A, 939R — 0
Lon I L

0 - R,.1®V — ViV — A4,,9V — 0

[mr [mv m

R, yn — A, — 0

0 — —

in which the three upper vertical maps are induced by the inclusion of R in V2 and the three
lower ones are multiplication maps. Since my is an isomorphism, m is certainly surjective.
Given that R, = Im mp + Im tymy, exactness at the middle term of the right-hand column is
easily verified by diagram chasing. This completes the proof of the lemma.

From now on we assume that A is a graded quadratic ring. As in [5], Section 2.6, we define
S, S-sub-bimodules K* of V? by the formulae K° = §, K! =V, K? = Rand K't! = VK'NK'V
for all i > 2. Warning: our K' are denoted K} in [5]. The traditional left Koszul complex of A
is

3 AQK" 5 - 5 A K - A9 KY = 0. (9)

The n-th term is so graded that (A ® K™)p41m = Ay @ K™ and the differential out of this term
is the composite of the following sequence of natural maps

AQK" 3 AQVEK" ! 5 A4, 9 K" 1 Ag K™ L.

Theorem 2.6.1 in [5] shows that A is a Koszul ring if and only if its left Koszul complex is a
projective resolution of Ay. Its proof depends on Proposition 2.1.3 of that paper and on the fact
that, for any n, the sequence

A[)®Kn+1 — AL K" —>A2®Kn71

is exact. The same proof, but with the first proposition replaced by our Proposition 3.3, gives
the following result.

Proposition 3.9. A quadratic ring A is left (p, q)-Koszul (with p,q > 2) if and only if



1. A, =0 for all n > p,
2. K™ =0 for allm > q and

3. the only non-zero homology modules of its left Koszul complex are Ay in degree 0, and
Ap ® K9 in degree p + q.

In this case the left Koszul complex for A provides the first g+ 1 terms of the minimal projective
resolution of Ag.

Next we consider the alternative versions described in Section 2.8 of [5] of the left and right
Koszul complexes associated with the quadratic ring A, which makes use of the left and right
quadratic dual rings of A. The left quadratic dual ring of A, denoted A', is defined by the
formula

A= (VN2 /(RY)

where V* = Homg(sV, sS) and R+ C (V*)?2 = (V?)* is the annihilator of R C V2. Similarly,
the right quadratic dual ring of A, denoted ‘A, is defined by the formula

‘A=(V)?/("R)

where *V = Homg(Vs, Ss) and *R C (*V)? = *(V?) is the annihilator of R C V2, this time
in *(V2). Their connection with the Koszul complexes (left and right) of A is made via the
formulae

"(4) =K'= (4)". (10)

Remark 3.10. The left Koszul complex (9) of A is isomorphic to
s ART(AY) 5 AR (A) 2 ARM(A) =A =0
where the differential

A" (AL) - A (AL, )

m—1

is induced by the left dual of the multiplication map A!, ;®A} — A} in A' and the identification
of *(A}) with A;.

Suppose now that A is also a left (p, ¢)-Koszul ring. From the last proposition it follows that
Al =0 for m > ¢ and that the only non-zero homology of the complex

m

0 AR*(A) = = A (4)) =0 (11)

is Ap in degree 0 and A, ® *(AEI) in degree p + q.

Also the total space of this complex can be viewed as a bigraded A, A'-bimodule with a
differential of bidegree (1, —1) which has non-zero homology only in bidegrees (0,0) and (p, q).
On applying to it the exact functor Homg(—, Ss), we obtain a bigraded A', A-bimodule, with a
differential of bidegree (1, —1) with non-zero homology only in bidegrees (0,0) and (q,p), and
which is the total space of the complex

0— A'®*(4,) = — A'®*(4g) — 0.

This complex has non-zero homology only in degree 0, where it is AE), and in degree p+ ¢, where
it is A; ® *(Ap). Together with the fact that A}, = 0 for all n > ¢, this proves the following
result.



Proposition 3.11. If A is a left (p, q)-Koszul ring with p,q > 2, then A is a left (q,p)-Koszul
ring.

Remark 3.12. The fact that the complex (11) provides the first ¢ + 1 terms of the minimal
projective resolution of S as a left A-module means that A} = Ext’y(S,S). In fact a stronger
statement is true: A' = B, where B is the ‘initial’ sub-algebra of the Ext algebra defined in
Proposition 3.2.

Remark 3.13. Our main source for quadratic duals, [5], deals with algebras over an arbitrary
semisimple base ring and so distinguishes left and right dualities into that base ring. Hence a
quadratic ring A has two duals, A' and *A. Each of our examples is a quotient of the path algebra
over a base field k of a finite quiver @ = (Qo, Q1) for which the base ring is § = Zier ke;,
where the e; are a complete set of orthogonal primitive idempotents. We may then replace
dualities into S by vector space duality D(—) = Homg(—, k) into k. For example, if ¢V is a
left S-module, we may identify the right S-module DV with its right S dual V* = Homg(V, S)
by associating with § € DV the map 0*: v — ;.o 0(ejv)e; of V to S. Furthermore if V
is an S, S-bimodule, then #* is an S, S-bimodule morphism. Such identifications enable us to
identify the left and right duals A' and 'A of a quadratic algebra A. In particular, the degree m
component of each of these algebras may be identified with the vector space dual DK™ of the
m-th term of the Koszul complex of A.

We conclude this subsection with a brief discussion of Hilbert series of almost Koszul algebras.
Let A be a quotient of the path algebra of a quiver ) by a homogeneous ideal, graded as usual
by pathlength. Its Hilbert series is defined, for example in [5], to be the |Qp| X |Qo| matrix
P(A,t) whose ij-th matrix entry is the formal series P(A,);; = >, <, t" dimg(e;A,e5). We will
give an analogue for almost Koszul algebras of the formula B

P(AH)PA, )T =1

satisfied by any Koszul algebra A.

For any A and any natural number ¢, let N (A, ¢) be the matrix with ij-th entry the multiplic-
ity of the i-th simple A-module Se; as a composition factor in Q41 (Se;). If A is (p, g)-Koszul,
then Q971 (Se;) = 4, ® D(A;)ej; it is semisimple and

N(A, q)ij = dlIIl]C €Z'QQ+1(S€]') = Z dimk(eiApel) dimk(einlel).
l€Qo

Applying the Euler-Poincare Principle to the left Koszul complex (11) of A, just as in the proof
of Lemma 2.11.1 of [5], we obtain the following proposition.

Proposition 3.14. Let A be a left (p,q)-Koszul algebra with p,q > 2. Then
P(AHP(A, —t)" =T+ (-1)WPTIN(A, q)

and hence N(A',p) = N(4,q)T.

Suppose that, in addition, A is self-injective. Then QIT'(Se;) is simple and N(A,q) is
a permutation matriz. As a permutation it is the product vav,,, where va and vy are the
Nakayama permutations for A and A'.

3.4 Bimodule resolutions

We now describe the analogue for an almost Koszul ring of the construction given in [7], Section
9, of the minimal projective bimodule resolution of a Koszul ring.
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Let A be a quadratic ring and consider its Koszul bimodule complex (P(K*),d). Its terms
are the graded projective A,A-bimodules

PKM™M=AK"® A,

and its differential is a sum d = d;+d, of anticommuting differentials d;, d,: P(K™) — P(K™™!)
given by dy = d' ® 14 and d, = (—1)™14 ® d”, where d’' and d" are the differentials in the left
and right Koszul complexes A ® K*® and K*®* ® A of A, respectively. If A is Koszul, then the
Koszul bimodule complex (P(K*),d) is the minimal projective bimodule resolution of A, see [7]
Theorem 9.2. The term of total degree ¢ in the projective bimodule P(K™) is

P(E™),= @ AioK"®A; (12)
t+m-+tj=t

Now assume that A is a (p, ¢)-Koszul ring with p, ¢ > 2. Then A,, =0 forn > p and K™ =0
for m > ¢ and the Koszul bimodule complex

0= PK% - PK"™) ... 5 P(K% =0

has just ¢ + 1 non-zero terms.
The main theorem of this subsection will provide a description of the last kernel

¥ = Ker (P(K?) — P(K77)).

Clearly X is a graded A, A-bimodule with degrees bounded below by ¢ and above by 2p 4+ q. We
write Z = ¥, 4, so that

P
7ZC @Ai RKI® A, ;.
i=0
Let m: Z =+ A, @ KI® Ag and 7,1 Z — Ay ® K?® A, be the canonical projections. Note that

the codomain of ; is the (g4 1)-st syzygy W that occurs in Definition 3.1 of a left almost Koszul
ring, while the codomain of 7, is the corresponding syzygy for a right almost Koszul ring.

Theorem 3.15. Let A be a (p,q)-Koszul ring with p,q > 2. The Koszul bimodule complex
(P(K*®),d) provides the first ¢ + 1 terms of the minimal projective A, A-bimodule resolution of
the ring A. The (q+1)-st syzygy bimodule X is generated by its degree p+q component Z. More
precisely, the inclusion of Z in X induces a left A-module isomorphism of A ® Z with ¥ and a
right A-module isomorphism of Z ® A with 3. Moreover, the S, S-bimodule maps m and m, are
1isomorphisms.

Proof. Note that P(K!) = A®V ® A, P(K°) = A® A and the differential d maps 1 ® v ® 1
tov®1 —1®wv. Thus the cokernel of d at P(K?) is just the multiplication map A ® A — A.

To discuss the homology of the complex at P(K™) for m > 1, we use the fact that the complex
(P(K*),d) is the direct sum of subcomplexes (P(K*),,d), one for each ¢, 0 <t < 2p + ¢, with
terms given by (12). For each ¢ we shall compute the homology of (P(K*),,d) by viewing it as
the total complex of the finite double complex

Ai®Km®Aj i) Ai+1®Km_1®Aj
la la

d
A@K™ @Aj — A @K™ 2?4,

11



which we denote by (P(K*),,d;,d,).

Let m > 1. Since A is left (p, g)-Koszul, the j-th row of this double complex is exact at the
term containing K™ unless ¢ = p and m = ¢ and so t = p + g + j; similarly since A is right
(p, q)-Koszul, the i-th column of this double complex is exact at the term containing K™ unless
j=pand m=gqandsot=p-+q-+i.

We now make use of a familiar argument for computing the total homology of a double
complex. First, for 1 < m < ¢, the contribution of each total degree ¢ is zero. Hence our
complex is exact at P(K™) for 1 < m < ¢. Second, when m = ¢, the degree ¢ component of ¥ is
zero for t < p+q. Consider next the case ¢ = p+¢ corresponding to the calculation of Z = ¥, .
All the rows of (P(K?®),,d;,d,) are exact except the row with the single entry A, ® K ® Ay,
as are all columns except that with the single entry 4y ® K9 ® A,. Now any element of Z
has the form z = 2y + 21 + -+ 4+ 2, where z; is in A; ® K9 ® Ap_; and djz; + dy2zi41 = 0 for
t=0,---,p— 1. That the projections m,: z — 29 and m;: z > 2, are both isomorphisms is now
an easy consequence of the exactness properties noted above.

Since X is the (¢ + 1)-st syzygy for A as a bimodule, then X/(radA)Y is the (¢ + 1)-st syzygy
for Ay as a right A-module. Since A is a right (p, ¢)-Koszul ring, it follows that ¥/(radA)% is
isomorphic to K¢ ® A,. Hence the inclusion of Z in ¥ induces a commutative diagram

— ¥/(radA)X

7
I =

AKi®A, ~ KigA,

and so the map Z — ¥/(radA)X is an isomorphism. We conclude that A ® Z is isomorphic to
3. Similarly Z ® A is isomorphic to .
This concludes the proof of the theorem.

4 The preprojective algebras

Let @ = (Qo, Q1) be a connected finite quiver with more than one vertex and without oriented
cycles. Let B = B(Q) be the preprojective algebra of @ over a field k. In Subsection 4.1 we
show that, if @ is a Dynkin quiver with Coxeter number h, then B is (h — 2,2)-Koszul. This
complements the known result [19] that, if @ is not Dynkin, then B is a Koszul algebra of global
dimension 2, for which we give a short new proof.

The rest of this section is concerned only with the preprojective algebras of Dynkin quivers.
In Subsection 4.2, we develop formulae relating some of the multiplication constants for B
(deferring a case by case determination of a certain constant C' to Subsection 4.4). These
formulae are used to construct explicitly an element 4 of DB such that DB = Bu = 4B; hence
B is self-injective. We also determine a Nakayama automorphism (§ of B. The formulae are
used again in Section 5, in association with Theorem 3.15, to calculate the (h — 1)-st syzygy
bimodule of the quadratic dual A of B. Subsection 4.3 contains a new proof of the unpublished
result of Ringel and Schofield that the third syzygy bimodule of B is DB.

4.1 Definition and first properties

We make use of two equivalent descriptions of the preprojective algebras.

In the first description B is the quotient kQ/p of the path algebra of a quiver @ by an ideal p
of relations. The quiver Q has vertex set Qo and arrows Yij:t — j and yj;: j — ¢ corresponding
to each arrow ¢ — j in J;. The ideal p is generated by the quadratic relations

pi= . €yl (13)
JEN (i)
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one for each 7 in g, where N (7) is the set of neighbours of 7 in @ and

{1 ifi—j€Q,

€ij = e

-1 ifj—=i€Q.

Thus B is a quadratic algebra with a natural path-length grading, relative to which its graded
components will be denoted by By, By, B, ---. (Our simplistic notation for arrows suffices
since we are really only interested in quivers without multiple arrows.)

The second description is due to Baer, Geigle and Lenzing [3]. We call it the BGL view
and refer to [23] and [9] for proofs of its equivalence to the quiver with relations description.
The idea behind the BGL view is that a preprojective algebra should be the direct sum of
the indecomposable preprojective modules of an hereditary algebra. Let A = k). Since A is
hereditary, the Auslander translate 7= on the category of left A-modules is the endofunctor
Ext} (DA, —). In the BGL view, the preprojective algebra of A is defined to be the graded
algebra

B:B(O)@B(l)@B(Z)@...’

in which B(™ = Homy (A, 77"A), with multiplication B(™ x B(™) — B(+m). (4 4)) s uv, where
uv is the composite map

AL 7PN D e,

Evidently B is isomorphic as a left A-module to the direct sum of one copy of each indecompos-
able preprojective left A-module. This makes it clear that B is finite dimensional if and only if
Q is a Dynkin quiver.

To relate the two points of view, observe that a basis element e; of By, where i € @y,
corresponds to the canonical projection of A onto Ae; in B(®), and a basis element y;j of By
corresponds to an irreducible map from Ae; to Ae;j if ¢ — j € Q1 (and is thus an element of
B) and to an irreducible map from Ae; to 77! (Ae;) if j — i € Q; (and is thus an element of
BM).

When @ is a Dynkin quiver, B is not only finite dimensional, but is also self-injective. The
Nakayama functor on left A-modules [14, section 2.1] induces a permutation v of the vertices
of @ such that D(e;A) = 77"(Ae,;)) for some n = n(i). Note that v is independent of the
orientation of @ but n is not. Furthermore, for all ¢ € @)y, the degree of the map from Ae; to
D(ey(#A) is h—2, where h is the Coxeter number of . Thus Bj,_» # 0 and, since the composite
of any h — 1 irreducible maps is zero, B, =0 for n > h — 1.

Later on it will be convenient to choose special orientations of ; the following lemma gives
us sufficient freedom to do this.

Lemma 4.1. Let v € Qp and QW be the quiver with the same vertices as Q and arrow set
obtained from that of Q by reversing all arrows incident on v. Then B(Q™) ~ B(Q).

Proof. Using the quiver with relations presentation, we observe that the mapping e; — e;,

yij > ) 5

The lemma follows because, for each ¢ € @)y, this isomorphism maps p; to p

extends to an isomorphism kQ ~ kQ ") of tensor algebras.

(v)

i

for i # v and y,; — —y

As a first application we obtain the projective presentations of the simple right B-modules
associated with the vertices of (. The proof was suggested by ideas in some manuscript notes
kindly provided by Bill Crawley-Boevey.
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Proposition 4.2. For each vertex i in Qq, there is an exact sequence of right B-modules
eiB — @ ejB = e;B — S; — 0, (14)

where j runs through all neighbours of i in Q and S; is the one dimensional B-module on which
e; acts as the identity.

If Q) is not Dynkin, then the left hand map is injective.

If Q is Dynkin, then the kernel of the left hand map is S, ;).

Proof. Choose an orientation of @) so that the left projective A-module Ae; is simple. Then the
almost split sequence starting at Ae; has the form

0= Ae;— @D Aej— 77! (Ae;) = 0. (15)
1—=jEQ1

Applying the functor Homp ( —, B) to (15), we obtain the exact sequence of right B-modules

0 — Homy (7 '(Ae;), B) » €D €;B = e;B — Extj (7 (Ae;), B) — 0. (16)
i—jEQ1

Now A B is the direct sum of one copy of each indecomposable preprojective A-module. Hence
the right B-module Ext} (7' (Ae;), B) is one-dimensional and is not annihilated by e; and so is
the simple module S; described in the statement of the proposition. The middle terms of (16)
are the first two terms of the minimal projective presentation of S;.

Also Homp (71 (Ae;), B) ~ Homp (Ae;, 7B). If Q is not Dynkin, then 7B = B and so this
term is the projective module e; B and the projective dimension of .S; is 2.

If @ is Dynkin, then there is a split exact sequence of left A-modules

0—-DA—-B—-7B—0 (17)

in which the first map is inclusion and the second is the projection of B onto its A-module direct
summand 7B. Since Ae; is simple, Homy (Ae;, DA) ~ S,(; and we obtain from (16) and (17)
the exact sequence of right B-modules

0— S,i —eiB— @ e;B—eB—Si—0, (18)
1—jEQ1
as required.

The first aim of this section is achieved by the following corollary.
Corollary 4.3. If Q is a Dynkin quiver, then B is (h — 2,2)-Koszul. Otherwise B is Koszul.

Proof. Lemma 3.8 shows that the first three terms of a minimal presentation of a simple module
over a quadratic algebra are necessarily generated in degrees 0, 1 and 2. Thus the fact that the
left-hand map in (14) is injective if @) is not a Dynkin quiver, suffices to show that B is Koszul.
If @ is a Dynkin quiver, then Bj,_ 5 is the last non-zero component of B and the third syzygies
of the simple B-modules are themselves simple. Hence B is (h — 2,2)-Koszul. This completes
the proof.
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4.2 The Dynkin case

For the remainder of this section () is a Dynkin quiver and we denote h — 2 by g¢.

The next proposition expresses a relationship between the spaces By, By_1 and By. It is
conveniently formulated using the BGL description of B as an algebra of maps from projective
left A-modules. Because @ is Dynkin, each of the above spaces is a direct sum of canonical
one-dimensional subspaces which we use to obtain bases. For B; we choose the y;; as a basis.
The space By is the direct sum of one-dimensional subspaces e;Bge, ;) = Homa(Ae;, D(e;A))
and from the i-th summand we choose a generator u;,(;). Furthermore B, is a direct sum
of one-dimensional subspaces e;B;_1€,(j), the sum being taken over all pairs of neighbouring
vertices ¢ and j. Specifically

B Homy (Ae;, 7D(ejA))  if €5 =1,
eiBy_1e,() =
- 15v) HomA(Aei, D(ejA)) if €ij = —1.

From each of these subspaces we choose a generator v;,(j).
We now observe that, for each ¢ € ()g and each neighbour j of 7, the products y;jv;, ;) and
Viv(j)Yu(j)v(i) are non-zero elements of e;Bge, ;).

Definition 4.4. For each pair of neighbours 7 and j in @, let A\;; and j;; denote the non-zero
scalars such that

NijYij V(i) = Wiv(i) = MigViv(;)Yv(j)(i)- (19)
Also let
Mij = AijAji/ Hijhji- (20)

Proposition 4.5. (a) For the Dynkin quiver Q), there is a constant C' such that, for each pair
of neighbours i and j, nij = Cejje,(i)u(;5)-
(b) C=-1

Proof of Proposition 4.5, part (a). The basis elements of DBy_; and DB, dual to the basis
elements v of B,_; and u of B, will be denoted v and @, with suffices reversed. Formula (19)
dualises to give the formulae

Nijlhy(3)i¥ig = Du(iy; = 1gilGyw() B () (21)

We multiply this equation on the right by (e;;/Xi;)y;; and sum over the neighbours j of i. Using
(13), and (21) with 7 and j interchanged, we find that 0 = 0, ;);, where

€4
o= Z #yu(i)u(j)yu(j)u(i) € ey Baey )
jeNG)

may be regarded as a map from 7D(e;A) to D(e;A). Any such map, if non-zero, composes with
some map from Ae; to 7D(e;A) to give w;,(;), which would imply o, (;); # 0. Hence o = 0.
Since p,(;) is the only quadratic relation in e, (;p e, ;), it follows that €;;/m;; = ni€, (), (;) for some
constant 7;. Now 7;; = 1;;, €;j = —€j; = £1 and (@ is connected. Hence the 7; have a common
value which we denote by 1/C. This completes the proof of (a).

The proof of part (b) of Proposition 4.5 proceeds by cases; it is lengthy and is given in
Subsection 4.4 at the end of this section.
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Definition 4.6. Let 5 denote the automorphism of B defined on the generators of B by ((e;) =
e,,(i) and

Yu(i)v(j ifei':l’
(i) Yvip() if €j = —1.

(Of course one needs to verify that 8(p;) = —p,;).)

Note that 3% = id but 3 = id if and only if v = id and char k = 2.
The following corollary shows that 3 is a Nakayama automorphism of B in the sense defined
by Yamagata in [26].

Corollary 4.7. The B, B-bimodule DB contains an element 4 such that DB = Bu = uB and
ab = B(b)a for all b € B.

Proof. Any @ = ) &, ;) with the § non-zero scalars will generate DB as both a left module
and as a right module. It therefore suffices to show that we may choose the §; so that dy;; =
B(yij)u for each y;;. It follows from (21) and Definition 4.6 that we need to choose the &; so
that they satisfy
@éz 1 ife; =1, (22)
Aij & i) U € =—1.

Given a vertex i, a neighbour j and a non-zero scalar ¢;, we can use (22) to define ¢;. Then it
follows from Proposition 4.5 that (22) with ¢ and j interchanged is also satisfied. Thus we may
consider a maximal connected subquiver @’ of @ such that, for all i € Q, and all j € N (2) N Qf,
equation (22) is satisfied for a choice of non-zero &;. Suppose Q' # @, so that Q) contains a
vertex k which has a neighbour | ¢ Qf. If ¢ = 1, choose & = %fk. Then the equations (22)
are satisfied for all 4,5 € Qf, where Q" is obtained from @’ by adjoining the vertex [ and the
arrow joining it to k. If, on the other hand, ¢ = —1, choose & = %eu(i)y(j)@c. Then the
equations (22) hold for the same choice of Q. In either event, this contradicts the maximality

of Q' and we conclude that Q' = Q). This completes the proof.

Theorem 4.8. The preprojective algebra B = B(Q) of a Dynkin quiver Q is self-injective and
BDBp ~ 1By, where 3 is given in Definition 4.6. Also B is symmetric if and only if char k = 2
and Q is Doy, Er or Eg.

Proof. The first statement follows immediately from Corollary 4.7. The conditions on char k
and @ in the second statement are precisely the conditions for 5 to be the identity, in which
case B is certainly symmetric. Symmetry requires v = id, in which case (y;;) = €;v:5. In
characteristic other than 2 it is easy to verify that 1 Bg contains no central generator to play the
role that the identity of B plays in the bimodule 1 By and so 1Bg % 1B;.

4.3 The bimodule resolution

In this subsection we use Theorem 3.15 to give a new proof that the third syzygy of the prepro-
jective algebra B of a Dynkin quiver is isomorphic to DB and hence B is periodic with period
dividing 6. Though this is not relevant to our results on trivial extension algebras, our method
of proof will be used in more general situations in Section 6.

Let B be the preprojective algebra of a Dynkin quiver with 2 or more vertices. Since B is
(h — 2,2)-Koszul, we can use the analysis in Subsection 3.4 of the Koszul bimodule complex
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(P(K*®),d) to express its third syzygy as a sub-bimodule of P(K?) = B® K?® B. The complex
(P(K*),d) is

2 1
0 — P(K%)-5P(KY) -5 P(K°) — 0,

where P(K°) = B® B, K! is the S, S-bimodule with basis the generators y;; of By and K? is
the S, S-bimodule spanned by the relators p; for B given by (13). The maps d' and d? are given
by

d'(1®y; ©1) =y ©e; — € D yij
and

d2(1®pi®1) = Z € (Vi @ yji @ 1+ 1 @ yi5 @ yji).
JEN(3)

Theorem 4.9. Let B be the preprojective algebra of a Dynkin quiver Q. Its third syzygy Q3(B)
is isomorphic to 1By, where 3 is given in Definition 4.6.

As an immediate consequence of Theorem 4.8 we now have the following corollary.
Corollary 4.10 (Ringel and Schofield). Q3(B) ~ DB.

Proof of Theorem. Theorem 3.15 shows that Q3(B) is generated both as a left and as a right
B-module by its degree h component

ZCPE* )= > B @K’ ®B,,
0<r<g

and that Z — BU®K2®Bq is an S, S-bimodule isomorphism. Hence Z ~ {5, since By ~ K? ~ §
and By ~ 15,. Now Z has a basis of elements w;,(;) which project onto e; ® p; ® u;,(;) in
By ® Ko ® By. Since deZ-,,(Z-) = 0, a short calculation using formula (19) shows that

Wiy(i) = € @ Pi @ Ui (j) + Z AitYir @ pr @ Oy iy + 1 (23)
leEN (4)

where the omitted terms are the uniquely determined contributions from the summands with
r> 2.

Let w = ) (jwjy (i), where the (; are non-zero scalars. Then Z = Sw = wS. So 0*(B) =
Bw = wB and there is an automorphism « of B such that wb = (b)w for each element b of B.
Since w is homogeneous we may and shall assume that v has degree 0. On taking b = ¢;, we
see from (23) that y(e;) = e,(;) and hence that v(yij) = 7Yy (i) (;) for some non-zero scalar ~;;.
Next, on taking b = y,(;),(j), we obtain Gw;yi\Yu(iyw(j) = CiVw(i)w(j)YiiWiv(j)- We substitute for
the w’s from (23) and use (19) to simplify products of the form yv. On comparing coefficients
of terms in B; ® K? ® B, we then find that
_ My G

Tv(@)v(5) i G

An argument similar to that used in the proof of Corollary 4.7 to show that the equations (22)
can be satisfied, shows that the (; may be chosen to give

1 e =1,
T(@)w(i) = {6” if Cu(iw(i) = -1

With this choice of w, v = § as required.

17



Remark 4.11. Since 32 = id, Theorem 4.9, shows that Q°(B) ~ B, and so, as Ringel and
Schofield pointed out, 6 is always a period for B. As is shown by Erdmann and Snashall in [11]
and [12], the minimal period is 6 unless either () = Ay, in which case it is 2, or char k = 2 and
Q is one of Dy, , E; or Eg, in which case it is 3. We clearly disagree with the implied assertion
in [11] that for Q = Eg, there is no automorphism « of B of order 2 such that Q3(B) ~ 1B,.

Remark 4.12. In an unpublished manuscript, Ringel and Schofield gave an elegant direct proof
that Q3(B) ~ DB. In our terms, the essential idea of their proof is the construction of an
isomorphism between d? and Dd', where d' and d? are the maps in the Koszul bimodule complex
for B.

4.4 Calculation of C

We shall make use of the universal covering B of the preprojective algebra B of the Dynkin
quiver () in order to provide a convenient way of presenting the grading of B. The quiver I' of
B has vertex set Z x Qo and arrows g, : (ryi) — (r,j) and i (r,j) = (r 4+ 1,i) corresponding

to each arrow ¢ — j in ). The defining relations for B are

pri= Y Ui Y. Ui

i—jEQ1 k—i€eQ1

(These are equivalent to the usual mesh relations for (—1)"g;;.) The covering map I - Q,
r, 1) — 1, gl — y;; induces a covering map B — B. We make use of the facts that, for given
1) J g g

1,5 € Qo and s € N, there is at most one integer ¢ = ¢;; ; such that there is a path in T of length
s from (0,4) to (t,7), and that the covering map induces an isomorphism from the vector space
e(O,z’)Bse(t,j) to eiBsej.

To prove that C' = —1 for a given Dynkin quiver ), we first fix a vertex ¢ with a unique
neighbour j in ). Choose a directed path @ of length ¢ in [ from (0,2) to (ti (), ¥(4)), which
passes through (¢;;,1,7) and (¢;,(;),4—1,7(j)), and which is not zero modulo the relations. Denote
the element of e; Bye, ;) which corresponds to @ by u. Thus u is a possible choice for the element
we earlier called w;,;). We may now choose paths v;,(;) and 0;,(;) so that u = y;;0;,4) =
Viu(5)Uu(j)v(i), Where for simplicity we have dropped the upper indices from the g;;. These map
60 U = YijVju(i) = Viv(j)Yu(j)v(i) 1 B and correspond to taking (for our fixed ¢ and j) \jj = 1 = pjj
in equation (19). Now form the paths 6jy(i)gju(i)y(]~) and gji’ﬁi,/(j) from (0, 7) to (tjy(j)yq, v(j)). The
corresponding elements of e;Bge,(;) are non-zero and, using the same symbols without tildes
for these, we may choose wj,(jy = Vju(i\Yu(iy(j) = CCij€u(iyn(j)YiiViv(j), S€€ equation (20) and
Proposition 4.5.

We now need to consider cases.

.1
AAN 2
AN Y
VAVAN N

b
SN

5.

. \
n N\

Figure 1: Paths in A5 and A,
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For A, , we label the points in order, starting from one end. Choose ¢t =n and j =n — 1 so
that v(i) = 1 and v(j) = 2. It is easy to see from Figure 1 that we have to deform ¥;,(; 7y (i)u(5)
across n—2 two-meshes (meshes corresponding to relations which are the sum of 2 monomials) to
a multiple of §;i0;,(;). Let ¢ be the number of sources and sinks, other than the end points, of Q.
Then there are ( meshes for which the two terms of the relation have the same sign (and n—2—¢
in which they have opposite signs) so that, modulo the relations, 9,7, (i)u(j) = (—1)ngji13i,,(j),
and hence ’Uj,,(i)yy(i)u(j) = (—1)Cyji’l)i,j(j) in B. Now Ey(i)u(j) = —(—1)<6i]‘ and hence C' = —1 for
A,

For D, Eg, E; and Eg, we label the end of (one of) the short arm(s) 1 and the remaining
points in order, starting with 2 at the end of the next shortest arm.

Notice that, since T C 7.QQ is directed and there is at most one arrow between any pair of
points of f, any path in I which starts at (0,7) may be written unambiguously as a sequence of
vertices of (). We shall write a path as a sequence of vertices enclosed in square brackets. From
now on we shall drop the tildes, and also drop any distinction between elements of B and B.

Figure 2: Paths in D),

Consider first I,,. Let ¢ = n; then v(i) = n also and j =n — 1 = v(j). We suppose that

p3 = ay31y13 + Bys2y23 + YY34Y43,

so that «, B and ~ are each +1, depending on the orientation of ). We shall see that the signs
in the other relations are not needed for the calculation. We choose the path

u=[nn-—1)---43234--- (n — 1)n].

Then
Uttty = [(n = 1)(n —2) - 43234~ (n — Ln(n — 1)
and
Yn—1nUn(n—1) = [(n = n(n —1)---43234--- (n = 2)(n — 1)].
The second of these can be deformed across n — 4 two-meshes with relations p,_1,...,p4 to a

multiple of

[(n—1)(n—2)---4343234--- (n — 2)(n — 1)].
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Since the composite along the path [232] is (+1)pa which is zero, this deforms through the
three-mesh to

(—a/¥)[(n—1)(n—2)---4313234--- (n — 2)(n — 1)].

A similar argument, but with a deformation through the three-mesh followed by deformations
through n — 4 two-meshes with relations py, ... , pp—1, now gives

Yn-nVnm-1) = (=7/B)(=e/N(n = 1)(n = 2)---43134--- (n = D)n(n - 1)],

since the two deformations through each of the two-meshes give multiplication by 1, whatever
the orientation. Observe now that the path [(n —1)(n —2)---434343--- (n — 1)n(n — 1)] can be
deformed through the one-mesh with relation p, and so is zero. A further deformation through
the three-mesh thus gives

Yn-nnm-1) = (=B/a)(=7/B)(=a/7)[(n —1)(n —2)--- 432343
- (n=2)(n —1)]
= —[(n—1)(n—2)---432343--- (n — 2)(n — 1)]

“V(n-1)nYn(n-1)-

Since neither n nor n — 1 is moved by v, it follows that C' = —1 for ), regardless of orientation.
For Eg, E; and Eg we write the relation for the three-mesh as

pa = aya1yia + BYazysa + YYa5ysa.

1 1
101 1 1
11 11211 11
101 1 1
1 1

2, .

3 N
N
.. .\ 7
LN\

Figure 3: The function d;s and the path u in the Auslander-Reiten quiver for Eg

Consider first Eg. For this v(6) = 2 and v(5) = 3 and the vertices 1 and 4 are not moved by
v. We take i =1 and j = 4. The upper part of Figure 3 shows the dimension d;s of the vector
space e(o,1)Bse(s,; , i), whenever this is non-zero. The bottom part of the figure shows the path

u = [14323456541]
which is not zero modulo the relations. With this choice for u
va1y14 = [43234565414]  and  yaivi4 = [41432345654)].

We first note that the path [454545] can be deformed through the one-mesh with relation
ps, and the path [434343] can be deformed through the one-mesh with relation p2, and so
the composite along each is zero. The path [141] is one-mesh corresponding to p; and so the
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41432345654]

(3), (5) [41434345454]
—v/a  [A5434345454] [434343] = 0
—a/B  [45434145454] [454545] = 0
[45454143454]  [141] = 0 (twice)
—BJa [A5454343454] [454545] = 0
—afy  [45414343454] [434343] = 0
—B/y  [43414343454] [141] =0
[43454343414] [434343] = 0 (twice)
—v/B  [43454345414] [141] =0
—a/B  [43454145414] [454545] = 0
—B/y [43434145414] [141] =0
—v/a [43434545414] [434343] = 0
(3), (5) [43234565414] [434343] = 0.

Table 1: Calculation of C' for [Eg

composite along it is also zero. We set out the calculation in Table 1, the first line of which
is y41v14. Each subsequent line is derived from the previous one by deformation through one
or more meshes and possibly making use of the relations above. The last line contains vg;¥y14.
We have indicated changes in boldface and listed on the right hand side any relation used; on
the left hand side we have noted any factors obtained on deforming through the three-mesh and
written (n) for the factor +1 obtained on deforming through the two-mesh corresponding to
pn (n =3 or5).

For both n = 3 and for n = 5, there are exactly 2 deformations through two-meshes corre-
sponding to p,. Thus these make no net contribution to the relationship of y41v14 to v41y14. The
product of the factors coming from deformations through the three-mesh is —1 and so C' = —1
for Eg, irrespective of orientation.

For both E; and Eg the Nakayama permutation is the identity. We now give the proof that
C = —1 for Eg in any orientation; the proof for E; is similar, and is left to the reader.

We choose i = 8 (the end of the long arm) and j = 7.

1 1 1 1
1 1 1 1 1 1 1
111 11 1 112 11 111 111
1 1 1 1 1 1 1
1 1 1 1 1 1 1 1
1 1 1 1 1 1
1 1 1 1

Y. NS NS NS NS N

o N
N

O

Figure 4: The function d;; and the path u in the Auslander-Reiten quiver for Eg

The upper part of Figure 4 shows the dimension d;s of the vector space e(oyg)gse(tgis,i),
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whenever this is non-zero. The bottom part of the figure shows the path
u = [87654145414541434541454145678|
which is not zero modulo the relations. With this choice for v,
v7gysy = [76541454145414345414541456787]
and
yrsvgy = [78765414541454143454145414567].

First note that the paths [545454545], [7654545] and [5454567] can each be deformed through
a one-mesh with relation pg and so the composite along each is zero. Similarly the composite
along the path [34343] is zero since the path can be deformed through a one-mesh corresponding
to p2. The path [141] = py, so the composite along it is also zero. We set out this calculation
in Table 2 using the same conventions as we used for Eg For n =7, for n = 6 and for n = 5,

—

78765414541454143454145414567]
76765414341454145454145414567]  [141] = 0 (twice)

—

(7)
(6), (—B/a) [76565414341454145454145434567]  [5454567] = 0
(5), (—B/v) [76545414341454145454143434567] [141] = 0
(—B/a) [76545434341454145454143434567]  [7654545] = 0
[76541434345454145454143434567]  [34343] = 0 (twice)
(—v/B) [76541454345454145454143434567] [141] = 0
(—B3/a) [76541454345454345454143434567]  [545454545] = 0
(—=B/7) [76541454345454345434143434567) [141] =0
(—a/7) [76541454345454341434143434567) [34343] = 0
(—v/B) [76541454345454541434143434567) [141] = 0
(—a/B) [76541454145454541434143434567]  [545454545] = 0
(8/7)? [76541454143454341434143434567]  [141] = 0 (twice)
[76541454143414345434143434567)  [34343] = 0 (twice)
(v/B)* [76541454145414545454145434567]  [141] = 0 (4 times)
(—B/a) [76541454145414545454345434567]  [545454545] = 0
(—a/v) [76541454145414545454341434567) [34343] = 0
[76541454145414345454341454567)  [141] = 0 (twice)
(—B/a) [76541454145414345454343454567]  [5454567] = 0
(—a/v), (5) [76541454145414345414343456567] [34343] = 0
(—v/B), (6)  [76541454145414345414543456767] [141] = 0
(—a/B),(7) [76541454145414345414541456787]  [5454567] = 0

Table 2: Calculation of C' for g

there are exactly 2 deformations through two-meshes corresponding to p,,. Thus these make no

net contribution to the relationship of y7gvg7 to v7gys7. The product of the factors coming from

deformations through the three-mesh is —1 and so C' = —1 for Eg, irrespective of orientation.
This completes the proof of Proposition 4.5.

5 The trivial extension algebras

5.1 Proof of Theorem 2.1

In this section we prove Theorem 2.1 by constructing the minimal projective bimodule resolution
of the trivial extension algebra A = T'(k(Q) and computing its period. The cases Q@ = A;, Ay
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have been covered at the end of Subsection 3.2. Thus we shall assume that ), in addition to
being Dynkin with bipartite orientation (as required by Theorem 2.1), has at least 3 vertices. It
is then easy to show that A = Ag® A; ® Ay, where Ay = S has a basis {e;}icQ,, A1 has a basis
{xij, xjitisjeq, and Ay has a basis {fi}icg, where f; = x;;xj; for each neighbour j of i. The
defining relations are x;;z;; — x;pzp; = 0 for j and h neighbours of ¢ and x;;25, = 0 whenever
h # i. The algebra A is quadratic and its quadratic dual is the preprojective algebra B = B(Q).

We let ¢ = h—2 as in Section 4. Since we have shown that B is (g, 2)-Koszul in Corollary 4.3,
it follows from Proposition 3.11 that A is (2, q)-Koszul.

Theorem 3.15 shows that the Koszul bimodule complex (P(K*®),d) provides the first ¢ + 1
terms of the minimal projective A, A-bimodule resolution of A. In this case, by Remark 3.13,
we have K™ = DB, so the resolution begins as follows.

0—-%—PDB,) - PDB;1)—=--—=PDBy)) =A—=0 (24)

where P(X) = A® X ® A. We shall show in Proposition 5.1 that the (¢ + 1)-st syzygy X is
isomorphic to 1A, where « is the automorphism of A induced by the Nakayama automorphism
0 of B. It follows from Definition 4.6 that « is defined on the generators of A by the formulae
a(e;) = e, () and

a(wij) = {x”(i)”(j) ifeij =1, .
(i) Tuiw() if €j = =1

So @? = id and « = id if and only if » = id and char k = 2. Note that v = id exactly when @ is
Doy, E7 or Fg.

Proposition 5.1. The (q + 1)-st syzygy module X is isomorphic to 1A,. Moreover ¥ is iso-
morphic to 1 A1 only when o« = id.

Proof. We shall need explicit bases for some of the terms in the Koszul resolution of A. Since
B is the quadratic dual of A, we can interpret the basis of B; consisting of the y;; as the set
of linear functionals on A, given by y;;(xk) = 0;,6;. We take over from Section 4 the notation
Vin(j) and ug,(;) for basis elements of B;_; and B,. Further to the notation 9 and @ for basis
elements of DB, and DB, dual to v and u, the basis element of DB = A; dual to y will be
denoted ¢, again with suffices reversed. Note that §;; = x;;.

Now d = d; + d,, where d; and d, are induced by the duals d’ and d” of the multiplication
maps in B, as described at the beginning of Subsection 3.4 and in Remark 3.10. In particular,
the last differential in (24) is induced by

. 1 N
d': DBy — DB ®@DBy 1, i D, —diip) @ D (25)

and
N L. .
d": DBq — Dqul ® DBy, Uy (i)i = Z rvy(i)j ® Yji,
jen() "M
where p;; and );; are the multiplication constants in Definition 4.4. Since DB; = A; we find
that
1

dy(ey(iy ® Uy )i @ €i) = Z —Zy (i) @ Vu(j)i @ €,
jenti M
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. 1 .
dr(ey(iy ® Uy i) © e;) = (1)1 E ) @ Vy(iy; @ Tji-
jen() "

A straightforward calculation now shows that, for each 7 € Qg

Z(iyi = euti) D (i @ fi+ ZM” i) @ ()i D Tji
JEN (i)

+ (=D @ gy @ e (26)

belongs to Kerd. Since the first terms form a basis of A9 @ K7® Aj, the z,(;); form a basis of Z.
Another short calculation then shows that the z and the x satisfy equations

AijZu(i)iTij = Wjiu(iy(j) Zu(j)]

formally identical to the equations (21) satisfied by the @ and the y. We may therefore repeat
the argument used in the proof of Corollary 4.7 to show that the element z € 3 defined by z =
> &izy(iyi> With the &; determined by equation (22), satisfies zz;; = a(2;;)2. Since X = Az = zA,
this shows that ¥ ~ 1 A4,,.

Finally we need to show that if o has order 2, then ¥ is not isomorphic to 1 A;. This is easily
done by checking that ¥ contains no central generator to play the role that the identity of A
plays in the bimodule  A;.

The following lemma is used in the proof of Theorem 2.1.
Lemma 5.2. For 1 <r < g, dimB, > |Qp]|.

Proof. The idea of the proof is to show that, for each 7 € Qy, dime; B, > 1, and that the
inequality is strict if ¢ has more than one neighbour. The dimension of e; B, is equal to the sum
of the multiplicities of the i-th simple A-module in the indecomposable A-modules which lie at
a distance r from Ae; in the Auslander-Reiten quiver of A. Since |Qy| > 3, the lemma follows
by inspection of these quivers.

Proof of Theorem 2.1. We use Proposition 5.1. Since the 2(q + 1)-th syzygy of A is 1A,2 and
= id, it follows that 2(h — 1),which is equal to 2(q + 1), is certainly a period of A. This is the

first assertion of Theorem 2.1 and it implies that the minimum period is a divisor of 2(h — 1).
For r < g, it follows from (24) that the bimodule top of ©2"(A) is DB, and so has dimension

dim B,. For r < ¢, Lemma 5.2 shows that this is larger than dimtopA, so we conclude that
Q7 (A) 2 A. If Q2(A) ~ A then there is an exact sequence

0—14, 2 A®DB;,®A— A—=0
and hence an exact sequence
0=+5S—=-A45—-5—=0,
which is false on dimension grounds.
It now follows that 2(h — 1) is the minimal period unless ¥ ~ A which, by Proposition 5.1,

is equivalent to v = id. Since this occurs only when chark = 2 and @ is Dy,, E; or Eg, this
completes the proof of Theorem 2.1.
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5.2 The Yoneda algebra

In this subsection we calculate the Yoneda algebra E*® of A = T'(k(Q) under the assumptions
in force in the last subsection. So B = A' is the corresponding preprojective algebra and by
Proposition 3.2 and Remark 3.12 the algebra E® is generated by E' ~ A!1 = By and E7t! ~ DW
where W = A, ® DB,

Theorem 5.3. For A as above, E® is isomorphic as a graded algebra to the twisted polynomial
algebra Blt; 3] in one indeterminate t of degree q 4+ 1, in which the grading of B is the length
grading, (B is the Nakayama automorphism of B defined in Definition 4.6, and tb = ((b)t for
each b € B.

Remark 5.4. The homogeneous components of B[t; 3] are B,t" = t" B, ~ B,, of degree n(q +
1) +r, where 0 < r < ¢ and n > 0. Since 3? = id, the elements of B commute with the even
powers of t.

Proof. We start by making a plausible choice for an element, t', in EIt! = ExtTl(S, S)
corresponding to the generator ¢ of degree ¢ + 1 in B[t; 3]. We choose t' to be (the equivalence
class of) the exact sequence

015y —=Pl—. ... P - P' 550, (27)

obtained from the Koszul bimodule complex (24) by applying the functor — ® 4 S and using
Proposition 5.1. It is a first segment of the minimal projective resolution of .S and the term P”"
is A® DB,. Also t’ is an S-module generator of

Ext%" (S, 5) ~ Homa (154, 5) = oS1 = .S,

so that t' =37, o t:/(i)i’ where t:/(z')i = e,pyt'e;-
To obtain generators of E' we use the formulae

E' = Ext!(S,S) ~ Homu(P',S) ~ By

and recall that B; has the y;; as a basis. Let [y;;] denote (the equivalence class of) the short
exact sequence

lyijl: 0= 8 =Yj; =S —=0
obtained by pushout of the exact sequence
P'=A®DB, - P'=A®DBy— S —0 (28)

along the map ;;: P! — S given by

f(h,l v 7)),
1® gy, — if(h0) # (0, (29)
ej if (h,1) = (i,
The main part of the proof of the Theorem lies in establishing the formulae
Nit'lyig] = wgilYuy )t (30)

These formulae relate elements of E972, so we need to extend the projective resolution (27) by
two further terms to

pat2 d”+2> patl dq_+1> P ﬂ o PV 5 0. (31)
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Since ker d? = W = A;®DB,, we may choose P97l = A®@ Ay®@DB,. It has A-module generators
Ty = 1® fug) ® thy(g; and dT70 is the map 1y = fu(g) © t(y);-
We next choose P92 = A®@DB; ® Ay ® DB,. It has A-module generators
Suyh = L @ Yuyu(n) @ fu(n) @ Uy(n)n

and the map d?t? is given by

Surd” = Ty © fuh) @ oty = Tu(uh)Tv(h)h-
For the proof of the formula (30) we exhibit maps 6, ¢: P72 — S representing the elements
[Wu(iywi)]t's t'[yijl, respectively.
Let 7: P9T! — Ay @ DB, ~ S, Tu(hyh = fu(n) @ Uynyn, be the map which induces #'. It lifts
to give a commutative diagram

42
pe+2 YT pe+l _ pgtl

L 1 L0 lr
pr L Pl 5 s 50

in which 70 and 7! are given by
Ty(h)hTO =1® éu(h) and S,,(l)th =1® gu(l)u(h)-
We take 6 to be the composite function 6 = ley(i)y(j). It is given on the generators of P42 by
Sy(ynt = Onidjie, (- (32)

The calculation of ¢ needs a little more preparation. By definition [y;;] is the pushout of
(28) by ;- P! — S. Since the right multiplication map Yij,p on the Koszul complex A ® DB of
A, B-bimodules commutes with the differentials, y;; lifts to a morphism of complexes

dq

pr 4 ... 5 pt = pl
lyij,p 1 lyij,p lﬂi;‘

-
pi-t L - P> -5 § = 0.

We claim that this extends further to a morphism of complexes

da+2 da+t
patz =, patl P
L Lo s
+1
petl 4. pg 4 pe-1

in which Ty(h)hnl = 5hi%x,,(i)y(j) ® 1,,(j); and
Sunl” = Onidij %Tu(j)j-
ij

The verification requires the use of formula (21) in evaluating y;; », and d? = d; ® S where d; is
given in equation (25).

Now set ¢ = n?7. From the values of n? and 7, we see that \;;j¢) = pj;,6. The formula (30)
follows.

Finally (30) is equivalent to the formulae

Nigty(iyil¥ii] = RiilYuaw o)t

and these are formally identical with (21). So arguing as in the proof of Corollary 4.7, we can
find non-zero scalars £, such that t =3, o fht:/(h)h satisfies t[y;;] = B([yi;])t for all y;;. Since

t generates F97! and the ¥;j generate B, this proves the theorem.
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6 More examples

The only examples of (p, q)-Koszul algebras so far exhibited in this paper are the truncated
algebras, which are those with ¢ = 1, and the preprojective algebras of Dynkin quivers and
their quadratic duals, which have ¢ = 2 and p = 2, respectively, and are self-injective. In this
section we give some other examples of quadratic (p, ¢)-Koszul algebras. Some of them are not
self-injective. Those which are self-injective are both periodic and DTr-periodic. However all
our examples are closely related to the preprojective and trivial extension algebras of Dynkin
quivers and, in particular, have either p = 2 or ¢ = 2.

Our simplest example of a non-self-injective quadratic almost Koszul algebra is the algebra
C with quiver @ (see Subsection 4.1), where Q = As with bipartite orientation, and relations
as in the trivial extension algebra A(Q), except that the two zero-relations through the middle
vertex, 3, are omitted. It is easy to verify that C is (2,2)-Koszul by calculating the minimal
projective resolutions of the simple modules. This calculation shows that the third syzygy of
the simple Ses is Se; + Seg + Ses, so the algebra is certainly not self-injective. The quadratic
dual C" of C is also a non-self-injective (2,2)-Koszul algebra; it is the preprojective algebra of
A5, with additional zero-relations 2 —+ 3 — 4 and 4 — 3 — 2.

In the remainder of this section we use covering theory to present new examples as quotients
by group actions of quivers of the form ZQ), with @) a Dynkin graph, and with various relations.
In covering theory k-algebras need to be replaced by locally bounded k-categories and we use
the language and concepts of [4].

Let A be a positively graded, locally bounded k-category in which Ay is semi-simple. By
analogy with Definition 3.1, we call A a left (p, q)-Koszul category if,

1. A, =0 for n > p, and

2. for each simple left A-module M of degree O there is a graded complex of the form (2)
of projective left A-modules such that (i) the i-th term P? is generated by its component
of degree i, and (ii) the only non-zero homology is M in degree 0 and the component of
degree p 4 ¢ in P1.

Let A and A be positively graded, locally bounded k-categories and F': A Abea covering
functor ([4], Definition 3.1) which has degree 0 in the obvious sense. Then the pushdown
functor F) ([4], Section 3.2) from A-modules to A-modules induced by F maps graded modules
to graded modules, simples of degree 0 to simples of degree 0, projectives generated in degree i to
projectives generated in degree 7 and exact graded sequences to exact graded sequences. Hence
A is left (p,q)-Koszul if and only if A is.

This idea may be applied to the almost Koszul algebras A(Q) and B(Q) discussed in Sec-
tions 5 and 4. They have universal coverings A(Q) and B(Q) which we describe below. These
categories give rise to infinitely many new finite-dimensional almost Koszul algebras by quotient-
ing out the actions of various groups of graded automorphisms. Similarly the non-self-injective
algebras C' and C" have universal covers which are (2,2)-Koszul and which give rise to infinitely
many new finite-dimensional examples of non-self-injective (2, 2)-Koszul algebras.

We now discuss bimodule resolutions, syzygies and periodicity for the new examples obtained
from the universal coverings of the preprojective and trivial extension algebras of Dynkin quivers.
We show that the new finite-dimensional examples are both periodic and DT'r-periodic and
obtain estimates for the minimal periods.

We start with the k-category B=B8B (Q) where @ is a Dynkin quiver with Coxeter number h
and bipartite orientation. As a graded k-category, Bis generated by idempotents e in degree 0
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for (n,i) € Z x Qo, and morphisms

S (n,i) = (n,7) ife;; =1
Y (nyi) = (n+1,5) if e =—1,

of degree 1. (Note that these generators were denoted e(,; and Y;; in Subsection 4.4.) Its
defining relations are the inverse images under the covering functor ej — e;, y;> — y;; of
the defining relations (13) for the preprojective algebra B((Q). Since we have chosen @ to have
bipartite orientation, these relations are the mesh relations for Z (@) viewed as a translation quiver.
The group of covering automorphisms of B is the cyclic group generated by the translation ¢
which increases the covering degree n by 1.

The category B inherits self-injectivity from B and we shall use this property to calculate
DT 'r-periods for its finite-dimensional quotients. The appropriate dual of Bis the B , B-bimodule
DB defined by

(DB)((m, i), (n,j)) = D(e} Bef").
Our main assertions, justified briefly below, are as follows.

1. The Nakayama automorphism 3 of B(Q) lifts naturally over the covering functor to a
Nakayama automorphism of B, that is, an automorphism (3 of B such that DB is isomor-
phic as a B, B-bimodule to 1B5.

2. The automorphism 5 commutes with ¢ and satisfies 52 =t where ¢ = h — 2.

3. The third syzygy of B as a ENB,EN}—bimodule is isomorphic to lég where 7 := E‘lt_l =
Bt~h=1 and so satisfies 72 = t~".

For the definition of E we need to relate the path-length grading and the covering grading
on the quiver Z(Q and for this purpose make use of the function ¢* defined for a bipartite quiver
by

q/2 if ¢ is even,
q" (1) =< (¢ —1)/2 if ¢ is odd and i is a source in @,
(g+1)/2 if g is odd and i is a sink in Q.

Note that ¢*(i) = q/2 unless Q is Ag,. In any case,
¢ (1) + ¢ (v(i)) = ¢

We define 5 on the generators of B by the formulae

)

P _ g (v(@) B Ny g-1, ntq” (v(i)
Blei) = 70 ) ﬁ(yij) =€ YLy

The verifications that 5 is an automorphism of B and satisfies the conditions of the sec-

ond assertion above are straightforward though one needs to use the formulae v? = id and

€ij€u(iy(j) = (—1) for bipartite Dynkin quivers. The proof that DB ~ 1B§ follows closely the

proof that DB ~ 1 Bg in Sections 4.2 and 4.4. A key point is that the socle elements u?y(i) of B

are paths from (n,i) to (n + ¢*(i),v(i)) and it is their canonical duals which generate DB.
For the third assertion, the calculation of Q*(B) may be made using the Koszul bimodule
resolution of B exactly as in Subsection 4.3. This syzygy is generated by elements w?y(i) which

map under the covering functor to the generators wj, ;) of O3(B) constructed in the proof of
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Theorem 4.9. The automorphism ¥ differs from the Nakayama automorphism 5 in two ways.
First, DB and Q3(B) are of opposite variance which explains why 75 decreases the covering
index while (3 increases it. Second, as is apparent from the formula (23), the elements Wiy (i)

have length ¢ +2 = h, 2 longer than the length of the natural generators of DB.
Now let B be a positively graded locally bounded k-category for which there exists a graded
covering functor

B — B,

where B = B (Q), as above. Then the three assertions above show that the automorphisms B,
and t of B induced by 3, ¥ and t satisfy EDFE &~ IEE (so that 3 is a Nakayama automorphism
of B), BQ =14, Q¥(B) ~ By and 2 = "

From now on, suppose that B is a finite dimensional algebra, or, equivalently, that £ has finite
order, [ say. Then the Nakayama automorphism (3 also has finite order, r say, which divides
21/(q,1) and 7 has finite order, s say,which divides 2I/(h,1). We conclude that B is periodic
with 3s as a period. For one-sided modules, the Nakayama functor has the same finite order as
3 and the syzygy functor has order a divisor of the period of €. Thus the well-known formula
“DTr = vQ?” for self-injective algebras, implies that the least common multiple of r and 3s
is a period of the Auslander translate DTr of indecomposable, non-projective B-modules. In
particular, these algebras are DT'r-periodic.

We now mention some algebras which arise in other contexts and are of the above type, and
so periodic and DT'r periodic.

Let A be an indecomposable finite-dimensional standard self-injective algebra of finite rep-
resentation type over an algebraically closed field. According to a famous theorem of Christine
Riedtmann [22], the stabilised Auslander algebra T' of A has a universal covering of the form
B(Q) for some Dynkin graph @. Thus I is of the form B, as above, and so is periodic and
DT'r-periodic; of course it is usually wild. These examples include the group algebras of finite
representation type noted by Auslander and Reiten in [1].

The remaining finite-dimensional examples in [1] are the stable Auslander algebras for one-
and two-dimensional isolated hypersurface singularities of finite representation type. For the
two-dimensional cases, the authors note that these algebras are the preprojective algebras of
Dynkin quivers. They also draw attention to the description given by Dietrich and Wiedemann
in [10] of the stable Auslander algebras for the one-dimensional case. Examination of these
algebras shows that they too have universal covers of form B(Q) for a Dynkin quiver @ and so
they are periodic and DTr-periodic. In most cases our estimates for the DT r-periods are not as
sharp as those of [1]. o

We now turn to the algebras with universal covering A = A(Q) with  a Dynkin quiver
with Coxeter number h, bipartite orientation and at least three vertices. The locally bounded
k-category A is generated by idempotents e of degree 0 and morphisms z7; of degree 1. Its
defining relations are the inverse images under the covering functor of the defining relations
of A(Q) given in Subsection 5.1. We have already observed that A is an infinite dimensional
(2, g)-Koszul category, where ¢ = h—2. It is, in an obvious sense, the quadratic dual of the (g, 2)-
Koszul category B(Q) and so the automorphism 7 of B, being graded, induces an automorphism
& of A. Note that A is the repetitive algebra of A, introduced by Hughes and Waschbiisch in
[17]. Tts Nakayama automorphism is just the translation .

The assertions above about B are replaced by

1. The automorphism « of A(Q) lifts naturally over the covering functor to the automorphism
a of A.

2. The relation o? = id lifts to a? = ¢ ".
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3. The h — 1-st syzygy of A as an Z, A-bimodule is isomorphic to 111&.

For the last assertion, the calculation of S = Qh_l(g) can be made by formal modification
of that of X in Proposition 5.1. This involves showing that the first 4 — 1 terms of the minimal
projective A A-bimodule resolution of A has the form

0— ¥ — P(DB,) = P(DB, 1) = --- = P(DBy) = A =0 (33)

where P(X) = A ®X® A and the tensor products are over A() Furthermore ¥ is generated
by its submodule Z of elements of length degree ¢ +2 = h and Z has a basis con51st1ng of one
non-zero element, denoted by zu(i)i, from each of the one-dimensional spaces eu(i) Z e? GO
These elements are the analogues of the elements z,(;); in equation (26).

We may now consider finite dimensional algebras A for which A is the universal covering.
These algebras are (2,¢)-Koszul. They are periodic with (h — 1)l as a period, where [ is the
order of the automorphism ¢ of A induced by ¢. The Auslander translates also have (h — 1) as
a period. However, A is of locally finite representation type, and so all these finite dimensional
quotients are of finite representation type and therefore automatically DT'r-periodic.
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