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In [P1] the author has introduced a generalization of the Bruhat-Tits buildings for the groups
PGL(V) over n-dimensional local fields. The main object of the classical Bruhat-Tits theory is
a simplicial complex attached to any reductive algebraic group G defined over a field K. There
are two parallel theories for the cases when K has no additional structure and when K is a local
field. They are known as the spherical and euclidean buildings correspondingly (see [BT1, BT2]
for original papers and [R, T1] for the surveys).

In our theory they correspond to local fields of dimension 0 and of dimension 1. The con-
struction of the Bruhat-Tits building for the group PG'L(2) over two-dimensional local field was
done in detail in [P2]. After that V. Ginzburg and M. Kapranov have developed this theory
and extended it to the arbitrary reductive groups over two-dimensional local fields [GK]. Their
definition coincides with ours for PGL(2) and is different for higher ranks. But it seems that
there are closely related (in the case of the groups of type A;). It remains to develop the theory
for arbitrary reductive groups over local fields of dimension > 2.

In this note we describe the structure of the higher building for the group PG L(3) over a
two-dimensional local field. We refer to [P1, P2] for the motivation for our constructions.

The note contains four sections. In the first we recall the main notions and results on local
fields of dimension two. The facts about the Weyl group are collected in section 2. Then we
describe the building for PGL(3, K) when K has dimension one and in the last section we go

to the building over a two-dimensional local field.

1 Local Fields

We begin with the definition of the higher local fields coming from the adelic theory.

DEFINITION 1. Let K and k be fields. We say that K is a n-dimensional local field with k
as last residue field if the field K has the following structure. Either n = 0 or K is the quotient
field of a (complete) discrete valuation ring O whose residue field is a local field of dimension
n — 1 with last residue field k.

If K',K"”, ... are the intermediate residue fields from the definition then we will write

K/K'/K".../k for the structure. The first residue field will be denoted mostly as K.

A typical example is the field of iterated power series
K = k(1)) - ((tn))
with an obvious inductive local structure on it. In case of dimension two we have
K>Ok B5K>0r—k

and for the field of iterated power series with n = 2 the local structure is described in the

following terms

Ox = k((u))[[t]],



(see [FP, ch.2] for other examples and a classification theorem for complete local fields).

Let us mention that the choice of local parameters t,u in our example does not follow from
the local structure.

We denote by p the maximal ideal of the local ring O . We also denote by ¢ a generator of

@ and by u a generator of the maximal ideal of O . Let
Of (or simply ') = p~'(O)

be a subring in K. This ring has a maximal ideal m. It is easy to see that for the field &((u))((¢))

Ok = kl[ul] @ k((u))[[11]t,
m = k[[u]]u @ k((u)[[t].

Thus we have a tower of valuation rings for the valuations v of rank i = 0, 1, 2:
O(0) 2 Oy 2 Op),

where O(O) = I(, 0(1) = OI(7 0(2) = O/‘
For valuation groups

I = K7/(0y)" = Z,
M = K7/(0p) =282,

there is a canonical exact sequence
0—>Z—>F(I?)—>F(I§)—>O.

This extension defines on 'y a structure of ordered group. If we need to show the local
structure we will write I'x/ /. instead of I'. If we choose local parameters ¢, u of the field K
then the exact sequence will split and the order becomes the lexicographical order. Inside the
group ' there is a subset '} of non-negative elements.

In our situation we have two valuations (of ranks 1 and 2) »™") = v and v(?) = o/ correspond-
ingly.

If K D O is a fraction field of a subring O we call O-submodules @ C K fractional O-ideals
(or simply fractional ideals).

The ring O have the following properties:

i)

O fm =k, K7 ={}{u}(0")", (O)" =k"(1+ m);



ii) every finitely generated fractional O'-ideal a is a principal one and
a=m;, = (uitn), o e Z;
iii) every infinitely generated fractional O'-ideal a is equal to
a=p, = (u't" [forall i € Z), n € Z;

(see [FP] or [P2]). The set of these ideals is totally ordered by inclusion.

2 The Weyl group

Let G = PGL(n, K) where K is a two-dimensional local field. We put

o o ... 0
g_| ™ o ... 0 7
m m ... O

We denote in such way the subgroup of GG consisting of the matrices whose entries satisfy
the written conditions modulo the center of GL(n). Also let N be the subgroup of monomial

matrices.
DEFINITION 2. Let

(O ... 0
T=B[|N=

The group
Wi gy = N/T.

will be called the Weyl group
There exists a rich structure of subgroups in G having many common properties with the
theory of BN-pairs. In particular, we have the Bruhat, Cartan and Iwasawa decompositions (see

P2)).

The Weyl group W contains the following elements of order two

1 ... 0 0 ... 0
0 1 0
S; = 8 (1) (1) 8 cia=1,..,n—1;
0 1 0
0 0 0 1



00 0 ¢t 00 ... 0 u
0 1 0 01 ... 00
wy; = , Wo =
... 10 1 0
t=1 0 ... 00 w0 00

The Weyl group W has the following properties:

i) W is generated by the set S of it’s elements of order two,

ii) there exists an exact sequence
0— E(: Ker E) — W[{/R’/k — W[{ — 17
where
> F[{@ RN @F[{ — F]{

is a summation map and Wi is isomorphic to the symmetric group S,, of n elements,
iii) the elements s;, i =1,...,n — 1 define a splitting of the exact sequence and

the subgroup < s1,...,8,-1 > acts on F by permutations.

In contrast with the situation in the theory of BN-pairs the pair (W,S) is not a Coxeter
group and furthermore there is no subset S of involutions in W such that (W,S) will be a

Coxeter group (see [P2]).

3  Bruhat-Tits building for PGL(3) over a local field of dimen-
sion 1

Let K be a one-dimensional local field, K O O D m,O/m = k. Denote by V' a vector space over
K of dimension 3. We say that L C V is a lattice if L is an O-module. The two submodules L
and L’ belong to one class < L > = < L' >, iff L = al’, with a € K*.

First we define the vertices of our building and then the simplices. The result should be a
simplicial set A (G, K/k).

DEeFINITION 3. The wvertices of the Bruhat-Tits building:
Ao[1](G, K/k) = {classes of O-submodules L CV: L= 0O & O @ O},

ANg[0)(G, K/k) = {classes of O-submodules L C V :

L= either O O@ K,or OG@ K $ K},

Ao(G K [k) = Ao[1)(G, K /k) | Ao[0)(G, K /R).

We say that the points from Ag[1] are the inner points, the points from Ag[0] are the boundary

points. Sometimes we will delete GG and K /k from our notation if this does not lead to confusion.



We have defined the vertices only. For the simplices of higher dimension we have the following

DEFINITION 4.

Let {Lo,a € I} be a set of O-submodules in V. We say that {L,, o € I} is a chain iff:

i) for any & € I and for any @ € K* there exists an o’ € I such that alL, = Loy,

ii) the set {L,, o € I} is totally ordered by the inclusion.

{Ly,a € I}is a mazimal chain iff it cannot be included in a strictly larger set satisfying the
same conditions i) and ii).

We say that < Lo >, < Ly >, ..., < L,, > belong to a simplex of dimension m iff the L; ¢ =
0,1, ..., m belong to a maximal chain of O-submodules in V. The faces and the degeneracies can
be defined in a standard way (as a deletion or a repetition of some vertex). A definition of this
kind was introduced in [BT2].

To describe the structure of the building we first need to determine all types of the maximal

chains. Proceeding as it was done in [P2] for PGL(2) we get the following result.

Proposition 1 . The set of all mazimal chains of O-submodules in the space V will be exhausted

by the following three possibilities:

i) the chain contains a module L isomorphic to O & O & O. Then all the modules from the
chain will be of that type and the chain will have the following structure:

e Dmin L Dmy L D mi o L D miga oL D mugr ol D muga LD L

s D mi,n—l—lL D) mi,n—l—lL/ D) mi.n—l—lL” D) mi—l—l,n—l—lL D
where t,n € Z, < L > <L > <L">e A(G,K/k)[1]]and L=Z 03040, L'20404
m, L'"=20O0®mom.

ii) there exists a module L =2 O & O & K. Then the chain equals to

. Dmin L Dmy L D omipy L DL

D Mip41l D Myl D mig1 04 LD .., in € Z,

where < L >, < L' >€ Aog(G,K/E)[0land L2 O3 Od K, L'=2maO¢ K.
iii) if there is a module L. =2 O ¢ K & K then

the chain equals

oDy L Dmupi oL D oD i LD Mg i LD L i,n €D

where < L > € Ao(G, K/k)[0] .

We see that the chains of the first type correspond to two-simplices, of the second type to edges

and the last type represent some vertices. It means that our simplicial set A_is a disconnected



union of it’s subsets A [m], m = 0, 1. The dimension of the subset A [m] equals to 1 for m =0

and 2 for m = 1.

Usually the buildings are defined as combinatorial complexes having a system of subcom-
plexes called apartments (see, for example, [R, T1, T2]). We show how to introduce them in

our case.

DEFINITION 5. Let us fix a basis e, ez, e35 € V. The apartment, defined by this basis is the

following set

where

20[1] = {< L >| L =aie1 @ azey  ases,

where a1, as, ag are O-submodules in K isomorphic to O}.

20[0] = {< L >| L =a1e1 $ azes & ases,

where a1, as, ag are O-submodules in K isomorphic either to O}or toK

and at least one ¢; = K.

Y [m] is the minimal subcomplex having Yg[m] as vertices.

It can be shown that our building is glued from the apartments, namely

A (G, K/k)= |_| Y./ an equivalence relation

all bases from v

(see [T2]).

We can make this description more transparent by drawing all that in the following picture
where the dots of different kinds belong to the different parts of the building. In contrast with
the case of the group PG'L(2) it is not easy to draw the whole building and we restrict ourselves

by an apartment.
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Here the inner vertices are represented by the lattices
=< 0&m &m! >, i,j€Z.

The definition of the boundary gives a topology on Ag(G, K/k) which is discrete on both
subsets Ag[1] and Ag[0]. The convergence of the inner points to the boundary points is given

by the following rules:
<OBM M >4 0<O0dm &K >,

<Oam &m > 40< KOGK DO >,

because < OEm  Em! >=< m~ T &m0 >. The convergence in the other two directions
can be defined along the same line (and it is shown on the picture). It is easy to extend it to
the higher simplices.

Thus we have a structure of a simplicial topological space on the apartment and then we

define it on the whole building using the glueing procedure. This topology is stronger than



the topology usually introduced to connect the inner part and the boundary together. The

connection with standard ”compactification” of the building is given by the following map:

®
/ W \ —_
.. _._._.Z_ . B B B B
(06K oK) OoKam') (K&Koo) (08 Ko K) (Ko K&0)
(OaKao0)

This map is bijective on the inner simplices and on a part of the boundary can be described

as

® - —e e o — - - - @
———

) ) )

o L L

We note that our complex is not a CW-complex but only a closure finite complex. This
”compactification” was used by G. Mustafin [M].
We have two kinds of connections with the buildings for other fields and groups. First, from

our local field K/k we get two local fields of dimension 0, namely K and k. Then
For any P € Ao[1](PGL(V), K/k),Link(P) = A (PGL(Vp), k)

where Vp = L/mL if P = < L > and the Link(P) is a boundary of the Star(P). As the
apartments for the PG'L(3,k) are the hexagons we can also see this property on the picture.
The analogous relation with the building of PGL(3, K) is more complicated. It was shown in
the picture above.

The other relations work if we change the group G but not the field. We see that three
different lines will go out from every inner point in the apartment. They will represent the
apartments of the group PG L(2, K/k). They correspond to different embeddings of the PG L(2)
into PGL(3).

Also we can describe the action of the Weyl group W on an apartment. As we fix a basis,
the extension

0— FK/k ) FK/k - W =853 —1

will split. The elements from S3 C W act either as rotations around the point 00 or as reflections.

The elements from Z & Z C W can be represented as triples of integers (according to property



ii), section 2). Then they correspond to translations of the lattice of inner points along the three
directions going from the point 00.
If we fix an embedding PGL(2) C PGL(3) then the apartments and the Weyl groups will

be connected as follows:
Y. (PGL(2)) C ¥ (PGL(3))

0 - Z = W = S = 1

) ) )
0 - Za4Z — W — S3 — 1,

where W' is a Weyl group of the group PG L(2) over the field K/k.

4 Bruhat-Tits building for PGL(3) over a local field of dimen-
sion 2

Let K be a two-dimensional local field, K D O O ' D m D p be as above. Then we have
O'/m=k, O)p=0g, Ofp=K.

Again denote by V a vector space over K of dimension 3. We say that L C V is a lattice if L is
an (’-module. The classes of submodules are defined as before. We will consider the following

types of lattices:

222 <00 a0 > Ap[2]
21 <O0a0a0>

211 <O a0®0 > b Aoll]
220 <O a0 K>

200 <O@aKaK> b Aol0]

To define the buildings we repeat the procedure from the previous section.

DEFINITION 6. The vertices of the Bruhat-Tits building are the elements of the following

set:

Ao(G, K /K [k) = No[0] (L Ao[1] () Ao[0].

To define the simplices of higher dimension we can repeat word by word Definition 4 replacing
only the ring O by the ring O'. We call the subset A[1] the inner boundary of our building and
the subset A[0] the external boundary. The points in A[2] are the inner points.

To describe the structure of the building we first need to determine all types of the maximal

chains. Proceeding as it was done in [P2] for PGL(2) we get the following result.

Proposition 2 . Let { L.} be a mazimal chain of O'-submodules in the space V. Then we

have the following opportunities:

10



i) if the chain contains a module L isomorphic to O' & O’ & O then all the modules from the

chain will be of that type and the chain is uniquely determined by its segment

L0080 om0 a0 omeEameEO OmPemeEmD ...

ii) there exists a module L = O'@O'$O. Then the chain can be restored from the segment:

00302..2000800ma0a0>mdmad0OD...02 0 pa0 =

quotient = KoK

POPPO0D..02p0pd 0 DpBbpdmD...0p0pdpD...

~K

Here the modules 2 O & O & O do not belong to our chain and are inserted as in the proof
of Proposition 1 from [P2].

iii) all the modules L, =2 O'®O®O. Then the chain contains a piece

.D080830>..0000300ma030D...2p2080 =

]7¢

0B O0B0D...0p30'080D...208p00 =
~K

PP O0D..20p0pd0' D...00p0pDpD...
=3¢

and can also be restored from it.

iv) if there is an L, =2 O' @& O' @ K, then we can restore from

.00 BKompO e Komdm®dKD...
v) if there is an L, 2 O' @& K & K, then the chain can be written down as
oMK KomtM e KaK ...

We see that the chains of the first three types correspond to two-simplices, of the fourth
type to edges of external boundary and the last type represents a vertex also of the external
boundary. As above we can glue the building from apartments. To introduce them we can
again repeat the corresponding definition for the building over a local field of dimension one (see

Definition 5). Then the apartment ¥ will be a union
=X RJuiJux]o],

where the pieces X [¢] contain the lattices of the types from A [i]. The combinatorial structure

of the apartment can be seen from two pictures at the end of our paper.

11



There we removed the external boundary X [0] which is simplicially isomorphic to the external
boundary of an apartment of the building
A (PGL(3),K/k). The dots in the first picture show a convergence of the vertices inside the
apartment. As a result the building will be a simplicial topological space.

We can also describe the relations of the building with buildings of the same group G over

local fields K/K and K /k. In the first case there is a projection map
T A(G,K/K/k) = A(G,K/K).

Under this map the big triangles containing the simplices of type i) will be contracted into
points, the triangles containing the simplices of type ii) will go to edges and the simplices of
type iii) will be mapped isomorphically to simplices in the target space. The external boundary
will not change.
The lines
To  Yn—1 Zn Tin Titln Yn | Lin+1 T oo

can easily be visualized inside the apartment. Only the big white dots corresponding to the
external boundary are missing. We have three types of lines going from the inner points under
the angle 27/3. They correspond to different embeddings of PG'L(2) into PGL(3).

Using the lines we can understand the action of the Weyl group W on an apartment. The
subgroup Ss acts in the same way as in section 3. The free subgroup F (see section 2) has six
types of translations along these three directions. Along each line we have two opportunities
which were introduced for PG'L(2).

Namely, if w € 'x 2 Z $Z C W then w = (0, 1) acts as a shift of the whole structure to
the right: w(2;,) = 2ip42, W(Yn) = Ynt2, W(2n) = Zpyo, W(20) = 20, W(Teo) = Too-

The element w = (1,0) acts as a shift on the points z;, but leaves fixed the points in the
inner boundary w(z;,) = %420, W(Yn) = Yn, w(2,) = 2z, w(xo) = 2o, W(Too) = Teo, (s€€

Theorem 5, v) [P2]).
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